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11. a) Determine uma expressão em série de cossenos, em (0, π), para f(x) = senx .

b) Compute a soma
1

22 − 1
+

1

42 − 1
+

1

c2 − 1
+

1

82 − 1
+ ...

c) Compute o valor da série
∑
n≥1

(−1)n+1

(2n)2−1
= 1

22−1
− 1

42−1
+ 1

62−1
+ ....

Resolução

(a) Para a função par f(x) = |sen x|, −π ≤ x ≤ π, os coeficientes de Fourier são:

bn = 0, , an =
2

π

∫ π

0

sen x cos nx dx.

Logo,

πan
2

=
1

2

∫ π

0

[sen(1+n)x+sen(1−n)x]dx = −1

2

[
cos (n+ 1)x

n+ 1

∣∣∣π
0

+
cos(1− n)x

1− n

∣∣∣π
0

]
,

e assim,

−πan =
(−1)n+1 − 1

n+ 1
− (−1)n−1 − 1

n− 1
= [(−1)n+1 − 1]

(
1

n+ 1
− 1

n− 1

)
=

= [(−1)n+1 − 1]
−2

n2 − 1
.

Portanto, an = 0 se n é ı́mpar, an = − 4
π(n2−1)

, se n é par, e a série de Fourier de f é

|sen x| = 2

π
− 4

π

+∞∑
p=1

cos 2p x

(2p)2 − 1
.

(b) Para x = 0 temos

0 =
2

π
− 4

π

(
1

22 − 1
+

1

42 − 1
+

1

62 − 1
......

)
,

e então, 1
22−1

+ 1
42−1

+ 1
62−1

...... = 1
2
.

(c) Para x = π
2

temos,

1 =
2

π
− 4

π

+∞∑
p=1

(−1)p

(2p)2 − 1
,

e portanto,
+∞∑
p=1

(−1)p+1

(2p)2−1
= 1

22−1
− 1

42−1
+ 1

62−1
+ ...... = π

4
− 1

2
.



12. a) Determine a série de Fourier da função f(x) =
x3 − π2x

3
, −π ≤ x ≤ π.

b) Compute o valor da série
∑
n≥0

(−1)n

(2n+1)3
= 1− 1

33 + 1
53 + ...+ (−1)n

(2n+1)3
+ ......

Resolução

(a) A função f é ı́mpar e assim, an = 0, ∀n. Ainda, para n ≥ 1,

bn =
1

π

∫ π

−π

x3 − π2x

3
sen nx dx =

2

3π

∫ π

0

(x3 − π2x)sen nx dx =

=
2

3π

[
−(x3 − π2x)

cos nx

n

∣∣∣π
0

+

∫ π

0

(3x2 − π2)
cos nx

n
dx

]
=

=
2

3nπ

∫ π

0

(3x2 − π2)cos nx dx =
2

3nπ

∫ π

0

3x2cos nx dx =

=
2

nπ

∫ π

0

x2cos nx dx =
2

nπ

[
x2 sen nx

n

∣∣∣π
0
−
∫ π

0

2x
sennx

n
dx

]
=

= − 4

n2π

∫ π

0

xsennx dx = − 4

n2π

[
−xcos nx

n

∣∣∣π
0

+

∫ π

0

cos nx

n
dx

]
=

=
4

n2π

π(−1)n

n
=

4(−1)n

n3
.

Logo, a série de Fourier de f é,

x3 − π2x

3
= 4

+∞∑
n=1

(−1)n

n3
sen nx .

(b) Se x = π
2

então sen nπ
2

= 0, se n é par, sen(2p+ 1)π
2

= (−1)p e,

f(
π

2
) = −π

3

8
= 4

(
−1 +

1

33
− 1

53
+ .....

)
.

Logo, 1− 1
33 + 1

53 − 1
73 + ...... = π3

32
.



