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1. INTRODUCTION

Let us consider the so-called one-dimensional p-Laplacian operator
(¢,(u")), where p>1 and ¢,: R— R is given by ¢,(s)=|s|” s for s #0
and ¢,(0) =0. Various separated two-point boundary value problems con-
taining this operator have received a lot of attention with respect to exist-
ence and multiplicity of solutions. See, for example, [3, 9, 11, 13, 21, 22,
28, 31, 33], and the references therein. Periodic boundary conditions have
been considered in [12, 14]. The case of separated two-point boundary
conditions when ¢, is replaced by a one-dimensional possibly not
homogeneous operator ¢, has been dealt with in a series of papers, cf.
[2, 8, 15, 16, 17, 18, 19].

Our aim in this paper is to study existence of periodic solutions to some
system cases involving the fairly general vector-valued operator ¢. Thus we
will consider the boundary value problem

() = fltu,u'),  w(0)=u(T), u'(0)=u'(T), (1.1)

where the function ¢: RN — R” satisfies some monotonicity conditions
which ensure that ¢ is an homeomorphism onto R". As a consequence our
results will apply to a large class of nonlinear operators (¢(u'))’, which, for
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example, contain some vector versions of p-Laplacian operators like the
case when, for x=(x,,..xy)eRY, d(x)=y,(x)= |x|?~2x, for x#0,
¥,(0)=0, (p>1), and the case when ¢(x) = (¢, (x;), ..., ¢, (xy)), with, for
eachi=1,..,N, p;>1,and ¢,: R— R is a one- d1mens10na1 p.-Laplacian.

If I= [0 T] the function f:IxRYxRY¥—>RY is assumed to be
Carathéodory, by this we mean:

o for almost every ¢ eI the function f{(¢, -, -) is continuous;
o for each (x, y) e RV x R" the function f(-, x, y) is measurable on I;

o for each p>0 there is a, e L'(I, R) such that, for almost every te I
and every (x, y) e RV x R"Y with |x| <p, |x| <p, one has

|/, %, p)l <, (1).

By a solution of (1.1) we mean a function u: I — R” of class C' with ¢(u')
absolutely continuous, which satisfies (1.1) a.e. on L

Throughout the paper |-| will denote absolute value and the Euclidean
norm on RY, while the inner product in R" will be denoted by (-, - ).
Also, for N>1 we will set C=C(I,RY), C'=CYI, RY), C,= {ue C|
w0)=u(T)}, Cr={ueC'|u(0)=u(T), u'(0)=u'(T)}, L”—L”(I R™M),
and W7 =Ww"7(I,R"), p>1. The norm in C and C, will be denoted by
[-[lo, the norm in C' and C. by ||, and the norm in L? by ||| ..

This paper is organized as follows. In Section 2 we begin by establishing
the monotone-type conditions on the function ¢, and we will consider and
show some important examples of functions ¢ which verify those condi-
tions. We then develop the machinery which will allow reducing (1.1) to a
fixed point problem in CY. The corresponding results are of independent
interest, and allow us in particular to generalize to the p-Laplacian frame
the classical concept of mean value of a periodic function.

In Section 3, combining the Leray—Schauder degree theory with the
results of Section 2, we state and prove a first general existence theorem for
problem (1.1). This result generalizes to our situation some well-known
continuation theorem [ 23, 24, 25, 29], obtained in the framework of coin-
cidence degree for nonlinear perturbations of linear differential operators
with periodic boundary conditions. Indeed, our approach can be viewed as
an extension of coincidence degree to some quasi-linear problems. This
existence theorem also generalizes a result proved in [20] for nonlinear
perturbations of the one-dimensional p-Laplacian and p >2, to a much
wider class, which includes arbitrary homeomorphisms in the scalar case
and the operator (Y ,(u'))’, for any p > 1, in the vector case. Moreover, our
generalization is obtained by using classical Leray—Schauder degree theory,
instead of the more sophisticated degree theory for mappings of type (.S)
used in [20]. As a consequence of this first continuation theorem, we
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obtain various existence theorems for quasi-linear systems with a non-
linearity f satisfying some one-sided growth conditions introduced, for
semilinear problems, by Ward [32] in the scalar case, and by Cafnada-
Martinez-Amores [4, 5] and Cafiada—Ortega [6] (see also [25], p. 67) in
the vector case.

In Section 4, using degree theory for compact vector fields which are
invariant under the action of S', as developed in [1], we extend to our
quasi-linear situation the continuation theorem of [7] and [1], in which
a homotopy is made to an arbitrary autonomous system. An application is
given to a perturbation of (i,(u'))" by an asymptotically autonomous and
(p — 1)-positive homogeneous system. In all cases, we give explicit examples
showing that the assumptions are realistic.

Needless to say, many more applications of those continuation theorems
can be done, and some of them will be given in subsequent papers.
Furthermore, many of the obtained results have direct generalizations to
the study of the T-periodic solutions of systems of functional-differential
equations of the form

(") = f(t, u,, (u'),),

when, for ve C, v, denotes, as usual, the function defined on [ —r, 0] by
v(0)=v(t+0).

