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Abstract

The New Basel Capital Accord presents a framework for measuring
operational risk which includes four degrees of complexity. In this paper
we focus on a mathematical description of the Loss Distribution Approach
(LDA), being the more rigorous and potentially more accurate approach
towards which most (advanced) institutions will be striving. In particular
the aim of this paper is to show how a basic quantitative interpretation
of LDA, focusing on the mere numerical measurement of operational risk,
may be generalized to include factors of some practical importance. These
include; endogenization of the operational risk event via the concept of
key risk driver (akin to a formalization of scorecard approaches), a flexible
co-dependence structure and a clear statement of the objective and scope
of the operational risk manager.

1 Introduction

Operational risk is certainly not unique for financial institutions. Especially firms
with heavy production processes like the car industry and firms with complex IT
systems have long been active in operational risk management. Within banks
and other financial institutions there is now an increasing pressure to manage
operational risk. This pressure mainly comes from regulators but also because of
recognition that increasing sophistication of financial products, systems etc. sug-
gest that operational risk need not be a minor concern. Furthermore, institutions
are becoming aware that expected losses due to operational risk should be priced
into the products e.g., the pricing of expected loss of credit card fraud into the
provisions of credit cards. This raises the issue of how to quantify operational
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risk and hence of how the management of operational risk can be formalized and
structured in a mathematical setting. Optimally, such a mathematical framework
should not only be a measurement vehicle but also allow qualitative management
interaction.

The aim of this paper is to show how a pure measurement approach to opera-
tional risk may (and we think should) be refined for internal purposes. In particu-
lar, most operational risk managers do not feel comfortable with a mathematical
setup that does not incorporate the view that the operational risk manager has a
certain control over the operational risk of the firm. The paper may be seen as an
outline of a general framework on operational risk management. In future papers
we intend to focus on the pros and cons of specific models and their application
in practical situations.

The organization of the paper is as follows. Section 2 contains an overview of
the regulatory landscape, focusing on the approaches for measuring operational
risk proposed by regulators. Thereafter in section 3 we in detail focus on a
mathematical interpretation of the Loss Distribution Approach, being the most
advanced of the regulators proposals. More specifically, section 3.1 is devoted to
a mathematical description of what we call the basic Loss Distribution Approach.
The focus is essentially on the mere quantification of operational risk using so-
called ’classical risk processes’. In section 3.2 we consider several generalizations
of the basic approach such as endogenization of the operational risk event via
the concept of key risk driver i.e., extending the basic LDA with the qualitative
feature offered by scenariobased approaches, a flexible co-dependence structure
and a clear statement of the objective and scope of the operational risk manager.
Finally, section 4 ends with a summary.

2 The regulatory framework

In the New Basel Capital Accord BIS (January, 2001) operational risk is ex-
plicitly being accounted for, where previously regulators recognized that credit
risk implicitly cover ”other risks”, operational risk being included in other risks.
According to regulators the reason for singling out operational risk from credit
risk is twofold. Firstly, the increased demand on sophistication in measurement
of credit risk makes it less likely that credit risk capital charges will have a
buffer for other risks as well. Secondly, developing bank practices such as secu-
ritization, outsourcing, specialized processing operations and reliance on rapidly
increasing technology and complex financial products and strategies suggests that
other risks need to be handled more carefully. But of course the validity of the
supplied reasons for singling out operational risk depends heavily on the actual
definition of operational risk since it may capture more or less of what resumes
in the residual term ’other risks’. Hence, the actual definition of operational risk
is very important, defining the scope of practice and concern for the operational
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risk management unit. Not surprisingly there is therefore at this point in time
substantial debate on the usefulness of various possible definitions of operational
risk. In this paper we shall however abstain from much of this important discus-
sion (although it is clear that the step of actual measurement and management
requires a clear consensus on definitions) and content ourselves with stating the
following definition of operational risk provided by Basel.

Definition 1 (Operational risk) The risk of loss or indirect loss resulting from
inadequate or failed internal processes, people and systems or from external events1.

