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1. INTRODUCTION

In [1] we defined an oriented degree, with values in Z, for a class of
nonlinear Fredholm maps of index zero between Banach spaces (and, more
generally, Banach manifolds). This notion extends and simplifies the the-
ory given by Elworthy and Tromba in [3] and [4], avoiding any additional
structure on the manifolds (such as the Fredholm structure). Our theory
is, in some sense, parallel to that of Fitzpatrick, Pejsachowicz and Rabier
(see [7] and [8]), but essentially based on a simple algebraic notion of orien-
tation for a Fredholm linear operator of index zero (instead of their notion
of parity). According to this concept, any Fredholm operator of index zero
between vector spaces can be oriented and admits exactly two orientations.
Moreover, when an oriented operator acts between Banach spaces and, in
addition, is bounded, its orientation induces, by a sort of stability, an orien-
tation on any sufficiently close bounded operator. This property is crucial,
because it permits to define in a simple manner a notion of orientation for
a nonlinear Fredholm map of index zero g between Banach spaces (or, more
generally, Banach manifolds). Roughly speaking, an orientation of ¢ is a
“continuous” assignment of an orientation to the Fréchet derivative Dg(x)
of g at every x. The orientable maps are, by definition, those which admit
an orientation, and the oriented maps are those with a chosen orientation.
The degree of an oriented map g at a point y is defined whenever g~!(y) is
compact.

In this paper we apply our notions of orientation and degree to obtain
some local and global bifurcation results for a class of maps between Banach
spaces (and, more generally, Banach manifolds). The maps we take into
account, called (continuous) families of Fredholm maps of index zero, are
continuous maps of the form f: Q — F', where 2 is an open subset of R x F,
E and F are real Banach spaces, and f is continuously differentiable with
respect to the second variable with Fredholm of index zero partial derivative
Dy f (A, ). With the assumption that f(A,0) = 0 for all (\,0) € Q, we study
the existence and global behavior of “branches” of nontrivial solutions of the
equation f(A,z) = 0 emanating from the set (R x {0}) N Q of the trivial
solutions. This is done by the classical change of degree argument, which
goes back to [10] and [12]. To check the change of degree we introduce the
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simple concept of sign jump at a point A\g € R of the path A — Dy f(,0)
of Fredholm operators of index zero. As we shall see, the existence of a
sign jump at a point Ag ensures that this is a bifurcation point, in the same
way as the change of sign of the jacobian det(Dyf(A,0)) does in the finite
dimensional case.

Some results are stated in elementary terms, without any notion of degree
or orientation. In their proofs, however, these notions are needed.

In the context of Fredholm maps between Banach spaces, important bifur-
cation results have been obtained by Fitzpatrick, Pejsachowicz and Rabier.
In [5], Fitzpatrick and Pejsachowicz proved a local bifurcation theorem for
C! Fredholm maps. Afterwards, Fitzpatrick, Pejsachowicz and Rabier pro-
vided a global bifurcation theorem for C? Fredholm maps (see [8]), recently
extended to the C! case by Pejsachowicz and Rabier in [11]. Their results
(in Banach spaces) are strictly correlated with ours because of the similar
approach, based on the same idea of change of degree. Indeed, starting
from the very interesting notion of parity, introduced by Fitzpatrick and
Pejsachowicz in [6], Fitzpatrick, Pejsachowicz and Rabier defined a notion
of orientability and degree for Fredholm maps of index zero, which they ap-
plied to obtain global bifurcation results. However, there are two important
differences between our results and those mentioned above: firstly, thanks
to our notion of orientation and degree, we are able to provide bifurcation
results in the not necessarily C! case; secondly, our global results hold for
maps between arbitrary real Banach manifolds (without any need of addi-
tional structures). In Section 3 the reader will find a comparison between
our results and those of Fitzpatrick, Pejsachowicz and Rabier.

