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ABSTRACT. In this work we study the assymptotic properties of maps on
fuzzy spaces which are extensions of maps on R™. The main results are
in section 4 (see Theorem 9) and we give an illustrative example in the
last section.

1. PRELIMINARIES

The interest in studying Fuzzy Dynamical Systems appears at least in three
different contexts: Images processing,where the functions are contractions
(see for instance Cabrelli et Alli [2]); Fuzzy Game Theory, see the work of
Klement and Butnariu [1] and Modeling Biological Population Dynamics,
see Barros, [3]. Here we give some basic results relating attractors and stable
fixed points of the Zadeh’s extension of a continuous function in R®. Our
approach is theoretical and is derived from the necessity to have a Fuzzy
theory for population dynamics, but has aspects in common with the other
branches cited above.

Here we fix some notations and recall known results. The family of all com-
pact nonempty subsets of R" will be denoted as Q(R"™), while Q.(R") is for
the subset of Q(R"), whose elements are convex set in R”.

We also set F(R") for the family of fuzzy sets u : R* — [0, 1] whose a-level:

[u]*={reR":u(x) >a} 0<a<land [u]’=cl{reR":u(z) >0}

are in Q(R™). Finally £"denotes the family of fuzzy sets whose a-level are
in Q.(R™).
It is known that the metric

D(u,v) = sup h([u]", [v]*)

0<a<l1

where h is the Hausdorff metric in Q(R"), makes the spaces (F(R"),D) and
(€™, D) into complete metric spaces [15].
We have also the endograph metric

H(u,v) = h(selnd(u), send(v))
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where
send(u) = ([u]® x [0,1]) Nend(u)
with
end(u) = {(z,a) € R" x [0,1] : u(z) > o}
this set is called the endograph [12] and here h means the Hausdorff metric
in the corresponding space.
We say that a sequence A, € Q(R") converges to A in the sense of Kuratowski
if
A=liminf A, =limsup 4,

p—+oo p—+00
where
.. _ noo
liminfA, ={z € R" : 2 = lim 2,2, € A}
p—+00 p—00
and

co 00
limsupA, ={z € R" : 2 = lim z,,,z, € A} = ﬂ U Ay
p—+oo Pimr00 p=1n>p

We quote the following theorem from Hausdorff [10]

Theorem 1. Let Ay, A € Q(R"), then the following are equivalents:

(1) Ap converges to A in the Hausdorff metric h.

(2) A and A, are contained in a compact set K, and A, converges to A in
the Kuratowsk: sense.

It is well known that the space(F(R"), D) is complete but not separable [15]
whereas (F(R"), H) is separable but not complete [12].
In the following we will need a proposition which can be found in [14]

Proposition 1. Let u, be a sequence in F(R*)and u € F(R"). Then the
sequence u, converges in the endograph metric to u if and only if

{u>a}cC pllglo inf{u, > a}

(1) C pllglo sup{u, > a}
C {u > a},Va €]0,1]

and

@) tim A, (") =0

In the remainder of this section T is the interval [a, b] C R.
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Definition 1. Let f : T x R* — R" be a mapping then for each fized t we
define the Zadeh extension as:

~ 1 1 -1
ooy = { e @ L

for all fuzzy set u.

The proof of the following results can be found in [4]

Theorem 2. If f : TxR"* — R" is continuous then f : Tx F(R") — F(R")
is well defined and for allt € T and « € [0, 1] we have

~

[F @ w)]* = f(¢, [u]®)
Theorem 3. If f : T x R" — R" is Lipschitz with constant K so is the

Zadeh extension f: T x F(R") — F(R"™), with the same Lipschitz constant
with respect to the metric D.

Note that if z € R is a fixed point of a continuous function f : R* — R”,
the the fuzzy set x, which is one for z and zero for all other points, is a fixed
point of f, hence we have

Corollary 1. If f : R* — R" is a contraction, then f - FR") —» F(R"™) is
also a contraction. And if xo is the only fized point of f given by the Banach
theorem, then X, is the only fized point of f.