This definition includes legal risk but not strategic, reputation or systemic
risks. The definition is actually based on the breakdown of four causes of the
operational risk event i.e., people, processes, systems and external events. Unfor-
tunately Basel does not provide a definition of what is meant by the word ’loss’ in
the definition of operational risk where turning the above definition into a proper
one requires a well supported definition of what a loss is as well. However, this
shortcoming is implicitly recognized by Basel since they argue that the definition
of loss is a difficult issue since there is often a high degree of ambiguity in the
process of categorizing losses2.

Notwithstanding the difficulty of finding an actual definition of operational
risk regulators propose a framework consisting of four degrees of complexity.
They are:

1. Basic Indicator Approach (BIA) where the capital charge or the Capital
at Risk (CaR) is computed by multiplying a financial indicator (e.g., gross
income) by a fixed percentage which is called the α-factor.

2. Standardized Approach (SA) where the bank is segmented into stan-
dardized business lines. The CaR for each business line is then computed
by multiplying a financial indicator of the business line (e.g., gross income
of the business line) by a fixed percentage which is called the β-factor. The
CaR for the bank is then obtained as

CaR =
N∑

i=1

CaR (i)

1In BIS (september, 2001) this definition is changed slightly by replacing the term ’loss or
indirect loss’ by the word loss. The reason being that it is not the intention of the capital
charge to cover all indirect losses or opportunity costs.

2The Basle Committee demands that banks build up historical loss data bases. But it is
not clear what a loss event is. Clearly, a loss event should be distinguished from a normal cost
but at what point or treshold does the ’operational cost’ get to be an operational loss? Also,
an operational loss need to be distinguished from losses already taken into account by market
and credit risk.
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where N is the number of business lines and CaR (i) is the capital charge
for business line i. Computing the aggregate CaR as the simple sum of the
business line CaR:s correspond to assuming perfect positive dependence
between business lines (or in mathematical terms the upper Frechet copula).

3. Internal Measurement Approach (IMA) allows bank’s to use their in-
ternal loss data as inputs for computing capital charge. Operational risk is
categorized according to an industry standardized matrix (i.e., tree struc-
ture) of business lines and operational risk types (events). The capital
charge for each business line/event is calculated by multiplying the com-
puted business line/event expected loss by a fixed percentage which is called
the γ-factor. The expected loss calculation is based on the institutions own
assessment (using internal data) of the probability of loss event for each
business line/event times a fixed number representing the loss given that
the event has occurred. The expected loss is however also adjusted by the
product of an exposure indicator, say π, which represents a proxy for the
size of a particular business lines operational risk exposure. As in the stan-
dardized approach the aggregated capital charge is the simple sum of the
business lines/events capital charges. That is,

CaR =
N∑

i=1

M∑
j=1

CaR (i, j)

where N is the number of business lines and M is the number of events and
where CaR (i, j) = EL (i, j) × γ (i, j) with EL (i, j) = λ (i, j) × S (i, j) ×
π (i, j) where λ (i, j) is the probability of loss event j for business line i,
S (i, j) is the loss given that event j for business line i has occurred and
π (i, j) is the supervisory scaling factor for event j and business line i.
Again, the simple summation of the CaR for business lines/event types
correspond to assuming perfect dependence.

4. Loss Distribution Approach (LDA) allows bank’s more flexibility com-
pared to IMA in the sense that under this approach the bank is allowed
to estimate the full loss density (or rather a quantile). The total required
capital is the sum of the Value at Risk (VaR) of each business line/event
type3. However, wether the LDA is to be considered as an alternative for
computing regulatory capital at the outset remains unknown at this point,
although one may certainly consider it as suitable for internal purposes.

3A natural question to be raised here is: What is a capital charge for operational risk?
Conceptually provisions should cover expected losses so that we need only be concerned with
the unexpected losses (i.e., VaR minus expected losses). For example, is the expected loss of
credit card fraud priced into the provision of credit cards? However since ”operational risk
pricing” is not common regulators propose to compute capital charges as VaR but to allow for
some recognition of provision if it exists.
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Readers interested in further details on the regulatory requirements e.g., qual-
ifying criteria for the approaches may find this in the consultative document, BIS
(January, 2001). We recommend also the BIS publication ”Sound Practices for
the Management and Supervision of Operational Risk” (December, 2001) and the
BIS working paper ”Working Paper on the Regulatory Treatment of Operational
Risk” (September, 2001) which contain some updates on the January document
as well as some further issues.