2. ORIENTATION AND DEGREE FOR FREDHOLM MAPS

This section is devoted to a brief summary of the notions of orienta-
tion and degree for nonlinear Fredholm maps of index zero between Banach
spaces introduced in [1] and [2]. We give here just the basic definitions and
properties of these concepts.

The starting point is a notion of orientation for a linear Fredholm operator
of index zero between real vector spaces. We recall that, given two real vector
spaces E and F, a linear operator L: E — F' is called (algebraic) Fredholm
if KerL and coKerL have finite dimension. The integer

indL = dim KerL — dim coKerL.

is the index of L.

A linear operator A: E — F', having finite dimensional range, is a cor-
rector of a Fredholm operator of index zero L if L + A is an isomorphism.
It is not difficult to see that the set of correctors of L, indicated by C(L),
is nonempty. In fact, C(L) contains any (possibly trivial) linear operator
A: E — F such that KerA @ KerL = F and RangeA & Rangel = F.
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We introduce in C(L) the following equivalence relation. Let A, B € C(L)
and consider the automorphism

T=(L+B) ™ L+A)=I-(L+BYB-A)

of E. Clearly, the operator K = I — T has finite dimensional range. Conse-
quently, given any finite dimensional subspace Ej of F containing the range
of K, the restriction of T' to Ej is an automorphism of Ey. Then, its determi-
nant, det T'| g, , is well defined and nonzero (we set such a determinant equal
to 1 when Ej is trivial, and this can happen only if A = B). It is easy to
check that this determinant does not depend on Ej (see [1]). Consequently,
the number det(L + B)~'(L + A) is well defined.

We say that A is equivalent to B or, more precisely, A is L-equivalent to
B, if det(L + B)~'(L + A) > 0. This is actually an equivalence relation on
C(L) with just two equivalence classes.

Definition 2.1. An orientation of a Fredholm operator of index zero L is
one of the two equivalence classes of C(L). We say that L is oriented when
an orientation is chosen.

In the sequel, given an oriented operator L, the elements of its orientation
will be called the positive correctors of L.

According to Definition 2.1, an oriented operator L is a pair (L, w), where
w is one of the two equivalence classes of C(L). However, to simplify the
notation, we shall not use different symbols to distinguish between oriented
and nonoriented operators (unless it is necessary).

Definition 2.2. Let L be an isomorphism. Since the trivial operator 0 is
a corrector of L, it defines an equivalence class of C(L), called the natural
orientation of L. If L has already an orientation, we define its sign as follows:
signL = 1 if the trivial operator 0 is a positive corrector of L and signL = —1
otherwise. If a Fredholm operator of index zero L is not invertible, we put
signL = 0.

Notice that if we choose a positive corrector A of an oriented operator L,
then signL is just the sign of the following (possibly zero) real number:

det(L + A)™'L = det(I — (L + A)~'A),

which is well defined, since the operator (L + A)~!A has finite dimensional
range.

We consider now the notion of orientation in the framework of bounded
Fredholm operators between Banach spaces. From now on, unless otherwise
stated, E and F' will denote two real Banach spaces, and L(F, F') will be the
Banach space of bounded linear operators from F into F. For the sake of
simplicity, the set of continuous correctors of a bounded Fredholm operator
of index zero L: E — F will be still denoted by C(L), as in the algebraic
case, instead of C(L) N L(E, F'). It is clear that an orientation of L can be
regarded as an equivalence class of continuous correctors of L.



4 P. BENEVIERI AND M. FURI

Let us recall that the set ®(E, F') of Fredholm operators from F into F' is
open in L(E, F') and the integer valued map ind: ®(E, F') — Z is continuous.
Consequently, given n € Z, the set ®,(E, F') of Fredholm operators of index
n is an open subset of L(E, F).

