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Preface and Overview

This book is designed as an advanced text on unbounded self-adjoint operators in
Hilbert space and their spectral theory, with an emphasis on applications in mathe-
matical physics and various fields of mathematics. Though in several sections other
classes of unbounded operators (normal operators, symmetric operators, accretive
operators, sectorial operators) appear in a natural way and are developed, the leit-
motif is the class of unbounded self-adjoint operators.

Before we turn to the aims and the contents of this book, we briefly explain the
two main notions occurring therein. Suppose that # is a Hilbert space with scalar
product (-,-) and T is a linear operator on H defined on a dense linear subspace
D(T). Then T is said to be it symmetric if

(Tx,y)y={(x,Ty) forx,yeD(T). 0.1)

The operator T is called self-adjoint if it is symmetric and if the following property
is satisfied: Suppose that y € # and there exists a vector u € H such that (Tx, y) =
(x,u) for all x € D(T). Then y lies in D(T). (Since D(T) is assumed to be dense
in H, it follows then that u = T'y.)

Usually it is easy to verify that Eq. (0.1) holds, so that the corresponding opera-
tor is symmetric. For instance, if £2 is an open bounded subset of R? and T is the
Laplacian A on D(T) = C§°($2) in the Hilbert space L?(£2), a simple integration-
by-parts computation yields (0.1). If the symmetric operator is bounded, its contin-
uous extension to H is self-adjoint. However, for unbounded operators, it is often
difficult to prove or not true (as in the case T = A) that a symmetric operator is self-
adjoint. Differential operators and most operators occurring in mathematical physics
are not bounded. Dealing with unbounded operators leads not only to many techni-
cal subtleties; it often requires the development of new methods or the invention of
new concepts.

Self-adjoint operators are fundamental objects in mathematics and in quantum
physics. The spectral theorem states that any self-adjoint operator 7 has an integral
representation 7 = [ Ad E () with respect to some unique spectral measure E. This
gives the possibility to define functions f(7) = f S () dE () of the operator and
to develop a functional calculus as a powerful tool for applications. The spectrum

vii



viii Preface and Overview

of a self-adjoint operator is always a subset of the reals. In quantum physics it is
postulated that each observable is given by a self-adjoint operator 7. The spectrum
of T is then the set of possible measured values of the observable, and for any unit
vector x € H and subset M C R, the number (E(M)x, x) is the probability that the
measured value in the state x lies in the set M. If T is the Hamilton operator, the
one-parameter unitary group r — ¢! describes the quantum dynamics.

All this requires the operator T to be self-adjoint. For general symmetric oper-
ators 7', the spectrum is no longer a subset of the reals, and it is impossible to get
an integral representation 7 = [ Ad E()) or to define the exponentiation T That
is, the distinction between symmetric operators and self-adjoint operators is crucial!
However, many symmetric operators that are not self-adjoint can be extended to a
self-adjoint operator acting on the same Hilbert space.

The main aims of this book are the following:

e to provide a detailed study of unbounded self-adjoint operators and their proper-
ties,

e to develop methods for proving the self-adjointness of symmetric operators,

e to study and describe self-adjoint extensions of symmetric operators.

A particular focus and careful consideration is on the technical subtleties and
difficulties that arise when dealing with unbounded operators.

Let us give an overview of the contents of the book. Part I is concerned with the
basics of unbounded closed operators on a Hilbert space. These include fundamental
general concepts such as regular points, defect numbers, spectrum and resolvent,
and classes of operators such as symmetric and self-adjoint operators, accretive and
sectorial operators, and normal operators.

Our first main goal is the theory of spectral integrals and the spectral decompo-
sition of self-adjoint and normal operators, which is treated in detail in Part II. We
use the bounded transform to reduce the case of unbounded operators to bounded
ones and derive the spectral theorem in great generality for finitely many strongly
commuting unbounded normal operators. The functional calculus for self-adjoint
operators developed here will be will be essential for the remainder of the book.

Part III deals with generators of one-parameter groups and semigroups, as well as
with a number of important and technical topics including the polar decomposition,
quasi-analytic and analytic vectors, and tensor products of unbounded operators.

The second main theme of the book, addressed in Part IV, is perturbations of self-
adjointness and of spectra of self-adjoint operators. The Kato—Rellich theorem, the
invariance of the essential spectrum under compact perturbations, the Aronszajn—
Donoghue theory of rank one perturbations and Krein’s spectral shift and trace for-
mula are treated therein. A guiding motivation for many results in the book, and in
this part in particular, are applications to Schrddinger operators arising in quantum
mechanics.

Part V contains a detailed and concise presentation of the theory of forms and
their associated operators. This is the third main theme of the book. Here the cen-
tral results are three representation theorems for closed forms, one for lower semi-
bounded Hermitian forms and two others for bounded coercive forms and for sec-
torial forms. Other topics treated include the Friedrichs extension, the order relation
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of self-adjoint operators, and the min—max principle. The results on forms are ap-
plied to the study of differential operators. The Dirichlet and Neumann Laplacians
on bounded open subsets of R? and Weyl’s asymptotic formula for the eigenvalues
of the Dirichlet Laplacian are developed in detail.

The fourth major main theme of the book, featured in Part VI, is the self-
adjoint extension theory of symmetric operators. First, von Neumann’s theory of
self-adjoint extensions, and Krein’s theory and the Ando—Nishio theorem on pos-
itive self-adjoint extensions are investigated. The second chapter in Part VI gives
an extensive presentation of the theory of boundary triplets. The Krein—Naimark
resolvent formula and the Krein—Birman—Vishik theory on positive self-adjoint ex-
tensions are treated in this context. The two last chapters of Part VI are concerned
with two important topics where self-adjointness and self-adjoint extensions play a
crucial role. These are Sturm-Liouville operators and the Hamburger moment prob-
lem on the real line.

Throughout the book applications to Schrodinger operators and differential op-
erators are our guiding motivation, and while a number of special operator-theoretic
results on these operators are presented, it is worth stating that this is not a research
monograph on such operators. Again, the emphasis is on the general theory of un-
bounded self-adjoint Hilbert space operators. Consequently, basic definitions and
facts on such topics as Sobolev spaces are collected in an appendix; whenever they
are needed for applications to differential operators, they are taken for granted.

This book is an outgrowth of courses on various topics around the theory of
unbounded self-adjoint operators and their applications, given for graduate and
Ph.D. students over the past several decades at the University of Leipzig. Some
of these covered advanced topics, where the material was mainly to be found in
research papers and monographs, with any suitable advanced text notably missing.
Most chapters of this book are drawn from these lectures. I have tried to keep dif-
ferent parts of the book as independent as possible, with only one exception: The
functional calculus for self-adjoint operators developed in Sect. 5.3 is used as an
essential tool throughout.

The book contains a number of important subjects (Krein’s spectral shift, bound-
ary triplets, the theory of positive self-adjoint extensions, and others) and technical
topics (the tensor product of unbounded operators, commutativity of self-adjoint
operators, the bounded transform, Aronzajn—Donoghue theory) which are rarely if
ever presented in text books. It is particularly hoped that the material presented will
be found to be useful for graduate students and young researchers in mathematics
and mathematical physics.

Advanced courses on unbounded self-adjoint operators can be built on this book.
One should probably start with the general theory of closed operators by presenting
the core material of Sects. 1.1, 1.2, 1.3, 2.1, 2.2, 2.3, 3.1, and 3.2. This could be
followed by spectral integrals and the spectral theorem for unbounded self-adjoint
operators based on selected material from Sects. 4.1, 4.2, 4.3 and 5.2, 5.3, avoiding
technical subtleties. There are many possibilities to continue. One could choose rel-
atively bounded perturbations and Schrodinger operators (Chap. 8), or positive form
and their applications (Chap. 10), or unitary groups (Sect. 6.1), or von Neumann’s
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extension theory (Sects. 13.1, 13.2), or linear relations (Sect. 14.1) and boundary
triplets (Chap. 14). A large number of special topics treated in the book could be
used as a part of an advanced course or a seminar.

The prerequisites for this book are the basics in functional analysis and of the
theory of bounded Hilbert space operators as covered by a standard one semester
course on functional analysis, together with a good working knowledge of measure
theory. The applications on differential operators require some knowledge of or-
dinary and partial differential equations and of Sobolev spaces. In Chaps. 9 and 16
a few selected results from complex analysis are also needed. For the convenience of
the reader, we have added six appendices; on bounded operators and classes of com-
pact operators, on measure theory, on the Fourier transform, on Sobolev spaces, on
absolutely continuous functions, and on Stieltjes transforms and Nevanlinna func-
tions. These collect a number of special results that are used at various places in
the text. For the results, here we have provided either precise references to standard
works or complete proofs.

A few general notations that are repeatedly used are listed after the table of con-
tents. A more detailed symbol index can be found at the end of the book. Occasion-
ally, I have used either simplified or overlapping notations, and while this might at
first sight seem careless, the meaning will be always clear from the context. Thus
the symbol x denotes a Hilbert space vector in one section and a real variable or
even the function f(x) = x in others.

A special feature of the book is the inclusion of numerous examples which are
developed in detail and which are accompanied by exercises at the ends of the chap-
ters. A number of simple standard examples (for instance, multiplication operators
or differential operators —iﬁ or —% on intervals with different boundary con-
ditions) are guiding examples and appear repeatedly throughout. They are used to
illustrate various methods of constructing self-adjoint operators, as well as new no-
tions even within the advanced chapters. The reader might also consider some ex-
amples as exercises with solutions and try to prove the statements therein first by
himself, comparing the results with the given proofs. Often statements of exercises
provide additional information concerning the theory. The reader who is interested
in acquiring an ability to work with unbounded operators is of course encouraged
to work through as many of the examples and exercises as possible. I have marked
the somewhat more difficult exercises with a star. All stated exercises (with the pos-
sible exception of a few starred problems) are really solvable by students, as can be
attested to by my experience in teaching this material. The hints added to exercises
always contain key tricks or steps for the solutions.

In the course of teaching this subject and writing this book, I have benefited
from many excellent sources. I should mention the volumes by Reed and Simon
[RS1, RS2, RS4], Kato’s monograph [Ka], and the texts (in alphabetic order) [AG,
BSU, BEH, BS, D1, D2, DS, EE, RN, Yf, We]. I have made no attempt to give
precise credit for a result, an idea or a proof, though the few names of standard
theorems are stated in the body of the text. The notes at the end of each part contain
some (certainly incomplete) information about a few sources, important papers and
monographs in this area and hints for additional reading. Also I have listed a number
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of key pioneering papers. I felt it might be of interest for the reader to look at some
of these papers and to observe, for instance, that H. Weyl’s work around 1909-
1911 contains fundamental and deep results about Hilbert space operators, while
the corresponding general theory was only developed some 20 years later!

I am deeply indebted to Mr. René Gebhardt who read large parts of this book
carefully and made many valuable suggestions. Finally, I would like to thank
D. Dubray and K. Zimmermann for reading parts of the manuscript and Prof. M. A.
Dritschel and Dr. Y. Savchuk for their help in preparing this book.

Leipzig Konrad Schmiidgen
December 2011
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General Notation

o: set of nonnegative integers,

set of positive integers,

set of integers,

set of real numbers,

set of complex numbers,

set of complex numbers of modulus one,
complex unit,

xm: characteristic function of a set M.

THQANZZ

Fora = (a,...,aq) eNd k=1,....d,and x = (x1, ..., xs) € R?, we set
x=xi"xy el =44 ag,
O := i, Dy = —ii,
0X 0Xy
9% ;Za‘l"l ...agd = 88“;1 i:d
X, 0x,
o 07O

D*:=D{"---DJ = (—i)

axy't  oxy
with the convention that terms with «; = 0 are set equal to one.

Sequences are written by round brackets such as (x,)en or (x,), while sets are
denoted by braces such as {x; : i € I'}. Pairs of elements are written as (x, y).

For an open subset £2 of RY,

C"(£2) is the set of n times continuously differentiable complex functions on §2,

C°(82) is the set of functions in C*°(§2) whose support is a compact subset of £2,

C™(£2) is the set of functions f € C"(£2) for which all functions D% f, || < n,
admit continuous extensions to the closure §2 of the set §2 in R,

LP(£2) isthe LP-space with respect to the Lebesgue measure on 2.

We write L%(a, b) for L%((a, b)) and C"(a, b) for C"((a, b)).
“a.e.” means “almost everywhere with respect to the Lebesgue measure.”

Xix



XX General Notation

The symbol H refers to a Hilbert space with scalar product (-,-) and norm || - ||.
Scalar products are always denoted by angle brackets (-,-). Occasionally, indices or
subscripts such as (-,-)j or (-,-) g2 are added. .

The symbol & stands for the orthogonal sum of Hilbert spaces, while + means
the direct sum of vector spaces. By a projection we mean an orthogonal projection.

o(T): spectrumof T,

p(T): resolvent set of T,

w(T): regularity domain of T,

D(T): domain of T,

N(T): null space of T,

R(T): rangeof T,

Ry (T): resolvent (T—xI)~"! of T at A,
ET: spectral measure of 7.
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Basics of Closed Operators






Chapter 1
Closed and Adjoint Operators

Closed operators and closable operators are important classes of unbounded lin-
ear operators which are large enough to cover all interesting operators occurring
in applications. In this chapter and the next, we develop basic concepts and results
about general closed operators on Hilbert space. We define and study closed oper-
ators, closable operators, closures, and cores in Sect. 1.1 and adjoint operators in
Sect. 1.2, while in Sect. 1.3 these concepts are discussed for differentiation opera-
tors on intervals and for linear partial differential operators. Section 1.4 deals with
invariant subspaces and reducing subspaces of linear operators.

1.1 Closed and Closable Operators and Their Graphs

1.1.1 General Notions on Linear Operators

Definition 1.1 A linear operator from a Hilbert space | into a Hilbert space H» is
a linear mapping 7 of a linear subspace of 1, called the domain of T and denoted
by D(T), into H,.

It should be emphasized that the domain is crucial for an unbounded operator.
The same formal expression considered on different domains (for instance, by vary-
ing boundary conditions for the same differential expression) may lead to operators
with completely different properties. We will see this by the examples in Sect. 1.3.

That T is a linear mapping means that 7' (a¢x + By) = aT (x) + BT (y) for all
x,y € D(T) and «, B € C. The linear subspace

R(T):=T(D(T)) ={T(x) :x e D(T)}
of H> is called the range or the image of T, and the linear subspace
N(T)={xeD(T): T(x) =0}
K. Schmiidgen, Unbounded Self-adjoint Operators on Hilbert Space, 3
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of H1 is the null space or the kernel of T. We also write T x for T (x) if no confusion
can arise.

By the restriction of T to a linear subspace Dy of D(T) we mean the linear
operator T [Dy with domain Dy acting by (T [Dg)(x) = T (x) for x € Dy.

Let S and T be two linear operators from H; into H,. By definition we have
S =T if and only if D(S) =D(T) and S(x) = T (x) for all x € D(S) =D(T). We
shall say that T is an extension of S or that S is a restriction of T and write S C T,
or equivalently 7 2 S, when D(S) € D(T) and S(x) = T (x) for all x € D(S). That
is, we have S C T if and only if S = T [D(S).

The complex multiple aT for a € C, o # 0, and the sum S + T are the linear
operators from H; into H, defined by

D@T)=D(T), (@T)(x)=aT(x) forxeD@T), a0,
DES+T)=DES)NDT), (S+T)x)=Sx) +T(x) forxeDS+T).

Further, we define the multiple o7 for o = 0 to be the null operator 0 from H;
into Hj; it has the domain D(0) = H; and acts by 0(x) =0 for x € H;.

If R is a linear operator from > into a Hilbert space 3, then the product RT
is the linear operator from #; into H3 given by

D(RT) = {x eD(T):Tx e D(R)}, (RT)(x) =R(Tx) forx e D(RT).

It is easily checked that the sum and product of linear operators are associative and
that the two distributivity laws

S+7O=S0+TQ and R(S+T)DRSH+RT (1.1)

hold, where Q is a linear operator from a Hilbert space /g into 7; see Exercises 1
and 2.

If N(T) = {0}, then the inverse operator T~ is the linear operator from H;
into 7 defined by D(T ') = R(T) and T~!(T (x)) = x for x € D(T). In this case
we say that T is invertible. Note that R(T~Y =D(T). Clearly, if N'(R) = {0} and
N(T)={0}, then N(RT) = {0} and (RT)"' =T~ 'R~ L.

Definition 1.2 The graph of a linear operator T from 7 into H; is the set
g1 = {(x, Tx):xe€ D(T)}.

The graph G(T) is a linear subspace of the Hilbert space H| & H, which con-
tains the full information about the operator 7. Obviously, the relation S C T is
equivalent to the inclusion G(S) € G(T'). The next lemma contains an internal char-
acterization of graphs. We omit the simple proof.

Lemma 1.1 A linear subspace £ of Hi @ Ha is the graph of a linear operator T
from Hy into H, if and only if (0, y) € € for y € Hy implies that y = 0.

The operator T is then uniquely determined by &; it acts by Tx =y for
(x,y) € &, and its domain is D(T) = {x € H; : There exists y € Hy such that
(x,y) €&}
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Often we are dealing with a linear operator that maps a Hilbert space # into
itself. We usually express this by saying that we have an operator on H. That is,
whenever we speak about an operator T on a Hilbert space H, we mean a linear
mapping T of a linear subspace D(T) of H into H.

Let H be a Hilbert space. The identity map of # is denoted by I3 or by I if no
confusion is possible. Occasionally, we write A instead of A - I for A € C.

Let T be a linear operator on H. Then the powers of T are defined inductively
by T" := T(T"') for n € N and TO0:= 1. If p(x) = apx™ + -+ 4+ o1 x + ap is
a complex polynomial, p(T) is defined by p(T) = o, T" + --- + 1T + aol. If
p1 and p> are complex polynomials, then p1(T)p2(T) = (p1p2)(T). In particular,
T"t% = 77Tk = TKT" for k,n € N and D(p(T)) = D(T") if p has degree n.

If T is an arbitrary linear operator on H, we have the polarization identity

HTx,y)=(T(x+y),x+y)—(Tx—y),x—y)
+i(T (x +1iy), x +iy) — (T (x —iy), x —iy) (12)

for x, y € D(T). It is proved by computing the right-hand side of (1.2).
Identity (1.2) is very useful and is often applied in this text. An immediate con-
sequence of this identity is the following:

Lemma 1.2 Let T be a linear operator on H such that D(T) is dense in ‘H. If
(Tx,x)=0forall x € D(T), then Tx =0 forall x € D(T).

The following simple fact will be used several times in this book.

Lemma 1.3 Let S and T be linear operators such that S C T. If S is surjective and
T is injective, then S=T.

Proof Let x € D(T). Since S is surjective, there is a y € D(S) such that Tx = Sy.
From S € T we get Tx =Ty, so x =y, because T is injective. Hence, we have
x =y €D(S). Thus, D(T) C D(S), whence S=T. O

Except for the polarization identity and Lemma 1.2, all preceding notions and
facts required only the vector space structure. In the next subsection we essentially
use the norm and completeness of the underlying Hilbert spaces.

1.1.2 Closed and Closable Operators

Let T be a linear operator from a Hilbert space H; into a Hilbert space H;. Let
(-,-); and [|-]] j denote the scalar product and norm of ;. It is easily seen that

(x.yr =&y +(Tx,Ty)2, x,yeD(), (1.3)
defines a scalar product on the domain D(T'). The corresponding norm

1/2
Ixlir = (I} +17x13)"%, x e D), (1.4)
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is called the graph norm of the operator T . It is equivalent to the norm
lxl7 = llxllt + 1 Txll2,  x € D(T),

on D(T). Occasionally, the norm || - ||’ is called the graph norm of T as well.

Definition 1.3 An operator T is called closed if its graph G(T) is a closed subset
of the Hilbert space H1 @ Hy, and T is called closable (or preclosed) if there exists
a closed linear operator S from #; into H; such that 7 C S.

The next propositions contain some slight reformulations of these definitions.

Proposition 1.4 The following statements are equivalent:

(1) T is closed.
(1) If (xn)neN is a sequence of vectors x,, € D(T) such that lim, x,, = x in H and
lim, T (x,) =y in Hy, then x e D(T) and Tx = y.
@ii) (D(T), || - iT) is complete, or equivalently, (D(T), {-,-)1) is a Hilbert space.

Proof (i) is equivalent to (ii), because (ii) is only a reformulation of the closedness
of the graph G(T') in H| & Ho.

(i) <> (iii): By the definition (1.4) of the graph norm, the map x — (x, Tx) of
(D(T), || - lIT) onto the graph G(T') equipped with the norm of the direct sum Hilbert
space Hi @ H> is isometric. Therefore, (D(T), || - ||7) is complete if and only if
G(T) is complete, or equivalently, if G(T) is closed in H1 & H;. O

Proposition 1.5 The following are equivalent:

(i) T is closable.
(1) If (xn)neN is a sequence of vectors x, € D(T) such that lim,, x, = 0 in ‘H and
lim,, T (x,) =y in Hy, then y =0.
(iii) The closure of the graph G(T) is the graph of a linear operator.

Proof (i) — (iii): Let S be a closed operator such that T C S. Then G(T) C G(S),
and so G(T) € G(S). From Lemma 1.1 it follows that G(T) is the graph of an
operator.

(iii) — (): If G(T) = G(S) for some operator S, then T C S, and S is closed,
because G(S) is closed.

(ii) <> (iii): Condition (ii) means that (0, y) € G(T) implies that y = 0. Hence,
(ii) and (iii) are equivalent by Lemma 1.1. O

Suppose that T is closable. Let T denote the closed linear operator such that
G(T)=6(T)

by Proposition 1.5(iii). By this definition, D(T) is the set of vectors x € H;
for which there exists a sequence (x,),en from D(T) such that x = limx, in
H1 and (T (x,))nen converges in H,. For such a sequence (x,), we then set
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T(x) :=lim, T (x,). Since G(T) is the graph of an operator, this definition of T (x)
is independent of the sequence (x,). Clearly, T is the smallest (with respect to the
operator inclusion €) closed extension of the closable operator 7.

Definition 1.4 The operator T is called the closure of the closable operator T .

Let us briefly discuss these concepts for continuous operators. Recall that a linear
operator T is continuous (that is, if lim, x, = x in H; for x,,, x € D(T), n € N, then
lim,, T (x,) = T (x) in ‘Hy) if and only if T is bounded (that is, there is a constant
¢ > 0 such that |7 (x)||2 < c||x]||; for all x € D(T)).

If an operator T is continuous, then it is clearly closable by Proposition 1.5(ii). In
fact, closability can be considered as a weakening of continuity for linear operators.
Let (x;)en be a sequence from D(T') such that lim,, x,, = 0 in H;. If the operator T
is continuous, then lim, 7' (x,) = 0 in H,. For T being closable, we require only
that if (!) the sequence (T (x,))neN converges in Hj, then it has to converge to the
“correct limit”, that is, lim,, T (x,,) = 0.

If T is bounded, the graph norm || - ||z on D(T) is obviously equivalent to the
Hilbert space norm || - ||1. Therefore, a bounded linear operator T is closed if and
only if its domain D(T) is closed in H ;. Conversely, if T is a closed linear operator
whose domain D(T) is closed in Hi, then the closed graph theorem implies that
T is bounded. In particular, it follows that a closed linear operator which is not
bounded cannot be defined on the whole Hilbert space.

Another useful notion is that of a core of an operator.

Definition 1.5 A linear subspace D of D(T) is called a core for T if D is dense in
(D(T), || - lT), that is, for each x € D(T'), there exists a sequence (x,),eN of vectors
X, € D such that x =1lim,, x,, in H; and Tx = lim,, T (x,) in H>.

If T is closed, a linear subspace D of D(T) is a core for T if and only if T is
the closure of its restriction 7 [D. That is, a closed operator can be restored from
its restriction to any core. The advantage of a core is that closed operators are often
easier to handle on appropriate cores rather than on full domains.

Example 1.1 (Nonclosable operators) Let D be a linear subspace of a Hilbert
space H, and let e # 0 be a vector of H. Let F be a linear functional on D which is
not continuous in the Hilbert space norm. Define the operator 7 by D(T) = D and
T(x)=F(x)eforx eD.

Statement T is not closable.

Proof Since F is not continuous, there exists a sequence (xj),eN from D such
that lim, x, = 0 in X and (F(x,)) does not converge to zero. By passing to a
subsequence if necessary we can assume that there is a constant ¢ > 0 such that
|F(xy)| > ¢ for all n € N. Putting x, = F (x,) " 'x,, we have lim, x;, =0 and
T (x)) = F(x))e =e # 0. Hence, T is not closable by Proposition 1.5(ii). d



8 1 Closed and Adjoint Operators

The preceding proof has also shown that (0, ¢) € G(T), so G(T) is not the graph
of a linear operator.

Explicit examples of discontinuous linear functionals are easily obtained as fol-
lows: If D is the linear span of an orthonormal sequence (e;,),en of a Hilbert
space, define F on D by F(e,) =1,n e N. If H = L*(R) and D = Ci°(R), de-
fine F(f)= f(0) for f € D. o

1.2 Adjoint Operators

In this section the scalar products of the underlying Hilbert spaces are essentially
used to define adjoints of densely defined linear operators.

Let (H1, (-,-)1) and (Ha, (-,-)2) be Hilbert spaces. Let T be a linear operator
from H; into H, such that the domain D(T) is dense in Hi. Set

D(T*) = {y € H, : There exists u € 1 such that (T'x, y)2 = (x, u);
for x € D(T)}.

By Riesz’ theorem, a vector y € H, belongs to D(T*) if and only if the map
x — (Tx, y); is a continuous linear functional on (D(T), || - ||1), or equivalently,
there is a constant ¢y > 0 such that [(Tx, y)2| < c¢yllx|[y for all x € D(T). An ex-
plicit description of the set D(T*) is in general a very difficult matter.

Since D(T) is dense in H, the vector u € H; satisfying (T x, y)» = (x, u); for
all x € D(T) is uniquely determined by y. Therefore, setting 7*y = u, we obtain a
well-defined mapping 7* from H; into #;. It is easily seen that 7* is linear.

Definition 1.6 The linear operator 7* is called the adjoint operator of T

By the preceding definition we have
(Tx,y)g:(x,T*y)l for all x € D(T), yeD(T*). (1.5)

Let T be a densely defined linear operator on H. Then T is called symmetric if
T C T*. Further, we say that T is self-adjoint if T = T* and that T is essentially
self-adjoint if its closure T is self-adjoint. These are fundamental notions studied
extensively in this book.

The domain D(T*) of T* may be not dense in H, as the next example shows.
There are even operators T such that D(T*) consists of the null vector only.

Example 1.2 (Example 1.1 continued) Suppose that D(T) is dense in . Since the
functional F is discontinuous, the map x — (T'x, y) = F(x){(e, y) is continuous if
and only if y L e. Hence, D(T*) = e in H and T*y =0 for y € D(T*). o

Example 1.3 (Multiplication operators by continuous functions) Let J be an in-
terval. For a continuous function ¢ on 7, we define the multiplication operator My,
on the Hilbert space L?(.7) by

(My f)(x) = () f(x) for f€eDM,):={feL*(T):¢- feL*I)}
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Since D(M,,) contains all continuous functions with compact support, D(M,,) is
dense, so the adjoint operator (M,)* exists. We will prove the following:

Statement (M,)* = M.
Proof From the relation
ys.5)= [ pradr= [ fgedx=r Mg

for f, g € D(M,) = D(Mg) we conclude that Mz C (M,)*.
To prove the converse inclusion, let g € D((M,,)*) and set h = (M,)*g. Let xx
be the characteristic function of a compact subset K of J. For f € D(M,,), we have

J-xx € D(My) and (M, (f xk). 8) = (@f xk. &) = (f xx.h), so that
/ fxx(@g —h)dx=0.
J

Since D(M,) is dense, the element xg (pg — 1) of L%(J) must be zero, so that
@g = h on K and hence on the whole interval 7. That is, we have g € D(Mg) and
h = (My)*g = Mgzg. This completes the proof of the equality (M,)* = M. O

The special case where ¢p(x) = x and J = R is of particular importance. The
operator Q := M, = M, is then the position operator of quantum mechanics. By
the preceding statement we have Q = Q*, so Q is a self-adjoint operator on L(R).

