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Abstract. Let B be a compact Riemannian manifold, let Ω denote the cylin-
der R × B, ΔΩ its Laplace operator and Λ = (1 − ΔΩ)

−1/2. Let A denote
the C*-algebra of bounded operators on L2(R× B) generated by all the clas-
sical pseudodifferential operators on R×B of the form LΛN , N a nonnegative
integer and L an N-th order differential operator whose (local) coefficients ap-
proach 2π-periodic functions at +∞ and −∞. Let E denote the kernel of the
continuous extension of the principal symbol to A.

The problem of computing the K-theory index map δ1(K1(A/E)) →
K0(E) � Z2 on an element of K1(A/E) is reduced to the problem of com-
puting the Fredholm indices of two elliptic operators on the compact manifold

S1 ×B.

For B = S1, Hess went further and proved in her thesis that K0(A) ∼= Z5

and K1(A) ∼= Z4.

Introduction

More than fifty years after the Atiyah-Singer index theorem, people are still
looking for generalizations of their theorem for classes of non-compact manifolds,
for manifolds with boundary, corners or edges, or for manifolds with singularities
in a more general sense. There are, in fact, a great variety of different classes of
problems, and of different approaches or tecnhiques that could be used.

One of the approaches is to consider C*algebras generated by zero-order pseu-
dodiferential operators which contain an order-reducing device. That means that
there are linear isomorphisms between Sobolev spaces so that certain classes of
differential operators multiplied on the right by them fall into the C*algebra. In
the case of a compact manifold, the kernel of the continuous extension to the C*-
algebra of the principal symbol map coincides with the ideal of compact operators,
and the Fredholm index can be regarded as the K-theory index map associated to
the exact sequence (1) below. For a noncompact manifold, one might argue that
the relevant index is no longer the Fredholm index, but rather the K-theory index
map taking values in K0 of the kernel of the principal symbol.
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Monthubert and Nistor followed that track in [24,25], using algebras of pseu-
dodifferential operators on groupoids which relate to (regular) algebras of pseu-
dodifferential operators on a noncompact manifold. In their case, the relevant
compactification of the original manifold is itself a manifold with corners. In this
paper we consider an algebra of pseudodifferential operators on a cylinder R × B,
where B is compact, which includes operators with periodic symbols. In our case
the relevant compactification of the manifold is not even locally path connected.

The K-groups of our algebra, for the special cases of B equals a point and of
B equals S1, have been computed in [23] and [13], respectively.

The algebra considered here is an example of a comparison algebra, in the sense
of Cordes, who pioneered [4–6,9,10] the use of Banach-algebra techniques in the
study of the spectral theory of partial differential operators and singular integral
operators on noncompact manifolds. Those algebras were defined in [8] as C*-
algebras of bounded operators on L2(M) for a noncompact manifold M equipped
with a smooth positive measure and a positive second-order elliptic differential op-
erator H. Typically, M is equipped with a riemannian metric and its induced mea-
sure, and H is equal to the identity minus the Laplacian. One defines Λ = H−1/2,
where H also denotes the Friedrichs extension of the original operator defined on
C∞

c (M), which of course coincides with the unique self-adjoint extension in case
the operator is essentially self-adjoint. Given a class of smooth functions A� and
a class of first-order differential operators D� on M satisfying certain conditions, a
comparison algebra is defined as the C*-subalgebra of the algebra of bounded op-
erators on L2(M) generated by all operators of multiplication by a ∈ A� and by all
DΛ, D ∈ A�. In his monograph [8], Cordes develops general techniques to describe
the ideal structure of a comparison algebra and how to find differential operators
within reach of the algebra, meaning differential operators which, composed with
an isomorphism from L2 to a suitable Sobolev space, belong to the algebra.