As one can notice, Definition 2.1 is referred to algebraic Fredholm oper-
ators between vector spaces and does not require any topological structure.
On the other hand, in the context of Banach spaces, an orientation of a
continuous Fredholm operator of index zero induces, by a sort of stability,
an orientation to any sufficiently close bounded operator. Precisely, consider
an operator L € ®g(E, F') and a corrector A of L. Since the set of the iso-
morphisms from F into F is open in L(E, F), L' + A is still an isomorphism
for every L' in a suitable neighborhood U of L. If, in addition, L is oriented
and A is a positive corrector of L, then any L' € U can be oriented by
considering A as a positive corrector for L’. This elementary consideration
brings us to the following notion of orientation for a continuous map with
values in ®g(E, F).

Definition 2.3. Let X be a topological space and h: X — ®g(E, F) be
continuous. An orientation of h is a continuous choice of an orientation
a(x) of h(x) for each x € X; where “continuous” means that for any z € X
there exists A, € a(x) which is a positive corrector of h(z') for any 2’ in a
neighborhood of z. A map is orientable when it admits an orientation and
ortented when an orientation has been chosen.

As pointed out in [2], if X is simply connected, then any continuous map
h: X — ®y(F, F) is orientable (with just two possible orientations).

From Definition 2.3 we derive the following notion of orientation for Fred-
holm maps of index zero between Banach spaces. We recall that, given an
open subset W of E, a map g: W — F is called Fredholm if it is C! and its
Fréchet derivative, Dg(z), is a Fredholm operator for all z € W. The index
of g at z is the index of Dg(x) and g is said to be of index n if it is of index
n at any point of its domain.

Definition 2.4. An orientation of a Fredholm map of index zero g: W — F
is an orientation of the continuous map Dg: x +— Dg(x), and g is orientable,
or oriented, if so is Dg according to Definition 2.3.

Let W be an open subset of E and H: W x [0,1] — F be a homotopy.
We say that H is a homotopy of Fredholm maps of index zero provided
that any partial map H; = H(-,t) is Fredholm of index zero and the map
(x,t) = DHi(x), from W x [0,1] into ®¢(E, F'), is continuous. If this map is
orientable (resp. oriented), then H is said to be orientable (resp. oriented).
Our notion of orientability is, in some sense, stable under small perturba-
tions. More precisely, the following result holds (see [1]).

Theorem 2.5. Let W be an open subset of E and H: W x [0,1] — F be
a homotopy of Fredholm maps of index zero. If Hy is orientable, then H is
orientable as well and, in particular, any partial map Hy is orientable.
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We end this section by sketching the construction of the degree in the
context of Banach spaces (for a complete discussion see [1]).

Definition 2.6. Let g: W — F be an oriented (Fredholm) map (of index
zero) and y € F. We say that the triple (g, W, y) is admissible if g~ (y) is
compact. More generally, if U is an open subset of W, the triple (g, U, y) is
admissible if so is (g|y, U, y).

The degree is a map from the family of all the admissible triples into Z
with the following properties:

i) (Normalization) Let g: U — F be a diffeomorphism from an open subset
U of FE onto an open subset V of F', and let y € V. If g is naturally oriented
(this means that, at any « € U, Dg(x) is naturally oriented), then

deg(g,U,y) = 1.

it) (Additivity) If (g, W, y) is an admissible triple and Uy, U are two disjoint
open subsets of W such that ¢~ (y) C Uy U Us, then

deg(g, W, y) = deg(g, U1, y) + deg(g, Uz, y).

iii) (Homotopy invariance) Let H: W x [0,1] — F be an oriented homotopy
(of Fredholm maps of index zero), and let y: [0,1] — F be a (continuous)
path. If the set

{(z,t) e W x [0,1]: H(z,t) =y(t)}

is compact, then deg(H¢, W, y(t)) does not depend on t.

The degree of an admissible triple (g,U,y) is preliminarly defined when
y is a regular value for g in U. In this case we put

deg(g,U,y) = Y signDg(x).
€9~ (y)
To define the degree of an admissible triple (g, W, y) in the case when y
is not (necessarily) a regular value, we consider an open subset U of W,
containing ¢~!(y) and such that g is proper in the closure U of U (such an

U exists since, as pointed out in [13], Fredholm maps are locally proper).
Then the degree of (g, W,y) is defined as

deg(g, W, y) := deg(g, U, 2),

where z is any regular value for g in U, sufficiently close to y. The following
lemma justifies this definition.

