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1D Advection

1D FV conservation law

oq | 9(uq)
Il St P |
ot + ox
In FV notation:
% —+ g—)f( =0, where f(q(t, x)) = u(t, x)q(t,x) (Flux function)

Finite Volume: Integrate over cells!

Xir1/2 9q Xit1/2 9(uq)
ax=— d
/x at & /x ox

i—1/2 i—1/2

d [Xi+1/2
E/ q(t, x)dx = — u(t, Xi11/2)a(t, Xi1/2) + u(t, Xi_1/2)q(t, Xi_12)
Xi—1/2
I Right Flux £(q(t,X;1 /2)) Left Flux f(q(t,x_1 /2))
1 .
( 3 1+ -
i—1 i i+ 1

LeVeque - FV for Hyperbolic Problems
Transgeinstein - Num Sol Hyperbolic PDES
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1D Advection

Integrated quantities

Finite Volume (mean quantity):

Xit1/2
Q) = AX/X/1/2 q(t, x)dx

dcz;t(t) _ _ééx(u(t, XNt x),  :q(x) = q(x + Ax/2) — q(x — Ax/2),

Mean Fluxes

Integrate over time

tnyd dQ,'(t) _ 1 tni1
/tn y dt_—EA 5 (u(t, x)q(t, X)) at

1

th1
Qltri) = Qt) — 55 / u(t, x)q(t, x;)dt
th

tni1

Qultrss) = Qt) 55 / " f(q(t,x))at

F
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1D Advection

General FV Scheme

Qe F, Fe Bt [t x)
s T Taxar>), 90X
u(t,x;)q(t,x;)
General scheme 3-point scheme:
Qt=al+ (Fi—1/2 — Fit1/2)
Possible numerical fluxes:

At 1 i
Flae=F@LL AN~ goay [t xiya)ot

F. (Q, Q) At 1 /t,,+1 Hatt.x )
e = F(QL, QM) ~ — L Xi
1/ PR Ax AL, i+1/2
1 .
1*5 1+ =
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Reconstruct-Evolve-Average (REA)

Godunov’s Scheme

REA algorithm (reconstruct-evolve-average)

:l_

Assume Q is piecewise constant:
@ Given initial condition g(f, x)

@ Integrate over each cell
exactly to obtain Qi(t)

@ Solve equation (advection) for

bnyT
At (but with small At, so that "
advection stays within 1 cell) W12
. tn
@ Integrate solution at At Ti_1g Tiv1)2

(exactly) to obtain Qi(t + At)

7
i—1

The exact advection with discontinuity is called the Riemman
problem

Qi

(Fig from LeVeque’s book)
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Reconstruct-Evolve-Average (REA)

Godunov and upwind

—4+u—=0, u>0, q(b,x)=q(x), q(t,0)=q(t1)

@ Integrate qo(x) in each interval to obtain Q? (constant for each cell)
@ Solve the advection problem to obtain Q™.

@ The edge point x;_1,2 moves to x;_1,2 + UAt

@ Integrate advected quantity, which is

1 Xiv1/2 ~

QI(7+1 — v I_I7+1
Ax Xi—1/2
1 Xi_1/2+UlAt N 1 Xj—1/2+08X N
= Ax Q=1+ Ax @
X Xi—1/2 X Xj_1/2+uAt
_ UAtO” n AXx — uAtQ,,
Ax ! Ax !

And voila: Upwind!
UAt, .,

QFH :Q/U'FH( - Q)



1D FV
000e00

Reconstruct-Evolve-Average (REA)

Higher order reconstructions

REA algorithm:
@ Godunov (1959) - upwind - Piecewise constant

@ van Leer (1979) - Piecewise linear (Monotonic Upwind Scheme
for Conservation Laws - MUSCL)

@ Woodward & Colella (1984) - Piecewise Parabolic Method (PPM)

1.2} Analytic Function and a 1 1.2 Piecewise Linear b 1 1.2 Piecewise Parabolic c
Zone Averages - :
.8} (Piecewise Constant)/ | -8
4 .al
(o]
-4 -4 1 '.4£
-8 -8 -8
-1.2 -1.2 ] -1.2
10 -7 -4 -1 2 5 8 10 -7 -4 A4 2 5 8 10 -7 -4 -1 2 5 8