In case the manifold is compact, there is only one possible choice of classes:
A� = C∞(M) and D� equals to the set of all first order differential operators with
smooth coefficients. In this case, the resulting comparison algebra coincides [21]
with the C*algebra generated by all zero-order classical pseudodifferential operators
on M , which we will denote by Ψ(M). The principal symbol of operators, a priori a
*-homomorphism defined on the subalgebra of classical pseudodifferential operators
and taking values in smooth functions on the co-sphere bundle S∗M , extends to
a surjective C*-algebra homomorphism σM : Ψ(M) → C(S∗M) with kernel equal
to the ideal of compact operators KM . In other words, we have the short exact
sequence of C*-algebras

(1) 0 −→ KM ↪→ Ψ(M)
σM−→ C(S∗(M)) −→ 0.

In Cordes’ approach, the map σM arises as the Gelfand map for the commutative
C*algebra Ψ(M)/KM . Classically, (1) follows from the equality between the norm,
modulo compact operators, of a singular integral operator on a compact manifold
and the supremum norm of its symbol, proven by Gohberg [15] and Seeley [29].
Proofs of that result in the language of pseudodifferential operators appeared in
[16,18].
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1. Preliminaries

In this section, we define the C*-algebra A and review results about its structure
that will be needed in the next and final section.

Let B denote a compact Riemannian manifold of dimension n without bound-
ary. Consider the cylinder Ω = R×B and denote by ΔΩ = ΔR +ΔB its Laplacian
(we use the classical analysis convention sign for the Laplacian, −ΔΩ ≥ 0) Define
A as the C*-subalgebra of B(L2(Ω)) (we denote by B(H) the C*-algebra of all
bounded operators on a Hilbert space H) generated by:

(i) all A1 = a(Mx), operators of multiplication by a ∈ C∞(B),

[a(Mx)f ](t, x) = a(x)f(t, x), (t, x) ∈ R×B;

(ii) all A2 = b(Mt), operators of multiplication by b ∈ C([−∞,+∞]) (this
denotes the set of all continuous functions on R which have limits at −∞
and +∞),

[b(Mt)f ](t, x) = b(t)f(t, x), (t, x) ∈ R×B;

(iii) all operators A3 = eikMt , k ∈ Z, defined by

[eikMtf ](t, x) = eiktf(t, x), (t, x) ∈ R×B;

(iv) A4 = Λ := (1−ΔΩ)
−1/2;

(v) A5 = 1
i

∂
∂tΛ;

(vi) DxΛ, where Dx = −i
∑n

k=1 c
k(x)∂xk

is a smooth vector field on B.

Since Ω is a complete manifold, its Laplacian, defined on C∞
c (Ω), has a unique

extension (also denoted by ΔΩ) as an unbounded self-adjoint operator on L2(Ω)
([14], [8, Theorem IV.1.8]) and one can then define Λ by functional calculus . The
operators in (v) and (vi), a priori defined on the dense subset Λ−1(C∞

c (Ω)), have
continuous extensions to L2(Ω) [8, Section V.1].

Moreover, if L denotes anM -th order differential operator on Ω whose (smooth)
coefficients approach 2π-periodic functions as t tends to −∞ and as t tends to +∞,
the operator LΛM can be extended to a bounded operator on L2(Ω), which belongs
to A . These LΛM are zero-order classical pseudodifferential operators (meaning
that their local symbols have asymptotic expansions in homogeneous components).

Applying Cordes’ comparison algebra techniques and using results from [7,11],
the statements about the structure of A contained in the rest of this Section were
proven in [20] (see also [19]).

Let E denote the commutator ideal of A, i.e, the smallest closed ideal containing
all commutators AB − BA, A and B in A. Let Ω denote the compactfication
[−∞,+∞]×B of Ω, and let S∗M denote the cosphere bundle of any manifold M .
We may then write

S∗Ω = {(t, x, τ, ξ); (t, τ ) ∈ T ∗[−∞,+∞], (x, ξ) ∈ T ∗B, |τ |2 + |ξ|2 = 1}.

