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We consider a continuous path of bounded symmetric Fredholm bilinear forms with arbitrary endpoints on
a real Hilbert space, and we prove a formula that gives the spectral flow of the path in terms of the spectral
flow of the restriction to a finite codimensional closed subspace. We also discuss the case of restrictions to
a continuous path of finite codimensional closed subspaces. As an application of the formula, we introduce
the notion of spectral flow for a periodic semi-Riemannian geodesic, and we compute its value in terms of the
Maslov index.
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2 P. Benevieri and P. Piccione: On a formula for the spectral flow

1 Introduction

The notion ofspectral flowplays a central role in several areas of Calculus of Variations, including Morse theory
and bifurcation theory; this is a fixed endpoint homotopy invariant integer associated to continuous paths of
Fredholm symmetric bilinear forms on Hilbert spaces. In the modern formulations of Morse theory, it is now well
understood that this notion is the natural substitute for the notion of Morse index for critical points of strongly
indefinite variational problems. For instance, under suitable assumptions, the dimension of the intersection of
stable and unstable manifolds of critical points of a smooth functionalf defined on a Hilbert manifold is given
by the spectral flow of the Hessian off along the flow lines of∇f joining the two critical points (see [4]). In
bifurcation theory, jumps of the spectral flow detect bifurcation from some given branch of critical points of
a smooth curve of strongly indefinite smooth functionals (see [16]). Starting from the celebrated work of T.
Yoshida [25], a series of results have been proven in the literature relating the spectral flow of a path of Dirac
operators on partitioned manifolds to the geometry of the Cauchy data spaces (see [8, 9, 10, 11, 12, 13, 14, 22]);
low dimensional topological invariants can be computed in terms of spectral flow (see [14,25]).

A natural question in the above problems is to compute the spectral flow ofrestrictionsto a given closed
subspace, or more generally to a continuous path of closed subspaces, of a continuous path of Fredholm bilin-
ear forms. In Calculus of Variations, restriction of the Hessian of smooth functionals corresponds to studying
constrained variational problems. For instance, the typical Fredholm forms arising from geometrical variational
problems are obtained from self-adjoint differential operators acting on sections of vector bundles over (compact)
manifolds with boundary satisfying suitable boundary conditions. A formula for the spectral flow of restrictions
in this case would allow to reduce the study of a general boundary condition to the usually easier case of Dirichlet
conditions.

The aim of this paper is to prove formulas (Theorem 4.4 and Proposition 4.14) relating the spectral flow of
a continuous path of Fredholm symmetric bilinear forms to the spectral flow of their restriction to a continuous
path of finite codimensional closed subspaces, which is still Fredholm (Lemma 2.8).

Let us recall that the spectral flow of a path of symmetric bilinear forms is given by an algebraic count of
eigenvalues passing through0 in the spectrum of the path of self-adjoint operators that represent the bilinear forms
relatively to some choice of inner products. However, a spectral theoretical approach to the restriction problem
would not be successful, due to the fact that restrictions of bilinear forms correspond to left multiplication by a
projection, and this operation in general perturbs the spectrum of a self-adjoint operator in a quite complicated
way. In order to prove the desired result, we will use a different characterization of the spectral flow, which is
given in terms of relative dimension of Fredholm pairs in the Grassmannian of all closed subspaces of a Hilbert
space. The spectral flow of a path of Fredholm self-adjoint operators of the form symmetry plus compact is
given by the relative dimension of the negative spectral subspaces at the endpoints. One proves that a finite
codimensional reduction does not destroy the symmetry plus compact form of a Fredholm operator (Lemma 4.2);
moreover, the relative dimension of the negative eigenspaces behaves well with respect to compact perturbations
(Proposition 3.18).

As pointed out to the authors by one of the referees, it should be emphasized that one of the central results
of the present paper, formula (4.2), was obtained before, though in a different formulation, by Chafeng Zhu
see [26, Equation (44)], by a different proof, using results from Booss and Wojcechowski [12, Formula 15.20] or
Dai and Zhang [15].

The case of restrictions to a varying family of closed finite codimensional subspaces (Proposition 4.14) is
reduced to the case of a fixed subspace by means of a special class of trivialization of the family. We observe that
one does not lose generality in considering only the case of paths of the form symmetry plus compact. Namely,
let us recall that the spectral flow is invariant by the cogredient action of the general linear group of the Hilbert
space on the space of self-adjoint Fredholm operators, and that all the orbits of this action meet the affine space
of compact perturbations of a fixed symmetry. By an elementary principal fiber bundle argument, every path of
classCk, k = 0, . . . ,∞, ω, in the space of self-adjoint Fredholm operators is cogredient to aCk path of compact
perturbations of a symmetry.

The paper is finalized with the discussion of an application of our reduction formula in the context of semi-
Riemannian geometry (Section 5). We will consider an orientation preserving periodic geodesicγ in a semi-
Riemannian manifold(M, g), and we will define itsspectral flow, as a suitable generalization of the Morse index
of the geodesic action functional, defined on the free loop space ofM , at the critical pointγ. Observe that, unless
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the metric tensorg is positive definite, the standard Morse index of every nontrivial closed geodesic is infinite.
Unlike the fixed endpoint case, in the periodic case the definition of spectral flow depends heavily on the choice
of a periodic frame along the geodesic. Two distinct choices of a periodic frame along a given closed geodesic
produce two paths of self-adjoint Fredholm operators that are in general neither fixed endpoint homotopic nor
cogredient. Recall in analogy that periodic solutions of Hamiltonian systems on general symplectic manifolds
donot have a well defined Conley–Zehnder index (i.e., independent of the choice of a periodic symplectic frame
along the solution), unless one poses strong restrictions on the topology of the underlying manifold.

An application of Theorem 4.4 gives us a formula for the spectral flow of a periodic geodesic (Theorem 5.6),
given in terms of theMaslov indexand the so-calledconcavity indexof the geodesic, plus a certain degen-
eracy term. The Maslov index is a symplectic invariant which is associated to the underlying fixed endpoint
geodesic, while the concavity index is an integer invariant of periodic solutions of Hamiltonian systems, which
was introduced by M. Morse in the context of Riemannian closed geodesics. A first, and somewhat surprising,
consequence of the formula, is that the spectral flow is well defined regardless of the choice of a periodic frame.
This fact is probably more interestingin se than the formula itself. Further developments of the theory are to
be expected in the realm of Morse theory for semi-Riemannian periodic geodesics, which at the present stage is
a largely unexplored field (see [7] for the stationary Lorentzian case, or [5] for the fixed endpoints Lorentzian
case). A natural conjecture would be that, under suitable nondegeneracy assumptions, the difference of spectral
flows at two distinct geodesics is equal to the dimension of the intersection between the stable and the unstable
manifolds of the gradient flow at the two critical points in the free loop space.

An effort has been made in order to make the paper essentially self-contained. In Section 2 we recall a few
preliminary basic facts on Fredholm operators and bilinear forms; the central result is Proposition 2.14, that gives
an upper bound for the dimension of an isotropic subspace. Section 3 contains most of the basic facts in the
theory of Fredholm pairs and commensurable pairs of closed subspaces and relative dimension, with complete
proofs. The main result (Proposition 3.18) is a formula giving the relative dimension of the negative eigenspaces
of a self-adjoint Fredholm operator and its restriction to any closed finite codimensional subspace of a Hilbert
space. Section 4 contains material on the spectral flow, dealing mostly with the case of paths of Fredholm
operators that are compact perturbations of a fixed symmetry. Theorem 4.4 gives a formula for the computation
of the spectral flow of a path of Fredholm symmetric bilinear forms (with arbitrary endpoints) in terms of the
spectral flow of its restriction to a finite codimensional closed subspaces, and some boundary terms. Observe
that both the path and/or its restriction is allowed to admit degeneracies at the endpoints. In Proposition 4.14
we show how the same result can be employed to study the case of restrictions to a continuous path of closed
finite codimensional subspaces. A discussion of the notion of continuity, or smoothness, for a path of closed
subspaces of a Hilbert space is presented in subsection 4.3. Smoothness for a path is defined in terms of the
smoothness of local trivializations for the path (Definition 4.5); we show that this is equivalent to the smoothness
of the corresponding path of orthogonal projections in the Banach algebra of all bounded operators on the Hilbert
spaces (Proposition 4.9). This characterization of continuity yields several interesting facts. First, as it is shown
in Appendix A, one can findglobal trivializations, second, the trivialization can be chosen by a path of isometries
of the Hilbert space. Such trivialization will be called an orthogonal trivialization; orthogonal trivializations are
special cases of the so-calledsplitting trivializations, that are employed in the definition of spectral flow in the
case of restriction to varying domains. Section 5 contains the geometrical application of the theory.

2 Preliminaries. Fredholm bilinear forms.

In this section we will recall some basic facts about the geometry of closed subspaces of a Hilbert space, and,
in addition, some properties of bounded symmetric bilinear forms on Hilbert spaces. Basic references for this
part are [19, Chapter 2], [12, Section 2], [22, Section 1] and [2, Chapter 4,§ 4]. Virtually, most of the material
discussed is well known to specialists; the authors’ intention is merely to fix notations and to state the results in
a way which is best suited for the purposes of the paper.

Throughout this paper we will denote byH a real separable Hilbert space, endowed with inner product〈·, ·〉;
by ‖ · ‖ we will indicate the relative norm. Many of the results presented here willnot indeed depend on the
choice of a specific Hilbert space inner product. Complex extensions of the theory are also very likely to exist,
but we will not be concerned with the complex case here.
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4 P. Benevieri and P. Piccione: On a formula for the spectral flow

Given a closed subspaceV of H, PV will stand for the orthogonal projection ontoV, andV⊥ will denote the
orthogonal complement ofV in H. Depending on the context we will use the same symbolPV for the projection
with target spaceH or V. Given two closed subspacesV andW of H, PW

V will represent the restriction toW of
PV ; an immediate calculation shows that the adjoint ofPW

V is P V
W .

Let us warm up by singling out a few basic facts concerning closed subspaces, orthogonal projections and
compact operators, that will be used explicitly or implicitly in our proofs.

Lemma 2.1 LetV andW be closed subspaces ofH; the following statements hold true:

1. Ker (PV + PW) = V⊥ ∩W⊥, andIm (PV + PW) =
(
Ker (PV + PW)

)⊥ = V +W;

2. if codim(V +W) < +∞, thenV +W is closed;

3. if K : H → H is a compact linear operator, then(I + K)V is closed;

4. if V ⊇ W⊥, thencodimV = codimW(V ∩W);

5. if codimV < +∞, then any subspace ofH containingV is closed;

6. If dimV < +∞, thendim
(
(V +W⊥) ∩W

)
< +∞.

P r o o f. To prove (1) observe in first place thatKer (PV + PW) ⊇ V⊥ ∩W⊥. If x ∈ Ker (PV + PW), then

‖PVx‖2 = 〈PVx, x〉 = −〈PWx, x〉 = −‖PWx‖2,

hence‖PVx‖ = ‖PWx‖ = 0, andx ∈ V⊥ ∩W⊥. The second equality in (1) follows immediately.
Statement (2) follows from the general fact that, given a bounded linear operator between Banach spaces

T : F → G, having image of finite codimension, thenIm T is closed. This is an easy application of the Open
Mapping Theorem. In the case,V + W is the image of the bounded operator fromV × W to H, given by
(x, y) 7→ x + y.

The proof of (5) goes as follows. LetU be any subspace ofH containingV, and consider the quotient map
π : H → H/V. Since this quotient is finite dimensional, thenπ(U) is closed, and, sinceU ⊇ V = Kerπ, thenU
is saturated, i.e.,U = π−1(π(U)), which implies thatU is closed.

To prove (6) considerP V
W : V → W, which clearly has finite dimensional, hence closed, image. Then

Im P V
W = Im P V

W =
(
Ker (P V

W)∗
)⊥ = (KerPW

V )⊥ =
(V⊥ ∩W)⊥ ∩W = (V +W⊥) ∩W.

This concludes the proof.

Moreover, an application of [19, Ch. 4,§ 4, Theorem 4.2] yields the following Lemma.

Lemma 2.2 Let V,W be closed subspaces ofH. ThenV + W is closed if and only if the operatorPW
V⊥

:
W → V⊥ has closed image.

P r o o f. Forw ∈ W, setwo = PV∩Ww andw⊥ = w−wo; the result of [19, Ch. 4,§ 4, Theorem 4.2] tells us
thatV +W is closed if and only if there existsc > 0 such that‖PV⊥w⊥‖ ≥ c‖w⊥‖ for all w ∈ W. In turn, this
latter condition is equivalent to the fact thatPV⊥ |W : W → V⊥ has closed image.

