
n, d,λ

G V (G) = [n] = {1, . . . , n} E

A = (ai,j)1≤i,j≤n G ai,j = 1 (i, j) ∈ E ai,j = 0

λ A x

Ax = λx x λ

A n

λ0 λ1 . . . λn−1 λ0 ≥ λ1 ≥ . . . ≥ λn−1

|λ0| ≥ |λ1| ≥ . . . ≥ |λn−1| x0 x1 . . . xn−1

λ0 λ1 . . . λn−1 x0 x1 . . . xn−1

Rn 〈xi, xj〉 = 1 i = j 〈xi, xj〉 = 0

O = [x0 | . . . | xn−1] OtO = OOt = In D OtAO

D = (λ0,λ1, . . . ,λn−1) A = ODOt

A = (
n−1∑

i=0

λixix
t
i),

(
∑n−1

i=0 λixix
t
i)xj =

∑n−1
i=0 λixi(x

t
ixj) = λjxj = Axj

G d



λ G |λ| ≤ d

x = (xi)n λ Ax = λx xp

|xp| ≥ |xi| i

|λ||xp| = |(λx)p| = |(Ax)p| = |
n∑

j=1

apjxj | ≤ |
n∑

j=1

apj ||xp| = d|xp|.

x &= 0 |xp| > 0 |λ| ≤ d !

λ0 = d x0 = (1, . . . , 1)/
√
n

G (n, d,λ) d n

|λi| ≤ λ i = 1, . . . , n− 1

G (n, d,λ) d ≤ (1− ε)n λ ≥
√
εd

A G A2 λ2
0 λ2

1 . . . λ2
n−1

λ0 λ1 . . . λn−1 A nd = tr(A2) =
∑n−1

i=0 λ2
i tr(A)

A nd = λ2
0 +

∑n−1
i=1 λ2

i ≤ d2 + (n − 1)λ2

λ2(n− 1) ≥ nd− d2 = d(n− d) ≥ εnd λ2 ≥ εd !

(n, d,λ)

λ = 2
√
d− 1

G = (V,E) e(U,W )

U W U ∩W

e(U,W ) = |{(u,w) : u ∈ U w ∈ W {u,w} ∈ E(G)}|

G (n, d,λ) U,W ⊂ V (G)

∣∣∣∣e(U,W )− d|U ||W |
n

∣∣∣∣ ≤ λ
√

|U ||W |.

U = W |e(U,U) − d|U |2/n| ≤ λ|U | e(U,U)

U e(U)

|2e(U)− d|U |2/n| ≤ λ|U | |e(U)− d|U |2/2n| ≤ (λ/2)|U |

α(G) = maxI |I| I ⊂ V (G)

I ⊂ V (G)



e(I) = 0 d|I|2/2n ≤ (λ/2)|I| |I| ≤ (n/d)λ

α(G) ≤ λ(n/d) (n, d,λ)

G (n, d,λ)

χ(G) ≥ n

α(G)
≥ n

λn
d

=
d

λ
.

U,W ⊂ V (G) χU = (χU,i)n χW

U W χU,i = 1 i ∈ U χU,i = 0 χW

e(U,W ) = χt
UAχW A =

∑n−1
i=0 λixix

t
i = λ0x0x

t
0 +

∑n−1
i=1 λixix

t
i

A0 = λ0x0x
t
0 E =

∑n−1
i=1 λixix

t
i χU =

∑n−1
i=0 αixi

χW =
∑n−1

i=0 βixi αi = 〈χU , xi〉 = χt
Uxi βi = 〈χW , xi〉 = χt

Wxi

A0 d/n x0 = (1, . . . , 1)/
√
n

λ0 = d χt
UA0χW = d|U ||W |/n

χt
UEχW =

(
n−1∑

i=0

αix
t
i

)


n−1∑

j=1

λjxjx
t
j




(

n−1∑

k=0

βkxk

)

=

(
n−1∑

i=0

αix
t
i

)(
n−1∑

k=1

λkβkxk

)

=

(
n−1∑

k=1

λkαkβk

)
.

|χt
UEχW | ≤

∑n−1
k=1 |λk||αk||βk|

|χt
UEχW | ≤ λ

n−1∑

k=0

|αk||βk|

≤ λ

(
n−1∑

k=0

α2
k

)1/2(n−1∑

k=0

β2
k

)1/2

= λ
√

|U |
√

|W |.

e(U,W ) = χt
UAχW = (d/n)|U ||W | + O1(λ

√
|U ||W |) O1(x) y

|y| ≤ x !



G = (X,Y ;E) λ G

−λ

n x y

z x y z



G U ⊂ V (G)

G = (V,E) U ⊂ V ΓG(U) U

G ΓG(U) = {w ∈ V (G) : {v, w} ∈ E(G), v ∈ U}

Γ(U)

G (b, f) |Γ(U)| ≥ f |U | U ⊂ V (G)

|U | ≤ b

∆(G) G |Γ(U)| ≤ ∆|U |

H (n, d,λ) δ(H)

H

G H G δ(H) ≥ δd 0 < δ ≤ 1

H ((1− η)δn/f, f) f = (nδd/λ)2 0 < η < 1

H ((1 − η)δn/f, f)

U H |U | ≤ (1 − η)δn/f |ΓH(U)| < f

δd|U | ≤ eH(U,ΓH(U)) ≤ eG(U,ΓH(U))

δd|U | ≤ d

n
|U ||ΓH(U)|+ λ

√
|U ||ΓH(U)|

≤ d

n
|U |(f |U |) + λ

√
|U ||ΓH(U)|

≤ d

n
|U |(1− η)δn+ λ

√
|U ||ΓH(U)|.

ηδd|U | < λ
√

|U ||ΓH(U)| |ΓH(U)| > (ηδd/λ)2|U | = f |U |

U !

