NOTES ON MECHANICS AND RIGID BODIES

DANIEL V. TAUSK

1. QUICK REVIEW OF AFFINE SPACES

By an affine space (over some field of scalars K) we mean a nonempty set
‘P endowed with an action

VXP3(v,p)—v+peP

of the additive group of a vector space V (over the field of scalars K) which
is transitive and has no fixed points. For p € P and v € V, we take p+ v to
mean the same as v+p. Given p,q € P, we denote by p— ¢ the unique v € ¥V
such that p = ¢ +v. The dimension of P is, by definition, the dimension
of V. We call V the vector space parallel to P. For each v € V, the map
Po>pr—p+wvePis called a translation of P.

Given affine spaces P; and P, parallel, respectively, to vector spaces Vi
and Vs, then a map Q : Py — Py is called affine if there exists a (automati-
cally unique) linear map Qg : V1 — Vs such that

Q(p +v) = Qp) + Qo(v),

for all p € P1, v € V1. We call Qg the underlying linear map of Q. An affine
isomorphism is a bijective affine map. Its inverse is automatically affine.

Every vector space V can be regarded as an affine space parallel to itself
by considering the action V x V — V given by the addition of V. An affine
map between vector spaces (regarded as affine spaces) is the same as the
composition of a linear map with a translation. For an arbitrary affine
space P, parallel to a vector space V, we have for each point O € P an affine
isomorphism P — V given by

(1.1) Popr—p—0€V.

This is the unique affine map from P to V that sends O to the origin of V
and whose underlying linear map is the identity of V.

For the following subsections, we consider a fixed affine space P parallel
to a vector space V.
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1.1. Subspaces and quotients. Given a vector subspace W of V, we con-
sider the action of WW on P given by the restriction of the action of V. The
orbits

p+W={p+tw:weW}

of this action are called the affine subspaces of P parallel to W. Obviously,
p~+ W is an affine space parallel to W and the inclusion map of p+ W in P
is an affine map whose underlying linear map is the inclusion map of W in
V. The orbit space

P/W={p+W:peP}

has a natural structure of an affine space parallel to the quotient V /W, with
action given by

VWxP/WS w+W)+p+W)r— (v+p)+WeP/W.

The quotient map P — P /W is an affine map whose underlying linear map
is the quotient map V — V/W.

Given an arbitrary nonempty subset S of P, then intersection of all affine
subspaces of P containing S is an affine subspace of P and it is obviously
the smallest affine subspace of P containing S. We call it the affine subspace
spanned by S.

1.2. Linear combinations and geometric dependence. Let (py)yea be
a family of points of P and let (a))aca be a family of scalars. Assume that
(ax)xen is almost null, i.e., the set {)\ eN:ay# O} is finite. If Y\ o5 ax = 1,
we define the linear combination )., axpy to be the point of P given by

(1.2) > apa=0+) ar(pr—0) € P,

AEA AEA

where O € P is arbitrarily chosen. The righthand side of (1.2) is easily seen
to be independent of the choice of O € P. If } ., ax = 0, we define the
linear combination )y, axpy to be the element of the vector space V given
by

(1.3) Z apy = Z a,\(p>\ — O) eV,
AEA AEA

where O € P is arbitrarily chosen. Again, the righthand side of (1.3) is
independent of the choice of O € P. If A is nonempty, the set

(1.4) { Z axpx : (ax)aea almost null family of scalars with Z ay = 1}
AEA AEA

is an affine subspace of P parallel to the vector subspace of V given by:

(1.5) { Z axpy : (ax)aea almost null family of scalars with Z ay = 0}.
A€A AEA
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Moreover, (1.4) is precisely the affine subspace spanned by {p,\ A E A}.
Note that (1.5) coincides with the vector subspace of V spanned by

{pA—pu : )\,MEA}.

The family (py)aeca is said to be geometrically independent if for every al-
most null family of scalars (ax)yea With Y ycpax = 0,if D\ oy axpy = 0,
then ay = 0, for all A € A. If the family (px)xea is geometrically inde-
pendent, then every point of the affine subspace spanned by {pA A€ A}
can be written in a unique way as a linear combination ) ,_, axpy, with
(ax)rea an almost null family of scalars with ) ., ax = 1. If the family
(Px)aea is not geometrically independent, it is called geometrically depen-
dent. Given an arbitrary index A9 € A, we have that the family (py)iea
is geometrically independent if and only if the family (px — px,)ren\fro) 18
linearly independent.

1.3. Products and spaces of maps. If (Py)aex is a family of affine spaces,
with V) the parallel vector space to Py, then the product [],., Px has a nat-
ural structure of affine space parallel to the product vector space [[ycp Va:
the action is given by:

TT Y x T Pr 3 ((Wn)rea, a)rea) — (ox +pa)rea € ] Pa-

AEA AEA AEA

In particular, for an arbitrary set A, the set P2 of all maps form A to P
has a natural structure of affine space parallel to V2. If P; and P, are
affine spaces parallel, respectively, to vector spaces V; and Vs, then the set
Aff(P1,P2) of all affine maps from P; to P; is an affine subspace of 73;) ! and
its parallel vector space is Aff(Py, Va).

1.4. Manifold structure. If P is real and of finite dimension n, then P
has a natural structure of a differentiable manifold of dimension n given by
the maximal atlas containing the affine isomorphisms from P to R™. For
each p € P, we identify the tangent space T),P with the parallel vector
space V using the differential at p of the map (1.1). This identification is
independent of the choice of the point O € P.

2. SPACETIME AND UNITS

For simplicity, we will consider units of mass, length and times to be
fixed, so that masses, lengths and intervals of time will be identified with
real numbers'. Let n be a fixed nonnegative integer. By a Galilean spacetime
with n space dimensions we mean a real affine space £ with n+ 1 dimensions
parallel to a vector space & endowed with:

e a nonzero linear functional t: & — R (the time functional);

1Otherwise7 the appropriate mathematical formalism would be to consider separate
abstract one-dimensional vector spaces for masses, lengths and times, which would make
the presentation a bit cumbersome. We observe that our simplified presentation also
entails a choice of time-orientation.
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e a (positive definite) inner product (-,-) on the kernel of t.

Points of £ are events and, for any pair of events ej,es € £, the number
t(eg — e1) is the elapsed time between e; and ea. We write

V = Ker(t);

this is the vector space consisting of ordinary physical vectors connecting
simultaneous events. Since V is endowed with an inner product, we obtain a
notion of distance between simultaneous events. For physics, of course, the
interesting case is n = 3, but we will be working with arbitrary n and make
occasional remarks about the case n = 3.