13. Seja α ∈ IR− ZZ e f(x) = eidx, −π < x < π e f(x+ 2π) = f(x).

a) Determine a série de Fourier de f .

b) Mostre que
π

senαπ
=

1

α
+ 2α

∑
n≥1

(−1)n

α2 − n2
.

c) Mostre que
( π

senαπ

)2

=
+∞∑

n=−∞

1

(α− n)2
.

Resolução

(a) Computemos os coeficientes cn, n ∈ Z:

cn =
1

2π

∫ π

−π
eiαxe−inxdx =

1

2π

∫ π

−π
ei(α−n)xdx =

1

2π

ei(α−n)x

i(α− n)

∣∣∣π
−π

=

=
1

2(α− n)πi
[ ei(α−n)π − e−i(n−α)π ] =

2sen(α− n)π i

2(α− n)π i
=

=
sen(α− n)π

(α− n)π
=

(−1)nsenαπ

(α− n)π
.

Logo, a série de Fourier é,

eiαx ∼ S(f ;x) =
senαπ

π

+∞∑
n=−∞

(−1)n

α− n
einx.

(b) Em termos de (an)′s e (bn)′s, eiαx ∼ a0

2
+
∑
n≥1

(ancos nx+ bnsen nx) e, em x = 0,

1 =
a0

2
+
∑
n≥1

an ,

a0

2
=
senαπ

απ
,

an
senαπ
π

= (−1)n(
1

α− n
+

1

α + n
) =

2α(−1)n

α2 − n2
.

Logo,

1 =
senαπ

απ
+

2αsenαπ

π

+∞∑
n=1

(−1)n

α2 − n2
,

e multiplicando a equação acima por π
senαπ

,

π

senαπ
=

1

α
+ 2α

∑
n≥1

(−1)n

α2 − n2
.

(c) De 1
2π

∫ π
−π |e

iαx|2dx = 1, |cn|2 = | (−1)nsenαπ
(α−n)π

|2 e da fórmula de Parsevall:

1 = (
senαπ

π
)2

+∞∑
n=−∞

1

(α− n)2
.



14. Seja f(x) = cos x, 0 < x < π.

a) Determine a série de senos de f .

b) Mostre que
π
√

2

16
=

1

22 − 1
− 3

62 − 1
+

5

102 − 1
− 7

142 − 1
+ ...

Resolução

(a) Seja F (x) = −cosx , x ∈ (−π, 0), F (x) = cosx , x ∈ (0, π), F (−π) = F (0) =
F (π). Então, F é ı́mpar e os coeficientes (an)′s são nulos. Ainda,

bn =
1

π

∫ π

−π
F (x)sen nx dx =

2

π

∫ π

0

cos xsennx dx =
1

π

∫ π

0

[ sen(n+1)x+ sen(n−1)x ]dx =

= − 1

π

[
cos(n+ 1)x

n+ 1

∣∣∣π
0

+
cos(n− 1)x

n− 1

∣∣∣π
0

]
=

= − 1

π

[
(−1)n+1 − 1

n+ 1
+

(−1)n−1 − 1

n− 1

]
=

(−1)n + 1

π

2n

n2 − 1
.

Logo, bn = 0 se n é ı́mpar e bn = 4n
π(n2−1)

se n é par e assim, b2k = 8k
π[(2k)2−1]

, k ≥ 1.

Portanto,

F (x) ∼
8

π

∑
k≥1

k

(2k)2 − 1
sen(2kx) .

(b) Em x = π
4
, sen(2kx) = sen kπ

2
= 0, se k é par e, para k = 2p + 1, p ≥ 0,

sen(2kx) = sen (2p+1)π
2

= (−1)p, ∀p ≥ 1. Portanto,

√
2

2
=

8

π

∑
p≥0

(2p+ 1)(−1)p

[ 2(2p+ 1) ]2 − 1
=

8

π

(
1

22 − 1
− 3

62 − 1
+

5

(10)2 − 1
+ ......+

)
.

Respostas:

11. a)
1

2
b)

π

4
− 1

2
; 12. a)

π3

12