( Carpenter et al (1990) )
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Reconstruct-Evolve-Average (REA)

PPM

a) Compute initial mean value (analytically)
b) Construct parabolas from mean values

d
e

(@)
(b)
(c) Advect parabolas with constant velocity
(d) Integrate advected parabolas

(e)

New mean quantities are obtained
( Carpenter et al (1990), van Leer (1977) )
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Reconstruct-Evolve-Average (REA)

Monotonicity and steepening

Parabolas are adjusted to capture discontinuities and avoid under/overshoots.

s

1.2/ First Guess 1.2/ Steepening b | 1.2} Monotonization c
(unsteepened). =

.8 .8

4 4 4/

o o] 0

-4 -4 -4

-8 -8 ’ -8

12} 1 12 s 42 M

140 7 4 4 2 5 8 10 7 -4 14 2 5 8 10 -7 4 4 2 5 @

d) Steeping + Monotonization

1.2 Piecewise Parabolic <

-8
-12

0 7 -4 125 8 (Carpenter et al (1990))
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Dimension splitting

2D advection

aq Lo

W"‘V'(VC])—O
v=(u,v)
v:(aX’a}’)

@ 2D problems use dimension splitting to 2 x 1D problems
@ FV3 uses PPM method with dimension splitting



Dimension splitting

FV on C-grid - Advection

aq _
— +V-(vg)=0
ot (v) v v v
1 aq 1 = u q u q u q u
— 14 .
\V,,I/v,-, t v J, ¥ i+1
] v v v
’ |VIJ| Vij p u o q u .]q u q u
d Qj 1 / v v v
= - V.- (vg)adVv
ot Vil by, Y9
1 C o lw u q u q u
(OvThm) = —— qv - AdV J
Vil Jov; v v v
1
= - u— [ qu i ; ;
AXAy(Aq /\;\f]) 1—1 7 1+1

L [

W=West, E=East, N=North, S=South



Dimension splitting

FV on C-grid - Dimension Splitting

dQ;,__ ! (/ u—/ u) — ! (/ v—/ v)
dat ~  AxAy Eq Wq AxAy Nq sq

Mean flux in x direction Mean flux in y direction
Integrating from f, to f,, 1 leads to:

At th41 At fn1
Qilin1) = Qylin)= AxAyAt/ (/ "“‘/ ) AxAyAt/ (/ ""‘/qv)

Mean flux in x direction over time Mean flux in y direction over time

FV method with dimension splitting (used in FV3, for example):

O{}*‘:O,?+F+G

At 1 tni1
_AxAth/ (/ qu—/ qu)
At ln1
T AxAy At / (/ W / qv)

where

W=West, E=East, N=North, S=South



Dimension splitting

FV on C-grid - 1st try - Not FV3!

Q' =Qf+F+G Y Y Y
. u q u q u q
A th+1 i1 ! ! :
u— u
AxAyAt/ (/q /q) v v v
Midpoint rule integration in space, explicit in time . w g [ Vi‘jq ¢ q
At " " !
F = T Axby (AY(qu)i+1/2,j - A,V(qU)iq/z,j) v v v
At
= TAx ((qu)/n+1/2,j - (qU),nq/z,j) jor o dogm e w4
How to obtain (qu)/ﬂ/z/ given values of Q; v v v
and u on C-Grid? )
i—1 i i4+1

(@172~ (Qhr+ Q) /2

W=West, E=East, N=North, S=South



Dimension splitting

FV on C-grid - 1st try - Not FV3!

Qf'=Q)+F+G

v \'2 v
E -~ At (A ( U)' A ( U)' ) u q u q u q
= AxDy y(qu)itq)2, yqu)i—1,2, j+1 . . H
At n n v v v
= " Ax ((qu)m/z,/ - (qu)f—1/2,j> v
Aty ojuoa Ju Ta Juoq
~ _E‘SX(Q:? ui) J
3xqj = (Gix1/2,) — Gi—1/2,)) : - .
G = (Qiv1/2,j + Gi-1/2,))/2 jopfuowa Jua Jug
Compactly: v v v
Qn+1 — Qn*At(iéx(@xun))fAt(Aiyéy(@yvn)) 1—1 '3 1+1

Hey! This looks like FD!