2. SOME MONOTONE MAPPINGS AND
A FIXED POINT OPERATOR

Let ¢: RN — R”" be a continuous function which satisfies the following
two conditions:

(H,) For any x,, x,eR", x, #x,,
(P(x)) = d(x3), x; —x5> >0.

(H,) There exists a function o: [0, + o[ = [0, + o[, a(s) > + o0 as
s — + o0, such that

{p(x), x> =al]x]) |x], forall xeRY

It is well-known that under these two conditions ¢ is an homeo-
morphism from R" onto RY, satisfies (H;), and that |¢ ~'(y)| — 4+ 0 as
|y] > + o0 (see [10, Ch. 3]).

Let us first give some examples of simple operators ¢ for which condi-
tions (H,) and (H,) are satisfied.
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ExaMpLE 2.1. Let ¢ be an homeomorphism from R onto R. Then ¢ is
either increasing or decreasing. Clearly in the first case ¢ satisfies (H,) and
(H,) while in the second case —¢ does.

ExaMPLE 2.2. For p>1, let y,: RN > R" be given by
Y, (x)=I|x]""?x for x#0, ¥,0)=0.

Then y, is an homeomorphism from R" onto RY with inverse ¥ ,.(x) =
|x|?" =2 x, where p* = p/(p —1). Let now x, y e R", from the inequality

Yp(x) =, (9), x = y> = (Ix]7 7 = p[7 = D(Ix] = »]) =0,
it follows immediately that
Yp(x) = (y),x—y>=0  implies x=y,
and thus (H,) holds. Also, from
CYp(x), x) = x| 7= |x|7~ 1 |x],

(H,) follows.

ExampLE 2.3. More generally, we can consider any ¢: RV — R" which
is a potential, ie., ¢ = V®, @: R - R of class C' and strictly convex such
that ¢ satisfies (H,). An interesting example of this class is given by

D(x) = — |x|>—1.
Clearly, @: RY — R is of class C' and strictly convex, and
(VD(x), x) =2 —1) [x|?,

and thus (H,) is satisfied.

ExampLE 2.4. Further examples can be obtained from the following
proposition.

PROPOSITION 2.1. For i=1, ...k let N;e N and ;: R — R be a func-
tion which satisfies the following conditions.

1) Y(z)—y;(w),z—y>;=20, (with {-, ->,; denoting the inner
product in R™) for any z, y € R™i, with equality holding true if and only if
z=);
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(i1) there exists a function «;: [0, +00)— [0, +0), a,(s) > + 0 as
s — + o0, such that

Yi(z), 2y, =0(1z]) |z, forall zeRM.

Then the function

e [T RY > [ BRY, x = (x) oy ) o () = (Y1 (x1)s o W x5)),

i=1 i=1
satisfies conditions (H,) and (H,) with N=Y*_| N

Proof. Let x=(x',x% .., x"), y=(»', % .., y) be in RY=TT¢_, R™.
Then

(V)= P(y), x—y> =3 Px) =i (), "=y,

i=1

and, if x # y, then x’# y' for at least one i€ {1, ..., k}. This implies

CP(x) = (), x— p> = <Y(x) =¥, (1)), >0,

and hence (H,;) (with ¥ in the place of ¢) is satisfied.
Next we will show that

b
), x) — as |x| — oo. (2.1)
|x]
We argue by contradiction and thus we assume that there exist a positive
constant C and a sequence {x,} in R" such that |x,|— oo, and
({(x,), x,0)/(1x,]) < C, for all neN. Then for x,=(x}, .., x*), we have
<L0 Vi

o (|x;, 1) v
|x

<G, (2.2)

n |

where o' =(|x!])/(]x,]), for all i=1,.,k and all neN. Clearly
k_ vl =1, for each neN. Since the sequences {vi},, i=1,..,k, are
bounded we can assume, passing to subsequences, that v’ —v'>0,
i=1, ..,k
Now suppose all the v's are not zero, then, from (2.2),

. ) C
lim sup o[, ) <,

n— oo
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and the growth conditions on the functions «, imply that the sequences
{Ix" |}, i=1, .., k, are bounded. Since this contradicts |x, | — co, we have
that in this case (2.1) holds. Next assume that some of the the v's are zero.
Without loss of generality (modulo a permutation of indices) we can sup-
pose that v'=0, for i=1, ..., j, and v'>0, for i=j+1,..,k Let £>0 be
such that ¢ <(1/j), then there is a n, such that for all n>n,,

J
Y X P<jelx, %
i=1
and thus
1 k )
lx, P <—— Y Ix,I%

I—je ;T

Hence there must be iye {j+1, .., k} such that |x?| - oo as n— oo. This
in turn implies that a;(|x?|)— o0 as n—co, and since v —v">0 as
n— oo, from (2.2), with i =i,, we again obtain a contradiction. Thus (2.1)
holds, and it is standard to construct from (2.1) a function « so that (H,)
(with ¥ in the place of ¢) is verified. |

Let us now consider the simple periodic boundary value problem
(o)) =h(r),  w(0)=u(T),  u'(0)=u(T), (2.3)

where he L' is such that [{ A(s) ds=0, and let u be a solution to (2.3). By
integrating from 0 to ze I, we find that

P(u'(1)) =a+ H(h)(1), (24)

where

and ae R" is a constant. The boundary conditions imply that

1or o ~
= fo ¢~\(a+ H(h)(1)) dt =0.