The quotient 7 = £/V is a one-dimensional affine space parallel to &/V
and we call it the space of instants of time. We identify &/V with R
through t, so that 7 becomes an affine space parallel to R. The quotient
map & — T is a fibration and the smooth sections ¢ : 7 — &£ of this fibration
are particle trajectories. Since the tangent space T;T of T at each point t € T
is identified with R, we can consider the vector field % on 7 that is constant

and equal to 1 € R. We can use this vector field to define time derivatives
of particle trajectories, obtaining a velocity %(t) and an acceleration %(t),
for each instant ¢ € 7. Note that (absolute!) velocities are elements of the
affine space t71(1) (which is parallel to V) and accelerations are elements
of the vector space V, while differences of velocities (relative velocities) are
elements of V.

Physical space has no (absolute) meaning in a Galilean spacetime: we
have one different physical space for each instant of time (the various physical
spaces are the fibers of £ — 7). In order to obtain one single physical space,
we make use of an inertial frame, i.e., a one-dimensional vector subspace Z
of & not contained in V. The quotient P = £/Z is then an n-dimensional
affine space parallel to £ /Z and we call it physical space for the given
inertial frame Z. Since & = V @& Z, we can naturally identify the quotient
&o/Z with V, so that P becomes an affine space parallel to V. We have an
affine isomorphism

Eder— (e+V,e+Z)eTxP

which allows us to identify particle trajectories with smooth maps from T
to P. Velocities and accelerations are then both identified with elements
of V. More generally, one could use a noninertial frame to obtain a single
physical space: that is, one considers an affine space P parallel to V and
an isomorphism between & — T and 7 x P — T regarded as fiber bundles
whose fibers are metric affine spaces. More explicitly, one considers a smooth
map
p:&E—P
whose restriction to every fiber of £ — 7T is an affine bijection whose under-
lying linear map V — V is a (linear) isometry. We then obtain a diffeomor-
phism
Eser— (e+V,0(e) €T xP
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which again allows us to identify particle trajectories with smooth maps
T — P. When dealing with a concrete physics problem using noninertial
frames one has to add fictional forces to the dynamics, i.e., forces that
appear because of the choice of frame and are not due to some real physical
interaction.

3. BASIC DEFINITIONS

Throughout the rest of the text we consider a fixed n-dimensional real
affine space P with corresponding vector space V, where n is a nonnegative
integer. The vector space V is endowed with an inner product (-,-). We
think of P as physical space (see Section 2). We also consider a fixed finite
set A which we think of as the set of all particles.

Definition 3.1. We consider the following objects:

a particle configuration, i.e., a family (gx)xea of elements of P;

a family of velocities, i.e., a family (¢x)xrea of elements of V;

a family of forces, i.e., a family (F)xea of elements of V;

a family of masses, i.e., a family (my)xep 0s positive real numbers.

With these objects we make the following definitions.
e the total mass is the positive real number given by:
M = Z my > 0;
AEA
e the center of mass is the point given by:
my
C= — ;
> 2 MEP
AEA
e the wvelocity of the center of mass is the vector given by:
. my .
C = Z ﬁ g) € V7
AEA

e the total (linear) momentum with respect to a reference velocity
O €V is the vector given by:

po =Y ma(dr—0) = M(C - 0) € V;
Aea

e the total kinetic energy with respect to a reference velocity O € V is
the nonnegative real number given by:

1 . .
o =735 ZmAHQA ~ Ol > 0;
AEA

e the total power with respect to a reference velocity O €V is the real
number given by:

Py = (Fandr—O0) €R;
NeA
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e the total angular momentum with respect to a reference point O € P
and a reference velocity O € V is the element of the exterior product
YV AV given by:

Loo = malar—O0)A(Gr—0) € VAV;

A€A
e the total force is the vector given by:
F= Z F\ eV
AEA

e the total torque with respect to a reference point O € P is the
element of the exterior product V AV given by:

TO:Z(qA—O)/\F)\EV/\V.
AEA

Remark 3.2. If n = 3 and V is oriented, we can identify the exterior product
VY AV with V itself by identifying the exterior product v A w of two vec-
tors v,w € V with their vector product. With this identification, angular
momentum and torque can be regarded as elements of V.

We state some readily checkable useful formulas that relate quantities de-
fined with respect to different points of reference and velocities of reference.

Theorem 3.3. Consider objects like in Definition 5.1. Let O1,02 € P be
points of reference and O1,02 € V be velocities of reference. The following
formulas hold:

Po, = Po, + M(Ol — 02);
To, =Ty, + M<C - %(01 + 02),01 - Oz);
Pe, = Pp, + (F,01 — O9);
Lo, 0, = Loy, ¥ M(O1 = 02) A (C = O1) + M(C = O1) A (O1 — O3)
+ M(O1 = O2) A (O1 — O3);
TOy, = TO, T+ (01 — 02) N F.
Proof. Straightforward computation. N

Corollary 3.4. The total torque is independent of reference point if the
total force is zero. O

Corollary 3.5. The total angular momentum is independent of reference
velocity if the reference point is the center of mass, i.e.:

LC,Ol = LC,OQ’
for all 01,05 € V. a

Corollary 3.6. For an arbitrary reference velocity O eV, we have:

1 ) )
TO:TC-+§MHC—OH2. 0
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4. INNER FORCES

Definition 4.1. Given a particle configuration (gy)xea, we call the subspace
of V spanned by

{ox—aqu: A pel}
the parallel subspace of (qx)aen-

Note that, if A is nonempty, this is precisely the parallel subspace to the
affine subspace spanned by {q,\ A E A}.

Definition 4.2. A system of internal forces for the particle configuration
(@ )rea is a family (F),)auea of elements of V such that F), is a scalar
multiple of g\ — ¢, for all A\, x € A, and such that the action and reaction
law

F)\u = —LpuA
is satisfied, for all A,u € A. We think of F), as the force exerted on the
particle A by the particle u. The family of forces (Fy)rea defined by

F\ = ZF,\M, AeA
nEA

is said to be induced by the system of internal forces (Fy,)x uea-
The main goal of this section is to prove the following result.

Proposition 4.3. Let (gx)xea be a particle configuration and (F))xep be
a family of forces. Denote by W the parallel subspace of (gx)xen. The
following conditions are equivalent:

(a) (F)\)aea is induced by some system of internal forces;
(b) Fx € W, for all A € A, and both the total force and the total torque
of (F\)xea are zero.