Multiplication operators by measurable functions on general measure spaces will
be studied in Sect. 3.4. o

We now begin to develop basic properties of adjoint operators.

Proposition 1.6 Let S and T be linear operators from H into Hy such that D(T)
is dense in H1. Then:

(1) T* is a closed linear operator from Hy into H;.
(i) R(T)L =N(T™).
(iii) If D(T*) is dense in Hy, then T C T**, where T** := (T*)*.
@Gv) If T C S, then S* C T*.
(V) (A\T)* =AT* for » e C.
i) If D(T + S) is dense in Hy, then (T + S)* D T* + S*.
(vii) If S is bounded and D(S) = H;, then (T + S)* =T* + §*.

Proof (i): Let (yn)neN be a sequence from D(T*) such that lim, y, = y in H, and
lim, T*y, = v in H;. For x € D(T), we then have
(Tx, yn) = {x, T*ya) = (Tx, y) = (x,v),

so that y € D(T*) and v = T*y. This proves that 7* is closed.
(ii): By (1.5) it is obvious that y € N'(T*) if and only if (T'x, y), = 0 for all
x € D(T), or equivalently, y € R(T)*. That is, R(T)* = N (T*).
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(iii)—(vi) follow from the definition of the adjoint operator. We omit the details.

(vii): By (vi) it suffices to prove that D((T+S)*) C D(T*+S5*). Since D(S) =
#H, by assumption and D(S*) = H; because S is bounded, we have D(T + S) =
D(T) and D(T*+8*) =D(T*). Let y e D(T+S)*). For x € D(T+S),

(Tx,y) =((T + 8S)x,y) = (Sx,y) = {x, (T + H*y — §*y).
This implies that y € D(T*) = D(T* 4 §*). O

__Let T be a densely defined closable linear operator from #; into H. Then
T = (T*)* as shown in Theorem 1.8(ii) below. Taking this for granted, Proposi-
tion 1.6(ii), applied to T and T*, yields

N(T*) =R(T)*,  NT)=R(T*)", w6
Ho=N(T*)@R(T).,  Hi=NT) &R(T¥). '

Note that the ranges R(7) and R(T*) are not closed in general. However, the closed

range theorem (see, e.g., [K2, IV, Theorem 5.13]) states that for a closed linear

operator T, the range R(T) is closed in H; if and only if R(T*) is closed in H;.
Replacing T by T — AI in (1.6), one obtains the useful decomposition

H=N(T*-X)®R(T — A1) =N(T — 1) ® R(T* — 1I) (1.7

for any densely defined closable operator T on a Hilbert space H and A € C.
Assertions (vi) and (vii) of Proposition 1.6 have counterparts for the product.
Proposition 1.7 Let T : H1 — Ho and S : Ho — H3 be linear operators such that
D(ST) is dense in H;.
(1) If D(S) is dense in Hy, then (ST)* 2D T*S*.
@ii) If S is bounded and D(S) = Hy, then (ST)* = T*S*.
Proof (i): Note that D(T) 2 D(ST); hence, D(T) is dense in H;. Suppose that
y € D(T*S*). Let x € D(ST). Then we have Tx € D(S), y € D(5*), and
(STx,y) = (Tx, S*y) = (x, T*S*y).

Therefore, y € D((ST)*) and (ST)*y = T*S*y.

(ii): Because of (i), it is sufficient to show that D((ST)*) € D(T*S*). Suppose
that y € D((ST)*). Let x € D(T). Since S is bounded and D(S) = H;, we have
x € D(ST) and y € D(S*) = H>, so that

(Tx, S*y)=(STx, y) =(x, (ST)*y).
Consequently, S*y € D(T*), and so y € D(T*S™*). O
A number of important and useful properties of closable and adjoint operators are

derived by the so-called graph method. They are collected in the following theorem.
Clearly, assertions (v) and (vi) are still valid if D(T) is not dense in H.
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Theorem 1.8 Let T be a densely defined linear operator from H into Hy.

(i) T is closable if and only if D(T*) is dense in H;.
(ii) If T is closable, then (T)* = T*, and setting T** := (T*)*, we have

T=T"".

(iii) T is closed if and only if T = T**.
(iv) Suppose that N (T) = {0} and R(T) is dense in H,. Then T* is invertible and

()" = (7).
(v) Suppose that T is closable and N(T) = {0}. Then the inverse T~ of T is
closable if and only if N'(T) = {0}. If this holds, then

(T '=(T7").
(vi) If T is invertible, then T is closed if and only if T~ is closed.

Before we turn to the proof we state an important consequence separately as the
following:

Corollary 1.9 If T is a self-adjoint operator such that N'(T) = {0}, then T~ is
also a self-adjoint operator.

Proof Since T = T*, we have R(T)* =N(T) = {0}. Hence, R(T) is dense, and
the assertion follows from Theorem 1.8(iv). O

The main technical tool for the graph method are the two unitary operators U, V
of H1 @ H; onto H, @ H; defined by
Ux,y)=(,x) and V(x,y)=(—y,x) forxeH;, yeH,r. (1.8)
Clearly, V’l(y,x) = (x,—y) for y € Hp and x € H1, and U~'v =v-1y, since
UV, ) =U" (=3, 0 =0, - =V",x)=V""Ulx,y).

Let T be an invertible operator from H into H,. If x € D(T') and y = T x, then
U(x,Tx) = (y, T~'y). Therefore, U maps the graph of T onto the graph of 71,
that is,

U(Gm)=g6(r). (1.9)

The next lemma describes the graph of 7* by means of the unitary V. In par-
ticular, it implies that G(T*) is closed. This gives a second proof of the fact (see
Proposition 1.6(i)) that the operator 7* is closed.

Lemma 1.10 For any densely defined linear operator T of H, into H,, we have

g(r*) = v(GM)* =v(GM)*).
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Proof Let x € D(T) and y € D(T*). By (1.5),
<V(x, Tx), (y, T*y)) = ((—Tx,x), (y, T*y)) =(-Tx,y) + (x, T*y)l =0.

Thus, G(T*) € V(G(T)™.
Conversely, suppose that (y, u) € V(G(T))* . For x € D(T), we obtain

(V(x,Tx), v, w) = (=Tx, y)2+ (x,u); =0,

thatis, (T x, y)2 = (x, u). By the definition of the adjoint operator this implies that
yeD(T*)and u = T*y, so (y, u) € G(T*). Hence V(G(T))*+ C G(T*).
The second equality follows at once from the fact that V' is unitary. O

Proof of Theorem 1.8
(i): Assume that 7T is closable. Let u € D(T*)*. Then (—u, 0) € G(T*)*, so

©,u) =V~ (=u,0) e VHG(T*)") = v I(V(G(MD) ) =61 =G(D),

where the second equality holds by Lemma 1.10 and the equality before last used
the fact that V is unitary. Since 7 is closable, G(T') is the graph of an operator by
Proposition 1.5(ii). Therefore, u = 0. This proves that D(T*) is dense in H,.
Conversely, suppose that D(T*) is dense in H,. Then T**=(T*)* exists. Since
T C T** by Proposition 1.6(iii) and 7™** is closed, T has a closed extension. That
is, T is closable by Definition 1.3.
(i1): Using Lemma 1.10, we derive

G((") = V(GTM*) = V(M) ") =V (G(T)*) =6(T*),

which implies that (T)* = T*.

Since T is closable, D(T*) is dense in Hj by (i), and hence T** is defined.
Applying Lemma 1.10 twice, first to 7* with —V ~! being the corresponding unitary
and then to T with V, we deduce

G(T*) = (v (G(T") ) =V (V(G(D) ") =6y =GT) = 6(T).
Therefore, T** =T.

(iii) is an immediate consequence of (ii).

(iv): In this proof we use both unitaries U and V. Since R(T) is assumed to
be dense in H;, we have N (T*) = {0} by Proposition 1.6(ii). Hence, the inverse
(T*)~! exists. The adjoint of 7! exists, because D(T ') = R(T) is dense in H,.
Note that —V ~! is the corresponding unitary for the adjoint of 7!, that is, we
have G((T™1*) = (=V~)G(T~H1) by Lemma 1.10. Using formula (1.9) and
Lemma 1.10 twice and the fact that U is unitary, we derive

g((T) ™) =u=1(G(1") =~ (V(6()*})) =u~ 'V (G(T)*)
=v'u(@m*t) =vw(em)t) = (-v)g(r))
=6((t7")).

This proves that (7*)~! = (T~1)*.
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(v): By (1.9) we have U(G(T)) = U(G(T)) = U(G(T)) = G(T~!). Hence,
(0, x) € G(T~1) if and only if (x,0) € G(T), or equivalently, if x € N(T). Thus, by
Lemma 1.1, G(T ') is the graph of an operator if and only if A’(T) = {0}. There-
fore, by Proposition 1.5, (i) <> (iii), T~! is closable if and only if N'(T) = {0}.

Further, if T-! is closable, then G(T—") = G(T~") = U(G(T)) = G(T)™H)
again by formula (1.9). Hence, T~ = (T~

(vi) follows from (v) or directly from formula (1.9), which implies that G(T) is
closed if and only if G(T 1) is. O

1.3 Examples: Differential Operators

In the first subsection we discuss the notions from the preceding sections for the

differentiation operator —1% and its square —% on various intervals. We develop

these examples and their continuations in later sections in great detail and as ele-
mentarily as possible by using absolutely continuous functions. In the second sub-
section distributions are used to define maximal and minimal operators for linear
partial differential expressions.

1.3.1 Differentiation Operators on Intervals I

We begin with two examples on a bounded interval (a, b). First, let us repeat some
definitions and facts on absolutely continuous functions (see Appendix E).

A function f on an interval [a, b], a,b € R, a < b, is absolutely continuous if
and only if there exists a function & € L'(a, b) such that for all x € [a, b],

f(x):f(a)—f—/ h(t)dt. (1.10)

The set of absolutely continuous functions on [a, b] is denoted by AC|a, b].
If f € AC[a,b], then f € C([a, b)), and f is a.e. differentiable with f'(x) =
h(x) a.e. on [a, b]. We call h the derivative of f and write f’ = h. Set

H'(a,b)=]|f € ACla,b]: f € L*(a,b)}, (1.11)
H*@a,b)={feC'(la,b]): f € H (a,b)}. (1.12)

If (-, -) denotes the scalar product of the Hilbert space L?(a, b), then the formula
for integration by parts (E.2) yields

(1 8)+(f.¢')= el = fb)g®) — f(a)g(a) (1.13)
for f, g € H'(a, b) and
(f".8)—(f.8")=(f'g— r&lk
= f'(b)g(b) — f(b)g'(b) — f'(a)g(a) + f(a)g'(a) (1.14)
for f, g € H?(a, b), where we have set k|2 := h(b) — h(a).
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Example 1.4 (Bounded interval) Suppose thata,b € R, a < b. Let T be the linear
operator on the Hilbert space L?(a, b) defined by Tf = —if’ for f in

D(T) = Hy(a,b):={f e H'(a,b): f(a) = f(b) =0}.
Clearly, its square T2 acts as T2 f = — f” for f in
D(T?) = H(a,b):={f € H*a.b): f(a) = f(b) = f'(@) = f'(b) =0}.

Obviously, D(T') and D(T?) are dense in L%(a, b). Our aim in this example is to
describe the adjoints of both operators T and T2 and a core for T.

Statement 1 R(7)* € C-1 and R(T%)* € C-1+ C-x.

(Here 1 and x denote the functions f1(x) =1 and f>(x) = x for x € [a, b], re-
spectively. Moreover, we have even equality in both cases.)

Proof Tt suffices to prove that (C-1)* € R(T) and (C-1 4 C-x)* C R(T?). Sup-
pose that 41 € (C-1)* and &3 € (C-1 4+ C-x)*. We define functions on [a, b] by

X X t
kl(x)zf hy(t)dt, kz(x)zf (f hg(s)ds)dt. (1.15)

Since hi, hy € L*(a,b) € L'(a, b), we conclude that k; € H'(a, b), k| = hy, and
ky € H*(a, b), k!/ = h,. Obviously, k(a) = kz(a) = k}(a) = 0. Moreover, ki (b) =
(h1,1) =0and k5 (b) = (h3, 1) = 0. Hence, ké(x)x|la’ =0, and using formula (1.13),
we derive

b
ko (b) = / ky(t)dt = (ky, 1) = —(k3, x) = = (ha, x) = 0.

Thus, we have shown that k1 € D(T) and k, € D(Tz), so T (iky1) =hy € R(T) and
T2(—ky) = hy € R(T?). O

Statement 2 D(T*) = H'(a, b) and T*g = —ig’ for g € D(T*),
D(T**) =D((T*)?) = H*(a,b) and (T?)*g = —g" for g € D(T?)*).

Proof First suppose that g € H'(a, b). Let f € D(T). Since f(a) = f(b) =0, the
right-hand of formula (1.13) vanishes, so we obtain

(Tf. g)=—i(f".g)=i(f.¢')=(f —ig’).

By the definition of T* it follows that g € D(T*) and T*g = —ig’.

Now let g € Hz(a,b). Then, by the definition of Hz(a,b), g and g’ are in
H'(a,b). Applying the result of the preceding paragraph twice, first to g and then
to T*g = —ig’, we conclude that g € D((T*)?) and (T*)%g = —g".

Conversely, suppose that g; € D(T*) and g € D((T?)*). We set h := T*g
and hy := (T'?)*g> and define the functions k; and k> by (1.15). As noted above, we
then have k; € H'(a, b), ko € H*(a, b), ki =hy,and K = h;.
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Let f1 € D(T) and f> € D(T?). Since the boundary values fi(a), f1(b), f2(a),
f2(b), fy(a), and f,(b) vanish, it follows from (1.13) and (1.14) that

—(fl ki) =(f1. k)= (fi.h1) = (f1. T*g1) = (T f1. &1) = (—if{, g1},
(£ k) = (o Ky) = (fo, ho) = (o, (T?) " g2) = (T* fo, 82) = (= 15, £2).

Hence, (—if{, g1 —ik;) =0and (f), g2 +k2) =0, so that g; —ik| € R(T)YL cC 1
and g + k» € R(T?)+ € C-1 + C-x by Statement 1. Since the functions k; and 1
are in H'(a, b) and k», 1, and x are in H?(a, b), we conclude that g; € H'(a, b)
and g» € H%(a, b).

By the preceding, we have proved the assertions about 7* and the relations
H%(a,b) € D((T*)?), (T*)?g= —g" for geH?(a,b), and D(T?)*) € H?(a, b).
Since (T*)2 - (T2)* by Proposition 1.7(i), this implies the assertions concerning
(T?)* and (T*)2. O

By Statement 2 we have T' C T*, so the operator T is closable. But we even have
the following:

Statement 3 7 = T™*, that is, the operator T is closed.

Proof Since always T C T**, it suffices to prove that T** C T. Let g € D(T**).
Since T C T* by Statement 2 and hence T** C T*, g € D(T*) = H'(a, b) and
T**g = —ig’ again by Statement 2. For f € D(T*), we therefore obtain

0=(T"f.g)—(f. T™g)=—i(f".g)—i(f. &)= —i(fB)g(®) — f(a)g(a)),

where the last equality follows from (1.13). Since the values f(b) and f(a) of
f € D(T*) are arbitrary, it follows that g(b) = g(a) = 0. Thus, g € D(T). Il

The reason for defining the operator 7' on absolutely continuous functions was to
get a closed operator. Often it is more convenient to work with C°°-functions with
zero boundary values. Let Ty denote the restriction of T to the dense domain

Do={feC>®(la,b]): fa)= f(b)=0}.
Statement 4 Dy is a core for T,so To=T.

Proof We first show that R(Tp)* C C-1. Indeed, upon applying the linear trans-
formation x = 7(b — @)L (x — a), we may assume that a = 0 and b = z. Then,
sinnx € D(Tp), and so cosnx = in~ ! Ty(sinnx) € R(Tp) for n € N. From the the-
ory of Fourier series it is known that the linear span of functions cosnx, n € Ny, is
dense in L%(0, 7). Hence, R(Tp)* C {cosnx :n e N}J* =C-1.

Since R(Tp)*+ € C-1, the reasoning used in the proof of Statement 2 yields
D(Ty) < HY0,7) = D(T*) and Ty S T* Hence, T =T C T = To. Since
To C T and therefore Ty C T, we get Ty =T .
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We give a second proof of Statement 4 by a direct approximation of f € D(T).

Since f’ € L?(a, b), there exists a sequence (f,)nen from C°°([a, b]) such that
gn — f'in L?(a, b). We define the functions f,, € Dy by

X b
fn(X)1=/ gn(t)dt—(x—a)(b—a)_lf gn(r)dt.

By the Holder inequality we also have g, — f’ in L!(a, b), which implies that
b b
/ gn(t)dt—>/ fldt=f®) - fl@)=0. (1.16)
a a

Hence, Tf, = —ig, + i(b — a)_lfab gn()dt — —if' = Tf in L?*(a,b). Since
f(a) =0, from the definition of f;,, we obtain for x € [a, b],

b
/ gn(1) dt

As g, — f/in Li(a,b), by (1.16) the right-hand side tends to zero as n — oo.
Therefore, f,(x) — f(x) uniformly on [a, b], and hence f,, — f in L2(a, b). Thus,
fo— fand Tof, =Tf, — Tf in L?(a, b). Oo

b
| fu() = ()] S/ |lgn () — f'()|d1 +

Example 1.5 (Bounded interval continued) Let a,b € R, a < b. For any z in
C := C U {00}, we define a linear operator S, on the Hilbert space L*(a, b) by
S.f=—if, f € D(S;), where

D(S.)={feH ab): fb)=zf(@)}, ze€C,
D(Sx) = {f € H'(a,b): f(a) =0}.
The following result describes the adjoint of the operator S,.

Statement For each z € C, we have (S)H* = ngl, where we set 07! := 0o and

 l:=0.In particular, the operator S; is self-adjoint if and only if |z] = 1.

Proof We carry out the proof for z € C, z # 0; the cases z = 0 and z = oo are treated
similarly. For f € D(S.) and g € H'(a, b), we use (1.13) to compute

(S.f.8) —(f. —ig")==i((f. g) + (. &) = =i (f &) ®) — f(a)g(a))
=—if(a)(zg(b) — g(a)). (1.17)

Ifge D(Sz—l ), then 7g(b) = g(a), so the right-hand side of (1.17) vanishes. Hence,
g €D((S,)*) and (S;)*g = —ig’.

Conversely, let g € D((S,)*). We choose A € C such that ¢**~® = z. Then
f(x):=e isin D(S,). Since T C S, and hence (S,)* € T*, we have g € H!(a, b)
and (S;)*g = —ig’ by the preceding example, so the left-hand side of (1.17) is zero.
Since f(a) # 0, this yields zg(b) = g(a), so g € D(SE—I). Oo
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Before we continue we derive two useful technical lemmas.

Lemma 1.11
G If f e HY0, +00), then limp_, 45 f(b) =0.
(i) If f € H'(R), then limp_, 4o f (b) =limy—s —oo f(a) =0.

Proof We prove (i). The proof of (ii) is similar. Formula (1.13) yields

b
/0 (FOF @O+ fOFD)dt = b = | fO)

for any b > 0. By the definition of H'(0, +-00), f and f’ are in L?(0, +00),so f'f
belongs to L' (0, 4-00). Therefore, the left-hand side of the preceding equality con-
verges to the integral over [0, +00) as b — +00. Hence, limp_, 4 | f (b)|? exists.
Since f € L?(0, 4+00), this limit has to be zero. O

Lemma 1.12 Let J be an open interval, and let ¢ be in the closure of J. For any
e > 0, there is a constant by > 0 such that

|f©@] <e|f'| +bellfll for f e H' (D). (1.18)
Proof For notational simplicity, assume that ¢ is not the left end point of 7. Take

a€J,a<c, and a function n € Cg°(R) such that n(c) = 1, n(a) =0, and
[n(r)] <1 onR. Let M be the supremum of |n’(¢)| over R. Then

£ =) — @] = f (nf)?) (1) dt f 20f (nf'+n' f)dt

<2| s +2MifI?=2¢e| £ e I+ 2M £ 11
< 52|\f’|\2 +(e2H2M)IfIP < (] f+ (e + 1+ M)||f||)2. 0

Next we investigate the differentiation operator —i% on the half-axis and on the
whole axis. For .J = (0, 00) or J = R, we define

H'(J)={feL*J): f € ACla,b] forall [a,b] € T and f’ € L*(J])}.

Let J = (0, +00). Taking the limit b — +o00 in formula (1.13) applied with
a =0 and using Lemma 1.11(i), we obtain for f, g € H! 0, +00),

(£ g)+(f.&')=—F(0)g(0). (1.19)

Example 1.6 (Half-axis) Let T be the operator on L2(0, +-00) defined by Tf = —i f’
for f in the domain D(T) = H} (0, 00) := {f € H'(0, +00) : f(0) =0}.

Statement D(T*) = H'(0, +00) and T*g = —ig’ for g € D(T*).
Proof Suppose that g € H'(0, +00) and let f € D(T). Since f(0) = 0, formula

(1.19) yields (f, g) + (f. g') = 0. Hence, (Tf, g) = (f, —ig’) for all f € D(T).
This implies that g € D(T*) and T*g = —ig’.
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Now let g € D(T*). We denote by T? the operator on L2(O, b) obtained from
T by restricting functions of D(T) to [0, b] and by T}, the operator T on L>(0, b)
from Example 1.4. From Statement 2 therein, g € H'(0, b) and (7)*g = —ig’ on
[0, b]. Since T;, € T? and hence (T?)* C (T})*, this yields (T?)*g = —ig’ on [0, b].
Obviously, ((T?)*g)(x) = (T*g)(x) for x € [0, b] and any b > 0. Hence, T*g =
—ig’ on [0, +00). Since g, g’ € L%(0, +00), we have g € H'(0, +00). d

Repeating almost verbatim the proof of Statement 3 from Example 1.4, it can be
shown that the operator T is closed. This follows also from the facts that the graph
norm of T is the norm of the Hilbert space H 1(0, +00) and that the functional
f — £(0) is continuous on H'(0, +00) by (1.18). o

Example 1.7 (Real line) Let T be the operator —i% with domain D(T) = HY(R)

on the Hilbert space L?(R). Proceeding as in Example 1.6, by using Lemma 1.11(ii)
we derive T = T*, that is, the operator T is self-adjoint. o

Finally, we mention the relations to distributive derivatives (see Appendix D).
Let J be an open interval, and let f, g € Ll (J). Recall that the function g is

loc
called the weak derivative (or derivative in the sense of distributions) of f if

/ fOQ' ) dt = —/ g(e(t)dt  forall g € C3°(T).
J J

Then g is uniquely determined a.e. by f. For f € H'(7), the weak derivative g
is a.e. equal to the derivative f’ of f as an absolutely continuous function. In par-
ticular, this implies that 7* is the adjoint of T[C{°(J) and that C§°(J) is a core
for T.

1.3.2 Linear Partial Differential Operators

Throughout this subsection we assume that 2 is an open subset of R? and that for
eacha € N‘é, |a| < n, afunction ay € C*°(£2) is given.
Let us consider the formal linear partial differential expression

L= Z ag (x)D* (1.20)

lae|<n
and its formal adjoint L defined by
Lt = Z D%y (x) = Z alj(x)D“, where a;'(x) = Z (5) Dﬁ_“aﬁ(x).
lo|<n lee|<n a<p
The function a(j‘ (x) is chosen such that by the Leibniz rule

LYf=) D (aa()f) =) aj(x)D*f. feC™().

le|<n ||<n
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Foroa = (ay,...,a4) and B = (B1,...,Bq) € N?, we used the multi-index notation
o la| qa o 9! 9%
= (—1)!9%, 0% = — —s ol :=a1+---+ay,
(-1 ox 9 lot] 1 d
(a) = <a1> (ad>, and B <« ifandonlyif B <aq,...,Bs <aq.
B Bi Bd

Note that £+ = £ if all functions a, (x) are real constants.

Our aim is to define two closed linear operators on the Hilbert space H = L2(£2)
associated with £ and £, the maximal operator L,x and the minimal operator
(L) min, and to prove that they are adjoints of each other.

The next lemma follows essentially by integration by parts.

Lemma 1.13 (Lf, 8);2(q) = (f. LT8)12(0) for f.g € C(2).

Proof Since f, g € C3°(£2), we can choose a bounded open subset 2 of £2 with
C*°-boundary such that supp f C £2 and supp g C §2. Then we compute

(€181 =Flaal 18] =3 | ant=l (@ yza
—Z/( el (e aagdx_z / i £9% (Ggg) dx
= Z /9 i f3% @ag)dx =) (f, D*azg)=(f. L*g).

o

The fourth equality follows from the Gauss formula (D.4) by using that all terms of
f and ag g on the boundary 382 vanish, since supp f € 2 and suppg € Q. g

Clearly, the formal adjoint expression £V is uniquely determined by the equation
in Lemma 1.13. From this characterization it follows at once that (£T)T = L.

First we define linear operators Lo and (L) on the Hilbert space L%(2) by
Lo=Lfand (LT)of =L"f for f € D(Lg) =D((L")p) := C5o(£2).

By Lemma 1.13 we have Lo € ((L%)o)*. Hence, (L™")( has a densely defined
adjoint, so (L™)q is closable by Theorem 1.8(i). The closure of (L) is denoted by
(L) min and called the minimal operator associated with the expression £7.

To define Lpyax, we need some notions on distributions, see Appendix D. Let
D'($2) be the space of distributions on £2. Let f € D’'(£2) and ¢ € C{°(£2). Since

€ C®(£2), Lf is again a distribution of D’(£2) which acts on ¢ € C5(£2)
by

£f<¢>=2(aaD°‘ (w)—ZD"‘ (aaso)—Z(—l)'“‘f D(ay®))

—Zf D(aap)) = f(LVp). (1.21)

where the bars refer to conjugate complex functions.
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If both distributions f and g = £ f are given by functions f, g € L?(£2), we say
that the equation £ f = g holds weakly in L?(£2). This means that the expressions
D% in (1.20) act on the L?-function f in the sense of distributions.

Let D(Lmax) denote the setof all f € L2(£2) for which the distribution g=Lf
is given by a function g € L?(£2) and define Ly, f := g = Lf. The linear operator
Lmax is called the maximal operator associated with the differential expression L.

Proposition 1.14 The operators (L™)g, (L) min, and Lyax satisfy the relations
(L)) = (L)) =Lmax  and  (Lma)* = (LY) (1.22)

min
Proof Let f € D(Lmax)- Then Eq. (1.21) can be written as (Lmax f> @) = (L f, @) =
(f, (LT)og) for ¢ € D((L")g). Hence, Lmax S ((LT)o)* by the definition of the
adjoint operator. Now suppose that f € D(((L")g)*) and set g = ((L™)o)* f. Then
(8. 9) = (f, LDop) = (f, LT¢) forall ¢ € D((LT)g). On the other hand, we have
Lf(@) = f(Lte) = (f, L) by (1.21). Comparing both formulas, we conclude
that the distribution £ f is given by the function g € L2(£2), that is, f € D(Lmax)-
Thus, we have shown that L.x = ((L1)g)*.

Since (L) min is the closure of (L ™), Theorem 1.8(ii) yields ((L ) min)* = Lmax
and (Lypax)* = (L) min)** = (L) min, Which completes the proof. O

1.4 Invariant Subspaces and Reducing Subspaces

Let Ty and T be linear operators on Hilbert spaces Ho and H;, respectively. We
denote by Ty @ T; the operator with domain D(Ty & T1) = D(Tp) @ D(T1) on the
Hilbert space Ho @ H; defined by

(To ® Th) (x0, x1) = (Toxo, Tix1), where xog € D(Tp), x1 € D(T1).
Let T be a linear operator on a Hilbert space H, and let Ho be a closed linear

subspace of H. The basic notions of this section are defined as follows.

Definition 1.7 If T maps D(Ty) :=D(T) N Ho into Hop, then Hy is called an in-
variant subspace for T, and the operator Ty := T [D(Tp) is called the part of the
operator T on Hy.