Theorem 1. The spectrum of the commutative C*-algebra A/E is homeomor-
phic to the following subset of (S∗Ω)× S1 :

M = {(t, x, τ, ξ, eiθ); θ ∈ R and θ = t if |t| < ∞}.
Denoting by

(2) σ : A → C(M)
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the composition of the Gelfand isomorphism A/E � C(M) with the projection A →
A/E, for each of the generators of A listed above, σ(Ak)(t, x, τ, ξ, e

iθ), k = 1, · · · , 6,
is equal to, respectively,

(3) a(x), b(t), eijθ, 0, τ,
n∑

k=1

cj(x)ξj.

Since M is a compactification of S∗Ω, we may regard C(M) as a subspace
of C(S∗Ω). Theorem 1 can then be rephrased by saying that the usual principal
symbol of classical pseudodifferential operators, defined on a dense subalgebra of
A, has a continuous extension σ to A whose image is equal to C(M) and whose
kernel is E.

Let Fd : L2(S1) → 	2(Z) denote the discrete Fourier transform

(Fdu)j =

∫ 1

0

u(e2πiϕ)e−2πijϕdϕ , u ∈ L2(S1) and j ∈ Z

(S1 is equipped with the Lebesgue measure pushforwarded by [0, 1) � ϕ �→ e2πiϕ ∈
S1; hence Fd is unitary). For each sequence (bj)j∈Z with limits as j → −∞ and as
j → +∞, we define bounded operators b(Mj) on 	2(Z) and b(Dϕ) on L2(S1) by

[b(Mj)u]((uj)j∈Z) = (bjuj)j∈Z and b(Dϕ) = F−1
d b(Mj)Fd.

Given a ∈ C(S1), let a(Mϕ) ∈ B(L2(S1)) denote the operator of multiplication by
a. Finally let S denote the C*-subalgebra of L(L2(S1)) generated by the operators
of the form a(Mϕ) and b(Dϕ), for a ∈ C(S1) and b = (bj)j∈Z a sequence as above.

In Cordes’ language, S is the only comparison algebra over S1. The princi-
pal symbol, defined on the dense *-subalgebra of all classical zero-order pseudos,
extends to a surjective C*-algebra homomorphism (see the Introduction)

(4) σS : S → C(S1 × {−1,+1}),
whose kernel is equal to the set KS1 of all compact operators on L2(S1). On
our set of generators, one has [σ(a(Mϕ))](e

2πiϕ,±1) = a(e2πiϕ), for a ∈ C(S1),
and [σ(b(Dϕ))](e

2πiϕ,±1) = b(±∞), for b = (bj)j∈Z a sequence having limits as
j → +∞ and as j → −∞. A detailed exposition of some of these facts can be
found in [1].

For each ϕ ∈ R, let Uϕ be the operator on L2(S1) given by Uϕf(z) = z−ϕf(z),
z ∈ S1 (we take the principal branch of z−ϕ = e−ϕ log z, z 	= 0). Let Yϕ :=

FdUϕF
−1
d . This defines a smooth family ϕ �→ Yϕ of unitary operators on 	2(Z)

such that for all k ∈ Z, (Yku)j = uj+k, and YϕYω = Yϕ+ω. Given u ∈ L2(R), the
sequence ũ(ϕ) = (u(ϕ− j)j∈Z) belongs to 	2(Z) for almost every ϕ ∈ [0, 1) and the
map

W : L2(R) −→ L2(S1)⊗ 	2(Z) � L2(S1; 	2(Z))
u �−→ Wu, (Wu)(e2πiϕ) = Yϕũ(ϕ)

is a Hilbert space isomorphism.
We have used ⊗ to denote Hilbert-space tensor product. Given A ∈ B(H)

and B ∈ B(K), we also denote by A⊗ B the bounded operator on H ⊗K defined
by (A ⊗ B)(u ⊗ v) = Au ⊗ Bv. And also, given C*-algebras AH ⊂ B(H) and
AK ⊂ B(K), we denote by AH ⊗ AK ⊂ B(H ⊗ K) the closed linear span of all
A⊗B, A ∈ AH and B ∈ AK .