We could try this out assuming constant (u, v) known on a C-grid on a bi-periodic
plane. Will it work? No, it is unstable :-(
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FV3 advection scheme

FV on C-grid - FV3 scheme

Q' =Q"+F+G
where j+1 . . H

At tni1 v v v
- DxAy At / (/ - / qu) Vi

At th1 J
"~ AxAy At / (/ - / qv) v v v

Assume (u, v) known, obtain F and G using

neighbour values of Q that: -1 u o .q u q u - q
@ Conserves mass exactly
@ Consistent (preserve constant field) . . .
@ Stable it i it1

Lin & Rood (1996)
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FV3 advection scheme

FV3 Advection - Dimension splitting

Q"' = Q"+ F(Q",u) + G(Q", v)

At 1 [l
n ~ — . —
F(Q 7U) ~ AxDy At/zn (/ qu / qu) v v \4

thi1
NN B ) u g Jju g |u q
G(Q",v) ~ Amym/ (/qv /QV) j+1

v v v

@ Splitting (1st x then y): o

i
@ =Q"+F(Q"u) JRRCTRC IS (S LR
Q¥ =Q +G(Q,v) v v v

@ Splitting (1st y then x):

; u g |ju g |u q

Q@ =Q"+G(Q",v) i-1 ! !
QY =Q + F(@,u) v v .
@ Directional bias avoided with (assuming i—1 i it

linearity of F and G on Q)

Q™' = %(Oxy—i-OyX) =Q"+F(Q", u)+G(Q", v)+%(G(F(O”, u), vV)+F(G(Q", v), u))
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FV3 advection scheme

FV3 Advection - Dimension splitting

Splitting without directional bias (omitting u, v):
Q" =Q"+ F(Q") + G(Q") + = (GF(O”) + FG(Q"))

If Q" = « constant, Q™' = « for non-divergent flows (V - V = 0).

Example:
A fn+1
F(a,u) = all /’7+ (/u—/ )
AxAyAt
Thus o . L
Q"' =a+aU+aV+aUV
with U+ V =0.

This method does not conserve constant quantities on simple flows, with aUV error !l!
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FV3 Advection - Dimension splitting

Splitting without directional bias (omitting u, v):
Q"' = Q"+ F(Q"+ %G(Q")) +G(Q"+ %F(Q”))
Eliminate the error using inner advective fluxes:
Q" =Q"+F(Q"+ %g(O”)) +G(Q"+ %f(O”))
where

)

f(Q", u) ~ —Atu** %Q

9@ v) ~ Atv*yao

. At /fn+1 (/ _/ )

F(Q" u) = ~Axby Al qu qu
n - At /fn+1 (/ _/ )

G(Q",v)~ AxAy A qv qv

Lin & Rood (1996)
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FV3 advection scheme

FV3 Advection - 2D Example

99 .99, 99 _ _
8t+uax+vay_0’ u>0,v>0 q(h,x,y)=q(x,y)

with doubly periodic boundary conditions.

1D Upwinding with splitting:

Q= Q)+ F(Q"u), F(Q"u)= 05~ Q)
n n n VAt n n
Q) = O +G(Q". V), G(Q",v) = l(Qyr - O))

Full scheme:
Q"' =Q"+ F(Q" + %g(O")) +G(Q"+ %f(on))

where
Atu

Ax

f(Qu =--"—"5Q, g(Qu) =--"—50Q,
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FV3 advection scheme

FV3 Advection - 2D Example

99, 09 09 _
8t+uax+vay 0,

with doubly periodic boundary conditions.

u>0,v>0 q(h,X,y)=q(x,y)

Full scheme:
Q= o"+F(o"—1ﬂ5yon)+e( 1Al
A Af
Fau="2Na,-a). a@av=" Ay Q- @)

Remember that:

oxp(X) = ¢(x + Ax/2) — ¢(x — Ax/2)

o(x)" = ( (X + &x/2) + ¢(x — Ax/2))
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FV3 advection scheme

FV3 Advection - 2D Example

Advective fluxes:

1AtV — v v v
Q=qQ" - éTdan
y u q u q u q
1 Atu—— it I I
Q Qn - E AX 6)(On v v v
Vii
) u g Ju g Ju q
Integrated fluxes 7
\'4 \'2 v
y uAt
F = F(vau) ( i—1,j Q;),) ) u q u q u q
J-1 H
A
G = G(Q",v) = "yt(o,, 1— Q) v v v
i—1 i i+1

Advance in time

QM =Q"+F +G



2DFV
00000000e

FV3 advection scheme

Task of the day

Implement:

@ Linear advection with velocity (u, v) = (1, 1) and bi-periodic boundary
conditions on [0, 1] x [0, 1]

@ Use dimension splitting with upwinding

@ Use as initial condition qo(x, y) as a square in the middle of the domain
with height 1 and width 1/4.

@ Experiment different At and Ax, Ay.

What is still missing:
@ MUSCL and PPM (as in FV3)
@ Imposition of monotonicity and steepness control.

This is too deep for this course, but now you know the tools and path. Feel
feel to try, if you find the initial task easy!
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3D equations

Governing equations - Dynamics

Compressible Euler equations for atmosphere (ideal gas) in vector

form:
Du -2Q xu-— 1VFH— g + F, (Momentum)
Dt p
Dp -
i —pV - u (Continuity)
DT
Cv—r = —BV - u(Thermodynamics)
Dt p

@ u = (u,v,w): wind velocity

@ p: pressure

@ p: density

@ T:temperature

@ D/Dt =0/0t +u - V: Material derivative
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3D equations

Governing equations

@ Compressible Euler

e Hydrostatic vs Non-hydrostatic
o Shallow atmosphere vs Deep atmosphere

@ Primitive equations: hydrostatic and shallow atmosphere
o Shallow water equations
e Quasigeostrophic equations
e Barotropic vorticity equations
e Passive transport equation
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Shallow Water Equations

Recall

3D

vV=(uv,w)

V = (0x, 0y, 0;) : Gradient

V-V = 0xu+ d,v+ d,w: Divergence

O

(u,v)

(Ox, 0y) : Gradient

= Oxu + 0, v : Divergence

: Cross product between k and v (rotate vV ccw 90 degrees).
u,v)=(-v,u)

Xl QqQ<inN
X X I
<t =¥

—
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Shallow Water Equations

3D to 2D dynamics

3D Incompressibility (constant density):

Hydrostatic balance:
op
5 = —pog,
Free surface hr(x, y, t) where hr = hy + h, with ho(x, y) topography,

h(x, y, t) fluid depth.
ht a hr
/z 8—§dz = f/z pogdz

p(2) = pog(hr — 2) + p(hr)
——

Constant
Pressure gradient:
Vp = pogVhr
Horizontal Momentum Equations (V = (u, v)):
ov - - -
ar + (v-V)v =—fkxv—-gV(h+ hy)
nonlinear advection Coriolis Pressure

(f-plane approximation)
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Shallow Water Equations

3D to 2D dynamics

3D Incompressibility :

V-V=0~+09v+09,w=0,
Ozw = —OxU — Byv
Free surfave must have w velocity:

Dh
TtT = w(x,y, hr,t)
Topography height must have wy velocity:
%hto =w(x,y, ho,t) = w(x,y, ho,t) = V-Vho
Integrate 3D incompressibility:
h h
O:wdz = — | (OxUu+ Oyv)dz
ho ho

Wh7Wo:7(h*ho)v-\_/‘

2D Continuity equation:
oh _
ar TV (hv) =0
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Shallow Water Equations

Shallow Water Equations - Advective form

V(x,y,t) = (u(x, y, 1), v(x,y.1))
h(vaa t) = hT(Xaya t) - hO(Xay)
2D Continuity equation:

oh _
EJFV(/"IV)—O

Oh G wh= _hv.v
ot  ~>—~~— ——

transport  flow divergence

2D Horizontal Momentum Equations:

ov L S

— Vv-VIV =—-fkxv—-gV(h+h

V@) gv(h + )
nonlinear advection Coriolis Pressure

(f-plane approximation)
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Shallow Water Equations

Shallow Water Equations - Vector invariant form

Split nonlinear advection (V = (u, v)):
- - I B
(V-V)V=(V xV)x v+§V(v~v)
Relative and absolute vorticities:
C=k-(VxV), n=C+f