Lemma 2.7. Let (g, W,y) be admissible and let Uy and Uy be two open
neighborhoods of g='(y) such that Uy UUs C W and g is proper in U1 UUs.
Then, there exists a neighborhood V' of y such that for any pair of regqular
values y1,y2 € V one has

deg(g, U, y1) = deg(g, Uz, y2).
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3. BIFURCATION RESULTS

In this section we apply our notions of orientation and degree to obtain
some bifurcation results for nonlinear Fredholm maps of index zero between
Banach spaces. As before, £ and F will denote real Banach spaces.

Let f:  — F be a continuous map from an open subset of R x F into
F. We say that f is a (continuous) family of Fredholm maps of index zero
if the following conditions are satisfied:

a) for any A € R, the partial map fy := f(A,-), which is defined on
the (possibly empty) open subset Q) = {z € E: (\,z) € Q} of E, is
Fredholm of index zero;

b) the map Dyf: Q — ®g(E, F'), which associates to any (A, z) € Q the
partial derivative Dy f (A, x) := D fy(z), is continuous.

As in the case of a homotopy of Fredholm maps of index zero, an orien-
tation of f: Q — F' is just an orientation of Dyf: Q — ®g(F, F'), according
to Definition 2.3.

Consider now a family of Fredholm maps of index zero f: Q2 — F with
the property that f(A,0) = 0 for all (A\,0) € Q. A real number )y is a
bifurcation point for the equation

if (Ao, 0) € ©Q and any neighborhood of (Ao, 0) contains nontrivial solutions
of (3.1); i.e. solutions (A, x) with x # 0.

It is well known that a necessary condition for A\g to be a bifurcation
point is that Dfy,(0) is a singular operator (i.e. noninvertible). It is an
easy consequence of the Brouwer degree theory that, when F and F' are
finite dimensional, then )\ is a bifurcation point provided that, given any
isomorphism L: E — F, the real function A — det(L~1Df)(0)) changes sign
at Ao (meaning that in any neighborhood of Ay there are two points A; and
A2, with A\; < A\g < Az, in which the function has opposite sign). Theorem
3.1 below represents the natural extension of this sufficient condition to the
infinite dimensional framework. The statement does not require any notion
of orientation or degree. The proof, which is based on our degree theory,
is the same as in the finite dimensional case, and will be given just for the
sake of completeness.

Theorem 3.1. Let f: Q2 — F be a family of Fredholm maps of index zero
such that f(A\,0) = 0 for all (\,0) € Q, and let (X\,0) € Q. Given any
corrector A of D fy,(0), if the real function

A = det((DfA(0) + A) " D f1(0))

(which is defined in a neighborhood of A\g) changes sign at \g, then Ao is a
bifurcation point.
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Proof. Assume that \g is not a bifurcation point. Then there exists an open
neighborhood

U= (X—19, o+ 0) x B.(0)
of (Ao, 0) in © such that
UNf10) = (Mg — 8, + ) x {0}

Let A be a corrector of D fy,(0). Since the set of the isomorphisms from E
into F is open in L(E, F'), we may assume that U is such that A is a corrector
of any operator D fy(z) with (\,z) € U. Thus A induces an orientation of f
in U. Since B, (0)Nf, ' (0) = {0} for any A € (A\g—0, \o+9), deg(fx, B,(0),0)
is well defined and, by the homotopy invariance, independent of A. On
the other hand, whenever D f,(0) is an isomorphism, from the definition of
degree we get

deg(fx, Br(0),0) = signD f(0) = signdet((D fx(0) + A)~ D f1(0));
and this is impossible since, by assumption,
det((DfA(0) + A)~'Dfr(0))
changes sign at Ag. O

From now on, to simplify the statements, given a (continuous) path
v: (a,b) = ®o(E, F) of Fredholm operators of index zero, we say that ~y
has a sign jump at some \g € (a, b) if, given a corrector A of vy(\g), the real
function A ~ det((y(\)+A4)~1y(\)) changes sign at \g. This means that any
neighborhood of Ay contains two points, A\; and A2, such that A\ < Ay < Ao
and signy(A1)signy(A2) < 0. Notice that this product does not depend on
the choice of one of the two orientations of ~.