We will denote by KX denote the sets of all compact operators on L2(X), for
X = Ω, S1, Z, B, Z × B, S1 × B. We will also write W and F meaning W ⊗ IB
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and F ⊗ IB, where IB denotes the identity map on L2(B). Similarly we will also
denote by σS the map σS ⊗ IKZ

⊗ IKB
defined on S⊗ KZ ⊗ KB.

The *-isomorphism B(L2(Ω)) � A �−→ WF−1AFW−1 ∈ B(L2(S1)⊗ 	2(Z)⊗
L2(B)) restricted to E defines a C*-isomorphism

(5) E
∼=−→ S⊗ KZ ⊗ KB.

The kernel of the surjective map σS : S⊗KZ⊗KB → C(S1×{−1,+1})⊗KZ⊗KB

is equal to KS1 ⊗ KZ ⊗ KB
∼= KΩ and hence σS induces a C*-algebra isomorphism

(6) E/KΩ

∼=−→ C(S1 × {−1,+1})⊗ KZ ⊗ KB
∼= C(S1 × {−1,+1}; KZ ⊗ KB).

The composition of this isomorphism with the canonical projection E → E/KΩ

defines a C*-algebra homomorphism

(7) γ : E −→ C(S1 × {−1,+1}; K(L2(Z×B))),

which can be extended, via the left regular representation, to a map from A to
the algebra of bounded operators on the Banach space C(S1×{−1,+1}; K(L2(Z×
B)). The image of this Banach-algebra homomorphism is contained in C(S1 ×
{−1,+1}; B(L2(Z×B)) (an f ∈ C(S1 ×{−1,+1};B(L2(Z×B)) is here regarded
as a multiplication operator on C(S1 × {−1,+1};K(L2(Z × B)) ) and this defines
a C*-algebra homomorphism, which we also denote by γ,

(8) γ : A −→ C(S1 × {−1,+1}; B(L2(Z×B))).

We define yet another *-homomorphism

(9) Γ : A −→ C(S1 × {−1,+1}; B(L2(S1 ×B)))

ΓA(e
2πiϕ,±1) = F−1

d ΓA(e
2πiϕ,±1)Fd, e2πiϕ ∈ S1.

The image of Γ is contained in C(S1 × {−1,+1}; Ψ(S1 × B)), with Ψ(S1 × B)
as defined at the end of the Introduction. It follows almost by definition that the
image of E under Γ equals C(S1 × {−1,+1}; KS1×B).

In order to give a more explicit description of Γ, we need two more definitions.
For each ϕ ∈ R, let us denote by eiϕMθ the multiplication operator (by a possibly
discontinuous function)

[eiϕMθu](eiθ) = eiϕθu(eiθ), −π < θ ≤ π, u ∈ L2(S1).

And let us denote by Dθ the densely defined operator on L2(S1)

(Dθu)(e
iθ) = −iũ′(θ), ũ(θ) = u(eiθ), θ ∈ R, u ∈ C∞(S1).

For each of the generators of A defined on page 227, the value of ΓAk
(e2πiϕ,±1),

1 ≤ k ≤ 6, equals

(10) a(Mx), b(±∞)I, eijMθ , e−iϕMθ [1 + (Dθ − ϕ)2 −ΔB ]
−1/2eiϕMθ ,

e−iϕMθ(Dθ − ϕ)[1 + (Dθ − ϕ)2 −ΔB]
−1/2eiϕMθ ,

e−iϕMθDx[1 + (Dθ − ϕ)2 −ΔB ]
−1/2eiϕMθ ,

respectively (the first three classes of generators are mapped to constant functions).
For any positive integer k, the homomorphisms σ and Γ defined in (2) and

(9) canonically induce homomorphisms, which we also denote by σ and Γ, on the
algebra Mk(A) of k-by-k matrices with entries in A. Regarding Mk(A) as a C*-
subalgebra of B(L2(Ω)k), it turns out that an A ∈ Mk(A) is a Fredholm operator if
and only if σ(A) and Γ(A) are invertible [20, Theorem 3.2]. Moreover, the quotient
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of Mk(A) by the ideal of compact operators on L2(Ω)k is isomorphic to the image
of the total symbol

(11) σ ⊕ Γ : Mk(A) −→ Mk(C(M))⊕Mk(C(S1 × {−1,+1}; Ψ(S1 ×B))).