We will need some preliminary results. In what follows, we consider the
vector space VA endowed with the inner product:

(4.1) (0 )aens (Wr)rea) = > _(wa,wa),  (Ua)aes (wa)aen € VN,
NeA

Lemma 4.4. Let (q\)aea be a particle configuration. The set of families of
forces (Fx\)aen whose corresponding total force and total torque are zero is
a subspace of VA, The orthogonal complement of such subspace is the space
of all families of the form

(Q(‘D\))/\GA)

with Q varying over the set of affine maps @ : P — V whose underlying
linear map Qg : V — V is anti-symmetric.

Proof. For a given reference point O € P, the map

(4.2) VAS(F)\))\EAI—>(ZF)\,Z(CD\—O)/\F)\)EVX(V/\V)
AEA AEA
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is linear and its kernel is precisely the set of families of forces whose cor-
responding total force and total torque are zero. The annihilator of the
kernel of (4.2) is equal to the image of the adjoint of (4.2). We will make
the following identifications: the dual space of a finite product of vector
spaces will be identified with the product of the dual spaces, the dual space
V* of V will be identified with V itself using the inner product, the dual
space of V AV will be identified in the canonical way with the space of
anti-symmetric bilinear forms in V and an anti-symmetric linear operator
Qo : V — V will be identified with the anti-symmetric bilinear form (-, -).
Using such identifications, the adjoint of (4.2) is easily computed and given
by

(4.3) Y x Lina(V) 3 (v,Q) — (Q()(q;\ — O) + U)AEA € VA7

where Lin, (V) denotes the space of anti-symmetric linear endomorphisms of
V. Since the identification of the dual space of VA with VA coincides with
the identification given by the inner product of VA, we have that the image

of (4.3) is equal to the orthogonal complement of the kernel of (4.2). The
conclusion follows. O

Lemma 4.5. Let (gx)aen be a particle configuration. The set of families
of forces (F)\)aea that are induced by some system of internal forces is a
subspace of VM. Its orthogonal complement is given by:

{(F\)aea € VY (Fy — Fuyqp — qu) = 0, for all A\, € A}.

Proof. The systems of internal forces for the particle configuration (gy)aea
are of the form

(a)\,u(q/\ - q“))A,MEA’
with (axu)apuea @ real symmetric matrix index by A x A. It follows that

the set of families of forces induced by some system of internal forces is the
image of the linear map

¢ : MR(R) > (axu)apuer — (Z axu (g — qu))/\eA e VA,
HEA

where we have denoted by M3 (R) the space of real symmetric matrices
indexed by A x A. For p,0 € A, denote by A,y € MZ(R) the symmetric
matrix given by:

(Apg)rp = 1, if (A p) = (p,0) or (A, 1) = (6, p),
eI 0, otherwise.

Since ¢(A4,,) = 0, for all p € A, it follows that the image of ¢ is spanned by
{¢(Ap9) ip,0€ A, p# 9}
Moreover, for p,6 € A, p # 6, and (F\)xea € VA, we have:

(Fx)aens 9(App)) = (F) — Fy, qp — qo)-
The conclusion follows. O
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Lemma 4.6. Let (g\)aea be a particle configuration and denote by W its
parallel subspace. For a family of forces (F\)xen, the following conditions
are equivalent:
(@) (F\ = Fu,qx —qu) =0, for all \,p € A;
(b) there exists an affine map Q : P — V, with underlying linear map
Qo : V — V anti-symmetric, such that Fy — Q(gqy) € W+, for all
AeA.

Proof. Assume (b). Given A, u € A, we have that F\ — F), and Q(gx) —Q(qy)
differ by an element of W+ and that ¢y — qu € W. Therefore

(Fx = Fusan — qu) = (an) — 2(qu), ar — qu) = (Qo(ar — qu)sax — qu) =0,
proving (a). Now assume (a) and let us prove (b). Obviously we can assume
that A is nonempty. Fix A € A and write
€0 = 49 — 4x,

for all # € A. Since

49 — 4p = €9 — €p,
for all 0,p € A, we have that VW is spanned by {69 NS A}. Let © be
a subset of A such that (eg)geco is a basis of W. Let Qy : W — V be the
unique linear map such that

Qo(eg) = Fp — Fh,
for all # € ©. We have:

(4.4) (Qo(eg),eq) = (Fo — Fx,q0 — qr) =0,
for all § € ©. Moreover:
(45) <QO(69) - QO(eP)v € — ep) = <F9 - Fp7 qo — qp> = 07

for all 6, p € ©. From (4.4) and (4.5) we obtain:
(Qo(eq), ep) + (Q(ep), €9) =0,
for all 0, p € ©, from which it follows that:
(4.6) (Qo(w),w') + (Qo(w'),w) =0,
for all w,w’ € W. Equality (4.6) implies? that Qo admits an anti-symmetric
linear extension to V, which we also denote by €y. Let 2 : P — V be an

affine map whose underlying linear map is €y and such that Q(g)) = F).
We have:

Q(qo) = Qagr + eq) = Qan) + Qo(eg) = Fx + (Fp — F) = Fy,

for all 8 € ©. Set
Fy = Fy — Qqp),

20ne way to prove this is to use matrices. Pick an orthonormal basis of ¥V whose
k = dim(W) first vectors form a basis of W. The matrix representation of Qo is then an
n X k matrix whose top k X k block is anti-symmetric. Such matrix can then be completed
to an anti-symmetric n X n matrix.