Definition 1.8 We say that Hy is a reducing subspace for T if there exist linear
operators Ty on Hp and 77 on ’Hé such that T = Ty @ T. The operator T is called
irreducible if {0} and H are the only reducing subspaces for T'.

Further, the commutant of the operator T is defined by
{TY :={BeB(H): BT CTB}. (1.23)

That is, an operator B € B(#) is in the commutant {7’} if and only if B maps the
domain D(T) into itself and BTx = T Bx for all x € D(T).
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Proposition 1.15 Ler Py be the projection of H on the closed linear subspace Hy.
The following statements are equivalent:

(1) Ho is a reducing subspace for T .

(ii) ’H(J)‘ is a reducing subspace for T .
(iii) Ho and ’Hé are invariant subspaces for T, and Py maps D(T) into itself.
(iv) Pye(TY}.

The parts of T on Ho and ’H(J)‘ arethen Ty =T [PyD(T) and T) =T [(I — Py)D(T).

Proof All assertions are easily derived from the corresponding definitions. As a
sample, we prove that (iv) implies (iii). By (1.23) we have PyD(T) C D(T). Let
x0 € D(T) N Hg. Then Txg =T Pyxog = PoT xo by (1.23), so that Txg € Ho. Thus,
Ho is an invariant subspace for T. Replacing Py by I — Py, it follows that H(J)‘ is
also an invariant subspace for 7. U

Corollary 1.16 An operator T is irreducible if and only if O and I are the only
projections contained in the commutant {T} .

If T is a bounded self-adjoint operator, an invariant subspace Hg for 7T is always
reducing. For unbounded self-adjoint operators, this is no longer true, but by Propo-
sition 1.17 below, H is reducing if the restriction T [(D(T) N Hy) is self-adjoint.

Example 1.8 By Example 1.7 the operator T = —i% on H!(R) is self-adjoint.
Clearly, Ho := L2(0, 1) is an invariant subspace for T.If f € H I(R) and f(0) #0,
then Py f ¢ D(T). Hence, Hy is not reducing for 7. o

Proposition 1.17 Let T be a closed symmetric operator on ‘H. Let Dy be a dense
linear subspace of a closed subspace Ho of H such that Dy C D(T') and TDy < Ho,
and let Py denote the projection onto Hg. Suppose that To := T [ Dy is essentially
self-adjoint on Hy. Then Hy is a reducing subspace for T, and Ty is the part of T
on Hyp.

Proof Letu € D(T). Using the facts that T is symmetric and Tov € H, we derive
(Tov, Pou) = (PoTov, u) = (Tov, u) = (v, Tu) = (Pov, Tu) = (v, PoTu)

for arbitrary v € Dy. Therefore, Pou € D((Ty)*) and (Tp)* Pou = PoTu. Since Ty
is essentially self-adjoint, we have (Tp)* = To. Because T is closed, Tp € T. From
these facts it follows that Pou € D(Tp) € D(T) and T Pou = Ty Pou = PoTu. This
proves that Py € {T'}'. Hence, Hy is reducing by Proposition 1.15.

Clearly, D(Ty) = PyD(Ty) € PyD(T). Since Pou € D(Ty) for u € D(T) as
shown in the preceding paragraph, we have PyD(T) = D(Tp). Hence, Ty is the
part of T on H by the last assertion of Proposition 1.15. g
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1.5 Exercises

1.

10.

11.

12.

13.

Prove the two distributivity laws (1.1), that is,
S+7T)Q=SQ+TQ and R(S+T)D RS+ RT.

Find linear operators R, S, T on H such that R(S 4+ T) # RS + RT.
Hint: Look for S = —T.

. Let A and B be linear operators on H, and let C = A B. Suppose that B is injec-

tive. Show that CB~! C A. Give an example of operators for which CB~! #£ A.

. Let T and S be linear operators on H. Suppose that D is a dense linear subspace

of H such that D C D(T) ND(S) and (T x, x) = (Sx, x) for all x € D. Prove
that Tx = Sx forall x € D.

. Show that a continuous linear operator T : H1 — H> is closed if and only if its

domain D(T) is closed in H.

Let T be a linear operator on ‘H, and let F % 0 be a linear functional on D(T').

a. Show that A/(F) is a core for T if and only if F is not continuous on the
normed space (D(T), || - lIT)-

b. Suppose that T is closed and F is continuous on (D(T), || - ||7). Show that
TN (F) is also closed.

Let T be a closed operator and A € C. Show that /(T — A[) is closed.

. Find examples of densely defined closed operators 7" and S on a Hilbert space

for which (T + S)* £ T* 4+ S*.

Let T be a closed operator on H, and let B € B(7{). Show that the operators

TB and T + B are closed.

Find a closed operator 7 on H and an operator B € B(#) such that BT is not

closed.

Hint: Take B = (-, x)y, where x ¢ D(T*) and y # 0.

Let T denote the multiplication operator by ¢ € C(R) on L?(R) with domain

D(T)={f € L>’(R): ¢ - f € L*(R)}. Show that C{°(R) is a core for T

Let o = (ap)neny be a complex sequence. Define the linear operators L,

Ry, and T, on lz(N) by To(@n) = (@n@n), La(@1, 02, ...) = (0192, 0293, .. .),

Ry (@1, ¢02,...) =0, a191, 0292, ...) with domains

D(Ty) = {(gn) € P(N) : (anipn) € 2(N)},

D(Ly) = {(pn) € P(N) : (1902, 2953, ...) € P(N)},

D(Ry) = {(gn) € I*(N) : (0, 2101, 2902, ...) € P(N)}.

a. Prove that these three operators are closed.

b. Determine the adjoints of these operators.

c. Prove that Dy = {(¢1,...,9s,0,...) : o € C,n € N} is a core for each of
these operators.

Consider the linear subspace D = {(f1, f>) : fi € H'(0,1), f» € H'(2,3)} of

the Hilbert space H = L20,1) & L%(2,3). Let z, w € C. Define the linear op-

erators Ty, k =1,2,3,by Ti(f1, f2) = (—if{, —if,;) with domains

D(T) ={(f1, f2) € D: f1(0) =zf2(3)},

D(T2) ={(f1, f2) € D: 1(0) =z/23), i) =wfa(D)},

D(T3) ={(f1, f2) € D: f1(0) = f2(3) =0, fi(1) =z/2(2)}.

Determine the adjoint operators 7%, T, T5'.
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15.

16.

17.

Exercises 23

Define the linear operator T on the Hilbert space L%(0, 1) by Tf = —if’ for
feDT):={feCl(0.1]): f(0) = f(1) =0, f/(0) = f'(1)}.

a. Determine the operators T*, (T2)*, (T*)?. Compare (T2)* and (T*)2.

b. Is C§°(0, 1) a core for T or T>?

Let J be an open interval, and T = —idd—x onD(T) = H(} (J).Forc € J, define
Do:={f € Hy(J): f(c) =0}, D1 = {f € Hy(J): f(c) = f'(c) =0}, and
Dy ={f € Hj(J); f(c) =0}.

a. Are Dy or D, cores for T?

b. Are D; or D; cores for T2?

¢. Which of the operators T [Dy, T [Dy, T2 D1, and T2 D, are closed?

Let T be a closed operator on a Hilbert space H.

a. Show that the commutant {7}’ is a subalgebra of B(#).

b. Show that {T'} is closed in B(H) with respect to the strong convergence.

c¢. Give an example for which B € {T} but B* ¢ {T}'.

Let T be a linear operator on H and B € B(H).

a. Suppose that T is closable. Show that B € {T'} implies B € {T}'.

b. Suppose that 7' is densely defined. Show that B € {T'} implies B* € {T*}'.
c. Suppose that 7 is self-adjoint and BT is symmetric. Show that B € {T'}'.






Chapter 2
The Spectrum of a Closed Operator

The main themes of this chapter are the most important concepts concerning general
closed operators, spectrum and resolvent. Section 2.2 is devoted to basic properties
of these notions for arbitrary closed operators. In Sect. 2.3 we treat again differen-
tiation operators as illustrating examples. First however, in Sect. 2.1 we introduce
regular points and defect numbers and derive some technical results that are useful
for the study of spectra (Sect. 2.2) and for self-adjointness criteria (Sect. 13.2).

2.1 Regular Points and Defect Numbers of Operators

Let T be a linear operator on a Hilbert space .

Definition 2.1 A complex number X is called a regular point for T if there exists a
number ¢, > 0 such that

|(T —xDx|| = cllx|l  forall x € D(T). (2.1)
The set of regular points of T is the regularity domain of T and denoted by 7 (T).

Remark There is no unique symbol for the regularity domain of an operator in the
literature. It is denoted by 6(T) in [BS], by IT(T) in [EE], and by I'(T) in [We].
Many books have no special symbol for this set.

Recall that the dimension of a Hilbert space #, denoted by dim #, is defined by
the cardinality of an orthonormal basis of H.

Definition 2.2 For A € 7(T), we call the linear subspace R(T — AI)T of H the
deficiency subspace of T at A and its dimension d; (T) := dimR(T — AI)* the
defect number of T at A.

Deficiency spaces and defect numbers will play a crucial role in the theory of
self-adjoint extensions of symmetric operators developed in Chap. 13.
A number of properties of these notions are collected in the next proposition.

K. Schmiidgen, Unbounded Self-adjoint Operators on Hilbert Space, 25
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Proposition 2.1 Let T be a linear operator on H, and ) € C.

(i) A €n(T) ifand only if T — 11 has a bounded inverse (T — A1)~ defined on
R(T — Al). In this case inequality (2.1) holds with ¢; = ||(T — A1)~4 =L
(ii) 7w (T) is an open subset of C. More precisely, if Ao € n(T), » € C, and
|A — Aol < cay, Where ¢y, is a constant satisfying (2.1) for Ao, then A € w(T).
(i) If T is closable, then w(T) = n(T), d5(T) = d(T), and R(T — Al) is the
closure of R(T — MI) in H for each ) € w(T).
(v) If T is closed and . € w(T), then R(T — Al) is a closed linear subspace of H.

Proof (i): First suppose that A € w(T). Then N(T — AI) = {0} by (2.1), so the
inverse (T — A1)~ ! exists. Let ye DT — AD)~Y = R(T — AI). Then we have
y = (T — AI)x for some x € D(T), and hence,

(T =D y|| = Ixll < (T —aDx| = ¢ Iyl

by (2.1). That s, (T — A1)~ is bounded, and ||(T — A1)~'| < ¢ "
Assume now that (7 — AI)~! has a bounded inverse. Then, with x and y as
above,

Ixll = [(T =D~y | < (T —=aD~ iyl = (T —aD || (T = 2D)x].

Hence, (2.1) holds with ¢; = (T — A~ 1.
(ii): Let Ao € w(T) and A € C. Suppose that [A — Ao| < c;,, Where c;,, is a con-
stant such that (2.1) holds. Then for x € D(T'), we have

I(T = xDx| = (T —roD)x — A = 2o)x || = [|(T = roDx | — |A — Aolllx|
> (€ao = 12 = 2ol) Ixll.

Thus, A € w(T'), since |A — Ag| < cy,. This shows that the set 7 (T') is open.
(iii): Let y be in the closure of R(T — A[I). Then there is a sequence (x;),cN Of
vectors x, € D(T') such that y,, :== (T — Al)x, — y in . By (2.1) we have

= xll < e (T = 2D Gen = x0) | = €5y — yell-

Hence, (x,) is a Cauchy sequence in H, because (y,) is a Cauchy sequence. Let
x := lim, x,,. Then lim, Tx, = lim,(y, + Ax,) = y 4+ Ax. Since T is closable,
x € D(T) and Tx =y + Ax, so that y = (T — AI)x € R(T — AI). This proves
that R(T — AI) € R(T — AI). The converse inclusion follows immediately from
the definition of the closure 7. Thus, R(T — Al) = R(T — 1I).

Clearly, 7(T) = 7(T) by (2.1). Since R(T — A1) is the closure of R(T — AI),
both have the same orthogonal complements, so dy (T) = d(T) for » € 7 (T).

(iv) follows at once from (iii). O

Combining Proposition 2.1(iii) and formula (1.7), we obtain

Corollary 2.2 If T is a closable densely defined linear operator, and 1 € n(T),
then H =R(T —Al) ®N(T* — AI).
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The following technical lemma is needed in the proof of the next proposition.

Lemma 2.3 If F and G are closed linear subspaces of a Hilbert space H such that
dim F < dim G, then there exists a nonzero vector y € GN F L.

Proof 1In this proof we denote by | M| the cardinality of a set M. First, we suppose
that k = dim F is finite. We take a (k + 1)-dimensional subspace Gy of G and define
the mapping @ : Go — F by @ (x) = Px, where P is the projection of H onto F.
If @ would be injective, then k + 1 = dim Gy = dim @ (Gp) < dim F =k, which is a
contradiction. Hence, there is a nonzero vector y € N'(®). Clearly, y e GN F L
Now suppose that dim F is infinite. Let { f; : k € K} and {g; : [ € L} be orthonor-
mal bases of F and G, respectively. Set Li:={l € L : (fi, g1) # 0} for k € Kand
L' =Jyeg Lk Since each set Ly is at most countable and dim F = | K| is infinite,
we have |L'| < |K||N| = |K]|. Since |K| =dim F < dimG = |L| by assumption, we
deduce that L’ # L. Each vector g; with [ € L \ L’ is orthogonal to all fi, k € K,
and hence, it belongs to G N FL O

The next proposition is a classical result of M.A. Krasnosel’skii and M.G. Krein.

Proposition 2.4 Suppose that T is a closable linear operator on H. Then the defect
number d, (T) is constant on each connected component of the open set 7w (T).

Proof By Proposition 2.1(iii), we can assume without loss of generality that T is
closed. Then R(T — pl) is closed for all u € w(T") by Proposition 2.1(iv). There-
fore, setting KO\, :=R(T — wl)*, we have

(Kt =R(T —pul) for pen(T). (2.2)

Suppose that Ag € 7(T') and A € C are such that |\ — Ag| < c,. Then A € 7 (T)
by Proposition 2.1(ii). The crucial step is to prove that dy (T) = dj,(T).

Assume to the contrary that d; (T') # d,(T). First suppose that d, (T) < d;,,(T).
By Lemma 2.3 there exists a nonzero vector y € K, such that y € (K;)L. Then
y € R(T — AI) by (2.2), say y = (T — AI)x for some nonzero x € D(T). Since
y=(T —A)x € K;,,, we have

(T —ADx, (T — xD)x)=0. (2.3)

Equation (2.3) is symmetric in A and A, so it holds also when dy,(T) < dy(T).
Using (2.3), we derive

(T = xoD)x|> = (T = 2D)x + (. = ho)x, (T — roD)x)
< & =2olllxI[|(T = 2o Dx .
Thus, (T — Aol)x]|l <|A — Aolllx]l. Since x # 0 and | — Ag| < c,, we obtain
1= dolllx ]| < cxpllxll < (T = hoD)x|| < [& — Aol [1x]|
by (2.1), which is a contradiction. Thus, we have proved that dy (T') = d,,,(T).



28 2 The Spectrum of a Closed Operator

The proof will be now completed by using a well-known argument from ele-
mentary topology. Let & and § be points of the same connected component I/ of the
open set 7 (7T') in the complex plane. Then there exists a polygonal path P contained
inU froma to B.For A € P, letly ={) € C: |\ — A| <c;}. Then {Uy : A € P} is

an open cover of the compact set P, so there exists a finite subcover {Uf;,,, ..., U}
of P. Since d; (T) is constant on each open set Ufy, as shown in the preceding para-
graph, we conclude that dy (T') = dg(T). O

The numerical range of a linear operator T in H is defined by
O(T)={(Tx,x):x e D(T), |Ix|| =1}

A classical result of F. Hausdorff (see, e.g., [K2, V, Theorem 3.1]) says that & (T)
is a convex set. In general, the set ® (T') is neither closed nor open for a bounded or
closed operator. However, we have the following simple but useful fact.

Lemma 2.5 Let T be a linear operator on H. If A € C is not in the closure of O (T),
then A € w(T).

Proof Set y, :=dist(A, ©(T)) > 0. For x € D(T), ||x|| = 1, we have
(T —ADx| = |((T — ADx, x)| = |(Tx, x) = A| = y1.
so that || (T — AI)y|| = y, ||y for arbitrary y € D(T). Hence, 1 € = (T). O

2.2 Spectrum and Resolvent of a Closed Operator
In this section we assume that 7 is a closed linear operator on a Hilbert space H.

Definition 2.3 A complex number A belongs to the resolvent set p(T) of T if the
operator T — A1 has a bounded everywhere on H defined inverse (T — AI)~!, called
the resolvent of T at X and denoted by R, (T).

The set o (T) :=C\ p(T) is called the spectrum of the operator T'.

Remarks 1. Formally, the preceding definition could be also used to define the spec-
trum for a not necessarily closed operator 7. But if A € p(T'), then the bounded
everywhere defined operator (T — A1)~! is closed, so is its inverse T — AI by The-
orem 1.8(vi) and hence T. Therefore, if T is not closed, we would always have
that p(T) =@ and o (T') = C according to Definition 2.3, so the notion of spectrum
becomes trivial. For this reason, we assumed above that the operator T is closed.

2. The reader should notice that in the literature the resolvent R, (T) is often
defined by (A1 — T)~! rather than (T — AI)~! as we do.

By Definition 2.3, a complex number X is in p(7) if and only if there is an
operator B € B(H) such that
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B(T—A)CI and (T —AB=1.

The operator B is then uniquely determined and equal to the resolvent R, (T').

Proposition 2.6

) p(T)={1en(T):d,(T)=0}.
(ii) p(T) is an open subset, and o (T) is a closed subset of C.

Proof (1) follows at once from Proposition 2.1, (i) and (iv). Since 7 (T') is open and
d) (T) is locally constant on 7 (7) by Proposition 2.4, the assertion of (i) implies
that p(T) is open. Hence, o (T) = C\ p(T) is closed. Il

The requirement that the inverse (T — A1 )~ is bounded can be omitted in Defi-
nition 2.3. This is the first assertion of the next proposition.

Proposition 2.7 Let T be a closed operator on H.

(1) p(T) is the set of all numbers ) € C such that T — Al is a bijective mapping of
D(T) on H (or equivalently, N(T — A1) = {0} and R(T — A1) =H).

(i) Suppose that D(T) is dense in ‘H and let . € C. Then A € o (T) if and only if
A € o (T*). Moreover, R (T)* = R(T*) for A € p(T).

Proof (i): Clearly, T — A[ is bijective if and only if the inverse (T — AJ)~! exists
and is everywhere defined on . It remains to prove that (I — AI)~! is bounded
if T — Al is bijective. Since T is closed, T — A is closed, and so is its inverse
(T — AI)~! by Theorem 1.8(vi). That is, (T — AI)~! is a closed linear operator
defined on the whole Hilbert space H. Hence, (T — AI)~! is bounded by the closed
graph theorem.

(ii): It suffices to prove the corresponding assertion for the resolvent sets.

Let A € p(T). Then, by Theorem 1.8(iv), (T — AI)* = T* — AI is invertible, and
(T* =2~ = (T — AI)™Y*. Since (T — AI)~! € B(H) by A € p(T), we have
(T —xI)~"Y* e B(H), and hence (T* — A1)~! € B(H), thatis, A € p(T*).

Replacing 7 by T* and A by A and using the fact that 7 = T**, it follows that
A€ p(T*) implies A € p(T). Thus, A € p(T) if and only if A € p(T*). O

Proposition 2.8 Let T be a closed operator on H. Let U be a connected open
subset of C\®(T). If there exists a number Ly € U which is contained in p(T), then
U C p(T). Moreover, ||(T — A1)~Y|| < (dist(r, ©(T)))~! for » eU.

Proof By Lemma 2.5 we have U C 7 (T'). Therefore, since T is closed, it follows
from Proposition 2.1(iv) that R(T — A1) is closed in H for all A € Y. By Propo-
sition 2.4, the defect number d, (T') is constant on the connected open set /. But
dy,(T) =0 for A9 € U, since Ag € p(T). Hence, d,(T) = 0 on the whole set /.
Consequently, U € p(T') by Proposition 2.6(i).

From the inequality |[(T — AI)y|| > y.|ly| for y € D(T) shown in the proof of
Lemma 2.5 we get || (T — a1 | < y)f] for A e U, where y, =dist(A, ©(T)). U
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Next we define an important subset of the spectrum.

Definition 2.4 o,(T) := {1 € C : N(T — AI)#{0}} is the point spectrum of T.
We call A € 0p,(T) an eigenvalue of T, the dimension of N(T — A1) its multiplicity,
and any nonzero element of (T — AI) an eigenvector of T at A.

Let A be a point of the spectrum o (7"). Then, by Proposition 2.7(i), the operator
(T — A1) : ' D(T) — H is not bijective. This means that T — A is not injective or
T — Al is not surjective. Clearly, the point spectrum o}, (T) is precisely the set of all
A € o (T) for which T — A[ is not injective. Let us look now at the numbers where
the surjectivity of the operator 7 — A/ fails.

The set of all A € C for which T'— Al has a bounded inverse which is not defined
on the whole Hilbert space H is called the residual spectrum of T and denoted by
or(T). Note that o(T) = {A € n(T) : d,(T) # 0}. By Proposition 2.4 this descrip-
tion implies that o;(7T') is an open set. It follows from Proposition 3.10 below that
for self-adjoint operators 7', the residual spectrum o(7") is empty.

Further, the set of A € C for which the range of T — A is not closed, that is,
R(T — A1) # R(T — 1I), is called the continuous spectrum o.(T) of T. Then
o(T) = op(T) U or(T) Uoc(T), but the sets o.(T') and op(T') are in general not
disjoint, see Exercise 5.

Remark The reader should be cautioned that some authors (for instance, [RN,
BEH]) define o¢(T') as the complement of o (7T) U or(T) in o (T); then o (T) be-
comes the disjoint union of the three parts.

Example 2.1 (Example 1.3 continued) Let ¢ be a continuous function on an inter-
val J. Recall that the operator M, was defined by My, f = ¢- f for f in the domain
D(My) = {feL*(T) 1 ¢-f € L*(])).

Statement o (M) is the closure of the set ¢(J).

Proof Let & € ¢(J), say A = ¢(tg) for tp € J. Given ¢ > 0, by the continuity of ¢
there exists an interval K C J of positive length such that |¢(¢) — ¢(f)| < ¢ for all
t € K. Then ||[(My — AD) xk || < el xk . If A would be in p (M), then

Ixkll = | Rx(Mp)(My — MDD xk | < | Ri.(My) | el xk .

which is impossible if e||R; (My)|l < 1. Thus, A € 0(My) and ¢(J) € o(M,).
Hence, ¢(J) C o (My).

Suppose that X ¢ ¢(J). Then there is a ¢ > 0 such that |A — ¢(¢)| > ¢ for all
t € J. Hence, ¥ (t):=(¢(t) — A)~! is a bounded function on .7, so My, is bounded,
D(My) = L*(J), and My = (M, — AI)~". Therefore, A € p(M,). Oo

Now we turn to the resolvents. Suppose that 7 and S are closed operators on ‘H
such that D(S) € D(T). Then the following resolvent identities hold:
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Ru(T) — Ru(S) = Ru(T)(S = T)Rp(S) forrep(S)Np(T),  (24)
Ry(T) — Ry (T) = (A — 2) R (T) Ry (T)  for &, a9 € p(T). (2.5)
Indeed, if A € p(S) N p(T) and x € H, we have R, (S)x € D(S) CD(T) and

Ru(T)(S = T)R,.(S)x = Ru(T)((S — A1) — (T — A1) Ry.(S)x
= R).(T)x — Ry (S)x,

which proves (2.4). The second formula (2.5) follows at once from the first (2.4) by
setting § =T + (A — Ag)[ and using the relation Ry (S) = R (T).

Both identities (2.4) and (2.5) are very useful for the study of operator equations.
In particular, (2.5) implies that R, (T) and R;,(T) commute.

The next proposition shows that the resolvent R, (T') is an analytic function on
the resolvent set p(7") with values in the Banach space (B(H), || - ||).

Proposition 2.9 Suppose that Ao € p(T), A € C, and |A — L] < ||R)\O(T)||_1. Then
we have ) € p(T) and

Ru(T) =) (b —20)" Rpy ()", (2.6)
n=0

where the series converges in the operator norm. In particular,

Alinkl()” Ru(T) — Ry, (T)| =0 forrg € p(T). 2.7

Proof As stated in Proposition 2.1(i), (2.1) holds with ¢;, = ||R,\0(T)||’1, so that
|A — Aol < c3, by our assumption. Therefore, A € n(T) and d,(T) = d,,(T) =0,
and hence, A € p(T') by Propositions 2.4 and 2.6.

Since |[(A — Ag) Ry, (T)|| < 1 by assumption, the operator I — (A — Ag) Ry, (T)
has a bounded inverse on A which is given by the Neumann series

o0
(I = (= 2 Rio (1) =Y (k= 10)" Ry (T)". (2.8)
n=0
On the other hand, we have R, (T)(I — (A — X0)Ry,(T)) = Ry,(T) by (2.5), and
hence, R; (T) = R, (T)(I — (A —Ao) Ry, ()~ L. Multiplying (2.8) by Ry, (T) from
the left and using the latter identity, we obtain R, (7). This proves (2.6).
Since analytic operator-valued functions are continuous, (2.6) implies (2.7). U

From formula (2.6) it follows in particular that for arbitrary vectors x, y € H, the
complex function A — (R, (T)x, y) is analytic on the resolvent set p(T).

For T € B(H), it is well known (see, e.g., [RS1, Theorem VI1.6]) that the spec-
trum o (T') is not empty and contained in a circle centered at the origin with radius

r(T):= lim [7"]"".
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This number r(7T') is called the spectral radius of the operator T. Clearly, we
have r(T) < ||T||. If T € B(H) is self-adjoint, then r(T) = ||T'||.

By Proposition 2.6 the spectrum of a closed operator is a closed subset of C. Let
us emphasize that any closed subset (!) of the complex plane arises in this manner.
Example 2.2 shows that each nonempty closed subset is spectrum of some closed
operator. A closed operator with empty spectrum is given in Example 2.4 below.

Example 2.2 Suppose that M is a nonempty closed subset of C. Since C is separa-
ble, so is M, that is, there exists a countable subset {r, : n € N} of M which is dense
in M. Define the operator T on I>(N) by D(T) = {(x,) € [?(N) : (ryx,) € I>(N)}
and T (x,) = (r,x,) for (x,) € D(T). It is easily seen that D(T) = D(T*) and
T*(xp) = (ryxy) for (x,) € D(T*). Hence, T = T**, so T is closed. Each num-
ber r, is an eigenvalue of T, and we have o (T) ={r, :n e N} = M. o

The next propositions relate the spectrum of the resolvent to the spectrum of the
operator. Closed operators with compact resolvents will play an important role in
several later chapters of this book.

Proposition 2.10 Let A be a fixed number of p(T), and let > € C, L # Xp.

(i) &€ p(T) ifand only if (A = 20) ™" € p(Ry(T)).
(i) A is an eigenvalue of T if and only if (A — ro) " LVisan eigenvalue of R, (T). In
this case both eigenvalues have the same multiplicities.

Proof Both assertions are easy consequences of the following identity:
T—AI:(RAO(T)—(A—ko)’]l)(T—)\ol)()\o—)»). (2.9)

(1): Since (T — Apl) (o — M) is a bijection from D(T) to H, it follows from (2.9)
that 7 — A1 is a bijection from D(T') to H if and only if R, (T) — (A — ro) isa
bijection of H. By Proposition 2.7(i) this gives the assertion.

(ii): From (2.9) we conclude that (T — Aol ) (Ao — A) is a bijection of N (T — A1)
on N (Ry, (T) — (A — 20) " 1). O

We shall say that a closed operator T has a purely discrete spectrum if o (T') con-
sists only of eigenvalues of finite multiplicities which have no finite accumulation
point.

Proposition 2.11 Suppose that there exists a Ao € p(T) such that R;,(T) is com-
pact. Then Ry (T) is compact forall A € p(T),and T has a purely discrete spectrum.

