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A New Proof of Darboux's Theorem
Lars Olsen
In this short note we present a (new?) proof of Darboux's theorem, which states that
any derivative has the intermediate value property. Recall that a real-valued function
f : I -+ R defined on an interval I is said to have the intermediate value property if
for all a and b in I with a < b and for each number y between f(a) and f(b) there
exists a number x in [a, b] such that f (x) = y.
It is well known, and proved in any course in real analysis, that a continuous function defined on an interval has the intermediate value property. It was widely believed
by many nineteenth-century mathematicians that the intermediate value property was,
in fact, equivalent to continuity. However, in 1875 the French mathematician Jean Gaston Darboux (1842-1917) [4] proved that this is not the case. Darboux showed that
any derivative has the intermediate value property and gave examples of differentiable
functions with discontinuous derivatives. Because of Darboux's work, the fact that any
derivative has the intermediate value property is now known as Darboux's theorem.
Darboux's Theorem. Let I be an open interval, and let f : I -> R be a differentiable
function. If a and b are points of I with a < b and if y lies between f' (a) and f' (b),
then there exists a number x in [a, b] such that f'(x) = y.
Darboux's theorem is sometimes proved in courses in real analysis as an example of
a nontrivial application of the fact that a continuous function defined on a compact interval has a maximum. All textbooks, including classical texts such as those by Bartle
and Sherbert [1, Theorem 6.2.12], Boas [2, p. 122], Hardy [5, sec. 129], Rudin [9, Theorem 5.12], Spivak [10, Exercise 39, p. 187] and Stromberg [13, Exercise 17, p. 186],
in addition to the other text-books ([3, Theorem 3.10], [6, Theorem 7.6], [7, Theorem 26.9], [8, Theorem 29.8], [11, Theorem 5.2.13], [12, p. 158], [14, Theorem 7.31])
in real analysis that I have on the bookshelf next to my desk, present the following
proof of Darboux's theorem: We may clearly assume that y lies strictly between f'(a)
and f'(b). Define : I -- IRby
0
4o(t)

= f(t)

- yt.

Then p'(a) = f'(a) - y and q?'(b) = f'(b) - y. We therefore conclude that either
p'(a) > 0 and qp'(b)< 0, or p'(a) < 0 and p'(b) > 0. Without loss of generality we
> 0 and p'(b) < 0. This implies that neither a nor b can be a
may assume that
0p'(a)
where
attains
even
a local maximum. Since qois continuous, it must therefore
point
qo
attain its maximum on [a, b] at an interior point x of [a, b]. From this we conclude
that 0 = p'(x) = f'(x) - y, whence f'(x) = y.
However, it is my experience that this proof is somewhat unconvincing to many
> 0
beginning undergraduatestudents in real analysis. In particular,the fact that
and ?p'(b) < 0 implies that neither a nor b can be a maximum point of q0o'/(a)
seems to
cause most problems. Most students typically either think that this is obvious (and that
the lecturer is being overly pedantic by insisting on a proof), or they see the need for
a proof but find the e-8-gymnastics in the proof less than convincing. The reader is
referred to Lemma 6.2.11 in Bartle and Sherbert's textbook [1] for a typical e-8 proof
of this fact.
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The proof of Darboux'stheoremthatfollows is basedonly on the meanvaluetheorem for differentiablefunctionsand the intermediatevalue theoremfor continuous
functions.It is my experiencethatthis proof is more convincingthanthe "standard"
studentsin real analysis.
one to beginningundergraduate
Proof ofDarboux's theorem. We may clearly assume that y lies strictly between f'(a)
and f'(b). Define continuous functions fa, fb : I --+ R by

fa

(t)

f'(a)
f (a) - f (t)
a-t

fort = a,

=

f'(b)
f (t) - f (b)
fort-b

for t = b,

=

for t

a,

and

fb(t)

t b.
for tb.

It follows that fa(a) = f'(a), fa(b) = fb(a), and fb(b) = f'(b). Hence, y lies between fa(a) and fa(b), or y lies betweenfb(a) and fb(b).
If y lies between fa (a) and fa (b), then (by the continuityof fa) thereexists s in
(a, b] with

f (s) - f (a)
s-a

The meanvaluetheoremensuresthatthereexists x in [a, s] suchthat

f (s) - f(a)
ys-a-a

= f'(x).

If y lies betweenfb(a) and fb(b), thenan analogousargument(exploitingthe continuityof fb) showsthatthereexist s in [a, b) andx in [s, b] such that
f (b)- f(s)
y

b
b-s

f'(x).

This completesthe proof.
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TilingOurUniverse
In ourinfiniteuniverse
I couldtalkforever,
Aboutthe tilt of yourhead
The shapeof yoursmileEndlesslyshifting.
Werewe merelya fiction?
I usedto be amazed
At how we hadfoundone another,
Fromthe thousandsof others,
I chose you andyou me.
Yes, I haveloved before,of course,
But we werenot a repetition,
This love was larger
Of this I am certain,
A truthof unimaginablescale.
We fit, ourlove was concrete,
As we came togetherin endlesspatterns,
Therewas the proofNothingabstractin the way
We coveredouruniverse.
And yet, withpredictableease,
Youcommittedsecrettreason,
Shifted,changingshape,
'Justpartof nature'
Yourepeatedto me, again... andagain.
We reachedan impasse,as I fearedwe would,
No rhymenorreason,
But even knowingyou will repeat,
Differentbutthe same,
Still I backtrack
So we can createourlove again... andagain.
-
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