Next we recall some definitions for a typical function F' : (F(R"),D) —
(F(R™), D) that the reader can find in Hale [8].

2. Di1sCcRETE Fuzzy DYNAMICAL SYSTEMS (Fuzzy CASCADES)

A Discrete Fuzzy Dynamical System is an iterative system of the form
(3) Unt1 = F(up)
where, F': F(R") — F(R") is a function.
Given uy € F(R™), the sequence of elements
uo, F(ug), F(F(ug)),- ..

is called the Positive Orbit of equation (3) from ug and F™(ug) denotes the
n times composition of F'.

Let f be a Zadeh’s extension of a continuous function f : R* — R® and take
the system

A

(4) Unt1 = f (tn).
We call (4) the associated fuzzy system to the deterministic system

(5) Tnt1 = f(zn).
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The following theorem gives a result about the solutions of the both equations
(4) and (5). In some sense we can say that the deterministic solutions are
the preferred solutions of the associated fuzzy systems

Theorem 4. Suppose that u,, and x,, are the solutions of (4) and (5) through
ug and o respectively, and assume that ug(zo) = 1. Then u,(z,) =1 for all
n > 0.

Proof. We have

(6) Un1(Tni1) = f(Un)(Tny1) = SUp  Un(T) > un(zy)
Tnt1=F(7)

since u, and x, solutions, hence

Un1(Tpt1) > Un(Tq) > ..o > ug(o) = 1.

O

Note that for this result f needs not be continuous. What will be important
in the continuity of f is that this implies the monotonicity of f, see our work
[4], that is, we have f"™1(ug) > f™(up) for all n > m if f™ 1 (ug) > f™(ug).

Definition 1. Let F' : F(R") — F(R") be a map. A point w € F(R") is
called a fized point of F if F(u) = w.

Observe that F(u) = @ if and only if
(7) [F@)]* = [u]®

for all « € [0,1].

It is clear that if F': F(R") — F(R") is a contraction then F' has only one
fixed point since (F(R"), D) is a complete metric space.

Observe also that if @ is the fixed point in this case, then

n
0 D(F"(u),7) <
1—k
give us a upper bound for n-th iteration as an approximation of w. Here £ is
the contraction constant.
The next theorem is a consequence of Tychonoff fixed point theorem, whose
version in the fuzzy space was proved by Kaleva [11].

D(F(u),u)

Theorem 5. Let K be a compact convex subset of (€™, D). Every continu-
ous map K — K has a fixed point

Note that if F' : (F(R*),D) — (F(R"),D) is a contraction with a fixed
point different from a characteristic function of a point z € R", then F isn’t
a Zadeh’s extension.
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Proposition 1. If f : R* — R” is continuous and A C R is a compact
subset, then A is invariant for f (i.e. f(A) = A, see Hale [8]) if and only if,
the Characteristic function x4 s a fized point of the Zadeh’s extension f.

Proof. Using the properties of the extension of a continuous function [4] we
have

A

9) [f(xa)]* = F[xal®) = f(A) = A = [xa]* Vo € [0,1].

From this follows the result immediately. O

In the next section we study the stability of the fixed points using the prop-
erties of the space (F(R"), D).

3. STABILITY OF THE FIXED POINTS

Definition 2. A fixed point @ of F' : F(R*) — F(R") is stable if for all
g > 0 there is a 6 > 0 such that, for all v with D(@,u) < J, we have
D(F"™(u),u) < € for all n > 0. A fixed point @ is unstable if it isn’t stable,
and w is asymptotically stable if it is stable and there exists r > 0 such that
for all u satistying D(@, u) < r, then nl_i)rilooD(F”(u),U) = 0.