For fixed /e C, let us define

G)(a)=
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We have

ProrosiTiON 2.2.  If ¢ satisfies conditions (H,) and (H,), then the func-
tion G, has the following properties:

(1) For any fixed le C, the equation
G/(a)=0, (26)

has a unique solution a(l).

(ii) The function & C— RY, defined in (i), is continuous and sends
bounded sets into bounded sets.

Proof. (i) By (H,), it is immediate that
(G/a,)—G)as), ay—ay) >0, for a,+#a,,

and hence if (2.6) has a solution then it is unique. To prove its existence
we will show that {G,(a), a) >0 for |a| sufficiently large. Indeed we have

1 T
(Gila).ay = | <4 @t 1), a) di

T
L a 1)) d
=7 | <7l at i)y d

5 [ <o o i a,

and thus
1 T
(Gila).ay 2 | b~ (atl(0). a+1(1)) di
Ao "t at s (2.7)
0

Now from (H,), for any y € R", we have that

), vy =allg (WD 1 ()l (2.8)
Thus from (2.7) and (2.8),

1
(Gila), ay > J (allp = (a+ 1)) = lllo) 1¢ " (a+ L)) dt.  (29)
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Since |a| — oo implies that |¢ ~'(a +(t))| — oo, uniformly for ¢ I, we find
from (2.9) that there exists an r >0 such that

(G)(a),a)y>0 forall aeRY  with la| =r.
It follows by an elementary topological degree argument that the equation

G,(a) =0 has a solution for each /e C, which by our previous argument is
unique. In this way we define a function a: C —» R” which satisfies

JT¢*1(&(1)+I(1))dt=0, forany leC. (2.10)

To prove (ii) let 4 be a bounded subset of C and let /e A. Then, from
(2.10)

for Cp @) + 1)), al)y de=0,

and hence

[ o an+ o an + iy di=[ <o an + 1oy de - 211)

Assume next that {a(/), /e A} is not bounded. Then for an arbitrary 4 >0
there is /e A with |/, sufficiently large so that

A<a(lp="(al)+ 1)),

uniformly in 7z € I. Hence by using (2.8) and (2.11), we find that
Al 19 @+ o) dz<jf«<|¢*l<a~(l> +H)) 19 @] +10))] dr

<l | 10 (1)) .

Thus 4 < ||I|,, which is a contradiction. Therefore @ sends bounded sets in
C into bounded sets in R”.

Finally to show the continuity of 4, let {/,} be a convergent sequence
in C, say /,— I, as n— oo. Since {a(/,)} is a bounded sequence, any sub-
sequence of it contains a convergent subsequence denoted by {a(/,)}. Let
a(lnj_) —d, as j— oo. By letting j — oo in /

[" 97 at,) +1,() di=0,
0



SOLUTIONS FOR NONLINEAR SYSTEMS 375

we find that

and hence d(/) = a, which shows the continuity of a. ||
Let now a: L' - R" be defined by
a(h)y=a(H(h)). (2.12)

Then it is clear that a is a continuous function which sends bounded sets
of L' into bounded sets of R”, and hence it is a completely continuous

mapping.
We continue now with our argument previous to Proposition 2.2. By
solving for u’' in (2.4) and integrating we find

u(t) =u(0) + H{¢ " [alh) + H() T} (1), (2.13)

Here ¢ ' is understood as the the operator ¢ ': C— C defined by
¢~ (v)(1) =¢ '(v(2)). It is clear that ¢ ' is continuous and sends bounded
sets into bounded sets.

Let us define

1T
P.CL>Cl, u—u(0), Q:L'>L, hH?fh(s)ds.
0

Then it is clear that if u € C.solves (2.3), then u satisfies the abstract equation
u=Pu+ Qh+ 4 (h), (2.14)
where the (in general nonlinear) operator .#": L' — CJ.is given by
H(h)(t)=H{¢p '[a((I—Q)h)+ H(I— Q) h)]}(¢), forall rtel (2.15)
Conversely, since, by definition of the mapping a,
H{¢~'[a((I- Q) h)+ H((I-Q) h)]}(T)=0,

it is a simple matter to see that if u satisfies (2.14) then u is a solution
to (2.3).

Note that since a(0) =d(0), we have, by (2.15) and (2.10), that

A(0)=0.

LEMMA 2.1. The operator XA is continuous and sends equi-integrable sets
in L' into relatively compact sets in C).
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Proof. The continuity of ¢ in C follows immediately by observing that
this operator is a composition of continuous operators. Also, we have that

A (h) () =¢~"[a((I—-Q) h)+ H((I—- Q) h)](1),

which is also a composition of continuous operators and hence continuous.
Let now & be an equi-integrable set in L!. Then if he &, there is e L'
such that

[h(2)] <n(1) ae in L

We want to show that #°(§) = Cl. is a compact set. For this it suffices to
prove that if {v,} is a subsequence in #'(&), then it contains a convergent
subsequence in CJ. Let {A,} be a sequence in L' such that v, = #(h,). For
t, t' eI, we have that

|H(I = Q)(h,)(1) — H(I = Q)(h,)(1')] < + 10| |t —1'|

[ h(s) ds

t T
<|[ ntsyds|+1e=r1[ nis) ds
v 0

Hence the sequence { H(I— Q)(h,)} is uniformly bounded and equicontinu-
ous. By the Ascoli-Arzela theorem there is a subsequence of { H(I— Q)(h,)},
which we rename the same, which is convergent in C. Then, passing to a
subsequence if necessary, we obtain that the sequence {a((/— Q)(h,))+
H(I—Q)(h,)} is convergent in C. Using that ¢ ~': C— C is continuous it
follows from

(A (h,) ()=~ "'[a((I—Q)(h,)) + H(I— Q)(h,)]

that the sequence {(#'(h,))'} is convergent in C and hence so does the
sequence {(A'(h,))}. 1

Another consequence of Proposition 2.2 is of independent interest.

