NONLINEAR SYSTEMS WITH MEAN CURVATURE-LIKE OPERATORS

PIERLUIGI BENEVIERI, JOAO MARCOS DO O, AND EVERALDO SOUTO DE MEDEIROS

ABSTRACT. We give an existence result for a periodic boundary value problem involving mean curvature-
like operators. Following a recent work of R. Mandsevich and J. Mawhin, we use an approach based on
the Leray-Schauder degree.

1. INTRODUCTION

In this paper we study the existence of periodic solutions of the nonlinear differential problem

(¢(u)) = f(t,u,u)
u(0) = uw(T) (1.1)
u’'(0) = u/(T),

where f : [0,T] x RY x RN — R is a Carathéodory function and ¢ is a homeomorphism between RY
and the open ball in RY with center zero and radius 1, verifying the following condition:

(H1) ¢(z) = w(||z||) Az, where w : [0, +00) — [0,400) is continuous and A is a linear isomorphism.

Our purpose here is to enrich some recent results obtained in [1] and [2] about problem (1.1) in the
more restrictive assumption that A is the identity.

The class of nonlinear operators u — (¢(u'))’ verifying (H1) is interesting since it includes the scalar
version of the mean curvature operator

. Vu
u— div | ——
V14 [Vul?
which is usually considered in the case when w is a scalar function defined on an open subset of R¥.
The study of problem (1.1) is motivated by the attempt of applying in our context the topological

approach followed by Mandsevich and Mawhin in [8] (see also [9]), in which they proved an existence
result for the periodic boundary value problem

(p(u) = f(t,u,u’)
u(0) = u(T) (1.2)
u'(0) = u/(T),

where f : [0,7] x RV x R¥ — RY is still a Carathéodory function, whereas ¢ : RN — RV is a
homeomorphism satisfying particular monotonicity conditions which include for instance p-Laplacian-
like operators. Precisely, under further conditions on ¢ and f, they applied the Leray-Schauder degree
to prove that (1.2) admits a solution (see [8, Theorem 3.1]).

In [1] and [2] we proceeded in the general spirit of Mandsevich-Mawhin’s ideas and we proved, as
said before, an existence result for (1.1), assuming that A is the identity. We still follow here the same
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approach: under suitable assumptions on f, which we specify in the sequel, we apply the Leray-Schauder
degree and we show (Theorem 4.1 below) that (1.1) admits a solution.

We point out that similar results has been recently obtained, independently, by Bereanu and Mawhin
(see [3], [4] and [5]). They study the problem

(@) = f(t,u ), (1.3)

with Dirichlet, Neumann or periodic boundary conditions on w, where ¢ : R — (—a,a) is a homeomor-
phism such that ¢(0) = 0 and f : [0,7] Xx R x R — R is continuous. Bereanu and Mawhin follow a
topological approach based on the Leray-Schauder degree (analogously to [8]), and they find interesting
a priori estimates involving f and ¢.

Our paper is organized as follows. In the next section we isolate some useful preliminary results
concerning the map ¢. Then, in Section 3 we consider our problem in the particular case when f is
independent of v and u’. The study of this simplified case is the first step in the direction of applying the
Leray-Schauder degree, as done in Section 4. That section is, in particular, devoted to the main theorem
of this work, that is, an existence result for system (1.1). In the last section we present an application of
the main theorem to a particular system.

We refer to e.g. [6] or [7] for the definition and the main properties of the Leray-Schauder degree.

Standing notation. In what follows I will denote the closed interval [0, T], with T fixed. In addition,
we will put C = C(I,RY), C' = CH(I,RYN), Cro = {u € C : u(0) = u(T) = 0}, Ct = {u € C' : u(0) =
w(T), v/ (0) =/ (T)}, L' = LY(I,RY), and, finally, L}, = {h € L' : fOT h(t)dt = 0}. The norm in C and
Cr,o is defined by

Jeflo = mas fu(t) v

the norm in C' and C7. by
[ullv = flullo + [|u'llo,

and the norm in L' and L}, by

N 7 1/2 N
Il = [Z / mos)n?dt] - (Z ||hi||%1>
i=170 i=1

Finally, by || - | we simply denote the Euclidean norm in RY.

1/2

Remark 1.1. By a solution of (1.1) we mean a C' map u on [0,T], with values in RY, satisfying the
boundary conditions, such that ¢(u’) is absolutely continuous and verifies (¢(u')) = f(t,u,u’) a.e. on
[0, 7.