NOTES ON MECHANICS AND RIGID BODIES 10

for all 8 € A, so that:

for all # € © and also for 8 = A\. We will conclude the proof by showing that
F)is in W, for all 6 € A. Clearly
(Fg = Fq0 — dp) = (Fy — Fp, 09 — 4p) — (Qo(a0 — ) @0 — qp) = 0,
for all p,0 € A. In particular, setting p = A, we obtain
<F9/7q9 - q>\> - <Fé,69> =0,
for all # € A. Now, for 8 € A and p € ©, we have
0= <F9/ —F;,QQ _qp> = (FGI7€9 _eP> = _<F0/7€p>7
which shows that F} is in W+ and concludes the proof. O
Proof of Proposition 4.3. Denote by Z the subspace of VA consisting of fam-
ilies of forces that are induced by some system of internal forces and by Z

the subspace of VA consisting of families of forces whose total force and total
torque are zero. We have to prove that:

T=2Z2nWh).
Since VA is finite-dimensional, it is sufficient to prove that:
Th=(z2n WY
Noticing that
(ZnWh))T =zt + whHt =zt + b,
the conclusion is easily obtained from Lemmas 4.4, 4.5 and 4.6. (]

5. PARTICLES IN MOTION

By a particle configuration in motion we mean a family (gx)xea of smooth
maps gy : T — P, where 7 is an affine space parallel to R (the space
of instants of time, see Section 2). Obviously, we can identify a particle
configuration in motion with a smooth map ¢ : 7 — P? by setting

q(t) = (Q)\(t)),\eAv
for all t € 7. We then obtain, for each ¢t € T, a particle velocity

i) = 2 ev

and thus a family of velocities (¢x(t)) Given a family of masses (m))ea,

AEA’

we define the family of resultant forces (F)\(t))/\eA by
d2
(5.1) () = mxﬁqf(’f) eV,

for each t € T; the family of resultant forces yields then a total resultant
force F'(t) € V, for each t € T. The curves F)\ : T — V, A € A, and
F : T — V are obviously smooth. Newton’s law says that F(t) is actually
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the sum of all the forces acting on the particle A, in case we are using an
inertial frame (appropriate fictitious forces should be included, in the case of
a noninertial frame). For each ¢ € T, the particle configuration (q)\(t)) AEA
(with masses (my)xep) has a center of mass C(t) € P and the family of
velocities (ga(t)) ¢ defines a velocity of center of mass C(t) € V. We thus

obtain smooth curves C : T — P and C : T — V and the equality

_dc

Ot) = ——(t
() ="3
holds, for all t € T.
Consider now a moving point, i.e., a smooth curve O : 7 — P. For each

t € T we then have a reference point O(t) € P and a reference velocity

_do

ot) = o

(1),

which can be used to define total linear momentum, total kinetic energy,
total power, total angular momentum and total torque, which yield smooth
curves:

T o>t 10(t) = T00) EVAV.
Theorem 5.1. Given a particle configuration in motion (q\)aen, a family

of masses (my)aer, @ moving point O and defining all the corresponding
objects as above, then the following formulas hold:

652 <0 = Fa,
dé’to(t) = F(t) - M(ftg(t),
T 1) = po() - (S0 01.50),
foralteT.

Proof. Straightforward computation. O
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Corollary 5.2. Under the same conditions of Theorem 5.1, if O has con-
stant velocity, then:

dpg
—=(t) =F(t
201) = (o),
dT -
o
t) = Pyt
~0(1) = Py (0),
dL, /
0,0
— (1) = t
forallt € T. O
Corollary 5.3. Under the same conditions of Theorem 5.1, we have:
dT,
—C(t) = Pt
€ (1) = P (1),
dLq
5.3 = (t) = 1ot
(53) CE (1) = o t),
forallteT.
Proof. For the first equality, note that p: = 0. O

5.1. Mechanics with constraints. Let O be an embedded submanifold
of the affine space P*. We consider a configuration in motion ¢ : 7 — P*
that is forced to satisfy the constraint given by @, i.e., such that the image
of ¢ is in Q. The resultant force (5.1) is decomposed as

(5.4) Fy\(t) = FYU(t) + F5o™(t), teT,

with F{°"(t) the constraint reaction (whatever is forcing the configuration
to remain inside the constraint) and F{*'(¢) the external forces (forces not
related to the constraint). We combine all the forces F)\(¢) into a single
vector

F(t) = (Fx(t))c, € V"

and, similarly, we define F®* and F°. The family of masses (my)xen are
combined to form a linear operator 7 : VA — VA defined by

m((da)aea) = (Mada)ren,  (@)ren € V2.

Endowing VA with the inner product (-,-) defined in (4.1), then 77 becomes
a positive symmetric operator and

('7 >m = <7‘h ) >

defines a new inner product on VA. This is the unique inner product on V*
such that the total kinetic energy is given by

1, : . -
To =3 ((ax = O)xen, (dr = O)xen),,»
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for every family of velocities (4y)aen € VA and some reference velocity 0.
Using the operator m, equation (5.1) can be written as:

(5.5) m(ﬁg(t)) — F(t).

We now make the assumption that we have an ideal constraint, namely,
that the constraint reaction F cons(t) belongs to the orthogonal complement
of the tangent space Tj;)Q with respect to the inner product (-,-). With
this assumption, the constraint reaction does no work, i.e., it makes no
contribution to the energy balance. From equations (5.5) and (5.4), we
obtain the following equality of linear functionals on Tg ) Q:

<m(‘i§@)), Mo = FE W00 € Ty teT,

We can rewrite this equality using the inner product (-, ).,:

(520,

Let g denote the Riemannian metric on Q given by the restriction of (-, ),
and consider @ endowed with the corresponding Levi-Civita connection. If
% denotes the covariant derivative in the direction of the vector field <. then

Tq(t)Q - <FeXt(t)7 ‘>|Tq(t)Q € (Tq(t) Q)*7 t e T

dt’
%%(t) is simply the (-, -),,-orthogonal projection of %(t) onto Ty Q; thus:
D dq Frex *
(56 9(S3®:) = F) g0 € TuQ)*, teT.

Typically, the external forces will be specified as smooth functions of time,
position and velocity, so that (5.6) will become a second-order differential
equation for curves on the manifold Q; such equation has a unique solution
once an initial position and velocity are specified. If ¢ satisfies (5.6), then
(5.5) and (5.4) will be satisfied for some constraint reaction F<°"(t) that is
(-, -)-orthogonal to T ;) Q. An explicit formula for F°"S(t) can be written
in terms of g(t), $(t) and F(t). We obtain this formula below.

For each ¢ € Q, denote by (7,Q)* the orthogonal complement of T,Q in
VA with respect to the inner product (-,-). The orthogonal complement of
T,Q with respect to (-, -),, is then equal to m~![(T,Q)*]; it follows that

VA =T,Q@m ' [(T,9)"]
and thus
VA = m[T,Q] & (qu)l-
Denote by oy : T,Q x T,Q — m_l[(Tq Q)J-] the second fundamental form

of Qin PA, where P is endowed with the Riemannian metric that is con-
stant and equal to (-, -),,. We then have

d?q,,, Ddg dg . dg
0 =20 +ayp (T 0. 3 M), teT,
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with B99(¢) in T,y Q and aypy (§E(t), (¢)) in (T, Q)*]. Thus:

(520) = (200) 1o (0 20)). 7

with m(%i—(t}) in [T Q] and 1 (agqey (§L(1), S4(1))) in (T, Q)*. De-
note by m : VA — (T, a(t) Q)* the projection determined by the direct sum
decomposition

VA = i[Ty Q& (T, Q)
From (5.7) and (5.5), we obtain:
. ) dg .. d
(B (t)) :m< q(t)(d‘j( ), dij(t))), teT.