Kinetic energy:

Bernoulli potential:
B=K+g(h+ h)

Vector invariant momentum equations :

Exercise: Use expanded equation to show the equation
transformation
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Shallow Water Equations

Shallow water equations on the sphere

Vector invariant form:

oh .
E"‘V(hV)—O
ov T
W‘FUKXV:—VK—QV(h-i-ho)

@ Vis the 3D velocity vector tangent to the sphere
@ f=2Qsin(0)

@ V gradient on tangent plane

@ K unit vector point out of the sphere

Many properties: Conserves mass, energy, enstrophy, Coriolis neutral in energy
budget, normal modes - inertia-gravity waves, Rossby waves, etc...
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Shallow Water Equations

Shallow water equations with PV

Explicitly include the potential vorticity:
g=n/h

into SWE: oh
E +V- (hV) =0
ov - -
ar + gk x (hv) = —=VK — gV (h+ ho)

@ PV conservation
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FV Continuity equation - C-Grid

Plane vs Quasi uniform grids

Plane
u, u, v [
h h
u, v U, 2
(A) (B) (©)
u A U, h
. , U, .
v % v A U,
u h u, v h
(D) (E)

Arakawa, A., & Lamb, V. R. (1977)

Cubed sphere

T
Tt
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FV Continuity equation - C-Grid

FV on C-grid - Continuity

— 4+V-(hW)=0
at ( ) \'2 v v
1 dh u h u h u h u
= V-(hvV)dV .
\,|/ ot |/ ) I+l
1 A2 v v
Hj = haVv Vi,
! ‘VI]‘ Vi . u .h u .]h u h u
J
d H; .
i v . (hv)aV v A Y
dt Vil Jv,
1 — u 'h u .h u h u
(DivThm) = —— hv - RdV J
|Vlj| v v \4
1
= 7AXAy(‘/EhU7/v‘vhu) i—1 i i1

—ﬁ(/’\‘hv—/shv)

W=West, E=East, N=North, S=South
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FV Continuity equation - C-Grid

FV on C-grid - Dimension Splitting

d;tl"f: Amy/ u—/hu) AxAy (/hv—/hv)

Mean flux in x direction Mean flux in y direction
Integrating from f, to #,, 1 and dividing by At, leads to:

At 1 [l At thi1
H"’(t"“):H"’(t”)*mxt : (/ hu*/whu) AxAy At (/ hv*/hv>
n

Mean flux in x direction over time
FV method with dimension splitting (used in FV3, for example):
H,.7+‘ =H}+F+G

th
At /+1(/hu—/hu)
AxAy At
tn
At ! </hvf/hv)
AxAy At

Mean flux in y direction over time

where

W=West, E=East, N=North, S=South

Apply 2D PPM advection method on dimensionally split F and G
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FV Continuity equation - C-Grid

FV - FV3 scheme for continuity

Dimension split Fluxes

]
H™! = H" 4+ F(H" + %g(H")) + G(H" + S £(H™)
where

H
f(H", u*) ~ —ag 2t ,
ox

g(H", v*) = Atv*yBH

in
F(H", u*) ~ — -2t /“ (/ hu—/ hu)
AxAy At
1
G(H",v*) ~ — 21 /"+1 (/ hv—/hv)
AxAy At

@ (u*,v*) are time averaged normal i ut
velocities —p h —
@ PPM or MUSGL for F and G 4
Lin & Rood (1996), Putman (2007) y o |
X
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@ FV Momentum Equations - D-Grid
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FV Momentum Equations - D-Grid

FV on D-grid - Momentum Equation

%—F?’]EXV:—VB, B=K+ g(h+ hp)
8 u o u
— = v — OxB -
at VT 4
ov v Q ;
T nu — oyB v )
FV3 uses a D-grid: Prognostic y >
variables are i
@ H: Cell averaged depth in X D-Grid
centre of cell
@ (U, V): Edge integrated winds v 4
tangent to cell edges |
u* u"
—tfp D el
Advection is done on C-grid. How y T
v
X

are (U, V) converted to C-Grid
(u*,vr)?
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FV Momentum Equations - D-Grid