2. The principal-symbol exact sequence

In this section we analyse the K-theory index map associated to the exact
sequence of C*-algebras

(12) 0 −→ E ↪→ A
σ−→ C(M) −→ 0,

induced by the continuous extension to A of the usual principal symbol of pseudo-
differential operators (see Theorem 1).

We first consider the exact sequence of C*-algebras associated to the map σS

defined in (4),

(13) 0 −→ KS1 ↪→ S
σS−→ C(S1 × {−1,+1}) −→ 0.

This sequence tells us that an A ∈ S is a Fredholm operator if and only if σS(A)
never vanishes. A well-known index formula for zero-order pseudodifferential oper-
ators on the circle, which essentially goes back to Noether [26] (see also the example
right after Theorem 19.2.4 in [17]), implies that the index of a Fredholm operator
A ∈ S is equal to the difference of the winding numbers of the restrictions of σS(A)
to the two copies of S1 in S1 × {−1,+1}. A detailed proof of this fact without
explicit mention of pseudodifferential or singular integral operators can be found in
[1, Seção 10]. It then follows that there is a Fredholm operator of index 1 in S and,
therefore, the index map δ1 in the standard exact sequence of K-groups associated
to (13)

Z ∼= K0(KS1) −→ K0(S) −→ K0(C(S1 × {−1,+1}))

δ1 ↑ ↓ δ0

K1(C(S1 × {−1,+1})) ←− K1(S) ←− K1(KS1) = 0

is surjective. We then get K0(S) ∼= Z2 and K1(S) ∼= Z.

Proposition 1. The canonical projection π : E → E/KΩ induces a K0-
isomorphism.

Proof. The previous considerations and the isomorphisms (5) and (6) imply
that

K0(E) ∼= K0(E/KΩ) ∼= K1(A/E) ∼= Z
2 and K1(E) ∼= Z.

The standard exact sequence of K-groups associated to

0 −→ KΩ ↪→ E
π−→ E

KΩ
−→ 0

then becomes

(14)

Z −→ Z2 −→ Z2

δ1 ↑ ↓ δ0

Z2 ←− Z ←− 0
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The index map δ1 is non-zero (otherwise there would be an exact sequence 0 → Z →
Z2 → Z2 → 0). If it were not surjective, the image of the upper left homomorphism
would be a finite non-trivial group, which could not be a subgroup of Z2. The
exactness of the sequence then provides the desired result. �

The following rephrasing of the fact that δ1 in (14) is surjective is perhaps
interesting in itself.

Corollary 1. There exists k > 0 and a Fredholm operator of index 1 in
Mk(E) ⊂ B(L2(Ω)k).

We will need to use Banach algebra K-theory [3], in which K0 consists of
formal differences of classes of idempotents, while the elements of K1 are classes of
invertibles. The following lemma was used before in [13,23,27], see [23, Lemma
1] for a proof.

Lemma 1. Let A be a unital Banach algebra, J a closed ideal of A, and let
δ1 : K1(A/J ) → K0(J ) denote the index map associated to the exact sequence
0 → J → A → A/J → 0. If u ∈ Mk(A/J ) is invertible, π(a) = u and π(b) = u−1,
then

δ1([u]1) =

[(
2ab− (ab)2 a(2− ba)(1− ba)
(1− ba)b (1− ba)2

)]
0

−
[(

1 0
0 0

)]
0

Next we consider the exact sequence obtained from (12) quotienting E and A

by the compact ideal,

(15) 0 −→ E

KΩ
−→ A

KΩ

π−→ A

E
−→ 0.

The following Proposition describes the connecting map δ1 : K1(A/E) →
K0(E/KΩ) in terms of the index of Fredholm operators on L2(S1 × B). We re-
call that each element of K1(A/E) is of the form [[A]E]1, where A ∈ Mk(A) is
invertible modulo Mk(E) for some positive integer k and [A]E denotes its class in
the quotient Mk(A)/Mk(E).