G b

X ⊂ V (G) |X| ≤ b |Γ(X) \X| ≥ 2|X|− 1 G p3b−1

3b− 1



R(n) = min{N : KN → (Kn,Kn)}

G → (H1, H2) G

G H1 H2

r(H) = min{N : KN → (H,H)}

∆ > 0 c > 0

H n ∆(H) ≤ ∆ r(H) ≤ cn

ra(H) = min{e(G) : G → (H,H)}

∆(H) ≤ ∆

ra(H) ≤
(
r(H)

2

)
≤
(
cn

2

)
≤ 1

2
(cn)2 = c′n2.

ra(Pn) <<
(n
2

)
ra(Pn) ≤ cn

c > 0

(n, d,λ)

GN (N, d,λ) λ << d = O(1)

H ⊂ G e(H) ≥ e(G)/2 N d λ

H ⊃ Pn d = O(1) N = O(n)

H H ′ δ(H ′) ≥ d/4 H ′ = H

H ′ d/4

Nd/4 = e(G)/2 H

H H ′



H ′ (b, f) 0 < f ≤ (d/(8λ))2 b = N/8f

δ = 1/4 η = 1/2 (d/(8λ))2 ≥ 3

H ′ (N/24, 3)

b = -N/24. X ⊂ V (H ′) |X| ≤ -N/24. |Γ(X)| ≥ 3|X|

|Γ(X) \X| ≥ 2|X| ≥ 2|X|− 1 H ′ ⊃ P 3b−1

3b− 1 = 3-N/24.− 1 ≥ 3(N/24− 1)− 1 = N/8− 4 N ≥ 8n+32

3b− 1 ≥ n H ′ ⊃ Pn

G = (V,E) P x y G z

y P y P z′ z

P ′ P {y, z}

{z, z′}

yz z’

P

x yz z’x

P’

P P ′

P G P

P X

P X− X+

X P

Γ(X) ⊂ X−∪X∪X+ P ′ ∈ P

x ∈ X X y ∈ V (G) \X− ∪X ∪X+

y ∈ V (G) \ V (P ) P ′ x y

y ∈ V (P ) \X− ∪X ∪X+ y P

y y

X y /∈ X− ∪ X ∪ X+



P ′ y X

x y X

X− ∪X ∪X+

Γ(X) ⊂ X− ∪ X ∪ X+ P G

Γ(X) \X ⊂ X− ∪X+ |Γ(X) \ X| ≤ 2|X| − 2

|X| > b X ′ ⊂ X |X ′| = b

|Γ(X ′) \X ′| ≥ 2|X ′|− 1 X ′ ∪ Γ(X ′) ⊂ V (P )

|V (P )| ≥ |X ′ ∪ Γ(X ′)| = |X ′|+ |Γ(X ′) \X ′| ≥ 3|X ′|− 1 = 3b− 1.

P 3b−1 G !



G

G M U ⊂ V (G) U

M

B = (U,W ;E) U ′ ⊂ U

|ΓB(U ′)| ≥ |U ′| B U

B

B B

u1, u2 ∈ U w ∈ W {u1, w}, {u2, w} ∈ E

U u1 u2 w

U1, U2 ⊂ U u1 ∈ U1

u2 ∈ U2 Bi = B − {ui, w} i = {1, 2} |ΓB(Ui)| = |Ui|

i = {1, 2} w /∈ ΓB(U1 \ {u1}) w /∈ ΓB(U2 \ {u2})

w ∪ (ΓB(U1 \ {u1}) ∩ ΓB(U2 \ {u2})) ⊂ (ΓB(U1) ∩ ΓB(U2)),

w /∈ ΓB(U1 \ {u1}) ∩ ΓB(U2 \ {u2})

|ΓB(U1) ∩ ΓB(U2)| ≥ |ΓB(U1 \ {u1}) ∩ ΓB(U2 \ {u2})|+ 1

≥ |ΓB(U1 \ {u1} ∩ U2 \ {u2})|+ 1

= |ΓB(U1 ∩ U2)|+ 1.

|ΓB(U1 ∪ U2)| = |ΓB(U1) ∪ ΓB(U2)| = |ΓB(U1)|+ |ΓB(U2)|− |ΓB(U1) ∩ ΓB(U2)|

≤ |ΓB(U1)|+ |ΓB(U2)|− (|ΓB(U1 ∩ U2)|+ 1)

= |U1|+ |U2|− |ΓB(U1 ∩ U2)|− 1

≤ |U1|+ |U2|− |U1 ∩ U2|− 1

= |U1 ∪ U2|− 1,

!



G T n d

T n, d |V (T )| ≤ n ∆(T ) ≤ d

G (b, f) |Γ(X)| ≥ f |X| X ⊂ V (G)

|X| ≤ b (2n− 2, d+ 1)

H G f : V (H) → V (G)

{f(x), f(y)} ∈ E(G) {x, y} ∈ E(H) f

n, d > 0 G

n, d) T

f : V (T ) → V (G) T G

x ∈ V (G) Jf (x) = degT (f
−1(x)) x ∈ f(V (T ))

Af (X) = |ΓG(X) \ f(V (T ))| X ⊂ V (G)

Bf (X) =
∑

x∈X Bf (x) Bf (x) = d− Jf (x) X ⊂ V (G)

Cf (X) = Af (X)−Bf (X) X ⊂ V (G)

X ⊂ V (G) Cf (X) ≥ 0 Cf (X) = 0

Cf (X) < 0 X ⊂ V (G) |X| ≤ 2n − 2

P1 |V (T )| = 1 f : V (T ) → V (G)

P2 v T S = T − v f : V (S) → V (G)

g : V (T ) → V (G)

!

G r(G)

G

F1, F2 . . . , Fn n [n]

Fi i i = 1, . . . , n I ⊂ [n− 1]

r(
⋃

i∈I Fi) ≥ |I|
⋃n−1

i=1 Fi n− 1



V Fi ⊂ (V ) i = 1, . . . , N

I ⊂ [N ] r(
⋃

i∈I Fi) ≥ |I| r(X) = dim〈X〉

T = (ti)N ti ∈ Fi i = 1, . . . , N t1, . . . , tN

B = (U,W ;E) k ∈ N U ′ ⊂ U

|Γ(U ′)| ≥ k|U ′| H ⊂ B u ∈ U dH(u) = 3

w ∈ W dH(w) ≤ 1

P1



P2 n, d > 0 G

(2n− 2, d+ 1) T

(|V (T )| ≤ n ∆(T ) ≤ d

P2 v T S = T − v f : V (S) → V (G)

g : V (T ) → V (G)

P2 G

T S = T − v v T

X ⊂ V (G) Cf (X) = 0 |X| ≤ 2n− 2 |X| ≤ n− 1

|ΓG(X)| ≥ (d+ 1)|X|

Af (X) ≥ (d+ 1)|X|− |f(V (S))| = d|X|+ |X|− (n− 1).