PROPOSITION 2.3.  For each ue C, there exists a unique u, € R" such that
the function i, :=u—u, satisfies the relation

LT V(1)) di =0,

Furthermore, the mapping uvu, is continuous and takes bounded sets of C
into bounded sets of R".
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Proof. The result consists in finding some u, € R" such that

jrlp,,(u(z)—up)d::o.
0

It is a consequence of Proposition 2.2 with ¢(v) = |v]?" 2 v, p*=p/(p—1),
l=u,a=—u, |

Remark 2.1. For p=2, u, reduces to the usual mean value = Qu=

(1)T) [ § u(t) dt of u. Therefore, we can refer to u, as the p-mean value

of u.

The following properties of the p-mean value of a scalar function u extend
the standard ones for p =2.

ProposITION 2.4. If ue C(I, R), there exists t, €I such that

u, =u(t,). (2.16)

there exists 7, such that

ie, u,(t,)=0, so that

PROPOSITION 2.5. Ifue W' ?(I, R), then one has the inequality
Il e < TY2" 0t 1 (2.17)
where p* is conjugate to p.
Proof. 1f t is given by Proposition 2.4, we have, for all 7€, using

Holder’s inequality

0] = lute) = u(d] = | [ w(s) s

<TV | . N
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Let us consider finally the abstract functional differential periodic
problem

(') =N(u, 2),  u(0)=u(T),  u'(0)=u(T), (2.18)

where A€ [0, 1], and N: C}.x [0, 1] — L' is continuous, and send bounded
sets into equi-integrable sets. Thus, defining 4: C}.x [0, 1] — C/. by

G(u, 1) :=Pu+ ON(u, 1)+ (A o N)(u, 1), (2.19)

we obtain that ¢ is a completely continuous operator. Furthermore,
problem (2.18) is equivalent to the problem

u=9%(u, ). (2.20)

In particular, if g: I x RV x RV x [0, 1] is Carathéodory and if we denote by
N,: Cyx[0,1]— L' the Nemistki operator associated to g defined by

Nj(u, 2)(1) = g(t, w(t), (1), 1),  ae.on I,

it is known that N, is continuous and sends bounded sets into equi-
integrable sets.

We will apply Leray—Schauder’s degree to (2.20) by choosing N in such
a way that the Leray—Schauder degree of I— %(-,0) with respect to a
suitable open bounded set of C’. exists and is easy to compute. Such situa-
tions will be considered in the following sections.

3. HOMOTOPY TO THE AVERAGED NONLINEARITY

We will suppose in this section that ¢: RY — RY is continuous and
satisfies the conditions (H,)—(H,) of Section 2. Our first aim in this section
is to extend a continuation theorem proved in [23] for semilinear equa-
tions (see also [24, 26, 27]) to the quasilinear problem (1.1), which we
repeat here for convenience of the reader,

(o)) = flt,u, '), w(0)=u(T),  u'(0)=u'(T), (3.1)

where f: I x RY x RY — R is Carathéodory.

THEOREM 3.1. Assume that Q is an open bounded set in C'. such that the
following conditions hold.
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(1) For each 2.€ 10, 1[ the problem
(pw')) =4(t,u,u'), wO0)=u(T), w(0)=u(T), (32)

has no solution on 09Q.
(2) The equation

1 T
Fla)i=o | f(t.a.0)=0, (3.3)
has no solution on 02 N R".
(3) The Brouwer degree
d,[F, @A RY, 0] #0. (3.4)

Then problem (3.1) has a solution in Q.

Proof. Let us embed problem (3.1) into the one parameter family of
problems

(') =AN;(u) + (1 =2) ON (u), w(0)=u(T), u'(0)=u'(T), (35)
where N,: C}.— R" is the Nemytski operator associated to f. Explicitly,

1 T
(p(u')) = Af(t, u,u') + (1= 2) {T L S(s, u(s), u'(s)) ds |,

For Z2€ ]0, 1], observe that, in both cases, u is a solution to problem (3.2)
or u is a solution to problem (3.5). we have necessarily

1

= LTf(s, u(s), w(s)) ds=0.

It follows that, for A€ ]0, 1], problems (3.2) and (3.5) have the same solu-
tions. Furthermore it is easy to see that f Carathéodory implies that
N:Ch.x[0,1] > L' defined by

N(u, 2) =N (u) + (1 — 1) ON(u)

is continuous and takes bounded sets into equi-integrable sets. Also
problem (3.5) can be written in the equivalent form

u=%(u, 1) (3.6)
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with
Ge(u, A)=Pu~+ ON (u) + (A o [AN+ (1 —1) ON,])(u)
= Pu+ON,(u) + (A > [ A1 — Q) N;1)(u).