FV on D-grid - Momentum Equation

D-GRID
u u u
i v .h, z |v .h, z |v .h, z
D-Grid favours calculation of vorticity, but we Jj+1
need C-grid quantities for FV-continuity u u u
@ Interpolate tangent winds to normal v bz lv V;'h‘ 2 lv  hz
winds J : :
— v
Ue =u u u u
ve =vY
@ Advance equations in half step (At/2) jo1 gV Wz gy bz v bz
to obtain h*, u*, v* time/space
averaged diagnostics on C-Grid u u u
(Details in next slides) .
i—1 i i+1

@ Use C-grid quantities to advance full
step to fn11



Logically rectangular schemes
000@0000

FV Momentum Equations - D-Grid

Vorticity on D-Grid

FV vorticity (Div/Vort Theorem) - v bzl bz lv h
J
zZ = ! /C+fd3
- |V|V u :u u
1 _ Vij
= m-/vk~(V><V)+de ) v hz|v “hz|v h
J
1 -1
= — V-t+—/f u u u
VI Jovicew Vi Jv
1 g -
_ _ _ . v h,z |v h,z |v h,
= AxAy(/EV /Wv /Nu+/3u>+f j—1 ‘ . H
1 1 _
= —(Ve—V — (=U U, f u u u
AX( E W)+Ay( v+ Us) +
! ox(V ! 5,(U) + f i : o
= Ax x( )—ry y(U) +

This is exact for U and V given! (No approximation)
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FV Momentum Equations - D-Grid

Half step on D-Grid

All time operators (F, G, f, g) with step of At/2:
@ Interpolations:
e -.: Average to edges (C-grid)
@ -5: Average to cell centers (A-grid)
@ -»: Average to corners (B-grid)
@ Depth at half step (Dimension split fluxes)

H* = H" 4 F(H" + %g(Hi Va), Us) + G(H" + %f(H”, Ua), Ve)

@ Advected vorticity

1 1

ZP =204 N2 up), 2 =20+ 59(Z )
@ C-grid winds at half step
" At At 1 o *
Ut =l + ?Gx(zg/z, V') = 5 a0 (5 + g(H — Ho))
N At At 1 - *
V=g - S R(ZER ) - 5 Ay 9(H = Hy)
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FV Momentum Equations - D-Grid

Half step on D-Grid

@ C-grid winds at half step

" At At 1 . "
Ut =ug + ?y(zg/z, V') — 75&((“ + 9(H" + Ho))
" At At 1 - *
vi=v] - ?x(zg/z, u"y — ?Fy@(n + 9(H* + Ho))
@ Time averaged fluxes
2 th+At/2 2 th+At/2
Y(Q,v)~ — vQ, X(Qu)= — uQ

At J, At J,

@ Upwind biased kinetic energy

K}** = 1E(.)C'(Ua7 Uc) + y(V27 VC))
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FV Momentum Equations - D-Grid

Full step on C-grid

All operators (F, G, f, g, X,Y) with At step:

HI = HY 4 F(HP + g g(H 7). %)+ GH" + (T, v°)

U™t = U+ ARY(Z5, V) — %5,((/1* L g(H™ + H, "))
Vi = VT ALX(ZY, U — 2—;5}/(:‘6* +g(H T+ Ry )

W = ST, U+ V(T V)

Details in Lin & Rood (1997)
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FV Momentum Equations - D-Grid

FV3 horizontal dynamics

Cubed sphere ou Lat-lon grid

Same idea but include coordinate metric terms!

Details on documentation of FV3 and references therein (Lin et al
papers)
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FV Full C-Grid

Summary

e Logically rectangular schemes

@ FV Full C-Grid
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FV Full C-Grid

FV on C-grid - Momentum Equation

av P
6—t+nkxv:—VB, B=K+g(h+ hy)
q v q \4 q v q
P i1 u Jh u Jh u Jh u
U v aB !
gt q v q v q v q
"4
— = —nu—0yB
ot~ Cofw b duh ju b Ju
Integrate over dual edges E: J E
1 q v q \4 q v q
- F/ “
X JE — u .h u .h u .h u
Integrating u equation leads to: 7=
a v q v a v q
hvy — — / OxB
dt ~ Ax / x i—1 i it1

This is the circulation approach, but a flux approach exists too.
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FV Full C-Grid

FV on C-grid - The dual grid

The dual grid is formed by cells around corners of primal cells.
It forms a D-grid!