Bf (X) ≤ d|X| 0 = Cf (X) ≥ d|X|+ |X|−n+1−d|X| |X| ≤ n−1 !

Z ϕ : P(Z) → R

A,B ⊂ Z ϕ(A ∪B) + ϕ(A ∩B) ≤ ϕ(A) + ϕ(B)

Cf (X)

f X, Y ⊂ V (G) Cf (X), Cf (Y ) = 0 |X|, |Y | ≤ n− 1

Cf (X ∪ Y ) = 0 |X ∪ Y | ≤ n− 1

|X ∪ Y |, |X ∩ Y | ≤ 2n− 2 f Cf (X)

0 ≤ Cf (X ∪ Y ) + Cf (X ∩ Y ) ≤ Cf (X) + Cf (Y ) = 0.

Cf (X ∪ Y ), Cf (X ∩ Y ) = 0 |X ∪ Y | ≤ n− 1 !

P2 T S

v T {v, w} v ξ



F T Y = ΓG(f(w)) \ f(V (S)) g 0→ g(v)

ξ Y

g ∈ ξ g ∈ ξ

Xg ⊂ V (G) |Xg| ≤ 2n− 2

Cg(Xg) < 0.

f

Cf (Xg) ≥ 0.

g(V (T )) = ( f) ∪ {g(v)} = f(V (S)) ∪ {g(v)} Ag(X) = |ΓG(X) \ g(V (T ))|

Ag(X) = Af (X)− [g(v) ∈ ΓG(X)] [p] = 1 p [p] = 0 p

E(T ) = E(S)∪ {v, w} Bg(X) = Bf (X)− [f(w) ∈ X]− [g(v) ∈ X]

Cg(X) = Cf (X)− [g(v) ∈ ΓG(X)] + [f(w) ∈ X] + [g(v) ∈ X]

g ∈ ξ

Cf (Xg) = 0

g(v) ∈ ΓG(Xg)

f(w) ∈ Xg

g(v) /∈ Xg

X∗ =
⋃

g∈ξ Xg |Xg| ≤ n − 1 g ∈ ξ

Cf (X∗) = 0 |X∗| ≤ n − 1 X ′ = X∗ ∪ {f(w)}

|X ′| ≤ n f Cf (X ′) ≥ 0

g(v) ∈ ΓG(Xg) g ∈ ξ Y ⊂ ΓG(X∗)

Af (X
′) = Af (X

∗ ∪ f(w))

= ΓG(X
∗ ∪ f(w)) \ f(V (S))

= ΓG(X
∗) \ f(V (S))

= Af (X
∗).

f(w) /∈ Xg g ∈ ξ f(w) /∈ X∗

Bf (X ′) = Bf (X∗) +Bf (f(w)) = Bf (X∗) + d− Jf (f(w)) > Bf (X∗).

0 ≤ Cf (X ′) = Af (X ′)−Bf (X ′) < Af (X∗)−Bf (X∗) = Cf (X∗) = 0

!



G X ⊂ V (G) ϕ(X) = |ΓG(X)|



l l (X,M) M ⊂
(X
l

)

(X
l

)
= {U ⊂ X : |U | = l}

G = (X,M) a {X1, X2, . . . , Xa}

X M

2

p (X,M) M1, . . . ,Mp

M xi ∈ Mi∩Mi+1 i ∈ {1, 2, . . . , p−2}

xp ∈ M1 ∩Mp

g(G) G G

l n p l

(X,M)

(X,M) p

χ(X,M) > n

((Xi),M) l a (Xi) {X1, X2, . . . , Xa} X

|Xr| = k r ∈ [1, a]

(Y,N ) k

(Y,N ) ∗r ((Xi),M) l a ((X ′
i),M′)

X ′
i = Xi ×N i &= r

X ′
r = Y

M ′ M′ N ∈ N M ∈ M

M ′ ∩X ′
i = (M ∩Xi, N) i &= r

M ′ ∩X ′
r = ιN (M ∩Xr)



ιN : Xr → N N ∈ N M ′ ∈ M′

(M,N)

Xr

X1 X2

X3 X4

|X |=44

b

d

a

c
2
1

3
4

X4

X ’2

X ’3 Y

X ’1

       4Y  *  G G Y

ff’
b

d
c

e

2
1

3
4

a

c
b

d
e

f’

f
b

d

a

c

e

Y ∗4 G 4 Y 3 G
{X1, X2, X3, X4} |X4| = 4 G

Y ιf ιf ′

n l p p = 1

p > 1

1 ≤ p′ < p a = (l − 1)n + 1 l

a ((X1
i ),M1) l ω ⊂ [1, a] |ω| = l

M ∈ M1 M ∩X1
i &= ∅ i ∈ ω ((X1

i ),M1)

p

Xi

l a ((Xt
i ),Mt) t ∈ [2, a+1] ((Xt−1

i ),Mt−1)

l a |Xt−1
t−1 | = kt−1

kt−1 (Y t−1,N t−1) p

n ((Xt
i ),Mt) = (Y t−1,N t−1) ∗t−1 ((X

t−1
i ),Mt−1)



l ((Xa+1
i ),Ma+1) p

n

j ((Xj
i ),Mj)

p j ∈ [1, a + 1] ((Xj
i ),Mj)

p ((Xj+1
i ),Mj+1) C = {M ′

1, . . . ,M
′
q}

q ≤ p M ′
1, . . . ,M

′
q (M1, N1), . . . , (Mq, Nq)

N1, . . . , Nq q

((Xj
i ),Mj) ((Xj+1

i ),Mj+1) N1, . . . , Nq

C N1, . . . , Nq

q − 1 (Y j ,N j) (Y j ,N j)

χ((Xa+1
i ),Ma+1) > n χ(Xa+1

i ),Ma+1) ≤ n

c n ((Xa+1
i ),Ma+1) = (Y a,N a) ∗a ((Xa

i ),Ma)

χ(Y a,N a) > n Na ∈ N a |c(Na)| = 1

(Xa
a−1;N

a) = {(x,Na) : x ∈ Xa
a−1} ((Xa

i ),Ma) = (Y a−1,N a−1) ∗a−1 ((X
a−1
i ),Ma−1)

χ(Y a−1,N a−1) > n Na−1 ⊂ Xa
a−1 Xa

a−1 ∈ N a−1 |c(Na−1;Na)| = 1

N i ∈ N i |c(N i;N i+1, . . . , Na| = 1 i ∈ [1, a]

Zi = |c(N i;N i+1, . . . , Na| = 1 Zi ⊂ Xa+1
i ((Xa+1

i ),Ma+1)

((Xa+1
i ),Ma+1)

⋃a
i=1 Zi ((X1

i ,M1)

a = (l − 1)n + 1 ω ⊂ [1, a] |ω| = l |c(
⋃

i∈ω Zi)| = 1

((X1
i ,M1) M ∈ M1 M ⊂

⋃
i∈ω Zi

!