Under the extra assumption that the family f: 0 — F' is orientable we
get the following global bifurcation result.

Theorem 3.2. Let € be an open subset of RxX E and f: Q0 — F be a family
of Fredholm maps of index zero such that f(A,0) = 0 for all (X,0) € Q.
Assume that € is simply connected (or, more generally, that f is orientable).
If X = Df\(0) has a sign jump at some \o, then there erists a connected
set of nontrivial solutions of f(\,x) =0 whose closure in Q contains (Ao, 0)
and is either noncompact or contains a point (A, 0) with A\ # Xo.

The proof of the theorem is based on the three preliminary results. The
following one is due to [9].

Lemma 3.3. Let Y be a locally compact Hausdorff topological space and Yy
be a compact subset of Y. Assume that any compact subset of Y containing
Yy has nonempty boundary. Then there exists a connected subset C' of Y\Yp
whose closure is noncompact and intersects Yy.
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The next result is a straightforward extension of the homotopy invari-
ance of the degree. The simple proof is based on the excision property of
the degree (which is a consequence of the additivity) and the homotopy
invariance.

Theorem 3.4. Let f: Q0 — F be an oriented family of Fredholm maps of
index zero and let y: [a,b] — F be a (continuous) path. If the set

{(\,z) € Q: f(N\,z) =y(N), X € [a,b]}

is compact, then
deg(f)\v Q)\a y()\))

does not depend on .

The following lemma is an extension of a result due to Smale in [13],
regarding the local properness of Fredholm nonlinear maps. We recall that
a map is proper if the inverse image of any compact set is compact. A map
is locally proper if any point of its domain admits a closed neighborhood in
which the restriction is proper.

Lemma 3.5. Let f: Q — F be a continuous map from an open subset of
R* x F into F. Assume that f is continuously differentiable with respect to
the second variable, with Fredholm derivative Daf(\,x) for all (A\,x) € Q.
Then f is locally proper.

Proof. Let (Ao, xo) € 2. We need to show that there exists a closed neighbor-
hood of (Ag,xg) in which f is proper. Since L := Dy f (Ao, z¢) is Fredholm,
there exist two subspaces Fq7 and F} of E and F, respectively, such that
E =KerL® FEq and F = Fy ®RangeL. Denote by P; and P, the projections
associated with the decomposition F' = F} @ RangelL. Any element z in F
can be written in the form (p, q), with p € KerL and ¢ € E7, and any ele-
ment y in F' can be written in the form (v, w) with v € F} and w € RangeL.
Define the maps fi: 2 x F} — F; and fy: Q x RangeL — RangeL by

fl()‘vpa q,'U) = Pl(f(Avpa q)) -, fQ(/\apac.va) = P2(f()‘7p7 Q)) —w.