C=k-(VxV), n=C+f

FV vorticity (Div/Vort Theorem)

] i1 1 H j
zZ = — fds |
\V*|/wC+ v

1 - =
= k-(V xV)+fdS

[V*| Jvx ) u h AN u 1
1 Lo 1 J
= — V-t+ f
[V Joav=cow) [V*] Jy= q v q v q v
- ! v / v / u+/ u) 47
T AxAy /* * * " . u h u h u 1
1 j—1 : H | .

1 _
= L (Ve— V)4 — (—Uy+ Us)+ T
AX(E W)+Ay( v+ Us) +

1 1 - X ) ‘
= V) - A—yéy(U)+f i—1 i it
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FV Full C-Grid

FV on C-grid - Gradient

VB
q v [e] v q \ [
i1 u Jh u Jh u Jh 1
J
x-derivative (Ox) q v a v q v (
1 oB 1 1
Ax —-dx = ——(Be—Bw) = — (B h h u h 1
Ax /X,edge ax Ay( £ —Bw) Ax «(B) j LSO L o LS :
y-derivative (9y) q v q v q v (
1 aB 1 1 ) lu h Ju h Ju h |
— ——dy = ——(By—Bs) = —6,(B) i-1
A.V /y—edge 8}/ Ay A.y v
q v q v q v [
i—1 i i+1
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FV Full C-Grid

FV on C-grid - Momentum Equation

%—FnEXV:—VB, B=K+g(h+ hy)
Prognostic Variables: q v a v , v ,
= 1 / h . u h u h u h u
AxAy Jprimal cell j+1 . 7
1 1 q v V([ \4 q A q
U= 7/ u, V = 7/ v
AX Jx-edge Ay Jy-edge
Diagostics: p u b Ju h |u h |u
1 1 .
~ —0x(V)— —doy(U) +f q v q v q v q
n Ax x(V) Ay y(U) +
r . u h u h u h u
Kx (U, V)=(=V,U) i—1 . .
1 1
VB = (0B, A—y5yB) g v la v l¢o v la
i—1 i i+1

k=1 (@)
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FV Full C-Grid

Sadourny’s energy conserving scheme

%Jrq/?x(hm:—va, B=K+g(h+ ho)

Integrated discrete equations

du = 1

— = V — —6B

dt +aH Ax . u h u h u h u
. i+1 7 1

avVv — 7 1 %

o —qH'U - A—ydyB a_ v Vq v g v |q
dH 1 X 1 g u h u h u h u
— = ——0x(H U)——46(H' V ; . . .
at Ax x( ) Ay ( ) J
Diagostics: a v a v d v q

1 1 -
N~ B5)((V)_ A7}/5},(U)_|_f ji—1 u Jh u Jh u Jh u
q= n/ﬁw q v q v q v a
B=K+g(H+ Hp) i—1 i it+1

Kzé(ﬁxjtﬁy)
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FV Full C-Grid

Task of the day

Implement FV-C-grid Sadourny’s energy conserving scheme!
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Quasi uniform grids

Summary

e Arbitrary Polygonal grids
@ Quasi uniform grids
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Quasi uniform grids

optimizations)

@ May be optimized (Spring Dynamics, Centroidal Voronoi, HR95)
@ But are not perfectly isotropic ...

@ May be used as triangular or Hexagonal/Pentagonal grid
@ May be locally refined (Hierarchically or with Centroidal
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2D FV

Summary

e Arbitrary Polygonal grids

@ 2D FV
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2D FV

Continuity equation

Horizontal continuity equation (Shallow water model)

oh ~

E +V- (hU) =0
@ his the fluid depth
@ U= (u,v) is the fluid horizontal velocity
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2D FV

Divergence theorem

. 1 .
V- (hl)z ~ IQI/Qv.(hu)olfz
(DivThm) = |1Q| . hil - A doKQ
1 n
~ — S hii-fil
IQI,; iy - 1y
oh

1T, - =
= == > Wil - iy
ot &

Interpolations required to obtain h; and U; depending on the
staggering (A,C,...)
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2D FV

Problems...

