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We consider a continuous path of bounded symmetric Fredholm bilinear forms with arbitrary endpoints on
a real Hilbert space, and we prove a formula that gives the spectral flow of the path in terms of the spectral
flow of the restriction to a finite codimensional closed subspace. We also discuss the case of restrictions to
a continuous path of finite codimensional closed subspaces. As an application of the formula, we introduce
the notion of spectral flow for a periodic semi-Riemannian geodesic, and we compute its value in terms of the
Maslov index.
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2 P. Benevieri and P. Piccione: On a formula for the spectral flow

1 Introduction

The notion ofspectral flowplays a central role in several areas of Calculus of Variations, including Morse theory
and bifurcation theory; this is a fixed endpoint homotopy invariant integer associated to continuous paths of
Fredholm symmetric bilinear forms on Hilbert spaces. In the modern formulations of Morse theory, it is now well
understood that this notion is the natural substitute for the notion of Morse index for critical points of strongly
indefinite variational problems. For instance, under suitable assumptions, the dimension of the intersection of
stable and unstable manifolds of critical points of a smooth functigrddfined on a Hilbert manifold is given

by the spectral flow of the Hessian @falong the flow lines oV f joining the two critical points (se¢[[4]). In
bifurcation theory, jumps of the spectral flow detect bifurcation from some given branch of critical points of
a smooth curve of strongly indefinite smooth functionals (5eé [16]). Starting from the celebrated work of T.
Yoshida [2%], a series of results have been proven in the literature relating the spectral flow of a path of Dirac
operators on partitioned manifolds to the geometry of the Cauchy data spaces |(5e€ [8,9, 10, 11,/12/13, 14, 22]);
low dimensional topological invariants can be computed in terms of spectral flow (see|[14, 25]).

A natural question in the above problems is to compute the spectral floastfctionsto a given closed
subspace, or more generally to a continuous path of closed subspaces, of a continuous path of Fredholm bilin-
ear forms. In Calculus of Variations, restriction of the Hessian of smooth functionals corresponds to studying
constrained variational problems. For instance, the typical Fredholm forms arising from geometrical variational
problems are obtained from self-adjoint differential operators acting on sections of vector bundles over (compact)
manifolds with boundary satisfying suitable boundary conditions. A formula for the spectral flow of restrictions
in this case would allow to reduce the study of a general boundary condition to the usually easier case of Dirichlet
conditions.

The aim of this paper is to prove formulas (Theofenj 4.4 and Propogitioh 4.14) relating the spectral flow of
a continuous path of Fredholm symmetric bilinear forms to the spectral flow of their restriction to a continuous
path of finite codimensional closed subspaces, which is still Fredholm (L¢mina 2.8).

Let us recall that the spectral flow of a path of symmetric bilinear forms is given by an algebraic count of
eigenvalues passing throu@im the spectrum of the path of self-adjoint operators that represent the bilinear forms
relatively to some choice of inner products. However, a spectral theoretical approach to the restriction problem
would not be successful, due to the fact that restrictions of bilinear forms correspond to left multiplication by a
projection, and this operation in general perturbs the spectrum of a self-adjoint operator in a quite complicated
way. In order to prove the desired result, we will use a different characterization of the spectral flow, which is
given in terms of relative dimension of Fredholm pairs in the Grassmannian of all closed subspaces of a Hilbert
space. The spectral flow of a path of Fredholm self-adjoint operators of the form symmetry plus compact is
given by the relative dimension of the negative spectral subspaces at the endpoints. One proves that a finite
codimensional reduction does not destroy the symmetry plus compact form of a Fredholm operator[(Lémma 4.2);
moreover, the relative dimension of the negative eigenspaces behaves well with respect to compact perturbations
(Propositiorj 3.18).

As pointed out to the authors by one of the referees, it should be emphasized that one of the central results
of the present paper, formulg (#.2), was obtained before, though in a different formulation, by Chafeng Zhu
see|[26, Equation (44)], by a different proof, using results from Booss and Wojcechbwski [12, Formula 15.20] or
Dai and Zhang [15].

The case of restrictions to a varying family of closed finite codimensional subspaces (Progositjon 4.14) is
reduced to the case of a fixed subspace by means of a special class of trivialization of the family. We observe that
one does not lose generality in considering only the case of paths of the form symmetry plus compact. Namely,
let us recall that the spectral flow is invariant by the cogredient action of the general linear group of the Hilbert
space on the space of self-adjoint Fredholm operators, and that all the orbits of this action meet the affine space
of compact perturbations of a fixed symmetry. By an elementary principal fiber bundle argument, every path of
classC*, k = 0,..., 0c0,w, in the space of self-adjoint Fredholm operators is cogredienttb jpath of compact
perturbations of a symmetry.

The paper is finalized with the discussion of an application of our reduction formula in the context of semi-
Riemannian geometry (Sectiph 5). We will consider an orientation preserving periodic gepdesicsemi-
Riemannian manifold)/, g), and we will define itspectral flow as a suitable generalization of the Morse index
of the geodesic action functional, defined on the free loop spaté, att the critical pointy. Observe that, unless
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the metric tensoy is positive definite, the standard Morse index of every nontrivial closed geodesic is infinite.
Unlike the fixed endpoint case, in the periodic case the definition of spectral flow depends heavily on the choice
of a periodic frame along the geodesic. Two distinct choices of a periodic frame along a given closed geodesic
produce two paths of self-adjoint Fredholm operators that are in general neither fixed endpoint homotopic nor
cogredient. Recall in analogy that periodic solutions of Hamiltonian systems on general symplectic manifolds
donot have a well defined Conley—Zehnder index (i.e., independent of the choice of a periodic symplectic frame
along the solution), unless one poses strong restrictions on the topology of the underlying manifold.

An application of Theoreihn 4.4 gives us a formula for the spectral flow of a periodic geodesic (Tliedrem 5.6),
given in terms of theMaslov indexand the so-called¢oncavity indexof the geodesic, plus a certain degen-
eracy term. The Maslov index is a symplectic invariant which is associated to the underlying fixed endpoint
geodesic, while the concavity index is an integer invariant of periodic solutions of Hamiltonian systems, which
was introduced by M. Morse in the context of Riemannian closed geodesics. A first, and somewhat surprising,
consequence of the formula, is that the spectral flow is well defined regardless of the choice of a periodic frame.
This fact is probably more interestirig sethan the formula itself. Further developments of the theory are to
be expected in the realm of Morse theory for semi-Riemannian periodic geodesics, which at the present stage is
a largely unexplored field (seg|[7] for the stationary Lorentzian case/ or [5] for the fixed endpoints Lorentzian
case). A natural conjecture would be that, under suitable nondegeneracy assumptions, the difference of spectral
flows at two distinct geodesics is equal to the dimension of the intersection between the stable and the unstable
manifolds of the gradient flow at the two critical points in the free loop space.

An effort has been made in order to make the paper essentially self-contained. In Bection 2 we recall a few
preliminary basic facts on Fredholm operators and bilinear forms; the central result is Proosition 2.14, that gives
an upper bound for the dimension of an isotropic subspace. Ségtion 3 contains most of the basic facts in the
theory of Fredholm pairs and commensurable pairs of closed subspaces and relative dimension, with complete
proofs. The main result (Propositipn 3}18) is a formula giving the relative dimension of the negative eigenspaces
of a self-adjoint Fredholm operator and its restriction to any closed finite codimensional subspace of a Hilbert
space. Sectiofi|4 contains material on the spectral flow, dealing mostly with the case of paths of Fredholm
operators that are compact perturbations of a fixed symmetry. Th¢orem 4.4 gives a formula for the computation
of the spectral flow of a path of Fredholm symmetric bilinear forms (with arbitrary endpoints) in terms of the
spectral flow of its restriction to a finite codimensional closed subspaces, and some boundary terms. Observe
that both the path and/or its restriction is allowed to admit degeneracies at the endpoints. In Prdposjtion 4.14
we show how the same result can be employed to study the case of restrictions to a continuous path of closed
finite codimensional subspaces. A discussion of the notion of continuity, or smoothness, for a path of closed
subspaces of a Hilbert space is presented in subsgctipn 4.3. Smoothness for a path is defined in terms of the
smoothness of local trivializations for the path (Definifior] 4.5); we show that this is equivalent to the smoothness
of the corresponding path of orthogonal projections in the Banach algebra of all bounded operators on the Hilbert
spaces (Propositign 4.9). This characterization of continuity yields several interesting facts. First, as it is shown
in Appendi A, one can findlobaltrivializations, second, the trivialization can be chosen by a path of isometries
of the Hilbert space. Such trivialization will be called an orthogonal trivialization; orthogonal trivializations are
special cases of the so-calleglitting trivializations, that are employed in the definition of spectral flow in the
case of restriction to varying domains. Secfipn 5 contains the geometrical application of the theory.

2 Preliminaries. Fredholm bilinear forms.

In this section we will recall some basic facts about the geometry of closed subspaces of a Hilbert space, and,
in addition, some properties of bounded symmetric bilinear forms on Hilbert spaces. Basic references for this
part are([19, Chapter 2], [L2, Section 2], [22, Section 1] and [2, Chapted}, Virtually, most of the material
discussed is well known to specialists; the authors’ intention is merely to fix notations and to state the results in
a way which is best suited for the purposes of the paper.

Throughout this paper we will denote By a real separable Hilbert space, endowed with inner produgt
by || - || we will indicate the relative norm. Many of the results presented herenetlindeed depend on the
choice of a specific Hilbert space inner product. Complex extensions of the theory are also very likely to exist,
but we will not be concerned with the complex case here.
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4 P. Benevieri and P. Piccione: On a formula for the spectral flow

Given a closed subspateof H, P, will stand for the orthogonal projection ontg andV- will denote the
orthogonal complement of in 7. Depending on the context we will use the same synifofor the projection
with target spacét or V. Given two closed subspacksandW of H, P} will represent the restriction tgV of
Py; an immediate calculation shows that the adjoinf}f is PY,.

Let us warm up by singling out a few basic facts concerning closed subspaces, orthogonal projections and
compact operators, that will be used explicitly or implicitly in our proofs.

Lemma 2.1 LetV andW be closed subspacesf the following statements hold true:

Ker (Py + Py) =V n W+, andIm (Py + Py) = (Ker (P, + PW))l =V+W,;
. if codim(V + W) < +o0, thenV + Wis closed;
. if K : H — H is a compact linear operator, theid + K)V is closed;

1.