2. PRELIMINARY RESULTS

In this section we show some important consequences following from assumption (H1).

Lemma 2.1. Let ¢ : RY — B(0,1) be a homeomorphism between RN and the open ball in RN with
center zero and radius 1, verifying condition (H1). Then:

i) [ Az| = [[Ayll if llz]l = llyll;
ii) (Az, Ay) =0 if (z,y) = 0.

Proof. i) Let « and y be such that ||z| = ||y||. Given A > 0, we have
[e(Az)[| = AwAflz[)[Az]] - and  [[o(Ay)l| = Aw(Ally[))]| Ayl



NONLINEAR SYSTEMS WITH MEAN CURVATURE-LIKE OPERATORS 3

Since ||¢(Az)|| and ||¢(Ay)|| converge to 1 when A — 400, and since w(A ||z||) = w(A ||y||) for any A > 0,
one has that

1 1
= 1 Aw (A = 1 Aw (N -
Tz~ hm A lzl) = tim Aoyl = =
and the claim follows.
ii) Observe first that, by i), we can assume without loss of generality that ||Az| = ||z|| for any z.

Consider now x and y such that (z,y) = 0 and ||z|| = ||y||. If (Az, Ay) # 0 then ||z + y| # || Az + Ayl|,
but this is a contradiction. O

Remark 2.2. By the above argument, from now on and without loss of generality we will suppose that
A is an orthonormal linear isomorphism.

The following lemma concerns the particular case when A is the identity.

Lemma 2.3. Let ¢ : RN — B(0,1) be a homeomorphism between RN and the open ball in RN with
center zero and radius 1 of the form ¢ (z) = w(||z|)x, where w : [0, +00) — [0, 4+00) is continuous. Then,
for any x,y € RN with x # y, one has

(@) —(y),z —y) > 0.
Proof. Consider first the particular case when y = Az, with A > 0, A #2 1 and = # 0. One has that

(Y(2) = P(Az), x = Ar) =
(w(llz)z = w((Az[)Az, (1 = N)z) = (w({[z[)]z] — wlAz)Az])(1 = )]z

Using the fact that t — w(t)t is strictly increasing, one can easily show that
[w(llzDllz]l = wl Az IAz[[](1 = A) >0, VA =0, A#1.
Consider now any z,y € RY with ||z # ||y|. We have

(W) = vz —y) =wlzDlzl*+wlyiDlyl® - @lz]) + wlyl)) (,y)
> w(llzIDz]* + w(llyDlyl* = @llzll) +wlylD) =]y

Take y; = Az such that ||y1]| = ||y||, with A > 0. It follows that

w(||lzDl=]* + wllyDlyll* = (wllz]]) +w(lyl)) =] [yl =
w(llzNllz)* + wllya[Dllyal? = () + w(llya ) 2] [yl =
(@) —=Y1),r—y1) >0

(the last inequality holds by the first case).
Finally, if x # y, but ||z| = ||y||, we have

(W(x) = Py),z —y) = (w(l|z|)r —w(llyly,r — y) = w(||z|){(z —y,z —y) >0

and the lemma is proved. O

Let us point out that the above result is always false for any homeomorphism ¢(z) = w(||z|)Az if A
is not the identity.
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3. AN AUXILIARY PROBLEM

Consider the following periodic boundary value problem
(¢(u))" = h(t)
u(0) = u(T) (3.1)
u/(0) = u'(T),
where h is in L. and ¢ is a homeomorphism between RY and the open ball of RY | with center zero and

radius 1, verifying condition (H1) (see also Remark 2.2). If a C'* function u : I — R solves the equation
(¢(u'))" = h(t), then there exists a € RY such that

¢(u'(t) = a+ H(h)(t), (3-2)

£ = / h(s)ds

Remark 3.1. Notice that the condition «'(0) = «/(T) implies that fo t)dt = 0 and this justifies the
assumption that h € L},

where H is the integral operator

By the inversion of ¢ in (3.2) we have
u'(t) = ¢~ (a+ H(R)(1),

and thus the image of H(h), which contains the origin of R is included in an open ball of radius 1. In

addition, any a verifying the above equality is such that ||a| < 1. Call D the set of functions k in L
such that there exists a € RN with

la+HMR)®)| <1, Vel

The set D is unbounded in L} . Indeed, take for simplicity 7" = 1 and consider the sequence of real
functions {hy, }nen, where

) . n t € [k/n,(2k+1)/(2n))
h [0, 1] = R, hin(£) —{ “n te[(2k+1)/@2n), (k+1)/n) U {1}, (3:3)

k = 0,...,n — 1. Consider the sequence {k,} C Ll where k, = (h,,0,...,0). A straightforward
computation shows that, for each n,

[knllpr =n, and |[H(ky)[o=1/2.