If 7 is asymptotically stable then F"(u) 2, % for all u such that D(u,u) <r

(cf. Kaleva [11]).
Taking into account the definition of the space (F(R"), D) we can rewrite
the above definition as:

Definition 3. The fixed point @ of F' : F(R") — F(R") is stable if and only
if for all ¢ > 0 there is 6 > 0 such that, for all v with sup A([u]%, [@]*) < 0,
0<a<1

then sup h([F™(u)]*,[@]®) < ¢, for all n > 0 and @ is asymptotically stable
0<a<1
if it is stable and lim  sup A([F"(u)]*, [@]*) = 0 if sup h([u]%, [@]*) < r.
1 0<a<l

n—-+o0o 0<a<

Then if @ is stable h([F"(u)]%, [@]*) < € for all @ € [0,1] and n > 0, which
means that

(10) inf{s: [F"(u)]* C B([u]* s) e [u]* C B([F"(u)]*, s)} <e.

As a consequence we have that (see Kaleva [11])

[F"(u)]* C B([u]*%¢) and [u]* C B([F"(u)]%¢€) for all @ € [0,1] and n > 0.
If lim sup A([F™(u)]% []*) = 0 we have for all a € [0, 1]

n——+oo 0<a<

(11) lim A([F"(u)]®, [u]*) =0

n—-+00
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that implies

(12) i inf((F ) = lim_sup P () = [
according Theorem 1. Then, if 11141_0 D(F™(u),u) = 0 we get
n——+00

@ = {yeR :y= lim y, y € [F"(u)]"}

= {yER y—JEIII Ynjs Yn; € [Fj(u)] }

AVGOR

for all « € [0,1].
Example 1: We consider the system

(13) Up+1 = F(un)

where F : £ — €' is given by F(u) = Au, A € £'. It’s clear that 0 = Xy
is fixed point. Suppose that [A\|* = [Ag, /\0‘] [u]* = [uf, ug] with A and u?
positive, then

(14) [F(u)]* = [A{uf, ASus], a€[0,1]

using the multiplication of fuzzy numbers (see for instance Negoita and
Ralescu [13]) .
Given the initial condition uy with [ug]® = [u§;, u§,] and u§; positive, we have

(15) [F™ (uo)]* = [\"uo]® = [(AT)"ugy, (A3)" o], a € [0,1].

Then,

(16) D(F™(ug),0) = sup |z| = (A})"u, for all uy € £
z€[F™ (uo)]°

Hence, as D(ug,0) = ud,, we have asymptotic stability at 0 if [A\]° C [0,1)
and instability if [A]° ¢ [0, 1].

We remark that the length of the a-level of the solution is

(17) (A5)" ugy — (AT)" ug

that decreases with n when [A]* C [0,1). What is a different result from the
differential fuzzy equations [5]

Let us also comment that, although F' is not the extension of any function,
we have that all crisp linear system with coefficient a and initial condition zg
satisfying Ay < a < A}, u§; < xzp <uf, forall z € [0,1], leads to

(19) )" ;< 0™ 0 < ()" 1y, Vo € [0,1].

In other words, the solution of the deterministic system

(19) Tp41 = ATqn, Lo
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has always membership degree one. ( Is a preferred solution for the fuzzy
system). In fact, this example is extremely useful if one consider systems
where the fuzziness appears just in a multiplicative parameter.

4. STABILITY OF THE FIXED POINT OF THE ZADEH’S

In this section the map f : F(R") — F(R") is the Zadeh’s extension of a

continuous function f : R* — R" and we know that @ is a fixed point of f if
and only if, the a-levels [G]* are compact invariant sets of f, since

(20) [@® = [f@)* = f([@*), Ya € [0,1].
On the other hand, as [f™(u)]* = f([u]®), then Tim [ f(w)]®, [@®) = o,

and we have

m* = {lim (), o0 € [u)
= {lim f"(z), o; € [u]"}
= NUr @

this means [u]* = w([u]*) where w(B) is the w-limit set of B. Recall the
definition of the w-limit according Hale [8]

(21) w(B) = ﬂ U_ f™(B) (see Hale [8], p. 8).
In particular, w(z) C [a]® f_or a_ll T € [u].