2

3

4. if ¥ > W+, thencodimV = codimyy (V N W);

5. if codimV < +o0, then any subspace &f containing) is closed;
6

. If dim V < 400, thendim ((V + WH) N W) < +oc.
Proof. To prove (1) observe in first place thdtr (Py + Py) 2 VE N WL If 2 € Ker (Py + Pyy), then
[Pvz)|? = (Pya,z) = —(Pwa,z) = || Pwa|?,

hencel| Pyz|| = || Pwz| = 0, andz € V- N W=, The second equality ift}(1) follows immediately.

Statement[(2) follows from the general fact that, given a bounded linear operator between Banach spaces
T : F — G, having image of finite codimension, thém 7" is closed. This is an easy application of the Open
Mapping Theorem. In the cas®, + W is the image of the bounded operator fraix W to H, given by
(@) =z +y.

The proof of [5) goes as follows. Lét be any subspace 6f containing)’, and consider the quotient map
7 : H — H/V. Since this quotient is finite dimensional, thefi{) is closed, and, sind¢ O V = Ker 7, theni/
is saturated, i.elf = 7~ (7 (U)), which implies that/ is closed.

To prove [6) consideP);, : V — W, which clearly has finite dimensional, hence closed, image. Then

Im Py, = Tm Py, = (Ker (PY)*)" = (Ker PY)* =
Vinw)ytnw=w+whnw.

This concludes the proof. O

Moreover, an application of [19, Ch. 44, Theorem 4.2] yields the following Lemma.

Lemma 2.2 LetV, )V be closed subspaces &f. ThenV + W is closed if and only if the operataP’" :
W — V+ has closed image.

Proof. Forw e W, setw, = Pyryww andw,; = w — w,; the result of[[19, Ch. 4 4, Theorem 4.2] tells us
thatV + W is closed if and only if there exists> 0 such that| P, . w, || > c|lw_ || for all w € W. In turn, this
latter condition is equivalent to the fact th@g. |,y : W — V1 has closed image. O

Remark 2.3 Given closed subspacés W of a Banach space, let us recall Kato’s definition of the constant
(V. W) € [0,1]:
dist(u, W)

V7W == T T i
’7( ) uEl\I)l\W dlSt(u7 yn W)

Itis proven in [19, Ch. 4§ 4, Theorem 4.2] tha¥ + W is closed if and only ify(V, W) > 0. Similarly, if L
is a bounded linear operator between Banach spaces, then the imageadbsed if and only if the constant

[ L]

M= R Gt (e, Ker 1)
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is positive. An immediate calculation shows thatUfV are closed subspaces of a Hilbert sp&tethen
v(V, W) = y(PY.); from this fact it follows immediately a proof of Lemrha 2.2.

Let now B be a continuous bilinear form ok andT : H — H the continuous linear operator uniquely
associated wittB, that is,

B(z,y) = (Tx,y), Va,ycH.
We define
KerB={x e H:B(z,y) =0, Yy € H}.

Itis immediate to see th&fer B = Ker T'. If Ker B = {0}, thenB is said to benondegenerate
If a continuous bilinear fornB is symmetric, thefT” is self-adjoint that is,(Tz, y) = (z, Ty), forall z,y €
H.

Definition 2.4 Given a continuous bilinear form®, the Morse indexof B is the (possibly infinite) integer
number

n_(B) =sup{dimV: Blyxy is negative definitp.
We denote by, (B) the Morse index of- B, also called théorse coindexf B. Of course one has
ny(B) =sup{dimV : Bl|yyy is positive definité.

Definition 2.5 A symmetric continuous bilinear forn on H, associated with a (self-adjoint) Fredholm
operator, is called aymmetric Fredholm formanH.

A self-adjoint Fredholm operator has null index.
Standing assumption. From now onB will denote a symmetric Fredholm form ¢ andT" will be the self-
adjoint Fredholm operatdf associated withB.

By the spectral theory of the self-adjoint Fredholm operators, there exists a unique orthogonal splitting of
induced byB,

H=V~(T)®&V*(T)®KerT, (2.1)

such that’ ~(7') andV*(T') are bothT-invariant, Bly - (1) xv - (1) iS negative definite and|y + (7)< v+(7) is
positive definite.

In addition, sinceV’ ~(T') and V(T are T-invariant and orthogonal, they are aléborthogonal that is,
B(z,y) =0foranyz € V—(T) and anyy € V(7).

With a slight abuse of notation, we will refer i~ (7") and V*(T') respectively as theegativeand the
positive eigenspaces B.

Remark 2.6 Observe that the Morse index of a symmetric Fredholm féfrooincides with the (possibly
infinite) dimension of the negative eigenspace(T).

Given a subspac® of H, we define theB-orthogonal complememdf V as the subspace @i
Vie = {z € H: B(x,y) =0, Yy € V}.
Remark 2.7 Given a closed subspateof H, we have the following properties.
i) Vi is closed an&er T' C V15, the proof is immediate.
ii) If V has finite codimension, théa'# is finite dimensional. Indeed,
V8 ={reH: (Tx,y) =0, Yy eV} ={z € H: (z,Ty) =0, Vy € V}.

That is, V1= is orthogonal taI'(V), which has finite codimension sin@@is Fredholm and’ has finite
codimension. More precisely,

dim V** = codim V + dim (Ker 7' N V).
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6 P. Benevieri and P. Piccione: On a formula for the spectral flow

iii) Similarly, if V has finite dimension, thew-= has finite codimension coinciding wittim V — dim Ker T'|,.
iv) Ingeneral) + V& £ H, even when3 is nondegenerate.
Lemma 2.8 If Vis a closed subspace #f, having finite codimension, then the restrictiBh, ., is Fredholm.

Proof. The kernel ofB|yyy is given byy N V15, which is finite dimensional. I is the Fredholm self-
adjoint operator that represenfs then B|y «y is represented by, o T'|y,, whose image contairiE(V) NV,
which has finite codimension. O

Let V be a closed subspace #f. Denote byf : V — V the operator associated wifB|, y and by
Ty : V12 — VL5 the operator associated Wifh},, 1 ; .1 . Notice thatly = Py, 0 T|y1p.

Lemma 2.9 In the above notation we have the following results.
1. If v nVte = {0}, thenB|y«y is nondegenerate.
2. If Vis finite dimensional or finite codimensional aBd, . is nondegenerate, theif = V @ V5.

3. Ker T andKer T are contained ifKer T5. If in particular H = V + V15 (not necessarily direct sum), then
KerT = Ker T5.

4. If Bis nondegenerate and 4+ V5 = H, thenV N V& = {0}.

5. If V is finite dimensional or finite codimensional, then

ynyte)yte =y yls,

Proof. (1) If x € Ker T, thenTz is orthogonal toV, that is,» € V12, Hencexr = 0 and Blyyy is
nondegenerate.

(2) Letv € VN V+E be given. Asv € V15, itis orthogonal tdl'(V), that is,0 = (T, v) = (v', Tw) for any
v’ € V. This implies thafl"v is orthogonal td/ and sol'v =0 (v belongs tov, hencel'v is well defined). Thus
v = 0 sinceB|yxy is nondegenerate. Notice that the proof tHatV-# = {0} does not require any information
about the dimension df.

Now, if V has finite codimension, théa? has finite dimension. Hence, ¥ is finite dimensional or finite
codimensional, thely + V2 is closed being the sum of two closed subspaceX sfich that one of them has
finite dimension.

To show that’ + V& = H consider an elementof the orthogonal complement df+ V-2 in H. We have
thatv € T'(V) since this latter coincides wittwL2)L. Letz € V be such thal'z = v. As Tz is orthogonal
to V, thenTz = 0 and this implies that = 0 sinceT is injective. Thereforep = 0 and we have finally
H=VoVis,

() If z € Ker T, then(T'z,y) = 0 for eachy € V, thatis,» € V2 andTyx is well defined. Asl'z = 0,
trivially Tox = 0, that is,KerT C KerTy. Givenz € Ker T, in the decompositioit = V @ V- write
Te =Tz + PyuTz = Py.Tu. Hence(T'z,y) = 0 for eachy € V, thatis,z € V-2 andT,z is well defined.
In the decompositiot{ = (V+2)+ @ V-2 denote byQ the orthogonal projection ontd’+#)+. Then,

0= (Tz,y) = (QTx + Tha,y) = (Tox,y), Yy V5.

ThenTyz = 0, thatis,Ker T C Ker Ts.
In the particular case whéit = V+ V15, letz € Ker T be given. Given any € H, let us writez = 21 + 2o,
wherez; € V andz, € V5. We have

(Tx,z) = (Tx,z1) + (Tx, 29).

The product{Tz, z;) vanishes since € V2 andz;, € V, and the term{T'z, z») is zero sincél,z = 0, that is
Tx € (V*+2)L. Hence(Tz, z) = 0 for anyz € H, that meang'z = 0.
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(4) Letz € V N V1 be given. Given any € H, write z = z; + 2o, wherez; € V andz, € V2. Then
(Tx,z) = (Tx,z1) + (Tx,22) = 0.

In fact, (T'z, z;) = 0 sincex € V& andz; € V, while (T'z, z5) = 0 sincex € V andz, € V*5. Hence
(Tz, z) = 0 for anyz € H and this implies that = 0 sinceB is nondegenerate.

(5) It is a consequence of the following properties shown (in a more general setting) giv& two closed
subspaces$; and S, of H, then

) (914 9y)LE =877 NSye,
i)y (S77)tr =8, +KerT.
First of all one can show that
vnvte)ts — (V+KerT)nyte)ts

(even if Y N V12 could be strictly contained i) + Ker 7)) N V12, this is the case wheW does not contain
Ker 7). Indeed, fix an element € (V N V+#)+z and letw € (V + Ker T) N V1= be given. One can write
w = v + k, wherev € V andk € Ker T'. SinceKer T C V12, thenk belongs toV+2, asw, and thusy € V5
as well. Thatisp € VN V+2 and this implies

(Tz,w) = (Tx,v) + (Tz, k) =0,

since (T'z,v) and (T'z, k) both vanish. Thereforey € ((V + KerT) N V+&)+z thatis, (V N V+ie)te C
(V+KerT)nyts)te,

The inclusion((V + Ker T) N V+e)+e C (VN VY+Le)Ls follows immediately from the inclusiow N V12 C
(V+KerT)NV+e,

Let us now conclude the proof of the statement (5). By the previous item ii) welhavKer T = (V+2)15,
Hence, by i),(V + Ker T) N V& = (V1z 4 V)Ls, Byii), (Ve + V)te)ts = yis 4 V) recalling that
KerT C V15,

Summarizing the arguments,

vnvite)ts — (V+KerT)nyte)tes = pls 1y
and the proof is complete. O

Remark 2.10 If V 4 V2 is strictly contained iri{, Ker T does not necessarily coincides witer 75 and
V N V+& is not necessarily empty. Examples, even in finite dimension, could be easily provided and left to the
reader.