Thus, {ky} is an unbounded sequence contained in D. On the other hand, even if D is unbounded, it is
easy to see that it does not contain any one-dimensional subspace of L}, .
Moreover D is open in Ll . To see this, let h € D be given. One has that

/ h(t dt‘ =0<2.
Then, given ¢ in L) , it follows that
Jmax [|H(h(tz) + e(t2)) — H(h(t1) +e(t2))ll < &+ [lell s

max [|H(h(tz)) — H(h(t1))]| = max

t1,t2€1 t1,to€rl

Therefore the open ball in Ll of center h and radius 2 — ¢ is contained in D and the claim follows.

The open ball of L. of center zero and radius 2 is contained in D. To see this, consider first any map
g € L*(I,R) such that fo t)dt = 0. Then, define

B g(t) i g(t) > 0
g+(t)_{ 0 if g(t) < 0

0 if g(t) >0
—g(t)  ifg(t) <O.
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S t = 0, one has that ||g+|/r1 = ||9—||r1 = 5||9||r1- In addition, one has
A 0 t)d 0, has th + é In additi h

/Ot g(s)ds

1
1H@)llo < Sllglles-
Now consider any h = (hy,...,hy) € LL | with ||h]|z1 < 2. It is immediate to check that

< |lgllpr, Vtel.

Hence

1
IH (R)llo < SRl <1,

and this proves the assert. N
The closure of the open ball of Ll of center zero and radius 2 is not contained in D. Indeed, it is
obvious that the constant map h(t) = 2/T is not in D.

Coming back to problem (3.1), we have seen that it admits a solution only if A belongs to D. Then,
any C! solution u can be written as

+/ o Ha+ H(h)(s))ds.

The boundary condition «(0) = «(T") implies that

/ 6V (a + H(h)())dt = 0. (3.4)
Thus (3.1) has a solution in C7. if and only if h belongs to the subset D of D defined as the set of functions
h € D such that there exists a € RV verifying (3.4). The next result lists some properties of D.

Proposition 3.2. The following conditions hold.
(1) For any h € D the point a € RN such that

/OT 6 (a+ H(h)())dt = 0

is unique and then defines a map o : D — RN which is bounded and continuous.
(2) The set D is open, unbounded in L. , and contains the open ball in L} with center zero and
radius 2/3;

Proof. (1) Recalling Remark 2.2, the map ¢(z) = w(||z||)z is a homeomorphism between RY and the
open ball in RY with center zero and radius 1, and we have

¢(z) = Ap(x) = ¢ (Az).

Let h € D be given and consider the function

G (a / 6 (a+ H(R)(8)dt (3.5)
which is well defined and continuous on the set
{aeRN :|la+H(h)H)| <1Vtel}.

We have that
<GH(h)(a1) — GH(h) (a2)7a1 — (IQ> > 0, if aq # as. (36)
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Indeed,
(Gramy(a1) = Guaplaz), a1 — az) =
Jo W ax + H(h)(t) — v~ (az + H(h)(8)), a1 + H(h)(t) — (a2 + H(h)(t)))dt > 0.

The last inequality is a consequence of Lemma 2.3 and thus, by (3.6), Gz (x)(a) = 0 has a unique solution.
Since

/0 ¢~ a+ H(h)(t)dt = A~ 'Gyp(a) (3.7)

and recalling that A is an isomorphism, it follows that the unique a such that Ggsy(a) = 0 coincides
with the unique a such that

T
/O ¢ Ha+ H(h)(t))dt = 0.

Then it turns out well defined the map o : D — RY which associates to any h € D the unique a € RV
such that the above equality holds. Clearly « is a bounded map, whose image is contained in the open
ball in RY with center zero and radius 1.