Proof The compactness of R) (T") follows at once from the resolvent identity (2.5).
By Theorem A.3 all nonzero numbers in the spectrum of the compact operator
R;,(T) are eigenvalues of finite multiplicities which have no nonzero accumula-
tion point. By Proposition 2.10 this implies that the operator T has a purely discrete
spectrum. g
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2.3 Examples: Differentiation Operators I1

In this section we determine spectra and resolvents of the differentiation operators
. d
—i

7; on intervals from Sect. 1.3.1.

Example 2.3 (Example 1.4 continued: bounded interval (a, b)) Recall thatD(T*) =
H'(a,b) and T*f = —if’ for f € D(T*). For each 1 € C, f;(x) := ¢ is in
D(T*), and T* fj. = Afy, so A € 0p(T*). Thus, o(T*) = C. Since T = (T*)*,
Proposition 2.7(ii) implies that o (T") = C. o

Example 2.4 (Example 1.5 continued)
Statement o (S.) = {1 € C:e* @Dz =1} for z € C and 6 (Ss) = 9.

Proof Let & € C and g € L?(a, b). In order to “guess” the formula for the resolvent
of S;, we try to find an element f € D(S;) suchthat (S, — A f=—if —Af =g.
The general solution of the differential equation —if" — Af = g is

X

fx) =i (/ e Mg(t) dr + c,\,g), where ¢; , € C. (2.10)
a

Clearly, f € H'(a, b), since g € L%(a, b) and hence e g(¢) € L' (a, b). Hence, f
is in D(S;) if and only if f satisfies the boundary condition f(b) = zf (a) forz € C
resp. f(a) =0 for z = co.

First suppose that z € C and @2z £ 1. Then f € D(S,) if and only if

c)\’g:(e‘)‘(a_h)z—l)il‘/ e Mg()dt. (2.11)
a

‘We therefore define

X b
(Ri.(S)g) (x) = ie™ (/ e Meg(r) dt+(ei“”_b)z—l)*1/ e Mg(r) dt).

a a

Next suppose that z = 0o. Then f € D(Sx) if and only if ¢; , = 0, so we define

X
(Ri.(So0)g) (x) =i / e Mg,
a

We prove that Ry (S.), z € C U {oo}, is the resolvent of S.. Let g € L?(a, b)
and set f := R, (S;)g. By the preceding considerations, we have f € D(S;) and
(S;—=AD) f=(S; —AI)R,(S;)g = g. Hence, S; — Al is surjective. From (2.10) and
(2.11) we conclude that g = 0 implies that f =0, so S; — A/ is injective. Therefore,
by Proposition 2.7(i), A € p(S;) and (S; — A~ = R;.(S;). Thus, we have shown
that {1 : ¢*(@=0) 7 £ 1} C p(S,) for z € C and p(Sx) = C.

Suppose that z € C and ¢*@~?z = 1. Then f; (x) := ¢** belongs to D(S,), and
S, fo», = Lfy. Hence, A € 0 (S;). This completes the proof of the statement. O
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Let us consider the special case where |z| = 1, say z = €/*(®~%) with 1 € R. Then
the operator S; is self-adjoint (by Example 1.5) and the above statement yields

o(S)={u+b-a"2nk:keZ}. o

Example 2.5 (Example 1.6 continued: half-axis) Recall that D(T) = HOl (0, +00).
We prove that 0 (T) = {A € C: Im A < 0}.
Assume that ImA < 0. Then f.(x) := ¢** € D(T*) and T* f, = A f3, so that
e 0p(T*) and A € o (T) by Proposition 2.7(ii). Hence, {1 : ImA <0} C o (T).
Suppose now that Im A > 0 and define

X .
(Ru(T)g)(x) =i f M Dg()dr, g e L*(0,+00).
0
That is, R, (T) is the convolution operator with the function h(t) := ie™ on the
half-axis [0, +00). Since ImA > 0 and hence 4 € L'(0, +00), R;.(T) is a bounded
operator on L%(0, 400). Indeed, using the Cauchy—Schwarz inequality, we derive

00 X 2
||(RA(T)g)|}2=/0 ‘/O h(x —t)g(t)dt| dx

< /Ooo</0x]h(x —z)\dr)(/ox}h(x —t)||g(z)|2dz)dx

o X 5
snhnu(o,m)/o /0 Ih(e = 1)[|g(0)|*dt dx

o o 2
< 1Al L1 0,400 fo fo ()¢ drdx" = 111171 g o0 18117

Set f := Ry (T)g. Clearly, f € ACJa, b] for all intervals [a, b] € (0, +00). Since
f e L?(0,+00), f' =i(Af + g) € L?(0,+00) and f(0) =0, we have f €
Hol(O, 4+00) =D(T) and (T — Al)f = (T — AI)R,(T)g = g. This shows that
T — M is surjective. Since ImA > 0, N (T — AI) = {0}. Thus, T — A is bijective,
and hence A € p(T') by Proposition 2.7(i). From the equality (T — AR, (T)g =g
for g € L2(0, +00) it follows that R, (T) = (T — A1)~ is the resolvent of 7.

By the preceding we have proved that o (T) = {A : Im A < 0}. o

Example 2.6 (Example 1.7 continued: real line) Then the operator T = —i% on

H'(R) is self-adjoint. We show that o (T') =R.

Suppose that A € R. Let us choose a function @ € C°(R), w # 0, and put
he(x) := €'/2e™ g (ex) for € > 0. Since ||he| = ||w|| and |(T — ADhe|| = €||']l,
it follows that A is not in 7 (7') and so not in p(T). Hence, A € ¢ (T). Since T is
self-adjoint, o (T") € R by Corollary 3.14 below. Thus, o (T) = R.

The resolvents of T for A € C\R are given by the formulas

(R.(T)g) (x) :i/x e Detydr, Imi >0, (2.12)

+oo |
(Ri(T)g)(x) = —i/ e Derydr, Imi <. (2.13)

X
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Exercises

. Find a bounded operator T such that @ (T) is not the convex hull of o (T).

Hint: Look for some lower triangular 2 x 2-matrix.

. Let o = (a0;)nen be a complex sequence. Define an operator 7, on 12(N) with

domain D(T) = {(gn) € *(N) : (@ngn) € >N} by Tu(@n) = (@npn).
a. Determine the spectrum o (1) and the point spectrum o (7).
b. When has T, a discrete spectrum?

. Let M, be the multiplication operator from Example 2.1. Find necessary

and/or sufficient conditions for a number belonging to the point spectrum
op(My).

. Let T7 and T5 be closed operators on H; and H,, respectively.

a. Show that 71 @ T, is a closed operator on H| @ Hs.
b. Show that o (T & T7) = o (T1) Ua (T3).

. Find a bounded operator T and a A € o,(T) such that R(T — AlI) #

R(T — AI).
Hint: Look for some operator T =71 & T>.

.LetT=—iL onD(T)={f € H'(0,1): f(0) =0} in H = L2(0, 1).

a. Show that T is a closed operator.
b. Determine the adjoint operator 7*.
c. Show that p(T') = C and determine the operator R, (T') for A € C.

. Prove the two resolvent formulas (2.12) and (2.13) in Example 2.6. Show that

none of these operators is compact.

. Let g be a real-valued continuous function on [a, b], a,b € R, a < b. For

z € T, define an operator 7, on L%*(a,b) by (T, f)(x) = —if'(x) + qg(x) f (x)
with domain D(T,) = {f € H'(a,b) : f(b) =zf (a)}.
a. Show that 7, is a self-adjoint operator on L>(a, b).
b. Determine the spectrum and the resolvent R; (77) for A € p(T).
Hint: Find a unitary operator U on L?(a, b) such that T, = UTU*, where
T is the operator from Example 2.3.

. Find a densely defined closed operator 7" such that each complex number is

an eigenvalue of T*, but T has no eigenvalue.

Let T be a closed operator on H. Use formula (2.6) to prove that
dR;(T) . Ry n(T) — Ry (T) 2
= 1 == R T 5 )\. S T N
h Jim A w(T) p(T)

in the operator norm on H.

Prove that o (T S)U{0} = o (ST)U{0} for T € B(H1, Hz) and S € B(H3, H1).
Hint: Verify that (ST — A1)~ = A~ [S(TS —AI)~'T — I for » #0.
(Volterra integral operator)

Let K be a bounded measurable function on {(x, y) € R%Z:0 < y<x <1}
Prove that the spectrum of the Volterra operator Vi is equal to {0}, where

(VKf)(X):/0 K(x,nf@dt, feL*0,1).
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Hints: Show that (V)" is an integral operator with kernel K, satisfying

|[KnCe.p)[ < M"1x = yI"~ /(e = DL where M := ||K | L~0.1)-
Then deduce that ||(Vg)"|| < M" /(n — 1)! and hence lim,, ||(Vg)"||!/" = 0.



Chapter 3
Some Classes of Unbounded Operators

The notion of a closed operator is too general to develop a deeper theory. This chap-
ter is devoted to some important classes of closed or closable operators. Symmetric
operators are investigated in Sect. 3.1, and self-adjoint operators in Sect. 3.2. The
interplay between symmetric and self-adjoint operators, or more precisely, the prob-
lem of when a symmetric operator is self-adjoint is one of the main themes in this
book. Section 3.2 contains some basic self-adjointness criteria. Section 3.3 is con-
cerned with classes of operators (sectorial operators, accretive operators, dissipative
operators) that will be met later as operators associated with forms or as generators
of contraction semigroups. Section 3.4 deals with unbounded normal operators.

3.1 Symmetric Operators
Throughout this section, 7 is a linear operator on a Hilbert space H.

Definition 3.1 The operator T is called symmetric (or Hermitian) if

(Tx,y)y=(x,Ty) forallx,yeD(T). 3.1
Note that we do not assume that a symmetric operator is densely defined.

Lemma 3.1 T is symmetric if and only if (T x, x) is real for all x € D(T).

Proof If T is symmetric, then (Tx,x) = (x, Tx) = (Tx, x), so (Tx, x) € R. Con-
versely, if (Tx, x) is real for all x € D(T), it follows immediately from the polar-
ization formula (1.2) that (3.1) holds, that is, T is symmetric. ]

Definition 3.2 Let T be a symmetric operator. T is said to be lower semibounded

(resp. upper semibounded) if there exists a real number m such that
(Tx,x)>m|x||* (resp. (Tx,x) <ml|x||*) forall x € D(T).
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Any such number m is called a lower bound (resp. an upper bound) for T. If T is
lower semibounded or upper semibounded, T is called semibounded. We say that T
is positive and write T > 0 if (Tx, x) > 0 for all x € D(T). If (T x, x) > 0 for all
nonzero x € D(T), then T is called strictly positive.

Clearly, each lower semibounded operator T has a greatest lower bound given
by
mr = inf{(Tx,x)||x||_2; xeDT), x # 0}.

Example 3.1 (A nonclosable symmetric operator) Let S be a nonclosable operator
on a Hilbert space H; (see Example 1.1). Then the operator T on the Hilbert space
H :="H1 & H, defined by T (x1,0) = (0, Sx7) for (x1,0) € D(T) :="D(S) & {0} is
not closable. But T is symmetric, since for x1, y; € D(S), we have

(T (x1.0), (y1.0)) = (0, y1)1 + (Sx1,0); = 0=((x1.0), T(y1.0)). o

Suppose that T is densely defined. Comparing formulas (3.1) and (1.5), we con-
clude that T is symmetric if and only if 7 C T*. Since T* is closed and (T)*=T*,
it follows that each densely defined symmetric operator T is closable, its closure T
is again symmetric, and we have

TCT=T*"CT".

If the domain D(T') of a symmetric operator 7" on H is the whole (!) Hilbert
space H, then T is a closed operator with domain . Hence, T is bounded by
the closed graph theorem. This is a classical result called the Hellinger—Toeplitz
theorem.

The next proposition deals with the regularity domain of a symmetric operator.

Proposition 3.2 If T is a symmetric operator on H, then:

i) C\RCx(T).
(i) If T is lower semibounded (resp. upper semibounded) and m is a lower bound
(resp. an upper bound) for T , then (—oo, m) C w(T) (resp. (m, 4+00) C w(T)).
(iii) If T is densely defined and A € w(T), then R(T* — A =H.

Proof (i): Let » = o + iB, where a, € R, and x € D(T). Then
|(T = xD)x|)* =((T —al)x —ifx, (T —al)x —ifx)
= |7 —aDx|* + 18x1?> = iB{(x, (T — al)x) = (T —al)x,x)}
= (T —aDx|* + 1BPIxI2. (3.2)

Here the expression in braces vanishes, because 7 is symmetric and « is real. Equa-
tion (3.2) implies that

|(T —xDx| = |ImAl|x|| forx € D(T), »€C. (3.3)
Therefore, A € w(T) if Im XA #£ 0.
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(ii): We prove the assertion for lower semibounded 7. For A € (—o0, m),
(m = WIIxI? < (T = 2Dx, x) < [ (T = 2Dx | lIx]I,

and hence (m — A)||x|| < ||[(T — AD)x|| for x € D(T). Since m > A, L € w(T).

(iii): Let y € H. We define a linear functional Fy, on R(I' — Al) by
Fy((T — ADx) = {x,y), x € D(T). Since A € n(T), it follows from (2.1)
that the functional Fy, is well defined and bounded. By Riesz’ theorem, ap-
plied to the closure of R(T — AI) in H, there is a vector u € H such that
Fy((T = ADx) = (T — AD)x,u) for x € D(T). Since (T — Al)x,u) = (x, y) for
all x € D(T), we conclude that u € D(T —AI1)*) =D(T* — A1) and (T —A1)*u =
(T* —ADu=y. O

Recall from Proposition 2.4 that for a closable operator 7', the defect number
d, (T) is constant on connected subsets of the regularity domain 7 (7"). Therefore,
if T is closable and symmetric, by Proposition 3.2 the number d, (T) is constant on
the upper half-plane and on the lower half-plane. If, in addition, T is semibounded,
then 7 (T) is connected, and hence d, (T) is constant on the whole set (7).

Definition 3.3 The deficiency indices (or the defect numbers) of a closable symmet-
ric operator T are the cardinal numbers
d(T) :=d(T)=dimR(T — A+, Imi>0, (3.4)
d_(T):=d)(T) =dimR(T — A1), Imx<O. (3.5)

If T is densely defined and symmetric, then T is closable, and by formula (1.7),

de(T) =dimN (T* —il) =dimN (T* —1I), Imi >0, (3.6)
d_(T) =dimN(T* +il) =dimN (T* — A1), Imx <O. (3.7)

Remark By our definition, d+(T) = dim N (T* Fil). Some authors define d+(T)
to be dim N (T* £i1).

Proposition 3.3 Suppose that T is a densely defined symmetric operator. If T is
semibounded or if w(T) contains a real number, then d4(T) =d_(T).

Proof In both cases, 7 (T) is connected by Proposition 3.2, so the assertion follows
from Proposition 2.4. g

Example 3.2 (Examples 1.4, 1.6, and 1.7 continued) Recall that in all three exam-
ples we have Tf = —if’ for f € D(T) = Hy (J) and T*g = —ig’ for g € D(T*) =
H'(J), where J = (a,b) witha,beR, J = (0,00) or 7 =R, respectively. Since
T C T*, T and hence T? are symmetric. Moreover, g € N (T* — A[) if and only if
g €D(T*) and —ig'(x) = Ag(x) on J.
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First suppose that .7 is a bounded interval (a, b). Then N (T*—11) =C- e and
di(T) =d_(T) = 1. Likewise we have N'((T2)* — A1) = C - elV** 4 C . ¢=WA¥,
Thus, d+(T) =1 and d4(T?) =2.

Next let J = (0, 00). Since e** € L2(0, 00) if and only if ImA > 0, we have
N(T* = A2l) =C-e* if ImA > 0 and N (T* — A1) = {0} if ImA < 0. That is,
di(T)=1and d_(T)=0.

Finally, let 7 =R. Then ¢** ¢ L2(R) for all A € C, and hence d+(T) =0. o

Example 3.3 Let S = —% with domain D(S) = {f € H2(R) : £(0) = f'(0) =0}
on L?(R). Then §* f = — f” for f € D(§*) = H*(—00,0) ® H*(0, +00). Clearly,
S is symmetric and densely defined.

Fix L € C\ [0, 00). Let VA denote the square root of A with Im+/A > 0, and
let x4+ and x_ be the characteristic functions of [0, o0) and (—o0, 0), respectively.
Then

N(S* =2I) = C - x (V™ +C- x- (x)e VA,

and S has deficiency indices (2, 2).
For f, g € H*(—o0, 0) @ H?(0, +00), we have the integration-by-parts formula

(f”, g>L2(R) - <f’ g”>L2(R)
= f'(—0)g(=0) — f(—=0)g’(—0) — f'(+0)g(+0) + f(+0)g’(+0). (3.8)

To derive this formula, we apply (1.14) to the intervals (0, ) and (a, 0), add both
formulas, and pass to the limits a— —oo and b— +o0. Since f(b), f'(b), g(b),
g b), f(a), f'(a), g(a), g'(a) tend to zero by Lemma 1.11, we then obtain (3.8).

Now let T = —% on D(T) ={f € HXR) : f/(0) =0} and A € C \ [0, 00).
Since § € T, we have N (T* — AI) C N(S* — AI). A function g € N'(S* — AI)
is in N(T* — Al) if and only if (Tf, g) = (—f",g) = (f, Ag) for all f € D(T).
Choosing f € D(T) such that f(0) # 0 and applying (3.8), we conclude that
g'(+0) = g’(—0). This implies that T has deficiency indices (1, 1) and

N(T*—AI):(C.(X+(X)ei\/XX_Xi(x)e—iﬁx). o

Lemma 3.4 Let T be a symmetric operator.

(i) Any eigenvalue of T is real.
(ii) Eigenvectors belonging to different eigenvalues of T are mutually orthogonal.
(iii) Suppose that T is densely defined and T > 0. If (Tx,x) = 0 for some
x € D(T), then Tx =0.

Proof (i): Let x be a nonzero vector from N (T — AI). Since (T'x, x) = A||x||> and
(T x, x) is real, A is real.

(ii): Let x e N(T — A1) and y € N(T — ul), where A # . Since u is real and
T is symmetric, u(x,y) = (x,Ty) =(Tx,y) = XA(x, y), and hence (x, y) =0.
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(iii): Since T > 0, (T - ,-) is a positive semidefinite sesquilinear form. Hence, the
Cauchy—-Schwarz inequality applies and yields
2
(Tx, )|
for all y € D(T). Since D(T) is dense, the latter implies that Tx = 0. (]

<(Tx,x{(Ty,y)=0

The following notion will play a crucial role for the study of boundary triplets in
Chap. 14.

Definition 3.4 Let T be a densely defined symmetric operator on H. The boundary
form of T* is the sequilinear form [-,-]7+ on D(T*) defined by

[x, ylrs =(T*x, y) = (x, T*y), x,y e D(T"). 3.9)

A linear subspace D of D(T*) is called symmetric if [x, y]7+ =0 for all x, y € D.

The reason for the latter terminology stems from the following simple fact which
follows immediately from the corresponding definitions.

Lemma 3.5 The symmetric extensions of a densely defined symmetric operator T
are the restrictions of T* to symmetric subspaces D of D(T*) which contain D(T).

Proposition 3.6 Let T be a densely defined closed symmetric operator, and let € be
a finite-dimensional linear subspace of D(T*). Define

D(Te) :=D(T)+ & and Te:=T*I'D(Te).

Suppose that the linear subspace D(Tg) of D(T*) is symmetric. Then Tg is a closed
symmetric operator. If € has dimension k modulo D(T), then Tg has the deficiency
indices (d+(T) —k,d_(T) — k).

Proof Since G(T¢) is the sum of the closed subspace G(T') and the finite-dimen-
sional vector space {(x, T*x) : x € £}, G(T¢) is closed, and so is the operator Tg.

By Lemma 3.5, T¢ is symmetric, because D(T¢) is a symmetric subspace.

It remains to prove the assertion concerning the deficiency indices of Tg. Let
A € C\ R. Without loss of generality we can assume that D(T) + £ is a direct
sum and dim £ = k. First we show that R(T — AI) + (T* — AI)E is also a direct
sum and dim(7* — AI)E = k. Indeed, assume that (T — Al)x + (T* — ADu =0
for x e D(T) and u € £. Then x +u € N(T* — AI). But x + u € D(Tg), so that
x +u € N(Tg — Al). Therefore, since Tg is a symmetric operator and A is not real,
x + u =0 by Lemma 3.4(i). Since the sum D(T) + £ is direct, x =0 and u = 0.
This proves also that (7* — A1) € is injective. Hence, dim(7* — A1) =dim & = k.

Obviously, R(Tg — A1)~ € R(T — AI)*. Since R(Tg — A1) is the direct sum of
R(T — AI) and the k-dimensional space (T* — AI)E, R(Tg — AI)* has the codi-
mension k in R(T — AI)*. By Definition 3.3 this means that d5(Tg) =d5(T)—k.O
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3.2 Self-adjoint Operators

Self-adjointness is the most important notion on unbounded operators in this book.
The main results about self-adjoint operators are the spectral theorem proved in
Sect. 5.2 and the corresponding functional calculus based on it. A large effort is
made in this book to prove that certain symmetric operators are self-adjoint or to
extend symmetric operators to self-adjoint ones.

Definition 3.5 A densely defined symmetric operator T on a Hilbert space H is
called self-adjoint if T = T* and essentially self-adjoint, briefly e.s.a., if T is
self-adjoint, or equivalently, if 7 = T*.

Let us state some simple consequences that will be often used without mention.

A self-adjoint operator 7' is symmetric and closed, since T* is always closed.

Let T be a densely defined symmetric operator. Since then T C T*, T is self-
adjoint if and only if D(T) = D(T*). Likewise, T is essentially self-adjoint if and
only if D(T) = D(T*).

Any self-adjoint operator T on H is maximal symmetric, that is, if S is a symmet-
ric operator on H such that 7 C S, then T = S. Indeed, T C S implies that $* C T*.
Combined with S € §* and T* =T, this yields S C T, so that T = S.

Some self-adjointness criteria follow easily from the next result. The nice direct
sum decomposition (3.10) of the domain D(T*) is called von Neumann’s formula.

Proposition 3.7 Let T be a densely defined symmetric operator. Then
D(T*)=D(T)+N(T*—AI)+N(T*—%I) forreC\R, (3.10)
dimD(T*)/D(T) = d4(T) +d_(T). (3.11)

Proof Let us abbreviate A5 := N (T* — AI) and N5 := N (T* — AI). The inclusion
D(T) + N + Nj € D(T*) is obvious. We prove that D(T*) € D(T) + Ny, + N5
Let x € D(T*). By Corollary 2.2 we have

H=RR(T — 1) ®N;. (3.12)
We apply (3.12) to the vector (T* — Al)x € H. Then there exist xg € D(T) and
x' € NX such that (T* — AI)x = (T — AI)xo + x"_. Since A ¢ R, we can set x_ :=
(k= 2)~"x". The preceding can be rewritten as (T* — AI)(x — xg — x_) =0, that
is, x4 :=x —xo — x_ is in V3. Hence, x = xo + x4 + x_ € D(T) + N; + N5

To prove _that the sum in (3.10) is a direct sum, we assume that xo +x4+ +x_ =0
for xo € D(T), x4 € Ny, and x_ € N. Then

(T* =Ml (xo+ x4 +x2) = (T — ADxp + (A — M)x_ =0.

The vector (A — A )x— = (T — AD)xg is in R(T — A1) N NX' Therefore, it follows
from (3.12) that x_ = 0 and (T — AI)xo = 0. Since T is symmetric and A is not real,
the latter yields xo = 0 by Lemma 3.4. Since xo = x_ =0, we get x; =0.

The preceding proves (3.10). (3.11) is an immediate consequence of (3.10). [
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Recall that a densely defined symmetric operator T is essentially self-adjoint if
and only if D(T) =D(T*). By (3.10) (or (3.11)) the latter is satisfied if and only if
d4(T)=d_(T)=0. That is, using formulas (3.4)—(3.7), we obtain the following:

Proposition 3.8 Let T be a densely defined symmetric operator on ‘H, and let A
and A_ be complex numbers such that ImA > 0 and ImA_ < Q0.

Then the operator T is essentially self-adjoint if and only d(T) = 0 (equiv-
alently, N'(T* — r_1) = {0}, or equivalently, R(T —AyI) =H) and d_(T) =0
(equivalently, N (T* — »_I) = {0}, or equivalently, R(T —x»_1) =H).

For lower semibounded operators, we have the following stronger result.

Proposition 3.9 Let T be a densely defined symmetric operator such that there is a
real number in w(T); in particular, if T is lower semibounded, the latter is fulfilled,
and C\[mr,00) Cx(T). Then T is essentially self-adjoint if and only if d, (T) =0
(equivalently, N (T* — AI) = {0}, or equivalently, R(T — A1) = H) for one, hence
all, » e n(T).

Proof Since d) (T) = d+(T) by Proposition 3.3 and C\ [mr, oo) € 7 (T) by Propo-
sition 3.2, the assertions follow at once from Proposition 3.8. O

The next proposition characterizes the numbers of the resolvent set of a self-
adjoint operator. Condition (ii) therein is often useful to detect the spectrum of the
operator.

Proposition 3.10 Let T be a self-adjoint operator on a Hilbert space H. For any
complex number X, the following conditions are equivalent:

i) A e p(T).
(i) A e (T), that is, there exists a constant c; > 0 such that |[(T —AD)x|| > ¢, ||x]|
forall x € D(T).
(i) R(T —Al)="H.

Moreover, if .. € C\ R, then » € p(T) and |Ry(T)|| < |ImA|~L.

Proof Since T is self-adjoint, by Corollary 2.2 we have
R(T — A)* = N(T — ). (3.13)

First suppose that A € C \ R. Then A € 7(T), and hence R(T — AI) is closed
by Proposition 2.1(iv). Further, N(T — AI) = {0} and N(T — AI) = {0} by
Lemma 3.4(i). Therefore, it follows from (3.13) that R(T — AI) = H. Hence,
A € p(T) by Proposition 2.7(i), and all three conditions (i)—(iii) are satisfied.

Lety e H. Then x := R, (T)y € D(T) and y = (T — Al)x. Inserting x into (3.3)
yields [|y[| > [ImA|[|[R,(T)y]l. Thatis, | R, (T)|| < |Ima|~".

From now on assume that A € R.

(i) — (ii) is obvious, since p(T) C 7 (T).
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(i) — (iii): Since A € 7 (T) by (ii), N(T — Al) = {0}, so R(T — A[) is dense in
H by (3.13). Because R(T — 1) is closed by Proposition 2.1(iv), R(T — Al) =H.
(iii) — (i): Since R(T — Al) = H by (iii), we have N (T — Al) = {0} again by
(3.13). Therefore, it follows from Proposition 2.7(i) that A € p(T). O

Now we give some self-adjointness criteria that do not assume that the symmetric
operator is densely defined. They are essentially based on the following proposition.

Proposition 3.11 Let T be a symmetric operator on H. If there exists a complex
number A such that R(T — A1) =H and R(T — ) is dense in H, then T is self-
adjoint, and ) and A are in p(T).

Proof We first show that D(T') is dense in H. Let y € D(T)~*. Since R(T — AI) =
H, there exists a vector u € D(T) such that y = (T — Al)u. Therefore, we have
0= {(y,x)= (T —rxDu,x) = (u, (T —xl)x) for x € D(T), so u € R(T — 1I)~.
Since R(T — AI) is dense, u = 0 and hence y = 0. Thus, D(T') is dense.

Hence, T* is well defined. Let w € D(T*). Applying once more the assumption
R(T — Al) =H, thereisa v € D(T) such that (T* — Al)w = (T — Al)v. Then

(T —xDx, w)=(x, (T* = Al)w)=(x, (T — A)v)=((T — AD)x,v)

for x € D(T). Because R(T — AI) is dense, w = v and so w € D(T), that is,
D(T*) CD(T). Since T is symmetric, this implies that T is self-adjoint.
Since T is self-adjoint and R(T — AI) =H, A € p(T) by Proposition 3.10. O

In particular, the preceding result implies again Proposition 3.8.