Definition 2.11 A subspaceZ of H is said to basotropicfor B if B(z,z) = 0foranyz € Z.

Any subspace oKer 7' is clearly isotropic, but one can easily find examples of symmetric Fredholm forms
having isotropic subspaces not contained in the kernel of the associated operator.

Lemma 2.12 Suppose thaBB admits an isotropic subspacg& which is not contained ifKer 7. ThenB is
indefinite, that is, there exist, y € H such thatT'z, z) > 0 and(Ty,y) < 0.

Proof. Letv € H such thatTv,v) = 0 andw := Tv # 0. For anya € R we have

(T(aw + w), ow + w) = 2a||w||* + (Tw, w).

. . . Tw,
The claim follows choosing = a;v + w andy = asv + w, with any a; > —|<2|w||u;>| and anya, <
w
T
_lizw.w) -
2fw]|
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8 P. Benevieri and P. Piccione: On a formula for the spectral flow

Corollary 2.13 If B is positive (resp. negative) semidefinite, thiike, 11 x (ker )+ iS pOSitive (resp. neg-
ative) definite.

Lemmg 2.1P above allows us to prove the next result connecting the Morse indearud a given isotropic
spacez.

Proposition 2.14 If Z is an isotropic subspace @{, then
dimZ <n_(B)+dim(ZNnKerT) and dimZ <n;(B)+dim(ZnKerT).

Proof. Let us prove just the first inequality, the proof of the second one is analogou.islinfinite di-
mensional (this is the case when, for instance, it is not closed), one hHd@%) = +oo and this could be easily
verified using the proof of the above Lemma 2.12. In this case the ineqdatitf < n_(B)+dim(ZNKerT)
immediately follows.

Suppose now thatim Z < +oo. If Z is contained irKer T, the result trivially holds. If£ is not contained
in Ker T, then B is indefinite andn_(B) is strictly positive (or+o00). Call V the orthogonal complement of
ZNKerT in Z and recall the spectral decompositipn [2.116finduced byB, H =V (T) &V (T) & Ker T.

Givenz € V, if Py-(1yz =0, thenz € V*(T) and thus

(Tz,z) > 0.

On the other handl'z, z) = 0 asz belongs taZ. Thenz = 0 and P/ is injective. Consequently

— ()
dim Z —dim(ZNKerT) =dimV = dim(Im PY_ ) <n_(B)

VT(T)

and the proposition is proven. O

3 Fredholm and commensurable pairs of closed subspaces

3.1 Relative dimension and Fredholm pairs

The following notion of Fredholm pair of closed subspaceg{dfias been introduced by Kato (s€e|[19]). See
also [6] for the notion of index of a pair of orthogonal projections.

Definition 3.1 Given two closed subspac&sand W of H, we will say that(V, V) is a Fredholm pairif
dim(V N W) < 400 andcodim(V + W) < +oo. We will denote byFP(H) the set of all Fredholm pairs of
closed subspaces #; for (V, W) € FP(H) we set

ind(V, W) = dim(V N W) — codim(V + W).
We observe that, by paff](2) of Lemfna]2.10¥, W) € FP(H) thenV + W is closed, and so
ind(V, W) = dim(V N W) — dim ((V + W)*) = dim(V N W) — dim(V+ n W+).

Establishing if a given pair of closed subspaces is a Fredholm pair is not always easy; usually, the nontrivial
part of the proof is to show that the sum of the spaces is closed. Once this is done, the finite codimensionality is
obtained using orthogonality arguments. For this reason, it will be essential to determine criteria for establishing
the Fredholmness of pairs; most of such criteria are given in terms of orthogonal projections.

Proposition 3.2 Given two closed subspacgand WV of H, (V, W) € FP(H) ifand only ifP% : W — V+
is a Fredholm operator. In this casid(V, W) equals the Fredholm index &T)", .

Proof. Infirst place,
Ker P =VnW. (3.1)
If (V,W) e FP(H), thenV + W is closed, and, by Lemn@.ﬂ’\ﬁ has closed image. Moreover,
Im Py =T P}Y = (Ker (P}1)")" = (Ker Py )*
=WEawhHEnavt=vrwnvt =y +w)nvt, (3.2
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(see also the proof of paff|(6) in Lemina]2.1). By palt (4) of Lerhmp 2.1,
codimy . (V +W) N VL) = codim(V + W) < +oo, (3.3)

henceP)". is Fredholm. Conversely, iP}; is Fredholm, then, by Lemnja 2.2,+ WV is closed; moreover, the
adjoint(P», )* = Py" is also Fredholm, and thus

codim(V + W) = dim ((V + W)*) = dim(V* n W) = dim(Ker P}, ) < +oc.
The last statement in the thesis follows readily from](3[1)](3.2) (3.3). O

Corollary 3.3 If (V,W) € FP(H), thenOV, V) and(V+, W) are in FP(H), andind(V, W) = ind(W, V) =
—ind(V+, Wh).

Proof. The facttha{W, V) € FP(H) follows directly from the definition of Fredholm pairs, as well as the
equalityind(V, W) = ind(W, V). Moreover, since the adjoint d?%; is P,", it follows from Propositior 3]2
that(V+, W) € FP(H), and thatnd(V-, W) = ind(PY") = —ind(P}Y) = —ind(V, W). O

Here is yet another characterization of Fredholm pairs.
Corollary 3.4 (V,W) € FP(H) if and only if the differencé, — Py, : H — H is Fredholm.

Proof. Consider the operators

T:H—Wawt, T(z) = (Pywa, Pyrx),
Ih:We WL - Vl @V7 TQ('UJ,’IUL) = (PVL’IU,—PVUIL),
T3: VeV —H, T5(v,v1) =v+wv,.

Clearly,f andT; are isomorphisms, and the compositiBye 75 o T : H — H is Fredholm if and only i,
is Fredholm. We have

Ts(To(Tz)) = Ts(To(Pwz, Pyiz)) = Pyi (Pwz) — Py(Ppy.z2)
= Py (Pwz) + Py(Pwz) — Pp(Pwz) — Py(Py.z) = Pz — Ppz.

Now, 7> = P} & (—Py"), and this is Fredholm if and only if botR". andP)¥" are; the conclusion follows
now from Propositiof 3]2 and Corollgry B.3. O

As to thesumof orthogonal projections onto Fredholm pairs, we have the following result.

Lemma 3.5 Let V, W be closed subspaces #&f such thaty N W = {0} and such that’ + W is closed.
Then, the image aPy + Py, : H — HisV + W. In particular, if V + W = H, thenPy, + Py, is surjective.

Proof. ObviouslyIm(Py + Py) C V+W. SinceV+W is closed and®, Py 1w = Py, PPy = Py,
we can replacé{ by V + W and assume that + W = 'H.
SinceV N W = {0}, then there exists a (unique) linear operatorV+ — V whose graph

Graph(A) = {z+ Az:z ¢ VJ‘} CH
isSW. ThenH =V + Graph(A4).
Clearly, A is bounded because its graph is closed (Closed Graph Theorem). It is easy to show that the graph of

the negative adjoint map A* : V — V1 is equal toV+; namely, ify € W, theny = = + Az for somez € V.
Now, if x € V, we have

(x — A*x,y) = (x — A%z, 2+ Az) = —(A%x, 2) + (x, Az) =0,

Copyright line will be provided by the publisher



10 P. Benevieri and P. Piccione: On a formula for the spectral flow

i.e., Graph(—A4*) € W+. On the other hand, choogec W+ and writet = ty + t,,., wherety, € V and
ty1 € V1. SinceW = Graph(A), we have:

(t,z+ Az) =0, Vze Vi,

0= <tV +iyi,z+ AZ> = <tV7AZ> + <tVi7Z> = <A*tV + tvLaZ>

for all z € V*, which impliesA*ty, + ty,. € V. But A*ty + ty,. € V1, henceA*ty + ty,. = 0, and
tyr = —A*ty, t =ty — A%ty € Graph(—A*), that isGraph(—A*) 2 W+. That is,Graph(—A*) = W+,

Let us now determine the image 8%, + Pyy; letr € H be fixed, we search € H with Pys + Pys = r.
Write r = z + Az + t, with z € V* andt € V, and set

s=(z+ Az)+ (c— A%¢),

wherec = t — Az € V. Observe that + Az € W andc — A*c € W+, i.e., Pys = z + Az. Writing
s=(Az+c)+ (2 — A*c), we havedz + ¢ € V andz — A*c € V1. HencePys = Az + ¢ = t. In conclusion,
Pys+ Pys = z+ Az 4+t = r and the proof is concluded. O

As to the image of?, + Py for a general Fredholm pafy’, W), we have the following lemma.
Lemma 3.6 Given a Fredholm paifV, W), the image of?, + Py, has finite codimension K.

Proof. By Propositio,P\fVL W — Vit andPy, :V — W+ are Fredholm, and thus their adjoints
Py oV WandPY : Wt — v are Fredholm. It follows thaty’ = Py, (V1) has finite codimension in
W, and that’ = P,,(W) has finite codimension in. But (P, + Py)(WL +V4) = Pp(WL) + Py (V1) =
V' + W', hence the image dfy, + Py has finite codimension iw + W. SinceV + W has finite codimension
in H, it follows that P, + Py has image of finite codimension #. O

We can now extend the result of Lemfna]3.5 to pairs of closed subspamed)V whose intersection is not
zero.

Proposition 3.7 LetV, W C H be closed subspaces withm(V N W) < +oo. Then,Py, + Py is Fredholm
if and only if (V, W) is a Fredholm pair.

Proof. If P, + Py is Fredholm, thew 4+ W is a closed and finite codimensional subspace{dfecause
it contains the image aP,, + Pyy. Conversely, if(V, W) is a Fredholm pair, by parf}(1) of Lemr@.l one has
Ker (Py + Pyy) = VWt = (V+ W)+, hencedim (Ker (Py + Pyy)) < +o0. By Lemmd 3.5, the image of
Py, + Py, has finite codimension if, which concludes the proof. O

Set:

E(H) = {(V,W) cvWh) e ]—'P(H)}.

It follows immediately from Propositi.2 th&y, W) € £(H) if and only if P” is Fredholm.
Corollary 3.8 £('H) is an equivalence relation in the set of all closed subspacés.df (V, W), (W, Z) €
E(H), thenind(V, Z+) = ind(V, W) + ind(W, Z1).