To see the continuity of a we proceed as follows. Define the set
C= {l €Cro:JacRY with [la+1(t)| <1,Vt €I, and /OTw‘l(aJrl(t))dt = 0} , (3.8)
where v is as above. Recalling the equality (3.7), we have that
C= {l €Cro:3acRY with |la+1(t)| <1,Vt €I, and /OT ¢ a4+ 1(t))dt = 0}
Consider the function & : C — R¥, such that, for each | € C,

T
/O VL @) + 1)) dt = 0.

Let us prove the continuity of &. Let {l,,} be a sequence in C, converging to [ € C. Since & is bounded,
any subsequence of &(l,) admits a convergent subsequence, say &(l,,) — @ as j — oo. Let us show that
=@+ 1(t)) is well defined. To this purpose, denote @ = &(I) and call B an open ball centered at @
such that G is well defined on B, where G is given in (3.5). As seen for (3.6), Lemma 2.3 implies that
(Gi(a),a —@) > 0 for each a € B, a # a. In particular

(Gi(a),a —a) >0, Vace€IB. (3.9)

Observe that there exists a neighborhood U of [ in Cr such that, for each 2 € U, G is well defined on
B. In addition, the map

7~ inf (Gu(a),a—a)

is easily seen to be continuous on U. Then

(Gm(a),a—a) >0, Vae€dB,
for each function m in a suitable neighborhood V' C U of [. This implies, by a simple application of
the homotopy invariance property of the Brouwer degree, that the equation Gn(a)=0 has its (unique)
solution in B, given m in V. Hence a(l,,.) € B, for j sufficiently large, and thus @ belongs to B. Therefore

J

=@+ 1(t)) is well defined. Now, by letting j — oo in

/0 6N @(0n,) + I, (1))t = 0,
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/OT W@+ 1)) dt =

and this proves the continuity of @. Finally, the definition of C' implies that « = & o H and this shows
the continuity of a, being H continuous.

we have that

(2) To prove that D is open in L} , we first observe that the set C, defined by (3.8), is open. Indeed,
this can be proved by the same argument following inequality (3.9). Now, as D = H~1(C), we have that
D is open in L} .

The unboundedness of D can be proved in the same way as done for D. Precisely, for simplicity let
T = 1, and take the sequence of real functions {h,}, defined by formula (3.3). Then, let {k,} C L. be
given by k, = (hn,0,...,0), n € N. For any n the function

- / 6 a+ H (k) () dt

is well defined, in particular, for any a of the form a = (ay,0,...,0), with a; € (—1,1/2). Denote by
Grnj, j=1,...,N, the j-th component of G,. If a is selected as above, we have that

Gn,j (a) =0

for any a and any j > 2. In addition, G, 1(a) > 0if a; > 0 and G, 1(a) < 0if a3 < —1/2. As Gy 1 is
continuous, it admits a zero for a suitable a. Therefore {k,} C D, which turns out to be not bounded.

In order to show that D contains the open ball in L. centered at zero with radius 2/3 we first prove
that the set C, defined by (3.8), contains the open ball in Cr o of center zero and radius 1/3. Let [ € Cr,
with ||l]|o < 1/3, be given. If [ is identically zero, then it clearly belongs to C. Thus, suppose that [ is
not zero for some t. Denote 6 = ||I||o. Then consider 2§ < §’ < 2/3 and let A be the closed ball in RY
with center zero and radius ¢’. Observe that ||a + I(t)|| < 1 for any ¢t € I and any a € A. We show now
that

(Gi(a),a) >0, if|la]| =4 (3.10)
To this purpose denote v : [0,1) — R the function such that ¢~!(z) = v(||x||)z. We have
(Gia),a) = [T Na+1t),a+1t)dt— [ (& a+1(t),1(t))dt

v

Jo v(la+1@) ) la+1@) ||2dt Jo vlla+ 1@ la + 1N |dt
Jo vllla+ 1@ D la+ 1O (Nla+ 1)l = [1@)])de.

The last integral turns out to be positive if we show that, given a with |la| = §’,

le + 1) > li®)], Vtel. (3.11)

We have
la+ 11 > llall® + 1)1 = 2flallli@®)] > @)

because ||a|| > 2||I(¢)]| for each ¢. Hence the (3.11) holds and this proves the (3.10). Therefore, by an
elementary topological degree argument, the equation G;(a) = 0 has a solution in A and hence [ € C.
Thus, C contains the open ball in Cr o of center zero and radius 1/3.