Put (po,qo) = xo and (v, wo) = f(No, o), and observe that the derivative
of fo at (Ao, po, g0, wo) with respect to the third variable is an isomorphism.
Thus, by the Implicit Function Theorem, there exists a closed neighborhood
Ax BxCxD of (N, po, qo, wo) in which f{l(O) is the graph of a continuous
map n: A x B x D — C. Let us prove that f is proper on A x B x C.
To this aim consider any sequence {(An,Pn,qn)} in A x B x C such that
{fPnsPnsan)} = {(vn,wy)} is convergent. To prove that f is proper on
A x B x C' it is sufficient to verify that {(\,,pn, @)} admits a convergent
subsequence. Since A and B are finite dimensional, we can assume that
{A\n} and {p,} are convergent. Then, from the continuity of 7 it follows that
{qn} = {n(A\n, pn,wy)} is convergent as well, and this ensures the properness
of f. O
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Proof of Theorem 3.2. Since f is orientable, we may assume it is oriented.
Denote by S the set of nontrivial solutions of f(A,z) = 0. We apply first
Lemma 3.3 with Y = S U {(X0,0)} and Yp = {(X0,0)}. By Lemma 3.5 the
map f is locally proper and, consequently, S is locally compact. This implies
that Y is locally compact as well. If the pair (YY) does not verify the
assumptions of Lemma 3.3, there exists a compact subset K of Y containing
(Mo, 0), with empty boundary in Y. Thus K is an open neighborhood of
(Xo,0) in Y and, consequently, there exists an open subset U of € such that
UNY = K. Let A\j, A2 € R be such that Ay < Ao < A2, [A\, 2] X {0} C U,
and
signDs f(A1,0) signDs f(A2,0) < 0.

Observe that, given A € R, we have f;l(O) NU\ = K\ U (UxN{0}), where
h=f\:), U ={x€E: (\zx)eU}, and Ky = {z € E: (\z) € K}.
Thus, choosing an orientation of f in U, deg(fx, Uy, 0) turns out to be well
defined for all A € R. Moreover, since [A1, A2] x {0} C U, by Theorem 3.4
we get
deg(f)\u U 0) = deg(f)\zv U, 0).

Let Bs(0) C E be an open ball centered at 0 with radius 0 such that no
points of K are in ((—00, A\;]U[A2, +00)) x Bs(0), where Bs(0) stands for the
closure of Bs(0). Assume also that § is such that (fy,)~1(0) N Bs(0) = {0},

i =1,2. For any real A, let V), = U\ B;s(0). By the additivity of the degree,

deg(f)xia U)\i? 0) = deg(f/\iv V)\ia 0) + deg(f)\ia B5(0)7 O)a

1 = 1,2. Since K is compact, there exist pu; < A; and po > Ao such that
({ps} x Vi) N K is empty, @ = 1,2, and, consequently, deg(f,;, Vyu;,0) = 0.
Therefore, because of Theorem 3.4, one has deg(f\,, Vy,,0) =0, for i =1, 2.
Thus

deg(fr,, Bs(0),0) = deg(f»,, Bs(0),0).
On the other hand, recalling the definition of degree, we have

deg(f,, B5(0),0) = signDa f(\;, 0),

i = 1,2, and this is impossible since signDa f (A1, 0) # signDs f(A2,0). Thus,
Lemma 3.3 applies to get the existence of a connected subset C of S whose
closure in Y (i.e. CNY) contains (A\g, 0) and is not compact. If the closure of
C in € is not compact, the assertion is proved. Suppose instead that C'N
is compact. It follows that CNY’, being not compact, is strictly contained in
C N . Thus C contains a solution to the equation f(A,z) = 0 which is not
inY = SuU{(Xo,0)}, and this is a trivial solution {(\s,0)} with A\, # Ao. O

A straightforward generalization of the above theorem leads to the next
result. The proof, which is similar to that of Theorem 3.2, will be omitted.

Theorem 3.6. Let f: Q0 — F be an oriented family of Fredholm maps of
index zero such that f(X,0) = 0 for all (\,0) € Q. Let also A1, A2 € R be
such that [A\1, A2] x{0} C Q and that signD fy, (0) # signD f»,(0). Then there
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exists a connected set of nontrivial solutions of f(\,z) = 0 whose closure in
Q has nonempty intersection with [\, \2] x {0} and either is not compact
or contains a point (A, 0) with A\« & [\, \2].

Bifurcation results for nonlinear Fredholm maps between Banach spaces
have been obtained in recent years by Fitzpatrick, Pejsachowicz and Rabier.
We give here a short comparison between their results and the contents of
this paper.