This paper will focus on a mathematical interpretation of the LDA. Essentially
because we believe that LDA is a more rigorous and potentially more accurate
approach towards which most (advanced) institutions will be striving. Further-
more, in its most basic formalization LDA is a good starting point for some
natural generalizations that we will consider later on in this paper.

3 The Loss Distribution Approach

3.1 Basic LDA

Below we consider a mathematical setup of what we call basic LDA, which in
particular retains the regulatory assumption of perfect positive dependence, and
we also try to interpret the IMA in this setup. For that purpose we now introduce
the following definition

Definition 2 (Compound counting process) A stochastic process
{X (T ) , T ≥ 0} is said to be a compound counting process if it can be represented
as

X (T ) =

N(T )∑

k=1

Zk, T ≥ 0

where {N (T ) , T ≥ 0} is a counting process and the {Zk}∞1 are independent and
identically distributed random variables which are independent of {N (T ) , T ≥ 0}.
The Zk is often called the marker to the point of jump Tk and the pair {Tk, Zk}k∈ℵ
where ℵ is the set of integers is often called a marked point process.

The stochastic model introduced in the definition above is the standard de-
scription of claims to an insurance company, where N (T ) is to be interpreted as
the number of claims on the company during the interval (0, T ]. At each jump
point of N (T ) the company has to pay out a stochastic amount of money, see
Grandell (1991) where it is called a ’classical risk process’ if N (·) is a Poisson
process.

In the LDA approach to operational risk it is similarly to the insurance case
natural to consider a mathematical description of each business line i and event
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type j using a compound counting process i.e., (suppressing time here for read-
ability)

X (i, j) =

N(i,j)∑

k=1

Zk (i, j)

where here N (i, j) is to be interpreted as the number of j operational risk events
for business line i during (0, T ] and Zk (i, j) is the random variable representing
the severity of the loss event with cumulative distribution function F(i,j) such that

F
(h)
(i,j) = 0 for h = 0. The terminal (i.e., time T ) distribution of X (i, j) is seen to

be a compound distribution, denoted G(i,j), where

G
(h)
(i,j) =

{ ∑∞
s=1 p

(s)
(i,j)F

(s∗)
(i,j) (h) for h > 0

p
(0)
(i,j) for h = 0

}

with p
(s)
(i,j) = P [N (i, j) = s] and F

(s∗)
(i,j) indicating the s−fold convolution of F(i,j).

Unfortunately, in general there is no analytical solution to the compound distri-
bution for finite T and the computation of the loss density for business line i and
event type j must proceed with numerical methods (e.g., Monte-Carlo simulating
the loss frequency distribution and the loss severity distribution and then com-
pounding them to get the loss density) or approximate analytical methods4. In
the simulation case the capital charge for each business line i and event type j
is computed as a quantile of the simulated loss distribution i.e., VaR. We notice
here that the determination of VaR with numerical methods of high accuracy
is difficult (or in other words time-consuming) due to the typical low frequency
of events and high variance of severity distributions. Hence, the straightforward
simulation of the compound distribution will, in general, require an enormous
number of random numbers so that there is substantial demand for finding good
analytical approximations of compound distributions or finding clever ways of
simulating5. We do not intend to consider mathematical details on the compu-
tation or approximation of the loss density in this paper. For a brief overview of
methods we refer to Frachot et al. (2001). Still, in a future paper we will address
the general question of how to find good analytic approximations to the tail of
affine combinations of loss densities.

To summarize the basic LDA we have the following implementation steps and
issues:

4In the cases of interest here we have that G(i,j) converges weakly to a normal cumulative
density function as T → ∞. However, for practical applications of LDA such simple approxi-
mations are typically not valid.

5In the simulation case we might reduce variance of the Monte-Carlo VaR quantile estimator
somewhat by estimating the quantile of the Generalized Pareto fitted tail. Note also that
analytical solutions or fast and accurate analytical approximations of the compound distribution
are not only desirable due to reduced computation time but also because in the analytical case
extensive parameter sensitivity analysis is feasible within finite time.
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1. Construction of the tree i.e., Basels regulatory standardized matrix.

