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Research fields

Master (2005-2006) and Doctoral (2006-2010) degrees:

Measurement error models under Bolfarine’s supervision.

Independent research (after 2010):

Regression models with general parameterization.

Foundations of Probability and Statistics.

Asymptotic theory.
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Measurement error models

In this presentation, I discuss 5 works published with Professor Heleno
Bolfarine:

1 A heteroscedastic structural errors-in-variables model with
equation error (2009). Statistical Methodology.

2 A heteroscedastic polynomial regression with measurement error
in both axes (2008). Sankhya.

3 Measurement error models with a general class of error
distribution (2010). Statistics.

4 A multivariate ultrastructural errors-in-variables model with
equation error (2011). JMA.

5 Improved maximum likelihood estimators in a heteroskedastic
errors-in-variables model (2011). Statistical papers.
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Heteroscedastic errors-in-variables: linear model

Heteroscedastic errors-in-variables: linear model

Alexandre G. Patriota (patriota@ime.usp.br) Error-in-variables models 4 / 23



Heteroscedastic errors-in-variables: linear model

Heteroscedastic errors-in-variables: linear model

The model was proposed by Kulathinal et al. (2002):

yi = β0 + β1xi + qi
Yi = yi + ei
Xi = xi + ui

The random quantities are distributed as
ui
ei
qi
xi

 ind∼ N4




0
0
0
µx

 ,


τui 0 0 0
0 τei 0 0
0 0 σ2 0
0 0 0 σ2

x


 ,

where τui and τei are known for i = 1, . . . , n.
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Heteroscedastic errors-in-variables: linear model

Results: linear model

This model is applied in

epidemiology (y=cardiovascular mortality index; x=risk factors
index)

astrophysics (y=density of Black Holes; x=Accretion disk
luminosity)

Results:

1 we computed the asymptotic variance of the MM and ML
estimators.

2 we compared Wald test statistics via MC simulations under both
approaches.

3 we concluded that both methods are robust against the
distribution of covariate xi .
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Heteroscedastic errors-in-variables: polynomial model

Heteroscedastic errors-in-variables: polynomial

model
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Heteroscedastic errors-in-variables: polynomial model

Heteroscedastic errors-in-variables: polynomial

model

The model is given by (Zavala et al., 2007, with no equation error):

yi = β0 + β1xi + . . .+ βpx
p
i + qi

Yi = yi + ei
Xi = xi + ui

where xi , i = 1, . . . , n, are incidental parameters. The random
quantities are distributed asui

ei
qi

 ind∼ N3

0
0
0

 ,

τui 0 0
0 τei 0
0 0 σ2

 ,

where τui and τei are known for i = 1, . . . , n.
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Heteroscedastic errors-in-variables: polynomial model

Results: polynomial model

This model is also applied in

epidemiology (y=cardiovascular mortality index; x=risk factors
index)

astrophysics (y=density of Black Holes; x=Accretion disk
luminosity)

Results:

1 we computed the consistent estimators based on the corrected
score approach.

2 we study Wald test statistics via MC simulations.

3 we apply the methods to a epidemiology (Kulathinal) data and
astrophysics data (quadratic and cubic regressions).
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Errors-in-variables with a general class of error distribution

Errors-in-variables with a general class of error

distribution
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Errors-in-variables with a general class of error distribution

Errors-in-variables: general class of error

distributions

Let (Yi ,W i ,X i) be observable vector related by

Yi = β>W i + γ>x i + ei ,

X i |x i
ind∼ FX i |x i

∈ C(x i , g1, g2),

where x i , i = 1, . . . , n, are incidental parameters and the functions
g1(.) and g2(.) are known and must satisfy the following two
conditions

E [g1(X i)|x i ] = x i and E [g2(X i)|x i ] = x ix
>
i
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Errors-in-variables with a general class of error distribution

Remarks

Application: sleep study, where
y = systolic blood pressure;
x = apnea-hypopnea index,
W = body mass index.

