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Introduction

In classical representation theory one of the objects of study are the artin
algebras A and its category of finitely generated left A-modules mod(A).
On the other hand, dualizing varieties were introduced by Auslander
and Reiten as a categorical counterpart for doing representation theory.
In fact, Auslander-Reiten theory has its origin from dualizing varieties.
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Definition

Let A be an artin algebra and I an ideal of A. The following are
equivalent.

(a) I'is an idempotent ideal (that is, I = I?)
(b) There exists an isomorphism for all M, M’ € mod(A/I)

Extj (M, M') ~ Ext} (M, M’).
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Definition
Let A be an artin algebra and I an ideal of A. It is said that [ is a

k-idempotent ideal if there exists an isomorphism for all
M, M'" € mod(A/I) Ext} (M, M') ~ Extj (M, M') V0<i<k.
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Given a small preadditive category C we can think C as a ring with several
objects. So, we can construct its category of left C-modules as follows:

Mod(C) := (C, Ab) := {F : C — Ab | F additive and covariant}

We recall that
(a) Mod(C) is a Grothendieck abelian category.
(b) {Hom¢(C,—)}oec is a set of projective generators.
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Tensor product

There is a unique (up to isomorphism) functor

®c : Mod(C°P) x Mod(C) — Ab called the tensor product. The
abelian group ®¢(A, B) is denoted by A ®¢ B for all C°’-modules A and
all C-modules B.
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Tensor product

There is a unique (up to isomorphism) functor
®c : Mod(C°P) x Mod(C) — Ab called the tensor product. The
abelian group ®¢(A, B) is denoted by A ®¢ B for all C°’-modules A and
all C-modules B.
@ O For each C-module B, the functor @¢B : Mod(C°?) — Ab given
by (®cB)(A) = A ®c B for all C°?-modules A is right exact.
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There is a unique (up to isomorphism) functor
®c : Mod(C°P) x Mod(C) — Ab called the tensor product. The
abelian group ®¢(A, B) is denoted by A ®¢ B for all C°’-modules A and
all C-modules B.
@ O For each C-module B, the functor @¢B : Mod(C°?) — Ab given
by (®cB)(A) = A ®c B for all C°?-modules A is right exact.
@ For each C°’-module A, the functor A®c¢ : Mod(C) —> Ab given
by (AQc¢)(B) = A ®c B for all C-modules B is right exact.

Luis Gabriel Rodriguez Valdés advisor: Valente Santiago Vargas Homological theory of k-idempotent ideal in dualizing varieties



Tensor product

There is a unique (up to isomorphism) functor
®c : Mod(C°P) x Mod(C) — Ab called the tensor product. The
abelian group ®¢(A, B) is denoted by A ®¢ B for all C°’-modules A and
all C-modules B.
@ O For each C-module B, the functor @¢B : Mod(C°?) — Ab given
by (®cB)(A) = A ®c B for all C°?-modules A is right exact.
@ For each C°’-module A, the functor A®c¢ : Mod(C) —> Ab given
by (AQc¢)(B) = A ®c B for all C-modules B is right exact.

@ For each C°P-module A and each C-module B, the functors ARQc¢
and ®¢ B preserve arbitrary sums.
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Tensor product

There is a unique (up to isomorphism) functor
®c : Mod(C°P) x Mod(C) — Ab called the tensor product. The
abelian group ®¢(A, B) is denoted by A ®¢ B for all C°’-modules A and
all C-modules B.
@ O For each C-module B, the functor @¢B : Mod(C°?) — Ab given
by (®cB)(A) = A ®c B for all C°?-modules A is right exact.
@ For each C°’-module A, the functor A®c¢ : Mod(C) —> Ab given
by (AQc¢)(B) = A ®c B for all C-modules B is right exact.
@ For each C°P-module A and each C-module B, the functors ARQc¢
and ®¢ B preserve arbitrary sums.

@ For each object C' in C we have A ®¢ (C,—) = A(C) and
(—,C) ®c B = B(C) for all C°’-modules A and all C-modules B.

v
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Definition

It is said that and additive category C (preadditive with finite coproducts)
is a category with splitting idempotents if for each idempotent

e = e% € Home (X, X) there are morphisms p1: Y — X and p: X — Y
such that pup = e and pp = 1y.
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Definition

It is said that and additive category C (preadditive with finite coproducts)
is a category with splitting idempotents if for each idempotent

e = e% € Home (X, X) there are morphisms p1: Y — X and p: X — Y
such that pup = e and pp = 1y.