Note that the assumption R(T —A[) = H in Proposition 3.11 is crucial. It cannot
be replaced by the density of R(T" — A1) in H; see Exercise 12.

The case A = 0 in Proposition 3.11 and Corollary 1.9 yields the following.

Corollary 3.12 If T is a symmetric operator on H such that R(T) =H, then T is
self-adjoint, and its inverse T~ is a bounded self-adjoint operator on .

Proposition 3.13 Let T be a closed symmetric operator on H, and let A4, h_ € C,
where Imiy > 0 and ImA_ < 0. The operator T is self-adjoint if and only if
di(T) = 0 (equivalently, A_ € p(T), or equivalently, R(T — A_I) = H) and
d_(T) =0 (equivalently, 4 € p(T), or equivalently, R(T — 1) ="H).

Proof From Proposition 3.10, a self-adjoint operator satisfies all these conditions.
To prove the converse, we first note that R(7 — A1) is closed for any A € C\ R
by Proposition 2.1(iv), because A € 7 (T) and T is closed. Therefore, d+(T) =0
if and only if R(T — A+I) = H, or equivalently, A+ € p(T) by Proposition 3.10.
Thus, it suffices to assume that d4 (T) =d_(T) = 0. Butthen R(T £il) =H,so T
is self-adjoint by Proposition 3.11. g

By the preceding proposition a closed symmetric operator T is self-adjoint if and
only if C\ R C p(T). We restate this fact by the following corollary.
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Corollary 3.14 A closed symmetric linear operator T on ‘H is self-adjoint if and
onlyif o (T) CR.

Since the deficiency indices are constant on connected subsets of 7 (7T'), Proposi-
tion 3.13 implies the following result.

Proposition 3.15 Let T be a closed symmetric operator. Suppose that w(T) con-
tains a real number. Then T is self-adjoint if and only if d)(T) = 0 (equivalently,
A € p(T), or equivalently, R(T — )MI) = H) for one, hence all, A € n(T).

In the following examples we construct self-adjoint extensions of symmetric op-
erators by adding appropriate elements to the domains and using Proposition 3.6.

Example 3.4 (Examples 1.4, 1.5, and 3.2 continued) Let a,b € R, a < b. Recall
from Examples 1.4 and 3.2 that T = —i% on D(T) = HO1 (a,b) is a closed sym-
metric operator with deficiency indices (1, 1). In Example 1.5 it was shown that for
any z = ¢'¥ € T, the operator S, = —i% with boundary condition f(b) = zf(a) is
self-adjoint and hence a self-adjoint extension of 7.

We rederive this result by applying Proposition 3.6 to the subspace &; :=C - u,,
where u, (x) 1= exp(ip(b — a)~ ). Using formula (1.13), one verifies that D(T¢,)
is a symmetric subspace. Thus, Tg, is a closed symmetric operator with deficiency
indices (0, 0) by Proposition 3.6 and hence self-adjoint by Proposition 3.13. Since
uy(b) = zuy(a), we have D(Tg,) S D(S;) and Tg, € S;. Hence, Tg, = ;. o

Example 3.5 (Example 3.3 continued) As in Example 3.3, we let T = —% on
D(T) = {f € H*(R) : f/(0) = 0}. By Lemma 1.12, applied to f’, the functional
f — f/(0) is continuous on H?(R), so D(T) is a closed subspace of H?(R). Since
the graph norm of T is equivalent to the norm of H 2(R), D(T) is complete in the
graph norm of T'. Therefore, T is closed.

d2

For B € R, we define the operator Tp = —g2 on the domain

D(Tp) = {f € H*(—00,0) & H*(0, +00) :
f/(+0) = f'(=0), f(+0) — f(=0) = Bf (0)}.

Statement T is a self-adjoint extension of T .

Proof Using the integration-by-parts formula (3.8), one easily verifies that T is
symmetric. From Example 3.3 we know that the symmetric operator 7 has defi-
ciency indices (1, 1). Clearly, D(T) € D(Tg), and Tp is an extension of 7.
Choose numbers a,b > 0 and «, 8 € C such that (2 +aB) + B2+ bB) =0
and ao + bB # 0. Define the function f on R by f(x) = ae % + Be?* and
f(=x)=—f(—x)ifx >0. Then f € D(Tg) and f ¢ D(T).Put £:=C- f. Since
Te C Tp and Tp is symmetric, D(Tg) is a symmetric subspace of D(T*). There-
fore, by Proposition 3.6, T¢ is a closed symmetric operator with deficiency indices
(0, 0). Hence, T¢ is self-adjoint by Proposition 3.13 and Tg = Tp. g
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If B<0, then —4B~? is an eigenvalue of T3. An eigenvector is the function f
with a= —2B~', =0, thatis, f(x) =2 ¥ and f(—x)= —f(x),x>0. o

The problem of describing self-adjoint extensions (if there are any) of a general
symmetric operator will be studied in detail in Chaps. 13 and 14. In general, there is
no self-adjoint extension in the same Hilbert space. Here we prove only two simple
results. The second shows by an easy construction that a densely defined symmetric
operator has always a self-adjoint extension on a larger Hilbert space.

Proposition 3.16 If T is a densely defined closed symmetric operator on H and |
is a real number in 7w(T), then there exists a self-adjoint extension A of T on H
such that ;1 € p(A).

Proof Upon replacing T by T + pl, we can assume without loss of generality
that u = 0. Let P denote the projection of H onto N (T*). Since u =0 € 7 (T),
we have R(T*) = H by Proposition 3.2(iii). Hence, there exists a linear subspace
Do of D(T*) such that T*Dy = N(T*). Define D(A) :=D(T) + (I — P)Dy and
A :=T* | D(A). Obviously, A is an extension of 7.

We show that A is symmetric. Let uy = xx + yx, where x; € D(T) and y; €
(I — P)Dy, k =1, 2. From the relation T*(I — P)Dy = T*Dy =N (T*) L(I — P)Dy
we obtain (T*yj, yk) =0 for j, k =1, 2. Therefore,

(Aur,ug) =(Tx1 +T*y1,x2+ »

+(Tx1, y2) +(T*y1, x2)

+ (y1, Tx2)

+ (x1. T*y2) + (y1. Tx2)
(u1, Aua),

=(
= (Tx1,x2) +({T*y1,
=
=

x1, Tx2) <y1,T 2

)
»)
x1, Tx3) (xl, T* yz)
)
=(x1+y1. Tx2+T*y)=

that is, A is symmetric.

Since 0 € 7 (T) and T is closed, we have H = R(T) @ N (T*) by Corollary 2.2.
By construction, A(I — P)Dy = T*(I — P)Dy = N (T*), and so R(A) = H. There-
fore, by Corollary 3.12, A is self-adjoint, and 0 € p(A). O

Proposition 3.17 Let T be a densely defined symmetric operator on a Hilbert
space H. Then there exists a self-adjoint operator A on a Hilbert space G which
contains H as a subspace such that T C A and D(T) =D(A) N H.

Proof Let T, be the operator on the “diagonal” subspace Hg = {(x, x) : x € H} of
the Hilbert space G := H @ H defined by Ty(x,x) = (Tx,Tx), x € D(T), with
domain D(Ty) :={(x,x) :x € D(T)}. The map U given by U (x) := %(x, Xx) is an

isometry of H onto Hg such that UTU~! = T,;. Hence, the operators 7 and T are
unitarily equivalent, so it suffices to prove the assertion for 7.
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Consider the following block matrix on the Hilbert space G = H & H:

0 T
=27,

That is, A is defined by A(x, y) = (T'y, T*x) for (x, y) € D(A) =D(T*) & D(T).
A straightforward verification shows that A is self-adjoint operator on G. Obviously,
T, € Aand D(A) NHg =D(Ty). O

We close this section by proving two simple technical results. They will be used
in Sects. 3.4,5.2,7.1, and 7.3.

Proposition 3.18 Ler T be a densely defined closed linear operator from a Hilbert

space H1 into a Hilbert space Hy. Then:

() I + T*T is a bijective mapping of H,. Its inverse C := (I + T*T)" ' is a
bounded self-adjoint operator on H1 such that 0 < C < 1I.

(ii) T*T is a positive self-adjoint operator on Hi, and D(T*T) is a core for T .

Proof (i): Recall that G(T*) = V(G(T))* by Lemma 1.10, where V(x,y) =
(=y,x), x € H1, y € Hy. Hence, Hy ® Hi = G(T*) ® V(G(T)). Therefore, for
each u € H1, there exist vectors x € D(T) and y € D(T*) such that

O,u)=(y, T*y)+V(x,Tx)=(y—Tx, T*y +x),
soy=Txandu=x+T*y=x+T*"Tx = + T*T)x. That is, I + T*T is
surjective. The operator I 4+ T*T is injective, because

(1 +T*T)x|* = {x + T*Tx, x + T*Tx)
= lx> + | T*Tx|* + 20 Tx|? (3.14)
for x € D(T*T). Thus, I + T*T is bijective.
Letu = (I + T*T)x, where x € D(T*T). Then x = Cu, and by (3.14),
ICull = llx|| < |[(1 +T*T)x| = ul.

Therefore, C is a bounded operator on ;. From (3.14) we also derive

(Cuu) = (x,u) = x>+ 1Tx? < [ (1 + T*T)x|* = ull®.

Therefore, C is symmetric and hence self-adjoint, since C is bounded. Further,
0<C<lI.

(ii): Since C = (I + T*T)~' is self-adjoint as just proved, so are its inverse
I + T*T by Theorem 1.8(iv) and hence T*T. We have (T*Tx, x) = ||Tx||? > 0 for
x € D(T*T), that is, the operator T*T is positive.

That D(T*T) is a core for T means that D(T*T) is dense in the Hilbert space
(D(T), {(-,-)T), where (-,-)r is defined by (1.3). If y € D(T) is orthogonal to
D(T*T) in (D(T), {-,-)T), then

0= (y,x)r = (y.x) +(Ty,Tx) =y, (I + T*T)x)

for x e D(T*T). Hence, y =0, since R(I + T*T) = H,. This proves that D(T*T)
is a core for T'. O
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3.3 Accretive and Sectorial Operators

In this section we study classes of operators which can be considered as generaliza-
tions of lower semibounded or positive symmetric (resp. self-adjoint) operators.
Throughout, 7" denotes a linear operator on a Hilbert space H.

Definition 3.6 We shall say that the operator T is accretive if Re(Tx, x) > 0 for
all x € D(T) and that T is m-accretive if T is closed, accretive, and R(T — Agl) is
dense in H for some A9 € C, ReAg < 0.

T is called dissipative if —T is accretive and m-dissipative if —T is m-accretive.

Definition 3.7 The operator T is said to be sectorial if its numerical range @ (T') is
contained in a sector
Sep:={reC:|Imr| <tanf(Rer —c)} = {1 €C:|arg(h — )| <6}
(3.15)
for some ¢ € R, called vertex of S; g, and 8 € [0, w/2), called semi-angle of S. .

We say that T is m-sectorial if T is closed, @ (T) C S. for some c € R and 6 €
[0, /2), and R(T — Aol) is dense in H for some Lo € C\S,¢.

In Theorem 6.12 we will prove that m-dissipative operators are the generators of
contraction semigroups, while m-sectorial operators will appear as operators asso-
ciated with sectorial or elliptic forms (see Theorem 11.8).

Clearly, T is accretive if and only if @ (T') is a subset of the closed right half-
plane So /2. For a sectorial operator, it is required that @ (7T') is contained in a
sector S g with opening angle 26 strictly less than 7, so accretive operators are not
necessarily sectorial. Because of their resemblance to sectorial operators, we will
develop all results for accretive operators rather than for dissipative operators.

Example 3.6 Let A and B be symmetric operators on H and set 7 := A +iB. Then
T is accretive if and only if A > 0, and T is sectorial if and only if there are numbers
ceRand m > 0 such that B <m(A —cl) and —B <m(A — cI). In the latter case,
O(T) C Sc0, where 0 € [0, r/2) is determined by tan6 = m. o

More examples can be found in the Exercises.
The next proposition describes m-sectorial operators among sectorial operators.
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Proposition 3.19 Let T be a closed operator on H, and @ (T) C S g9, where c € R
and 0 € [0, w/2). Then the following assertions are equivalent:

1) T is m-sectorial.
(ii)) A € p(T) for some, hence all, . € C\S.¢.
(iii)) D(T) is dense in H, and T* is m-sectorial.

If T is m-sectorial and ©(T) C S¢9, we have O(T*) C Sc9, 0 (T) C Sc.0,
|(T =20~ < (dist(r, ©(T))) ™" for A € C\Sep. (3.16)

Proof Uponreplacing T by T +cI, we can assume throughout this proof that ¢ = 0.

(i) — (ii): Let Ag be as in Definition 3.7. Then, by Lemma 2.5, g € n(T).
Therefore, since T is closed, R(T — Agl) is closed by Proposition 2.1(iv), so
R(T — Aol) = H by Definition 3.7. Hence, A9 € p(T) by Proposition 2.6(i).
Applying Proposition 2.8 with & = C\S, g, we obtain C\S. g9 € p(T), and so
o(T) < Sc,9~

(i) — (iii): First we show that D(T') is dense in H. Assuming the contrary, there
exists a nonzero vector u € H which is orthogonal to D(T'). Since —1 € C\ Sy ¢,
it follows from (ii) that —1 € p(T). Then x := (T + I)~'u € D(T), and hence
0 = (u,x) = ((T + I)x, x). From the latter we deduce that —1 = ||x||~2(T'x, x)
belongs to ®@(T) C Sp,p, which is the desired contradiction. Thus, D(T') is dense,
and the operator 7* is defined.

Next we prove that & (T*) C Sp ¢. Let x be a unit vector of D(T*), and let § > 0.
Since —8 € C\Sp 9, we have —§ € p(T') by (ii). In particular, R(T + 1) = H, so
there exists y € D(T) such that (T* 4 8)x = (T + §)y. Now we compute

(T*x,x) +8= <(T* +8)x,x> = <(T +5)y,x> = <y, (T* + 8)x> = (y, (T + 8)y>.

The right-hand side belongs to Ry - (T +6) C Ry - Ss,9 € So,0. Hence, we have
(T*x,x) + 8 € So,p for all § > 0 which implies that (T*x, x) € Sp 9. Therefore,
O (T*) C So,. This proves that T* is sectorial.

Let A € C\S. . Since A also belongs to C\S. ¢ and hence to p(T), we have
N (T —AI) = {0}. Therefore, by (1.7), R(T* — AI) is dense. Since T* is closed, we
have proved that T* is m-sectorial according to Definition 3.7.

(iii)) — (i): Applying the implication (i) — (iii) already proved with T replaced
by T* and using that T is closed, we conclude that T = (T*)* is m-sectorial.

Formula (3.16) follows from Proposition 2.8. Il

The preceding proofs carry over almost verbatim to the sector So /2 and yield
the following characterization of m-accretive operators among accretive operators.

Proposition 3.20 If T is a closed accretive operator, the following are equivalent:

(i) T is m-accretive.
(ii) X € p(T) for some, hence all, » € C,Rel < 0.
(iii) D(T) is dense in H, and T* is m-accretive.
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If T is m-accretive, then o (T) C {AeC :Re X > 0}, and
(T —=2D)7'| <|Rerl™"  for Rei <O.

In particular, if T is closed and m-accretive, so is T* by Proposition 3.20.

Example 3.7 (Examples 1.6 and 2.5 continued) Recall from Example 2.5 that the
operator T on L?(0, +00) defined by Tf =—if’, f € D(T) = H(} (0, +00) has
the resolvent set p(T) = {A € C : ImA > 0}. Set D :=iT, that is, Df = f’ for
feD(D)= HO1 (0, 400). Because T is symmetric, Re(Df, f) =0 for f € D(D),
so D is accretive. Since p(D) =ip(T) = {» € C: Rei < 0}, the operators D and
D* are m-accretive by Proposition 3.20. o

Next we give some characterizations of accretive resp. m-accretive operators.

Lemma 3.21 A linear operator T is accretive if and only if |(T + Al)x| > A||x]||
forall .. >0 and x € D(T).

Proof Clearly, ||[(T + AI)x| > A|x| means that | Tx||> + 21 Re(Tx, x) > 0. Since
A > 0 is arbitrary, the latter is obviously equivalent to Re(Tx, x) > 0. O

Proposition 3.22 A linear operator T on H is m-accretive if and only if D(T) is
dense in H, T is closed, (—00,0) € p(T), and |(T + 1)~ | <17 for A > 0.

Proof The necessity of these conditions follows at once from Proposition 3.20. The
sufficiency will follow from Proposition 3.20, (ii) — (i), once we have shown that
T is accretive. Indeed, if A > 0, then ||[(T + A~ 'y|| < A~ ||y|| for y € H. Setting
y = (T + 1I)x, the latter yields that |[(T 4+ AI)x]|| > A||x||. Therefore, T is accretive
by Lemma 3.21. d

The numerical range of a symmetric operator is obviously a subset of R.
Hence, a symmetric operator is sectorial (resp. accretive) if and only if it is lower
semibounded (resp. positive). Combining Proposition 3.19 (resp. 3.22) and Corol-
lary 3.14, we therefore obtain the following:

Corollary 3.23 A symmetric operator is m-sectorial (resp. m-accretive) if and only
if it is lower semibounded (resp. positive) and self-adjoint.

Proposition 3.24 An m-sectorial (resp. m-accretive) operator T is maximal sec-
torial (resp. maximal accretive), that is, it has no proper sectorial (resp. accretive)
extension acting on the same Hilbert space.

Proof Let us prove this for sectorial operators. Suppose that 77 is a sectorial exten-
sion of T, say &(T) C S. 9 and ©(T1) C S¢, 6, Take A from the complement of
both sectors. Then 7' — LI is surjective, because A € p(T) by Proposition 3.19(ii),
and 77 — A[ is injective, since A € w(7T7) by Lemma 2.5. Therefore, by Lemma 1.3,
T—A =T, —Al,and hence T =T. O
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3.4 Normal Operators

Normal operators are the largest class of single operators for which we prove the
spectral theorem (see Sect. 5.5).
In this section, 7' denotes a densely defined linear operator on a Hilbert space H.

Definition 3.8 We say that T is formally normal if D(T) € D(T*) and

ITx||=|T*x| forallxeD(T) (3.17)
and that T is normal if T is formally normal and D(T) = D(T*).

From Proposition 3.25 it is clear that T is normal if and only if 7* is normal.
Moreover, by (3.17) we have N (T) = N (T*) for any normal operator 7 .

Obviously, if T is a densely defined symmetric operator, then 7 is formally nor-
mal, and T is normal if and only if T is self-adjoint.

However, there is a striking difference to the relations between symmetric and
self-adjoint operators: While each densely defined symmetric operator has a self-
adjoint extension on a larger Hilbert space (Proposition 3.17), there exists a formally
normal operator which has no normal extension on some larger Hilbert space (see
Example 5.5).

Proposition 3.25 T is normal if and only if T is closed and T*T = TT*.

Proof First suppose that T is normal. By (3.17), the graph norms || - |7 and || - || 7=
coincide on D(T) = D(T*). Since T* is closed, (D(T*), | - ||7*) is complete by
Proposition 1.4(iii), and so is (D(T), || - |7)- Therefore, T is closed.

For x,y € D(T), we have ||T (x + ty)|| = |T*(x + ty)|| fort =1, —1,1, —i by
(3.17), and hence (Tx, Ty) = (T*x, T*y) by the polarization formula (1.2).

Let y e D(T*T). Then y € D(T), and so {(x, T*Ty) =(Tx,Ty) = (T*x, T*y)
for all x € D(T). Therefore, T*y € D(T**) = D(T) and TT*y = T*Ty. This
proves that T7*T C TT*. Since T = T™* by Theorem 1.8(iii), 7* is also normal,
so we can interchange 7 and 7™, which yields TT* C T*T. Thus, T*T =TT*.

Conversely, suppose that T is closed and 7*T =TT*. Forx € D:=D(T*T) =
D(TT*), we have

I Tx|? :(T*Tx,x) = <TT*x,x): ||T*x 2,

and hence ||x||7 = ||lx||7+. By Proposition 3.18(ii), D(T*T) is a core for T, and
D(TT*) is a core for T*. That is, both D(T) and D(T*) are completions of
(D, llr) = (D, || - lI7=). This implies | Tx|| = ||7*x]| for x € D(T) =D(T*). U

Another characterization of normal operators will be given in Proposition 5.30.
The next proposition collects a number of basic properties of normal operators.

Proposition 3.26 Let T be a normal operator on H. Then we have:
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(i) Forany A € C, the operator T — M1 is normal, and N(T —\I) = N(T* —11).

In particular, A is an eigenvalue of T and x € H is an eigenvector of T for A if
and only if A is an eigenvalue of T* and x is an eigenvector of T* for A.

(ii) Eigenvectors of T belonging to different eigenvalues are orthogonal.

(iii) H=R(T — X)) ®N(T — 1I).

(iv) If S is an operator such that T C S and D(S) C D(S*), then T = S.
In particular, each normal operator is maximal formally normal, that is, if T
is normal, S is formally normal and T C S, then T = S.

(V) IfT is injective, then its inverse T~ is also normal. In particular, the resolvents
R, (T), A € p(T), of a normal operator T are normal.

Proof (i): For x € D(T — A1) =D(T) =D(T*) =D(T — 1rI1)*), we have
|7 —aDx|)* = 1Tx1 + L2Ix]? + (hx, Tx) + (Tx, 2x)
= |7%x|* + RPUxI? + (T*x, 2x) + (ox, T*x) = | (T = 2)*x

that is, T — A1 is normal. Hence, N'(T — A1) = N((T — A1)*) = N(T* — AI).
(ii): Suppose that Tx; = A1x1, Txp = Apxp, and A1 # Ap. Then T*xp = Apyx; by
(1), and hence

2

’

M(xr, x2) = (Txy, x2) = (x1, T x2) = Ao (x1, x2),

so that (x1, x2) =0.

(iii) follows at once from N'((T — AI)*) = N(T* —AI) = N(T — A1) by (i) and
the first equality of (1.7).

(iv): Since T C S, S* C T* and D(T) C D(S) C D(S*) CD(T*) =D(T), that
is, D(T) =D(S), and hence T = S.

(v): Since T is injective, R(T) = N(T*) = N(T) = {0}, so R(T) is dense.
Hence, Theorem 1.8(iv) applies and yields (7 ~')* = (T*)~!. Therefore,

()T = () T = )T = ) = ) =T
which proves that 7~! is normal. d

The next proposition is Fuglede’s theorem. First we recall a result from elemen-
tary functional analysis.

Lemma 3.27 For B € B(H), there is an operator eB € B(H) defined by the series

5 0 B"
e :=2(:)H (3.18)
n=l

which converges in the operator norm. If B, C € B(H) and BC = C B, then we have

eB1C = ¢BeC Moreover, e 8 = (e8)~1.
Proof From the convergence of the series ellBll = ZZO:O %HBH" it follows that
(Sg = Zﬁ:o %B”)keN is a Cauchy sequence in the operator norm. Hence, the se-

ries in (3.18) converges in the operator norm.
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If B and C commute, then (B+C)" =) "}_, (”)BkC”_k, and therefore

eB+C_Z(B+C)” ZZ( )BkC” k

n=0 n=0 k=0
B* C
_ZZ X! (n k)! Z ﬂﬂzetgec‘
n=0 k=0 k=0 1=0
Since eBe 8 = ¢ BeB = ¢ = I, we conclude that e~ 8 = ()~ 1. O

Proposition 3.28 (Fuglede’s theorem) Let T, S € B(H). If the operator T is nor-
maland TS = ST, then T*S = ST*.

Proof Fix x,y € H. We define the function f on the complex plane by
f@)= (eZT*Se_ZT*x, y), zeC. (3.19)

Inserting the power series expansions of ¢?7~ and e (by (3.18)), it follows that
f is an entire function.

Set A, := —i(zT* —zT). Then zT* =iA,; 4+ zT. Since T is normal, iA; and zT
commute, so el4ze?l = T by Lemma 3.18. Similarly, e T ez — =21 The
assumption ST = T'S implies that Se?” = ¢?! §. Using these facts, we derive

2T G iT* _ iAz 7T § =77 p=iA: _ Az g 7T 7T p=iA; _ LA g,—iAz
(3.20)
Since A; = A} (by definition) and e 1A = (i)~ 1 (by Lemma 3.18), we obtain

. 1 * 1 < AN —
A \* : : —iA; _ (A1
(1) = (Z n—!(lAZ)”> =3 LAt = e = ()7
n n
that is, the operator e is unitary. Hence, | f(z)| < [|S||l|x ([l by (3.19) and (3.20).
By Liouville’s theorem the bounded entire function f is constant, that is, f(z) =
£(0). Since x, y € H were arbitrary, the latter implies ¢?7" Se™?T" = §. Comparing
the coefficients of z, we obtain 7*S — ST* = 0. O

Example 3.8 (Multiplication operators on general measure spaces) Let (X,2, i)
be a o-finite measure space. Suppose that ¢ : X — C U {00} is an A-measurable
function on X which is p-a.e. finite (i.e., Koo := {t € X : ¢(t) = oo} has measure
zero). The multiplication operator M,, is defined as in Example 1.3 by (M, f)(t) =
@) f (1) for fin D(M,) :={feL*(X, ) : ¢+ f € L*(X, w)}.

Such a function ¢ can be much more complicated than in the continuous case.
We illustrate this by giving an example of an a.e. finite function ¢y on R which is co
at all rationals. Let (r;),en be an enumeration of the rationals, and let w € CJ°(R)
be a nonnegative function which is 1 in some neighborhood of 0. Fix « € (0, 1) and
define

wo(l)—ZZ_ —r @ teR.
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Since the integral of |w(t — r,)||t — ry|~* over R does not depend on n, it follows
from Fatou’s Lemma B.3 that ¢ € L'(R). Hence, @ is a.e. finite on R.

Now we continue the study of the operator M, in the general case.

First we prove that the domain D(M,,) is dense in L2(X, ). Let f e L3(X, ).
Let x, denote the characteristic function of K, := {t : |¢(¢)| < n}, n € N. Clearly,
xnf € D(My). Since u(Kx) =0, we have lim, 00 (xn f — f)(t) =0 u-a.e. on X.
Hence, it follows from Lebesgue’s dominated convergence theorem (Theorem B.1)
that lim,— o | x» f — f1l =01in L?(X, p). This shows that D(M,) is dense.

By the same reasoning as in Example 1.3 we derive (M,)* = M.

Since (My)* = Mg, we have D((My,)*) =D(M,) and |M,, f || = [[(My)* f | for
f € D(M,). Therefore, by Definition 3.8, the operator M, is normal.

Finally, we determine the spectrum of M,,. Recall that the case of a continuous
function was treated in Example 2.1. The set of all complex numbers A for which
w({t:1e()—Ar| < e}) > 0foreach e > Ois called the essential range of the function
¢ with respect to the measure p and is denoted by sp(@).

Statement o (M) = sp(¢).

Proof First let A € sp(¢). Then the measure of the set
N, = {t e X: Igo(t) —A| < n_l}

is positive for each n € N. Because u is o -finite, upon replacing N, by a subset, we
can assume that 0 < u(N,) < oo. Since ¢ is bounded on Ny, xn, € D(M,) and

| My = 2D,

2 2 _
=/N lo(t) — A" d ) <n 2w, I*.

Hence, A is not a regular point. Therefore, A ¢ p(My), and so A € 6 (My).

Now suppose that A ¢ sp(¢). Then there exists n € N such that u(N,) = 0. The
function ¥ := (¢ — A)~! is u-a.e. finite and essentially bounded on X with essential
bound 7, so the operator My is bounded. Since My = (M, — Al )~1, we obtain
A€ p(My), thatis, L & o (My). Oo

Example 3.9 (Example 2.2 continued) The operator T in Example 2.2 is normal.
Hence, any nonempty (!) closed subset of C is spectrum of some normal operator.
From the spectral theorem proved in Sect. 5.5 it follows that the spectrum of a
normal operator is nonempty. o

3.5 Exercises

*1. Suppose that T is a densely defined closed linear operator of H; into H,.
Show that the orthogonal projection of 71 @ #2 onto the graph G(T') of T is
given by the operator block matrix

< (I+T*T)"'  T*U+TT*™! )

TU+T*T)"" TT*UI+TT*™! 32D
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2. Let T and S be symmetric operators on .