Remark 2.3 Given closed subspacesV,W of a Banach space, let us recall Kato’s definition of the constant
γ(V,W) ∈ [0, 1]:

γ(V,W) = inf
u∈V\W

dist(u,W)
dist(u,V ∩W)

.

It is proven in [19, Ch. 4,§ 4, Theorem 4.2] thatV +W is closed if and only ifγ(V,W) > 0. Similarly, if L
is a bounded linear operator between Banach spaces, then the image ofL is closed if and only if the constant

γ(L) = inf
u 6∈Ker L

‖Lu‖
dist

(
u, KerL

)
Copyright line will be provided by the publisher
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is positive. An immediate calculation shows that ifV,W are closed subspaces of a Hilbert spaceH, then
γ(V,W) = γ

(
PW
V⊥

)
; from this fact it follows immediately a proof of Lemma 2.2.

Let now B be a continuous bilinear form onH andT : H → H the continuous linear operator uniquely
associated withB, that is,

B(x, y) = 〈Tx, y〉, ∀x, y ∈ H.

We define

KerB = {x ∈ H : B(x, y) = 0, ∀y ∈ H}.

It is immediate to see thatKerB = KerT . If KerB = {0}, thenB is said to benondegenerate.
If a continuous bilinear formB is symmetric, thenT is self-adjoint, that is,〈Tx, y〉 = 〈x, Ty〉, for all x, y ∈

H.

Definition 2.4 Given a continuous bilinear formB, the Morse indexof B is the (possibly infinite) integer
number

n−(B) = sup
{

dimV : B|V×V is negative definite
}
.

We denote byn+(B) the Morse index of−B, also called theMorse coindexof B. Of course one has

n+(B) = sup
{

dimV : B|V×V is positive definite
}
.

Definition 2.5 A symmetric continuous bilinear formB on H, associated with a (self-adjoint) Fredholm
operator, is called asymmetric Fredholm formonH.

A self-adjoint Fredholm operator has null index.
Standing assumption.From now onB will denote a symmetric Fredholm form onH andT will be the self-
adjoint Fredholm operatorT associated withB.

By the spectral theory of the self-adjoint Fredholm operators, there exists a unique orthogonal splitting ofH
induced byB,

H = V −(T )⊕ V +(T )⊕KerT, (2.1)

such thatV −(T ) andV +(T ) are bothT -invariant,B|V −(T )×V −(T ) is negative definite andB|V +(T )×V +(T ) is
positive definite.

In addition, sinceV −(T ) andV +(T ) areT -invariant and orthogonal, they are alsoB-orthogonal, that is,
B(x, y) = 0 for anyx ∈ V −(T ) and anyy ∈ V +(T ).

With a slight abuse of notation, we will refer toV −(T ) and V +(T ) respectively as thenegativeand the
positive eigenspacesof B.

Remark 2.6 Observe that the Morse index of a symmetric Fredholm formB coincides with the (possibly
infinite) dimension of the negative eigenspaceV −(T ).

Given a subspaceV of H, we define theB-orthogonal complementof V as the subspace ofH

V⊥B = {x ∈ H : B(x, y) = 0, ∀y ∈ V}.

Remark 2.7 Given a closed subspaceV of H, we have the following properties.

i) V⊥B is closed andKerT ⊆ V⊥B , the proof is immediate.

ii) If V has finite codimension, thenV⊥B is finite dimensional. Indeed,

V⊥B = {x ∈ H : 〈Tx, y〉 = 0, ∀y ∈ V} = {x ∈ H : 〈x, Ty〉 = 0, ∀y ∈ V}.

That is,V⊥B is orthogonal toT (V), which has finite codimension sinceT is Fredholm andV has finite
codimension. More precisely,

dimV⊥B = codimV + dim
(
KerT ∩ V

)
.
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6 P. Benevieri and P. Piccione: On a formula for the spectral flow

iii) Similarly, if V has finite dimension, thenV⊥B has finite codimension coinciding withdimV−dim Ker T |V .

iv) In general,V + V⊥B 6= H, even whenB is nondegenerate.

Lemma 2.8 If V is a closed subspace ofH, having finite codimension, then the restrictionB|V×V is Fredholm.

P r o o f. The kernel ofB|V×V is given byV ∩ V⊥B , which is finite dimensional. IfT is the Fredholm self-
adjoint operator that representsB, thenB|V×V is represented byPV ◦ T |V , whose image containsT (V) ∩ V,
which has finite codimension.

Let V be a closed subspace ofH. Denote byT̃ : V → V the operator associated withB|V×V and by
T2 : V⊥B → V⊥B the operator associated withB|V⊥B×V⊥B . Notice thatT2 = PV⊥B ◦ T |V⊥B .

Lemma 2.9 In the above notation we have the following results.

1. If V ∩ V⊥B = {0}, thenB|V×V is nondegenerate.

2. If V is finite dimensional or finite codimensional andB|V×V is nondegenerate, thenH = V ⊕ V⊥B .

3. Ker T̃ andKerT are contained inKerT2. If in particularH = V +V⊥B (not necessarily direct sum), then
KerT = KerT2.

4. If B is nondegenerate andV + V⊥B = H, thenV ∩ V⊥B = {0}.

5. If V is finite dimensional or finite codimensional, then

(V ∩ V⊥B )⊥B = V + V⊥B .

P r o o f. (1) If x ∈ Ker T̃ , thenTx is orthogonal toV, that is,x ∈ V⊥B . Hencex = 0 andB|V×V is
nondegenerate.

(2) Letv ∈ V ∩V⊥B be given. Asv ∈ V⊥B , it is orthogonal toT (V), that is,0 = 〈Tv′, v〉 = 〈v′, T v〉 for any
v′ ∈ V. This implies thatTv is orthogonal toV and soT̃ v = 0 (v belongs toV, henceT̃ v is well defined). Thus
v = 0 sinceB|V×V is nondegenerate. Notice that the proof thatV ∩V⊥B = {0} does not require any information
about the dimension ofV.

Now, if V has finite codimension, thenV⊥B has finite dimension. Hence, ifV is finite dimensional or finite
codimensional, thenV + V⊥B is closed being the sum of two closed subspaces ofH such that one of them has
finite dimension.

To show thatV +V⊥B = H consider an elementv of the orthogonal complement ofV +V⊥B in H. We have
thatv ∈ T (V) since this latter coincides with(V⊥B )⊥. Let x ∈ V be such thatTx = v. As Tx is orthogonal
to V, then T̃ x = 0 and this implies thatx = 0 sinceT̃ is injective. Therefore,v = 0 and we have finally
H = V ⊕ V⊥B .

(3) If x ∈ KerT , then〈Tx, y〉 = 0 for eachy ∈ V, that is,x ∈ V⊥B andT2x is well defined. AsTx = 0,
trivially T2x = 0, that is,KerT ⊆ Ker T2. Given x ∈ Ker T̃ , in the decompositionH = V ⊕ V⊥ write
Tx = T̃ x + PV⊥Tx = PV⊥Tx. Hence〈Tx, y〉 = 0 for eachy ∈ V, that is,x ∈ V⊥B andT2x is well defined.
In the decompositionH = (V⊥B )⊥ ⊕ V⊥B denote byQ the orthogonal projection onto(V⊥B )⊥. Then,

0 = 〈Tx, y〉 = 〈QTx + T2x, y〉 = 〈T2x, y〉, ∀y ∈ V⊥B .

ThenT2x = 0, that is,Ker T̃ ⊆ KerT2.
In the particular case whenH = V+V⊥B , letx ∈ KerT2 be given. Given anyz ∈ H, let us writez = z1+z2,

wherez1 ∈ V andz2 ∈ V⊥B . We have

〈Tx, z〉 = 〈Tx, z1〉+ 〈Tx, z2〉.

The product〈Tx, z1〉 vanishes sincex ∈ V⊥B andz1 ∈ V, and the term〈Tx, z2〉 is zero sinceT2x = 0, that is
Tx ∈ (V⊥B )⊥. Hence〈Tx, z〉 = 0 for anyz ∈ H, that meansTx = 0.

Copyright line will be provided by the publisher



mn header will be provided by the publisher 7

(4) Letx ∈ V ∩ V⊥B be given. Given anyz ∈ H, write z = z1 + z2, wherez1 ∈ V andz2 ∈ V⊥B . Then

〈Tx, z〉 = 〈Tx, z1〉+ 〈Tx, z2〉 = 0.

In fact, 〈Tx, z1〉 = 0 sincex ∈ V⊥B andz1 ∈ V, while 〈Tx, z2〉 = 0 sincex ∈ V andz2 ∈ V⊥B . Hence
〈Tx, z〉 = 0 for anyz ∈ H and this implies thatx = 0 sinceB is nondegenerate.

(5) It is a consequence of the following properties shown (in a more general setting) in [7]:given two closed
subspacesS1 andS2 ofH, then

i) (S1 + S2)⊥B = S⊥B
1 ∩ S⊥B

2 ,

ii) (S⊥B
1 )⊥B = S1 + KerT .

First of all one can show that

(V ∩ V⊥B )⊥B = ((V + KerT ) ∩ V⊥B )⊥B

(even ifV ∩ V⊥B could be strictly contained in(V + KerT ) ∩ V⊥B ; this is the case whenV does not contain
KerT ). Indeed, fix an elementx ∈ (V ∩ V⊥B )⊥B and letw ∈ (V + Ker T ) ∩ V⊥B be given. One can write
w = v + k, wherev ∈ V andk ∈ KerT . SinceKerT ⊆ V⊥B , thenk belongs toV⊥B , asw, and thusv ∈ V⊥B

as well. That is,v ∈ V ∩ V⊥B and this implies

〈Tx,w〉 = 〈Tx, v〉+ 〈Tx, k〉 = 0,

since〈Tx, v〉 and 〈Tx, k〉 both vanish. Therefore,x ∈ ((V + KerT ) ∩ V⊥B )⊥B , that is,(V ∩ V⊥B )⊥B ⊆
((V + KerT ) ∩ V⊥B )⊥B .

The inclusion((V +KerT )∩V⊥B )⊥B ⊆ (V ∩V⊥B )⊥B follows immediately from the inclusionV ∩V⊥B ⊆
(V + KerT ) ∩ V⊥B .

Let us now conclude the proof of the statement (5). By the previous item ii) we haveV + KerT = (V⊥B )⊥B .
Hence, by i),(V + KerT ) ∩ V⊥B = (V⊥B + V)⊥B . By ii), ((V⊥B + V)⊥B )⊥B = V⊥B + V, recalling that
KerT ⊆ V⊥B .

Summarizing the arguments,

(V ∩ V⊥B )⊥B = ((V + KerT ) ∩ V⊥B )⊥B = V⊥B + V

and the proof is complete.

Remark 2.10 If V + V⊥B is strictly contained inH, KerT does not necessarily coincides withKerT2 and
V ∩ V⊥B is not necessarily empty. Examples, even in finite dimension, could be easily provided and left to the
reader.

Definition 2.11 A subspaceZ of H is said to beisotropicfor B if B(z, z) = 0 for anyz ∈ Z.

Any subspace ofKerT is clearly isotropic, but one can easily find examples of symmetric Fredholm forms
having isotropic subspaces not contained in the kernel of the associated operator.

Lemma 2.12 Suppose thatB admits an isotropic subspaceZ which is not contained inKerT . ThenB is
indefinite, that is, there existx, y ∈ H such that〈Tx, x〉 > 0 and〈Ty, y〉 < 0.

P r o o f. Let v ∈ H such that〈Tv, v〉 = 0 andw := Tv 6= 0. For anyα ∈ R we have

〈T (αv + w), αv + w〉 = 2α||w||2 + 〈Tw,w〉.

The claim follows choosingx = α1v + w andy = α2v + w, with any α1 > −|〈Tw,w〉|
2||w||2

and anyα2 <

−|〈Tw, w〉|
2||w||2

.
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8 P. Benevieri and P. Piccione: On a formula for the spectral flow

Corollary 2.13 If B is positive (resp. negative) semidefinite, thenB|(Ker T )⊥×(Ker T )⊥ is positive (resp. neg-
ative) definite.

Lemma 2.12 above allows us to prove the next result connecting the Morse index ofB and a given isotropic
spaceZ.