Proof. The reflexivity and the symmetry &(H) follow easily from Corollar. The transitivity and
equality on the index will follow by proving thanj is a compact (in fact, a finite rank) perturbation of the

compositionP\jVj o vaj, using the fact that the Fredholm index of operators is stable by compact perturbations,
and additive by composition. Consider the differefige — Py, Pyy,» = Py Pyy; we have

Ker (Py. Py) =Py (V) =V + WL =V + W,
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Hence
Ker (Py.Py|z1) = (V+WH)n 2+
Such a space has finite codimensiorgit, because
(V+Whnzh) nzt =wiaw)+ 2n 2t = (VW) + 2)n 25,

The last equality follows from the fact that" N W is finite dimensional, so thdtV- N W) + Z is closed;
moreover,((V+ N W) + Z) N Z+ has finite dimension (recall paff|(6) of Lemma|2.1). This shows that the
restriction of P,,. — P,. P,y,1 to Z* has finite rank, which concludes the proof. O

3.2 Commensurable subspaces

Let us now recall the notion of commensurable spaces and relative dimension, introduc¢ed in [1] ($ee also [2]).

Definition 3.9 Two closed subspacés and WV of ‘H are calledcommensurablg P, — Py is a compact
operator. Theelative dimensiormf V with respect ta/V is defined as

dim(V, W) = dimV N W+ —dimWn v+,
An easy computation shows th&p — Py is compact if and only if so are bot, . P,y and Py, Py,. Indeed:
Py — Py = Py(Py + Pyyr) — (Py + Py )Py = PyPy. — Py. Py,
and
PyPp. = (Py— Pw)Py., PyiPy=P,.(Py—Py).

As a consequence, ¥ andV are commensurable, thén- P,,. P,y andl — Py,,. P,, are Fredholm operators
of index zero being compact perturbations of Fredholm operators of index zeienbtes the identity ofi).
Therefore,

WVt =Ker(I - Py Py) and VNW* =Ker(I — Py P))

are finite dimensional and then the above definition of relative dimension is well posed.
If follows directly from the definition that commensurability is an equivalence relation in the set of closed
subspaces dft; we will set

C(H) = {(V,W) : Vis commensurable WitW}.

Let us see the following property (sée [2]).

Lemma 3.10 If V, W and Z are closed commensurable subspacel othen
dim(V, 2) = dim(V, W) + dim(W, Z).

Remark 3.11 Two subspace¥ and W of H of finite codimension are commensurable sidgg. P, and
Py,1 Py, are compact having finite dimensional imagecdflim V = n andcodim W = m, by the above lemma
it follows

dim(V, W) = dim(V, H) + dim(H, W) = m — n.

In particular, if L. : H — H is a Fredholm operator of index zero, th@er L)+ e Im L are commensurable
and their relative dimension is zero.

This property clearly fails iy or W has infinite codimension. Consider also the particular case Vithen
H1 & Ha, direct sum of infinite dimensional subspaces, and

. 0 Lo
(%)
whereL5 e Ly, are isomorphisms. TheH; e H, are isomorphic, but not commensurable.
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12 P. Benevieri and P. Piccione: On a formula for the spectral flow

Proposition 3.12 C(H) S E(H). If (V, W) € C(H), then
dim(V, W) = ind(V, Wt). (3.4)

Proof. If (V,W) € C(H), then the differencé’, — Py, is compact, and so the kernel of the Fredholm
operator] + Py, — Pyy is finite dimensional:

Ker (I + Py — Py) = Ker (Py + Py ) = Vinw.
On the other hand,
codim(V*+ + W) < codim(Im (Py1 4+ Py)) = codim(Im (I + Py — Py)) < 400.

This proves thatV+, W) € FP(H), i.e.,C(H) C £(H). The proof of formula[(3}4) is straigthforward.
To see thaC(H) actually does not coincide withi(7{) consider the following example. Léf be a real
infinite dimensional separable Hilbert space, and set

H=HxH, V=Hx{0} and W= {(z,2):z€ H}.

Obviously,Y N W = {0} andV + W = H, so that(V, W) € FP(H) and(V, W) € £(H). An immediate
calculation shows thaPy, Py, : H — H is given by Py, Py (a,b) = %(a -+ b), which is clearly not a compact
operator ort{, so(V, W) &€ C(H). O

The following results will be useful in the sequel.

Proposition 3.13 [2| Prop. 2.3.2]. Given two self-adjoint Fredholm operatdrand L’ such thatL, — L' is
compact, the negative (resp. the positive) eigenspaces are commensurable.

Proposition 3.14 [2] Prop. 2.3.6]. LetB be a symmetric Fredholm form di and T' the self-adjoint
Fredholm operator associated witB. LetV be a closed subspace . Suppose thaB is negative definite on
V and positive semidefinite ax-2. Then(V, V*(T) @ Ker T') is a Fredholm pair of index zero.

3.3 Relative dimension of negative eigenspaces

Let us recall tha3 denotes a symmetric Fredholm form on the Hilbert sgd@andT is the self-adjoint Fredholm
operator associated with.

Let V be a closed subspace Hf of finite codimension. Call’ = PyoT|y : ¥V — V the linear operator
associated wittB|y .y, which is clearly a self-adjoint Fredholm operator (sidlg x is symmetric).

Recalling the spectral decompositi¢n (2.1)1¢f induced byB, in this subsection we prove th&t™ (7") and
V~(T) are commensurable and we give some results concerning the relative diménsion (), V ~(T))
in different particular cases. The most general case, whisnany finite codimensional subspace?of will be
tackled in Proposition 3.18 below.

Proposition 3.15 GivenT and7 as above} ~(T') andV ~(T') are commensurable.

Proof. DefineT : H — HasT :=ioT o Py, wherei : V — H is the inclusion. It is immediate to see that
T is a Fredholm operator of index zero. In fact, the indeXPpfcoincides with the codimension dfin H, while
ind¢ = — codim V. It is known that the composition of Fredholm operators is a Fredholm operator whose index
is the sum of the indices of the components.

In the decompositiotl =V &V we can represer‘if in the block-matrix form as

~ (T 0
(7 0).

As T is self-adjoint, so ig".
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SinceV has finite codimension ifit, it follows thatT — T is compact. Indeed, consider the block-matrix
representation df’ in the splittingH =V @ V*:

T ﬂ2>
T = ,
( To1 Too
whereTys = PyoT |y, To; = PyioT|y andTye = PyuoT|y,1 . These three operators have finite dimensional
image. Therefore,

~ 0 T
T-T =
( Tor T )

turns out to have finite dimensional image, and then it is compact. We obtain, by Proppsition 3.13; tat

~

andV~ (T') are commensurable.
Consider now the spectral decompositionginduced byl and ofV induced byT™:

H=V (T)oV (T oKeT, V=V (T)oVHT)eKerT.
SinceKer 7' = Ker T ® V1, we have
H=V(T)®V*(T)®KerT.

The Fredholm form associated withis negative definite of¥ —(7") and positive or/ (T'), as the definition
of T'immediately shows. In addition both the spaces are invariant with respEcfltoerefore, by the uniqueness
of the spectral decomposition, the above formula is actually the spectral decompositidwydf, that is,

V(T)=V(T) and VH(T)=VHT).

We have seen thaf—(T) andV—(T“) are commensurable. Of course, so ®re(T') andV (7)) and the proof
is complete. O

Lemma a7 below give an answer to the question concerning the relative dimefisiofiiof, vV — (7))
in two particular cases. These results are interesting in themselves and propaedeutic to Prppo$ition 3.18.

Lemma 3.16 Supposeé = V + V15, LetTy := P, o Tlyu,s @ VI8 — V15 be the linear operator
associated wittB|,,. 5 -5 . One has

dim(V—(T),V~(T)) = dim V"~ (T3).
Proof. Itis immediate to see that N V5 is an isotropic space fdB. Hence
VET) NVE(T) = VE(T) NKer Ty = Ker T N VE(Ty) = {0}.
Thus, given
Vo=V (T)eV (Tz) and VT =V (T)aVH(T), (3.5)
and recalling thaKer T C Ker T = Ker T (Lemm), we have
H=V - aV*@®KerT.
Let us show that:

a) B is negative definite o~ and positive o/ +;

b) V~ andV* areB-orthogonal.
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14 P. Benevieri and P. Piccione: On a formula for the spectral flow

a) Letz € V~ be given and write: = z;, + z in the splittingl’ = = V—(T') & V~(T3). We have
(T, z) = (Txy + Tag, 1 + x2) = (Tx1,21) + (Tx9,22) = (Txl,x1> + (Toxa, z2)

(not|ce that(Tx1, z2) = 0 = (Tag, x1) sincexr; € V andx, € V12). The last two summands are, by definition
of V', less or equal to zero, and not both zera i#£ 0. ThenB is negative definite ol . The proof of the
analogous result for * is identical and omitted.

b) Letz € V~ andy € V+ be given. By the decompositiorfs (B.5), write= x; + z2 andy = y1 + yo.
Hence

(Tx,y) = (Txy + Tag,y1 + y2) = (Txr,y1) + (T2, y2) = <T9317y1> + (Thxa,y2) = 0.

The last equality is due to the fact tHat (7) andV +(T) are (B|yxy)-orthogonal, whileV —(T3) andV*(T5)
are (Bly,1p xy+p)-0rthogonal.

We are now in the position to apply Proposit.14 to the ()Ei'rr, V+(T) @ Ker T') obtaining that it is a
Fredholm pair of index zero.

Observe that/ ~ andV ~(T') are commensurable. Inde&d (T') andV ~(T') are commensurable by Propo-
smon- in addition/ ~ andV - (T) are of course commensurable sirfiée (13) has finite dimension. Now,
recalling thatV — (T') is the orthogonal complement & (T") & Ker T, by formula [3:4) it follows

dim(V~,V~(T)) = 0.
In addition, it is immediate to see that
dim(V~=,V(T)) = dim V~ (T3).
By Lemmd 3.ID we have
dim(V~=(T),V—(T)) = dim V"~ (T3)
and the proof is complete. O

Lemma 3.17 Let Z be a finite dimensional subspace?®f isotropic with respect td3, and call L : Z+2 —
Z+5 the operator associated With| ;1  , z1 5. ThenV ~(T") is commensurable with —(L) and

dim(V~(T), V(L)) = dim Z — dim(Z N Ker T).

Proof. SinceZ is isotropic, we haveZ C Z+=. Observe thag.* is the orthogonal complement @f( Z)
in H. Therefore the codimension &= in H is finite and

codim Z+# = dim Z — dim(Ker T'N Z). (3.6)
The kernel ofB| ;15 z15 IS
KerBlgipyzip = {2 € 2+ (Ta,y) =0, Vy € 245}
={x €28 (2, Ty) =0, Yy c Z+5}.