We assume that for A=1, (3.6) does not have a solution on 022 since
otherwise we are done with the proof. Now by hypothesis (1) it follows
that (3.6) has no solutions for (u, 1) edQ x 10, 1]. For 1=0, (3.5) is equiv-
alent to the problem

1

(b)) =7 LTf(S, u(s), w'(s)) ds, — w(0)=u(T), ' (0)=u(T), (3.7)

and thus if « is a solution to this problem, we must have
T
j 1(s, u(s), ' (s)) ds = 0. (3.8)
0

Hence
u'(1)=¢"(c),

where ce R" is a constant. Integrating this last equation on I we obtain
that ¢ ~'(¢) =0, and thus u(¢) =d, a constant. Thus, by (3.8)

fo(s, d,0)ds =0,

0

which, together with hypothesis 2, implies that u=d ¢ 0Q2. Thus we have
proved that (3.6) has no solution (u, 1)e0Q x [0, 1]. Then we have that
for each 1€[0, 1], the Leray-Schauder degree d,s[1—%(-, 1), 2,0] is
well-defined and, by the properties of that degree, that

dislI—=%(,1),2,0]=d, [ I—-%(-,0),2,0]. (3.9)
Now it is clear that problem
u=%(u,1) (3.10)

is equivalent to problem (3.1), and (3.9) tells us that problem (3.10) will
have a solution if we can show that d,s[/—%(-,0), 2, 0] #0. This we do
next.

We have that

G (u, 0) =Pu+ ON,(u)+ A (0)=Pu+ ON,(u).



SOLUTIONS FOR NONLINEAR SYSTEMS 381

Thus we obtain
1 (T
u—9%(u,0)=u—Pu—— f f(s, u(s), u'(s)) ds.
g T o

Hence by the properties of the Leray—Schauder degree we have that
dLS[I_ %’(9 O)a Qs 0] = ( _I)NdB[Fs Qn RN: O]a

where the function F is defined in (3.3) and dj denotes the Brouwer degree.
Since by hypothesis (3) this last degree is different from zero, the theorem
is proved. ||

Our next theorem is a consequence of Theorem 3.1. We need first the
following definition.

Let f'=(f1s .0 fn): IXRYxRY > R" be a Carathéodory function. We
will say that f satisfies a generalized Villari condition if there is an py,>0
such that for all ue C%, u=(uy, ..., uy), with min, _, [u,(1)] > p,, for some
Jje{l,.., N} it holds that

frf,-(t, u(), u'(t)) dt #0, (3.11)

for some ie {1, .., N}.

Remark 3.1. A condition of this type was introduced for the scalar case
by Villari in [30].

Let b(R) denotes the open ball in R" with center zero and radius R. The
following theorem extends a result of Cafiada and Ortega [6] to our class
of quasi-linear equations

THEOREM 3.2. Assume that the following conditions hold.

(1)  There exist ne C(R™, RY) and he L'(I, R ) such that
CP(y), n'(x) y) =0, (3.12)

and

|f(2, 2, I <AL x, ), n(x)) +h(2), (3.13)

for all x, yeR", and a.e. tel.

(2) f satisfies a generalized Villari condition.
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(3) There is Ry>0, such that all the possible solutions to the equation

1 o7
Fla):=— L f(t,a,0)=0, (3.14)
belong to b(R,).
(4) The Brouwer degree
dg[ F, b(R,), 0] #0. (3.15)

Then problem (3.1) has at least one solution.

Proof. Let (u,A),ueC},2e]0,1[, be a solution to (3.2), then
necessarily, using (3.12), we have

0> —LT G (), ' (u(D) (1)) df=foT<(¢'(u/<r>>)', n(u(1))y di

-y} jOT St u(t), u' (1)), n'(ut))) dt. (3.16)
For simplicity of the exposition let us set ¢(u'(1))=>b(t)+b, with
[IB(t)dt=0, and b= (1/T) [ ¢(u'(¢)) dr. Then from (3.16) and (3.13), we
get
1B 0 < | 1A ). )]
SLT St u(t), u'(2), n(u)y dit + ||h] o < |12 1, (3.17)

which yields
1Bllo < NT |[All 1.
We next find an a priori bound for 5. We have that

W (t)=¢ "(b(t)+b). (3.18)

Hence, by integrating on / and using the boundary conditions, we obtain
T ~ _
f ¢~ '(B(t) +b) dt =0. (3.19)
0

By Proposition 2.2 it follows that b = d(5), where the function & is defined
in that proposition. Recalling that @ sends bounded sets into bounded sets,



SOLUTIONS FOR NONLINEAR SYSTEMS 383

we have that there is a positive constant C, such that || < C,. Hence, from
(3.18) and the fact that ¢ —! seen as an operator from C into C sends
bounded sets into bounded sets, we obtain a positive constant C, such that

[ llo < Cs, (3.20)

which in turn implies that

T
q /()| ds< C,T. (3.21)
0

jo W (s) ds

Next, the solution u satisfies

0= [ suana= [ (w0 [ w a2
0 0 0

T
By the generalized Villari condition we find that for each je {1, .., N} there
exists a #;€ I such that |u;(t;)| < p,. Since

uj(z)zuj(z,)+j'u;.(s) ds,

we get, by (3.20),
|”/(1)| < |uj(tj)| + G T<py+ CT.