Proposition 2.14 If Z is an isotropic subspace ofH, then

dimZ ≤ n−(B) + dim(Z ∩KerT ) and dimZ ≤ n+(B) + dim(Z ∩KerT ).

P r o o f. Let us prove just the first inequality, the proof of the second one is analogous. IfZ is infinite di-
mensional (this is the case when, for instance, it is not closed), one hasn−(B) = +∞ and this could be easily
verified using the proof of the above Lemma 2.12. In this case the inequalitydimZ ≤ n−(B)+dim(Z∩KerT )
immediately follows.

Suppose now thatdimZ < +∞. If Z is contained inKerT , the result trivially holds. IfZ is not contained
in KerT , thenB is indefinite andn−(B) is strictly positive (or+∞). Call V the orthogonal complement of
Z ∩KerT in Z and recall the spectral decomposition (2.1) ofH, induced byB,H = V −(T )⊕V +(T )⊕KerT .

Givenz ∈ V, if PV −(T )z = 0, thenz ∈ V +(T ) and thus

〈Tz, z〉 ≥ 0.

On the other hand〈Tz, z〉 = 0 asz belongs toZ. Thenz = 0 andP V
V−(T )

is injective. Consequently

dimZ − dim(Z ∩KerT ) = dimV = dim(Im P V
V−(T )) ≤ n−(B)

and the proposition is proven.

3 Fredholm and commensurable pairs of closed subspaces

3.1 Relative dimension and Fredholm pairs

The following notion of Fredholm pair of closed subspaces ofH has been introduced by Kato (see [19]). See
also [6] for the notion of index of a pair of orthogonal projections.

Definition 3.1 Given two closed subspacesV andW of H, we will say that(V,W) is a Fredholm pair if
dim(V ∩ W) < +∞ andcodim(V + W) < +∞. We will denote byFP(H) the set of all Fredholm pairs of
closed subspaces inH; for (V,W) ∈ FP(H) we set

ind(V,W) = dim(V ∩W)− codim(V +W).

We observe that, by part (2) of Lemma 2.1, if(V,W) ∈ FP(H) thenV +W is closed, and so

ind(V,W) = dim(V ∩W)− dim
(
(V +W)⊥

)
= dim(V ∩W)− dim(V⊥ ∩W⊥).

Establishing if a given pair of closed subspaces is a Fredholm pair is not always easy; usually, the nontrivial
part of the proof is to show that the sum of the spaces is closed. Once this is done, the finite codimensionality is
obtained using orthogonality arguments. For this reason, it will be essential to determine criteria for establishing
the Fredholmness of pairs; most of such criteria are given in terms of orthogonal projections.

Proposition 3.2 Given two closed subspacesV andW ofH, (V,W) ∈ FP(H) if and only ifPW
V⊥

: W → V⊥
is a Fredholm operator. In this case,ind(V,W) equals the Fredholm index ofPW

V⊥
.

P r o o f. In first place,

KerPW
V⊥ = V ∩W. (3.1)

If (V,W) ∈ FP(H), thenV +W is closed, and, by Lemma 2.2,PW
V⊥

has closed image. Moreover,

Im PW
V⊥ = Im PW

V⊥
=

(
Ker (PW

V⊥)∗
)⊥ = (KerP V⊥

W )⊥

= (V⊥ ∩W⊥)⊥ ∩ V⊥ = V +W ∩ V⊥ = (V +W) ∩ V⊥, (3.2)
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(see also the proof of part (6) in Lemma 2.1). By part (4) of Lemma 2.1,

codimV⊥((V +W) ∩ V⊥) = codim(V +W) < +∞, (3.3)

hencePW
V⊥

is Fredholm. Conversely, ifPW
V⊥

is Fredholm, then, by Lemma 2.2,V +W is closed; moreover, the
adjoint(PW

V⊥
)∗ = P V⊥

W is also Fredholm, and thus

codim(V +W) = dim
(
(V +W)⊥

)
= dim(V⊥ ∩W⊥) = dim(KerP V⊥

W ) < +∞.

The last statement in the thesis follows readily from (3.1), (3.2) and (3.3).

Corollary 3.3 If (V,W) ∈ FP(H), then(W,V) and(V⊥,W⊥) are inFP(H), andind(V,W) = ind(W,V) =
−ind(V⊥,W⊥).

P r o o f. The fact that(W,V) ∈ FP(H) follows directly from the definition of Fredholm pairs, as well as the
equalityind(V,W) = ind(W,V). Moreover, since the adjoint ofPW

V⊥
is P V⊥

W , it follows from Proposition 3.2
that(V⊥,W⊥) ∈ FP(H), and thatind(V⊥,W⊥) = ind(P V⊥

W ) = −ind(PW
V⊥

) = −ind(V,W).

Here is yet another characterization of Fredholm pairs.

Corollary 3.4 (V,W) ∈ FP(H) if and only if the differencePV − PW : H → H is Fredholm.

P r o o f. Consider the operators

T̃ : H →W ⊕W⊥, T̃ (x) = (PWx, PW⊥x),
T2 : W ⊕W⊥ → V⊥ ⊕ V, T2(w,w⊥) = (PV⊥w,−PVw⊥),
T3 : V⊥ ⊕ V → H, T3(v, v⊥) = v + v⊥.

Clearly,T̃ andT3 are isomorphisms, and the compositionT3 ◦ T2 ◦ T̃ : H → H is Fredholm if and only ifT2

is Fredholm. We have

T3(T2(T̃ z)) = T3(T2(PWz, PW⊥z)) = PV⊥(PWz)− PV(PW⊥z)

= PV⊥(PWz) + PV(PWz)− PV(PWz)− PV(PW⊥z) = PWz − PVz.

Now, T2 = PW
V⊥

⊕ (−PW⊥
V ), and this is Fredholm if and only if bothPW

V⊥
andPW⊥

V are; the conclusion follows
now from Proposition 3.2 and Corollary 3.3.

As to thesumof orthogonal projections onto Fredholm pairs, we have the following result.

Lemma 3.5 Let V,W be closed subspaces ofH such thatV ∩ W = {0} and such thatV + W is closed.
Then, the image ofPV + PW : H → H is V +W. In particular, if V +W = H, thenPV + PW is surjective.

P r o o f. Obviously,Im(PV+PW) ⊆ V+W. SinceV+W is closed andPVPV+W = PV , PWPV+W = PW ,
we can replaceH by V +W and assume thatV +W = H.

SinceV ∩W = {0}, then there exists a (unique) linear operatorA : V⊥ → V whose graph

Graph(A) =
{
z + Az : z ∈ V⊥

}
⊆ H

isW. Then,H = V + Graph(A).
Clearly,A is bounded because its graph is closed (Closed Graph Theorem). It is easy to show that the graph of

the negative adjoint map−A∗ : V → V⊥ is equal toW⊥; namely, ify ∈ W, theny = z + Az for somez ∈ V⊥.
Now, if x ∈ V, we have

〈x−A∗x, y〉 = 〈x−A∗x, z + Az〉 = −〈A∗x, z〉+ 〈x,Az〉 = 0,
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10 P. Benevieri and P. Piccione: On a formula for the spectral flow

i.e., Graph(−A∗) ⊆ W⊥. On the other hand, chooset ∈ W⊥ and writet = tV + tV⊥ , wheretV ∈ V and
tV⊥ ∈ V⊥. SinceW = Graph(A), we have:

〈t, z + Az〉 = 0, ∀z ∈ V⊥,

i.e.,

0 = 〈tV + tV⊥ , z + Az〉 = 〈tV , Az〉+ 〈tV⊥ , z〉 = 〈A∗tV + tV⊥ , z〉

for all z ∈ V⊥, which impliesA∗tV + tV⊥ ∈ V. But A∗tV + tV⊥ ∈ V⊥, henceA∗tV + tV⊥ = 0, and
tV⊥ = −A∗tV , t = tV −A∗tV ∈ Graph(−A∗), that isGraph(−A∗) ⊇ W⊥. That is,Graph(−A∗) = W⊥.

Let us now determine the image ofPV + PW ; let r ∈ H be fixed, we searchs ∈ H with PVs + PWs = r.
Write r = z + Az + t, with z ∈ V⊥ andt ∈ V, and set

s = (z + Az) + (c−A∗c),

wherec = t − Az ∈ V. Observe thatz + Az ∈ W and c − A∗c ∈ W⊥, i.e., PWs = z + Az. Writing
s = (Az + c) + (z −A∗c), we haveAz + c ∈ V andz −A∗c ∈ V⊥. HencePVs = Az + c = t. In conclusion,
PVs + PWs = z + Az + t = r and the proof is concluded.

As to the image ofPV + PW for a general Fredholm pair(V,W), we have the following lemma.

Lemma 3.6 Given a Fredholm pair(V,W), the image ofPV + PW has finite codimension inH.

P r o o f. By Proposition 3.2,PW
V⊥

: W → V⊥ andP V
W⊥

: V → W⊥ are Fredholm, and thus their adjoints
P V⊥
W : V⊥ → W andPW⊥

V : W⊥ → V are Fredholm. It follows thatW ′ = PW(V⊥) has finite codimension in
W, and thatV ′ = PV(W⊥) has finite codimension inV. But (PV +PW)(W⊥+V⊥) = PV(W⊥)+PW(V⊥) =
V ′ +W ′, hence the image ofPV + PW has finite codimension inV +W. SinceV +W has finite codimension
in H, it follows thatPV + PW has image of finite codimension inH.

We can now extend the result of Lemma 3.5 to pairs of closed subspacesV andW whose intersection is not
zero.

Proposition 3.7 LetV,W ⊆ H be closed subspaces withdim(V ∩W) < +∞. Then,PV + PW is Fredholm
if and only if(V,W) is a Fredholm pair.

P r o o f. If PV + PW is Fredholm, thenV + W is a closed and finite codimensional subspace ofH because
it contains the image ofPV + PW . Conversely, if(V,W) is a Fredholm pair, by part (1) of Lemma 2.1 one has
Ker (PV + PW) = V⊥ ∩W⊥ = (V +W)⊥, hencedim

(
Ker (PV + PW)

)
< +∞. By Lemma 3.6, the image of

PV + PW has finite codimension inH, which concludes the proof.

Set:

E(H) =
{

(V,W) : (V,W⊥) ∈ FP(H)
}

.

It follows immediately from Proposition 3.2 that(V,W) ∈ E(H) if and only if P
W
V is Fredholm.

Corollary 3.8 E(H) is an equivalence relation in the set of all closed subspaces ofH. If (V,W), (W,Z) ∈
E(H), thenind(V,Z⊥) = ind(V,W⊥) + ind(W,Z⊥).

P r o o f. The reflexivity and the symmetry ofE(H) follow easily from Corollary 3.3. The transitivity and
equality on the index will follow by proving thatPZ⊥

V⊥
is a compact (in fact, a finite rank) perturbation of the

compositionPW⊥

V⊥
◦PZ⊥

W⊥
, using the fact that the Fredholm index of operators is stable by compact perturbations,

and additive by composition. Consider the differencePV⊥ − PV⊥PW⊥ = PV⊥PW ; we have

Ker (PV⊥PW) = P−1
W (V) = V +W⊥ = V +W⊥.
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Hence

Ker
(
PV⊥PW |Z⊥

)
= (V +W⊥) ∩ Z⊥.

Such a space has finite codimension inZ⊥, because(
(V +W⊥) ∩ Z⊥

)⊥ ∩ Z⊥ = (V⊥ ∩W) + Z ∩ Z⊥ =
(
(V⊥ ∩W) + Z

)
∩ Z⊥.

The last equality follows from the fact thatV⊥ ∩ W is finite dimensional, so that(V⊥ ∩ W) + Z is closed;
moreover,

(
(V⊥ ∩ W) + Z

)
∩ Z⊥ has finite dimension (recall part (6) of Lemma 2.1). This shows that the

restriction ofPV⊥ − PV⊥PW⊥ toZ⊥ has finite rank, which concludes the proof.

3.2 Commensurable subspaces

Let us now recall the notion of commensurable spaces and relative dimension, introduced in [1] (see also [2]).

Definition 3.9 Two closed subspacesV andW of H are calledcommensurableif PV − PW is a compact
operator. Therelative dimensionof V with respect toW is defined as

dim(V,W) = dimV ∩W⊥ − dimW ∩ V⊥.

An easy computation shows thatPV−PW is compact if and only if so are bothPV⊥PW andPW⊥PV . Indeed:

PV − PW = PV(PW + PW⊥)− (PV + PV⊥)PW = PVPW⊥ − PV⊥PW ,

and

PVPW⊥ = (PV − PW)PW⊥ , PV⊥PW = PV⊥(PW − PV).