The following Lemma is very important for the rest of this section.

Lemma 1. Let X € F(R™) the characteristic function of the compact set
X C R"*. Then the open ball is characterized by
B(X,r) = {ue F®R"):D(X,u) <r}
= {ue FR"):[u]°c B(X,r) and X C B([u]',r)}=F
Proof. If u € B(X,r), then sup h(X,[u]®) < r

0<a<l1
or

(22) sup inf{e: [u]* C B(X,¢) e X C B([u]*,e)} <r

0<a<l1
which implies
(23) i(a) = inf{e : [u]* C B(X,e) e X C B([u]%e)} <r

for all @ € [0,1]. Hence [u]* C B(X,r) and X C B([u]*,r) for all « € [0, 1].
In particular we have [u]® C B(X,r) and X C B([u]!,r) then u € F.
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If u € F, then [u]° € B(X,r) and X C B([u]',r), which implies [u]® C
[u]> C B(X,r) and X C B([u]',r) C B([u]%, ) for all « € [0, 1].

In this way, as X and [u]* are compact sets, B(X,r) and B([u|®,r) are open
sets and we have i(a) < r for all @ € [0,1]. Now,

(24) i(a) <max{i(0),i(1)} <r

for all « € [0, 1], using properties of the Hausdorff metric, since
(25) i(a) = h([u]*, X) and [u]* C [u]* C [u]’.
Finally,

A

sup i(a) < risto é, u € B(X,r).
0<a<l1

Analogously we can prove for the closed balls that
(26) BX,r]={ue FR") : [u]° Cc B[X,r] e X C B([u]',r]}
and since F(R", D) is a metric space we have
(27) B(X,r) = B[X,1].
Corollary 2. If X is a set with one element, X = {T}, then
(28) B(X,r)={ue FR"): [u]’ Cc B(z,r)}
and from the definition of the metric D,
D(Xzy,u) = sup ||z — 7.

T€[u]

With the above Corollary we can establish a result relating the stability of the
fixed point T and the stability of the fuzzy set xz. We remark also that this

Corollary assure the continuity of f in every point of the form Xz, = € R".

Theorem 6. Let f : R* — R" be continuous with f(T) = T and f its
Zadeh’s extension. Then

a) Xz} is stable for the system (4) if and only if, T is stable for the system
(5)

b) x(z} is asymptotic stable for the system (4) if and only if, T is asymptotic
stable for the system (5).

Proof. a) Given € > 0 there is § > 0 such that if ||z — Z|| < § then || f"(z) —
7|| <eforalln > 0. If D(u, x{z3) < d then sup ||z — T|| < § which implies
z€[u]0
|| f*(z) —x|| < e forall z € [u]° C B(Z,d). Hence sup ||f"(z) —T|| < € or
z€[u]®
sup |ly—7T|| <eoryet sup |ly—7Z| <esince fis continuous.
yef([u]°) yelfr (w)°
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Then, by Corollary 2,

(29) D(f™(u), Xz}) < €-
To show the stability of 7, given the stability of x(z}, it is enough to see that

(30) |z = Z|| = D(X{a}> X4z})
and
(31) () = Xpnia)-

b) There is § > 0 such that if ||z —Z|| < ¢ then lim ||f™(z)—Z|| = 0. Suppose
n—oo
that D(x(z},u) < 0 which is equivalent to sup ||z —7|| < J following that

z€([u]°)

for all x € [u]°, lim ||f"(z) — || =0 or

n—oo

0 = lim sup||[f*(z) —Z||=lim sup [[y—7| =
"0 zeful "0 ye fr([u]°)
= lim  sup |jy—7Z|| = lim D(f"(u), x(z)-

" yelfrw)]) e

what proves the assertion. O

Corollary 3. Let f : R* - R*, C! and f(T) =7Z. If \; are the eigenvalues
of f'(T), then

a) If |Ni| < 1, for all i then xz) is asymptotic stable for (4).

b) If |Xi| > 1, for some i, Xz is unstable for (4).