In [6] Fitzpatrick and Pejsachowicz defined the notion of parity of a path
of Fredholm maps of index zero. Let us briefly summarize this concept.
Consider two Banach spaces E and F and a path v: [a,b] — Do(E, F).
Then, there exists a continuous path k: [a,b] — L(E,F) such that k(t)
is compact for every ¢t € [a,b], and 7(t) + k(¢) is an isomorphism. Let
Iso(E, F) denote the space of the isomorphisms from E into F' and define
B: la,b] — Iso(E, F) by 8(t) = v(t) +k(t). One has 8(t)"Lo~y(t) = I —h(t),
where h(t) is a compact operator from E into itself. The path t — B(¢)~! is
called a parametriz of 7. Assume now that v(a) and () are isomorphisms.
Given a parametrix 37! [a,b] — Iso(F, E) of v, the number

o (v, [a,b]) = degp5(57" (a) 0 v(a)) degLs (B~ (b) 0 7(b)),

which is either 1 or —1, does not depend on the parametrix 3! and, con-
sequently, can be actually associated to v (as before deg; ¢ stands for the
Leray-Schauder degree). The number o(v, [a, b]) is called parity of .

The following is a local bifurcation theorem for C'! Fredholm maps proved
by Fitzpatrick and Pejsachowicz in [5].

Theorem 3.7. Let f: R x E — F be a C' Fredholm map of index 1 with
fA,0) =0 for all A € R. Assume that, for some a < b, Daf(a,0) and
Dy f(b,0) are invertible and

a(Dfa(-0), [a,b]) = —1.

Then every neighborhood of [a,b] x {0} contains a nontrivial solution of
f(X,0) =0.

More recently, Fitzpatrick, Pejsachowicz and Rabier, by means of the
notion of parity, introduced an oriented degree theory for (nonlinear) C?
Fredholm maps between Banach spaces, later extended to the C! case by
Pejsachowicz and Rabier in [11] (see [2] for a comparison between our the-
ory and the construction of Fitzpatrick, Pejsachowicz and Rabier). The
following is a global bifurcation theorem proved in [11] by Pejsachowicz and
Rabier by means of their degree theory for C! maps (a similar result for the
C? case was previously obtained by Fitzpatrick, Pejsachowicz and Rabier in

[71)-
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Theorem 3.8. Let f: R x E — F be a C' Fredholm map of index 1 with
fA,0) =0 for all A € R. Assume that, for some a < b, Daf(a,0) and
Dy f(b,0) are invertible and

a(Dfa(-0), [a,b]) = ~1.

Denote by S the closure in Rx E of f~1(0)\ (Rx{0}) and by C the connected
component of S U ([a,b] x {0}) containing [a,b] x {0}. Then, either C is
noncompact or C' contains a point (A, 0) with A\« & [a, b].

There is a strong connection between our approach and that of Fitz-
patrick, Pejsachowicz and Rabier. This is firstly due to the fact that many
techniques are standard in bifurcation theory and secondly to the close link
between their notion of parity and our concept of sign of an oriented oper-
ator. The following result enlightens this link (see [2]).

Proposition 3.9. Let «: [a,b] — ®o(E, F) be continuous and such that
v(a) and y(b) are isomorphisms. Then, given any orientation of 7y, one has

(7, [a, b]) = signy(a) signy(b).

In the light of the above proposition it is clear that the results in this pa-
per extend Theorems 3.7 and 3.8 to the not necessarily C' case. Moreover,
the assertion about the existence of a global branch of nontrivial solutions
(based on Lemma 3.3) is sharper than that in the results of Fitzpatrick,
Pejsachowicz and Rabier. In our opinion, however, the interest of our ap-
proach to bifurcation, which is based on a simple notion of orientation, is
that it can be easily adapted to general Banach manifolds (without addi-
tional structures). This is the argument of the next section.