That is,Ker B| ;15 z1 iS a subspace of the orthogonal complemenT'6€-7) in . Hence, taking into
account|[(3}6), one has

dimKerB|z1p5yz1p5 <dimZ — dim(KerT N Z) + dimKer T.
SinceZ is isotropic, we have thaf C Ker B|z.1 415 . Of courseKer T C Z15. Since
dim(Z + KerT) = dim Z — dim(Ker T'N Z) + dim Ker 7T,
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it follows
KerBlzipyz1p = Z+ KerT.
The spectral decomposition &f+ 2 with respect taB| ;. . 71 IS
2t =V (L)a V(L)@ (2 +KerT),

andV := V(L) ® V*(L) is the orthogonal complement & + Ker T in Z12. Observe thatB|yy is
nondegenerate and then, by (2) in Lenjma 2.9,

H=VaoVs,
SinceZ + Ker T is B-orthogonal toV it turns out to be contained M-2. An immediate computation says that
dim V+# = 2(dim Z — dim(Z NKer T)) + dim Ker 7.

Call T the operator associated wiBy . andT; that associated WitB|,, . 5 5. By PropositioG, we

have that/ —(T') andV —(T') are commensurable and
dim(V~(T),V~(T)) = dim V"~ (T3).
On the other hand’~ (L) = V~(T). Therefore, the proof is complete if we show thitm V—(T3) =
dim Z — dim(Z NKer T).
It is crucial now to notice thag C V*5; this immediately follows from the inclusiof + Ker 7' C V12, By
Propositior] 2.T4 we have, sin¢gis isotropic,
dim VT (Ty) > dim Z — dim(Z NKerT), dimV~(Ty) > dim Z — dim(Z N Ker T).
Then
dim VT (Ty) = dim Z — dim(Z NKer T) = dim V™~ (T3)
and the proof is complete. O

We are now in the position to present the main result of this section, concerning the relative dimension of the
negative eigenspaces of a self-adjoint Fredholm operator and its restriction to any closed finite codimensional
subspace of{.

Proposition 3.18 Let B be a Fredholm symmetric bilinear form ¢ and letV be a closed finite codimen-
sional subspace df{. Denote byl" : H — H andT = Py o T|y : V — V the self-adjoint Fredholm operators
associated wittB and B|y y, respectively. Then:

dim (V7(T), V(T)) = n_ (Blyis xyis) +dim(V N V2) — dim (V N Ker T).

Proof. Clearly Z := V n V' is an isotropic space. In addition it is finite dimensional since 92'is
(Remaratement ii)). Lét : 215 — z15 pe the linear operator associated with ., . -+ . Then,

by Lemmd 3.1J7,
dim(V—(T), V= (R)) = dim Z — dim(Z N Ker 7).
Now, asZ+» =V 4 V7 by statement (5) in Lemnja 2.9, we can applyté” Lemmd 3.1p and we obtain
dim(V=(R), V(1) = n_(Bly-s cyis ).
By Lemmg 3.ID the claim follows. O
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16 P. Benevieri and P. Piccione: On a formula for the spectral flow

4 On the spectral flow

4.1 Generalities on the notion of spectral flow

Let us denote byF,,(H) the set of self-adjoint Fredholm operatorsih Given a continuous path : [a,b] —
Fsa(H), we will denote bysf(T', [a, b]) the spectral flowof T" on the intervala, b], which is an integer number
that gives, roughly speaking, the net number of eigenvalu&stbét pass through the valte
There exist several equivalent definitions of the spectral flow in the literature, although the reader should note
that there exist different conventions on the contribution of the endpoints in the casé/whead/orT}; are not
invertible.
A possible definition of spectral flow using functional calculus is given in [23] as followstjLeta < t; <
... < ty = bbe a partition ofa, b], anda4, . .., ay be positive numbers with the property that, denotingdpy
the characteristic function of the internvglfori = 1, ..., N the following hold:

(a) the map[t;_1,t;] 3t — X[—a,,q,)(Tt) is cONtinuous,
(0) X[-a.,q,)(T}) is @ projection onto a finite dimensional subspacg{of
Then,sf(T, [a,b]) is defined by the sum

N
sf(T, [a,b]) = Z = [rk(x[0,a:)(T%) — Tk (X[0,0:) (Tt,_1) ]
=1
whererk(P) denotes the rank of a projectidn With this definition, in the particular case wh&his a path of
essentially positive operators, that is, the negative spectrum of each ofgrhtw only isolated eigenvalues of
finite multiplicity, then the spectral flow df is given by

s§(T, [a,b]) = n_(Tp) + dim (Ker T;) — n_(7,) — dim (Ker T,).

The spectral flow is additive by concatenation of paths, and invariant by fixed-endpoints homotopies, and it
therefore defines Z-valued homomorphism on the fundamental groupoidFgf(). In fact, one shows easily
that the spectral flow is invariant by the larger class of homotopies that leave constant the dimension of the kernel
at the endpoints. Moreover, the spectral flow is invariant by cogredience, i.e., given Hilbert $padds, a
continuous path” : [a,b] — Fs.(Hz2) and a continuous path of isomorphisi$is [a,b] — Iso(H1,Hs), then
the spectral flow of the patla, b] > t — S;T:S: € Fsa(H1) equals the spectral flow af.

We are interested in computing the spectral flow of paths of self-adjoint Fredholm operators that are compact
perturbations of a fixed symmetry of the Hilbert spa¢eBy a symmetryof H we mean a bounded operafor
on’H of the formJ = P — Py = 2Py — I, where)V is a given closed subspacehf Equivalently,J is a
symmetry if it is self-adjoint and it satisfiég = I, the identity map of+.

A symmetryJ can be represented, with respect to the decompositienV @ W+, by the matrix

Iy 0
O —IwL

wherel,y andl,,. are the identity maps dfV andW+, respectively.

A compact perturbation df is essentially positive, essentially negative or strongly indefinite according to
whetherW+ is finite dimensional)V is finite dimensional, or bothy andW+ are infinite dimensional, respec-
tively. Of course the last case could happen only(iis infinite dimensional.

Given a continuous curve : [a, b] — Fs.(H) of the formT; = 7 + K, whereJ is a symmetry of{ and K
is a self-adjoint compact operator &fy then the spectral flow ¢f' can be computed in terms of the notion of
relative dimension, recalled in the above section, as follows: by Propdsition 3.13 the Bpa@&s andV ~ (7},)
are commensurable, and

sf(T, [a, b]) = dim (V‘(Ta), V‘(Tb)). (4.1)
Here comes an immediate observation, that will be useful ahead.

Proposition 4.1 For a continuous path’ : [a, b] — Fg,(H) of the formT, = J + K, whereJ is a symmetry
of H and K is a self-adjoint compact operator dti, the spectral flowsf(T, [a, b]) depends only on the endpoints
T, andTy. O
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4.2 Restriction to a fixed subspace
An important property, stated in the following lemma, says thatig a closed subspace #f of finite codimen-
sion, thenPy, o T;|y, : V — V is a path of self-adjoint compact perturbations of a fixed symmetdy. of

Lemma4.2 LetT : [a,b] — Fsu(H) be a continuous curve of the forfa = J+ K, whereJ is a symmetry of
‘H and K, is a self-adjoint compact operator ¢, and consider a closed subspacef H of finite codimension.
Call T : [a,b] — F.a(V) the continuous curve of self-adjoint operators definedas: P, o T;|.. Then, there
exist a symmetry,, of V and a continuous path of self-adjoint compact operatéy®nV such that

T, =3y +Cy, telab).

Proof. The operatoﬁv = Py oJ|y : ¥V — Vis self-adjoint, and its squal(é};)2 is easily computed as the
sum of the identity o’ and a finite rank operator. Namely, the spate= J-1(V) NV = J(V) NV has finite
codimension iny, it is invariant byJ, and(J|yy)? = I,y. The symmetng, is obtained applying next Lemma to
the operatolS = SV on the Hilbert spac®. O

Lemma 4.3 Let S be a self-adjoint operator on a Hilbert spagesuch thatS? — I has finite rank. Then§
is a finite-rank perturbation of a symmetgyof G.

Proof. S2 — I is self-adjoint and it has closed image (finite dimensional), thissgiven by the orthogonal
sum of closed subspaces, thatdsz Ker (S? — I) + Im(S? — I). The symmetny is given by

Ez{s onKer (5% — I) -

I onlIm(S? - 1I).
We are now in the position to present the following result, which concerns the difference between the spectral
flow of a path of symmetric Fredholm forms éfiand the spectral flow of its restriction to a finite codimensional
closed subspace 6.

In the theorenBs,., () will denote the set of symmetric Fredholm formsknwhile F.,(H), as said before,
will stand for the set of self-adjoint Fredholm operatorg4n

Theorem 4.4 Consider a continuous patB : [a,b] — Bgym (H) of symmetric Fredholm forms d. LetV
be a finite codimensional closed subspac@(aind denote by : [a,b] — Fso(H) andT : [a, b] — Feu(V) the
continuous paths of self-adjoint Fredholm operators associatedMvihd to the restrictiorB|y 1, respectively.
Assume thal; = J + K for all ¢ € [a, b], whereJ is a symmetry of{ and K is compact for alk. Then,

(T, [a, b)) — sf(T, [a,b]) = dim (V™ (T,), V™ (To)) — dim (V= (T3), V™ (T3))
=n_(Balyts, wpin, ) +dim (VN VYEEa) —dim (VN Ker B,) (4.2)
—1_(Byl, s,  yn,) —dim (VN VEE) +dim (V0 Ker By).

Proof. By Lemmf is a path of compact perturbations of a symmetryofTherefore, using formula
(4-73) we obtain readily

(T, [a, b)) — sf(T, [a,b]) = dim (V™ (T,), V™ (T})) — dim (V™ (T.), V™ (T3)).

Recalling that the commensurability of subspaces is an equivalence relation and applying[Cemima 3.10, it follows
that

dim (V= (T,), V™ (Ty)) — dim (V™ (T,,), V™~ (T3)) =
= dim (V7 (T,), V™ (T,)) — dim (V= (T3), V= (T3)).
The conclusion of the proof is an immediate consequence of Propdsitign 3.18. O

Note thaty N V158 = Ker (B|V><v)-
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4.3 Continuous and smooth families of closed subspaces

In Subsectior 4]4 below we will extend formdla}4.2 to the case when the subspac&heoren] 4.4 is not
constant but depends enTo this end we devote this subsection to a summary of the concept of smooth family
(or smooth path) of closed subspacegfrecalling also some crucial properties, important for our construction.
The goal is to determine the existence of a special clasgsvidlizations for smooth, or continuous, curves of
closed subspaces. Most of the material discussed in this subsection is known to specialists, nevertheless it will be
useful to give a formal proof of the essential results, for the reader’s convenience.