Proof. 1t follows immediately from the above theorem. O

Again we recall some definitions from Hale [8]

An invariant set J is said to be an isolated invariant set, if there is a neigh-
borhood of J such that if K is an invariant set in this neighborhood then
K CJ.

A set A C R" attracts a set B C R* under 7 : R* — R" if for all € > 0
there is ng = ng(e, A, B) such that 7"(B) is contained in B(A,¢) for n > nyg
where B(A,¢) is the open ball centered at A and ratio .

A is global attractor if it is compact maximal invariant set and attract every
bounded subset of R".

A subset A is a local attractorif A is compact invariant and there is a bounded
neighborhood B of A such that A attracts B.

Corollary 4. Let u € F(R") and 4° be characteristic functions of the levels
[u]®. Then 4% € B(a%,r) if and only if, [u]® C B([u]*,r).

Proof. This is a consequence of the above lemma and the fact that [u]* C [u]?
if a > . O

We observe that the step functions u : R* — [0, 1] are of this kind.
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Theorem 7. Let f : F(R*) — F(R") be a Zadeh’s extension of the continu-

ous function f : R* — R™. Ifu is a fized point of f and lim D(f™(u),u) =0
n—0o0

for D(u,u) < r, then the levels [u]* attract the levels [u]* by f.

Proof. If u € B(u, ), then we have for all ¢ > 0 that there is ng = ng(¢) such
that if n > ny, D(f™(u), @) < e what ensures h(f™([u]?), [7]®) < & Vo

or

(32)

h(f*([u]?), [u]®) = inf{s : f*([u]*) C B([u]*;s) e [u]* C B(f"([u]*),s)} <& Va
leading to

(33) f([u]?) < B([u]% ¢)
O

Note that in this metric D, there is a kind of uniformity in « in the sense
that n = n(e) for all a.
As f™([u]®) C B([a]*,e) for n > ng allow us to conclude that for z € [u]®

(34) {/"(x)} € B([@]*,¢) C B([u];¢).

As B([u], ) is compact, since [7]* is compact, then f™(z) has a convergent
subsequence. Hence w(z) # ¢ for all z € [u]*.

Corollary 5. If f and f are as in Theorem 7, then
1. lirf D(f*(u),7) = 0 for allw € B(w,r),r > 0, and X C R" is
n—+00

compact invariant for f with [u]® C B(X,r) and X C B([u]',r), then
u=2X.

2. % is a fived point of f with [w]* C B([a]',r) and [@]® c B([@]*,r), for
some o € [0,1], then [u]’ = [u]'.

3. If [u]® c B([u]',r) then [u]’ = [u]'.

4. the fized point X off 1s stable if and only if, for alle > 0 there isd > 0
such that if u € F(R") with [u]® C B(X,d) and X C B([u]',d) then
([u]°) € B(X,¢e) and X C B(f™([u]",¢) for alln > 0.

5. If f, f and X are as above then w(z) C X for all x near X.

Proof. 1. It follows from lemma 1 D(w, X) < r, then lirf D(f*(X),u) =
n—-+00
0 or lim D(X,u) =0since X is a fixed point for f. Then

n——+o0
D(X,7) =0 or T=X.
2. In the first item we make [u]* = X.

3. Immediate.
4. Consequence of Lemma 1.
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5. Let [u]* = B[X,6] with 0 < § < r. By lemma 1 v € B(X,r) then
X = w(B[X,d]), and finally w(z) C X.
U

Remark: It follows from Corollaries 5 that the only fixed points of f , as-
ymptotic stable, with h([u]°, [u]') < r, are the characteristic functions of some
compact subset X of R". Observe that B[X, ] C R" is compact if X is also
compact.