Thus there is a constant C, such that |ul|, < C;. It follows that we can find
R >0 such that if (u, A) is a solution to (P;) then |ul|; < R. We define next
the set Q2 = C!. that appears in Theorem 3.1 as Q = B(R), where B(R) is the
open ball in CJ. center 0 and radius R. Thus condition (1) of Theorem 3.1
is satisfied with Q =B(R), and since the rest of the conditions of
Theorem 3.1 are also satisfied, the proof is complete. ||

Remark 3.2. 1In the case where ¢(x)=1,(x), (p>1), condition (3.12)
reduces to the assumption that n'(x)e L(R”Y, R") is positive semidefinite
for each x e R".

Remark 3.3. Condition (3.12) is trivially satisfied for a constant mapping
n, in which case one recovers assumptions introduced in [32] for N=1 and
in [4, 5] for N> 1. In particular, let f(¢, x, y)=(fi(t, X, ¥), ..., fn(t, X, ¥)).
Following [4, 5], we have that if there is a vector n=(n,, .., ny), with
n;>0, for alli=1,.., N, and h,e L'(I, R, ) such that

Lfi(t, x, p)I <n, fit, x, )+ h,(1),  foreach i=1,.,N,  (3.23)

then condition (3.13) is satisfied.
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COROLLARY 3.1. Suppose that the following conditions are satisfied.

(1)  There is a mapping ne CY(RY, RY) such that conditions (3.12) and
(3.13) hold.

(2) There exists a function he L'\(I, R, ) and a continuous function
n: [0, +0)— [0, +00), such that

n(s) = + oo as s§s— + o0,
and

n(Ix]) = h(e) <1 £(2, x, ), (3.24)

for almost all tel, and all x, y e R”.
(3) Condition (3.15) holds.

Then problem (3.1) has at least one solution.

Proof. Let (u, 1), A€ ]0, 1[ be a solution to (3.2). As in the proof of
Theorem 3.2, it follows from conditions (3.12) and (3.13), that there is a
positive constant C, such that [|u'|, < C,. We claim that conditions (3.13)
and (3.24) imply that there is a constant C such that [ju|,< C5. Indeed,
from (3.17), we have that

J, 17 o), w0 de < )
Then by (3.24)
J, o)1y e < il B o (3.25)

Since (3.20) holds by the reasoning of the previous theorem and #(s) — oo
as s - o0, from (3.25) we find the required bound for |ju|,.

Now let ae R" be such that [ f(¢, a,0) dt=0. Then (3.24) implies that
n(lal) < C,, and hence |a| < C;, for some positive constants C, and Cj.
Thus there is R, >0 such that all solutions to (3.3) belongs to b(R,). The
rest of the proof follows from the last theorem. [

As a simple example for Corollary 3.1, we consider the system of two
equations

(1X'[772x)" + 2x5(1 4+ x3) +sin x; = e,(2),
(1x']7 7 2x5)" — x1(1 4 x3) + cos x, = e,(1), (3.26)
x1(0)=x(T), x1(0)=x\(T), x5(0)=x,(T), x50)=x5T),
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where e = (e,, e,) € L'(I, R?). Letting
S8, x)=(—x5(1 +x3) —sin x; +e,(1), x;(1 + x3) —cos x, + e5(1)),
n(x) =(—2x,, 2x,),
n(lxl) = [xl,
we have, for a.e. rel and all xe R?,
—le()] = 1 +n(lx]) < [f(z, x)|
S[xi(1+x7)7 +x3(1+x3)212 + le(2)| + 1
< JxP +le(n)] + 1,
whenever |x,| > 1 and |x,| > 1, and hence, for some &, € L'(I, R ), we have
—le()] =1 +n(Ix]) < | A2, x)| < |x] + 7y (), (3.27)
for a.e. el and all x e R% On the other hand,
St x), n(x)> = |x[* =2 |x[[le(t)] + 11, (3.28)

for a.e. el and all x e R% Consequently, (3.27) and (3.28) imply that, for
ae. tel and all xeR? we have

LAz, )| < (S, x), n(x) ) + A1),

if we choose for /4 the positive part of the L'-function defined for a.e. tel
by

max [ —x*+x3+2[le(t)| +1] x+h,(1)].

xeR4
Now,
F(a,,a,)=(—a5(1+a3)—sina, +ey, a,(1 +a})cosa,+ey),

where

_ 1 (T .
Y VT,

By an easy homotopy and the product formula for degree, we have, for all
sufficiently large R>0,

dB[Fa b(R)’ O] = 17

and the problem (3.26) has at least one solution.
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We now apply Theorem 3.2 to the problem
(pu')) =glu)—e(r),  u0)=u(T),  w'(0)=u'(T), (3.29)

where g: RY — R" is continuous and ee L', and extends in several ways a
result of [6]. We write again

COROLLARY 3.2.  Assume that the following conditions hold.