As a consequence, ifV andW are commensurable, thenI−PV⊥PW andI−PW⊥PV are Fredholm operators
of index zero being compact perturbations of Fredholm operators of index zero (I denotes the identity onH).
Therefore,

W ∩ V⊥ = Ker (I − PV⊥PW) and V ∩W⊥ = Ker (I − PW⊥PV)

are finite dimensional and then the above definition of relative dimension is well posed.
If follows directly from the definition that commensurability is an equivalence relation in the set of closed

subspaces ofH; we will set

C(H) =
{

(V,W) : V is commensurable withW
}

.

Let us see the following property (see [2]).

Lemma 3.10 If V,W andZ are closed commensurable subspaces ofH, then

dim(V,Z) = dim(V,W) + dim(W,Z).

Remark 3.11 Two subspacesV andW of H of finite codimension are commensurable sincePW⊥PV and
PV⊥PW are compact having finite dimensional image. IfcodimV = n andcodimW = m, by the above lemma
it follows

dim(V,W) = dim(V,H) + dim(H,W) = m− n.

In particular, ifL : H → H is a Fredholm operator of index zero, then(KerL)⊥ e Im L are commensurable
and their relative dimension is zero.

This property clearly fails ifV or W has infinite codimension. Consider also the particular case whenH =
H1 ⊕H2, direct sum of infinite dimensional subspaces, and

L =
(

0 L12

L21 0

)
whereL12 eL21 are isomorphisms. ThenH1 eH2 are isomorphic, but not commensurable.
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Proposition 3.12 C(H)⊂6= E(H). If (V,W) ∈ C(H), then

dim(V,W) = ind(V,W⊥). (3.4)

P r o o f. If (V,W) ∈ C(H), then the differencePV − PW is compact, and so the kernel of the Fredholm
operatorI + PV − PW is finite dimensional:

Ker (I + PV − PW) = Ker (PV + PW⊥) = V⊥ ∩W.

On the other hand,

codim(V⊥ +W) ≤ codim(Im (PV⊥ + PW)) = codim(Im (I + PW − PV)) < +∞.

This proves that(V⊥,W) ∈ FP(H), i.e.,C(H) ⊆ E(H). The proof of formula (3.4) is straigthforward.
To see thatC(H) actually does not coincide withE(H) consider the following example. LetH be a real

infinite dimensional separable Hilbert space, and set

H = H ×H, V = H × {0} and W =
{
(x, x) : x ∈ H

}
.

Obviously,V ∩ W = {0} andV + W = H, so that(V,W) ∈ FP(H) and(V,W⊥) ∈ E(H). An immediate
calculation shows thatPVPW : H → H is given byPVPW(a, b) = 1

2 (a + b), which is clearly not a compact
operator onH, so(V,W⊥) 6∈ C(H).

The following results will be useful in the sequel.

Proposition 3.13 [2, Prop. 2.3.2]. Given two self-adjoint Fredholm operatorsL andL′ such thatL− L′ is
compact, the negative (resp. the positive) eigenspaces are commensurable.

Proposition 3.14 [2, Prop. 2.3.6]. LetB be a symmetric Fredholm form onH and T the self-adjoint
Fredholm operator associated withB. LetV be a closed subspace ofH. Suppose thatB is negative definite on
V and positive semidefinite onV⊥B . Then(V, V +(T )⊕KerT ) is a Fredholm pair of index zero.

3.3 Relative dimension of negative eigenspaces

Let us recall thatB denotes a symmetric Fredholm form on the Hilbert spaceH andT is the self-adjoint Fredholm
operator associated withB.

Let V be a closed subspace ofH of finite codimension. Call̃T = PV ◦ T |V : V → V the linear operator
associated withB|V×V , which is clearly a self-adjoint Fredholm operator (sinceB|V×V is symmetric).

Recalling the spectral decomposition (2.1) ofH, induced byB, in this subsection we prove thatV −(T ) and
V −(T̃ ) are commensurable and we give some results concerning the relative dimensiondim(V −(T ), V −(T̃ ))
in different particular cases. The most general case, whenV is any finite codimensional subspace ofH, will be
tackled in Proposition 3.18 below.

Proposition 3.15 GivenT andT̃ as above,V −(T ) andV −(T̃ ) are commensurable.

P r o o f. DefineT̂ : H → H asT̂ := i ◦ T̃ ◦ PV wherei : V ↪→ H is the inclusion. It is immediate to see that
T̂ is a Fredholm operator of index zero. In fact, the index ofPV coincides with the codimension ofV in H, while
ind i = − codimV. It is known that the composition of Fredholm operators is a Fredholm operator whose index
is the sum of the indices of the components.

In the decompositionH = V ⊕ V⊥ we can represent̂T in the block-matrix form as

T̂ =
(

T̃ 0
0 0

)
.

As T̃ is self-adjoint, so iŝT .
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SinceV has finite codimension inH, it follows thatT − T̂ is compact. Indeed, consider the block-matrix
representation ofT in the splittingH = V ⊕ V⊥:

T =
(

T̃ T12

T21 T22

)
,

whereT12 = PV ◦T |V⊥ , T21 = PV⊥ ◦T |V andT22 = PV⊥ ◦T |V⊥ . These three operators have finite dimensional
image. Therefore,

T − T̂ =
(

0 T12

T21 T22

)
turns out to have finite dimensional image, and then it is compact. We obtain, by Proposition 3.13, thatV −(T )
andV −(T̂ ) are commensurable.

Consider now the spectral decompositions ofH induced byT̂ and ofV induced byT̃ :

H = V −(T̂ )⊕ V +(T̂ )⊕Ker T̂ , V = V −(T̃ )⊕ V +(T̃ )⊕Ker T̃ .

SinceKer T̂ = Ker T̃ ⊕ V⊥, we have

H = V −(T̃ )⊕ V +(T̃ )⊕Ker T̂ .

The Fredholm form associated witĥT is negative definite onV −(T̃ ) and positive onV +(T̃ ), as the definition
of T̂ immediately shows. In addition both the spaces are invariant with respect toT̂ . Therefore, by the uniqueness
of the spectral decomposition, the above formula is actually the spectral decomposition ofH by T̂ , that is,

V −(T̂ ) = V −(T̃ ) and V +(T̂ ) = V +(T̃ ).

We have seen thatV −(T ) andV −(T̂ ) are commensurable. Of course, so areV −(T ) andV −(T̃ ) and the proof
is complete.

Lemmas 3.16 and 3.17 below give an answer to the question concerning the relative dimension of(V −(T ), V −(T̃ ))
in two particular cases. These results are interesting in themselves and propaedeutic to Proposition 3.18.

Lemma 3.16 SupposeH = V + V⊥B . Let T2 := PV⊥B ◦ T |V⊥B : V⊥B → V⊥B be the linear operator
associated withB|V⊥B×V⊥B . One has

dim(V −(T ), V −(T̃ )) = dim V −(T2).

P r o o f. It is immediate to see thatV ∩ V⊥B is an isotropic space forB. Hence

V ±(T̃ ) ∩ V ±(T2) = V ±(T̃ ) ∩KerT2 = Ker T̃ ∩ V ±(T2) = {0}.

Thus, given

V̂ − := V −(T̃ )⊕ V −(T2) and V̂ + := V +(T̃ )⊕ V +(T2), (3.5)

and recalling thatKer T̃ ⊆ KerT2 = KerT (Lemma 2.9), we have

H = V̂ − ⊕ V̂ + ⊕KerT.

Let us show that:

a) B is negative definite on̂V − and positive on̂V +;

b) V̂ − andV̂ + areB-orthogonal.
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14 P. Benevieri and P. Piccione: On a formula for the spectral flow

a) Letx ∈ V̂ − be given and writex = x1 + x2 in the splittingV̂ − = V −(T̃ )⊕ V −(T2). We have

〈Tx, x〉 = 〈Tx1 + Tx2, x1 + x2〉 = 〈Tx1, x1〉+ 〈Tx2, x2〉 = 〈T̃ x1, x1〉+ 〈T2x2, x2〉

(notice that〈Tx1, x2〉 = 0 = 〈Tx2, x1〉 sincex1 ∈ V andx2 ∈ V⊥B ). The last two summands are, by definition
of V̂ −, less or equal to zero, and not both zero ifx 6= 0. ThenB is negative definite on̂V −. The proof of the
analogous result for̂V + is identical and omitted.

b) Let x ∈ V̂ − andy ∈ V̂ + be given. By the decompositions (3.5), writex = x1 + x2 andy = y1 + y2.
Hence

〈Tx, y〉 = 〈Tx1 + Tx2, y1 + y2〉 = 〈Tx1, y1〉+ 〈Tx2, y2〉 = 〈T̃ x1, y1〉+ 〈T2x2, y2〉 = 0.

The last equality is due to the fact thatV −(T̃ ) andV +(T̃ ) are (B|V×V )-orthogonal, whileV −(T2) andV +(T2)
are (B|V⊥B×V⊥B )-orthogonal.

We are now in the position to apply Proposition 3.14 to the pair(V̂ −, V +(T ) ⊕ KerT ) obtaining that it is a
Fredholm pair of index zero.

Observe that̂V − andV −(T ) are commensurable. IndeedV −(T̃ ) andV −(T ) are commensurable by Propo-
sition 3.15; in addition̂V − andV −(T̃ ) are of course commensurable sinceV −(T2) has finite dimension. Now,
recalling thatV −(T ) is the orthogonal complement ofV +(T )⊕KerT , by formula (3.4) it follows

dim(V̂ −, V −(T )) = 0.

In addition, it is immediate to see that

dim(V̂ −, V −(T̃ )) = dim V −(T2).

By Lemma 3.10 we have

dim(V −(T ), V −(T̃ )) = dim V −(T2)

and the proof is complete.

Lemma 3.17 LetZ be a finite dimensional subspace ofH, isotropic with respect toB, and callL : Z⊥B →
Z⊥B the operator associated withB|Z⊥B×Z⊥B . ThenV −(T ) is commensurable withV −(L) and

dim(V −(T ), V −(L)) = dimZ − dim(Z ∩KerT ).

P r o o f. SinceZ is isotropic, we haveZ ⊆ Z⊥B . Observe thatZ⊥B is the orthogonal complement ofT (Z)
in H. Therefore the codimension ofZ⊥B in H is finite and

codimZ⊥B = dimZ − dim(KerT ∩ Z). (3.6)

The kernel ofB|Z⊥B×Z⊥B is

KerB|Z⊥B×Z⊥B = {x ∈ Z⊥B : 〈Tx, y〉 = 0, ∀y ∈ Z⊥B}

= {x ∈ Z⊥B : 〈x, Ty〉 = 0, ∀y ∈ Z⊥B}.

That is,KerB|Z⊥B×Z⊥B is a subspace of the orthogonal complement ofT (Z⊥B ) in H. Hence, taking into
account (3.6), one has

dim Ker B|Z⊥B×Z⊥B ≤ dimZ − dim(KerT ∩ Z) + dim KerT.

SinceZ is isotropic, we have thatZ ⊆ KerB|Z⊥B×Z⊥B . Of courseKerT ⊆ Z⊥B . Since

dim(Z + KerT ) = dimZ − dim(KerT ∩ Z) + dim Ker T,
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it follows

KerB|Z⊥B×Z⊥B = Z + KerT.

The spectral decomposition ofZ⊥B with respect toB|Z⊥B×Z⊥B is

Z⊥B = V −(L)⊕ V +(L)⊕ (Z + KerT ),

andV := V −(L) ⊕ V +(L) is the orthogonal complement ofZ + KerT in Z⊥B . Observe thatB|V×V is
nondegenerate and then, by (2) in Lemma 2.9,

H = V ⊕ V⊥B .

SinceZ + Ker T is B-orthogonal toV it turns out to be contained inV⊥B . An immediate computation says that

dimV⊥B = 2(dimZ − dim(Z ∩KerT )) + dim Ker T.

Call T̃ the operator associated withB|V×V andT2 that associated withB|V⊥B×V⊥B . By Proposition 3.16, we

have thatV −(T ) andV −(T̃ ) are commensurable and

dim(V −(T ), V −(T̃ )) = dim V −(T2).

On the other handV −(L) = V −(T̃ ). Therefore, the proof is complete if we show thatdim V −(T2) =
dimZ − dim(Z ∩Ker T ).