G

G

G = (V,E)

k G v

k w1, . . . , wk v x v

x

{w1, . . . , wk} x v zi

x wi {x,wi} /∈ E x wi

zi v {w1, . . . , wk}

G zi

x wi deg(x) = k

G x v

k G k 1 + k + k(k − 2)

A G A2 = (ai,j) ai,j

i j det(A2−λI) = (k2−λ)(k−1−λ)k
2−k

k2 A2 k − 1 A2 k2 − k

A k
√
k − 1 −

√
k − 1 r

√
k − 1 s

−
√
k − 1 k+ r

√
k − 1− s

√
k − 1 = 0 k2 = (s− r)2(k− 1)

k − 1|k2 k − 1|k k − 1|1 k = 2 G

!

X X

(X) = E((X − E(X))2) = E(X2)− E(X)2.



X Y X, Y

(X,Y ) = E(XY )− E(X)E(Y ).

X ≥ 0 λ > 0

(X ≥ λ) ≤ E(X)

λ
.

X = (Y − E(Y ))2 λ = ω2 ((Y − E(Y ))2 ≥ ω2) ≤ (Y )/ω2

(|Y − E(Y )| ≥ ω) ≤ (Y )

ω2
.

λ = 1

(X ≥ 1) ≤ E(X).

ω = E(Y )

(Y = 0) ≤ (Y )

E(Y )2
.

f(n) << g(n) limn→∞ f(n)/g(n) = 0

Gn,p n

p

Gn,p f(n) A

p >> f(n) limn→∞ (A) = 1 1

p << f(n) limn→∞ (A) = 0 0



n−2/3 K4 ⊂ Gn,p

S XS

1 S K4 Gn,p 0 X

K4 Gn,p X =
∑

S XS E(X) =
∑

S E(XS)

E(X) = O(n4p6)

0 p << n−2/3

(X ≥ 1) ≤ E(X) = O(n4p6) << 1 n → ∞ (X ≥ 1)

Gn,p K4

1 p >> n−2/3

(X = 0) n → ∞

E(X2) =
∑

S

E(XS
2) +

∑

(S,T ), S (=T

E(XSXT ).

E(X)2 =

(
E
(
∑

S

XS

))2

=

(
∑

S

E (XS)

)2

=
∑

S

E(XS)
2 +

∑

(S,T ), S (=T

E(XS)E(XT ).

(X) = E(X2)− E(X)2

=
∑

S

(
E(XS

2)− E(XS)
2
)
+

∑

(S,T ), S (=T

E(XSXT )−
∑

(S,T ), S (=T

E(XS)E(XT )

=
∑

S

(XS) +
∑

(S,T ), S (=T

(XS , XT ).

(X) (XS) = E(XS
2)−E(XS)2 ≤ E(XS

2)

XS (XS) ≤ E(XS) = p6
∑

S (XS) = O(n4p6)

XS XT S &= T |S ∩ T | ≤ 1

(XS , XT ) = 0 |S ∩ T | = 2 (XS , XT ) ≤ E(XSXT ) (XS , XT ) ≤ p11

∑
(XS , XT ) = O(n6p11) (S, T )

|S ∩ T | = 2 |S ∩ T | = 3 (XS , XT ) ≤ E(XSXT ) (XS , XT ) ≤ p9

∑
(XS , XT ) = O(n5p9) (S, T )

|S ∩ T | = 3 (X)



(X) =
∑

S

(XS) +
∑

(S,T ), S (=T

(XS , XT )

= O(n4p6 + n6p11 + n5p9).

E(X) = O(n4p6)

(X = 0) = O

(
n4p6

n8p12
+

n6p11

n8p12
+

n5p9

n8p12

)

= O(n−4p−6 + n−2p−1 + n−3p−3)

<< 1,

p n → ∞ (X = 0)

Gn,p K4 !

p << n−2/3 (K4 ⊂ Gn,p) n

p >> n−2/3 (K4 ⊂ Gn,p) n

p = cn−2/3 c

limn→∞ (K4 " Gn,p) p = cn−2/3

G
ind−−→ H G

H ′ G H ′ ∼ H H ′

G

G
ind−−→ C4

G
ind−−→ C5

G

G → K3 G # K4

G → K3 G # K5

G → K3 G # K6



Ed d P ⊂ Ed

α a, b, c ∈ P "abc = α

P αd(P) = max{0 ≤ α ≤ π : P α}

αd(n) = infP⊂Ed{αd(P) : |P| = n}

α2(3) = π/3 P

α2(3) ≤ π/3

P

π/3 α2(3) ≥ π/3

f(d) = maxP⊂Ed{|P| : P }

f(2) = 3 P

f(2) ≥ 3 |P| ≥ 4 P

f(2) ≤ 3

f ′(d) = maxP⊂Ed{|P| : P ≤ π/2}

f ′(d) ≥ 2d d

f ′(d) ≤ 2d

ε > 0 αd(2d + 1) ≥ π/2 + ε

f(d) ≤ 2d− 1 f(d) ≥ (1.18 . . .)d

d ≥ d0 d0 > 0

f(d) ≤ (2− ε)d ε > 0 f(d) ≤ 2d − 1

f(d)

m Ed x1, . . . , xm ∈ {0, 1}d xi

2d

"xAxBxC = π/2 (3/4)d

A,B,C ⊂ [d] xAxBxC ∈ {0, 1}d

"xAxBxC = π/2 (A ∩ C) ⊂ B ⊂ (A ∪ C)

!