2. Model selection and parameter calibration to loss data samples.

3. Numerical computation efficiency and/or existence of analytical solution
(i.e., ”solving” the model)6.

In the second step there is the question of what models to use for the com-
pound counting processes e.g., Log-normal/Poisson, Gamma/Poisson or trun-
cated Log-normal/Poisson? Or, is it reasonable to use the empirical or kernel
estimated density of severity of loss perhaps with Generalized Pareto (GP) tails.
See Ebnöther et al. (2001) for a discussion of different models for the severity
density and the use of the GP distribution in this setup. However, the main
difficulty with applications of (basic) LDA is not model choice but rather the
fact that operational event data is scarce and often of poor quality. This suggests
that we need a strategy of how to combine expertise knowledge and statistical
methods. In those (rare) cases where ”sufficient” data is available we often face
other problems such as truncated (from below) samples. Hence, we need to have
an idea of how to account for this in estimation. Frachot et al. (2002) is a paper
discussing these issues in the context of pooling an internal and external database
which both are truncated from below.

To put IMA in the LDA mathematical setup we let the distribution of Zk (i, j),
k ∈ ℵ be degenerate at the point S (i, j) ∈ R+ (we may take S (i, j) = E [Zk (i, j)]
as it is the natural choice here). Hence, we can now interpret the factor γ in the
IMA approach as a multiplicative factor scaling expected losses to capital charges
(i.e., VaR given by LDA) for business line i and event type j. Having applied
LDA as an internal model we can therefore back out the set of γ∗ : s that would
give us the LDA capital charge for regulatory capital when regulatory capital
is determined by IMA i.e., we can compare the regulators set of γ : s with our
internal implied set of γ∗ : s.

There are however several shortcomings of the basic LDA (and IMA) in terms
of using it internally as a model so that one would like to generalize it in several
directions. Here are some specific drawbacks that we will consider:

• The operational risk event is completely exogenous, that is the opera-
tional risk manager has no control over the operational risk of the business
lines/events and the aggregated capital charge. At least for internal use
one would like to have a model that explicitly accounts for the fact that the
operational risk manager can interact on the ”operational riskiness”. Fur-
thermore, since risk fluctuates over time due to (possibly) exogenous and

6Recall here that in basic LDA we just sum the VaR figures for every business line i / event
j to get the aggregated capital charge. Hence, we need only be concerned with a particular
business line/event.
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(partially) observable factors which may be predictable we can improve on
a pure numerical measurement approach.

• The direct linking function between business lines/events is restricted to
perfect positive dependence (i.e., operational risk processes are viewed ba-
sically as a parallel system) which may not accord very well with the actual
situation. Hence, one would like to allow for alternative direct linking func-
tions in the internal computation of economic capital. This will also allow us
to understand what is the impact of assuming perfect positive dependence
as the regulators does.

• The objective and scope of the operational risk manager is not clarified.

Below we shall address the above shortcomings of basic LDA. The extensions
we consider can be viewed as neccessary for increased internal control and un-
derstanding etc. The important point to note is that basic LDA and hence the
regulatory approaches are nested.

3.2 Extensions to basic LDA

3.2.1 Introducing indirect co-dependence

In the operational risk management literature the concept of key risk driver is
well-known. Essentially being an observable process like employment turnover or
transaction volume that influences the frequency and/or severity of operational
events. Since this concept is so important for practical operational risk man-
agement we believe that a mathematical model aimed at quantifying operational
risk should incorporate this feature as well. Hence, we now consider a particular
counting process which will allow us to put the ideas above into realization.

Definition 3 (A Cox process) Let Y be an n-dimensional vector of stochas-
tic processes and let N (T ) = N (T,Y) have the property that conditional on a
particular n−dimensional path of Y during (0, T ], N (T ) is a non-homogenous
poisson process (i.e., time-dependent intensity) then we say that N (T ) is a Cox
process.

Of course, without an exogeneity assumption on Y conditioning on the tra-
jectories of Y may not make sense. The corresponding (generalized) compound
counting process has the property that the intensity of the counting process may
depend on a state vector Y but in such a way that if we condition on the path of
Y we obtain a non-homogenous compound counting process (homogenous if Y
is time-invariant). For technical details on Cox processes (and non-homogenous
poisson processes) the reader is referred to Grandell (1976) and Grandell (1991).