In the following definition, beind.(#) the space of bounded linear operatorgpito itself, GL(H) is the
open subset of.(H) of the automorphisms. The space of bounded linear operators between two Hilbert spaces
H; andH; is denoted byL.(H1, Ha).

Definition 4.5 Let I C R be an interval and = {V;};c; be a family of closed subspaces &f We
say thatD is aC* family of closed subspaces ®f, &k = 0,...,oo,uE]if for all ¢ty € I there exist > 0, a
Ck map¥ : I NJty—e,to+¢e[ — GL(H) and a closed subspadg C ‘H such that¥,(V;) = V, for all
teln]ty—e,to+el

The pair(V,, ¥) as above will be called &*-local trivialization of the family D aroundt,. The following
criterion of smoothness holds.

Proposition 4.6 LetI C R be an intervalH,, H be Hilbert spaces and : I — L(H;,H2) be aC* map,
k =0,1,...,00,w, such that eaclF, is surjective. Then, the family = Ker F} is a C*-family of closed
subspaces df{;.

Proof. See for instance [18, Lemma 2.9]. O

Let D = {V,},cs be a family of closed subspacesf Propositior] 4.9 below relates the smoothnes® of
with the smoothness of the path- Py, of the orthogonal projections onig, for¢ € I. Any P, is considered
having’H as target space. We need first two preliminary lemmas.

Lemma 4.7 Let P, @) be two projections such thdf” — Q|| < 1. Then, the restrictioﬁ?IIrfg :Im@Q — ImP
is an isomorphism.

Proof. Assumer € Im Q\ {0} andPz = 0; then|| Pz —Qz| = ||Qx| = ||z, which implies| P— Q| > 1.
Thus,PIIn“f]f,2 is injective. We now need to show thiah (Pfrf}?) is equal talm P; to this aim, it suffices to show
thatlm(PQ) = Im P. This follows easily from the equality

PQ=P(Q+1-P),
observing that, sincgP — Q|| < 1, thenI + Q — P is an isomorphism oft. O

Lemma 4.8 Let Hy and H; be Hilbert spaces, and let : Hy — H; be a bounded linear operator. Set
H = Ho © Hy; then, the orthogonal projectioR..pn(z) ONto the graph of. is given by

PGraph(L) (xv y) =
(z+L*(I+LL*)"(y— La),L(x + L*(I + LL*) ' (y — Lz))) = (4.3)
(x+L*(I+LL*) ' (y— Lz),y — (I + LL*) ' (y — La)).
Proof. It follows by a straightforward calculation, keeping in mind that the orthogonal complement of
Graph(L) in H is {(—=L*b,b) : b € Hy }. O

Formula [[4:B) shows that the orthogonal projection onto the graghisfwritten as a smooth function df.
We are now ready for the main result of the subsection.

Proposition 4.9 LetJ C R be an interval, and leD = {V; };<; be a family of closed subspacestéf Then,
forall k = 0,1,...,00,w, D is a C*¥-family of subspaces 6f if and only if the mag — Py,, from J into
€ L(H), is of classC*.

1 The symbolC* means analytic.
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Proof. Assume that — Py, is of classC*¥; setQ; = I — Py,, so thatV; = Ker Q; for all . Fix t, € J,
for t € J nearty, by continuity we can assumg); — Q|| < 1. We claim that, fort € J nearty, the
mapF; = Q:,Q: : H — ImQ,, is surjective; namelylm F}; = Im(QtOtht), and the claim follows from
Lemma[4.7. Moreoveter F; = Ker Q, because, by Lemnfa 4.Q;, i ¢, is injective. Sincet — I} is of
classC*, D is aC*-family of closed subspaces f by Propositiorj 46.

For the converse, we will show that the projectidg can be written as smooth functions of a local trivi-
alization. AssumeD of classC*; chooset, < J, and let(V,, V) be a local trivialization ofD aroundt,; set
¢ = \I/t‘l. Up to replacing¥; with \I/;f\lft, we can assum@, = V;, andV; = ¢:(Vy,) for all ¢ neart,. Write
H=V, ® V,}O and writeg; in blocks relatively to this decomposition &f as:

_ (o %2> .
¢t ( %1 ¢t22 )
observe that the smoothnesslofis equivalent to the smoothness of the blo¢§€s Sincegy, |Vto is the identity

onV,,, ¢;. is the identity, and by continuity)}' is invertible for¢ neart,. An immediate computation shows
that, settingL, : V;, — Vi,

Ly =6} o (&),

thenV; = Graph(L,). Using Lemm, the projectiah,, onto); can be written as a smooth functiongf,
which proves that — Py, is of classC*. O

Remark 4.10 The above proposition tells us that, give4 family D = {Vi}iea,) Of closed subspaces of
H, there exists, for any € [a, b], a local trivialization(V,, ¥) of D aroundt, such thatv, (V;-) = V;- for all ¢
in a neighborhood of ¢,.

Definition 4.11 A local trivialization(V,, ) of D around, is called docal splitting trivializationif ¥,(V;-) =
Vi,

Actually, as an immediate consequence of Corolfary A.3, we obtain the folloglotzal result, that is, the
existence of a global splitting trivialization of isometries.

Proposition 4.12 Given aC* family D = {Vi}iela,) Of closed subspaces ®f, there exists a global trivial-
ization (V,, ¥) of D such thatl, € O(H) for all ¢ € [a, b].

4.4 Spectral flow and restrictions to a continuous family of subspaces

The additivity by concatenation of paths and invariance by cogredience properties, recalled in Supséction 4.1,

allow us to extend the definition of spectral flow to the case of paths of Fredholm operators with varying domains.
Assume thafa,b] > ¢ — T; is a continuous map of bounded operatorsiorandD = {V;}ic(q,5) IS @

continuous family of closed subspaces such that, taking the orthogonal projEgtias a map with target space

V, for everyt € [a,b], the operatorP, o T;|y, : V; — V; is Fredholm and self-adjoint. L&Y,, ¥) be a

trivialization of D, and denote by, the orthogonal projection ontd,. Then, we have a continuous family

[a,b] ot +— T, € Fsa(V,) of self-adjoint Fredholm operators a4}, obtained by settirﬁ;

Ty = Poo (W], ) o Py, 0 Tyo (W], )" : Vi — W (4.4)

v,

We define the spectral flowf(T, D; [a, b]) of the pathT = (T}).c[4, restricted to the varying domains
D = (Vi)tea,n) DY

sf(T, D; [a,b]) = sf(T, [a,b]). (4.5)

In order to prove that this is a valid definition, one needs the following lemma.

Lemma 4.13 The right hand side of equalit{f.5) does not depend on the choice of a trivialization of the
family D.

2 (‘llt|vt)* = PVt‘I’ﬂv*'
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Proof. Assume thatV,, U) is another trivialization of>. Denoting byP, the orthogonal projection onto
V., set

j\} = ﬁ* o (\Tltlvt) oPy oTio (\f/t|w)* : ]7* — 9*
and denote by, : V, — V, the isomorphisn{ Py, o (¥} ))_1 o Py, o (¥, ). If T, is as in formulasg{4}4),

Vi
then
Tt = ‘P: o ft o &,
for all ¢, hencesj(T', [a, b]) = s§(T, [a, b]), by the cogredient invariance of the spectral flow. O

Our aim is to show how the result of Theorém|4.4 can be employed in the computation of the spectral flow
in the case of varying domains. Towards this goal, we observe preliminarily tI(]ﬁL,iﬁl) is an orthogonal
trivialization of D, thenU; (V, ) = V; forﬂall t; this simplifies formula[(@14), in thai, |y, )* = Ui |y, = U Yy,
Moreover, it is easy to show that, given a continuous peth] > ¢ — U, with values inO(H), the set of the
orthogonal automorphisms @1, then the spectral flow of the path,b] > ¢ — T; restricted to a continuous
family of subspaces Gf, D = {V; },¢[1) is equal to the spectral flow of the pdth b] > ¢ — U, T, U restricted
to the family {U; (V+) }tc[a,0)-

We are now ready for the following result.

Proposition 4.14 Let T : [a,b] — Fs.(H) be a continuous path of the forfi = J + K;, whereJ is a
symmetry o and K. is, for anyt € [a, b], a self-adjoint compact operator drf. Consider a continuous family
D = {Vi}ie[a,p) Of (finite codimensional) closed subspace/ofThen, there exists an orthogonal trivialization
(Vy, ¥) of D (with V, finite codimensional) and a symmefry. ‘H — 'H such that¥, 73 U} — Jis compact for
all ¢ € [a, b].

Proof. Choose any orthogonal trivializatigw,, ®) of D, so that by what has been just observed, the spectral
flow of T restricted taD equals the spectral flow ¢f— &, 7,07 = &,39f + &, K, P} restricted to the fixed
subspac®,(V;) = V..

Since @, is orthogonal, then, for al, ﬁt = ¢,J®} is a symmetry ofH; the operatod, K, ®; is clearly
compact. By Lemm.2, i, is the orthogonal projection ontd,, the operatoP, ®,T: 5|y, € Fea(Vs)
is of the formJ; + C;, wheret — J} is a continuous path of symmetries of the Hilbert spéice Now, by
Corollary[A.4, there exists a continuous path- U, € O(V,) and a fixed symmetr§, of 1, with the property
thatU,J; U, = 7, for all t. Extendy, to a symmetrw: of H by settingﬂw equal to the identity, and ea¢h to
an orthogonal operatd#; € O(H) by settingiV,|,,. equal to the identity. Observe thidf, commutes with?,
for all t, sinceV, is W;-invariant. Then, the required trivialization &fis obtained by setting, = W, ®, for all
t. O

Using an orthogonal trivialization as in Propositjon 4.14, Thedrerh 4.4 can now be employed in the computa-
tion of the spectral flow of restrictions to a varying family of finite codimensional subspaces.