π/2 X (i, j, k)

"xAxBxC = π/2 E(X) = m(m− 1)(m− 2)(3/4)d

E(X) < 1 π/2

f(d) ≥ m m < (1, 1)d E(X) < 1

f(d) ≥ (1, 1)d

m

(2m)3(3/4)d < m m = -(2/
√
3)d/(2

√
2). = (1, 15 . . .)d/(2

√
2)

x1, . . . , x2m E(X) = (2m)3(3/4)d < m 2m

X < m P 2m−m = m

π/2

f(d) >
1

2
√
2

(
2√
3

)d

.

f(3) = 5

f(d) ≥ d+ 1 f(d) ≥ 2d− 1

f ′(d) ≤ 2d αd(2d + 1) > π/2

ε > 0 δ > 0 (1 + δ)d Ed

π/3 + ε



f(z) [zn]f(z) zn f(z)

〈gn〉n∈N C G(z) 〈gn〉

[zn]G(z) = gn G(z) =
∑∞

n=0 gnz
n

F (z) G(z) 〈fn〉n∈N 〈gn〉n∈N
αF (z) + βG(z) = α

∑∞
n=0 fnz

n + β
∑∞

n=0 gnz
n =

∑∞
n=0(αfn + βgn)zn

αF (z) + βG(z) 〈αfn + βgn〉n∈N
F (z) G(z) 〈fn〉n∈N

〈gn〉n∈N G(z) z

G′(z) =
∞∑

n=0

(n+ 1)gn+1z
n.

zG′(z) =
∞∑

n=1

ngnz
n.

F (z) G(z)

F (z)G(z) =
∞∑

n=0

(
n∑

k=0

fkgn−k

)
zn.

X

GX(z) X GX(z) =
∑∞

k=0 (X = k)zk

GX(1) = 1

X



E(X) =
∞∑

k=0

k (X = k)

=
∞∑

k=0

k (X = k)zk−1 |z=1

= G′
X(1).

(X) = E(X2)− E(X)2

E(X2) =
∞∑

k=0

k2 (X = k)

=
∞∑

k=0

(
k(k − 1)zk−2 + kzk−1

)∣∣∣
z=1

(X = k)

= G′′
X(1) +G′

X(1).

(X) = G′′
X(1) +G′

X(1)−G′
X(1)2.

X Y

GX+Y (z) =
∞∑

n=0

(X + Y = n)zn

=
∞∑

n=0

n∑

k=0

(X = k Y = n− k)zn

=
∞∑

n=0

n∑

k=0

(X = k) (Y = n− k)zn

= GX(z)GY (z).

E(X + Y ) = (GX(z)GY (z))′ |z=1 = G′
X(1)GY (1) + GX(1)G′

Y (1)

GX(1) = GY (1) = 1 E(X + Y ) = E(X) + E(Y )

X + Y G′′
X+Y (1) G′

X+Y (1)

G′
X+Y (1) = G′

X(1)GY (1) +GX(1)G′
Y (1) = G′

X(1) +G′
Y (1).



G′′
X+Y (1) = G′′

X(1)GY (1) + 2G′
X(1)G′

Y (1) +GX(1)G′′
Y (1)

= G′′
X(1) + 2G′

X(1)G′
Y (1) +G′′

Y (1).

(X + Y ) = G′′
X+Y (1) +G′

X+Y (1)−G′
X+Y (1)

2

(X + Y ) = (G′′
X(1) +G′

X(1)−G′
X(1)2) + (G′′

Y (1) +G′
Y (1)−G′

Y (1)
2)

= (X) + (Y ).

p

q = 1− p X

X HX(z) = q + pz

Y n Y

HY (z) = HX(z)n =
n∑

k=0

(
n

k

)
pkqn−kzk.

〈
(n
k

)
pkqn−k〉nk=1

E(Y ) = (H ′
Y (1)) = (HX(z)n)′ |z=1 = (nHX(z)n−1H ′

X(z)) |z=1 = nH ′
X(1) = np

(Y ) = (HX(z)n)′′ |z=1 + (HX(z)n)′ |z=1 = E(Y )2

= (n(n− 1)p2) + (np)− n2p2

= np(1− p).

X

X

GX(z) =
∞∑

k=0

qkpzk+1 =
pz

1− qz
.

n

GX(z)n =
pnzn

(1− qz)n
= pnzn(1− qz)−n.



(n)k = n(n− 1) . . . (n− k + 1) n

(
−n

k

)
=

(−n)k
k!

=
(−1)k(n+ k − 1)k

k!

= (−1)k
(
n+ k − 1

k

)
.

GX(z)n = pnzn
n∑

k=0

(
−n

k

)
(−1)kqkzk

= pnzn
n∑

k=0

(
n+ k − 1

k

)
qkzk.

zn

pn

(1− qz)n
=

n∑

k=0

(
n+ k − 1

k

)
pnqkzk,

Y

Y

I(z) = (1− qz)/p = 1/p− (q/p)z I(z)

I(1) = 1 I(z)−n

−n −q/p E(Y ) = (−n)(−q/p) = nq/p (Y ) = (−n)(−q/p)(1/p) = nq/p2

Ω = {HH,THH, TTHH,HTHH, . . .} H

T H p T q

X

X

GX(z) = p2z2 + qp2z3 ++q2p2z4 + qp3z4 + . . .

H pz T qz Ω



Ω T ′s

Ω n T GX(z)

(n)k/k! k + 2 n

pk+2qnzn+k+2

GX(z) =
∞∑

n=0

(
n∑

k=0

(
n

k

)
pk+2qnzn+k+2

)

= p2z2
∞∑

n=0

(
n∑

k=0

(
n

k

)
(pqz2)k(qz)n−k

)

= p2z2
∞∑

n=0

(pqz2 + qz)n

=
p2z2

1− pqz2 − qz

F (z) = z2/GX(z) = (1 − pqz2 − qz)/p2

X F ′(1) = −p−2−p−1+2

F ′′(1) = −p−4 − 2p−3 + 2p−2 + p−1 GX(z)F (z) = z2

E(X) = 2− (−p−2 − p−1 + 2)

= p−1 + p−2.

(X) = 0− (−p−4 − 2p−3 + 2p−2 + p−1)

= p−4 + 2p−3 − 2p−2 − p−1.



p

q = 1−p

THTTH

Ω = {THTTH,HTHTTH, TTHTTH,HHTHTTH,HTTHTTH, . . .} X

X

GX(z) = p2q3z5 + qp3q3z6 + p2q4z6 + p4q3z7 + . . .

pz H qz T

S = THTTH +HTHTTH + TTHTTH +HHTHTTH + . . . S

THTTH N

THTTH 1

1 +N(H + T ) = N + S.

