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Abstract. We present a simple, differentiation-free, integration- free, trigonometry-

free, direct and elementary proof of the Fundamental Theorem of Algebra.

“The final publication (in The Mathematical Intelligencer, 33, No. 2 (2011), 1-2)
is available at

www.springerlink.com: http://www.springerlink.com/content/11847265q2311325/"
1. Introduction

One can ask, as soon as the complex numbers have been defined, whether
every polynomial has a zero in the complex numbers. In this article we consider

how early in the development of complex analysis this question can be answered.

As pointed out by Remmert [11], Burckel [2] and others, two of the best proofs
of the FTA are the easy and short but not elementary one given by Argand [1] (see
also Burckel [3], Chrystal [4], Fefferman [6], Fine and Rosenberger [7], Redheffer
[10], Remmert [11], Rudin [12], Stillwell 14]), and the elementary but not so easy
or short one given by Littlewood [9] (see also Estermann [5], Kérner [8], [11],
Searcoid [13]). All these works, except [2], use or prove d’Alembert’s Lemma [14]
or Argand’s Inequality [11]:

“If P is a nonconstant complex polynomial and P(zy) # 0, where z, € C,

then any neighborhood of z; contains a point w such that |P(w)| < |P(z0)| ”.

The proof of the FTA we now present does not apply d’Alembert’s Lemma
or Argand’s Inequality. Instead we assume without proof only the continuity of

complex polynomials and the following consequences of the completeness of R:

e any continuous function f : D — R, with D a bounded and closed disk,

has a minimum on D.

e Every positive real number has a positive square root.
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Square Roots. It is well known that 22 = a + ib, where a,b € R, is solvable on
C. We have

JaZ + B2 JaZ 112
tz = g—k%j%sgn(b) —g—k%,

with sgn(b) = %, if b # 0, and sgn(0) = 1. Applying this formula repeatedly we

find all the 2/-roots, where j € N, of 2 = &1 and 2z = =i.

2. Fundamental Theorem of Algebra

Theorem. Let P be a complex polynomial, with degree(P) = n > 1. Then
there exists zy € C satisfying P(z) = 0.

Proof. Writing P(z) = ap + a1z + --- + a,2", with a; € C, 0 < j < n, a, # 0,
we have |P(2)| > |an||2|" — |ag| — ... — |an_1|]2|""" from which follows that
lim |P(z)] = oo. By continuity, it is easy to see that |P| has an absolute

|z]—o00
minimum at some zy € C. Suppose without loss of generality that z; = 0. Hence,

putting S' = {w € C: |w| =1},
(1) |P(rw)|>—|P(0)]> >0, Vr>0,Vw € S,

and P(z) = P(0)+ 2*Q(z), for some k € {1,...,n}, where Q is a polynomial and
Q(0) # 0. Combining this equation, at z = rw, with inequality (1) we get

|P(0)+r 0k Q(rw) 2 —| P(0))? = 2r*Re[P(0)w*Q (rw)]+r**|Q(rw)|* > 0,¥r > 0, Yw € S,
and, dividing by ¥ > 0,
2Re P(O)ka(rw)} +rk|Q(rw)‘2 >0, Vr>0, Vwe S

whose left side is a continuous function of r, where r € [0,+00). Thus, letting

r — 0, we have

(2) 2Re[P(0)Q(0)w*] >0, Yw e S*.



Let o = P(0)Q(0). Factoring out powers of 2 we can write k = 2/m where m
is odd. Taking w = 1 in (2) we conclude Re[a] > 0. Choosing w so that w? = —1
we conclude that Refa] < 0, and hence Re[a] = 0. Choosing w so that w? =i we
conclude that w* = +i and w* = Fi. Substituting w and @ into (2) we conclude
that Im[a] = 0. So, & =0, and P(0) = 0.

3. Final Remark

The last paragraph of the proof was a trick to avoid appealing to trigonometry.
An easy but not elementary proof that (2) implies P(0) = 0 can be done with the
help of De Moivre’s Formula (cos# + isin )" = cosnf + isinnf, n natural and ¢
real, as follows. Putting w = cos@ + isinf, with w € S and 6 a real number, we
choose values of # so that w* = cos kf + isin k), with k as in the above proof of

the FTA, assumes the values £1 and +i. Hence, we get Re[£P(0)Q(0)] > 0 and

Re[£P(0)Q(0)i] > 0 and conclude that P(0) = 0.

Acknowledgments.
I thank Professors J. V. Ralston and Paulo A. Martin for very valuable com-

ments and suggestions.

References.

[1] Argand, J. R., “Philosofie mathématique. Réflexions sur la nouvelle théorie
des imaginaires, suivies d’une application a la démonstration d’un théoreme
d’analyse”, Annales de Mathematiques Pures et Appliquées, tome 5 (1814-1815),
197-209.

[2] Burckel, R. B., “Fubinito (Immediately) Implies FTA”, American Mathema-
tical Monthly, 113, No. 4 (2006), 344-347.

[3] Cauchy, A. L., Cours D’Analyse, Vol VII, Premiere Partie, Chapitre X, Edi-
trice CLUEB, Bologna 1990.

[4] Chrystal, G., Algebra, An Elementary Text-book, Part I, sixth edition, Chel-
sea Publishing Company, New York, N.Y., 1952.

[5] Estermann, T., “On The Fundamental Theorem of Algebra”, J. London
Mathematical Society, 31 (1956), 238-240.



[6] Fefferman, C., “An Easy Proof of the Fundamental Theorem of Algebra”,

American Mathematical Monthly, Vol. 74, No. 7. (1967), 854-855.

[7] Fine, B., and Rosenberger, G., The Fundamental Theorem of Algebra, Springer-
Verlag, New York, 1997.

[8] Kérner, T. W., “On The Fundamental Theorem of Algebra”, American Mathe-
matical Monthly, Vol 113, No. 4 (2006), 347-348.

9] Littlewood, J. E., “Mathematical notes (14): Every polynomial has a root”,

J. London Mathematical Society 16 (1941), 95-98.

[10] Redheffer, R. M., “What! Another Note Just on the Fundamental Theorem
of Algebra?”, American Mathematical Monthly, Vol 71, No. 2. (1964), 180-185.

[11] Remmert,R., “The Fundamental Theorem of Algebra”. In H. -D. Ebbinghaus,
et al., Numbers, Graduate Texts in Mathematics, no. 123, Springer-Verlag, N.

Y., 1991. Chapters 3 and 4.

[12] Rudin, W., Principles of Mathematical Analysis, McGraw-Hill Inc, Tokyo,

1963.

[13] Searcéid, M. O., Elements of Abstract Analysis, Springer-Verlag, London
2003.

[14] Stillwell, J., Mathematics and its History, Springer-Verlag, New York, 1989,

266-275.

Oswaldo Rio Branco de Oliveira
Department of Mathematics,
University of Sao Paulo,

Brazil, 05508-090

e-mail: oliveira@ime.usp.br