We now proceed to introduce the notion of key risk drivers. The key risk
drivers is simply a vector of underlying processes driving the intensity of the
counting process N(T ).
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Definition 4 (Key risk drivers) An n-dimensional vector of stochastic pro-
cesses Y is said to be a vector of key risk drivers (processes) of N (T ) if

N(T ) = N(T, Y ),

i.e., if the intensity of the counting process N(T ) is depending or ”is driven” by
Y .

The introduction of key risk drivers introduces an indirect co-dependence be-
tween risk processes X (i, j) and X (i∗, j∗). In our view this latent variable or
factor model approach is a useful way of introducing co-dependencies which are
not directly observed, where with directly observed co-dependencies we mean es-
sentially wether X (i, j) and X (i∗, j∗) can be regarded as component processes
in a parallel or serial system.

Indirect co-dependence is also a natural way of modelling co-dependence in
reduced form approaches to portfolio credit risk where credit risky instruments
has an associated compound counting process specifying the intensity of default
and loss given default density. Similarly, in insurance risk e.g., car insurance
the risk may depend on environment variables such as weather conditions, traffic
volume and also on car type. In the credit and insurance case the state variables
are typically regarded as out of control for the manager and we think that it
is reasonable to approach operational risk similarly in the sense that we adopt
the convention (implying no real restrictions) that the operational risk manager
has no control over the evolution of key risk drivers which may be regarded
as exogenous. Instead, the control instrument available to the operational risk
manager is an (at least partial) control over the risk process via the sensitivity of
the operational loss distributions X(i, j) to changes in the process Y i.e., via the
parameters linking the exogenous processes in Y to the intensity of the counting
process. This means that even though the underlying drivers for operational
risk cannot be controlled, the exposure to the different key risk indicators can be
controlled by for example efficient internal control systems. Note that the control
variates are here a natural way to manage and numerically quantify ”quality
adjustment” and ”risk control environment”. The risk manager may of course
also exercise control by the use of insurance programs in a similar way that the
credit manager uses credit derivatives for insurance.

Remark 1 The introduction of key risk drivers facilitates explicit (non-deterministic)
scenario analysis for operational risk i.e., a certain n−dimensional Y path may
give a VaR of x$. The choice of input trajectories E [Y] may here be regarded
as ”ordinary” VaR in some sense and introduces a forward-looking component to
the VaR computations.

Following the remark on scenario analysis and VaR computation above and
motivated by the framework for scenariobased risk management proposed by

9



Nyström and Skoglund (2002) we consider a view on stress testing of operational
risk that focuses on the explicit choice of input scenarios.

Definition 5 (Stress tests of operational risk) An operational risk stress test
is a risk measure e.g., VaR generated from a model by conditioning on an ’ex-
treme’ set of trajectories of Y. The word ’extreme’ here indicates that the trajec-
tory set should be located in the multivariate tail of the cumulative density of the
set of all trajectories.

In particular this links stress tests, ordinary VaR and non-deterministic sce-
nario analysis since they only differ with respect to the choice of input scenarios.
In fact, we think that the above definition, which views a stress test of opera-
tional risk as being defined by a certain set of input scenarios (and conditional on
a given model7) is a useful way of standardizing the approach to stress testing.

Remark 2 The reader notices that we have only considered frequency (intensity)
key risk drivers and not the extension to severity density key risk drivers. Admit-
tedly a more realistic approach would be to allow key risk drivers for the severity
density as well e.g., let the density parameters depend on key risk drivers. How-
ever, unless those key risk drivers are time-invariant computational complexity
may prevent such an approach since the non-stationarity of the severity density
requires knowledge of the stopping times, {Tk}k∈ℵ.