The case where the fixed points are isolated plays an important role as in
classical dynamical systems. Corollary 4 suggests that we concentrate the
study for the fixed points u : R* — [0, 1] that are step functions, moreover by
Corollary 5 we know that the fixed point X of f is the characteristic function
of the compact set X C R".

We list some results on the fixed point X of f ,

Theorem 8. Let X be the characteristic function of the compact set X C
R such that f( ) X and X is asymptotic stable for f Under these
conditions we have

(3) X = (f"(BLX, ).
n>0
for all 6 € [0, r[ with r given by the Definition 2

Proof. Let u € F(R™) such that [u]* = B[X, ] where § € [0, r[.
By lemma 1 v € B(X,r). Hence X attracts B[X,d]. As X C B[X,d] and
w(B[X,d]) = X, it follows from Lemma 2.1.1, p. 9, Hale [8], that

X = [ f"(BIX,d)).

n>0

O

Note that in particular X is a local attractor since it attracts the neighborhood
B[X, 0], as seen in Theorem 7, although it is not sufficient for X to be
asymptotic stable.

Example 2 Consider x,.1 = f(z,), with

(36) fl@) =z —3+3— %

8 1
The fixed points of f are ;1 =3 — ——= and 29 = 3+ ——, with f/(z9) = 1.
p f 1 3\/3 2 3\/3 f( 2)

The interval X = [xy,%9] is a local attractor for f. We assert that the
characteristic function X, of X, is not asymptotic stable for f, since that for
any uy € F(R™) close to X, of the form

(37) [uo]® = [uo]® = [x1 + 8, T3 — 0]
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for all @ € [0, 1], and ¢ > 0, appropriated

(38) ™ (u0)]* = £™([uo]’)
and
(39) Tim b ([uol?), {a1}) =0,

which implies

(40) Tim B ([uol?), o) # 0.

. H . . D
Then by Proposition 1, f™(ug) /4 X and it follows f™(ug) # X, that shows
the assertion. In fact, we can see in this example that X ¢ B(f™([u]',¢) for

o) —

F1GURE 1. Fixed Points of f(x)

infinity n, for any interval [u]' contained in X and by lemma 1, X cannot be
asymptotic stable.

Lemma 2. Let f be the Zadeh’s extension of the continuous function f :
R* — R*. If

lirll D(f™(z),u) = 0 for any x € R", then u is the characteristic function
n—r-+00

of some point in R”.
Proof. Tt is enough to observe that

(1) lim D((#),u)=0= lim sup [|/"(x) ~yl| =0

ToO yefu]©

which leads to the result. O
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Theorem 9. If f and f are as above, U 1s a fixed point of f, asymptotic
stable with diameter diam[u|® < r, when r 1s from definition 2 then U is
the characteristic function of some point in R™, moreover if @ is globally
asymptotic stable, then u is the characteristic function of some point in R".

Proof. If diam[u]® < r, then by lemma 1 for all z € [u]°, we have D(u, z) < .
Hence lirll D(f™(z),u) = 0 and from Lemma 2 we have the first part.
n—r+00

For the second part just note that in this case liI_E D(f™(z), @) = 0 for all
n—-+oe

z e R". O

Next we give some results about the periodic orbits.

Definition 4. A point v* € F(R") is periodic point with period p of F :

F(R") — F(R") if p is the least positive integer such that F?(u*) = u*,

where FP stands for composition. The set of all iterated of a periodic point

is called p-periodic orbit or p-cycle.

A p-periodic point u* is a fixed point of F?. Consequently, the notion of
stability of u* is the same of a fixed point.

Definition 5. A p-periodic point u* is stable, asymptotic stable, or unstable
if u* is a point stable, asymptotic stable or unstable respectively of FP?.