Definition
Let C be an additive category with splitting idempotents. Such categories
are called varieties. )
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Definition

If C is an R-variety, then Mod(C) = (C, Ab) is an R-variety, which we
identify with the category of covariant functors (C, Mod(R)).
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Definition

If C is an R-variety, then Mod(C) = (C, Ab) is an R-variety, which we
identify with the category of covariant functors (C, Mod(R)).

The category (C, mod(R)) is abelian and the inclusion
(C,mod(R)) C (C,Mod(R)) = Mod(C)

is exact.
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Definition
Let C be a Hom-finite R-variety. We denote by mod(C) the full

subcategory of Mod(C) whose objects are the
finitely presented functors. That is, M € mod(C) if and only if, there

exists an exact sequence in Mod(C)

Hom¢(Coy, —) —— Home (Cp, —) ——= M —— 0.
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Consider the functors
Deor : (C°?, mod(R)) — (C,mod(R))

De : (C,mod(R)) — (C°, mod(R)),

which are defined as follows:

for any object C'in C, D(M)(C) = Hompg(M(C),I(R/r)) where r is the
Jacobson radical of R, and I(R/r) is the injective envelope of R/r. J
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Consider the functors
Deor : (C°?, mod(R)) — (C,mod(R))

De : (C,mod(R)) — (C°, mod(R)),

which are defined as follows:

for any object C'in C, D(M)(C) = Hompg(M(C),I(R/r)) where r is the
Jacobson radical of R, and I(R/r) is the injective envelope of R/r. J

Proposition

The functor D¢ defines a duality

D¢ : (C,mod(R)) — (C°P, mod(R)).
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An Hom-finite R-variety C is dualizing, if the functor
D¢ : (C,mod(R)) — (C°?, mod(R)) (1)
induces a duality between the categories mod(C) and mod(CP) :

(€, mod(R)) —2~ (C°P, mod(R))

)

mod(C) ———— mod(CP)
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Ideals

Definition

Let C be a preadditive category. An ideal Z of C is an additive subfunctor

of Home(—, —). That is, Z is a class of the morphisms in C such that:

(a) Z(A, B) = Hom¢ (A, B) N Z is an abelian subgroup of Hom¢ (A, B)
for each A, B € C;

A
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Ideals

Definition

Let C be a preadditive category. An ideal Z of C is an additive subfunctor
of Home(—, —). That is, Z is a class of the morphisms in C such that:
(a) Z(A, B) = Hom¢ (A, B) N Z is an abelian subgroup of Hom¢ (A, B)
for each A, B € C;
(b) If feZ(A,B), g € Home(C, A) and h € Home (B, D), then
hfg € Z(C, D).

A
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ALE B

A
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Ideals

Definition
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Ideals

Definition

Let C be a preadditive category. An ideal Z of C is an additive subfunctor
of Home(—, —). That is, Z is a class of the morphisms in C such that:
(a) Z(A, B) = Hom¢ (A, B) N Z is an abelian subgroup of Hom¢ (A, B)
for each A, B € C;
(b) If f €Z(A,B), g € Hom¢(C, A) and h € Hom¢ (B, D), then
hfg € Z(C, D).

c—2-af< p_ " p
hfgeT
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Definition
Let Z and J be ideals in C. The product of ideals Z - 7 is defined as
follows: for each A, B € C we set

(Z-J)(A,B)
= {Zfigi fi € I(Cs, B), gi € T (A, C;) for some C; € C}
=1
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Definition

We say that an ideal Z of C is idempotent if 72 = 7.
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Definition

We say that an ideal Z of C is idempotent if 72 = 7.