(1) There is a mapping ne C'(R™, RY) and he L'(I, R.) such that
(3.12) holds and

|g(x) —e(1)] < (glx) —elt), n(x)) + (1), (3.30)

for all xeRY, and a.e. tel
(2) g is one-to-one and g(R™) is convex.

(3) For each yeg(RY™) there exists r>0 such that for each xe C}.
with min, _, |x,(1)| >r for some je {1, .., N}, one has

1 T
= jo g(x(1)) di # y.

Then problem (3.29) has a solution if and only if
eeg(RM).
Proof. 1f (3.29) has a solution u, then

1

o= || stute)) dreTolguln) = colglul)) < colg(R)) = g(RY),

where co denotes the convex hull.
Conversely, to apply Theorem 3.2, it remains to show that, for ¢ e g(R"),
all the possible solutions of the equation in R”,

F(a) :=g(a) —e=0,
belong to b(R) for sufficiently large R and that dgz[ F, b(R), 0] # 0. The first

part follows from Villari’s condition 3 with y =¢é, and the second one from
the fact that g is one-to-one and e g(R"). ||
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For example, taking n(u)=(—1, 1), it is easy to see that Corollary 3.2
implies that the problem

(w77 %u)) = —expuy—ey(t), (|| 72 ub) =expu; —es(t),

u(0) =uy(T), uy(0) =uy(T),  uy(0) =u\(T), ur(0) =ux(T),

has a solution if and only if e, <0 and e, > 0.
Better results can of course be obtained for (3.29) in the scalar case
N =1 with ¢ an arbitrary homeomorphism from R onto R.

COROLLARY 3.3. Let the continuous function g: R — R satisfy the follow-
ing conditions.

(1) There exists he L'(I, R, ) such that

lg(u)| < gu) + h(z)

for ae. tel and all ueR.
(2) There exist A< B and r >0 such that either

gluy<d  for u< —r and  gu)y=B  for uz=r
or
glu)<4 for uz=r and glu)y=B for u< —r.
Then (3.29) has as least one solution for each ee L' such that
ee A, B[.

Proof. 1t suffices to apply Theorem 3.2 with n(u)=1. Villari’s and
degree’s conditions follow easily from the assumptions. |

For example, the problem
T ((exp [u'|—1)sgnu') +expu=e(r),  u0)=u(T), u'(0)=u(T),

has at least one solution if (and only if) &> 0.

4. HOMOTOPY TO AN AUTONOMOUS SYSTEM

Let us consider now the problem

(p') =gt u,u's 2),  w0)=u(T),  w(0)=u(T),  (41)
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where A€[0,1], and g: IxRYxRYx[0,1] —» R" is Carathéodory. The
following result extends to our quasi-linear situation a continuation
theorem first proved in [ 7] for periodic solutions of semilinear systems. We
follow here the simpler approach of [1] and [26]. In this continuation
theorem, the homotopy is made to an autonomous system and one takes
advantage of the S'-invariance of the corresponding periodic problem to
compute the associated Leray—Schauder degree.

THEOREM 4.1. Assume that

g(t,u,v,0)=gy(u, v) (4.2)

is independent of t, and that Q is an open bounded set in C!. such that the
following conditions hold.

(1) For each 2€[0, 1[ the problem (4.1) has no solution on 0.
(2) The Brouwer degree

Then problem (4.1) with A =1 has at least one solution in Q.
Proof. Problem (4.1) can be written in the equivalent form (2.20), i.e.,
u=9%9,u, 1), (4.4)
where,
G, 2) = Pu+ ON{u, ) + (A = Ny)u, A),
and N,: Cyx[0,1]— L' is the Nemytski operator associated to g. We
assume that for A=1, (4.4) does not have a solution on 0Q since otherwise
we are done with the proof. Now by hypothesis (1) it follows that (4.4) has
no solutions for (u, 1) edQ x [0, 1]. Then we have that for each 1[0, 1],

the Leray-Schauder degree d,s[1—%,(-, ), 2,0] is well-defined and by
the properties of that degree that

dis[1—=9(-,1),2,0]=d J[I-9(-,0),2,0]. (4.5)
Now it is clear that problem

u=%u,1) (4.6)
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is equivalent to problem (4.1) with A=1, and (4.5) tells us that this
problem will have a solution if we can show that d, [ 1—%,(-, 0), £,0] #0.
This we do next. We have that

G(u, 0) = Pu+ QN4 (u,0)= (A °N,)(u,0),
where

N(u, 0)(2) = g(z, u(1), u'(2), 0) = go(u(t), u'(1)).

Hence, because g, is independent of #, %,(-, 0) is invariant under the action
of the group S' acting on C}. through the linear isometry T,u=u( - + 7).
We can then use Theorem 2 of [1] to compute d,s[I—%9,(-,0),£,0]
when Q is invariant under the action of S'. If @ is not invariant we
replace it by @ = {ue Q : dist(u, @ " Fix 4,(-, 0)) <&} with 0 <& <dist(Q N
Fix 4,(-, 0), 0Q2). Here Fix 9,(-, 0) denotes the set of fixed points of %, 0).
Q is invariant since S' is path-connected, hence 0RQ N Fix 4(-,0)=
implies that Q2 N Fix %,(-, 0) is invariant. We also ha\~/e used here that S!
acts through isometries. Since Fix ,(-,0)nQcQcQ, the excision
property of the Leray—Schauder degree yields

ds[1=%(-,0), 2,01 =ds[I-%(-,0),3,0].