Theorem 4.15 Consider a continuous patB : [a,b] — Bgym () of symmetric Fredholm forms gt and
denote by’ : [a,b] — Fu.(H) the continuous paths of self-adjoint Fredholm operators associated Buith
Consider a continuous famil® = {V;};c[a,4) Of (finite codimensional) closed subspacegténd let(V,, ¥)

be an orthogonal trivialization oD andJ : H — 'H be a symmetry such that,T; U7 — J is compact for all
t € [a,b]. Denote byI" : [a, b] — Fsa (V) the pathT; = P, U, T3 P75 |y, , whereP, is the projection ontd/,.
Then, we have

sf(T, [a, b)) — sf (T, D; [a,b]) =dim (V™ (T,,), V™ (To)) — dim (V= (T3), V" (Tp)). (4.6)

3 This holds more generally for splitting trivializations.
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Proof. Denoteﬁ =U,T,U; : H — H, foranyt € [a,b]. SinceT andT are cogredient, their spectral flows
coincide, and, sinc@’ is a path of compact perturbations of a symmetry, we have

(T, [a,b]) = dim (V™ (T,), V™ (Ty)) = s}(T, [a, b]) = dim (V™ (T,,), V™ (Tp)).

Applying Theorenj 414, we have

5f(f’ [CL, b]) - 5f(f7 [Cl, b]) = dim (Vﬁ (fa)a V- (j:a)) — dim (Vﬁ (fb)a Ve (Tb))a

and, finally, by Lemmg 3.10 the claim follows. O

5 Spectral flow along periodic semi-Riemannian geodesics

In this section we will discuss an application to semi-Riemannian geometry of our spectral flow formula. We
will define thespectral flowof the index form along a periodic geodesic in a semi-Riemannian manifold, and we
will compute its value in terms of the Maslov index of the geodesic. In the Riemannian (i.e., positive definite)
case, the spectral flow is equal to the Morse index of the geodesic action functional at the closed geodesic, and
the Maslov index is given by the number of conjugate points along a geodesic. In the general semi-Riemannian
case, it is well known that the Morse index of the geodesic action functional is infinite.

5.1 Periodic geodesics

We will consider throughout an-dimensional semi-Riemannian manifdld/, g), denoting byV the covari-
ant derivative of its Levi—Civita connection, and Wy its curvature tensor, chosen with the sign convention
R(X,Y)=[Vx,Vy] = Vix,y]

Let~ : [0,1] — M be a periodic geodesic i/, i.e.,v(0) = ~(1) and4(0) = 4(1). We will assume
that+y is orientation preservingwhich means that the parallel transport alonig orientation preserving. 1§/
is orientable, then every closed geodesic is orientation preserving. Moreover, given any closed geadtesic
two-fold iterationy(?), defined byy(?) (t) = ~v(2t), is always orientation preserving.

We will denote by% the covariant differentiation of vector fields alongrecall that thendex formL, is the
bounded symmetric bilinear form defined on the Hilbert space of all periodic vector fields of Sobole¥/¢lass
along~, given by

1
LV.W) = [ o(BV.BW) +g(RV.W)at, (5.1)
0

where we sefR? = R(%,-)%. Closed geodesics in/ are the critical points of the geodesic action functional
f(y) = % fol g(%,%) dt defined in thdree loop spac& M of M; QM is the Hilbert manifold of all closed curves
in M of Sobolev classi'. The index forml, is the second variation of at the critical pointy; unlessg is
positive definite, the Morse index gfat each nonconstant critical point is infinite. The notion of Morse index is
replaced by the notion of spectral flow.

5.2 Periodic frames and trivializations
Consider a smooth periodic orthonormal frafh@long-, i.e., a smooth family0, 1] > ¢ — T; of isomorphisms:

Tt R — T’y(t)Ma (52)
with Ty = T3, and
9(Tiei, Trej) = €idiy, (5.3)

where{e; }i=1,...» is the canonical basis @&", ¢, € {—1,1} andJd;; is the Kronecker symbol. The existence
of such a frame is guaranteed by the orientability assumption on the closed geodesic. The pull-Backthg
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metric g gives a symmetric nondegenerate bilinear fasmhon R”, whose index is the same as the indexypf
note that this pull-back does not dependiphy the orthogonality assumption on the fraffieln the sequel, we
will also denote byG : R™ — R™ the symmetric linear operator defined {§yv) - w; By (6.3), G satisfies

G2 = 7. (5.4)
For allt € ]0, 1], define byH, the Hilbert space of alif -vector fieldsV/ alongv| 4 satisfying
Ty 'V (0) = TV ().

Observe that the definition ) depends on the choice of the periodic frafiighowever,H], which is the
space of all periodic vector fields along does not depend dB. Although in principle there is no necessity of
fixing a specific Hilbert space inner product, it will be useful to have one at disposal, and this will be chosen as
follows. For allt € ]0, 1], consider the Hilbert space

H, ([0,4), R") = {V e H'([0,4],R") : V(0) = V(t)}.

per
There is a natural Hilbert space inner producﬂpﬂ([o, t], ]R”) given by

/

(VW) = V(0) - 7 (0) + /0 V'(s)- W' (s) ds, (5.5)

where- is the Euclidean inner product iR”. The map¥, : H} — H!..([0,¢],R") defined by¥,(V) =V,

per
whereV (s) = T;1(V(s)) is an isomorphism; the spaéé, will be endowed with the pull-back of the inner
product [5.5) by the isomorphisk,. Denote byR; € L(RR"™) the pull-back byT} of the endomorphisnk, ;) =
R(’Y? )'Y of T’y(t)M:

Ry =T, "' oRy4oTy

observe that — R, is a smooth map of;-symmetric endomorphisms @&". Finally, denote by[’; € L(R")
the Christoffel symbobf the frameT, defined by

L) =T (BV) - SV(0)

whereV is any vector field satisfying(t) = v, andV = ¥; ! (V). The push-forward by, of the index form
I, on'H] is given by the bounded symmetric bilinear fofimon H . ([0, ], R") defined by

per

TI.(V,W) = /Ot G(V'(s),W'(5)) + G(TsV(s), W (s)) + G(T W (s),V'(s))
+ G(I,V(s),TsW(s)) + G(R,V(s),W(s))ds. (5.6)
Finally, fort¢ € ]0, 1], we will consider the isomorphism
@ ¢ HL, (0.1 R") = L, (0.1 R").

per

defined by’ — V, whereV/ (s) = V(ft), s € [0,1]. The push-forward by, of the bilinear form/, is given by
the bounded symmetric bilinear forfaon H}. ([0, 1], R") defined by:

(VW) = 35 [ G 0).T(0) + 1G0TV ). W/ (1) +1G (0 W (). V()

+ 122G (T, V (1), T W (r)) + 122G (R, V (1), W(r)) dr. (5.7)
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5.3 Spectral flow of a periodic geodesic
Fort € ]0, 1], define the Fredholm bilinear for, on the Hilbert spacél’. ([0, 1], R™) by setting

By =121, (5.8)

From [5.7) we obtain immediately the following result.
Lemma 5.1 The mago, 1] > t — B; can be extended continuouslytte- 0 by setting:

BO(T/,W)Z/O G(V'(r),W'(r))dr. O

Observe thaKer By is one-dimensional, and it consists of all constant vector fields.
Proposition 5.2 For all ¢ € [0, 1], the bilinear forml, on H! ([0, 1], R™) is represented with respect to the

per

inner product(5.5) by a compact perturbation of the symmeg3rgf ngr([o, 1], IR") given byf/ — GV.

Proof. First, observe thaB; is a compact perturbation @&,. Namely, from[(5.J) we get:

BV, ) — By(V, W) = /O 1G (T V (), W (r)) + (G (T W (), V(1)

+ 122G (T, V (1), T W (r)) + 3G (Re, V (r), W (r)) dr.

The integral above defines a bilinear map which is continuous irﬂ{ti'leopology, and thus it is represented by a
compact operator, since the inclusifft — Hzis compact. Next, observe tha is represented by a compact
perturbation of the symmetty. For,

3V, W) — Bo(V,W) = G(V(0), W(0)),

which is continuous in the'°-topology, hence represented by a compact operator. Notg thaelf-adjoint and,
by (5.4),3° = I, thus,J is a symmetry. This concludes the proof. O

Definition 5.3 Thespectral flowsf(y) of the closed geodesicis defined as the spectral flow of the continuous
path of Fredholm bilinear formis), 1] > ¢ — B, on the Hilbert spacéf} . ([0, 1], R").

Remark 5.4 The fact that the definition aff() does not depend on the choice of a smooth periodic orthonor-
mal frame alongy is a nontrivial fact, and it will be proven in next subsection by giving an explicit formula for
its computation.

We observe here that the paths of Fredholm bilinear foBingas above produced by two distinct periodic
trivializations of the tangent bundle are in general neither fixed endpoint homotopic, nor cogredient. Namely,
two distinct trivializationddiffer by a closed path in the (connected component of the identity of the) Lie group
O(G) of all G-preserving linear isomorphisms Bf*, which is not simply connected.

5.4 Computation of the spectral flow

There is an integer valued invariant associated to every (fixed endpoints) geodesic in a semi-Riemannian manifold
(M, g), called theMaslov index This is a symplectic invariant, which is computed as an intersection number in
the Lagrangian Grasmannian of a symplectic vector space. Details on the definition and the computation of the
Maslov index for a given geodesic that will be denoted by,....(y) can be found in [17, 18, 24].

As for the definition of spectral flow, there are several conventions in the literature concerning the computation
of the contribution to the Maslov index of the endpoints of the geodesic. In this section we will con@ehabn
in the computation of the Maslov indéx...(7) it is also considered the contribution of the initial pointyothe
value of this contribution is easily computed to be equal tdg), which is the index of the semi-Riemannian
metric tensog.

4 This is not a standard choice in the literature.
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Recall that aJacobi fieldalong~ is a smooth vector field along~ that satisfies the second order linear
equation

DDdtJ(t) = R(%(¢t), J(t)) 4(t), te€[0,1].

Let us denote by7, the 2n-dimensional real vector space of all Jacobi fields algnd.et us introduce the
following spaces:

g ={1e 7,70 =01), R0)= 20},
J0 = {J €, J(0)=J(1) = 0}, and
Ty ={Jey: 70 =J)}.

It is well known that 79" is the kernel of the index forni, defined in [(51L), while7? is the kernel of the
restriction of the index form to the space of vector fields algngnishing at the endpoints. We denoter3§’
andn the dimensions of/7* and.7? respectively. The nonnegative integéf" is the nullity ofy as a periodic
geodesic, i.e., the nullity of the Hessian of the geodesic action functionairathe space of closed curves.
Observe thath™ > 1, as7P® contains the one-dimensional space spanned by the tangenf fiekgl. Similarly,
nJ is the nullity of y as a fixed endpoint geodesic, i.e., it is the nullity of the Hessian of the geodesic action
functional aty in the space of fixed endpoints curvesiifi In this casen? > 0 if and only if 4(1) is conjugate
tov(0) along~.