Now, let h = (hy,...,hy) € LY, with ||h]|;1 < 2/3. Define, fori=1,...,N,

h?r(t):{ hi(t)  if hy(t) >0 (t):{ 0 if hi(t) >0

d h;
0 it hi(t)y <0 i hi(t) if hi(t) <0
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As fOT h(t)dt = 0, one has that, for any i, ||k ||, = ||h; ||z = %[kl and thus

N 1/2
Rl =2 (Z IIhi%1> :
i=1

In addition,

t

‘/ hi(t)dt’ <|hf|lp, Vtel, i=1,...N.

0

Then
2(HMB) O ley < |IhllL, VEe,
and, finally,
2[H Mo < IAllz1

This proves that D contains the open ball in L}

., With center zero and radius 2/3. O
For any h € D, we have infinite solutions of (3.1) which differ by a constant and can be written as
u(t) = u(0) + H (6~ a(h) + H(R)]) (1),

where, by an abuse of notation, ¢~ ![a(h) + H(h)] is the continuous map t — ¢~ [a(h) + H(h)(t)].
Define P : Ck — Ck as Pu = u(0). Observe that C}. admits the splitting
Ch=FE, @ E,, (3.12)

where F; contains the maps u such that @(0) = 0 and E5 is the N-dimensional subspace of constant
maps. It is immediate to see that P is the continuous projection onto E5 by the above decomposition.
Consider @ : L' — L', defined as Qh = % fOT h(t)dt. One can split L! as

LlZL’}n@F27

where F, is the N-dimensional subspace of constant maps'. The operator @ turns easily out to be the
continuous projection on F in the above splitting of L'. Then, consider the subset D of L', given by

D=D+ B, (3.13)
and the nonlinear operator K : D — CL., defined as
K@) = H (67" [al(Z - QR) + H((I - Q)B)]) (1)
If a O function u is a solution of (3.1), for a given h € D, of course u solves the equation
u= Pu+ Qh+ K(h). (3.14)

Conversely, if u € Ck is a solution of (3.14), for a given h € 137 it follows that h belongs to D and u solves
(3.1). The idea of studying equation (3.14), in order to find a solution of (3.1), is particularly important
if we consider an abstract periodic problem

(p(u)) = G(u)(t)
u(0) = uw(T) (3.15)
u'(0) = u/(T),

where G : C! — D can be supposed continuous. In fact, if we define G : C+ — Ck by
G(u) = Pu+ QG(u) + K(G(u)),
we observe that problem (3.15) is equivalent to the fixed point problem
u=G(u),

LThe reader could notice that F and F» are actually different, being contained in different Banach spaces.
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which can be studied, under suitable conditions, by topological methods. Following this idea, in the
next section we will apply the Leray-Schauder degree to obtain our main result, that is, as said in the
Introduction, an existence theorem for (1.1).

We conclude this section showing some important properties of K.

Proposition 3.3. The map K is continuous and sends equi-integrable sets ofﬁ into relatively compact
sets in Ck.

Proof. The continuity of K as valued in C is a straightforward consequence of the fact that this map is
a composition of continuous maps. In addition

(K(h)'(t) = ¢~ a((I = Q)h) + H((I = Q)h)](1).
That is, K’ isa composition of continuous operators and thus K is continuous. Consider an equi-integrable
set S of L', contained in D, and let g € L'(I,R) be such that, for all h € S,
[R()] < g(t) a.e. in 1.

Let us show that K(S) is compact. To see this consider first a sequence {k,} of K(S) and let {h,} be
such that K (h,,) = k,. For any t1,ts € I we have

|H (= Q)h)(t) = HI = Q)h)(E2)| < |

S has)ds | + 1Qha| 12— ta|

¢ [t1 — ta| .7
‘ft; g(s)d3’ + 7 fo g(s)ds.
Therefore the sequence {H (I — Q)(h,)} is bounded and equicontinuous and then, by Ascoli-Arzeld The-
orem, it admits a convergent subsequence in C, say {H(I — Q)(h,,)}. Up to a subsequence, {a((I —
Q)(hn;)) + H((I — Q)(hn,)} converges in C. In addition we have that

(K (hn,))'(8) = 07" [{a((T = Q)(hn,)) + H((I = Q)(hn,)}] (1)
and, by the continuity of ¢, (K (hy,))’ is convergent in C. Therefore {ky,} = {K(hy,)} converges in Cj..