Using (5.4) and the fact that F"(¢) is in (T, Q)+, we finally conclude
that:

Feons(t) = i (a ()<jg(t),%(t)>> —n(FOND), teT.

6. SOME EXTERIOR ALGEBRA

Consider the canonical embedding
AV —QV
k k
of the k-th exterior power of V into the k-th tensor power of V defined by
VAV A A Y s80(0) (Up(1) ® Vg(2) @+ @ Vg(r))s

oES
for all vy,...,vx € V, where S, denotes the group of permutations of
{1,2,...,k} and sgn(o) denotes the sign of a permutation o. The inner

product of V induces a contraction map

(6.1) (®V>><V—>®V
k+1

defined by

(VI®VI® B Vpy1) ~w = (v, w) (V2 ® - @ Vpy1),

for all vy, ..., vgr1, w € V. Through the canonical embedding of the exterior
product into the tensor product, the contraction map (6.1) restricts to a
contraction map

(6.2) (/\V)xV—>/\v
k+1

which is given by
k+1

(V1 Ava A  Avggr) ~w = Z(—l)iH(vi,w)(vl ANVa A+ AU Ao AVgy1),
i=1
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for all vy,...,vgt1,w € V, where the hat indicates that the term has been
omitted. We endow the exterior product A, V with the inner product defined
by

(Vv ANvg A= Ao, wy Awg A= A wg) = det((vi, wj>)i,j:1,...,k ,

for all vy,...,vp, wy,...,wxp € V. It is easily checked that the following
formula holds:

(w=2z,p) = (w,z A p),
forallwe A, V, p€ A,V and z € V; in other words, for all z € V, the

linear map
Z A /\ YV — /\ V
k k+1
is the adjoint of the linear map:

-—'z:/\V—>/\V.
k+1 k

We are only concerned with the contraction map (6.2) for £ = 1, which is a
map

(6.3) (VAV)xV —V
given by

(vAw)=z=(v,2)w— (w, z)v,
for all v,w,z € V. It is easily seen that the map

(6.4) VAV 3w w-=-€ Ling(V)

is an isomorphism onto the space Lin, (V) of anti-symmetric linear endomor-
phisms of V. The space Lin, (V) has the structure of a Lie algebra, with Lie
bracket defined by

[Qo, 96] =Qpo Q6 — 96 0y, o, QE) € Lina(V).

We can then endow V AV with a Lie bracket by requiring (6.4) to be a Lie
algebra isomorphism. More explicitly, we set:

(6.5) w, - =w=-u =], ww €VAV.
Remark 6.1. As observed in Remark 3.2, if n = 3 and V is oriented, we can

identify V AV with V using the vector product. It follows from the formula
for the iterated vector product

(vAw)Az=(v,z)w—(w, z)v, v,w,z€V,

that, under the identification of V AV with V), the contraction map (6.3) is
identified with the vector product itself. Moreover, since the vector product
of V turns V into a Lie algebra, we know that the adjoint representation

Vowr—wA- € Lin (V)
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is a Lie algebra homomorphism (which turns out to be an isomorphism in
this case). Thus, under the identification of V A V with V, the Lie bracket
(6.5) of V AV is also identified with the vector product.

7. RIGID MOTION

Recall that the set Aff(P,P) of all affine maps from P to P is an affine
space parallel to the vector space Aff(P,V) (see Subsection 1.3). Given an
arbitrary point O € P, we obtain an affine isomorphism

(7.1) Lin(V,V) x V — Aff(P, P)

given by (o, v) — Q, with Q(p) = O+Qo(p—O) +v, for all Qg € Lin(V, V),
v € V and p € P, where Lin(V,V) denote the space of all linear trans-
formations from V to V. The subset GAff(P) of Aff(P,P) consisting of
affine isomorphisms is a group (under composition) and an open subset of
Aff(P,P); hence it is a Lie group and its Lie algebra is identified, as a vector
space, with Aff(P,V). The affine isomorphism (7.1) restricts to a smooth
diffeomorphism

(7.2) GL(V) x V — GAf(P),

where GL(V) denotes the Lie group of linear isomorphisms of V. This dif-
feomorphism becomes a Lie group isomorphism if GL(V) x V is endowed
with the semidirect product structure defined by

(Qo,v) . (@o,w) = (Qo o @o,QQ(w) + U), Q0,09 € GL(V), v,w € V.

Let Iso(P) denote the subgroup of GAff(P) consisting of affine isometries,
i.e., affine maps whose underlying linear map is a linear isometry of V. We
have that Iso(P) is a closed Lie subgroup of GAff(P) and (7.2) restricts to
a diffeomorphism

(7.3) OV) x V — Iso(P),

where O(V) denotes the orthogonal group of V, i.e., the closed Lie subgroup
of GL(V) consisting of linear isometries. The Lie algebra of O(V) is the
space Ling (V) of anti-symmetric linear endomorphisms of V and the Lie
algebra of Iso(P) is the subspace of Aff(P, V) consisting of affine maps whose
underlying linear map is anti-symmetric.

The connected component of the identity of the Lie group Iso(P) is the
group Isog(P) consisting of affine maps whose underlying linear map is in
the group SO(V) of orientation-preserving linear isometries of V (which is
the connected component of the identity of the Lie group O(V)). Obviously,
the diffeomorphism (7.3) restricts to a diffeomorphism

SO(V) x V — Isog(P).
We consider the smooth action of Iso(P) on P given by

9 (@)rer = (9(an)epr 9 €I50(P), (ga)ren € P
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Proposition 7.1. The orbits of the action of Iso(P) on P* are closed and
thus® are embedded submanifolds of PM.