We use the corrected score method proposed by Nakamura
(1990) to conduct inferences about the parameters β, γ and σ2.

It is not necessary to know the shape of FX i |x i
,

It is only required to know the shape of g1 and g2 to employ this
methodology.

Next we present same examples of g1 and g2.
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Particular cases

Particular cases
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Particular cases

Normal distribution

Assume that Xi |xi ∼ N(xi , φ), where φ > 0 is known. Then,

E (Xi |xi) = xi and E (X 2
i |xi) = φ+ x 2

i

g1(Xi) = Xi and g2(Xi) = X 2
i − φ.

This structure is the same as the one attained from: Xi = xi + ui ,
where ui ∼ N (0, φ).

Notice that any distribution FXi |xi that yields the same g1 and g2 as
above is such that FXi |xi ∈ C(xi , g1, g2).
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Particular cases

Poisson distribution

Assume that Xi |xi ∼ Poisson(xi). Then,

E (Xi |xi) = xi and E (X 2
i − Xi |xi) = x 2

i Var(Xi |xi) = xi

g1(Xi) = Xi and g2(Xi) = X 2
i − Xi .

Notice that any distribution FXi |xi such that

E (Xi |xi) = Var(Xi |xi) = xi

produces the same g1 and g2 as above is such that
FXi |xi ∈ C(xi , g1, g2).
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Particular cases

Multiplicative normal model or Gamma distribution

Assume Xi |xi ∼ N (xi , x
2
i φ), with φ > 0 known, then

E (Xi |xi) = xi and E (X 2
i |xi) = (φ+ 1)x 2

i

g1(Xi) = Xi and g2(Xi) = X 2
i /(φ+ 1).

It is the multiplicative model: Xi = xiui , where ui ∼ N (1, φ).

Notice that Xi |xi ∼ Gamma(xi , φ), where E (Xi |xi) = xi and
Var(Xi |xi) = x 2

i φ also yields the same functions above. This gamma
distribution is a reparameterization of the usual version.

That is, N (xi , x
2
i φ),Gamma(xi , φ) ∈ C(xi , g1, g2)
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A multivariate ultrastructural errors-in-variables

A multivariate ultrastructural errors-in-variables
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A multivariate ultrastructural errors-in-variables

A multivariate ultrastructural errors-in-variables

Let (Y i ,X i) random vectors related by

y i = a + Bx i + q i ,

Y i = y i + e i ,

X i = x i + u i ,

The errors q i , e i and u i are simetrically distributed around zero.
x i

q i

e i

u i

 ∼


ξi
0
0
0

 ,


Σx 0 0 0
0 Σq 0 0
0 0 Σe 0
0 0 0 Σu




where ξi , i = 1, . . . , n, are incidental parameters.
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A multivariate ultrastructural errors-in-variables

Some theoretical results

We consider that Σe and Σu are known matrices.

Results:

1 we established some regular conditions to attain consistent
estimators for a and B .

2 we computed the asymptotic normality of the proposed
estimators of a and B .

3 we specialized the results to the eliptical class of distributions
and univariate regressions

4 we showed that previous results (Cheng and Van Ness, 1991,
Arellano-Valle et al, 1996) are particular instances of ours.
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A multivariate ultrastructural errors-in-variables

Improved maximum likelihood estimators

The model is given by

y i = β0 + β1x i + q i

Y i = y i + ηy i

X i = x i + ηx i

where the errors are normally distributed as(
ηy i

ηx i

)
ind∼ Nv+m

[(
0
0

)
,

(
τy i

0
0 τx i

)]
,

The variances matrices τx i and τx i are assumed to be known.
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A multivariate ultrastructural errors-in-variables

Results:

1 We computed the second order biases of the MLE,

2 We proposed bias-corrected estimators ,

3 We conducted MC simulations to verify if the corrected
estimators have smaller biases.
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A multivariate ultrastructural errors-in-variables
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Thank You
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