Now consider a sequence {k,} belonging to K (S) (that is, not necessarily to K(5)). Let {l,,} C K(S5) be
such that ||l, — kn|l1 — 0 as n — oo. Let in addition {l,,} be a subsequence of {I,,} that converges to I.

Therefore, [ € K(S) and {k,,} — [, and this completes the proof. O

IA

4. MAIN RESULT

In this section we present the main result of this paper, that is, an existence theorem for the periodic
boundary value problem
(¢(u) = f(t,u,u)
u(0) = u(T) (4.1)
w'(0) = u/(T),
where ¢ is as in the above section and f : I x RY x RN — R¥ is a Carathéodory function, that is,
i) for almost every t € I, f(¢,-,) is continuous;
ii) for any (z,y) € RY x RN, f(-,2,y) is measurable;
iii) for any p > 0 there exists g € L' (I,R) such that, for almost every t € I and every(z,y) € RV xRN,
with ||z]| < p and ||y|| < p, we have

1t 2, )] < g(t).
Theorem 4.1. Let Q be an open subset of Cx such that the following conditions hold:
(1) for any u € Q the map t — f(t,u(t), v/ (t)) belongs to D, where D is defined by (3.13);
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(2) denoted by S the set of pairs (u, A) such that 0 < A <1, u € Q and solves the problem
(e(u)" = Af(t,u,u)
u(0) = u(T) (4.2)
w'(0) = u'(T),
suppose that the closure S in Ck x [0,1] is bounded and contained in Q x [0,1];
(3) the set of the solutions of the equation

T
F(a) := /0 f(t,a,0)dt =0 (4.3)

is compact in Qa, where Qy := QN By and Es is the subspace of Cx in the splitting (3.12);
(4) the Brouwer degree degp(F,Qs2,0) is well defined and nonzero.

Then problem (4.1) has a solution in €.

Proof. Let Ny denote the Nemytski operator associated to f, that is,
Ny :Cp— L', Ny(u)(t) = f(t,u(t),u'(t)).

Consider the problem
(p(u'))" = ANg(u) + (1 = N)QNy(u)
u(0) = u(T) (4.4)
u’'(0) = u/(T).
For A € (0,1], if u is a solution of (4.2), then, as seen in the previous section, condition «'(0) = u/(T)
implies QN (u) = 0 and hence u solves problem (4.4) as well. Conversely, if u is a solution of (4.4), then
QN (u) = 0 since it is easy to see that

QAN (u) + (1 = N)QNy(u)] = QNy(u),
and thus u solves (4.2) (A still belongs to (0,1]). Let us now consider problem (4.4). It can be written in
the equivalent form
u=K(u,A), (4.5)

where
K(u,A\) = Pu+QNy(u)+ (K o[ANf+ (1 —XN)QNy])(u)

= Pu+QNy(u) + (K o [AI — Q)Ny])(u)
is well defined in Q X [0,1]. Observe that the last equality in the above formula is a consequence of the

fact that K(g) = K(g + Qg) for any g € D.
Since f is Carathéodory, the nonlinear map N : Ck x [0,1] — L', defined by

/\/'(u7 )\) = )\Nf(u) + (1 — )\)QNf(u), (46)

is continuous and takes bounded sets into equi-integrable sets. This implies that, recalling Proposition
3.3, K is completely continuous and, consequently, the map F : 2 x [0,1] — Ck, defined as

Flu,A) =u—K(u,A)

is proper on closed bounded subsets of its domain (we mean closed in Cx x [0, 1]).
Take A = 0. We have

T
Fu,0) = u— u(0) — % /0 Pt u(t), o (0)dt

(recall that K(c) = 0 if ¢ is a constant map). Therefore, u is a solution of the equation F(u,0) = 0 if
and only if u is constant. It follows that fOT ft,u(t), v (t))dt = 0, that is,

T
/ ft,c,0)dt =0,
0
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where u(t) = ¢. Thus, by assumption (3), we can say that the set of solutions of F(u,0) = 0 is a compact
subset of €. Then, by assumption (2) and the above argument, we have that F~1(0) is bounded and
closed in the topology of Ck x [0,1). It is not difficult to prove, by the properness of F, that F~1(0) is
also compact and contained in © x [0,1]. Thus, we can apply the homotopy invariance property of the
Leray-Schauder degree to F obtaining

deg;o(I — K(-,0),Q,0) =deg; (I — K(+,1),0,0). (4.7)