3.2.2 Generalizing direct co-dependence

Having introduced a model for risk processes that addresses the first shortcoming
of the basic LDA we now go on to consider a more flexible view on what we call
direct co-dependence between X (i, j) and X (i∗, j∗). As mentioned above the type
of co-dependence we have in mind here is rather different from the co-dependence
induced by the key risk drivers and it is typically interpreted as a parallel or serial
”systems dependence” between risk processes. The notion of copula is a natural
way to formalize this event based co-dependence structure with the upper Frechet
copula and the product copula (see below) playing important roles. Although,
the notion of copula allows almost complete flexibility in the construction of the
system or tree co-dependence8. We give a short overview of basic copula facts
below referring to the specialized literature for details e.g., Nelsen (1999).

The idea of the copula is to decouple the construction of multivariate distribu-
tion functions into the specification of marginal distributions and a dependence

7We believe that stress testing should be separated from the concept of ’model risk’ in the
sense that any stress test should be viewed as being conditional on a given model (risk).

8Of course one may consider different types of direct co-dependencies here i.e., frequency
density, severity density or compound distribution. Also, we may have direct co-dependence
between frequency and severity for a particular business line/event. Our discussion of direct
co-dependence focus on the operational risk event.
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structure. Suppose that X1, ..., Xn have marginals F1, . . . , Fn. Then for each
i ∈ {1, 2, ...., n}, Ui = Fi(Xi) is a uniform (0, 1)-variable. By definition

F (x1, ...., xn) = P (X1 ≤ x1, ...., Xn ≤ xn)

= P (F1(X1) ≤ F1(x1), ...., Fn(Xn) ≤ Fn(xn))

Hence
F (x1, ...., xn) = P (U1 ≤ F1(x1), ...., Un ≤ Fn(xn))

and if F−1
i (α), α ∈ [0, 1], denotes the inverse of the marginal, the copula may be

expressed in the following way

C(u1, ...., un) = F (F−1
1 (u1), ...., F

−1
n (un))

The copula is the joint distribution function of the vector (U1, ..., Un). This
argument paves the way for the following straightforward definition of the copula.

Definition 6 (Copula) A copula is the distribution function of a random vector
in Rn with uniform (0, 1)-marginals.

The fundamental theorem of Sklar gives the universality of copulas.

Theorem 1 (Sklar) Let F be an n-dimensional distribution function with con-
tinuous marginals F1, . . . , Fn. Then there exists a unique copula C such that

F (x1, ...., xn) = C(F1(x1), . . . , Fn(xn))

without the continuity assumption care has to be taken since the transforma-
tion to uniforms need not be unique. The copula is the joint distribution function
of the vector of transformed maginals

U1 = F1(X1), ..., Un = Fn(Xn)

From Sklar’s theorem it is obvious that independence between the components
is equivalent to

C(u1, . . . , un) = Πn
i=1ui

In the following we will denote the copula of independence by C⊥. We also
introduce the copulas C− and C+, usually referred to as the lower and upper
Frechet bounds respectively

C−(u1, ..., un) = max{
n∑

i=1

ui − n + 1, 0}

C+(u1, ..., un) = min{u1, ...., un}
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The lower Frechet bound is however not a copula for n > 2. For n = 2 it may
be interpreted as the dependence structure of two counter-monotonic random
variables. The upper Frechet bound is always a copula and symbolizes perfect
dependence as its density has no mass outside of the diagonal. The following
theorem together with the representation stated in Sklars theorem allows us to
interpret the copula as a structure of dependence.

Theorem 2 (Invariance under strictly increasing functions) Let (X1, . . . , Xn)
be a vector of random variables with continuous marginals having copula CX1,...,Xn.
Let furthermore (g1, ...., gn) be a vector of strictly increasing functions defined on
the range of the variables (X1, ...., Xn). Let Cg1(X1),...,gn(Xn) be the copula of the
random vector (g1(X1), ...., gn(Xn)). Then

Cg1(X1),...,gn(Xn) = CX1,...,Xn

Hence the copula is invariant under strictly increasing transformations of the
marginals and this is the key issue if we want to interpret the copula as the
structure of dependence.