NTHTTH = S + STTH.

(1− S)(1− (H + T ))−1 = N

(1− S)(1− (H + T ))−1THTTH = S(1 + TTH).

(1−GX(z))(1− z)−1p2q3z5 = GX(z)(1 + pq2z3).

GX(z) =
p2q3z5

p2q3z5 + (1 + pq2z3)(1− z)
.

GX(z) = z5/FX(z) F ′
X(1) = 5 − (1 + pq2)/(p2q3)

F ′′
X(1) = 20− (6pq2)/(p2q3) X



E(X) = G′
X(1)

= 5− F ′
X(1)

= p−2q−3 + p−1q−1.

(X) = G′′
X(1) +G′

X(1)−G′
X(1)2

= −(F ′′
X(1) + F ′

X(1)− F ′
X(1)2)

= E(X)2 − 9p−2q−3 − 3p−1q−1.

A

m S

A N A

A(k) A(k) k k A

NA = S

(
1 +

m−1∑

k=1

A(k)
[
A(m−k) = A(m−k)

])
,

[p] = 1 p [p] = 0 p

X X

A

S =
A

A+

(
1 +

m−1∑

k=1

A(k)
[
A(m−k) = A(m−k)

])
(1−H − T )

.

Ã(k) H p−1 T q−1 A(k)

Â(k) = Ã−1
(k)

GX(z) =
Â(m)z

m

Â(m)zm +

(
1 +

m−1∑

k=1

Â(k)
[
A(m−k) = A(m−k)

])
(1− z)

.

FX(z) = zm/GX(z) Â(k)/Â(m) = Ã(m−k)

FX(z) = zm +

(
m∑

k=1

Ã(k)z
(m−k)

[
A(k) = A(k)

])
(1− z).



F ′
X(1) = m−

m∑

k=1

Ã(k)

[
A(k) = A(k)

]
.

F ′′
X(1) = (m− 1)m− 2

m∑

k=1

(m− k)Ã(k)

[
A(k) = A(k)

]
.

X

E(X) = G′
X(1) = m− F ′(1) =

m∑

k=1

Ã(k)

[
A(k) = A(k)

]
.

(X) = G′′
X(1) +G′

X(1)−G′
X(1)2

= −(F ′′
X(1) + F ′

X(1)− F ′
X(1)2)

= E(X)2 −
m∑

k=1

(2k − 1)Ã(k)

[
A(k) = A(k)

]
.

1

2 A B

A B

SA SB

A B |A| = l |B| = m

N A B

1 +N(H + T ) = N + SA + SB.

NA = SA

l∑

k=1

A(l−k)
[
A(k) = A(k)

]
+ SB

min{l,m}∑

k=1

A(l−k)
[
B(k) = A(k)

]
.

NB = SB

m∑

k=1

B(m−k)
[
B(k) = B(k)

]
+ SA

min{l,m}∑

k=1

B(m−k)
[
A(k) = B(k)

]
.



N = SA

l∑

k=1

2k
[
A(k) = A(k)

]
+ SB

min{l,m}∑

k=1

2k
[
B(k) = A(k)

]
.

N = SB

m∑

k=1

2k
[
B(k) = B(k)

]
+ SA

min{l,m}∑

k=1

2k
[
A(k) = B(k)

]
.

A : B A B

A : B =

min{l,m}∑

k=1

2k−1
[
A(k) = B(k)

]
.

SA

SB
=

B : B −B : A

A : A−A : B
.

1 2 3 HHTH HTHH THHH

3/2

7/5 7/5

τ1, . . . , τl

τ̄2τ1, τ2, . . . , τl−1

τ1, . . . , τl

τ̄2τ1, τ2, . . . , τl−1

τ̄2τ1, τ2, . . . , τl−1



(
|X − E(X)| ≥ ω

√
(X)

)
≤ 1

ω2
,

ω

∑

p≤x

1

p
= ln lnx+O(1).

n

n = mq2 m m

∑

n≤x

1

n
=
∑

m≤x




1

m

∑

q≤
√

x/m

1

q2





≤ 2
∑

m≤x

1

m

= 2
∏

p≤x

(
1 +

1

p

)
.

∑

n≤x

1

n
≥
∑

n≤x

∫ n+1

n

1

t
dt

≥ log x.

log x ≤ 2
∏

p≤x(1 + 1/p) ≤ 2
∏

p≤x e
1/p = 2e

∑
p≤x 1/p

∑

p≤x

1/p ≥ ln lnx+O(1)

!

v(n) n

n

ln lnn



ω ω = ω(n) → ∞

x ∈ [n] |v(x)− ln lnn| > ω
√
ln lnn o(n)

x ∈ [n]

p Xp = 1 p|x

Xp = 0 m = n1/10 X = X(x) =
∑

p≤mXp

m X(x)

m x 10

m x v(x)− 10 ≤ X(x) ≤ v(x)

X E(Xp) = -n/p./n = 1/p + O(1/n)

x− 1 ≤ -x. ≤ x

E(X(x)) =
∑

p≤m

E(Xp)

=
∑

p≤m

(1/p+O(1/n))

=




∑

p≤m

1/p



+O(1)

= ln lnn+O(1),

X(x) X =
∑

S XS

(X) =
∑

S (XS) +
∑

(S,T ),S (=T (XS , XT )

(Xp) (Xp, Xq) p &= q

(Xp) = E(Xp
2)− E(Xp)

2

= E(Xp)− E(Xp)
2

= E(Xp)(1− E(Xp))

=

(
1

p
+O

(
1

n

))(
1− 1

p
+O

(
1

n

))

=
1

p

(
1− 1

p

)
+O

(
1

n

)
.



∑

p≤m

(Xp) =
∑

p≤m

(
1

p

(
1− 1

p

)
+O

(
1

n

))

=




∑

p≤m

1

p



+O(1)

= ln lnn+O(1),

(Xp, Xq) = E(XpXq)− E(Xp)E(Xq)

=
-n/pq.

n
− -n/p.

n

-n/q.
n

≤ 1

pq
−
(
1

p
− 1

n

)(
1

q
− 1

n

)

≤ 1

n

(
1

p
+

1

q

)
.

∑

p (=q

(XpXq) ≤
1

n

∑

p (=q

(
1

p
+

1

q

)

≤ 2m

n

∑

p≤m

1

p

= 2n−9/10(ln lnn+O(1))

= o(1).