*5.

*7.

*8.

10.

a. Show that «T + B is a symmetric operator for any «, 8 € R.
b. Suppose that N'(T) = {0}. Show that T~! is a symmetric operator.

. Let T1 and T> be symmetric operators on H; and Hj, respectively. Show

that 77 @ T is a symmetric operator on H; @ H, with deficiency indices
d+(Th & 1) = di(Th) + d+(T2).

. Let T be a symmetric operator, and let p, g € R[x] be polynomials.

a. Show that if p(x) > 0 for all x € R, then p(T) > 0.

b. Suppose that 7 > 0 and g (x) > 0 for all x € [0, 400). Show that ¢(T) > 0.
Hint: Use the fundamental theorem of algebra to prove that p(x) =
r(x)r(x) and q(x) =ri(x)ri(x) + xra(x)ra(x), where r, r, rp € Clx].

Let T be a symmetric operator on H. Prove by induction on n that

IT7 x| < [IT"x|™/™||x||}=™/" for x e D(T") and m,n € N, m <n.

. Let T be a densely defined symmetric operator on 4. Prove that

(X0 + x4 +x—, yo + Y+ + y-) 1 = (x0, Yo)F + 2{x+, ¥y4+) +2{x—, y-)

for xo, vo € D(T), x4, y4 e N(T* —il), x_, y_ e N(T* +1il).

(Recall that (-,-)7= is the scalar product on the domain D(T*) defined by
(1.3).)

(Uncertainty principle)

Let A and B be symmetric operators on H and define its commutator by
[A,Blx :=(AB — BA)x forx e D(AB)ND(BA). Let A, u € R.

a. Show that for any x € D(AB) N D(BA), we have

[([A, Blx,x)| <2||(A = ADx| | (B — nD)x]. (3.22)

b. Show that equality holds in (3.22) if and only if there is a ¢ € [0, w) such
that (sinp)(A — Al)x =i(cosp)(B — ul)x.
Hint: First verify that ([A, Blx, x) =2ilm({(A — A1)x, (B — nl)x)).
Apply the Cauchy—Schwarz inequality and recall that equality occurs if and
only if the vectors (A — AI)x and (B — wl)x are linearly dependent.

(Uncertainty principle continued)

Let Q = x be the position operator, and P = —ihdix the momentum operator

onD(Q) ={f € L>(R) : xf(x) € L>(R)} and D(P) = H'(R) on L*(R).

a. Suppose that A, w € R and f € D(QP) N D(P Q). Prove that

AFIP <2[@ —aDf|| (P —nDf]. (3.23)

b. Show that equality occurs in (3.23) if f(x) = cexp(iux/h —a(x — A)*/h)
for some o > 0 and ¢ € C.
Hint: For a., use Exercise 7.a. For b., apply Exercise 7.b, set @ = tan ¢, and
solve the corresponding first-order differential equation.
Use Proposition 3.6 to show that in Example 3.4 the self-adjoint operators
Sz, 5 € T, exhaust all self-adjoint extensions on L?(a, b) of the operator T =
—15=.
Letd )5( be a bounded self-adjoint operator on H such that N'(X) = {0}, and let
P be a projection on H. Define D(T)=X({{ — P)H and T := XND).
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

*22.
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a. Show that T is a closed symmetric operator and d+ (7)) = dim PH.
b. Show that D(T) is dense in H if and only if R(X) N PH = {0}.
Define the operator T by (Tf)(x) = —if(x) — 2ixf'(x) for f € D(T) :=
C(C)>o (0, 00) on the Hilbert space L2(0, 00). Show that T is essentially self-
adjoint.
Find a symmetric linear operator 7 on ‘H such that R(T +1i/) and R(T —il)
are dense in #, but T is not essentially self-adjoint.
(By Proposition 3.8, D(T') cannot be dense in H; however, see Proposi-
tion 3.11.)
Hints: Define T as in Example 1.1 with domain D(T') = e1. Show that then
R(T — AI) is dense for all L € C, L £ 0.
Let T be a self-adjoint operator on H. Show that a (real) number A is an
eigenvalue of T if and only if R(T — AI) is not dense in H.
Let T be a densely defined closed operator on . Show that the linear opera-
tor S := (I + T*T)~'T* with dense domain D(S) = D(T*) is bounded and
ISl < 1.
Let T be a densely defined closed linear operator on H. Show that if both T
and T* are accretive, then T and T* are m-accretive.
Let T be a symmetric operator which is not essentially self-adjoint. Show that
iT is accretive, but (iT)* is not.
Let T be an accretive operator such that A'(T) = {0}.
a. Show that 7~! is also accretive.
b. Show that if T is m-accretive, so is 7~!.
Let T be an m-accretive operator.
a. Show that (T 4+ AI)~! is m-accretive for A € C, Re A > 0.
b. Show that s-lim, 0o (I + 2 T)"! = 1.
Let p be a real-valued function from C'([0, 1]), and let T be the operator on
L?(0, 1) defined by Tf = —pf’ for f € D(T) := H (0, 1).
Show that T is accretive if and only if p’(x) > 0 for all x € [0, 1].
Let p € C1([0, 1]) and g € C([0, 1]) be real-valued functions. Define the op-
erator T on L?(0, 1) by Tf = —pf" + qf for f € D(T) := HZ(0, 1).
a. Suppose that p(x) > 0 for all x € [0, 1]. Show that T is a sectorial operator.
b. Define m := inf{p(x) : x € [0,1]}, M := sup{p’(x) : x € [0, 1]},
L :=inf{g(x) : x € [0, 1]}, and suppose that m > 0 and 4m L > M2,
Prove that the operator 7 is accretive.
(Putnam’s corollary to Fuglede’s theorem)
Let T1,T», S € B(H). Suppose that 77 and 7, are normal and 71S = ST5.
Prove that T)*S = ST
Hint: Apply Fuglede’s theorem (Proposition 3.28) to the operator matrices

. O 0 S
( 0 T > and ( 0 0 > .
(g-normal operators; see [CSS])

Let g € (1, 4+00). For @ > 0, we define the operator T, on H = 12(Z) by
(To(@a))is1 = aq g on D(Ty) = {(9n) € 1X(2) : (¢ *9n) € X(D)).



3.6 Notes to Part I 57

a. Prove that | T*¢|| = \/qlIT¢|| for ¢ € D(T) =D(T*).
b. Prove that TT* =¢qT*T.
*c. Prove that ||((T + T*) — ADg| = [A|(g — D(g + D7 |¢| for & € R,
@ e D(T).
Hint: Show that the following identity holds for vectors of D(T?):

(T +T%)7 —20(T + T%) +42%q(q + D21
=(T+T*=11)" =22g - (g + DL

d. Deduce that the symmetric operator T + T* is not essentially self-adjoint.
e. When are two operators 7, and T, unitarily equivalent?

3.6 Notes to Part I

Important pioneering works on unbounded symmetric and self-adjoint operators in-
clude Carleman [Cl], von Neumann [vN1, vN2, vN3, vN4], and Stone [St1, St2].
The graph method and Theorem 1.8 have been developed in [VN4].

Early papers on accretive or dissipative operators are [Lv, F2, Ph].

Fuglede’s theorem was discovered in [Fu]; the ingenious proof given in the text
is due to Rosenblum [Ro].

Unbounded normal operators have been investigated by Stochel and Szafraniec
[SS1, SS2].
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Chapter 4
Spectral Measures and Spectral Integrals

This chapter is devoted to a detailed treatment of spectral measures and operator-
valued integrals of measurable functions. These spectral integrals are unbounded
normal operators on Hilbert space. They will be the main tools for the functional
calculus of self-adjoint operators in the next chapter. The theory of spectral measures
is presented in Sect. 4.2. Spectral integrals are studied in Sect. 4.3.

A large part of this chapter is occupied by measure-theoretic considerations, and
the reader may wish to skip some of these technical parts or even avoid them. For
this reason, we develop in Sect. 4.1 operator-valued integrals of continuous func-
tions at an elementary level as operator Riemann—Stieltjes integrals.

4.1 Resolutions of the Identity and Operator Stieltjes Integrals

In order to define operator Stieltjes integrals of continuous functions, we need the
notion of a resolution of the identity.

Definition 4.1 A resolution of the identity on a Hilbert space H is a one-parameter
family {E£ (1) : 2 € R} of orthogonal projections on H such that

1) E(A1) < E(Ap) if X1 < A2 (monotonicity),
(i1) lim)_; 10 E(A)x = E(Ag)x for x € H and Ao € R (strong right continuity),
(iii) limy— _o E(A)x =0 and limy_, y oo E(A)x = x for x € H.

Before we discuss this notion, let us give three examples. They will be our guid-
ing examples in this and in the next chapter.

The reader who encounters this subject for the first time might look at special
cases of these examples, for instance, if we have only finitely many nonzero projec-
tions in Example 4.1, if u is the Lebesgue measure on J = [0, 1] in Example 4.2,
or if 1 is the Lebesgue measure on £2 = [0, 1], and h(t) =/t or h(t) = ¢ in Ex-
ample 4.3.

K. Schmiidgen, Unbounded Self-adjoint Operators on Hilbert Space, 61
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DOI 10.1007/978-94-007-4753-1_4, © Springer Science+Business Media Dordrecht 2012
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Example 4.1 Let (A,),cN be a real sequence, and let (P,),cN be a sequence of or-
thogonal projections on H such that Py P, =0 fork #n and ) oo, P, = I. (Recall
that any infinite sum of pairwise orthogonal projections converges strongly.) Then

EM:= ) P, XeR, 4.1)
Jon <A

defines a resolution of the identity on H.
Since the projections P, are pairwise orthogonal, E(}) is indeed a projection.
Let x € % and ¢ > 0. Since ), P = and hence ) , I Pex |2 = ||x||? < oo,
there exists k(¢) € N such that

> P <& (4.2)
k>k(e)

We show that axioms (i)—(iii) are fulfilled. Axiom (i) is obvious.
(ii): Let Ag € R. We choose A > Ag such that the numbers A1, ..., () are not in
the left-open interval (1, A]. By (4.1) and (4.2) we then have

|EQx—EGox|?= > [1Pux]? <&
Ao<An <A

This in turn implies that axiom (ii) is satisfied.
(iii): If 1, 2" € R are chosen such that A1, ..., Age) <A and A < Aq, ..., Ak, it
follows from (4.1) and (4.2) that

lx—E@x|* =Y 1Pxl? <& and |EW)x|*= D [Pux]? <&
An>A A<M
Hence, axiom (iii) holds. o

Example 4.2 Let 1 be a positive regular Borel measure on an interval 7 and H =
L*(J, w). Define

(EQ)f)(0) = X(—oon) (D) - f(t) forte T, AeR, feN,

that is, E(X) is the multiplication operator by the characteristic function of the in-
terval (—oo, A]. Then {E () : A € R} is a resolution of the identity.

We verify axiom (ii). Let f € H, and let (A,),eN be a real sequence such that
An > Ao and limy— 0o Ay = Ao. Put f = x(ag.1,11f 1% Then f,(t) — 0 as n — oo
and | f,(1)] < |f(@)|* forn e Nand r € J. Since f € L*(J, 1), Lebesgue’s domi-
nated convergence theorem (Theorem B.1) applies and yields lim,—, o f 7 frdu =
0. By the definition of E(A) we therefore have

|EGwf —EGo) f| = /J XG0

so that lim,,_, .o E(A,;) f = E(Xo) f. This proves that axiom (ii) holds.
Axiom (iii) follows by a similar reasoning. Axiom (i) is obvious. o

FOI dutr) = /J Fuydp(t) — 0,

Example 4.2 is just the special case 2 = J, h(t) = ¢, of the following more
general example.
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Example 4.3 Let (£2,%, ) be a measure space, H = L%*(2,p), and h: 2 - R
an 2-measurable function. Define 2(A) = {r € £2 : h(t) < 1} and

(EQ)f)(1) = xeo) @) - f(t) forte2, LeR.

Then {E(A) : A € R} is a resolution of the identity on the Hilbert space H. Axioms
(ii) and (iii) are proved as in Example 4.2 using Lebesgue’s theorem. o

Let us discuss the axioms of Definition 4.1 and some simple consequences.

The essential requirement in Definition 1 is that {E'(X) : L € R} is a monotone
increasing one-parameter family of orthogonal projection on H.

Axiom (ii) is only a normalization condition. Also, we could have required strong
left continuity instead of strong right continuity as some authors do. If (i) holds, then
the family of projections {E(A) i=s-limy, . 40E(w) : A € R} satisfies (i) and (ii).
Note that the strong limit s-limy, ., 10 E (1) always exists because of (i).

Axiom (iii) is a completeness condition. If (iii) is not fulfilled, then we have
a resolution of the identity on the Hilbert space (E(400) — E(—00))H, where
E(f+00) :=s-limy_, 1o E()).

Since the operators E(A) are orthogonal projections, axiom (i) is equivalent to

(i) EMDE(A2) =E(min(A, A2)) forip, iz €R.

From (i)’ it follows that two projections E (A1) and E () for A1, A2 € R commute.

The monotonicity axiom (i) implies that for all Ay € R, the strong limit
E(hg — 0) :=s-limy_,—0E(A) exists and is again an orthogonal projection sat-
isfying

EMA) <EMA—0)<EM) ifd; <Ap =<2z 4.3)

Now we define spectral projections for intervals by

E(la,b]) :==E(b) — E(a —0), E(la,b)) :=E(b—0)— E(a —0), (4.4)
E((a,b]) := E(b) — E(a), E((c,d)):=E(d—0)— E(c) (4.5)

for a,b,c,d e RU {—o0} U {+00}, a < b,c < d, where we set E(—o0) =0 and
E(+00) = I. By axiom (i) and (4.3), the preceding definitions give indeed an or-
thogonal projection E(J) for each of the intervals J = [a, b], [a, b), (a, b], (c, d).
In particular, E({A}) = E(A) — E(A —0) and E(A) = E((—o0, A]) for > e R.

In the case of Example 4.2 the projection E () is just the multiplication operator
by the characteristic function y s of the interval 7.

Now we suppose that { E(A) : L € R} is a resolution of the identity. Our next aim
is to define operator-valued Stieltjes integrals [ 7 JdE and fR f dE for a continu-
ous function f on J = [a, b] resp. R.

Let f € C(J), where J :=[a,b],a,b e R, a <b. We extend f to a continuous
function on [a — 1, b]. By a partition Z we mean a sequence {Ag, ..., A,} such that

a—l<i<a<ii<---<A,=b.
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Set | Z| := maxg |,y — Ak—1|. We choose ¢ € [Ax—1, Ax] and define the Riemann
sum

S 2) =) f@(EGw) — EGu1)).

k=1

Proposition 4.1 For any function f € C(J), there exists a bounded operator
fj f dE on H which is uniquely defined by the following property:

For each ¢ > 0, there exists §(g) > 0 such that || fj fdE — S(f, 2)| <¢ for
each partition Z satisfying | Z| < 8(¢).

Moreover, for any x € H, we have

<(fjde>x,x>=/Jf(x)d(E(x)x,x>, 4.6)
H(/j FdE ) T

Proof Fix ¢ > 0. Suppose that Z = {Ag, ..., A,} and Z’ are partitions such that Z’
is a refinement of Z and

fj | f ) d(E)x, x). (4.7)

|f)— f(t')] <e/2 when|t—1'|<|Z|, 1,1 €[a—1,b]. 4.8)

We write the points of Z" as {A}, : 1 =0,...,rt} with Ax =4y < --- < Ay "=

A 41,0 = Ak+1. Let x € H. Using the mutual orthogonality of the projections
E (X)) — E() ;) (by Exercise 2) and (4.8), we obtain

[2(s(£.2) = (7. 2)x|

FE))(E() = E(hp1))x
—ZZ‘*\f@a FEDIIE (L) = EGi—)x]

< ZZS [(E(kig) = E(xigo0)x|” = > [(E®) = EGo)x[* < ),

so that

ISCf.2)=S(f.2)| <e/2. (4.9)

By the uniform continuity of the function f on [a — 1, b], for each ¢ > 0 there
exists a §(¢) > 0 such that | f(r) — f(¢')| < &/2 whenever |r — t'| < §(¢). Suppose
that Z| and Z, are partitions such that |Z;|, | 22| < 8(¢). Let Z’ be a common
refinement of Z; and Z5. Since | 2’| < §(¢), we have by (4.9),

ISC£ 20 = S(f. 20)|| < |S(f 20 = S(£ 2)|| + |S(f. 2) = S(f, 22)|| <e.
(4.10)
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Therefore, if (Z,),en is a sequence of partitions such that lim,,_, » | Z,| = 0, then
(S(f, Zn))nen is a Cauchy sequence in the operator norm, so it converges to a
bounded operator on H, denoted by [ g fdE.

If Z is a partition satisfying | Z| < §(¢), then we have ||S(f, Z,) — S(f, 2)|| <e
if | Z,| < §(e) by (4.10). Letting n — 00, we obtain || fjde —S(f, 2)| <e.

The sums (S(f, Z,)x,x) and ||S(f, Z,)x]||* are Riemann sums for the scalar
Stieltjes integrals on the right-hand sides of (4.6) and (4.7), respectively. Therefore,
formulas (4.6) and (4.7) follow as n — oo. O

Proposition 4.1 says that | 7 JdE is an operator-valued Stieltjes integral with
approximating Riemann sums converging in the operator norm. Clearly, this op-
erator does not depend on the particular continuous extension of f to [a — 1, b].
The reason for requiring that 19 < a < A1 for the partition points Ag, A1 is that we
wanted to include a possible jump E(a) — E(a — 0) at a into the integral over the
closed interval 7 = [a, b]. A possible jump at b is already included because of the
right continuity of {E()1)}.

A Stieltjes integral over the open interval (a, b) can be defined by

fdE =/[ ) fdE — f(a)(E(a) — E(a—0)) — f(b)(E() — E(b—0)).

(a,b)

Proposition 4.2 For f € C(R), there exists a linear operator fR f dE such that
D :=D(/ de) = {x eH: f | f[ d(EQ)x, x) < oo}, @.11)
R R

</ de)x: lim lim ( de)x forx €D, (4.12)
R la,b]

a——00 hb—+00
<(/ de)x,x>:/f(A)d(E(k)x,x) forx eD. 4.13)
R R

Proof For x € H and a,b,c,d € R, a < b, we abbreviate x,  := (f[a b] fdE)x,
{c,d}=1c,d]if c <d and {c,d} = [d, c] if d < c. Suppose that x € D. By consid-
ering approximating Riemann sums one easily verifies that

||xu,b—xa/,b/||25</ + / )!f(k)|2d(E(k)x,x) @.14)
{a,a’} {b,b"}

fora,b,a’,b' €R,a <b,a’ <b'. Since the Stieltjes integral [ | FI2d{E(})x, x) is
finite by (4.11), if follows from (4.14) that the strong limit in (4.12) exists.
Conversely, if for a vector x € H, the limit in (4.12) exists, then we conclude
from (4.7) that the Stieltjes integral in (4.11) is finite, that is, x is in D. In particular,
since D is the set of vectors x € H for which the limit in (4.12) exists, D is a linear
subspace of H. Formula (4.13) follows at once from (4.6) and (4.12). O

The operator integrals from Propositions 4.1 and 4.2 are special cases of spectral
integrals developed in Section 4.3 below. By comparing formulas (4.11) and (4.6),
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(4.13) with formulas (4.26) and (4.32) below it follows easily that the Stieltjes inte-
grals f 7 JdE and fR f dE coincide with the spectral integrals I( f x 7) and I(f),
respectively, with respect to the spectral measure E which is associated with the
resolution of the identity {E£ (%) : A € R} by Theorem 4.6 below. That is, for contin-
uous functions, one may use these very elementary and easily feasible definitions as
operator-valued Stieltjes integrals given in Propositions 4.1 and 4.2 rather than the
technically more involved approach of spectral integrals in Section 4.3.

4.2 Spectral Measures

4.2.1 Definitions and Basic Properties

Let 2 be an algebra of subsets of a set £2, and let /{ be a Hilbert space.

Definition 4.2 A spectral premeasure on 2l is a mapping E of 2 into the orthogonal
projections on # such that

(1) E@2)=1,
(ii) E is countably additive, thatis, E((se; My) = Y e E(M,) for any sequence
(M) en of pairwise disjoint sets from 2( whose union is also in 2.

If 2 is a o-algebra, then a spectral premeasure on 2l is called a spectral measure.

Infinite sums as above are always meant in the strong convergence, that is, the
equation in (ii) says that E(|_so; My)x = limg_ 00 Zﬁ:] E(M,)x for x € H.
Let us begin with the standard example of a spectral measure.

Example 4.4 Let (£2,%, 1) be a measure space, and ‘H = LZ(.Q, w). For M € 2,
let E(M) be the multiplication operator by the characteristic function yxy, that is,

(EM)f)®)=xm(@) - f(0), feH. (4.15)

Since X/%4 = XM = Xy, We have EM)?=E(M)=EM)*,so E(M) is an orthog-
onal projection. Obviously, E(£2) = 1.

We verify axiom (ii). Let (M,),cN be a sequence of disjoint sets of 2 and
set M :=J, M. For f € H, set f := Zﬁ:l xm, f- Since [xy f — fil> — 0 as
k — oo and |xum f — fr|?> <4|f|? on £2, it follows from Lebesgue’s theorem (The-
orem B.1) that limy || xp f — fxll*> =0, and so ya f = limy Zﬁ:l xm, f. The latter
means that E(M) = 220:1 E(M,). Hence, E is a spectral measure on 2. o

Now we discuss some simple consequences of Definition 4.2 and suppose that E
is a spectral premeasure on an algebra 2.

The case M,, = ( for all n in (ii) yields E (@) = 0.

Setting M, =@ if n > k 4+ 1 in (ii), we obtain the finite additivity of E, that is,
for pairwise disjoint sets M1, ..., My € 2, we have

EMiU---UM)=EMi)+ -+ E(Mj).
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Lemma 4.3 If E is a finitely additive map of an algebra 2 into the orthogonal
projections on a Hilbert space H, then we have

EM)E(N)=EMNN) forM,N el (4.16)
In particular, EIMYE(N) =0if M, N € 2 are disjoint.

Proof First we note that E(M)E(M3) =0 if M, M € 2 are disjoint. Indeed, by
the finite additivity of E, the sum of the two projections E (M) and E(M>) is again
a projection. Therefore, E(M1)E(M3) = 0.

Now we put Mo := M NN, M| := M\My, M, := N\My. Since M1 N M, =
Moy N My = My N My =, by the preceding we have

E(M)E(M>) = E(Mo) E(M>) = E(M)E (M) =0. (4.17)

Since M = M1 U My and N = M U My, from the finite additivity of E and from
formula (4.17) we derive

E(M)E(N) = (E(M)+ E(Mo))(E (M) + E(Mp)) = E(My)?
— E(MNN). H

Note that for scalar measures, equality (4.16) does not holds in general.

By (4.16), two arbitrary projections E(M) and E(N) for M, N € A commute.
Moreover, if M D N for M, N € A, then E(M) = E(N)+ E(M\N) > E(N).

The next lemma characterizes a spectral measure in terms of scalar measures.

Lemma 4.4 A map E of an algebra (resp. o -algebra) 2l on a set 2 into the orthog-
onal projections on H is a spectral premeasure (resp. spectral measure) if and only
if E(£2) = I and for each vector x € H, the set function E,(-) := (E(-)x,x) on 2
is countably additive (resp. is a measure).

Proof The only if assertion follows at once from Definition 4.2.

We prove the if direction. Let (M,,), <N be a sequence of disjoint sets in 2 such
that M := Un M, is also in 2. Since E is finitely additive for each element x € H,
E is finitely additive as well. Therefore, by Lemma 4.3, (E(M,)) is a sequence of
pairwise orthogonal projections. Hence, the series ), E(M,) converges strongly.
Because E is countably additive by assumption, we have

(E(M)x,x)=E.(M) = E(My) = (E(M,)x,x)= <Z E(My)x, x>

n=1 n=1 n=1

for each x € H, and hence E(M) =), E(M,) by the polarization formula (1.2).
Thus, E is a spectral premeasure on 2. d

Let E be a spectral measure on the o-algebra 2l in H. As noted in Lemma 4.4,
each vector x € H gives rise to a scalar positive measure Ey on 2{ by

E.(M):= | EM)x|* = (E(M)x,x), M e
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The measure E, is finite, since E,(£2) = ||E(£2)x||? = |x||>. The family of these
measures E, plays a crucial role for the study of spectral integrals in Section 4.3.

Let x, y € H. Then there is a complex measure Ey , on 2 given by E, (M) =
(E(M)x,y). The complex measure E, , is a linear combination of four positive
measures E, z € H. Indeed, by the polarization formula (1.2),

1 . .
Eyy= Z(Ex+y — Ex—y +iEx iy —iEx—iy).

The following lemma is very similar to the scalar case. We omit the simple proof.

Lemma 4.5 Let E be a spectral premeasure on 2A. Suppose that (Mp),eN is a de-
creasing sequence and (Nyp)neN is an increasing sequence of sets in 2 such that
M =, M, and N :=J, N, are in 2.

Then we have E(M) = s-lim,_, oo E(M,,) and E(N) = s-lim,, , 5o E(N,,).

The following theorem states a one-to-one correspondence between resolutions
of the identity and spectral measures on the Borel o-algebra *B(R). Its proof uses
Lemma 4.9 below which deals with the main technical difficulty showing that the
corresponding operators E(M), M € *B(R), are indeed projections.

Theorem 4.6 If E is a spectral measure on the Borel o -algebra B(R) in H, then
E(\):=E((—00,A]), A€eR, (4.18)

defines a resolution of the identity. Conversely, for each resolution of the identity
{E(}) : A € R}, there is a unique spectral measure E on B(R) such that (4.18)
holds.

Proof Let E be a spectral measure on ‘B (R). We verify the axioms in Definition 4.1.
Axiom (i) is obvious. We prove axiom (ii). Let (A,),en be a decreasing real se-
quence tending to Ag. Then ((—o0, Ay])neN is a decreasing sequence of sets such
that (1), (—00, A,] = (—00, Ag]. Hence, lim,_, o E(A,)x = E(Ao)x for x € H by
Lemma 4.5. The proof of axiom (iii) is similar.

The main part of the theorem is the opposite direction. Let {E(X) : A € R} be a
resolution of the identity. Equations (4.4) and (4.5) define a projection E(J) for
each interval J. One easily verifies that E(J NZ) =0 if J and Z are disjoint
(Exercise 2). Let %Ay be the algebra of all finite unions of arbitrary intervals. Each
N € 2 is a finite union | J;_, J; of disjoint intervals. Then E(J)E(Jx) = 0 for
I #k,s0 E(N):=)j_; E(J) is a projection. Since (E(-)x, x) is an nondecreasing
right-continuous function such that (E(—o0)x, x) = 0, by a standard result from
measure theory ([Cn], Proposition 1.3.8) there is a unique measure w, on B(R)
such that uy((—o0, A]) = (E(A)x, x) for L € R. By (4.4) and (4.5) we then have
wx(J) = (E(J)x, x) for each interval 7, and hence

Ex(N)=(E(N)x,x) =) (E(TDx,x) =) pue(J) =pc(N), N €.
! !
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Thus, E, is countably additive on 2, because w, is, so E is a spectral premeasure
by Lemma 4.4. By Lemma 4.9 below, E extends to a spectral measure, denoted also
by E, on B(R). By construction, E((—o0, A]) = E(A). The uniqueness assertion
follows from the fact that the intervals (—oo, A] generate the o -algebra ‘B(R). U

Proposition 4.7 For j = 1,2, let E; be a spectral measure on *B(R) in a Hilbert
space H . For any operator S € B(H1, Hz), we have SE{(L) = E(A)S for all
reRifand only if SE1(M) = E2(M)S for all M € *B(R).