Proof. Obviously we can assume that A is nonempty. Let (gy)aea € P* be
given and let us show that the orbit of (¢x)aea under Iso(P) is closed. Fix
Ao € A and let W be the subspace of V spanned by

{ox —an s A e AN {Xo}}.
Let © be a subset of A\ {\g} such that (gx — ¢x,)rco is a basis of W. For
each (¢))ren € PA . there exists a unique linear map €y : W — V such that

(7.4) Qo(gr — Dro) = @\ — Dry»
for all A € ©. The affine map € : ¢y, + W — P defined by

Qq) =5, + (= ar), TE€ D+ W,

is the unique affine map with Q(gx) = ¢}, for all A € © U {)\g}. We have
that (¢))aea is in the orbit of (gx)rea under Iso(P) if and only if Q is a
linear isometric embedding and (7.4) holds for all A € A. The conclusion is
obtained by observing that the set of linear isometric embeddings from W
to V is a closed subset of the space of all linear maps from W to V and that
the mapping (¢} )xea — Qo is continuous. O

Definition 7.2. By a configuration in rigid motion we mean a particle
configuration in motion whose image is contained in an orbit of the action

of Iso(P) on PA.

Obviously, the image of a configuration in motion is connected and thus
the image of a configuration in rigid motion is contained in a connected
component of an orbit of Iso(P). Since the connected components? of the
orbits of Iso(P) are the orbits of Isoy(P), we can replace Iso(P) with Isog(P)
in Definition 7.2.

Proposition 7.3. If Q is an orbit of the action of Iso(P) (or of Isoy(P))
on PN then the tangent space of Q at a point (qx)aen is the space of all
families (Q(‘D\)),\GA with Q : P — V running over all affine maps whose
underlying linear map is anti-symmetric.

Proof. The tangent space of an orbit Q at (gy)aea is the image of the dif-
ferential at the identity of the map

Iso(P) > g+— g (arn)ren € Q.
Such differential is given by
Tia ISO(P) 50— (Q(q)‘)))\EA S T(fD\)AeA Q. O

3An orbit of a smooth action of a Lie group is an embedded submanifold if and only if
it is locally closed, i.e., it is the intersection of a closed subset and an open subset.

41t a Lie group G acts continuously and transitively on a manifold M and if Gg is the
connected component of the identity of GG, then the orbits of the action of Gy on M are
open, closed and connected. Hence, the orbits of Gy are the connected components of M.
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Corollary 7.4. If Q is an orbit of the action of Iso(P) (or of Isog(P)) on
PA then the admissible reaction forces of the ideal constraint Q at a particle
configuration (gx)xea € Q (i-e., the orthogonal complement of T(4,,., Q in
pA ) are precisely the families of forces whose total force and total torque are
zero.

Proof. Follows from Lemma 4.4. O

Definition 7.5. Let (¢\)xea be a particle configuration. We say that a fam-
ily of velocities (4x)xea is admissible for rigid motion (for the given particle
configuration) if (¢x)xea belongs to the tangent space at (gx)aea of the orbit
of Iso(P) (or of Isog(P)) passing through (gy)rea. By Proposition 7.3, this is
equivalent to the existence of an affine map €2 : P — V, with anti-symmetric
underlying linear map, such that

ar = Uaqn),
forall A € A. If w € VAV is such that w — - is the underlying linear map of
Q, then we call w an angular velocity for (gy)en-

Since two anti-symmetric linear maps that agree on a codimension one
subspace are equal, it follows that if the parallel subspace to the particle
configuration (gx)xea has codimension at most one, then there exists exactly
one angular velocity for a family of velocities (gx)xea, so we call it the
angular velocity of (gx)xen-

8. TENSOR OF INERTIA

Definition 8.1. Given a particle configuration (gx)ea, a family of masses
(mx)xen and a reference point O € P, we define the corresponding tensor
of inertia as the linear operator

Io:VAY — VAV
defined by

Io(w) =Y mlgr— O0) A (w= (g — 0)),
AEA
forallw eV AV.

Note that, since z A - is the adjoint of - — z, it follows that
(8.1) (To(wr),w2) = > malwr = (gn — O),wz = (qr — O)),
AEA

for all wy,ws € VAV. In particular, Ip is a symmetric positive semi-definite
operator whose kernel consists of those w € V AV such that w — - annihilate
the subspace spanned by {qA —0: )€ A}.

Remark 8.2. Assume that n = 3 and V is oriented. Identifying V AV with
V through the vector product (Remark 3.2), we obtain:

(To(w),w) =Y mallw A (gr — O)|%,
NeA
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for all w € V. Note that, if ||w|| = 1, then |w A (gx — O)|| is equal to the
distance from ¢y to the line O + Rw.

Proposition 8.3. Let (q\)aea be a particle configuration, (mx)xen be a
family of masses, (Fx)xen be a family of forces and Q : P — V be an
affine map whose underlying linear map Qg : V — V is anti-symmetric. Let
w €V AV be such that Qo = w —-. Consider the family of velocities

i = aqn), AEA
Pick O € P and set O = Q(0). The following formulas hold:

(32) Ty = 3 (To(w), w)
(8.3) Py = (10,w);
(8.4) Lo o = Tow).

Proof. Note that
=0 =0(qp—0)=w-(qx—0), A€EA.

Formula (8.4) then follows directly from the definitions of Ip and L, 5 and
formula (8.2) follows directly from (8.1) and the definition of Tj5. Finally,
formula (8.3) follows from the definitions of 7o and P and the fact that
(gx — O) A - is the adjoint of - = (g\ — O). O

Corollary 8.4. Under the conditions in the statement of Proposition 8.3,
we have:

TC = <IC(W)7W>;
P. = (10,w);
LC,C’ = Ic(w).

Proof. Simply note that Q(C) = C. O

DN |

Proposition 8.5. Given a particle configuration (q\)aea, a family of masses
(mx)xen and two reference points O1 € P, Og € P, we have:

Io,(w) = Io, (W) + M(O1 — O2) A (w = (C = O1))

+M(C —O01) A (w=(01 = 03)) + M(O1 — O2) A (w= (01 — 02)),
forallw e VAV.
Proof. Straightforward computation. O

9. DERIVATIVE IN A MOVING FRAME

Let V be a finite dimensional real vector space, G be a Lie group and

p:G— GL(V)
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be a smooth representation of G on V. Let M be a differentiable manifold
and X be a vector field on M. For any smooth map f : M — )V we denote,
as usual, by X(f) the map from M to V given by

X(f)(m) =df(m)-X(m), me M.