X(x)

(X(x)) =
∑

p≤m

(Xp) +
∑

p (=q

(XpXq)

= ln lnn+O(1).

v(x)− 10 ≤ X ≤ v(x)

(
|v(x)− ln lnn| > ω

√
ln lnn

)
< ω−2,

ω = ω(n) n !

n



t ∈ R x ∈ [n]

lim
n→∞

(
v(x)− ln lnn√

ln lnn
≥ t

)
=

1√
2π

∫ ∞

t
e−s2/2 ds.



∑
p≤x 1/p = ln lnx + O(1)

∑

s<r≤t

a(r)f(r) = A(t)f(t)−A(s)f(s)−
∫ t

s
A(θ)f ′(θ) dθ,

A(θ) =
∑

s<r≤θ a(r)

s t

∫ k+1

k
A(θ)f ′(θ) dθ =

∫ k+1

k
A(k)f ′(θ) dθ

= A(k)

∫ k+1

k
f ′(θ) dθ

= A(k) (f(k + 1)− f(k)) .

∫ s+1

s
A(θ)f ′(θ) dθ = A(s) (f(s+ 1)− f(s)) .

∫ s+2

s+1
A(θ)f ′(θ) dθ = A(s+ 1) (f(s+ 2)− f(s+ 1)) .

∫ t

t−1
A(θ)f ′(θ) dθ = A(t− 1) (f(t)− f(t− 1)) .



∫ t

s
A(θ)f ′(θ) dθ = −A(s)f(s)

− f(s+ 1)(A(s+ 1)−A(s))

− f(s+ 2)(A(s+ 2)−A(s+ 1))

− f(t− 1)(A(t− 1)−A(t− 2))

+A(t− 1)f(t) + (f(t)a(t)− f(t)a(t)).

A(k + 1)−A(k) = a(k)

∫ t

s
A(θ)f ′(θ) dθ = −A(s)f(s)−

∑

s<r≤t

a(r)f(r) +A(t)f(t).

!

∑
p≤x(ln p)/p = lnx+O(1) x ∈ R

x

lnx!

lnx! =
∑

p≤x

((⌊
x

p

⌋
+

⌊
x

p2

⌋
+ . . .

)
ln p

)

=
∑

p≤x

(⌊
x

p

⌋
ln p

)
+
∑

p≤x

((⌊
x

p2

⌋
+

⌊
x

p3

⌋
+ . . .

)
ln p

)

<
∑

p≤x

(⌊
x

p

⌋
ln p

)
+ x

∑

p≤x

((
1

p2
+

1

p3
. . .

)
ln p

)

=
∑

p≤x

(⌊
x

p

⌋
ln p

)
+ x

∑

p≤x

ln p

p(p− 1)

=
∑

p≤x

(⌊
x

p

⌋
ln p

)
+O(x).

0 ≤
∫ x+1
x ln t dt− lnx =

∫ x+1
x ln(t/x)dt ≤

∫ x+1
x (t/x− 1) dt = 1/2x

∑

n≤x−1

(∫ n+1

n
ln t dt− lnn

)
= O(lnx),



∫ x

1
ln t dt−

∑

n≤x−1

lnn = O(lnx).

x lnx− x+ 1−
∑

n≤x−1 lnn = O(lnx)

∑

n≤x

lnn = x lnn+O(x).

lnx! = x lnn+O(x)

∑

p≤x

(⌊
x

p

⌋
ln p

)
= x lnx+O(x).

∑
p≤x(-x/p. ln p) =

∑
p≤x(x/p+O(1)) ln p

∑

p≤x

(⌊
x

p

⌋
ln p

)
=
∑

p≤x

(
x

p
ln p

)
+O(π(x) lnx),

π(x) x x

∑

p≤x

(
ln p

p

)
= lnx+O(1) +O

(
π(x)

x/ lnx

)
.

π(x) = θ(x/ lnx)

∑

p≤x

(
ln p

p

)
= lnx+O(1).

!

∑
p≤x 1/p = ln lnx+O(1)

f(r) = 1/ ln r a(r) = (ln p)/p r = p p

a(r) = 0

∑

p≤x

1

p
=

A(x)

lnx
+

∫ x

2

A(t)

t(ln t)2
dt.



A(x) =
∑

p≤x(ln p)/p

∑

p≤x

1

p
= 1 +O(1) +

∫ x

2

ln t+O(1)

t(ln t)2
dt

= 1 +O(1) +

∫ x

2

1

t ln t
+

∫ x

2

O(1)

t(ln t)2
dt

= ln lnx+O(1) +

∫ x

2

O(1)

t(ln t)2
dt

= ln lnx+O(1).

!

s t



n ≥ 2 p q p+ q = n

n ≤ 4×1011

p ≡ 1 (mod 4)

h n ≥ 2

h

A = {0 < a1 < a2 < . . .} ⊂ N

A(x) = max{k : ak ≤ x} A x

σ(A) = infn≥1A(n)/n

1 /∈ A σ(A) = 0

ak = 1 + (k − 1)d k = 1, 2, . . . σ(A) = 1/d

an = -(1 + α)n. α > 0 σ(A) = 0

an = n2 n ≥ 1 σ(α) = 0

1 ∈ A σ(A) = 0 ε > 0 m

A(m) ≤ εm

σ(A) = 1 {1, 2, . . .} ⊂ A

A,B ⊂ N A + B = {a + b : a ∈ A, b ∈ B} A1, . . . , Ah ⊂ N

A1 + . . . + Ah = {a1 + . . . + ah : ai ∈ Ai i}

S = {0, 1, 4, 9, 16, . . .}

(4N+ 1) = {x ∈ N : x = 1 (mod 4)}

P = {p1 < p2 < . . .}



P0 = P ∪ {0}

2P ⊃ {n > 2: n ∈ N par}

4S ⊃ N

2S ⊃ P ∩ (4N+ 1)

n0 3P0 ⊃ {n ∈ N : n ≥ n0 n }

h ∈ N hP0 ⊃ N \ {1}

A ⊂ N h N hA ⊃ N h

A h A

0 ∈ A ⊂ N σ(A) > 0 A

A = 2P + {0, 1} σ(A) > 0

A A h

h N ≥ 2 A h 0 ≤ N − 2 = a1 + . . .+ ah

ai ∈ A i N − 2 = k + (p1 + q1) + . . .+ (pl + ql)

k + l ≤ h {pi, qi} ∈ P i k = 0 N

N = 2 + p1 + q1 + . . .+ pl + ql 2l + 1 ≤ 2h

0 < k = 2m+ r r ∈ {0, 1} r = 0 N = 2(m + 1) +
∑l

i=1(pi + qi) N

m+ 1 + 2l ≤ 3h r = 1 N = 3 + 2m+
∑l

i=1(pi + qi) N

2m+ 1 + 2l ≤ 3h (3h)P0 ⊃ {2, 3, . . .} !