Therefore, problem (4.1) has a solution in 2 if we prove that deg;¢(I — K(+,1),9,0) # 0. To this
purpose we show that deg; (I — K(+,0),€Q,0) # 0. To see this we apply a finite-dimensional reduction
property of the Leray-Schauder degree, associated with assumption (3). The operator I — K(-,0) can be
represented in block-matrix form as

I K
IIC(.,O)(OEI me )
By the properties of the Leray-Schauder degree we have that
deg;s(I — K(-,0),9Q,0) = (=1)V degg(F,Qs,0)
and this completes the proof. O

5. AN APPLICATION

In this section we show an application of Theorem 4.1 to the two-dimensional problem

(VlfW) = g1(t)(arctanuy — hy(u})),

/
U (5.1)
———=— | = go(t)(arctanus — ho(uh)), :

( 1+|u,|2> g2(t)( 2 = ha(uy))
ur(0) =ui (1), wy(0) =wuy(1),
uz(0) = uz(1), u5(0) = uh(1),
where g1, g2 are positive, continuous, real functions on [0, 1], hy, hs are bounded, continuous, real functions
defined on R. Suppose, in addition, that sup |hq(t)| and sup |ha(t)| are less than 7/2, and assume that
g1(t) and ga(t) are less than 2/(37) for any ¢ € [0, 1].

Remark 5.1. Recalling Remark 1.1, if u € C} solves system (5.1), ¢(u') is absolutely continuous (¢ being
defined as ¢(t) = t/v1+t2). It is immediate to verify that ' is absolutely continuous as well. Now,
observe that u” coincides a.e. with a continuous function and thus it can be continuously extended to
[0,1]. This implies that u/ is actually C' and then any solution of the problem is actually a C? function.
Therefore, system (5.1) can be written in the following equivalent way:

uf (1+ (uh)?) — whuhuy = (1+ |u’|2)3/2 [g1(t)(arctanuy — hq(u)))]

wf (14 (uh)2) — wjuyuy = (14 [o/[2)*? [go(t) (arctan uz — ho(uf))] (5.2)
u1(0) = ui (1), uy(0) =y (1),
u2(0) = uz(1),  u3(0) = up(1),

In the attempt of applying Theorem 4.1 to problem (5.1), fix & > 0 and let © be the open subset of
Ck of maps u such that ||u/|lo < a. Our purpose is to prove the existence in  of a solution of (5.1).

Suppose that a given u € Q solves (5.1). If u is not identically zero, without loss of generality let
to € [0, 1] be such that

|u1(to)| = max{|ui (8)], [uz(t)], ¢ € [0,1]}.
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Observe that uf (tp) = 0 (this holds even in the case when ¢y coincides with 0 or 1, because of the condition
u}(0) = wf(1)). Now, if |lul|; is sufficiently large, that is, if |uy(f)| is sufficiently large, then
arctan uq (to) — hy (Ull (to)) >0 if uq (to) >0,
arctanu (to) — h1(uj(t0)) <0 if ui(to) < 0.
On the other hand we have that
’ulll(to) <0 if ul(to) > 0,
U/ll(t()) Z 0 if Ul(to) < 0,
and this contradicts the fact that u is a solution of (5.1). Therefore the set of solutions of (5.1) is bounded

and closed in € (of course 2 is unbounded in CL). For the same reason the set S of pairs (u, A) such that
0< A<1,ue and solves the problem

, !
Uy

V1+ \u’|2
- /
: + \u 2) = Aga(t)(arctan ug — ho(uj)),

=uy(1), uj(0)=uj(1),
( ) = uz(1), U'z(O) uz(1)
is such that S (the closure is in C} x [0,1]) is bounded and contained in 2 x [0, 1].

Moreover, recalling points (3) and (4) in the statement of Theorem 4.1, the set of solutions of the
equation

= Agi(t)(arctan uy — hy(u})),

1 1
F(a,b) = </0 g1(t)dt arctana + hq(0), /0 g2(t)dt arctanb + hg(O)) = (0,0)

is bounded and compact in Q5 = Q2N Ey, where F5 is the subspace of C% in the splitting (3.12). It is
immediate to see that

degp(F,Q2,0) = 1.

Thus we can apply Theorem 4.1 to conclude that (5.1) admits a solution in 2. Tt is also immediate to
observe that any solution is nontrivial if h1(0) and h2(0) are not both zero.
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