Proof The if part follows at once from (4.18). We prove the only if direction.

Let 2A denote the family of sets M € B(R) for which SE{(M) = E,(M)S. It is
easy to check that 2l is a o -algebra. Since SE1(A) = E>())S, it follows from (4.18)
that 2 contains all intervals (—oo, A]. Therefore, 2 = B (R). O

It is not difficult to “guess” the corresponding spectral measures for our three
guiding examples of resolutions of the identity.

Example 4.5 (Example 4.1 continued) E(M) = aneM P, for f € H. o
Example 4.6 (Example 4.2 continued) E(M)f = xyu - f for f € H. )

Example 4.7 (Example 4.3 continued) E(M)f = x,-1) - f for f € H, where
A=Y (M) :={t € 2: h(t) € M}. o

Just as in the case of scalar measures, we can say that a property of points of
2 holds E-almost everywhere, abbreviated E-a.e., if there is a set N € 2 such that
E(N) = 0 and the property holds on £2\N. Note that E(N) = 0O if and only if
E.(N)=(E(N)x,x) =0 for all x € H. If the Hilbert space H is separable, it can
be shown (see, e.g., [AG], No. 76) that there exists a vector xpax € H of “maximal
type,” thatis, E(N) =0if and only if E,_, (N) =0for N e .

Next, let us define and discuss the support of a spectral measure. Suppose that
£2 is a topological Hausdorff space which has a countable base of open sets. For
instance, each subspace of R” or C" has this property. Recall that the Borel algebra
B(£2) is the smallest o-algebra in £2 which contains all open sets in 2.

Definition 4.3 The support of a spectral measure E on B(S2) is the complement in
£2 of the union of all open sets N such that E(N) = 0. It is denoted by supp E.

By this definition, a point ¢ € £2 is in supp E if and only if E(U) # 0 for each
open set U containing ¢. Since §2 has a countable base of open sets, £2\ supp E is
a union of at most countably many open sets N, with E(N,) = 0. By the countable
additivity of E the latter implies that E(§£2\suppE£) =0 and so E(suppE) = I.
Being the complement of a union of open sets, supp E is closed. Summarizing, we
have shown that supp E is the smallest closed subset M of §2 such that E(M) = 1.
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4.2.2 Three Technical Results on Spectral Measures

The aim of this subsection is to prove three technical facts. The third is needed in
the proof of the multidimensional spectral theorem (see Theorem 5.21 below), while
the second is used in the proofs of Theorem 4.6 above and of Theorem 4.10 below.
The first result will be used in the proof of formula (4.32) in Sect. 4.3.2.

Recall that the total variation || of a complex measure w on 2 is a finite
positive measure (see Appendix B) and |n|(M) is defined as the supremum of
Y iy lr(My)| over all disjoint unions M = | J;_, M,, where My € 2 and n € N.
Clearly, (M) < [u|(M).

Lemma 4.8 Let E be a spectral measure on (§2,2l) in a Hilbert space H.

(i) |Exy|(M) < Ex(M)V2E,(M)'/? for x,y € H and M € .
(ii) If f € L>(2, Ey), g € L*(2, Ey), then

' [ redt.,

Proof (i): Let M be a disjoint union of sets My, ..., M, €2, n € N. Since

< [ el dIE < 1 iz, Vel @19)

|Ex.y(Mi)| = [(E(Mi)x, E(Mp)y)|
< |EMox|||EM)y| = Ex (M) Ey (M),

using the Cauchy—Schwarz inequality and the o -additivity of the scalar measures
Ey and Ey, we derive

Y |Ecy (M| <) Ex(M)' 2 Ey (M)
k k

172 172
< (Z Ex(Mk)> (Z Ey(Mk)> = E.(M)'2E, (M),
k k

Taking the supremum over all such disjoint unions of M, we get the assertion.

(ii): It suffices to prove (4.19) for simple functions, because they are dense in the
L2-spaces. Let f = D rakxm, and g = >, by xpm, be finite sums of characteristic
functions yx, of sets My € 2. By (i) and the Cauchy—Schwarz inequality we get

ZakbkEx,y(Mk)
&

<Y label | Ex,y|(My)
k

1/2

1/2
s(DakFEx(Mk)) (DbkFEy(Mk)) :
k k

which gives inequalities (4.19) for the simple functions f and g. O

Lemma 4.9 Let Eg be a spectral premeasure on an algebra Ao of subsets of
a set §2. Then there is a spectral measure E on the o-algebra 2 generated by 2
such that E(M) = Eo(M) for all M € 2.
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Proof In this proof we use the following simple fact from measure theory ([Ha,
p. 27]): Let *B be a class of sets which contains an algebra 2(g. If *B is a monotone
class (that is, |, M, € B for each sequence (M,),eN of sets M, € B such that
M, € M, 41 for n € N), then *B contains the o -algebra 2 generated by 2.

Let x € H. By Lemma 4.4, p/.(-) := (Eo(-)x, x) is a finite scalar premeasure
on 2g. Hence, it has a unique extension p, to a measure on the o-algebra 2 (see,
e.g., [Ha, p. 54]). Fix M € 2. For x, y € H, we define

1
Mx,y(M) = Z(Mx+y(M) — Px—y (M) +iptyyiy(M) — il/«x—iy(M))- (4.20)

Let 5 be the set of all M € 2l for which the map H 5 x — (M) is linear for
each y € H. Inserting (4.20), the linearity of this map is equivalent to a linear equa-
tion in certain terms u. (M), z € H. Since u, (U, Mn) = lim,_, o p(M,) for each
increasing sequence (M, ),eN in 2, this equation holds for the set | J,, M, if it holds
for each M,,. That is, B is a monotone class. By construction, 28 contains 2ly. There-
fore, by the result stated above, 8 D 2, and so B =%I.

In a similar manner one proves that the map H > y — py y(M) is antilinear
for all x € H and M € 2. Clearly, ,u;WC = _;,- Hence, pyyix = px_ix by the
uniqueness of the extension. Inserting the latter into (4.20), we get py x(M) =
px (M) > 0. That is, the map (x, y) — y y(M) is a positive sesquilinear form
on H. Since

2
|ty MD|™ < pc (Mg (M) < 1 (), (82) = [Ix P11y 117
by the Cauchy—Schwarz inequality, this sesquilinear form is bounded, so there exists

a bounded self-adjoint operator E(M) on H such that py (M) = (E(M)x, y) for
all x, y € H. For M € 2y, we have

(Eo(M)x, x) = o (M) = (M) = (E(M)x,x) forxeH.

Hence, we obtain Eo(M) = E(M) by polarization.

We denote by C the set of M € 2 for which E(M) is a projection. Since the
weak limit of an increasing sequence of projections is again a projection, C is a
monotone class. Since E (M) is a projection for M € %y, C contains 2o and hence
the o -algebra . That is, E(M) is a projection for M € 2. Since u, () = (E(-)x, x)
is a measure for all x € H, E is a spectral measure on 2 by Lemma 4.4. g

The following theorem is about the product of commuting spectral measures. In
the special case where £2; = R it will be used in Sect. 5.5.

Theorem 4.10 For j =1,...,k, let £2; be a locally compact Hausdorff space
which has a countable base of open sets, and let E; be a spectral measure on
the Borel algebra B(£2;). Suppose that these spectral measures act on the same
Hilbert space H and pairwise commute, that is, E;(M)E;(N) = E;(N)Ej(M) for
M eB(82;), N € B(82)), j,I =1,..., k. Then there exists a unique spectral mea-
sure E on the Borel algebra *5(S2) of the product space §2 = §21 X - -+ X §2y such
that

EMy x---x My)=E{(My)---E(My) forM; €eB(£2;), j=1,...,k. (421)
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The unique spectral measure E satisfying Eq. (4.21) is called the product of the
spectral measures Eq, ..., E; and denoted by E1 X --- X Ey.

Proof For simplicity, we carry out the proof in the case k = 2. Let 2{ be the algebra
generated by the set 2l of “measurable rectangles” M| x M,, where M| € B(£21)
and M, € B(£22). Each set N € 2 is a disjoint union of finitely many sets

Ni=My X My, ..., Nyg=Mis x Mo € 2.

We define E(N) := Z‘;:l E(N;), where E(N)) := E{(M1;) Ex(My;).

Using essentially that the spectral measures E; and E; commute, we show that
E(N) is a projection. If j # [, then N; N N; =, and hence M; N My =@ or
M3; N My = (. By Lemma 4.3 we obtain in either case

0=E1(My; " My)Ex(My; N Mpy) = Ey(My;)E1 (M) E2(M3j) Er (M)
= E (M) Ex(Maj)E1 (M) E2(M2) = E(N;)E(N)).

Being the product of two commuting projections, E(NN;) is a projection. As a sum
of mutually orthogonal projections, E(N) =Y _j_; E(N) is also a projection.

Just as in the case of scalar measures, one can show that the definition of E is
independent of the particular representation N = [_J; N; (see, e.g., [Ha, p. 35] or
[Be, pp. 89-96] for details). From its definition it is clear that E is finitely additive
on 2. The crucial part of this proof is to show that E is countably additive on the
algebra 2. This is where the assumption on the spaces £2; is used.

First we prove the following technical fact. Let N € 2y, x € H, and ¢ > 0. Then
there exist a compact set C and an open set U in 2lo such that C € N € U and

(EW)x,x)—e <(E(N)x,x) < (E(C)x, x)+e. (4.22)

Because E is finitely additive on the algebra Iy, it suffices to prove the latter for
N = M x M € 2gp. Since E; is a spectral measure, (E;(-)x, x) is a finite Borel
measure on £2;. Each positive finite Borel measure on a locally compact Hausdorff
space that has a countable basis is regular [Cn, Proposition 7.2.3], that is, we have

w(M) = sup{M(C): cCcMm,C compact} =inf{/L(U): UM, U open}

for any Borel set M. Hence, there exist compact sets C; € M such that

IxI1((E;(M;)x, x) = (E; (Cj)x, )/

Since E(M| x M) — E(Cy x C2) = E{(M{\C)E2(C2) + E1 (M) E2(M>\C>), we
obtain

= IxIl| E;(MANC)x| < &/2.

(E(My x Mp)x,x)—(E(Cy x Co)x, x)
= (E2(Co)x, E\(M1\C1)x) 4 (E2(M2\C2)x, E1(M))x)
< xll| Ex(M\CDx| + | Ex(M\Co)x | |1 x ]| < &.

This proves the second inequality of (4.22). The proof of the first one is similar.
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Now let N,, € 2o, n € N, be pairwise disjoint sets such that N := Uflil N, € y.
Let ¢ > 0. By the result proved in the preceding paragraph we can find a compact
set C and open sets U, in 2y such that C € N, N,, € U, and

(E(N)x,x)f(E(C)x,x)+£, (E(Un)x x) (E(N,,)x x)—l—sZ n

Since {U, : n € N} is an open cover of the compact set C, there exists s € N such
that Uy U --- U Uy D C. Using the finite additivity of £ on %Ay, we derive

(E(N)x,x) < (E(C)x,x)+ ¢ < <E< U Un>x,x> +e

n=1

N

<> (EWn)x.x)+ Z E(Ny)x, x)+ 2e.

n=1 n=1

Thus, E(N) < ZZOZI E(N,), because ¢ > 0 and x € H are arbitrary.
Conversely, the finite additivity of E implies that

Y E(N,) = E( U Nn> <E(N),
n=1

n=1

and hence Zzoz 1 E(N,) < E(N). Putting now both inequalities together, we con-
clude that E(N) = Z;’;l E(N,). This proves that E is a spectral premeasure on 2.

The o-algebra generated by 2l is the Borel o-algebra 25(£2). Therefore, by
Lemma 4.9 the spectral premeasure E on 2{y has an extension to a spectral measure,
denoted again by E, on B(£2). By the definition of E, (4.21) is satisfied. Since 2o
generates the o-algebra 25(§2) as well, the spectral measure E is uniquely deter-
mined by (4.21). O

Remark Without additional assumptions as in Theorem 4.10 the product spectral
measure of two commuting spectral measures does not exist in general. That is, if
we define E by (4.21), then the countable additivity of £ may fail. Such a coun-
terexample has been given in [BVS].

4.3 Spectral Integrals

Throughout this section, 2 is a o-algebra of subsets of a set £2, and E is a spec-
tral measure on (£2,2(). Our aim is to investigate spectral integrals. These are the
integrals

I(f) = / FOAEQ®) = / fdE
2 2

of E-a.e. finite 2-measurable functions f: £2 — CU{oo} with respect to the spectral
measure E. Roughly speaking, the idea of our construction is to define

() = fg (O dE@) = E(M)
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for characteristic functions yjs of sets M € 2l and to extend this definition by lin-
earity and by taking limits to general measurable functions.

In the first subsection we shall carry out this for bounded functions and obtain
bounded operators. In the second subsection we treat the more subtle case of E-a.e.
finite unbounded functions which leads to unbounded operators.

4.3.1 Spectral Integrals of Bounded Measurable Functions

Let B = B(£2,%2() be the Banach space of all bounded 2(-measurable functions on
§2 equipped with the norm
Iflle =sup{|f(®)]:1 €}

Let B denote the subspace of simple functions in B, that is, of all functions which
have only a finite number of values. Each f € B, can be written in the form

n
f=Y cram,, (4.23)
r=1
where ¢y, ...,c, € C,and My, ..., M, are pairwise disjoint sets from (. For such a
function f, we define
n
I(f)=)_c,E(M,). (4.24)
r=1

From the finite additivity of E it follows as in “ordinary” integration theory that
I(f) is independent of the particular representation (4.23) of f. In order to extend
the definition of II( f) to arbitrary functions in B, we need the following lemma.

Lemma 4.11 [I(/)]| < || flle for f € B;.

Proof Since the sets My, ..., M, € 2 in (4.23) are disjoint, E(My)H and E(M;)H
are orthogonal for k # [ by Lemma 4.3. Using this fact, we get for x € H,

2
sl =) =Yl Pl B

ZcrE(Mr)x

2
2 2
<1152 g

<D UFIBEMox | =1 £1%

> EM)x

Let f € B. Since the subspace B; is dense in the Banach space (B, | - ||2), there
is a sequence (f;)neN from By such that lim, || f — f,|l@ = 0. Since (f,)nen 1S a
| - || 2-Cauchy sequence, Lemma 4.11 implies that (I( f,)),en is a Cauchy sequence
in the operator norm. Hence, there exists a bounded operator I( /) on A such that
lim,, |I(f) — I(fn) |l = 0. From Lemma 4.11 it follows also that the operator II( f)
does not depend on the particular sequence ( f;),en for which lim,, || f — f ]l =0.

Basic properties of the operators I( f) are summarized in the next proposition.
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Proposition 4.12 For f,g € B(£2,), a, B € C, and x,y € H, we have:

@ I =L(NH*, Waf + Bg) = ol(f) + Bl(g), I(fg) =L(H(g),
(i) (I(f)x,y) = [o FO)A(E@®)x,y),
(i) IIT(N)x)? = [ If @I d(E()x, x),
@) IEHT=Nflla-
(v) Let f, e Bforn e N.If f,(t) > f(t) E-a.e. on 2 and if there is a constant ¢
such that | f,,(t)| <cforneNandt € 2, then s-lim,_, o I( f,) =1(f).

Proof Tt suffices to prove assertions (i)—(iv) for simple functions f and g, because
by continuity all relations extend then to arbitrary functions from B. For simple
functions, the proofs of (i)—(iv) are straightforward verifications.

We carry out the proof of the equality I(fg) = I(f)I(g). Let f =), arxm,
and g = ZS bs xn,, where the sets M, € A resp. Ny € 2l are pairwise disjoint. Then
f& =2, arbsxm.nn,- Using (4.24) and (4.16), we obtain

I(fg) = Zarb E(M, ON)_Zarb E(M,)E(Ny)

(Z arE(M, >) (Z bsEavs)) =1((g).
N
(v) follows from Lebesgue’s dominated convergence theorem (Theorem B.1), since
by (i),

|(KCf) = TC)x ] / o= FP(E@x.x) forx . 0

4.3.2 Integrals of Unbounded Measurable Functions

Let S =S8(£2, %, E) denote the set of all 2A-measurable functions f: 2 — CU {oo}
which are E-a.e. finite, thatis, E({t € £2: f(t) = 00}) =0.

In Theorem 4.13 below we define an (unbounded) linear operator I( f) for each
f €S. Our main technical tool for this is the notion of a bounding sequence.

Definition 4.4 A sequence (M,,),cN of sets M, € A is a bounding sequence for a
subset F of S if each function f € F is bounded on M,, and M,,CM,, | forn € N,
and E(o2, My) =1.

If (M,,) is a bounding sequence, then by the properties of the spectral measure,

EWM,) <E(M,+,) forneN, lim E(M,)x =x forxeH, (4.25)
n—>oo

and the set (J°2 | E(M,,)H is dense in H.

Each finite set of elements fi, ..., f, €S has a bounding sequence. Indeed, set

My={te:|fjw)| <nforj=1,....r}
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and M = |J;2, My,. Then we have 2\M C U;:l{t: fj(t) = oo}, and hence
E(2\M) =0, so that E(M) = E(£2) = I. Therefore, (M;,),eN is a bounding se-
quence for { f1, ..., fr} and also for the x-subalgebra of S generated by fi, ..., f.

Theorem 4.13 Suppose that f € S and define

D(I(f)) = {x eM: /Q|f(t)|2d(E(t)x,x) < oo}. (4.26)

Let (My,),eN be a bounding sequence for f. Then we have:

(1) Avector x € H is in DA(f)) if and only if the sequence (I(f xm,)X)neN con-
verges in H, or equivalently, if sup, . |L(f xm,)x || < oo.

(ii) For x € DA(f)), the limit of the sequence (I( f xu,)x) does not depend on the
bounding sequence (My,). There is a linear operator I(f) on DUI(f)) defined
by

I(f)x = nirlgo I(f xm)x  forx € D(I([)). (4.27)
(iii) UZOZI E(M,)H is contained in D(I(f)) and is a core for I( f). Further,
EM)I(f) CI(HEMy) =1(f xm,) forneN. (4.28)

Proof (i): First suppose that x € D(I(f)). Since f is bounded on M, and hence
fxm, € B, the bounded operator II( f x,) is defined by the preceding subsection.
Using Proposition 4.12(iii), we obtain

I om0 = TCF xm)x | = |0 xu, — fom)x|)
_ /Q \f xoae — fxoa, PP d{E@)x, x)

= fxm = Frm 200 (4.29)

for k,n € N. Since f € L?(£2, E,) by (4.26) and hence fxy, — f in L?(£2, Ey)
by Lebesgue’s dominated convergence theorem (Theorem B.1), (f xum,)nen 1S a
Cauchy sequence in L%($2,E,), and so is (ICf xm,)x))nen in H by (4.29). There-
fore, the sequence (I(f xas,)x)nen converges in 7.

If the sequence (I(f xm,)x)nen converges, the set {||I(f xum,)xll : n € N} is ob-
viously bounded.

Now we suppose that the set {||I(f xa,)x| : n € N} is bounded, that is, ¢ :=
sup,, |1L(f xm,)x|| < oo. Since (| f xm, (O nen converges monotonically to |f(t)|2
E,-a.e. on £2, Lebesgue’s monotone convergence theorem (Theorem B.2) yields

/ fIPdE, = lim / \Fx, PE,
Q n—o0 Q
= lim |T(f xm)x|* < c? < o0, (4.30)
n— 00

where the second equality follows from Proposition 4.12(iii). Hence, we obtain
f eL*(2,E,), and so x € D(I(f)) by (4.26).
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(ii): Let (M})nen be another bounding sequence for f. From Proposition 4.12,

(i) and (iii), we obtain
H]I(fXM;,)x - H(fXM;()x ” =fxm, — fXMl’(”LZ(Q,EX)
<Wfxm, = fllze ey +1f — fXMé lz22.6,) =0

as k,n — oo, since fxm, — f and fXMA’, — f in L%(£2, Ey) as noted above.
Therefore, lim,, I(f xp, )x = limg I(f x40 )x.

By the characterization given in (i), D(I]I( f)) is a linear subspace of H, and (4.27)
defines a linear operator II( f) with domain D(I(f)).

(iii): Let x € H. Since E(M;) =1(xu, ), using Proposition 4.12, we compute

LCf xm)x = 0Cf xm, xmn)x = LCf X, ) E(Mi)x = E(M)L(f xm,)x (4.31)

for n > k. Hence, sup,, [L(f xm,) E(Mi)x| < oo, and so E(My)x € DA(f)). That
is, Uy EMp)H S DA(S)).

Letting n — oo in (4.31) and using (4.27), we get I( ) E (My)x =I( f xm, )x for
x € H. Now suppose that x € D(I(f)). Letting again n — oo in (4.31), we obtain
EMI(f)x =1(f)E(My)x. This proves (4.28).

Since E(M,)x — x by (4.25) and I(f)E(M,)x = E(M,)I(f)x — I(f)x for
x € DA(f)), the linear subspace | J,, E(M,)H of H is a core for I(f). O

Corollary 4.14 Letn e Nand f1,..., fn €S. Then ﬂzzl D fr)) is a core for
each operator 1( fy).

Proof Choose a bounding sequence for all f; and apply Theorem 4.13(iii). O
Proposition 4.15 Let f, g € S and x € DA(f)), y € D(g)). Then we have

(L()x,T(g)y) = /Q fgd(E@®)x, y), (4.32)

LCHx|* = /ny(z)]zd(E(z)x,x). (4.33)

Proof Equation (4.33) follows from (4.32) by setting f =g, x = y.
We prove formula (4.32). Applying Proposition 4.12(ii) to the bounded function
f & xum, and Proposition 4.12(i), we obtain

/Q f8xm, dEx,y = (U(fgxm,)x, y) = (ICf xaa, )%, Wgxm,)y).  (4.34)

Since x € DA(f)) and y € D(I(g)), we have f € L*(£2, E,) and g € L*(2, Ey)
by (4.26). Hence, by Lemma 4.8 and (4.19), the integral f fgdE; y exists, so that

/fEXMy,dEx,y_/ fngx,y
ko) 2

_ ‘ [ (fxm, — NZAE,
2

<lfxm, — f||L2(_Q,EX)||g||L2(_Q,Ey) —0 asn— oo,
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because f xy,— f in Lz(.Q, E,) as shown in the proof of Theorem 4.13(i). There-
fore, since I(f)x = lim, I(f xp,)x and I(g)y = lim, I(gxpm,)y by (4.27), letting
n — oo in (4.34), we obtain (4.32). O

If f € B, then (M,, = §2),,¢n is a bounding sequence for f, and hence the opera-
tor II( f) given by (4.27) coincides with the operator I( /) defined in Theorem 4.13.

The main algebraic properties of the map f — I(f) are collected in the follow-
ing theorem. Here f denotes the complex conjugate of a function f.

Theorem 4.16 For f, g€ S(2,2, E) and a, B € C, we have:

(ORIGIE (G HRN

(i) I(ef + Bg) = al(f) + BI(g),

(i) I(fg) =1(fHI(g), -

@iv) I(f) is a closed normal operator on H, and I( f)*1(f) =1(f ) = L(HI(f)*,
(v) DA(NHI(g)) =D((g)) ND(fg))-

Proof We choose a bounding sequence (M,),cn for f and g and abbreviate
E,:=EM,) and h, := hyy, for h € S. Recall that lim,, E,,x = x for x € H by
(4.25). Clearly, (M,) is also a bounding sequence for f, f + g and fg. Hence, by
Theorem 4.13(iii), Dy := UZOII E,H is a core for the operators I( f + g) and I[(fg).

(): Let x € DA(f)) and y € DA(f)). Applying (4.28) twice and Proposi-
tion 4.12(i), we derive

(EnL(H)x, y) = (L(fu)x, y) = (2. I(fu)y) = (2, I((F)n) y) = (x. EJLC)y)-
As n — oo, we obtain (I(f)x, y) = (x, ]I(?)y). This shows that 11(7) CI(f)*.
Now suppose that y € D(I(f)*). Again by (4.28) and Proposition 4.12(i) we get
(x, EI(N) y) = (L) Enx, y) = (L(fu)x, y) = (x, I(f)y)

for all x € H. Hence, E,I(f)*y = I(fy)y, and so sup, [L(f)y]l < ILCH* V-
Therefore, y € DII(f)) by Proposition 4.13(i). Thus, DI(f)*) € DA(f)).

Putting the preceding two paragraphs together, we have proved that I(f) =
T(f)*.

In particular, each operator I( ) is closed, since I(f) = I(f)*.

(>ii): Obviously, it suffices to prove that I( f + g) = I(f) 4+ I(g). First, we note
that the operator I( f) + I(g) is closable, because

D((I(f) +1(2))") 2 DI(H* +1(g)*) = DI(f) +1(2)) 2 Do
and Dy is dense in H. Since (M,,) is a bounding sequence for f, g, f + g, we have

(IC) + (@) En =L(fu) + L(gn) = L(fu + gn) =L(f + Q) En,  (4.35)
Ey(L(f) +1(9)) = EAL(f) + EL(g) S (I(f) +1(g)) En

by (4.28) and Proposition 4.12(i). Letting n — oo in (4.35) and using that Dy =
\U,, EnH is a core for the closed operator I( f + g), we get I(f + g) € L(f) + L(g).
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Recall that I(f + g) E,, is a bounded operator defined on . From (4.36) it fol-
lows therefore that E,I(f) + 1(g) CI(f + g)E,. Letting again n — oo and using
(4.27), we obtain I( ) + I(g) CI(f + g). Thus, I(f + g) = 1(f) + I(g).

(iii): Formula (4.28) implies that the dense linear subspace Do = | J,, E,H is
contained in the domain of I(g)Ii( f ). Hence, the operator I( /)1 (g) is closable, since
@(HI(g)* 2 I(Z)I(f) by (i). Again by (4.28) and Proposition 4.12(i),

I(fQ)En =1((f8)n) =L(fi)l(gn) = L(f) EJ(gn) =1(f)L(gn) En = L(/)L(Q) Ep.
4.37)

E L(HI(g) LI E, =1(fg)En. (4.38)

Letting n — oo in (4.37) and using that Dy is a core for the closed operator I( fg),
we conclude that I(fg) CI(f)I(g).

Since I( fg) E,, is bounded and defined on H, we obtain E,I(f)I(g) CI(fg)E,
from (4.38), and hence I( f)I(g) C I(fg) as n — oo by (4.27).

Thus, we have shown that I( fg) = I(f)I(g).

(iv): By (i) and (iii) we have I(f)*I(f) = I(H)I(f) € I(f f). Since I(f) is
closed, I(f)*I(f) is self-adjoint by Proposition 3.18(ii). By (i), I(f f) is self-
adjoint. Hence, I( f)*I(f) = I(f f). A similar reasoning shows that I( f)I(f)* =
I(f f). Therefore, I( )*I( ) = I(f f) = L( /)L f)*, that is, I( f) is normal.

(v): Since I(f)I(g) < I(fg) by (iii), DIA(f)I(g)) < D(I(g)) N D(L(fg)). To
prove the converse inclusion, let x € D(Il(g)) N D(I(fg)). Recall that by (4.37),

I(fg)Enx =T(f)I(Q)Enx. (4.39)

As n — oo, we get I(g) E,x — I(g)x (by x € D(I(g))) and I(fg)E,x — LI(fg)x
(by x € D((fg))). Therefore, since the operator I(f) is closed, it follows from
(4.39) that I(g)x € DA(f)), thatis, x € DA()I(g)). O

4.3.3 Properties of Spectral Integrals

In this subsection we develop a number of further properties of spectral integrals
which will be used later. Throughout, f and g are functions from S = S(£2, 2, E).

Proposition 4.17

G) If f(t) =g() E-a.e.on $2, then I(f) = 1(g).
(1) If f(¢) is real-valued E-a.e. on §2, then I(f) is self-adjoint.
(i) If f(t) =0 E-a.e. on 2, then I( f) is positive and self-adjoint.
(iv) If g(t) > 0 E-a.e. on 2, then 1(,/g) is a positive self-adjoint operator such
that 1(,/g)* = 1(g).