Fix a smooth map g : M — G. We define a map V% f: M — V by setting

(V%) (m) = p(g(m)) - (X(f)(m)), m e M,
where f : M — V is the smooth map defined by

f(m) =p(g(m))~" - f(m), me M.
In other words, V9 is the connection on the trivial vector bundle M x V

obtained by taking the push-forward of the trivial connection by the vector
bundle isomorphism given by

M xV 3 (m,v) — (m,p(g(m)) -v) € M x V.
If M is (an open subset of) an affine vector space 7 parallel to R then,

as before, we denote by % the (derivative with respect to) the canonical

vector field of M that has value 1 at every point. We then denote by % the

covariant derivative with respect to that same vector field, i.e.:
D9

2wy
dt V%.

Let us now write a more explicit formula for V¥% f. Denote by g the Lie
algebra of G and by p the differential of p at the identity 1 € G:
p=dp(1): g — Lin(V,V),
which is a representation of the Lie algebra g in V, i.e., a Lie algebra homo-
morphism of g to Lin(V, V). Using that p is a homomorphism we obtain:
dp(h) - (Zh) = p(Z) e plh), heG, Z e,

where Zh € T, G denotes the image of Z by the differential at 1 of the map
given by right translation by h. Let Qx : M — g be the smooth map such
that

dg(m) - X(m) = Qx(m)g(m), m e M.

>
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for all m € M. Hence:
(9.1) (V&) (m) = X(f)(m) = p(Qx(m)) - f(m), m e M.
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Definition 9.1. Let V, W be real finite dimensional vector spaces and let
PV i G — GL(V), pV : G — GL(W) be smooth representations of the Lie
group G. A map ¢ : dom(¢) C V — W is said to be intertwining if dom(¢)
is invariant by pY and

(9.2) ¢(p"(9) -v) = " (9) - $(v),

for all g € G and v € dom(¢).

Lemma 9.2. Let V, W be real finite dimensional vector spaces,
p’ G — GL(V), pV:G— GLW)

be smooth representations of the Lie group G and ¢ : V — W be an inter-
twining linear map. Consider the Lie algebra representations

7’ g — Lin(V,V), 5V :g— LinOW, W)

given by the differential at 1 € G of p¥ and p"V, respectively. We have that
¢ is also intertwining for p¥ and p"V in the sense that

¢0p"(2) =p"(Z) 0 ¢,
forall Z € g.
Proof. Simply differentiate the equality
$pop(g)=p"(9)od, geG
with respect to g, at g = 1, in the direction of Z € T1G = g. O

Proposition 9.3. Let V, W be real finite dimensional vector spaces and let
pV : G — GL(V), p" : G — GL(W) be smooth representations of the Lie
group G. Let ¢ : dom(¢p) CV — W be a smooth intertwining map defined
in an open subset dom(¢p) of V. If f: M — dom(¢) is a smooth map, then

V(oo f(m) =do(f(m)) - (V& f)(m), me M.
Proof. If u = ¢ o f, then
a(m) = p"(g(m)~") -u(m) = ¢(f(m)), me M,
so that:
(V&u)(m) = p" (g(m)) - (X (@)(m))
=" (g(m)) - dg(f(m)) - (X(f)(m)), me M.
Differentiating (9.2) with respect to v, we get
de(p¥(g) -v) 0 p¥(9) = p"(g) 0 dg(v),
for all v € dom(¢). It follows that
dg(f(m)) = dg[p¥ (g(m)~") - f(m)]
=" (g(m)™") 0 dg(f(m)) 0 p¥(g(m)), m € M.
The conclusion follows by substituting (9.4) into (9.3). O

(9.3)

(9.4)
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Corollary 9.4. Let V, W be real finite dimensional vector spaces and let
p¥ : G — GL(V), p»Y : G — GL(W) be smooth representations of the Lie
group G. Let ¢ : V — W be a linear intertwining map. If f : M — V is a
smooth map, then

V% (@o f)(m) = o((V4S)(m)), me M. O

Corollary 9.5. Let V, W be real finite dimensional vector spaces and let
pV : G — GL(V), p"Y : G — GL(W) be smooth representations of the Lie
group G. Let V x W be endowed with the product representation

P M (g) - (v,w0) = (p¥(9) v, 0V (9) - w), gEG, vEV, weW.
If f = (f1,f2) : M =V x W is a smooth map, then

(V&) (m) = (V fi)(m), (V f2)(m)), m e M.

Proof. Apply Corollary 9.4 by taking ¢ equal to the projection maps of
YV xW. O

Corollary 9.6. Let V, W and Z be real finite dimensional vector spaces and
let p¥ : G — GL(V), pV : G — GL(W) and p® : G — GL(Z) be smooth
representations of the Lie group G. Let

VW3 (vyw)—vxw € Z

be an intertwining bilinear map, where V x W is endowed with the product
representation of pv and pW. Given smooth maps

fi:M—Y and fo: M —W,

set

(fix f2)(m) = fi(m) x fa(m), m € M.
We have:

(V& (f1% f2)) (m) = (V& f1)(m)* fo(m) + fr(m)x(VE f2) (m), me M. O

9.1. Functors of representations. Consider the category Uec whose ob-
jects are real finite-dimensional vector spaces and the morphisms are linear
isomorphisms. We say that a functor § : Lec — Lec is smooth if the map

(9.5) GL(V) 3 Q — §(Q) € GL(3(V))

is smooth, for any real finite-dimensional vector space V. Examples of
smooth functors are

° V)=V, F(Q) =0,

V) =@V, () =&,

SV) = Ap Vs S(Q) = A\

F(V) =Lin(V,V), F(Q)(©) = Q00O
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Since (9.5) is a smooth group homomorphism, it follows that a smooth
representation p : G — GL(V) yields a smooth representation of G on
F(V) by considering the composition of p with (9.5). We will denote this
representation of G on §(V) by p as well.

Denote by Uec’ the category whose objects are real finite-dimensional
vector spaces and morphisms are smooth maps. Given smooth functors

§1: Yec — Yec, Fo : Yec — Yec
we can regard them as functors
1 Yee — Yed!,  Fo: VWee — Yed'

simply by composing them with the inclusion of Uec in Yec'. Let ¢ be a
natural transformation from §; to §o regarded as functors taking values in
Yec’. This means that, for each real finite-dimensional vector space V, we
have a smooth map

oy F1(V) — F2(V)
and that, given real finite-dimensional vectors spaces V, W and a linear
isomorphism € : V — W, the diagram

51V —2 e 5(0)

(
31(Q)i \L&(Q)

F1 (W) T%(W)

commutes. Clearly, given a smooth representation p : G — GL(V), then
oy §51(V) = F2(V) is a smooth intertwining map.
10. FUNDAMENTAL EQUATIONS FOR RIGID MOTION

Let ¢ : T — Q be a configuration in rigid motion, with Q an orbit of
Iso(P), and let (¢3)rea be an arbitrary point of Q. Since the map

(10.1) Is0(P) 3 g~ g - (a3)rer € Q
is a smooth fibration, the smooth map ¢ : 7 — Q admits a lifting
g: T — Iso(P)

through (10.1), so that
() = 9(t)(a}); tET, A€A.