Proposition 2. Let A ∈ Mk(A) be such that [A]E is invertible in Mk(A/E)
for some positive integer k. Then ΓA(z,−1) and ΓA(z,+1) are Fredholm operators
on L2(S1 ×B)k for every z ∈ S1 and

(16) δ1([[A]E]1) = (indΓA(1,−1) [E]0, indΓA(1,+1) [E]0)

where E is a rank one projection on L2(S1 × B) and ind denotes the Fredholm
index (It will become clear in the proof how the left side of (16) can be regarded as
an element of K1(E/KΩ)).

Proof. Recall that the image of E under Γ equals C(S1 × {−1,+1}; KS1×B).
Let B ∈ Mk(A) be such that I − AB and I − BA belong to Mk(E). Then,

I − ΓAΓB and I − ΓBΓA belong to C(S1 × {−1,+1}; Mk(KS1×B)). This means
that, at each (z,±1) in S1 × {−1,+1}, ΓA(z,±1) is invertible modulo compacts,
and hence it is a Fredholm operator.

Let a = [A]K and b = [B]K. By Lemma 1,
(17)

δ1([[A]E]1) =

[(
2ab− (ab)2 a(2− ba)(1− ba)
(1− ba)b (1− ba)2

)]
0

−
[(

1 0
0 0

)]
0

∈ K0(E/KΩ)
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(we are regarding E/KΩ as an ideal of A/KΩ). Using the isomorphism (6) and the
definitions of γ and Γ that follow (6), we see that the map

E/KΩ � [T ] �−→ ΓT ∈ C(S1 × {−1,+1}; KS1×B)

is an isomorphism. Using this isomorphism as an identification, we may replace a
and b by ΓA and ΓB in (17) and get δ1([[A]E]1) =[(

2ΓAΓB − (ΓAΓB)
2 ΓA(2− ΓBΓA)(1− ΓBΓA)

(1− ΓBΓA)ΓB (1− ΓBΓA)
2

)]
0

−
[(

1 0
0 0

)]
0

∈ K0(C(S1 × {−1,+1}; KS1×B)) ∼= K0(C(S1; KS1×B))⊕K0(C(S1; KS1×B))

Let us consider now the map p : C(S1; KS1×B) → KS1×B, p(f) = f(1). The
map q : KS1×B → C(S1; KS1×B) that regards a compact operator as a constant
function is a right inverse for p. Moreover, the kernel of p is the suspension of K,
and then its K0-group is 0. All that imply that p induces a K0-isomorphism. Using
this isomorphism as an identification, we may write δ1([[A]E]1) as the element of
K0(KS1×B)⊕K0(KS1×B)([(

2A−B− − (A−B−)2 A−(2−B−A−)(1−B−A−)
(1−B−A−)B− (1−B−A−)2

)]
0

−
[(

1 0
0 0

)]
0

,

[(
2A+B+ − (A+B+)2 A+(2−B+A+)(1−B+A+)
(1−B+A+)B+ (1−B+A+)2

)]
0

−
[(

1 0
0 0

)]
0

)
,

where we have denoted ΓA(1,±1) by A± and analogously for ΓB(1,±1).
If we apply Lemma 1 to A = B(L2(S1 × B)), J = KS1×B and u = [A±]K,

recalling that the K-theory index map is a generalization of the Fredholm index
[28], we conclude that this element of K0(KS1×B)⊕K0(KS1×B) that we have just
written above is equal to the left side of (16). �

Theorem 2 below follows immediately from Proposition 1 and Proposition 2. To
simplify notation, in its statment we regard as identifications the canonical group
isomorphisms

K0(C(S1 ×{−1,+1};KS1×B)) ∼= K0(C(S1;KS1×B))⊕K0(C(S1;KS1×B)) ∼= Z⊕Z.