0 ∈ A ⊂ N 0 ∈ B ⊂ N h ≥ 0 A(n) +B(n) ≥ n n ∈ A+B

n ∈ A n ∈ B n ∈ A+B n /∈ A∪B

A(n− 1) +B(n− 1) = A(n) +B(n) ≥ n A ∩ [n− 1] = {a1 < a2 < . . . < ar}



B ∩ [n− 1] = {b1 < b2 < . . . < bs} A n − (B ∩ [n − 1]) = {n − bs < . . . < n − b1}

r + s = A(n − 1) + B(n − 1) ≥ n i, j ai = n − bj

n = ai + bj !

0 ∈ A ⊂ N 0 ∈ B ⊂ N σ(A) + σ(B) ≥ 1 n ∈ A + B

n ≥ 0

n A(n) + B(n) ≥ nσ(A) + nσ(B) ≥ n

n ∈ A+B !

0 ∈ A σ(A) ≥ 1/2 A 2 2A ⊃ N

0 ∈ A ⊂ N 0 ∈ B ⊂ N σ(A + B) ≥ σ(A) + σ(B) − σ(A)σ(B)

1− σ(A+B) ≤ (1− σ(A))(1− σ(B))

σ(A+B) ≥ σ(A) + σ(B)

h

0 ∈ Ai ⊂ N i = 1, . . . , h 1− σ(A1 + . . .+Ah) ≤
∏n

i=1(1− σ(Ai))

A ⊂ N 0 ∈ A σ(A) > 0 1− σ(A) < 1

k (1−σ(A))k < 1/2 1− σ(kA) ≤ (1− σ)k) ≤ 1/2

kA σ(kA) ≥ 1/2 kA 2 A

h = 2k !

r(N) N

r(5) = 2

x0 c > 0
∑x

N=1 r(N) ≥ cx2/(log x)2 x ≥ x0

π(x) ≥ c′′x/ log x c′′

x′0 c′ > 0
∑x

N=1 r(N)2 ≤ c′x3/(log x)4 x ≥ x′0



(
∑x

N=1 r(N))2 ≤ (
∑x

N=1 1)(
∑

n≤x r(N)2)

(
x∑

N=1

r(N)

)2

≤ (2P)(x)
x∑

N=1

r(N)2

≤ A(x)
∑

N≤x

r(N)2.

A(x) ≥ (
∑x

N=1 r(N))2∑x
N=1 r(N)2

≥
( c

c′

)
x,

x > max{x0, x′0} 1 ∈ A

σ(A) ≥ min{1/max{x0, x′0}, c/c′} > 0 !



P "abc = α a, b, c ∈ P αn(P) = max{0 ≤ α ≤ π : P α}

P ⊂ Rn P c > 1 P ⊂ Rn

|P| ≥ cn αn(P) < π/2 π/3

π/3

f≤
α (n) = max{|P| : P ⊂ Rn, αn(P) ≤ α}

n f≤
π/3(n) ≥ n+ 1 f≤

π/3(n) ≤ n+ 1

ε > 0 f≤
π/3+ε(n) ≥ ecn c = c(ε) > 0



(n, 2n] n ≥ 1

ε > 0 n0 = n0(ε) n ≥ n0

(n, (2 + ε)n]

n ≥ 4

(ln 2)
n

log n
≤ π(n) ≤

(
ln 4 +

8 ln lnn

lnn

)
n

lnn
.

n ≥ 1
∏

p≤n

p ≤ 4n.

1 ≤ t ≤ n

tπ(n)−π(t) ≤
∏

t<p≤n

p ≤ 4n.

π(n) ≤ n ln 4

ln t
+ t.

t = n/(lnn)2

π(n) ≤
(
ln 4 +

8 ln lnn

lnn

)
n

lnn
,

n ≥ 4

n n ≥ 3 n

n n n = 2m + 1
(2m+1

m

)
=
(2m+1
m+1

)

(1 + 1)2m+1
(
2m+ 1

m

)
≤ 22m+1

2
= 4m.






∏

m+1<p≤2m+1

p




∣∣∣∣

(
2m+ 1

m

)
≤ 4m .

∏

p≤n

p =
∏

p≤m+1

p
∏

m+1<p≤2m+1

p

≤ 4m+14m

= 4n.

!

dn

1, 2, . . . , n pv||x pv|x pv+1 x pv||n

m ≤ n pv||m pv ≤ n

dn =
∏

p≤n, pv ||dn
pv

≤
∏

p≤n

n

= nπ(n).

π(n) ≥ ln dn/ lnn

n ≥ 7 dn ≥ 2n

1 ≤ m ≤ n

I(m,n) =

∫ 1

0
xm−1(1− x)n−mdx.

(1− x)n−m

I(m,n) =
n−m∑

j=0

(−1)j
(
n−m

j

)
1

m+ j
.

I(m,n) dn dn

1, 2, . . . , n 0 ≤ y ≤ 1



n∑

m=1

(
n− 1

m− 1

)
ym−1I(m,n) =

∫ 1

0
(1− x+ xy)n−1dx

=
1

n

n∑

m=1

ym−1.

1 ≤ m ≤ n

I(m,n) =
1

n
(n−1
m−1

) =
1

m
(n
m

) .

m
(n
m

)
|dn 1 ≤ m ≤ n n

(2n
n

)
|d2n|d2n+1

(n + 1)
(2n+1

n

)
= (2n + 1)

(2n
n

)
|d2n+1 n 2n + 1

n(2n+ 1)
(2n
n

)
|d2n+1

d2n+1 ≥ n4n, n ≥ 1.

d2n+1 ≥ 2.4n = 22n+1, n ≥ 2.

d2n+2 ≥ d2n+1 ≥ 4n + 1, n ≥ 4.

dn ≥ 2n n ≥ 9 n = 7 n = 8

!



n d

n