Definition

Let Z be an ideal of C, we set
Ann(Z) :={F e Mod(C) | F(f) =0VYf € Z(A,B) YA, B € C}.
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Let Z be an ideal in a preadditive category C. The quotient category
C/T is defined as follows:

(a) it has the same objects as C and
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Let Z be an ideal in a preadditive category C. The quotient category
C/T is defined as follows:

(a) it has the same objects as C and

(b) Home /7 (A, B) := %{‘;’)& for each A, B € C/Z.
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Let Z be an ideal in a preadditive category C. The quotient category
C/T is defined as follows:

(a) it has the same objects as C and

(b) Home /7 (A, B) := %(g)m for each A, B € C/Z.
Composition in C/Z:

o For f = f+Z(A, B) € Hom¢,z(A, B) and
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Let Z be an ideal in a preadditive category C. The quotient category
C/T is defined as follows:

(a) it has the same objects as C and

(b) Home /7 (A, B) := %{‘;’)& for each A, B € C/Z.
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Let Z be an ideal in a preadditive category C. The quotient category
C/T is defined as follows:

(a) it has the same objects as C and
(b) Home /7 (A, B) := %Eg)m for each A, B € C/Z.
Composition in C/Z:
o For f = f+Z(A, B) € Hom¢,z(A, B) and
e g=g+1Z(B,C) € Hom¢,z(B,C)
we set

goT = gf +I(A,C) € Home,7(A, ).
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Canonical functor

Let Z be an ideal of C, we have the canonical functor 7 : C — C/Z
defined as: J

o 1(A)=AVAeCand
o n(f):=f=f+Z(A B) € Hom¢/z(A,B) Vf € Hom¢(A, B).
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m:C — C/Z induces a functor
7, : Mod(C/Z) — Mod(C)

given as:

o 7,.(G):=Gom for G € Mod(C/Z).

C—">0/T

N

Ab
o m.(n) :=mnom for n: Homyoa(c/z)(G, H).
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T

Mod(C/T) _— Ann(T) Mod(C)

Figura: w4 is full and faithful
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T
Mod(A/I) _— {MeMod(A)[IM=0}  Mod(A)

Figura:
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Definition

We define the functor £®¢ : Mod(C) — Mod(C/Z) as follows: for
M € Mod(C) we set ($ @c M) (C) := 4G} ®c M for all C € C/T
and (£ ®@c M) (f) = $(—, f) ®c M for all

f=f+Z(C,C") € Home,z(C,C").
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Definition

We define the functor £®¢ : Mod(C) — Mod(C/Z) as follows: for

M € Mod(C) we set ($ @c M) (C) := 4G} ®c M for all C € C/T

and (£ ®c M) (f) = £(—, f) ®c M for all
f=f+Z(C,C") € Home,7(C,C").

Definition

We define the functor C(£, —) : Mod (C) — Mod (C/Z) as follows: for
M € Mod(C) we set C(<, M)(C) =C (Igg gM) for all C' € C/T and

C(&, M)(f) =C(&(f,—), M) for all
f=f+Z(C,C") € Home,7(C, C").
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Proposition

Let Z be an ideal in C and 7 : C'— C/Z the canonical functor. Then we
have the following diagram

*

-~
. Mod(C)

-
!
™

Mod(C/T)

where (7*,,) and (., ") are adjoint pairs, 7' = Hom(£, —) and

= %@c-
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Definition

Consider the functor C(%, —) : Mod(C) — Mod(C/Z). We denote by
EXT%(C/Z,—) : Mod(C) — Mod(C/Z) the i-th right derived functor of
C(%’ _)-

Homological theory of k-idempotent ideal in dualizing varieties
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Consider the functor C(%, —) : Mod(C) — Mod(C/Z). We denote by
EXT%(C/Z,—) : Mod(C) — Mod(C/Z) the i-th right derived functor of
C(%’ _)-

.

Definition
Consider the functor £®¢ : Mod(C) — Mod(C/Z). We denote by

TORS (C/Z, —) : Mod(C) — Mod(C/Z) the i-th left derived functor of
c

ZQ®c.

z

.
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Property A

Definition

Let C be a preadditive category. We say that an ideal Z satisfies the
property (A) if for every C € C there exists epimorphisms

Home (X, —) — Z(C,—) — 0

Home(—,Y) — Z(—,C) — 0.
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Property A

Definition

Let C be a preadditive category. We say that an ideal Z satisfies the
property (A) if for every C € C there exists epimorphisms

Home (X, —) — Z(C,—) — 0

Home(—,Y) — Z(—,C) — 0.

Proposition

Let C be an additive category and X an additive full subcategory of C.
Let Z = Zx be the ideal of morphisms in C which factor through some
object in X. Then T satisfies property A if and only if X' is functorially
finite in C.
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Proposition

Let C be a dualizing R-variety and Z an ideal which satisfies property A.
Let 7 : C —> C/Z be the canonical functor, then we can restrict to the
finitely presented modules

P
asi|

S S
mod(C/Z) —(x1)»— mod(C)

-
!
7!
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Proposition

Let C be a preadditive category and Z an ideal in C. The following are
equivalent.