Theorem 2. Let δ
/
1 : K1(A/K) → K0(E) denote the index map associated to

the exact sequence 0 → E → A → A/E → 0, let Γ∗ : K0(E) → Z ⊕ Z denote the
isomorphism induced by the surjective map Γ : E → C(S1×{−1,+1};KS1×B), and

denote δ1 = Γ∗ ◦ δ/1 . Given A ∈ Mk(A) such that [A]E is invertible in Mk(A/E) for
some positive integer k, then A− = ΓA(z,−1) and A+ = ΓA(z,+1) are Fredholm
operators on L2(S1 ×B)k and

(18) δ1([[A]E]1) = (indA−, indA+)

where ind denotes the Fredholm index.

The final goal should be to describe the index map associated to (12) in purely
topological terms. That can now be easily achieved if we invoke the Atiyah-Singer
Theorem.

In the following we adopt topological K-theory definitions and notation of [3,
Chapter I]. We denote, as usual, by T ∗M , B∗M and S∗M , respectively, the tangent
bundle, the bundle of unit closed balls in the tangent bundle, and the co-sphere
bundle of any manifold M .
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Theorem 3. Let δ1 denote the index map associated to (12), and let f ∈
Mk(C(M)) be invertible for some positive k. The restrictions f− and f+ of f to
the points of M with, respectively, t = −∞ and t = +∞ are invertible elements of
Mk(C(S∗(S1 ×B))). Let

x± = [(Ek, Ek, f±)] ∈ K(B∗(S1 ×B), S∗(S1 ×B)) ∼= K(T ∗(S1 ×B))

denote the classes of the triples (Ek, Ek, f±), where Ek denotes the trivial bundle
(S1 ×B)× Ck. Then

δ1([f ]1) = (indt(x+), indt(x−)) ∈ Z⊕ Z,

where indt : K(T ∗(S1×B)) → Z denotes the topological index of Atiyah and Singer
[2].

Proof. Let A ∈ Mk(A) be such that σ(A) = f . Define A± = ΓA(1,±1).
We claim that A− and A+ belong to Mk(Ψ(S1 × B)) and σS1×B(A

±) = f±.
By definition, f± = σ(A)|t=±∞. The maps A � A �→ σ(A)|t=±∞, A � A �→
ΓA(1,±1))|t=±∞ and Ψ(M) � T �→ σS1×B(T ) are C*-algebra homomorphisms.
So, it is enough to verify our claim on a set of generators of A. For each of the
generators A1, A2, · · · , A6 defined on page 227, the claim follows immediately from
(10).

Our theorem would already follow from the Atiyah-Singer Theorem [2] if A+

and A− were classical pseudodiferential operators. For the general case, we need
to show that the topological index of the class [(Ek, Ek, σ(T ))] ∈ K(T ∗(S1 × B))
is equal to the Fredholm index of any Fredholm operator T ∈ Ψ(S1 × B) (the
Atiyah-Singer Theorem gives that for those T that belong to the dense subalgebra
of all classical pseudodifferential operators).

In the rest of this proof, we will replace S1×B by an arbitrary compact manifold
M .

Let δtbs denote index mapping for the exact sequence of C*algebras

0 −→ C0(T
∗M) −→ C(B∗M) −→ C(S∗M) −→ 0

and let ι : K0(C0(T
∗M)) �→ K(T ∗M) be the canonical isomorphism between these

two groups. We then have

(19) ι ◦ δtbs([g]1) = [(Ek, Ek, g)], for any invertible g ∈ Mk(C(S∗M)).

For a proof of (19) in a slightly more general setting, see [22, Proposition 15], for
example.

Now let T ∈ Mk(Ψ(M)) be a Fredholm operator. Its Fredholm index ind(T )
coincides with δM ([σM (T )]1), where δM denotes the index map of (1). Because
every f ∈ C∞(S∗M) is the symbol of a zero-order classical pseudodifferential op-
erator, there exists such a pseudo T0 with invertible symbol so close to T that
[σ(T )]1 = [σ(T0)]1. Then

ind(T ) = δM ([σM (T )]1) = δM ([σM (T0)]1) = indt([(E
k, Ek, σM (T0))]) =

indt(ι ◦ δtbs([σM (T0)]1)) = indt(ι ◦ δtbs([σM (T )]1)) = indt([(E
k, Ek, σM (T0))]).