Now the fixed point set (C})S' = {ueCl:u(- +1)=u(-) for all zel} is
the set of constant u# in C) and, for such a constant ¢, Pc=c,
QNg(e, 0) = go(c, 0), and

(A o N)(c, 0)(1)=H{$p~'[a(0)]}(2) =1¢~'[a(0)].

But, by definition of 4, we have

1 T
0=Go(a(0)) == fo ¢~'[a(0)]dt=¢~"Ta(0)],

so that ("o N,)(c,0)=0. Thus
c—9(c,0)=—golc,0).

Consequently, as the Leray—Schauder degree in finite dimensional spaces
reduces to the Brouwer degree, we get, using Theorem 2 of [ 1] and excision,

dis[1=%(.0), 2, 0] =d,s[(I- %, 0l ety 3n(Ch)s, 0]
=dp[ —go(+, 0)[wv, @ AR, 0]
=(=1)VdgL g+, 0)|ay, 2N RY, 0]
=(—1)"dglgolry, QN RY, 0]



390 MANASEVICH AND MAWHIN

as @ nR" contains all constant T-periodic solutions of (4.8) with A =0
contained in Q, ie., all zeros of gy(-, 0)|rv. By assumption (2), this last
degree is different from zero, and the proof is complete. ||

As an application of Theorem 4.1, let us consider the problem
(') =h(u, ') +e(t,u, '),  w0)=u(T), u'(0)=u(T), (47)

where /h: RY x RY —» R"Y is continuous and e: Ix RY x RY —» R"Y is Cara-
théodory. The following result extends Corollary 9 of [ 7] to the p-Laplacian
case.

THEOREM 4.2. Assume that the following conditions hold.
(1) h(ku, kv)y=k?~'h(u, v) for all k>0 and all (u, v) e RY x R".

(2) im0 (e(t u,v))/(Ju] + [v])?~1) =0, uniformly a.e. in tel.
(3) The problem

W, (y)) =h(y, y),  y(0)=y(T), y'(0), y(T),
has only the trivial solution y =0.
(4) dg[h(-,0),b(Ry),0]+#0 for some Ry,> 0.
Then problem (4.7) has at least one solution.

Proof. We apply Theorem 4.1 to the homotopy

(Y,(u')) =h(u, u') + Ze(t, u, u'),

(4.8)
u(0)=u(T), u'(0)=u'(T), A€[0, 1],

and show that there exists some R >0 such that, for each A€[0, 1] and
each possible solution u of (4.8), one has [|y|, <R, with [[y],=1yl,=
I¥'lo- The result will then follow from Theorem 4.1 by taking Q = B(R). If
it is not the case, one can find a sequence {1,} in [0, 1] and a sequence
{u,} of solutions of (4.8) with =14, such that ||u, |, - co when n— co. If
we set

u
“ n=12, ..,

[

Yn

it follows from assumption (1) that

(lp (y/))/_h(y y,)+/1 E(t, HunHlyns HunHl.y;z)
Y4 n - n> JJn n

o, |17

Ya0)=y,T),  y(0)=y,(T), n=12, ..

>

(4.9)
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As |y,ll, =1 for all n, we can assume, going if necessary to a subsequence,
that y, — y uniformly in [, for some y e C;. Letting z, =y ,(y,), it is clear
that {z,} is bounded in C; and it follows from Eq. (4.9) and from assump-
tion (2) that {z,} is bounded in C; as well. Thus, up to a further sub-
sequence, we can assume that {z,} converges uniformly on / to some
ze Cy. Notice, then, that {y,} converges uniformly on / to \,.(z), and
that

[¥lo+ 1¥,+(2)lo=1, (4.10)
where p* is conjugate to p. Now, problem (4.9) is equivalent to

y;1 = lpp*(zn)a

e(lr HunHl Vs H”nH1 lpp*(zn))
foa, 17 ’

Yl0)=y,T), 2,0)=z,(T), n=1,2,...

Z:'tzh(yn? lpp*(zn))—k/ln (411)

Using the above convergence results and an integrated form of (4.11), it is
easy to see that (y, z) will be a solution of the problem

y,:l//p*(Z), Z/:h(ya lnbp*(z))
y(0)=x¥(T), z(0)=z(T),

and hence y will be a solution of the problem

W (¥")) =h(y, y),  y0)=y(T),  y'(0)=y(T).

But then using assumption (3), it follows that y =0, and hence ¥ ,.(z) =0,
a contradiction to (4.10). |

As a special case of Theorem 4.2, we get of course the following classical
result. Recall that u € R is an eigenvalue of the p-Laplacian v, with T-peri-
odic boundary conditions if the problem

(W, (') +utp (1) =0, w0)=u(T),  u'(0)=u'(T),

has a nontrivial solution.

CorOLLARY 4.1. If u is not an eigenvalue of the p-Laplacian W, with
T-periodic boundary conditions, then, for each ec L', the problem

(W) +up(u)=e(r),  w0)=u(T),  u'(0)=u(T),

has at least one solution.
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