Given a semi-Riemannian geodesicthe spectral flow of the path of symmetric Fredholm bilinear forms
[0,1] 2 ¢ — B, restricted to the spack ([0, 1], R™) will be denoted bysf, (). A formula giving the value of
this integer is proven in [17, Proposition 2]:

Proposition 5.5 Given any (closed) semi-Riemannian geodesite following equality holds:

sfo(7) =10 —n_(9) — ivase(7). O (5.9)

Finally, the last ingredient needed for the computation of the spectral flow of a closed geodesic is the so called
index of concavityf v, that will be denoted by.on(y). This is a nonnegative integer invariant associated to
periodic solutions of Hamiltonian systems, first introduced by M. Marse [21] in the context of closed Riemannian
geodesic. In our notationgend(7y) is equal to the index of the symmetric bilinear form:

(J1, J2) — g(gJ1(1) = F1(0), J2(0)),

defined on the vector spacg’. Itis not hard to show that this bilinear form is symmetric, in fact, it is given by
the restriction of the index form, to 7.

It is now easy to apply Theorem 4.4 in order to obtain a formula for the spectral flow of an oriented closed
geodesic.

Theorem 5.6 Let(M, g) be a semi-Riemannian manifold andiet [0, 1] — M be a closed oriented geodesic
in M. Then, the spectral flosf(v) is given by the following formula:

sf(y) = dim (lﬁ’er N j$) — Iyasiod ¥) — cond(Y) —1-(g)- (5.10)

Proof. SetH = H.,([0,1],R"), V = Hg([0,1], R") in Theorenf 4.; The difference(+) — sfy(7) is
thus given by the sum of six terms, that are computed easily as follows. The Bpacecoincides with the
kernel of By, and it is given by the one dimensional space of constant vector fielfis by the restriction of
By to such space vanishes identically. Moreower) V50 = V' N Ker By = {0}. A straightforward partial
integration argument shows that the sp¥ce*: is given byJ; By definition, the index of the restriction d#,
to this space equaisond(7). The spac® N V-5 = Ker (By|,,,,,) is given by 7. Finally, Ker By = J3°,

thusKer B; NV = 75" N 7. Formula (5.1D) follows now immediately frofn (5.9). O

Formula [5.ID) proves in particular that the definition of spectral flow for a periodic geoglesies not
depend on the choice of an orthonormal frame algng
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Remark 5.7 Our definition of spectral flow along a closed geodesic has used a periodic orthonormal frame
along the geodesic, which exists only if the geodesic is orientation preserving. We observe however that the right
hand side of formuld(5.10) is defined for every closed geodesic, regardless of its orientability, which suggests
that [5.10) can be taken as the definition of spectral flow in the nonorientable case. Let us sketch briefly how the
right-hand side of(5.10) can be obtained as a spectral flow of paths of Fredholm operators. Given a nonorientable
closed geodesig, choose an arbitrary smooth frarfiealong~ as in [5.2), which willnot satisfyT, = T3; set
S = T, 'Ty € GL(R™). Then, the spectral flowf(v) is defined as the differenegg(y) — ng, wheresfg(7) is
the spectral flow of the path of Fredholm bilinear forfisl] > ¢ — B; given in [5.8) on the space

HL((0,1],R") = {17 e H'([0,1],R") : V(1) = 517(0)},

andng is the index of the restriction of the metric tengpto the image of the operatsi — I (compare with
Definition[5.3). Note thaf = I in the orientation preserving case. With such definition, fornjula]5.10) holds also

in the non orientation-preserving case. This is proven easily using Th¢orem 4.4, as in the proof of Theorem 5.6.
One sets = HL([0,1],R"), V = H}([0,1],R"), and observes that in this case the speceo consists of

all affine mapsV/ : [0,1] — C™ of the formV (t) = (S — I)B + B, whereB is an arbitrary vector iif©". The
restriction of the the Hermitian fornB, to such space equals the index of the restrictiog & the image of

S — I, from which the desired conclusion follows.

A Group actions and fibrations over the infinite dimensional Grassmannian

In this appendix we will study the fibrations over the Grassmannian of all closed subspaces of a Hilbek space
determined by the actions of the general linear gréilyg{) and of the orthogonal group(H).

Let H be an infinite dimensional separable Hilbert space; denote, as in the previous sectibii®)ihe
Banach algebra of all bounded linear operatorg-Qry L, (H) (resp.,L.s(#)) the subspace di() of self-
adjoint operators (resp., of anti-symmetric operators)Gihy?) the Banach Lie group of all bounded linear
isomorphisms of{ and byO(H) the subset o6L(H) consisting of isometries df:

O(H) ={T € GL(K) : T*T =TT* = I}.

By a well known result due to Kuiper [20)) () is contractibleO(#) is a smooth embedded submanifold of
GL(H), being the inverse imagé ! (1) N GL(H) of the submersiof.(H) > T +— T*T € Lg,(H). The tangent
spacel; GL(H) isL(H); the tangent spacg O(H) is the subspack,s (). Denote byGr(H) the Grassmannian
of all closed subspaces #f, which is a metric space endowed with the metiiit(V, W) = || Py — Py ||. There
is an actionGL(H) x Gr(H) — Gr(H) given by(T,V) — T(V).

The setGr(H) has a real analytic Banach manifold structure, the actio@lofX) is analytic, and so is its
restriction to the orthogonal group (see for instance [3]). The connected componéhnigHfare the sets

Grioy ke (H) = {V € Gr(H) : dim(V) = k1, dim(V4) = k),

whereky, k2 € IN U {+o0} are not both finite numbers. The action©{H) is transitive on each connected
component ofGr(#H). For all\W € Gr(H), the tangent spacg, Gr(H) is identified with the Banach space
LW, W+) of all bounded linear operators : W — W-.

Here comes a simple result on group actions, submersion and fibrations.

Lemma A.1 Let M be a Banach manifold and Iét be a Banach Lie group acting smoothly and transitively
onM:

GxM>(g,m)—g-mée M.

Letm € M be fixed, and denote I}, : G — M the maps,,.(g) = g - m.

(a) If 5,, is a submersion aj = 1, theng,, is a submersion.

(b) If 8,, is a submersion, thefi,, is a smooth fibration with typical fiber the isotropy groGp, .
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Proof. Denote byL, : G — G the left translation by: L,(h) = gh, and by, : M — M the diffeomor-
phismy,(m) = g - m. Then,B,, o Ly = 74 o B,,; differentiating ath = 1 gives

dBm(g) 0 dLy(1) = dyg(m) o dfBm(1).

Note thatdZ, (1) andd~,(m) are isomorphisms. Thus, df3,,(1) is surjective, then so ié3,,(g). Similarly, if
Ker (df,,(1)) is complemented, then sol&r (d3,,(g)) = dL1(1) [Ker (d3,,(1))]. This proves part (a).

For part (b), it suffices to show the existence of local trivializations. Note that the staltfljzef m is a Lie
subgroup ofG, being the inverse image of a value of a submers@p; = 3;,'(m). LetS : U C M — G be
a local section of3,,,; local sections exists by the assumption tBatis a submersion. Then, a trivialization of
B.5(U) is given by

Ux Gy > (z,9) — s(x)g € BHU).
Obviously, this map is smooth, and its inverse is given by

Bt (U) 3 h— (h-m,s(h-m)"'h) € U x Gy,

m

which is also smooth. O

Proposition A.2 LetW € Gr(H) be fixed and leGry, «, (H) be its connected component@r(#). The
mapgyy : GL(H) — Gry, &, (H), defined bys,,,(T') = T(W), is a real analytic fibration. The same conclusion
holds for the restriction of,,, to O(H).

Proof. By part (a) and (b) of Lemmp A1, it suffices to show that the linear mdp,(1) : L(H) —
L(W, W) is surjective and that it has complemented kernel, as well as its restriction (#). An explicit
computation gives:

dBw(1)X = Py 0 Xy, VX €L(H),

whereP,,,. is the orthogonal projection om&/+. Writing X : W & W+ — W @ W+ in block form:
X1 X2
X =
(le X22> ’
thendBy (1)X = Xo : W — W+, Clearly, a complement ib(#) for the kernel of this map is the closed

0 0
Yo 0), whereYy; €

subspace of.(H) consisting of operator¥™ that are written in block form a¥ = <
LW, W).

Similarly, the kernel ofiBy (1) : Las(H) — L(W, W) consists of all anti-symmetric operataksthat are
X1 0

0  Xo
this space ifL,s(H) is given by the closed subspacelgf () consisting of all operators that have block form
Y = ( 0 Y”),with Yiz € LOVE, W),
Y5, 0

Moreover, it is easy to check that,y(1) : L.s(H) — LW, W) (and thus alsalByy(1) : L(H) —

L(W,W1)) is surjective. Namely, given ang € L(W, W), there existsX € L,s(H) whose lower down

block X5, relative to the decompositioll = W & W+ equalsA, for instance, X = (0 -4 ) This

written in block form asX = , whereX;; € L,;(W) and X, € L.s(W+). A complement for

A 0
concludes the proof. O

Corollary A.3 Given any curve) : [a,b] — Gr(H) of classC*, k = 0,...,00,w, given anylV in the
connected componefiry, x, () of V, in Gr(H) and any isometry : H — H such thatp(W) = V,, then
there exists a curvé : [a,b] — O(H) of classC* such thatd,(W) = V), for all t € [a, b] and with®, = ¢.
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Proof. ®is alifting of the curvey in the fibrationsyy:

o)
[CL, b] 4\)) Grk17k2 (H)

It is interesting to restate the result above in terms of symmetries. Recall that by a symnfgtiyeoiean
a self-adjoint operatd¥ on H such thati? = I. Denote byS(H) the closed subset @(#) consisting of all
symmetries of{; the bijection&(H) > 7 — Ker (J — I) € Gr(H) is a homeomorphism, whose inverse is

Gr(H)>V+— Py — Py € 6(H).
This bijection carries the action(H) x Gr(H) > (U, V) — U(V) € Gr(H) into the cogredient action:
O(H) x &(H) 3 (U,3) — UIU* € &(H),

e, ifJ= P, — Py, thenUJU* = Py(y) — Py Thus, Corollary A.B can be translated as follows.

Corollary A.4 Let[a,b] > t — J; € GL(H) be a map of clas€*, k = 0,...,00,w, whereJ; € &(H)
for all t. Then, there exists @ map[a,b] > t — U; € O(H) and a fixed symmetr§y € &(H) such that
U,3,U; = Jforall t. ]
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