4. EXTENSION TO MANIFOLDS

This final section is devoted to a generalization of the previous bifurcation
results to the framework of Banach manifolds. This can be obtained by
means of the extension to this context of the notions of orientability and
degree given in [1] and [2]. We summarize briefly these notions.

In the sequel M and N will denote two real Banach manifolds (modeled
on Banach spaces E and F respectively).

Definition 4.1. Let g: M — N be a C' Fredholm map of index zero. An
orientation « of g is a continuous choice of an orientation a(z) of Dg(z)
for any x € M; where continuous means that, given a selection of positive
correctors {A, € a(x)} s and two local charts p: U — E and ¢: V — F
of M and N respectively, with g(U) C V, the family of linear operators

{DY(g(p~ (2))) 0 Agrizy 0 D (2}

defines an orientation of the composite map ¥gp~': p(U) — F. The map
g will be called orientable if it admits an orientation and oriented if an
orientation is assigned.
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Let © be an open subset of R x M. A continuous map f: Q2 — N is
a (continuous) family of Fredholm maps of index zero if it is continuously
differentiable with respect to the second variable and the partial derivative
Daf (A, x): ToM — T\ 1) N is Fredholm of index zero for every (A, z) € Q.
The map f will be called orientable if it is possible to assign, for every
(A, z) € Q, an orientation a(\, z) to Dy f (A, x), which depends continuously
on (A,z). This means that, given any two local charts ¢: U — E and
¥:V — F of M and N respectively, the map

(A, 2) = DY(F(X 97 (2))) 0 D2f (X, 07 (2)) 0 Dy} (2) € Bo(E, F),

which is defined in an open (possibly empty) subset A of R x E, turns out
to be oriented by assigning to any (), z) € A the following equivalence class
of correctors:

(A, 2) = {Dy(f(\, 0 1(2))oAoDp (z2): Aca(), gofl(z))} :

Let us now sketch the construction of the degree for the class of oriented
maps. Consider an oriented map g: M — N. Given an element y € N, we
call the triple (g, M,y) admissible if g~'(y) is compact. The degree is an
integer valued map whose domain is the class of all the admissible triples,
and which verifies the most important properties of the classical degree
theory, such as normalization, additivity and homotopy invariance (see [1]
for the exact statements).

As in the flat situation, the degree is firstly defined in the special case
when (g, M,y) is a regular triple; that is, when (g, M,y) is admissible and y
is a regular value for g in M. In this case

deg(g, M,y):= Y signDg(x),

z€g~(y)
where, according to Definition 2.2, signDg(z) = 1 if Dg(z): T, M — TN is
naturally oriented, and signDg(x) = —1 otherwise.

After this preliminary definition, the assumption that y € N is a regular
value for g is removed using the same strategy as in the flat case. The details
can be found in [1].

Now, given a continuous family of Fredholm maps of index zero f: Q — F,
assume that for zo € M and yo € N one has f(\, zg) = yo for all (A, zg) € Q.
We say that a solution (), z) to the equation

f()\) ﬂf) = Yo
is trivial if x = xg and nontrivial otherwise. A bifurcation point of the above

equation is a real number \g such that (Mg, z¢) € Q and any neighborhood
of (Ao, o) contains nontrivial solutions.

We close with the following global bifurcation result for continuous fami-
lies of Fredholm maps of index zero between Banach manifolds. The proof,
based on degree theory in Banach manifolds, is similar to that of Theorem
3.2 and, therefore, will be omitted.
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Theorem 4.2. Let f: Q — N be an oriented family of Fredholm maps of
index zero such that f(\ xo) = yo for all (A\,xg) € Q. If the function A —
signDy f(\, zg) changes sign at some Xg, then there exists a connected set of
nontrivial solutions of f(\,x) = yo whose closure in 0 contains (Ao, xo) and
either is noncompact or contains a point (A, o) with A« # Ao.

(1]
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(3]

(4]
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(6]
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(8]

(9]
(10]
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