If f is the Zadeh extension of the continuous function f : R* — R, then x* is
p-periodic point of f if and only if, the characteristic function 2* of x* is a p-
periodic point of f, since [f"(£)]* = f™(z) for all n > 0 and « € [0, 1], where
Z is the characteristic function x € R*. We recall also that f is continuous
at 7.

Corollary 6. Iff 1s the Zadeh extension of the continuous function f :
R® — R, then x* is a stable p-periodic point (asymptotic stable, unstable)
for f if and only if, T* is p-periodic stable (asymptotic stable, unstable) for

f.
Proof. Just apply Theorem 6 for fP. O

Corollary 7. Let z* a 2-periodic point of the function of class C', f : R —
R. If | f'(f(z*))f'(z*)| < 1, then the orbit by T* is stable.

Proof. Use the fact that |f'(f(z*)).f'(z*)| < 1 implies the stability of the
orbit by z*. See Edelstein [7]. O

5. AN EXAMPLE

We consider the normalized logistic function

(42) /(@) = az(1 - ),
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with 1 < a < 4, as we want just £ > 0. Let us research the fixed points

of the Zadeh’s extension f , different from the characteristic functions 0 and
Loy Tog=1— %
According we have seen until here, we have to solve the following equation

F([u]®) = [u]® = [u$,ug], for all @ € [0,1], i. e.

uf = min f(x)
(43) u§ = I?la;c% f(zx)
2 uf <z<u§
Ifl1<a<2 thenz,=1-1<3
Let u € &' be such that f(u) = u. Then
1 a 1
ay = e S0 <ugf@=fG=7<3

Then, uy < % for all a € [0,1]. Hence, as f is increasing in (—oo, 5], 43 is
given by

uff = f(uf) = auf(l — uf)
5 [ flut) Zoutlh
(45) {Uzzf(UQ):aUQ(l_uz)
Then the only solution of equation 45 excluding 0 and Z,, is the fuzzy set
u € £ such that [u]* = [0, z,], for all a € [0,1].
If a > 2, then z, = 1 —1 > 7. In this case we consider all the possibilities of
fixed points using u? and 9.
e For uj < 2, the solutions of 45 foralla € [0, 1], are uf = 0 and ug = aca >1

what contradicts u$ < uy < . Then, there are no new fixed points if u) < 1
e For ud > 1 45 is given by
(46) uf = f(ug) = aug(l — ug)

uy = f(uf) = auf(l — uf)

Since f is decreasing in [3, +00).
Changing variables we transform 46 in

(47) {l‘ = ay(l - y)

y=az(l —x)
from this e have also ,
(48) r=a’z(l —2)[1 —ax(l —2)] = f*(x),

Explaining: the coordinates of the solutions of the above system are exactly
the fixed points of f2(z) which are given by 2 =0, 2, =1 — ¢ and z, x5 =

1+/(a-3)(a+1)
a+ (o —3)(a+ ), (See Edelstein [[7]]). So, if 2 < a <3, z1 and z,

a
are not reals, and the only solution of 46 is u$ = u$ = z,, Ya € [0,1]. On the




ATTRACTORS IN FUZZY DYNAMICAL SYSTEMS 15

other hand if 3 < a < 4, the solutions of 46 are u{ = u§ = z, or u$ = z; and
u§ = 5, Yo € [0,1]. But in this last case we must observe that u} = z; > 2
if and only if, 3 < a < 1 + /5. In this way, apart 0 and Z,, we have a new
fixed point @ given by [u]® = [z1, 22] = [z1, f(z1)] for all @ € [0, 1].