Recall that

X (i, j) =

N(i,j)∑

k=1

Zk (i, j)

where N (i, j) is interpreted as the number of j operational risk events for business
line i during (0, T ] and Zk (i, j) is the random variable representing the severity

of the loss event with cumulative distribution function F(i,j) such that F
(h)
(i,j) = 0

for h = 0. The distribution (at time T ) of X (i, j) is denoted by G(i,j).
Our main interest in now to consider the total operational risk loss distribu-

tion, i.e., we consider the random variable

L =
N∑

i=1

M∑
j=1

X (i, j)

and we utilize the concept of copula for the modelling of direct co-dependence
between the different events (by conditioning on the key risk drivers we remove
the indirect co-dependence). Utilizing the concept of copula we can write the
problem of estimating the capital charge for the portfolio of risk processes as
finding the α−quantile of the random variable L under the multivariate model

C
(
U(1,1), U(1,2), . . . , U(N,M)

)

where U(i,j) = G(i,j). Of course, the basic LDA copula (and hence the regulatory
case) corresponds to C = C+ whereas the case of complete independence between
risk processes corresponds to C = C⊥. However, in many cases we may be
interested in a mixture of these two copulas e.g., for i, j = 2 we may have

C
(
U(1,1), U(1,2), U(1,1), U(2,1)

)
= C

(
U(1,1), U(1,2), U(1,1), U(2,2)

)
= C⊥
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whereas
C

(
U(2,1), U(2,2)

)
= C+.

That is, we are interested in copulas that encode for example specified pairwise
dependence relations.

Remark 3 The non-deterministic scenario analysis (including ordinary VaR)
and stress tests of operational risk may be interpreted as being given a certain
direct co-dependence specification. Hence, one may view stressing the direct co-
dependence itself, with the regulatory upper Frechet copula representing the ex-
treme case, as a test of sensitivity to model assumptions i.e., model risk.

This completes our discussion of extending the modelling aspects of basic LDA
and we now finally focus on how to formalize the objective of the operational risk
manager in the present setup.

3.2.3 The objective of the operational risk manager

To formalize the objective of the operational risk manager we make the following
stylized assumptions.

1. There exists a tree structure and a direct co-dependence structure of the
risk processes of the organization.

2. The set of frequency key risk indicators as well as their impact parameters
are known (i.e., we have specified the indirect co-dependence).

3. There exists a function(al) specifying the utility of every state of the aggre-
gated loss density as well as a cost function associated with every conceiv-
able state of the vector of control variates, δ.

Given these assumptions we are now able to approach the objective of the
operational risk manager in much the same way as we approach the objective of
a credit or insurance portfolio manager9. More specifically, we have the following
optimal control problem for the operational risk manager over the interval (0, T ].

max
{δ}

FT

s.t : c (δ) ≤ W

where FT is the utility functional and c is the cost function. Note that the budget
constraint, W , is here exogenously given e.g., by the board.

9Although it is clear that operational risk differs from insurance and credit risk in the sense
that it need not be taken on for reward but may arise as an (unwarranted) side effect due to
business activity.
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The interpretation of the operational risk manager is then that he/she man-
ages a portfolio of risk processes. The choice vector, δ, is called a control vector
and is the means by which the manager can (partially) control the shape of the
loss density, and we also have a number of control constraints i.e., the budget
constraint as well as possibly some domain constraints on the vector, δ.

An important special case of the objective functional above is when the risk
manager derives his utility from VaR reductions alone. In this case we can write
the optimal control problem as

min
{δ}

V aRT

s.t : c (δ) ≤ W

Of course, in practice interest focus on a solution where δ is a constant vector
during (0, T ] and hence the risk manager solves a simpler programming problem.

4 Summary and conclusions

The purpose of this paper is to show how a pure measurement approach to opera-
tional risk may be refined to include qualitative aspects, a flexible co-dependence
structure as well as a clear framework for evaluating management interaction.
In particular, most operational risk managers do not feel comfortable with a
mathematical setup that does not incorporate the view that the operational risk
manager has a certain control over the operational risk of the firm. Of course,
we are quite aware that the framework we propose focus on an idealized setting
in the sense that the set of key risk indicators their impact parameters etc. are
essentially assumed known to the risk manager. In practice the model parameters
are highly uncertain i.e., the model risk tends to be huge potentially obscuring
the ”optimal” decisions from any specific model. In future papers we therefore
intend to focus on the concept of model risk as well as the pros and cons of specific
models, their analytical tractability and application in practical situations.
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