It is crucial now to notice thatZ ⊆ V⊥B ; this immediately follows from the inclusionZ +KerT ⊆ V⊥B . By
Proposition 2.14 we have, sinceZ is isotropic,

dim V +(T2) ≥ dimZ − dim(Z ∩KerT ), dim V −(T2) ≥ dimZ − dim(Z ∩KerT ).

Then

dim V +(T2) = dimZ − dim(Z ∩KerT ) = dim V −(T2)

and the proof is complete.

We are now in the position to present the main result of this section, concerning the relative dimension of the
negative eigenspaces of a self-adjoint Fredholm operator and its restriction to any closed finite codimensional
subspace ofH.

Proposition 3.18 Let B be a Fredholm symmetric bilinear form onH and letV be a closed finite codimen-
sional subspace ofH. Denote byT : H → H and T̃ = PV ◦ T |V : V → V the self-adjoint Fredholm operators
associated withB andB|V×V respectively. Then:

dim
(
V −(T ), V −(T̃ )

)
= n−

(
B|V⊥B×V⊥B

)
+ dim(V ∩ V⊥B )− dim

(
V ∩KerT

)
.

P r o o f. ClearlyZ := V ∩ V⊥B is an isotropic space. In addition it is finite dimensional since so isV⊥B

(Remark 2.7, statement ii)). LetR : Z⊥B → Z⊥B be the linear operator associated withB|Z⊥B×Z⊥B . Then,
by Lemma 3.17,

dim(V −(T ), V −(R)) = dimZ − dim(Z ∩KerT ).

Now, asZ⊥B = V + V⊥B by statement (5) in Lemma 2.9, we can apply toZ⊥B Lemma 3.16 and we obtain

dim(V −(R), V −(T̃ )) = n−(B|V⊥B×V⊥B ).

By Lemma 3.10 the claim follows.

Copyright line will be provided by the publisher
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4 On the spectral flow

4.1 Generalities on the notion of spectral flow

Let us denote byFsa(H) the set of self-adjoint Fredholm operators inH. Given a continuous pathT : [a, b] →
Fsa(H), we will denote bysf(T, [a, b]) thespectral flowof T on the interval[a, b], which is an integer number
that gives, roughly speaking, the net number of eigenvalues ofT that pass through the value0.

There exist several equivalent definitions of the spectral flow in the literature, although the reader should note
that there exist different conventions on the contribution of the endpoints in the case whenTa and/orTb are not
invertible.

A possible definition of spectral flow using functional calculus is given in [23] as follows. Lett0 = a < t1 <
. . . < tN = b be a partition of[a, b], anda1, . . . , aN be positive numbers with the property that, denoting byχI

the characteristic function of the intervalI, for i = 1, . . . , N the following hold:

(a) the map[ti−1, ti] 3 t 7→ χ[−ai,ai](Tt) is continuous,

(b) χ[−ai,ai](Tt) is a projection onto a finite dimensional subspace ofH.

Then,sf
(
T, [a, b]

)
is defined by the sum

sf
(
T, [a, b]

)
=

N∑
i=1

=
[
rk

(
χ[0,ai](Tti

)− rk
(
χ[0,ai](Tti−1)

]
,

whererk(P ) denotes the rank of a projectionP . With this definition, in the particular case whenT is a path of
essentially positive operators, that is, the negative spectrum of each operatorTt has only isolated eigenvalues of
finite multiplicity, then the spectral flow ofT is given by

sf(T, [a, b]) = n−(Tb) + dim
(
KerTb

)
− n−(Ta)− dim

(
KerTa

)
.

The spectral flow is additive by concatenation of paths, and invariant by fixed-endpoints homotopies, and it
therefore defines aZ-valued homomorphism on the fundamental groupoid ofFsa(H). In fact, one shows easily
that the spectral flow is invariant by the larger class of homotopies that leave constant the dimension of the kernel
at the endpoints. Moreover, the spectral flow is invariant by cogredience, i.e., given Hilbert spacesH1, H2, a
continuous pathT : [a, b] → Fsa(H2) and a continuous path of isomorphismsS : [a, b] → Iso(H1,H2), then
the spectral flow of the path[a, b] 3 t 7→ S∗t TtSt ∈ Fsa(H1) equals the spectral flow ofT .

We are interested in computing the spectral flow of paths of self-adjoint Fredholm operators that are compact
perturbations of a fixed symmetry of the Hilbert spaceH. By a symmetryof H we mean a bounded operatorI
onH of the formI = PW − PW⊥ = 2PW − I, whereW is a given closed subspace ofH. Equivalently,I is a
symmetry if it is self-adjoint and it satisfiesI2 = I, the identity map ofH.

A symmetryI can be represented, with respect to the decompositionH = W ⊕W⊥, by the matrix(
IW 0
0 −IW⊥

)
whereIW andIW⊥ are the identity maps ofW andW⊥, respectively.

A compact perturbation ofI is essentially positive, essentially negative or strongly indefinite according to
whetherW⊥ is finite dimensional,W is finite dimensional, or bothW andW⊥ are infinite dimensional, respec-
tively. Of course the last case could happen only ifH is infinite dimensional.

Given a continuous curveT : [a, b] → Fsa(H) of the formTt = I + Kt, whereI is a symmetry ofH andKt

is a self-adjoint compact operator onH, then the spectral flow ofT can be computed in terms of the notion of
relative dimension, recalled in the above section, as follows: by Proposition 3.13 the spacesV −(Ta) andV −(Tb)
are commensurable, and

sf
(
T, [a, b]

)
= dim

(
V −(Ta), V −(Tb)

)
. (4.1)

Here comes an immediate observation, that will be useful ahead.

Proposition 4.1 For a continuous pathT : [a, b] → Fsa(H) of the formTt = I + Kt, whereI is a symmetry
ofH andKt is a self-adjoint compact operator onH, the spectral flowsf(T, [a, b]) depends only on the endpoints
Ta andTb.
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4.2 Restriction to a fixed subspace

An important property, stated in the following lemma, says that ifV is a closed subspace ofH of finite codimen-
sion, thenPV ◦ Tt|V : V → V is a path of self-adjoint compact perturbations of a fixed symmetry ofV.

Lemma 4.2 LetT : [a, b] → Fsa(H) be a continuous curve of the formTt = I+Kt, whereI is a symmetry of
H andKt is a self-adjoint compact operator onH, and consider a closed subspaceV ofH of finite codimension.
Call T̃ : [a, b] → Fsa(V) the continuous curve of self-adjoint operators defined asT̃t = PV ◦ Tt|V . Then, there
exist a symmetryIV of V and a continuous path of self-adjoint compact operatorsCt onV such that

T̃t = IV + Ct, t ∈ [a, b].

P r o o f. The operator̃IV = PV ◦ I|V : V → V is self-adjoint, and its square(ĨV)2 is easily computed as the
sum of the identity ofV and a finite rank operator. Namely, the spaceW = I−1(V) ∩ V = I(V) ∩ V has finite
codimension inV, it is invariant byI, and(I|W)2 = IW . The symmetryIV is obtained applying next Lemma to
the operatorS = ĨV on the Hilbert spaceV.

Lemma 4.3 Let S be a self-adjoint operator on a Hilbert spaceG such thatS2 − I has finite rank. Then,S
is a finite-rank perturbation of a symmetryL of G.

P r o o f. S2 − I is self-adjoint and it has closed image (finite dimensional), thusG is given by the orthogonal
sum of closed subspaces, that is,G = Ker (S2 − I) + Im(S2 − I). The symmetryL is given by

L =

{
S onKer (S2 − I)
I on Im(S2 − I).

We are now in the position to present the following result, which concerns the difference between the spectral
flow of a path of symmetric Fredholm forms onH and the spectral flow of its restriction to a finite codimensional
closed subspace ofH.

In the theoremBsym(H) will denote the set of symmetric Fredholm forms onH, whileFsa(H), as said before,
will stand for the set of self-adjoint Fredholm operators inH.

Theorem 4.4 Consider a continuous pathB : [a, b] → Bsym(H) of symmetric Fredholm forms onH. LetV
be a finite codimensional closed subspace ofH and denote byT : [a, b] → Fsa(H) and T̃ : [a, b] → Fsa(V) the
continuous paths of self-adjoint Fredholm operators associated withB and to the restrictionB|V×V , respectively.
Assume thatTt = J + Kt for all t ∈ [a, b], whereJ is a symmetry ofH andKt is compact for allt. Then,

sf(T, [a, b])− sf(T̃ , [a, b]) = dim
(
V −(Ta), V −(T̃a)

)
− dim

(
V −(Tb), V −(T̃b)

)
= n−

(
Ba|V⊥Ba×V⊥Ba

)
+ dim

(
V ∩ V⊥Ba

)
− dim

(
V ∩KerBa

)
− n−

(
Bb|V⊥Bb×V⊥Bb

)
− dim

(
V ∩ V⊥Bb

)
+ dim

(
V ∩KerBb

)
.

(4.2)

P r o o f. By Lemma 4.2,T̃ is a path of compact perturbations of a symmetry ofV. Therefore, using formula
(4.1) we obtain readily

sf(T, [a, b])− sf(T̃ , [a, b]) = dim
(
V −(Ta), V −(Tb)

)
− dim

(
V −(T̃a), V −(T̃b)

)
.

Recalling that the commensurability of subspaces is an equivalence relation and applying Lemma 3.10, it follows
that

dim
(
V −(Ta), V −(Tb)

)
− dim

(
V −(T̃a), V −(T̃b)

)
=

= dim
(
V −(Ta), V −(T̃a)

)
− dim

(
V −(Tb), V −(T̃b)

)
.

The conclusion of the proof is an immediate consequence of Proposition 3.18.

Note thatV ∩ V⊥B = Ker
(
B|V×V

)
.
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4.3 Continuous and smooth families of closed subspaces

In Subsection 4.4 below we will extend formula 4.2 to the case when the subspaceV in Theorem 4.4 is not
constant but depends ont. To this end we devote this subsection to a summary of the concept of smooth family
(or smooth path) of closed subspaces ofH, recalling also some crucial properties, important for our construction.
The goal is to determine the existence of a special class oftrivializations for smooth, or continuous, curves of
closed subspaces. Most of the material discussed in this subsection is known to specialists, nevertheless it will be
useful to give a formal proof of the essential results, for the reader’s convenience.

In the following definition, beingL(H) the space of bounded linear operators ofH into itself,GL(H) is the
open subset ofL(H) of the automorphisms. The space of bounded linear operators between two Hilbert spaces
H1 andH2 is denoted byL(H1,H2).

Definition 4.5 Let I ⊆ R be an interval andD = {Vt}t∈I be a family of closed subspaces ofH. We
say thatD is a Ck family of closed subspaces ofH, k = 0, . . . ,∞, ω1 if for all t0 ∈ I there existε > 0, a
Ck mapΨ : I ∩ ]t0 − ε, t0 + ε[ → GL(H) and a closed subspaceV? ⊆ H such thatΨt(Vt) = V? for all
t ∈ I ∩ ]t0 − ε, t0 + ε[.

The pair(V?,Ψ) as above will be called aCk-local trivialization of the familyD aroundt0. The following
criterion of smoothness holds.

Proposition 4.6 Let I ⊆ R be an interval,H1,H2 be Hilbert spaces andF : I 7→ L(H1,H2) be aCk map,
k = 0, 1, . . . ,∞, ω, such that eachFt is surjective. Then, the family ofVt = KerFt is a Ck-family of closed
subspaces ofH1.

P r o o f. See for instance [18, Lemma 2.9].

Let D = {Vt}t∈I be a family of closed subspaces ofH. Proposition 4.9 below relates the smoothness ofD
with the smoothness of the patht 7→ PVt of the orthogonal projections ontoVt, for t ∈ I. Any PVt is considered
havingH as target space. We need first two preliminary lemmas.

Lemma 4.7 LetP,Q be two projections such that‖P −Q‖ < 1. Then, the restrictionP Im Q
Im P : Im Q → Im P

is an isomorphism.

P r o o f. Assumex ∈ Im Q\{0} andPx = 0; then‖Px−Qx‖ = ‖Qx‖ = ‖x‖, which implies‖P−Q‖ ≥ 1.
Thus,P Im Q

Im P is injective. We now need to show thatIm
(
P Im Q

Im P

)
is equal toIm P ; to this aim, it suffices to show

thatIm(PQ) = Im P . This follows easily from the equality

PQ = P (Q + I − P ),

observing that, since‖P −Q‖ < 1, thenI + Q− P is an isomorphism ofH.