The Atiyah-Singer Theorem was used in the third of the above equalities. Twice
we used (19). �
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Example 1. Some statements made here about operators in A are proven in
[20], using results from [8].

Let L : C∞(Ω)k → C∞(Ω)k be a differential operator of the form

L =
∑

j+|α|≤N

aj,α(t, x)

(
1

i

∂

∂t

)j (
1

i

∂

∂x

)α

,

where each aj,α ∈ Mk(C
∞(Ω)) has support contained in U ×R, U the domain of a

chart in B. Moreover, let us assume that aj,α is semi-periodic in the following sense.
There exist 2π-periodic (in t) a±j,α ∈ Mk(C

∞(Ω)) and, for a choice of real-valued

χ± ∈ C∞(R) such that χ+(t) + χ−(t) = 1 for all t and χ±(t) = 0 for ∓t > 1, there
exists a0j,α ∈ Mk(C

∞(Ω)) vanishing at infinity such that

aj,α(t, x) = χ+(t)a+j,α(t, x) + χ−(t)a−j,α(t, x) + a0j,α(t, x), for all (t, x) ∈ Ω.

The operator A = LΛN, a priori defined on the dense subspace [Λ−N (C∞
c (Ω))]k

of L2(Ω)k, extends to a bounded operator A ∈ Mk(A) ([8, Sections VII-3 and IX-3],
[20, Theorem 3.7]). Each of the generators A1, · · · , A5 defined on page 227 is a
particular example of such an A, with k = 1 and N equal to 0 or 1. And because
B has a finite atlas, each A6 is a finite sum of such A’s.

The symbol σA coincides with the continuous extension to the compactification
M of S∗Ω of the principal symbol of L,

σ(A)(t, x, τ, ξ) =
∑

j+|α|=N

aj,α(t, x)τ
jξα, (t, x, τ, ξ) ∈ S∗Ω

It follows that A is invertible modulo E if and only if L is uniformily elliptic in the
sense that

inf{ |
∑

j+|α|=N

aj,α(t, x)τ
jξα|, (t, x, τ, ξ) ∈ S∗Ω} > 0.

We also have

ΓA(1,±1) =
∑

j+|α|=N

a±j,α(t, θ)

(
1

i

∂

∂θ

)j (
1

i

∂

∂x

)α

ΛN

(θ denotes the argument of a point in S1). These are zero-order elliptic classical
pseudodifferential operators on S1 ×B whose principal symbols are

σ(A)|t=±∞(eiθ, x, τ, ξ) =
∑

j+|α|=N

a±j,α(θ, x)τ
jξα, (eiθ, x, τ, ξ) ∈ S∗(S1 ×B).

Having smooth symbols, their indices (and then δ1([[A]E]1)) can be more explicitly
calculated as the integral of certain diferential forms on S∗(S1 × B).

With the aid of a computer algebra system, Patŕıcia Hess [13] was able to
follow this path and, using Fedosov’s formula [12, formula (1)], find the index of a
2-by-2 pseudodifferential operator on S1 × S1. That result was used in her proof
that, for the case B = S1, K0(A) ∼= Z5 and K1(A) ∼= Z4.
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[26] Fritz Noether, Über eine Klasse singulärer Integralgleichungen (German), Math. Ann. 82
(1920), no. 1-2, 42–63, DOI 10.1007/BF01457974. MR1511970

[27] Victor Nistor, Higher index theorems and the boundary map in cyclic cohomology, Doc. Math.
2 (1997), 263–295. MR1480038

[28] M. Rørdam, F. Larsen, and N. Laustsen, An introduction to K-theory for C∗-algebras, Lon-
don Mathematical Society Student Texts, vol. 49, Cambridge University Press, Cambridge,
2000. MR1783408

[29] R. T. Seeley, Integro-differential operators on vector bundles, Trans. Amer. Math. Soc. 117
(1965), 167–204, DOI 10.2307/1994203. MR173174
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