Finally, if a = 4, we have again u{ = u§ = z, as unique solution of 46.

e Now, if uf < % and u§ > % for some «, then 43 is given by

(49) {u%:=:nnn{f(u?),f(u3)}

up =) =1

Hence, if u$ = f(uf) then uf = 0. If u¢ = f(ug), then u¢ = f($) = %= (4—a),
we compute that f(2) < 1, That is,

a2

1 e a>1+5

(50) (4—a) <

1
2
As a resume we have

e If 1 < a < 2, the only fixed points ares: 0;%, and %, given by [;]* =
[0,z,], Yo € [0, 1].

e If 2 < a < 3, apart 0 and &,, we have fixed point @, given by [T,]* = [0, -
elf3<a<1l+ \/5, excluding f], Z, and Uy, we have also the fixed point s
with [u3]* = [z1, 22, Ya € [0,1].

o If 14++/5 < a < 4, the fixed points are 0, Z,, T, Us, Uy, With [G4]* = f(%): 4]
e us given by:

L {0./@)] I a<a
oy m= {8 v o3
for all « € [0,1] and some @.
e If a = 4 the only fixed points are 0,4, and T with [7]* = [0,1] for all

a € [0,1]:

We are going to study the stability of the new fixed points for the function f
since the old one have the same behavior of the deterministic counterpart.
For 1 < a < 2, the fixed point @, is unstable (cf. Corollary 5) since D(u, ;) <
0 if [u]® = [0, x,] and ([0, x4]) = [f™(9), x4) for § > 0, small, since that f
is increasing [0, 3]. Then [0, z,] ¢ B(f"([u], ) for infinitely many n € IN.
For 2 < a < 4 we have:

® Uy, u3 and ug aren’t stable according Corollary 5.

® 75 is also unstable since given 0 < § < f(%), the fuzzy set u defined by its
levels

o 84 If a<@
(52) g :{[f(i),%] If o>a
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is such that D(u, ;) = 3 < § and D(f™(u),us) > € for infinitely many n € IN
taking 0 < € < 4, since that

(63)  D(f"(w). ) = suwp h(F([u"). [ = A5, 2. [0. 9)
0<a<1
and f"([Z, 2]) C [e, 2] for n big, since f is increasing in (0, 5].

® u, is asymptotic stable:

First we show the stability:

By continuity of f, we have that ¢ > 0, exists 0 < ¢ < ¢ with § —4d > z, > %
and f(%) — 6 > 0 such that f(% —0) < f(%) 4+ ¢ < 5. Hence if D(u,us) < 6,
that is,

(54) [l € BF(3), 31.0) e [£(9), 51 € B (], 9),

we have since x, > %, that

(55) JUFG)+65 - =[G -0,.7]
and

(56) PUQ +65 =) =11 7
concluding that

(57) IS +6.5 =) =) g] Vn > 2

Then [f(2), 3] € B(f"([f (%) +6, % -
from hypothesis [f(%) + 6,2 — 6] C [u]'
[f

(58) (93¢ B(f”([um,e) )

Taking [u]® = (I, m] and supposing that [u]® ¢ [f(§), $] = [U4]°, since in this
case we have nothing to do.

(59) Fr([]®) = ming (1), f"(m)}, 5]

for all n > 1.
As f"(l) and f"(m) are increasing sub sequences with the same limits f(%),
we have

(60) () € B{f(3),3he) Ynz0

Using Corollary 5 we have that 7, is stable. R
It is clear that u4 is asymptotic stable since lim D(f"(u),ds) = 0 for all

n—+oo
u € &' with D(u, ) < r where r is such that f(4) —7>0and ¢ +r < 1.
In the classical (crisp) case a = 3 is a bifurcation value, i. e. if a is greater
than 3 the fixed point z, lose its stability and appears a 2-periodic orbit.
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If @ is greater than 1 + /6, it will appear a stable 4-periodic orbit.

From about a = 3.89 we have chaos. (See Hale [9], Edelstein [7], Devaney
[6]).

In the fuzzy case, a =1, a = 2, a =3, a = 1+ V5 are also values of
bifurcations. We summarize our results in figure 2

fuzzy branch

FI1GURE 2. Bifurcation Diagram
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