We can write

d
() =@)eg(t), teT,
with € a smooth curve in the Lie algebra of Iso(P). For each t € T, let go(t)
be the underlying linear map of g(t), Q(t) be the underlying linear map of

Q(t) and w(t) € VAV be such that Qy(t) = w(t) — -, so that go is a smooth
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curve in O(V), Qg is a smooth curve in Lin, (V) and w is a smooth curve in
V A V. We have

d
(10.2) %(t) = Qo(t)ogolt), teT.
Setting
. dgy
)= —2(t), t
()= O, teT,
then

@) = Q@) (an(t), teT,
so that w(t) is an angular velocity for the family of velocities ((j)\(t)) AEA”
Pick a moving point O : T — P that follows the same pattern of motion as
the particle configuration in motion, i.e., such that

O@t)=g(t)(0°), teT,

for some point OY € P. For instance, the center of mass® has this property.

Setting
dO

= E(t)’ teT,

we have

We then have:
() =0) +w(t) = (a(t) —O@1)), teT, e A

If Ip(4) denotes the tensor of inertia of the particle configuration (ax(1))
with respect to O(t), then Proposition 8.3 yields

AEA

Tow = %<IO(t) (w(t)),w(t)),

P(')(t) = <TO(t)7w(t)>7
(10.3) Low,ow = low (@),

where we are using the same notation of Section 5.
Consider the Lie group G' = Iso(P) and the canonical representation®

p:G — GL(V)

which carries each element of G to its underlying linear map. We also
denote by p any representation obtained from p using a smooth functor
(Subsection 9.1) and by p the corresponding representation of the Lie algebra
g of G obtained by differentiating p at the identity. We will denote by % the

5You could also use the center of mass with respect to a different (nonphysical) family
of masses for the given particle configuration. More generally, pick a map f : P* — P
that is intertwining in the sense that fog™ = go f forall g € Iso(P), where gt ph - pA
is the map given by the action of g on P*. Then define O(t) by applying f to the particle
configuration (qA(t))AeA, forallt € T.

6In what follows, we could, alternatively, take G = O(V), p the inclusion of G in GL(V)
and consider the connection defined from the smooth map go : 7 — O(V).
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covariant derivative with respect to the vector field % using the connection
defined from the smooth map ¢ : 7 — G as in Section 9. We set:

Q) =p(g®) - (1), Iy =p(a®) " Tow, teT.
We note that
QF(t) = go(t) " 0 Qo(t) 0 go(t),
so that:
dgo
dt

Moreover, I g(t) is the tensor of inertia of the particle configuration (qf)\) AeA

(10.4) (t) = go(t) o Q(t), teT.

with respect to the reference point O°, so that the map

Totr— Ig(t) € Lin(V A V)
is constant. Thus
DIy
10.5 t)=0
(105) —2(1) =0,

where Ip : T — Lin(V A V) is defined by Io(t) = Io)-

The representation p of G = Iso(P) in Lin, (V) is simply the composition
of the homomorphism Iso(P) — O(V) that carries an affine map to its
underlying linear map with the adjoint representation of O(V) in its Lie
algebra. Thus, the representation p of the Lie algebra g in Lin, (V) is simply
the composition of the homomorphism g — Lin, (V) that carries an affine
map to its underlying linear map with the adjoint representation of the Lie
algebra Lin, (V) in itself. More explicitly:

p(©) - @o =[O0, Do),

for all © € g, &g € Lin,(V), where O denotes the underlying linear map of
©. Since the linear isomorphism (6.4) is intertwining for the representations
p of G, it is also intertwining for the representations p of g (Lemma 9.2).
Thus, the representation p of g in V AV is given by

forall® € g, p € VAV, where § € V AV is such that 6 - - is the underlying
linear map of © and the Lie bracket of V AV is defined in (6.5). Using (9.1)
we obtain:

P20 = L) - p(er) -wl)

Since the bilinear pairing
Lin(VAV,VAV)x (VAV) — VAV
given by evaluation is intertwining, we have (Corollary 9.6):
DIIp(w),,.  DIlp

Diw
22 (1) = =2 0(@(0) + Lo (- ®)

_dw
Cdt

_dw

(10.6) =

(1) = [w(®), ()] (t)-
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where Io(w) : T — V AV is defined by (Io(w))(t) = Towy(w(t)). Using
(10.5) and (10.6) we obtain

DIlo(w dw
01 1) = oy (1)),

Thus, using again (9.1):

dliiw) (t) = Dgiﬁ(w) (8) + (1) - (o (w(1)))
- Dglcft(“)(zt) + [w(®), Iow (w(®))]
= Io (%(ﬂ) (0. To («()]-

Using now (10.3), we get:

dL,, . w
= fo<t)<d7(t>> + [w(t), Lo (w(t))]-

We now restrict ourselves to the case where O is the center of mass. Equation
(5.3) then yields:

dw
(10.7) row = low (G ®)) + W), Iog (@®)]
where 7¢(;) denotes the total torque with respect to the center of mass.
Since the torque of the reaction forces is zero, 7¢(;) is also equal to the total
external torque with respect to the center of mass. Setting

Tg(t) = P(g(t))il “TO(t)> WwI(t) = p(g(t))il -w(t), teT,
we obtain from (10.7) and (10.6) that:

(10.8) P = 1o (%(t)) w90, 28, (@0(1)-

Equation (10.7) is the fundamental equation for rigid motion and equation
(10.8) is the fundamental equation for rigid motion written in the refer-
ence frame that rotates with the object. The advantage of (10.8) is that
I g(t) is independent of ¢, since it is just the tensor of inertia of the particle

configuration (¢%)xea Wwith respect to its center of mass. Equation (10.7)
must be coupled with (10.2), keeping in mind that Qy(t) = w(t) =-. Sim-
ilarly, equation (10.8) must be coupled with (10.4), keeping in mind that
QI (t) = wI(t) = -. Moreover, equation (5.2) should be used to determine
the motion of the center of mass, keeping in mind that the total force F'(t)
equals the total external force, since reaction forces have zero total force.
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