Lemma 4.8 LetH0 andH1 be Hilbert spaces, and letL : H0 → H1 be a bounded linear operator. Set
H = H0 ⊕H1; then, the orthogonal projectionPGraph(L) onto the graph ofL is given by

PGraph(L)(x, y) =(
x + L∗(I + LL∗)−1(y − Lx), L(x + L∗(I + LL∗)−1(y − Lx))

)
=(

x + L∗(I + LL∗)−1(y − Lx), y − (I + LL∗)−1(y − Lx)
)
.

(4.3)

P r o o f. It follows by a straightforward calculation, keeping in mind that the orthogonal complement of
Graph(L) in H is

{
(−L∗b, b) : b ∈ H1

}
.

Formula (4.3) shows that the orthogonal projection onto the graph ofL is written as a smooth function ofL.
We are now ready for the main result of the subsection.

Proposition 4.9 LetJ ⊆ R be an interval, and letD = {Vt}t∈J be a family of closed subspaces ofH. Then,
for all k = 0, 1, . . . ,∞, ω, D is a Ck-family of subspaces ofH if and only if the mapt 7→ PVt , from J into
∈ L(H), is of classCk.

1 The symbolCω means analytic.
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P r o o f. Assume thatt 7→ PVt
is of classCk; setQt = I − PVt

, so thatVt = KerQt for all t. Fix t0 ∈ J ,
for t ∈ J neart0, by continuity we can assume‖Qt − Qt0‖ < 1. We claim that, fort ∈ J neart0, the
mapFt = Qt0Qt : H → Im Qt0 is surjective; namely,Im Ft = Im

(
Qt0 |Im Qt

)
, and the claim follows from

Lemma 4.7. Moreover,KerFt = KerQt because, by Lemma 4.7,Qt0 |Im Qt
is injective. Sincet 7→ Ft is of

classCk,D is aCk-family of closed subspaces ofH by Proposition 4.6.
For the converse, we will show that the projectionsPVt

can be written as smooth functions of a local trivi-
alization. AssumeD of classCk; chooset0 ∈ J , and let(V?,Ψ) be a local trivialization ofD aroundt0; set
φt = Ψ−1

t . Up to replacingΨt with Ψ−1
t0 Ψt, we can assumeV? = Vt0 andVt = φt(Vt0) for all t neart0. Write

H = Vt0 ⊕ V⊥t0 and writeφt in blocks relatively to this decomposition ofH as:

φt =
(

φ11
t φ12

t

φ21
t φ22

t

)
;

observe that the smoothness ofΨt is equivalent to the smoothness of the blocksφij
t . Sinceφt0 |Vt0

is the identity
on Vt0 , φ11

t0 is the identity, and by continuity,φ11
t is invertible fort neart0. An immediate computation shows

that, settingLt : Vt0 → V⊥t0 ,

Lt = φ21
t ◦ (φ11

t )−1,

thenVt = Graph(Lt). Using Lemma 4.8, the projectionPVt
ontoVt can be written as a smooth function ofφt,

which proves thatt 7→ PVt is of classCk.

Remark 4.10 The above proposition tells us that, given aCk family D = {Vt}t∈[a,b] of closed subspaces of
H, there exists, for anyt0 ∈ [a, b], a local trivialization(V?,Ψ) of D aroundt0 such thatΨt(V⊥t ) = V⊥? for all t
in a neighborhoodI of t0.

Definition 4.11 A local trivialization(V?,Ψ) ofD aroundt0 is called alocal splitting trivializationif Ψt(V⊥t ) =
V⊥? .

Actually, as an immediate consequence of Corollary A.3, we obtain the followingglobal result, that is, the
existence of a global splitting trivialization of isometries.

Proposition 4.12 Given aCk familyD = {Vt}t∈[a,b] of closed subspaces ofH, there exists a global trivial-
ization(V?,Ψ) ofD such thatΨt ∈ O(H) for all t ∈ [a, b].

4.4 Spectral flow and restrictions to a continuous family of subspaces

The additivity by concatenation of paths and invariance by cogredience properties, recalled in Subsection 4.1,
allow us to extend the definition of spectral flow to the case of paths of Fredholm operators with varying domains.

Assume that[a, b] 3 t 7→ Tt is a continuous map of bounded operators onH andD = {Vt}t∈[a,b] is a
continuous family of closed subspaces such that, taking the orthogonal projectionPVt

as a map with target space
Vt for every t ∈ [a, b], the operatorPVt ◦ Tt|Vt : Vt → Vt is Fredholm and self-adjoint. Let(V?,Ψ) be a
trivialization of D, and denote byP? the orthogonal projection ontoV?. Then, we have a continuous family
[a, b] 3 t 7→ T̃t ∈ Fsa(V?) of self-adjoint Fredholm operators onV?, obtained by setting2

T̃t = P? ◦
(
Ψt

∣∣
Vt

)
◦ PVt

◦ Tt ◦
(
Ψt

∣∣
Vt

)∗ : V? −→ V?. (4.4)

We define the spectral flowsf(T,D; [a, b]) of the pathT = (Tt)t∈[a,b] restricted to the varying domains
D = (Vt)t∈[a,b] by

sf
(
T,D; [a, b]

)
= sf

(
T̃ , [a, b]

)
. (4.5)

In order to prove that this is a valid definition, one needs the following lemma.

Lemma 4.13 The right hand side of equality(4.5) does not depend on the choice of a trivialization of the
familyD.

2 `
Ψt

˛̨
Vt

´∗
= PVtΨ

∗
t

˛̨
V?

.
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P r o o f. Assume that(V̂?, Ψ̂) is another trivialization ofD. Denoting byP̂? the orthogonal projection onto
V̂?, set

T̂t = P̂? ◦
(
Ψ̂t

∣∣
Vt

)
◦ PVt

◦ Tt ◦
(
Ψ̂t

∣∣
Vt

)∗ : V̂? −→ V̂?

and denote byΦt : V? → V̂? the isomorphism
(
PVt

◦ (Ψ̂∗
t

∣∣bV?
)
)−1 ◦ PVt

◦ (Ψ∗
t

∣∣
V?

). If T̃t is as in formulas (4.4),
then

T̃t = Φ∗t ◦ T̂t ◦ Φt

for all t, hencesf(T̃ , [a, b]) = sf(T̂ , [a, b]), by the cogredient invariance of the spectral flow.

Our aim is to show how the result of Theorem 4.4 can be employed in the computation of the spectral flow
in the case of varying domains. Towards this goal, we observe preliminarily that if(V̂?, Ψ̂) is an orthogonal
trivialization ofD, thenΨ∗

t (V?) = Vt for3 all t; this simplifies formula (4.4), in that(Ψt|Vt
)∗ = Ψ∗

t |V?
= Ψ−1

t |V?
.

Moreover, it is easy to show that, given a continuous path[a, b] 3 t 7→ Ut with values inO(H), the set of the
orthogonal automorphisms ofH, then the spectral flow of the path[a, b] 3 t 7→ Tt restricted to a continuous
family of subspaces ofH,D = {Vt}t∈[a,b] is equal to the spectral flow of the path[a, b] 3 t 7→ UtTtU

∗
t restricted

to the family{Ut(Vt)}t∈[a,b].
We are now ready for the following result.

Proposition 4.14 Let T : [a, b] → Fsa(H) be a continuous path of the formTt = I + Kt, whereI is a
symmetry ofH andKt is, for anyt ∈ [a, b], a self-adjoint compact operator onH. Consider a continuous family
D = {Vt}t∈[a,b] of (finite codimensional) closed subspaces ofH. Then, there exists an orthogonal trivialization

(V?,Ψ) ofD (with V? finite codimensional) and a symmetryJ̃ : H → H such thatΨtTtΨ∗
t − J̃ is compact for

all t ∈ [a, b].

P r o o f. Choose any orthogonal trivialization(V?,Φ) ofD, so that by what has been just observed, the spectral
flow of T restricted toD equals the spectral flow oft 7→ ΦtTtΦ∗t = ΦtIΦ∗t + ΦtKtΦ∗t restricted to the fixed
subspaceΦt(Vt) = V?.

SinceΦt is orthogonal, then, for allt, Ît = ΦtIΦ∗t is a symmetry ofH; the operatorΦtKtΦ∗t is clearly
compact. By Lemma 4.2, ifP? is the orthogonal projection ontoV?, the operatorP?ΦtTtΦ∗t |V?

∈ Fsa(V?)
is of the formI?

t + Ct, wheret 7→ I?
t is a continuous path of symmetries of the Hilbert spaceV?. Now, by

Corollary A.4, there exists a continuous patht 7→ Ut ∈ O(V?) and a fixed symmetryJ? of V? with the property
thatUtI

?
t U

∗
t = I? for all t. ExtendJ? to a symmetrỹJ of H by setting̃J|V⊥? equal to the identity, and eachUt to

an orthogonal operatorWt ∈ O(H) by settingWt|V⊥? equal to the identity. Observe thatWt commutes withP?

for all t, sinceV? is Wt-invariant. Then, the required trivialization ofD is obtained by settingΨt = WtΦt for all
t.

Using an orthogonal trivialization as in Proposition 4.14, Theorem 4.4 can now be employed in the computa-
tion of the spectral flow of restrictions to a varying family of finite codimensional subspaces.

Theorem 4.15 Consider a continuous pathB : [a, b] → Bsym(H) of symmetric Fredholm forms onH and
denote byT : [a, b] → Fsa(H) the continuous paths of self-adjoint Fredholm operators associated withB.
Consider a continuous familyD = {Vt}t∈[a,b] of (finite codimensional) closed subspaces ofH and let(V?,Ψ)
be an orthogonal trivialization ofD and J̃ : H → H be a symmetry such thatΨtTtΨ∗

t − J̃ is compact for all
t ∈ [a, b]. Denote byT̃ : [a, b] → Fsa(V?) the pathT̃t = P?ΨtTtΨ∗

t |V? , whereP? is the projection ontoV?.
Then, we have

sf(T, [a, b])− sf
(
T,D; [a, b]

)
=dim

(
V −(Ta), V −(T̃a)

)
− dim

(
V −(Tb), V −(T̃b)

)
. (4.6)

3 This holds more generally for splitting trivializations.
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P r o o f. DenoteT̂t = ΨtTtΨ∗
t : H → H, for anyt ∈ [a, b]. SinceT andT̂ are cogredient, their spectral flows

coincide, and, sincêT is a path of compact perturbations of a symmetry, we have

sf(T, [a, b]) = dim
(
V −(Ta), V −(Tb)

)
= sf(T̂ , [a, b]) = dim

(
V −(T̂a), V −(T̂b)

)
.

Applying Theorem 4.4, we have

sf(T̂ , [a, b])− sf(T̃ , [a, b]) = dim
(
V −(T̂a), V −(T̃a)

)
− dim

(
V −(T̂b), V −(T̃b)

)
,

and, finally, by Lemma 3.10 the claim follows.

5 Spectral flow along periodic semi-Riemannian geodesics

In this section we will discuss an application to semi-Riemannian geometry of our spectral flow formula. We
will define thespectral flowof the index form along a periodic geodesic in a semi-Riemannian manifold, and we
will compute its value in terms of the Maslov index of the geodesic. In the Riemannian (i.e., positive definite)
case, the spectral flow is equal to the Morse index of the geodesic action functional at the closed geodesic, and
the Maslov index is given by the number of conjugate points along a geodesic. In the general semi-Riemannian
case, it is well known that the Morse index of the geodesic action functional is infinite.

5.1 Periodic geodesics

We will consider throughout ann-dimensional semi-Riemannian manifold(M, g), denoting by∇ the covari-
ant derivative of its Levi–Civita connection, and byR its curvature tensor, chosen with the sign convention
R(X, Y ) = [∇X ,∇Y ]−∇[X,Y ].

Let γ : [0, 1] → M be a periodic geodesic inM , i.e., γ(0) = γ(1) and γ̇(0) = γ̇(1). We will assume
thatγ is orientation preserving, which means that the parallel transport alongγ is orientation preserving. IfM
is orientable, then every closed geodesic is orientation preserving. Moreover, given any closed geodesicγ, its
two-fold iterationγ(2), defined byγ(2)(t) = γ(2t), is always orientation preserving.