(a) Z is an idempotent ideal.
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Proposition

Let C be a preadditive category and Z an ideal in C. The following are
equivalent.

(a) Z is an idempotent ideal.
(b) There exists an isomorphism for all F, F’ € Mod(C/Z)

Chr. () * Extitod(e/ny (B F') — Extigoaqe) (1 (F), ma (F)).
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Proposition

Let F,G € Mod(C). Then for each ¢ > 0, there exists canonical
morphisms of abelian groups

0 o : Extigoace/m) (Fr G) — Extigoqe) (M (F), m(G)).
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Let C be a preadditive category and Z an ideal in C.
(a) We say that Z is k-idempotent if

Gmo () * Extioaieyn (Fr F') — Extiyoqicy (M (F), ma(F))
is an isomorphism for all F, F’ € Mod(C/Z) and for all 0 < i < k.
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Let C be a preadditive category and Z an ideal in C.
(a) We say that Z is k-idempotent if

Gmo () * Extioaieyn (Fr F') — Extiyoqicy (M (F), ma(F))

is an isomorphism for all F, F’ € Mod(C/Z) and for all 0 < i < k.
(b) We say that Z is strongly idempotent if

Gm(rr) * Extioaie/n (Fr F') — Extiyoqicy (M (F), ma(F))

is an isomorphism for all F, F’ € Mod(C/Z) and for all 0 < i < oco.
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Proposition

Let C be a dualizing R-variety, Z an ideal which satisfies property A and
1 < i < k. The following are equivalent.

(a) Z es k-idempotent.
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Proposition

Let C be a dualizing R-variety, Z an ideal which satisfies property A and
1 < i < k. The following are equivalent.

(a) Z es k-idempotent.

(b) @l r(rry Extloac/ny (Fy F') — Bxtloqc) (ma(F), mu(F')) is an
isomorphism for all F, F’ € mod(C/Z) and for all 0 < i < k.
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Proposition

Let C be a dualizing R-variety, Z an ideal which satisfies property A and
1 < i < k. The following are equivalent.

(a) Z es k-idempotent.

(b) ©%r. (rry  Extinoa(e/ry (B, F') — Extipoq(c) (M (F), ma (F')) is an
isomorphism for all F, F/ € mod(C/Z) and for all 0 < i < k.

(c) EXTE(C/Z, F' o) =0 for 1 < i <k and for F’ € mod(C/Z).
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Proposition

Let C be a dualizing R-variety, Z an ideal which satisfies property A and
1 < i < k. The following are equivalent.

(a) Z es k-idempotent.

(b) @,y Extinoace/ny(Fs F') — Extinoq(c) (s (F), me (F')) is an
isomorphism for all F, F/ € mod(C/Z) and for all 0 < i < k.

(c) EXTE(C/Z, F' o) =0 for 1 < i <k and for F’ € mod(C/Z).

(d) EXT.(C/Z,J om) =0 for 1 < i <k and for each J € mod(C/Z)
which is injective.
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Mod(C/T) Ann(7)

oF oF x oFom gF'om
*

N Mod(C)

Exté(F, F') ~ Ext{(Fom Flor), VO<i<k

Figura: Definition of k-idempotent
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*

N Mod(C)
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Mod(C/Z) Ann(Z)

F’ . F'lom
N Mod(C)

Ann(Z) C Ker(EXT,(C/Z,—)), V1 <i<k
c

Figura: Equivalent condition of k-idempotent
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Let A be an artin algebra and P a finitely generated projective A-médule.
In this case we consider the trace ideal

I=Trp(A):= > Im(f)CA

feHom(P,A)

It is well known that I is two sided ideal of A and I% = I.
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Definition

Let F = {F;}icr be a family in Mod(C). For each N € Mod(C) de
define a C-submodule of N, denoted by Trz (V) as follows:

for X € C we define

Ter(N)(X) = 3 Im(fx).

{f€Hom(F,N) | FeF}

In the case F = {F'} is just one object, we will write TrpN.
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Definition
Let C be a preadditive category and F = {F;};c; a family of objects in

Mod(C).