@ Can we get all the nice properties obtained in finite difference
models and also scalability?
Desired:
@ Accurate
© Stable
@ Conservative (mass, energy, PV, axial-angular momentum)
© Mimetic Properties (spurious modes)
And also:
@ Scalable on supercomputers
@ Arbitrary spherical grids
Is it possible?
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2D FV

Shallow Water Model

oh .
- + V- (hu) =0,
o1 TV (hU)
04 | ghi- = gV (h+ o) - VK. s
Discrete model !/«»""\k
/ Y
Oh; ' $ o )
= -D ! & |
ot " Ag o, !
8Ue _ 1 “,»”/“ e »M‘__/j'
ot~ % ~Ce . N
; a ¢
1 \"\ '/'/‘J
o hj = ] fﬂ h +
_ 1 == :
@ U= Tel ftr-edge Ve HCt
@ D; discrete version of V - (hi) See TRSK
i i Thuburn et al (2009)
° Ge discrete version of Ringler et al (2010) Used in MPAS

V(g(h+ b) + K)
@ Q discrete version of ghi+
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Discrete operators

@ Divergence Theorem:

1
D; = A Z heUeneile,
e

@ "Divergence Theorem" for Vorticity:

1 + Midpoint of Voronoi
CV — Ai‘/ Z Uetey de7 cell edges
€ /’”*’ \\
@ Potential Vorticity: Interpolate h to . j; - ‘“*1
triangle centers DO S
@ Kinetic Energy - Energy conserving ;‘"'W w\/ e _
(TRSK) - in general inconsistent: , i Tz,

f ‘
1 2
K = 47\, g le de Ug 5
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Discrete operators

@ Perpendicular term (TRSK):

L
Oe = E Wee! he’ Uer Qee’
e/

+ Midpoint of Voronoi

I’ 1 A //‘,yr"
Weer = Ceer die (2 - A”I/> Nerj, /; \
v p. ’?' o
@ Gradient - Fund Thm of Calculus j{ I
:‘"/‘* :\/
Ge = (B — B))/de 2
i [
f R
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Accuracy Summary

Order of Accuracy
Operator \Method | TRSK SCVT TRSKHR95 MODF HR95
Divergence 0 1 1
Vorticity 1 1 1
Kinetic energy 0 1 2
Gradient -1 0 1
Perp 1 0 1
Overall 0* 0 1

See Peixoto (2016)
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2D FV

Properties of TRSK

@ Mass conservation

@ Accurate representation of geostrophic balance (C stag)
@ Curl-free pressure gradient

@ Energy conservation of pressure terms

@ Energy conserving Coriolis term

@ Conservation of total energy

@ Steady geostrophic modes (f-sphere)

@ Compatible discretization of PV

@ Local operators

@ Arbitrary orthogonal grids

Issue: Very low order (Inconsistent)

Obs: On rectangular grids, this reproduces a scheme similar to
Sadourny’s (1975) energy conserving scheme! (2nd order accurate)
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2D FV

Barotropicaly Unstable Jet - with perturbation - PV

2.7e-08
2.2e-08
1.8e-08
1.3e-08
8.9e-09
4.5e-09
0.0e+00

80°

40" ¢

TRSK °

80"

2.7e-08
2.2e-08
1.8e-08
1.3e-08
8.9e-09
4.5e-09
0.0e+00

40

MODF °

80"

2.7e-08
2.2e-08
1.8e-08
1.3e-08
8.9e-09
4.4e-09
0.0e+00

40°

[0 o
ENDG _160° -120° -80° -40° 0  40° 80" 120" 160"
Used HR95 grid level 7 (=~ 60km) and ENDG with ~ 20km



Arbitrary Polygonal grids
0000000000 e

2D FV

Task of the day

Play with iModel!
https://github.com/pedrospeixoto/iModel


https://github.com/pedrospeixoto/iModel

Conclusions
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Conclusions

Summary

e Conclusions
@ Conclusions
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Conclusions

Conclusion

“All models are wrong but some are useful”

— George Box

Thank you!

ppeixotolusp.br
www.ime.usp.br/~pedrosp


ppeixoto@usp.br
www.ime.usp.br/~pedrosp
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