We will denote byD
dt the covariant differentiation of vector fields alongγ; recall that theindex formIγ is the

bounded symmetric bilinear form defined on the Hilbert space of all periodic vector fields of Sobolev classH1

alongγ, given by

Iγ(V,W ) =
∫ 1

0

g
(

D
dtV, D

dtW ) + g(RV,W ) dt, (5.1)

where we setR = R(γ̇, ·)γ̇. Closed geodesics inM are the critical points of the geodesic action functional
f(γ) = 1

2

∫ 1

0
g(γ̇, γ̇) dt defined in thefree loop spaceΩM of M ; ΩM is the Hilbert manifold of all closed curves

in M of Sobolev classH1. The index formIγ is the second variation off at the critical pointγ; unlessg is
positive definite, the Morse index off at each nonconstant critical point is infinite. The notion of Morse index is
replaced by the notion of spectral flow.

5.2 Periodic frames and trivializations

Consider a smooth periodic orthonormal frameT alongγ, i.e., a smooth family[0, 1] 3 t 7→ Tt of isomorphisms:

Tt : Rn −→ Tγ(t)M, (5.2)

with T0 = T1, and

g(Ttei, Ttej) = εiδij , (5.3)

where{ei}i=1,...,n is the canonical basis ofRn, εi ∈ {−1, 1} andδij is the Kronecker symbol. The existence
of such a frame is guaranteed by the orientability assumption on the closed geodesic. The pull-back byTt of the
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metric g gives a symmetric nondegenerate bilinear formG onRn, whose index is the same as the index ofg;
note that this pull-back does not depend ont, by the orthogonality assumption on the frameT. In the sequel, we
will also denote byG : Rn → Rn the symmetric linear operator defined by(Gv) · w; By (5.3),G satisfies

G2 = I. (5.4)

For all t ∈ ]0, 1], define byHγ
t the Hilbert space of allH1-vector fieldsV alongγ|[0,t] satisfying

T−1
0 V (0) = T−1

t V (t).

Observe that the definition ofHγ
t depends on the choice of the periodic frameT, however,Hγ

1 , which is the
space of all periodic vector fields alongγ, does not depend onT. Although in principle there is no necessity of
fixing a specific Hilbert space inner product, it will be useful to have one at disposal, and this will be chosen as
follows. For allt ∈ ]0, 1], consider the Hilbert space

H1
per

(
[0, t],Rn

)
=

{
V ∈ H1

(
[0, t],Rn) : V (0) = V (t)

}
.

There is a natural Hilbert space inner product inH1
per

(
[0, t],Rn

)
given by

〈V ,W 〉 = V (0) ·W (0) +
∫ t

0

V
′
(s) ·W ′

(s) ds, (5.5)

where· is the Euclidean inner product inRn. The mapΨt : Hγ
t → H1

per

(
[0, t],Rn

)
defined byΨt(V ) = V ,

whereV (s) = T−1
s (V (s)) is an isomorphism; the spaceHγ

t will be endowed with the pull-back of the inner
product (5.5) by the isomorphismΨt. Denote byRt ∈ L(Rn) the pull-back byTt of the endomorphismRγ(t) =
R(γ̇, ·)γ̇ of Tγ(t)M :

Rt = T−1
t ◦Rγ(t) ◦ Tt;

observe thatt 7→ Rt is a smooth map ofG-symmetric endomorphisms ofRn. Finally, denote byΓt ∈ L(Rn)
theChristoffel symbolof the frameT, defined by

Γt(v) = T−1
t

(
D
dtV

)
− d

dt
V (t),

whereV is any vector field satisfyingV (t) = v, andV = Ψ−1
t (V ). The push-forward byΨt of the index form

Iγ onHγ
t is given by the bounded symmetric bilinear formIt onH1

per

(
[0, t],Rn

)
defined by

It(V ,W ) =
∫ t

0

G
(
V
′
(s),W

′
(s)

)
+ G

(
ΓsV (s),W

′
(s)

)
+ G

(
ΓsW (s), V

′
(s)

)
+ G

(
ΓsV (s),ΓsW (s)

)
+ G

(
RsV (s),W (s)

)
ds. (5.6)

Finally, for t ∈ ]0, 1], we will consider the isomorphism

Φt : H1
per

(
[0, t],Rn

)
→ H1

per

(
[0, 1],Rn

)
,

defined byV 7→ Ṽ , whereṼ (s) = V (st), s ∈ [0, 1]. The push-forward byΦt of the bilinear formIt is given by
the bounded symmetric bilinear form̃It onH1

per

(
[0, 1],Rn

)
defined by:

Ĩt(Ṽ , W̃ ) =
1
t2

∫ 1

0

G
(
Ṽ ′(r), W̃ ′(r)

)
+ tG

(
ΓtrṼ (r), W̃ ′(r)

)
+ tG

(
ΓtrW̃ (r), Ṽ ′(r)

)
+ t2G

(
ΓtrṼ (r),ΓtrW̃ (r)

)
+ t2G

(
R̃trṼ (r), W̃ (r)

)
dr. (5.7)
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5.3 Spectral flow of a periodic geodesic

For t ∈ ]0, 1], define the Fredholm bilinear formBt on the Hilbert spaceH1
per

(
[0, 1],Rn

)
by setting

Bt = t2 · Ĩt. (5.8)

From (5.7) we obtain immediately the following result.

Lemma 5.1 The map]0, 1] 3 t 7→ Bt can be extended continuously tot = 0 by setting:

B0(Ṽ , W̃ ) =
∫ 1

0

G
(
Ṽ ′(r), W̃ ′(r)

)
dr.

Observe thatKerB0 is one-dimensional, and it consists of all constant vector fields.

Proposition 5.2 For all t ∈ [0, 1], the bilinear formĨt on H1
per

(
[0, 1],Rn

)
is represented with respect to the

inner product(5.5)by a compact perturbation of the symmetryJ of H1
per

(
[0, 1],Rn

)
given byṼ 7→ GṼ .

P r o o f. First, observe thatBt is a compact perturbation ofB0. Namely, from (5.7) we get:

Bt(Ṽ , W̃ )−B0(Ṽ , W̃ ) =
∫ 1

0

tG
(
ΓtrṼ (r), W̃ ′(r)

)
+ tG

(
ΓtrW̃ (r), Ṽ ′(r)

)
+ t2G

(
ΓtrṼ (r),ΓtrW̃ (r)

)
+ t2G

(
R̃trṼ (r), W̃ (r)

)
dr.

The integral above defines a bilinear map which is continuous in theH
1
2 -topology, and thus it is represented by a

compact operator, since the inclusionH1 ↪→ H
1
2 is compact. Next, observe thatB0 is represented by a compact

perturbation of the symmetryJ. For,

〈JṼ , W̃ 〉 −B0(Ṽ , W̃ ) = G
(
Ṽ (0), W̃ (0)

)
,

which is continuous in theC0-topology, hence represented by a compact operator. Note thatJ is self-adjoint and,
by (5.4),J2 = I; thus,J is a symmetry. This concludes the proof.

Definition 5.3 Thespectral flowsf(γ) of the closed geodesicγ is defined as the spectral flow of the continuous
path of Fredholm bilinear forms[0, 1] 3 t 7→ Bt on the Hilbert spaceH1

per

(
[0, 1],Rn

)
.

Remark 5.4 The fact that the definition ofsf(γ) does not depend on the choice of a smooth periodic orthonor-
mal frame alongγ is a nontrivial fact, and it will be proven in next subsection by giving an explicit formula for
its computation.

We observe here that the paths of Fredholm bilinear formsBt as above produced by two distinct periodic
trivializations of the tangent bundle are in general neither fixed endpoint homotopic, nor cogredient. Namely,
two distinct trivializationsdiffer by a closed path in the (connected component of the identity of the) Lie group
O(G) of all G-preserving linear isomorphisms ofRn, which is not simply connected.

5.4 Computation of the spectral flow

There is an integer valued invariant associated to every (fixed endpoints) geodesic in a semi-Riemannian manifold
(M, g), called theMaslov index. This is a symplectic invariant, which is computed as an intersection number in
the Lagrangian Grasmannian of a symplectic vector space. Details on the definition and the computation of the
Maslov index for a given geodesicγ, that will be denoted byiMaslov(γ) can be found in [17,18,24].

As for the definition of spectral flow, there are several conventions in the literature concerning the computation
of the contribution to the Maslov index of the endpoints of the geodesic. In this section we will convention4 that
in the computation of the Maslov indexiMaslov(γ) it is also considered the contribution of the initial point ofγ; the
value of this contribution is easily computed to be equal ton−(g), which is the index of the semi-Riemannian
metric tensorg.

4 This is not a standard choice in the literature.
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Recall that aJacobi fieldalongγ is a smooth vector fieldJ alongγ that satisfies the second order linear
equation

DDdtJ(t) = R
(
γ̇(t), J(t)

)
γ̇(t), t ∈ [0, 1].

Let us denote byJγ the2n-dimensional real vector space of all Jacobi fields alongγ. Let us introduce the
following spaces:

J per
γ =

{
J ∈ Jγ : J(0) = J(1), D

dtJ(0) = D
dtJ(1)

}
,

J 0
γ =

{
J ∈ Jγ : J(0) = J(1) = 0

}
, and

J ?
γ =

{
J ∈ Jγ : J(0) = J(1)

}
.

It is well known thatJ per
γ is the kernel of the index formIγ defined in (5.1), whileJ 0

γ is the kernel of the
restriction of the index form to the space of vector fields alongγ vanishing at the endpoints. We denote bynper

γ

andn0
γ the dimensions ofJ per

γ andJ 0
γ respectively. The nonnegative integernper

γ is the nullity ofγ as a periodic
geodesic, i.e., the nullity of the Hessian of the geodesic action functional atγ in the space of closed curves.
Observe thatnper

γ ≥ 1, asJ per
γ contains the one-dimensional space spanned by the tangent fieldJ = γ̇. Similarly,

n0
γ is the nullity of γ as a fixed endpoint geodesic, i.e., it is the nullity of the Hessian of the geodesic action

functional atγ in the space of fixed endpoints curves inM . In this case,n0
γ > 0 if and only if γ(1) is conjugate

to γ(0) alongγ.
Given a semi-Riemannian geodesicγ, the spectral flow of the path of symmetric Fredholm bilinear forms

[0, 1] 3 t 7→ Bt restricted to the spaceH1
0

(
[0, 1],Rn

)
will be denoted bysf0(γ). A formula giving the value of

this integer is proven in [17, Proposition 2]:

Proposition 5.5 Given any (closed) semi-Riemannian geodesicγ, the following equality holds:

sf0(γ) = n0
γ − n−(g)− iMaslov(γ). (5.9)

Finally, the last ingredient needed for the computation of the spectral flow of a closed geodesic is the so called
index of concavityof γ, that will be denoted byiconc(γ). This is a nonnegative integer invariant associated to
periodic solutions of Hamiltonian systems, first introduced by M. Morse [21] in the context of closed Riemannian
geodesic. In our notations,iconc(γ) is equal to the index of the symmetric bilinear form:

(J1, J2) 7−→ g
(

D
dtJ1(1)− D

dtJ1(0), J2(0)
)
,

defined on the vector spaceJ ?
γ . It is not hard to show that this bilinear form is symmetric, in fact, it is given by

the restriction of the index formIγ toJ ?
γ .

It is now easy to apply Theorem 4.4 in order to obtain a formula for the spectral flow of an oriented closed
geodesic.

Theorem 5.6 Let(M, g) be a semi-Riemannian manifold and letγ : [0, 1] → M be a closed oriented geodesic
in M . Then, the spectral flowsf(γ) is given by the following formula:

sf(γ) = dim
(
J per

γ ∩ J 0
γ

)
− iMaslov(γ)− iconc(γ)− n−(g). (5.10)

P r o o f. SetH = H1
per

(
[0, 1],Rn

)
, V = H1

0

(
[0, 1],Rn

)
in Theorem 4.4; The differencesf(γ) − sf0(γ) is

thus given by the sum of six terms, that are computed easily as follows. The spaceV⊥B0 coincides with the
kernel ofB0, and it is given by the one dimensional space of constant vector fields on[0, 1]; the restriction of
B0 to such space vanishes identically. Moreover,V ∩ V⊥B0 = V ∩ KerB0 = {0}. A straightforward partial
integration argument shows that the spaceV⊥B1 is given byJ ?

γ By definition, the index of the restriction ofB1

to this space equalsiconc(γ). The spaceV ∩ V⊥B1 = Ker
(
B1

∣∣
V×V

)
is given byJ 0

γ . Finally, KerB1 = J per
γ ,

thusKerB1 ∩ V = J per
γ ∩ J 0

γ . Formula (5.10) follows now immediately from (5.9).