For each C € C consider the C-submodule Trz(Hom¢(C, —)) of
Home (C, —).

We define the subfunctor Trx=C of Home¢(—, —) : C°? x C — Ab as
follows:

(TrzC)(C,C") := Trz(Home (C, —))(C")

for all C,C’" € C. This ideal will be called trace ideal. In the case that
F = {P} with P a projective C-module, we will write TrpC.
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Let C be a preadditive category and let P be a projective C-module. Then
T := TrpC defines an idempotent ideal of C (i.e Z? = Z). J
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Let C be a preadditive category and let P be a projective C-module. Then
T := TrpC defines an idempotent ideal of C (i.e Z? = Z). J

Let C be a dualizing R-variety, P = Hom¢(C, —) a finitely generated
projective C-module and Z = TrpC. Then Z satisfies property A. J
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Let C be a dualizing R-variety, P = Hom¢(C, —) € mod(C) and
Z = TrpC. Then we can restrict the diagram of a previous result to the
finitely presented modules

mod(C/Z) —(m1)»——> mod(C)

!
w3
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Definition

Let C be a dualizing R-variety and P € mod(C) be a projective module.
For each 0 < k < oo we define Py, to be the full subcategory of mod(C)
consisting of the C-modules X having a projective resolution

B P Py X 0

with P; € add(P) for 0 < i < k.
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Proposition

Let C be a dualizing R-variety, P = Hom¢(C, —) € mod(C) and
Z =TrpC. For 1 < k < oo and X € mod(C), the following are

equivalent.
(a) X € Pg.

Homological theory of k-idempotent ideal in dualizing varieties
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Proposition

Let C be a dualizing R-variety, P = Hom¢(C, —) € mod(C) and

Z =TrpC. For 1 < k < oo and X € mod(C), the following are
equivalent.

(a) X € Pg.

(b) Extﬁnod(c)(X, (m1)«(Y)) =0forall Y € mod(C/Z) and i =0,...,k.
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Proposition

Let C be a dualizing R-variety, P = Hom¢(C, —) € mod(C) and
Z =TrpC. For 1 < k < oo and X € mod(C), the following are

equivalent.
(a) X € Pg.

(b) Extfnod(c)(X, (m1)«(Y)) =0forall Y € mod(C/Z) and i =0,..., k.
(c) Extfnod(c)(X, (m1)«(J)) = 0 for all J € mod(C/Z) injective and
i=0,...k.
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We recall that given an abelian category A and B a subcategory of A we
define the perpendicular category

tiB={Ac A|Exty4(A,B)=0, VB€B, V0 <i<k}
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mod(C/Z)

Z:=Ann(Z)Nmod(C)

Pr=LiZ

mod(C)

Figura: P = +¢Z with Z = TrpC.
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We also have the dual notion of P.

Definition

Let C be a dualizing R-variety, P € mod(C) a projective module and

J = Ig(%) € mod(C) the injective envelope of %. For each

0 < k < oo we define I to be the full subcategory of mod(C) consisting
of the C-modules Y having an injective coresolution

0 Y Jo J1 ... with J; € add(J) for 0 <i <k.
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Proposition

Let P = Hom¢(C, —) € mod(C) be a projective module, Z = TrpC and
1 <k < o0. Let w1 : C — C/Z the canonical projection. The following
conditions are equivalent for Y € mod(C).

(a) Y € 1.
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Proposition

Let P = Hom¢(C, —) € mod(C) be a projective module, Z = TrpC and
1 <k < o0. Let w1 : C — C/Z the canonical projection. The following
conditions are equivalent for Y € mod(C).

(a) Y € 1.
(b) Extfnod(c)((ﬂ'l)*(X),Y) =0 for all X € mod(C/Z) and
i=0,... k.
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Proposition

Let P = Hom¢(C, —) € mod(C) be a projective module, Z = TrpC and
1 <k < o0. Let w1 : C — C/Z the canonical projection. The following
conditions are equivalent for Y € mod(C).

(a) Y € 1.

(b) Extfnod(c)((ﬂ'l)*(X),Y) =0 for all X € mod(C/Z) and
i=0,....k.