Formula (5.10) proves in particular that the definition of spectral flow for a periodic geodesicγ does not
depend on the choice of an orthonormal frame alongγ.
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Remark 5.7 Our definition of spectral flow along a closed geodesic has used a periodic orthonormal frame
along the geodesic, which exists only if the geodesic is orientation preserving. We observe however that the right
hand side of formula (5.10) is defined for every closed geodesic, regardless of its orientability, which suggests
that (5.10) can be taken as the definition of spectral flow in the nonorientable case. Let us sketch briefly how the
right-hand side of (5.10) can be obtained as a spectral flow of paths of Fredholm operators. Given a nonorientable
closed geodesicγ, choose an arbitrary smooth frameT alongγ as in (5.2), which willnot satisfyT0 = T1; set
S = T−1

1 T0 ∈ GL(Rn). Then, the spectral flowsf(γ) is defined as the differencesfS(γ)− nS , wheresfS(γ) is
the spectral flow of the path of Fredholm bilinear forms[0, 1] 3 t 7→ Bt given in (5.8) on the space

H1
S

(
[0, 1],Rn

)
=

{
Ṽ ∈ H1

(
[0, 1],Rn

)
: Ṽ (1) = SṼ (0)

}
,

andnS is the index of the restriction of the metric tensorg to the image of the operatorS − I (compare with
Definition 5.3). Note thatS = I in the orientation preserving case. With such definition, formula (5.10) holds also
in the non orientation-preserving case. This is proven easily using Theorem 4.4, as in the proof of Theorem 5.6.
One setsH = H1

S

(
[0, 1],Rn

)
, V = H1

0

(
[0, 1],Rn

)
, and observes that in this case the spaceV⊥B0 consists of

all affine maps̃V : [0, 1] → Cn of the formṼ (t) = (S − I)B + B, whereB is an arbitrary vector inCn. The
restriction of the the Hermitian formB0 to such space equals the index of the restriction ofg to the image of
S − I, from which the desired conclusion follows.

A Group actions and fibrations over the infinite dimensional Grassmannian

In this appendix we will study the fibrations over the Grassmannian of all closed subspaces of a Hilbert spaceH
determined by the actions of the general linear groupGL(H) and of the orthogonal groupO(H).

Let H be an infinite dimensional separable Hilbert space; denote, as in the previous sections, byL(H) the
Banach algebra of all bounded linear operators onH, by Lsa(H) (resp.,Las(H)) the subspace ofL(H) of self-
adjoint operators (resp., of anti-symmetric operators), byGL(H) the Banach Lie group of all bounded linear
isomorphisms ofH and byO(H) the subset ofGL(H) consisting of isometries ofH:

O(H) =
{
T ∈ GL(H) : T ∗T = TT ∗ = I

}
.

By a well known result due to Kuiper [20],O(H) is contractible;O(H) is a smooth embedded submanifold of
GL(H), being the inverse imagef−1(I)∩GL(H) of the submersionL(H) 3 T 7→ T ∗T ∈ Lsa(H). The tangent
spaceT1GL(H) isL(H); the tangent spaceT1O(H) is the subspaceLas(H). Denote byGr(H) the Grassmannian
of all closed subspaces ofH, which is a metric space endowed with the metricdist(V,W) = ‖PV −PW‖. There
is an actionGL(H)×Gr(H) → Gr(H) given by(T,V) 7→ T (V).

The setGr(H) has a real analytic Banach manifold structure, the action ofGL(H) is analytic, and so is its
restriction to the orthogonal group (see for instance [3]). The connected components ofGr(H) are the sets

Grk1,k2(H) =
{
V ∈ Gr(H) : dim(V) = k1, dim(V⊥) = k2

}
,

wherek1, k2 ∈ N ∪ {+∞} are not both finite numbers. The action ofO(H) is transitive on each connected
component ofGr(H). For allW ∈ Gr(H), the tangent spaceTWGr(H) is identified with the Banach space
L(W,W⊥) of all bounded linear operatorsX : W →W⊥.

Here comes a simple result on group actions, submersion and fibrations.

Lemma A.1 LetM be a Banach manifold and letG be a Banach Lie group acting smoothly and transitively
onM :

G×M 3 (g,m) 7→ g ·m ∈ M.

Letm ∈ M be fixed, and denote byβm : G → M the mapβm(g) = g ·m.

(a) If βm is a submersion atg = 1, thenβm is a submersion.

(b) If βm is a submersion, thenβm is a smooth fibration with typical fiber the isotropy groupGm.
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P r o o f. Denote byLg : G → G the left translation byg: Lg(h) = gh, and byγg : M → M the diffeomor-
phismγg(m) = g ·m. Then,βm ◦ Lg = γg ◦ βm; differentiating ath = 1 gives

dβm(g) ◦ dLg(1) = dγg(m) ◦ dβm(1).

Note thatdLg(1) anddγg(m) are isomorphisms. Thus, ifdβm(1) is surjective, then so isdβm(g). Similarly, if
Ker

(
dβm(1)

)
is complemented, then so isKer

(
dβm(g)

)
= dL1(1)

[
Ker

(
dβm(1)

)]
. This proves part (a).

For part (b), it suffices to show the existence of local trivializations. Note that the stabilizerGm of m is a Lie
subgroup ofG, being the inverse image of a value of a submersion:Gm = β−1

m (m). Let S : U ⊆ M → G be
a local section ofβm; local sections exists by the assumption thatβm is a submersion. Then, a trivialization of
β−1

m (U) is given by

U ×Gm 3 (x, g) 7−→ s(x)g ∈ β−1(U).

Obviously, this map is smooth, and its inverse is given by

β−1
m (U) 3 h 7−→

(
h ·m, s(h ·m)−1h

)
∈ U ×Gm,

which is also smooth.

Proposition A.2 LetW ∈ Gr(H) be fixed and letGrk1,k2(H) be its connected component inGr(H). The
mapβW : GL(H) → Grk1,k2(H), defined byβm(T ) = T (W), is a real analytic fibration. The same conclusion
holds for the restriction ofβm to O(H).

P r o o f. By part (a) and (b) of Lemma A.1, it suffices to show that the linear mapdβW(1) : L(H) →
L(W,W⊥) is surjective and that it has complemented kernel, as well as its restriction toLas(H). An explicit
computation gives:

dβW(1)X = PW⊥ ◦X|W , ∀X ∈ L(H),

wherePW⊥ is the orthogonal projection ontoW⊥. Writing X : W ⊕W⊥ →W ⊕W⊥ in block form:

X =
(

X11 X12

X21 X22

)
,

thendβW(1)X = X21 : W → W⊥. Clearly, a complement inL(H) for the kernel of this map is the closed

subspace ofL(H) consisting of operatorsY that are written in block form asY =
(

0 0
Y21 0

)
, whereY21 ∈

L(W,W⊥).
Similarly, the kernel ofdβW(1) : Las(H) → L(W,W⊥) consists of all anti-symmetric operatorsX that are

written in block form asX =
(

X11 0
0 X22

)
, whereX11 ∈ Las(W) andX22 ∈ Las(W⊥). A complement for

this space inLas(H) is given by the closed subspace ofLas(H) consisting of all operatorsY that have block form

Y =
(

0 Y12

Y ∗
12 0

)
, with Y12 ∈ L(W⊥,W).

Moreover, it is easy to check thatdβW(1) : Las(H) → L(W,W⊥) (and thus alsodβW(1) : L(H) →
L(W,W⊥)) is surjective. Namely, given anyA ∈ L(W,W⊥), there existsX ∈ Las(H) whose lower down

block X21 relative to the decompositionH = W ⊕ W⊥ equalsA, for instance,X =
(

0 −A∗

A 0

)
. This

concludes the proof.

Corollary A.3 Given any curveV : [a, b] → Gr(H) of classCk, k = 0, . . . ,∞, ω, given anyW in the
connected componentGrk1,k2(H) of Va in Gr(H) and any isometryϕ : H → H such thatϕ(W) = Va, then
there exists a curveΦ : [a, b] → O(H) of classCk such thatΦt(W) = Vt for all t ∈ [a, b] and withΦa = ϕ.
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P r o o f. Φ is a lifting of the curveV in the fibrationβW :

O(H)

βW

��
[a, b]

V
//

Φ

66

Grk1,k2(H)

It is interesting to restate the result above in terms of symmetries. Recall that by a symmetry ofH we mean
a self-adjoint operatorI onH such thatI2 = I. Denote byS(H) the closed subset ofO(H) consisting of all
symmetries ofH; the bijectionS(H) 3 I 7→ Ker (I− I) ∈ Gr(H) is a homeomorphism, whose inverse is

Gr(H) 3 V 7→ PV − PV⊥ ∈ S(H).

This bijection carries the actionO(H)×Gr(H) 3 (U,V) 7→ U(V) ∈ Gr(H) into the cogredient action:

O(H)×S(H) 3 (U,I) 7−→ UIU∗ ∈ S(H),

i.e., if I = PV − PV⊥ , thenUIU∗ = PU(V) − PU(V)⊥ . Thus, Corollary A.3 can be translated as follows.

Corollary A.4 Let [a, b] 3 t 7→ It ∈ GL(H) be a map of classCk, k = 0, . . . ,∞, ω, whereIt ∈ S(H)
for all t. Then, there exists aCk map [a, b] 3 t 7→ Ut ∈ O(H) and a fixed symmetryI ∈ S(H) such that
UtItU

∗
t = I for all t.
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1993.
[14] S. Cappell, R. Lee, E. Miller,Self-Adjoint Elliptic Operators and Manifold Decompositions Part III: Determinant Line

Bundles and Lagrangian Intersection, Comm. Pure Appl. Math.52 (1999), 543-611.
[15] X. Dai, W. Zhang,Higher spectral flow, J. Funct. Anal.157(1998), 432–469.
[16] P. M. Fitzpatrick, J. Pejsachowicz, L. Recht,Spectral Flow and Bifurcation of Strongly Indefinite Functionals Part I.

General Theory, J. Funct. Anal.162(1) (1999), 52–95.
[17] R. Giamb̀o, P. Piccione, A. Portaluri,Computation of the Maslov index and the spectral flow via partial signatures, C.

R. Math. Acad. Sci. Paris338, No. 5 (2004), 397–402.
[18] F. Giannoni, A. Masiello, P. Piccione, and D. V. Tausk ,A generalized index theorem for Morse-Sturm systems and

applications to semi-Riemannian geometry, Asian J. Math.5 (2001), 441–472.

Copyright line will be provided by the publisher



28 P. Benevieri and P. Piccione: On a formula for the spectral flow

[19] T. Kato,Perturbation theory for linear operators, Grundlehren der Mathematischen Wissenschaften, vol. 132, Springer-
Verlag, Berlin 1980.

[20] N. H. Kuiper,The homotopy type of the unitary group of Hilbert space, Topology3 (1965), 19–30.
[21] M. Morse,Calculus of Variations in the Large, Am. Math. Soc.,Coll. Publ.1934.
[22] L. I. Nicolaescu,The Maslov Index, the Spectral Flow, and Decomposition of Manifolds, Duke Math. J.80, No. 2(1995),

485–533.
[23] J. Phillips,Self-adjoint Fredholm Operators and Spectral Flow, Canad. Math. Bull.39 (4) (1996), 460–467.
[24] P. Piccione, D. V. Tausk,The Morse Index Theorem in semi-Riemannian Geometry, Topology41, no. 6 (2002), 1123–

1159.
[25] T. Yoshida,Floer Homology and Splittings of Manifolds, Ann. Math.134(1991), 227–323.
[26] C. Zhu, A generalized Morse index theorem, in B. Booss–Bavnbek et al. (eds), Analysis, geometry and topology of

elliptic operators, World Sci. Publ., Hackensack, NJ, 2006, 493–540.

Copyright line will be provided by the publisher


	Contents
	Introduction
	Preliminaries. Fredholm bilinear forms.
	Fredholm and commensurable pairs of closed subspaces
	Relative dimension and Fredholm pairs
	Commensurable subspaces
	Relative dimension of negative eigenspaces

	On the spectral flow
	Generalities on the notion of spectral flow
	Restriction to a fixed subspace
	Continuous and smooth families of closed subspaces
	Spectral flow and restrictions to a continuous family of subspaces

	Spectral flow along periodic semi-Riemannian geodesics
	Periodic geodesics
	Periodic frames and trivializations
	Spectral flow of a periodic geodesic
	Computation of the spectral flow

	Group actions and fibrations over the infinite dimensional Grassmannian
	References