(c) Extfnod(c)((m)*(Q), Y) =0 for all @ € mod(C/Z) projective and
i=0,....k.
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We recall that given an abelian category A and B a subcategory of A we
define the perpendicular category

B ={Ac A|Exty(B,A) =0, VBB, V0 <i<k}
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mod(C/Z)

advisor

Z:=Ann(Z)Nmod(C)

Pr=LiZ

mod(C)

Iy=Z4i

Figura: Py = LiZand I = 2+
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Definition

Let A, B and C be abelian categories. Then the diagram

i* Ji

B

to=i—> A ——j'=j*—=C

it Jx
is called a recollement, if the additive functors i*,4, = iy,i', ji, j' = j*
and j, satisfy the following conditions:
(R1) (#*,i. = 41,4') and (ji,4' = j*, j.) are adjoint triples, i.e. (i
(i1,3') (j1,4') and (j*,j«) are adjoint pairs;
(R2) j*ix =0;
(R3) iy, j1, j« are full embedding functors.

*

72.*)'
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J

Figura: Recollement
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Proposition

Let A an artin algebra and P € mod(A) a finitely generated projective.
Consider the trace ideal Trp(A) = I. Then, there exist a recollement
AN/TRp— P®Rp_
mod(A/T) T mod(A)
Homy (A/I,—) Hompy (P™,—)

Homp (P,—)——> HlOd(RP)

where Rp = End(P)° and P* = Homp (P, A).
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Proposition

Let C be a dualizing R-variety, P = Hom¢(C, —) € mod(C),
B = add(C) and Rp = Endyoq(cy(P)°P. Then, there exist a recollement

C/Zg@c— P®RP—
mod(C/Zg) T mod(C) —Hommeace) (P, —)— mod(Rp)
C(C/Zp,—) Hompg, (P*,—)

where Zp is the ideal of morphisms in C which factor through objects in
B. Moreover, we have that Zg = TrpC.
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C/Ip®c¢

T Homyod(c) (P~
mod(C/Zs) _— mod(C) _— mod(Rp)
C(C/Tp, > omp, (P*,—)

module category over a ring

Figura: The recollement of finitely presented functors.
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Let C be a dualizing R-variety and P = Hom¢(C, —) € mod(C). The
map

%yt Extloqe) (X, Y) — Ext}, (Hommod(c)(P, X), Homymoace) (P, Y )

is an isomorphism for all n > 0, provided one of the three following
conditions holds:

(a) XEIPZ',YEHJ‘ andnSi—i—j,
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Proposition

Let C be a dualizing R-variety and P = Hom¢(C, —) € mod(C). The
map

%yt Extloqe) (X, Y) — Ext}, (Hommod(c)(P, X), Homymoace) (P, Y

mod

is an isomorphism for all n > 0, provided one of the three following
conditions holds:

(a) XEIPZ',YEHJ‘ andnSi—i—j,
(b) X €mod(C) and Y € I,,44,
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Proposition

Let C be a dualizing R-variety and P = Hom¢(C, —) € mod(C). The
map

%yt Extloqe) (X, Y) — Ext}, (Hommod(c)(P, X), Homymoace) (P, Y

mod

is an isomorphism for all n > 0, provided one of the three following
conditions holds:

(a) X e P;, YGHJ andnSi—i—j,
(b) X €mod(C) and Y € I,,44,
(c) X € Pptq and Y € mod(C).
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Let C be a dualizing R-variety and P = Hom¢(C, —) € mod(C). The
following conditions hold.

(a) If X € Po, then pd(X) = pdp, ((P,X)).
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Let C be a dualizing R-variety and P = Hom¢(C, —) € mod(C). The
following conditions hold.

(a) If X € Po, then pd(X) = pdp, ((P,X)).

(b) If X € Le then id(X) = idp, ((P,X)).
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Relation with quasi-hereditary algebras

Proposition

Let C be a dualizing R-variety with cokernels and consider

P = Hom¢(C, —) € mod(C). If Py =P, or I; = I, then
gl.dim(Rp) < 2. In particular, Rp is a quasi-hereditary algebra.

Homological theory of k-idempotent ideal in dualizing varieties

Luis Gabriel Rodriguez Valdés advisor: Valente Santiago Vargas



Proposition

Let C be a dualizing R-variety, P = Hom¢(C, —) € mod(C) and
Z = TrpC. Consider the functor 7, : mod(C/Z) — mod(C). If Z(C’, —)
is projective for all C” € C, we have a full embedding

D’(x,) : D’(mod(C/Z)) — Db(mod(C))

between its bounded derived categories.
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