Proof (i) and (iii) follow at once from (4.32). (ii) is an immediate consequence of
Theorem 4.16(i). (iv) follows from Theorem 4.16, (i) and (iv), applied with /f = g,
and from (iii). O
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The assertion of (iv) means that Il(,/g) is a “positive square root” of the positive
self-adjoint operator I(g). We shall see below (Proposition 5.13) that each positive
self-adjoint operator has a unique positive square root.

Recall that a function f € S isin L*°($2, E) if and only if f is bounded E-a.e.
on £2 and that || f || is the E-essential supremum of f, thatis, || f ||« is the infimum
of sup{|f ()| : t € 2\N} overall sets N € 2 such that E(N) = 0. By this definition,
| flloo < ooifandonlyif f e L®(£2, E).

Proposition 4.18 The operator 1(f) is bounded if and only if f € L*°(82, E). In
this case, |[L()Il = 1 f llco-

Proof Obviously, if f € L*°(£2, E), then I(f) is bounded and [|[I(f)| < || fllco-
Conversely, suppose I(f) is bounded. Set M,, :={¢: | f(¢)| = |L(f)| + 27"} for
n € N. By Theorem 4.16(iii) and by (4.33), we have for x € H,

ILCH P | EMa)x | = [ 1CHEM)x | = |1 xa)x |

=f \f o, 2 dE:x =/ \fPdE,
2 M,

> (1cH | +27) | En)x |

This is only possible if E(M,)x = 0. Thus, E(M,) = 0, and hence E(M) =0,
where M := U;O=1 M,,. Since obviously M = {r € 2: | f()| > |[L(f)|l}, it follows
that [ f(£)| < |[L(f)Il E-a.e., and hence || floc < [[L(f)II. U

Proposition 4.19 The operator 1(f) is invertible if and only if f(t) # 0 E-a.e.
on 2. In this case we have I(f)~' =1(f~"). Here £~ denotes the function from S
which is defined by f~1(t) := %, where we set (1—) = 0o and % =0.

Proof Set N(f) :={t € 2 : f(t) = 0}. Then I(/)EWN(f)) = I(fxn(f) =
I(0) = 0 by Theorem 4.16. Hence, I( f) is not invertible if E(N'(f)) # 0.

Suppose now that E(N'(f)) = 0. Clearly, then f~! € S.Since f~!f =1 E-ae.,
we have DA(f~! f)) = D)) = H, and hence DA(f~HI(f)) = DA(f)) by
Theorem 4.16(v). Further, I( f ~)I(f) CI(f~! ) = I by Theorem 4.16(iii). From
these two relations we conclude that I( f) is invertible and that I(f)~! CI(f~1).

Replacing f by £~ in the preceding, we obtain I( f ~!)~! C I(f) which in turn
implies that (I(f~H~"H~' =T(f~H cI(f)~L. Thus, I(f)~ ' =T(f ). O

Proposition 4.20
(1) The spectrum of I( f) is the essential range of f, that is,
a(]I(f)) = {AEC:E({IGQ: |f(t) —k| <8}) #0forall e >0}.
(4.40)
If 1 € p(I(f)), then we have R, (I(f)) = L((f — M)~ h).
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(ii) A € Cis an eigenvalue of I(f) if and only if E({t € 2 : f(t) = A}) # 0. In this
case, E({t € 2 : f(t)=A}) is the projection on the eigenspace of I( f) at A.

Proof Upon replacing f by f — XA, we can assume throughout that A = 0.

(1): Clearly, 0 € p(I(f)) if and only if I(f) has a bounded everywhere de-
fined inverse. Hence, it follows from Propositions 4.18 and 4.19 that 0 € p(I(f))
if and only if f #0 E-ae. and f~!' € L®(£2, E), or equivalently, if there is a
constant ¢ > 0 such that E({r : | f(¢)| > ¢}) = 0. Therefore, 0 € o (I(f)) if and
only if E({r : | f(t)|] < &}) # 0 for all ¢ > 0. By Proposition 4.19, we then have
Ro(fN =L(H " =L(f .

(ii): Let x € H. Put N'(f) :={t € 2 : f(t) = 0}. From Eq. (4.33) it follows that
I(f)x =0if and only if f(z) =0 Ey-a.e. on £2, that is, if (E(2\N (f))x,x) =0,
or equivalently, if E(2\N(f))x =x — E(N(f))x = 0. That is, x € NA(f)) if
and only if x = E(N'(f))x. Hence, E(N(f)) is the projection onto N (I(f)). In
particular, N (I( f)) # {0} if only and only if E(N(f)) #0. O

Simple examples show that for arbitrary functions f, g € S, the bars in The-
orem 4.16, (ii) and (iii), cannot be avoided (see Exercise 7), that is, in gen-
eral, we only have I(f) + II(g) C I(f + g) and I(f)I(g) < I(fg). However, if
DI(fg)) < D(I(g)) (for instance, if the operator I(g) is bounded), then we have
I(fg) =1(f)I(g) by Theorem 4.16, (iii) and (v). We illustrate this by a simple
example.

Example 4.8 Let A € p(I(f)). By Theorem 4.16(v) and Proposition 4.40(i) we
then have I(f (f — )~ =L(HI((f — 1)~ 1) =I(f)A(f) — AI)~!; this operator
is bounded, and its domain is H.

Also, I(f(f — 1)~ DI((f — 1)~HI(f), but the domain of I((f — 1)~ HI(f)
is only D(I( f)). However, we have I(f(f — 1)~ 1) =1((f — A)~HI(f). o

The following two propositions describe some cases where the bars can be omit-
ted.

Proposition 4.21

(i) If there exists a ¢ > 0 such that | f(t) + g(t)| > c|f ()| E-a.e., then we have
I(f) +1(g) = I(f + &)-
() If f(t) >0and g(t) >0 E-a.e., then I(f) + I(g) =1(f + g).
(iii) If there is a constant ¢ > 0 such that | f (t)| > c E-a.e., then I(fg) = 1(f)1(g).

Proof (i): By Theorem 4.16(i), I(f) + I(g) € I(f + g). Thus, it suffices to
show that DI(f + g)) € DI(f) + 1(g)). Since c|f| < |f + g|, we have |g| <
(1 4+ ¢ YH|f + gl, so (4.26) implies that DA(f + g)) € DA(f)) N D(g)) =
DI(f) +1(g)).

(ii) follows immediately from (i).



82 4 Spectral Measures and Spectral Integrals

(iii): Since I(f)I(g) < I(fg) by Theorem 4.16(iii), it is enough to verify

that D(I(fg)) € DI(f)I(g)). But DA(f)I(g)) = D((g)) N D(I(fg)) by The-
orem 4.16(v), so it suffices to check that D(I( fg)) € D(I(g)). The latter follows at
once from (4.26) using the assumption | f| > ¢ > 0. O

Proposition 4.22 1(p(f)) = p(I(f)) for any polynomial p € C[x].

Proof We proceed by induction on the degree of the polynomial p.

Suppose that the assertion I(g(f)) = g((f)) is true for all ¢ € C[x] such that
degree g < n. Let p(x) € C[x] be of degree n. We write p as p(x) = a,x" + q(x),
where a, # 0 and degree g < n. We first prove that

]I(f"):]l(f)". (4.41)

Since | f|? < 14 |f"|?, we have DI(f")) € DA(f)) by (4.26). Using the induc-
tion hypothesis I(f"*~!) = I(f)"~!, Theorem 4.16(v), and the latter inclusion, we
derive

D(I(H") =D 1)) = DIA(f* ()
= D(U()) ND(E(F)) = DE(S")).
Therefore, since

I(f") 2L( "I = L)"') =T(f)"

by Theorem 4.16(iii), Eq. (4.41) follows.
Using (4.41), the hypothesis I(g(f)) = ¢g((f)), and Theorem 4.16(ii), we ob-
tain

pI(H) =al(H" +qI() = al(f") +Lq(H)) SL(p(f). (442)

Since degree p =n, we have f" € L%(2, E,) ifand onlyif p(f) € L?(£2, Ey), and
so DA(f™)) =DA(p(f))) by (4.26). On the other hand, D(pA(f))) = DA(f)")
by the definition of the operator p(I(f)). Therefore, D(I(p(f))) = D(pl(f))) by
(4.41), and hence I(p(f)) = p(f)) by (4.42). O

Proposition 4.23 An operator T € B(H) commutes with a spectral measure E
on H (that is, TE(M) = E(M)T for all M € ) if and only if TI(f) CI(f)T
forall f€S8.

Proof The if part is clear, because I(x3/) = E(M). We prove the only if assertion.
For x € H and M € 2, we have

Er (M) = |EODTx|* = [TEM)x|* < ITI2E(M).

Hence, Tx € DAI(f)) if x € DAI(f)) by (4.26). Since T commutes with E, T com-
mutes with I(g) for simple functions g and by taking limits with I(g) for all
g € B. In particular, T commutes with all operators I(f xa,). Therefore, since
TDI(f)) € DA(f)), it follows from (4.27) that TI(f) CI(f)T. 0
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Let N € 2. Since E(N) commutes with E, E(N)I(f) C I(f)E(N) by Propo-
sition 4.23, so the closed subspace E(N)H reduces I( f) by Proposition 1.15. That
is, setting I( o =1(HTE(N)YH and I(f)1 =1(f)[(I — E(N))H, we have

I(f) =T o@I(f)1 onH=ENH® (I —EN)H.

The last result in this section is about transformations of spectral measures.
Let ¢ be a mapping of §2 onto another set £2¢, and let 2y be the o -algebra of all
subsets M of 29 whose inverse image (p_l (M) is in . It is easily checked that

F(M):=E(p""(M)), M ey, (4.43)

defines a spectral measure on (£2, %) acting on the same Hilbert space H.
Proposition 4.24 If h € S(§29, g, F), then hop € S(£2,2U, E), and

/ h(s)dF(s):/ h(e())dE(1). (4.44)
20 2

Proof If follows at once from definition (4.43) that & o ¢ is in S(§2,%2, E). From
the transformation formula for scalar measures (see (B.6)) we derive

/ |h(s)|2d<F(s)x,x)=/ (o)) [* d(E(0)x, x), (4.45)
20 2

[ nrdEeyo)= [ lew)alEmy.y) (4.46)
20 2

for all x € H and those y € H for which & is (F(-)y, y)-integrable on £2¢. Com-
bining (4.45) and (4.26), we obtain D(Ir(h)) = D(Ig(h o ¢)). Here I and Ig
denote the spectral integrals with respect to the spectral measures F' and E. From
formulas (4.46) and (4.32), applied with g(¢) = 1, we conclude that (Ig(h)y, y) =
(Igthop)y,y) fory e Dg(h)) =D (hog)). Therefore, I r(h) =g (ho¢) by
the polarization formula (1.2). This proves (4.44). O

We illustrate the preceding considerations by describing the spectral integrals
I(f) = [, fdE(¢) for our three guiding examples of spectral measures.

Example 4.9 (Example 4.5 continued)
D(I(f)) = {x eH: D | f O I Pax]? < oo},
I(f)x = Zf()\n)an for x € D(I(f)). o
Example 4.10 (Example 4.6 continued)

D(I(f)) = {x € LT, p): /Jlf(t)|2|x(t)|2du(t) < oo},
(I(Hx) 1) = FOx@), teT, forx e DI(f)). °
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Example 4.11 (Example 4.7 continued)
D(I(f)) = {x e L2, ) /Q!f(h(t))|2!x(t)|2du(t) < oo},
(L(NHx)(@0) = f(h®)x(1), te 8, forx € DI(S)). °

For characteristic functions f = yjs, these formulas are just the definitions of
the spectral measures given in Examples 4.5, 4.6, and 4.7. Hence, the formulas hold
for simple functions by linearity and for arbitrary functions f € S by taking limits.

It might be instructive for the reader to check the properties and constructions
developed above in the case of these examples.

4.4 Exercises

1. Prove that the family {£ (%)} in Example 4.3 is a resolution of the identity.

2. Use the definitions (4.4) and (4.5) to prove that E(J1)E(J2) =0 if J; and J»
are disjoint intervals.

3. Let {E(A) : . € R} be aresolution of the identity. Prove Eq. (4.3), that is,

EM)<EMX—0)<EM) ifA; <Xtp =i

4. Let P,,n € N, and P be projections on a Hilbert space . Show that
lim,— o (Pnx,y) = (Px,y) for x,y € H if and only if lim,_, o, P,x = Px
forx e H.

5. Let E be a spectral measure on (2, £2) on a Hilbert space .

. Show that Ey (M) + Ey_x(M) =2Ex(M) +2E,(M).

. Show that E(MUN)+ E(MNN)=E(M)+ E(N) for M, N € 2.

. Show that E(M U ---UM,) < E(M;)+---+ E(M,) for M, N € 2.

. Show that (E(Jy2 | My)x,x) < Y 02 (E(My)x,x) for each sequence

(M) en of sets in %A for x € H.

6. Let 2 be a o-algebra on £2, and let £ be a mapping of 2{ into the projections
of a Hilbert space H such that E(§2) = I. Show that E is a spectral measure if
and only if one of the following conditions is satisfied:

a. E(UZC’:1 M) = s-lim,_, oo E(M,) for each sequence (M,),en of sets
M, € A such that M,, € M, forn € N.

b. E(ﬂﬁil N,) = s-lim,,_, 5 E(N,) for each sequence (Ny,),cn of sets N,, €
such that N, 4| € N,, forn e N.

7. Prove the formula in Proposition 4.12(iii) for functions f € B;.

8. Find functions fi, f>, g1, g2 € S for which I(f; + g1) # I(f1) + I(g1) and
I(f282) # 1(f2)1(g2)-

Hint: Take g1 = —f1 and g» = lz for some unbounded functions.

9. Let f,g € S. Prove or disprove the equalities I(e/*8) = I(e/)I(e?) and
I(sin(f + g)) = I(sin f)I(cos g) + I(cos f)I(sing).

10. Carry out the proofs of some formulas stated in Examples 4.9—4.11.

o

oo o

Further exercises on spectral integrals are given after Chap. 5 in terms of the func-
tional calculus for self-adjoint or normal operators.



Chapter 5
Spectral Decompositions of Self-adjoint
and Normal Operators

If E is a spectral measure on the real line, the spectral integral fR)»d E() is a
self-adjoint operator. The spectral theorem states that any self-adjoint operator A
is of this form and that the spectral measure E is uniquely determined by A. The
proof given in Sect. 5.2 reduces this theorem to the case of bounded self-adjoint
operators by using the bounded transform. Section 5.1 contains a proof of the spec-
tral theorem in the bounded case. It should be emphasized that this proof estab-
lishes the existence of a spectral measure rather than only a resolution of the iden-
tity.

The spectral theorem can be considered as a structure theorem for self-adjoint
operators. It allows us to define functions f(A) = fR f(X)dE()) of the operator A.
In Sect. 5.3 this functional calculus is developed, and a number of applications are
derived. Section 5.4 is about self-adjoint operators with simple spectra.

In Sect. 5.5 the spectral theorem for n-tuples of strongly commuting unbounded
normal operators is proved, and the joint spectrum of such n-tuples is investigated.
Permutability problems involving unbounded operators are a difficult matter. The
final Sect. 5.6 deals with the strong commutativity of unbounded normals and con-
tains a number of equivalent characterizations.

5.1 Spectral Theorem for Bounded Self-adjoint Operators
The main result proved in this section is the following theorem.

Theorem 5.1 Let A be a bounded self-adjoint operator on a Hilbert space H. Let
J = la, b] be a compact interval on R such that o (A) C J. Then there exists a
unique spectral measure E on the Borel o-algebra 8 (J) such that

A :/ AAEQ).
J

If F is another spectral measure on 5 (R) such that A = fR ALdF (L), then we have
EMNJ)=F(M) forall M € B(R).

K. Schmiidgen, Unbounded Self-adjoint Operators on Hilbert Space, 85
Graduate Texts in Mathematics 265,
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A bounded operator T on H commutes with A if and only if it commutes with all
projections E(M), M € B(J).

Before we begin the proof of this theorem, we develop some preliminaries.

Let C[7] be the -algebra of complex polynomials p(1) =Y }_, agt* with invo-
lution given by p(t) = Y _oaxt*. Recall that p(A) = Y 7_, axA*, where A? = 1.
Clearly, the map p — p(A) is a x-homomorphism of C[¢] onto the x-algebra C[A]
of operators p(A) in B(H).

For f € C(J), we define || fll 7 =sup{|f ()| :t € T}.

Lemma 5.2 o(p(A)) C p(o(A)) for p € C[t].

Proof Let y € a(p(A)). Clearly, we can assume that n := deg p > 0. By the fun-

damental theorem of algebra, there are complex numbers «j,...,®, such that
p@t) —y =a,(t —ay)---(t — ). Then
p(A) —yl=an,(A—arl)--- (A —o,l). (.1

If all & are in p(A), then the right-hand side of (5.1) has a bounded inverse, so has
p(A) — yI, and hence y € p(p(A)). This is a contradiction, since y € o (p(A)).
Hence, at least one o is in 0 (A). Since p(aj) —y =0, we get y € p(c(4)). O

Lemma 5.3 For p € C[t], we have ||p(A)|| < |pll7.

Proof Using Lemma 5.2, applied to pp, and the relation o (A) C J, we obtain

[P = [ p(a)* p)| = |@p)A)| =sup{ly|: v € o (Fp)(A)))

<sup{pp(): hea (A} < IBplly =lpl%. -

The main technical ingredient of our proof is the Riesz representation theorem.
More precisely, we shall use the following lemma.

Lemma 5.4 For each continuous linear functional F on the normed linear space
(CItL N - Il 7), there exists a unique complex regular Borel measure 1 on J such
that

F(p)= /j p)du@), peClrl.
Moreover, |W(M)| < ||F|| for all M € B(J).

Proof By the Weierstrass theorem, the polynomials are dense in (C(J7), || - Il 7).
so each continuous linear functional on (C[z], || - || 7) has a unique extension to a
continuous linear functional on C (7). The existence and uniqueness of u follow
then from the Riesz representation theorem (Theorem B.7). O
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Proof of Theorem 5.1
Existence: For arbitrary x, y € H, we define the linear functional Fy , on C[f]

by Fy y(p) = (p(A)x, y), p € C[t]. Since
|Fey(P)| < | p][Ix Iyl < Ipllzllx Iy

by Lemma 5.3, F, , is continuous on (C[z], || - |l 7), and || Fx y|l < lx|lll¥]l. By
Lemma 5.4, there is a unique regular complex Borel measure (i, y on J such that

Fey(p) =(p(A)x, y)= /Jp(k) dux,y(V), peClrl. (5.2)

Our aim is to show that there exists a spectral measure E on the Borel o-algebra
B(J) such that py y(M) = (E(M)x,y) for x,y € Hand M € B(J).

Let oy, a0 € C and x1, x5 € H. Using the linearity of the scalar product in the
first variable and (5.2), we obtain

/Pdﬂalxﬁrazxz,y:al/Pdﬂxl,y +052/Pdﬂx2,yZ/Pd(alﬂxl,y+a2ﬂx2,y)

for p € C[z]. Therefore, by the uniqueness of the representing measure of the func-
tional Fy,x +ayx,,y (see Lemma 5.4) we obtain

Ma1x1+a2x2,y(M) = MUy, ,y(M) + a2ﬂx2,y(M)
for M € B(7). Similarly, for y;, y, € H,

Mox,aryi+oz,y2 (M) =a, Mx,y; (M) + a2M)c,yz (M).

Moreover, |,y (M)| < | Fx,y|l < llx[llly|l by the last assertion of Lemma 5.4. That
is, for each M € B(J), the map (x,y) — iy, y(M) is a continuous sesquilinear
form on H. Hence, there exists a bounded operator E(M) on ‘H such that

pxy(M)=(E(M)x,y), x,y€eH. (5.3)

Setting p(¢) =1 in (5.2), we obtain (x, y) = uy y(J) = (E(J)x,y) for x,y € H,
andso E(J)=1.

The crucial step of this proof is to show that E(M) is a projection. Once this is
established, E is a spectral measure by Lemma 4.4. Let x, y € H and p € C[¢]. By
(5.2) we have

/ pduxy=(p(A)x, y)=(p(A)y,x)= / Pdpy = f pdity .

and hence py,y (M) =y (M) for M € 2B(J) again by the uniqueness of the rep-
resenting measure (Lemma 5.4). By (5.3), the latter yields E(M) = E(M)*.

To prove that E(M)? = E(M), we essentially use the multiplicativity property
(pq)(A) = p(A)q(A) for p, q € Cl[z]. Since

f pdugay,y =(p(A)g(A)x,y)=((pg)(A)y, x)= / pgdity x,
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the uniqueness assertion of Lemma 5.4 implies that dii,A)x,y = g dtx,y, and so
(E(M)q(A)x,y) = qudle,y for M € B(J) by (5.3). Hence, since E(M) =
E(M)*, we have

fqdux,EW)y=(q(A)x,E(M)y)=(E(M)q(A)x,y)=/qudux,y

for g € CJt]. Using once more the uniqueness of the representing measure, we ob-
tain dux, My = XM dldx,y, SO fx EM)y(N) = fN amdpyy = pyy(MNON) for
N €B(J), and hence (E(N)x, E(M)y) = (E(M N N)x, y) by (5.3). Therefore,
EM)E(N)=E(M N N). Setting M = N, we get E(M)? = E(M), so E(M) is
indeed a projection for M € B(7). Hence, E is a spectral measure on ‘B(7).

Let x, y € H. From (5.2) and (5.3) we obtain

(p(A)x,y)= /J p(WA(E()x, y) (54

for p € Cl[t]. In particular, (Ax, y) = fjkd(E(A)x, y). For the operator I(fp) =
fjAdE(A) with fo(A) = A, A € J, we also have (I(fy)x, y) = fj)»d(E(k)x, y)
by (4.32). Thus, A =1(fy) = fJAdE(A).

Uniqueness: Let I( ) denote the spectral integral fR f dF with respect to a sec-
ond spectral measure F'. By assumption, we have A =1(fp), where fo(1) = A. Let
J=la,bland N, :=[b+n~1, +00). By the properties stated in Theorem 4.16,

(AF(Nu)x, F(Ny)x) = (I(foxn,)x. x)

- / Ad{FO)x, x)> (b+n~1) / d(FGx.x) = (b+n~ )| FNx]

n n

Since 0 (A) C [a, b] and hence (Ay, y) < b||y||* for y € H, we get F(N,)x = 0 for
all x € H. Thus, s-lim,,— o F(N,) = F((b, +00)) =0 by Lemma 4.5.
A similar reasoning shows that F((—o0, @)) = 0. Thus, we have

(p(A)x, x) = /J pA) d(F()»)x, x)

for p € C[¢]. Comparing the latter with (5.4), we obtain (E(N)x, x) = (F(N)x, x)
for all N € ®B(J) and x € ‘H by the uniqueness assertion of Lemma 5.4. Conse-
quently, E(N) = F(N) for N € B(J). Since F((b, +00)) = F((—00,a)) =0 and
hence F(R\J)=0,we get E(IM NJ) = F(M) for M € *B(R).

Finally, let 7 € B(#) and suppose that TA = AT. Since A = fjAdE(A) and
hence p(A) = f 7 p(A)dE()L) for each polynomial p, we obtain

fjp(»d(E(x)Tx,y)=<p<A>Tx,y>=(p<A)x, T*y)= /J pWA(E(M)x, T*y)
for x, y € H. Therefore, by the uniqueness assertion in Lemma 5.4 the measures
(E(-)Tx,y) and (E(-)x, T*y) coincide. That is,

(EMDTx, y)=(E(M)x, T*y) = (T E(M)x, y),

and so E(M)T =TE(M) for M € B8(J). Conversely, if TE(-) = E(-)T, then we
have T A = AT by Proposition 4.23. g
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Corollary 5.5 Let A be a positive bounded self-adjoint operator on H. There exists
a unique positive self-adjoint operator B on H, denoted by A'/? such that B> = A.
If (pn)nenN is a sequence of polynomials such that p,(A) — 2172 uniformly on [0, b]
and o (A) C [0, b], then we have lim,_, o || pn(A) — AY2|| = 0.

Proof Since A is positive and bounded, o (A) C [0, b] for some b > 0. By The-
orem 5.1, there is a spectral measure E such that A = f[&b])\dE (A). Setting
B:= f[O,bJ A/2dE)), B is a positive self-adjoint operator and B> = A. By Propo-
sition 4.12(iv) we have lim,, || p,(A) — B|| = 0 if p, (*) — A!'/2 uniformly on [0, b].

We prove the uniqueness assertion. Let C be an arbitrary positive self-adjoint
operator such that C> = A. Then C commutes with A, so with polynomials of A,
and hence with B = lim, p,(A). Let x € H and put y := (B — C)x. Using that
BC = CB and B> = C%(= A), we derive

(By,y) +{(Cy,y) =((B+C)(B—C)x,y)=((B* - C?)x,y)=0.

Therefore, (By,y) =(Cy,y) =0, since B> 0and C > 0. Hence, By = Cy =0 by
Lemma 3.4(iii). Thus, ||(B — C)x||> = ((B — C)%x,x) = ((B — C)y, x) = 0, which
yields Bx = Cx. This proves that B =C. 0

Applying the last assertion of Theorem 5.1 twice, first with 7 = B and then with
T = E4 (M), we obtain the following corollary.

Corollary 5.6 Let A= [ AdEA () and B = [y Ad Eg(}) be bounded self-adjoint
operators on H with spectral measures E 4 and Ep on B(R). Then we have AB =
BAifandonly if EA(M)Eg(N) = Ep(N)EAs(M) for M, N € B(R).

5.2 Spectral Theorem for Unbounded Self-adjoint Operators
The spectral theorem of unbounded self-adjoint operators is the following result.

Theorem 5.7 Let A be a self-adjoint operator on a Hilbert space H. Then there
exists a unique spectral measure E = E 4 on the Borel o -algebra B (R) such that

A=/AdEA(A). (5.5)
R

First, we explain the idea of our proof of Theorem 5.7. Clearly, the mapping
t—>z=t(1+H 12 isa homeomorphism of R on the interval (—1, 1). We
define an operator analog of this mapping to transform the unbounded self-adjoint
operator A into a bounded self-adjoint operator Z 4. Then we apply Theorem 5.1 to
Z 4 and transform the spectral measure of Z4 into a spectral measure of A.

A similar idea will be used for the spectral theorem for unbounded normals in
Section 5.5. To develop the preliminaries for this result as well, we begin slightly
more generally and suppose that T is a densely defined closed operator on a Hilbert



90 5 Spectral Decompositions of Self-adjoint and Normal Operators

space . By Proposition 3.18(i), Cr:=(I 4+ T*T)~! is a positive bounded self-
adjoint operator, so it has a positive square root C}/ 2 by Corollary 5.5. The operator
Zr :=TC)? (5.6)
is called the bounded transform of T. It will be studied more in detail in Sect. 7.3.
Here we prove only the following lemma.
Lemma 5.8 If T is a densely defined closed operator on H, then:
(i) Zr is a bounded operator defined on H such that
IZrll <1 and CT=(I+T*T)71=I—Z?ZT. 5.7
(i) (Z7)* = Zr~. In particular, Z7 is self-adjoint if T is self-adjoint.
@iii) If T is normal, so is Zt.
Proof 1In this proof we abbreviate C = Cr, Z=Z7, Cy =Cr+,and Z, = Zr+.
(i): Clearly, CH =D + T*T) = D(T*T). Hence, for x € H, we have

|TC'2CV2x|? = (T*TCx, Cx) < ((I + T*T)Cx, Cx) = (x, Cx) = | C x|,

that is, || Zy|l = |TCY2y| < |ly| for y € CY/?>#. Since N (C) = {0} and hence
N(Cl/z) = {0}, C'/2%{ is dense in . The operator Z = TC'/? is closed, since T is
closed and C'/? is bounded. Therefore, the preceding implies that C'/>H € D(T),
D(Z)=H,and ||Z| < 1.

Using the relations CH =D(T*T) and Z* D C12T* we obtain

zrzc'? o c'PrrrctPet P =2 (1 + 1 T)C - CPC = (1 - O)C'?,

s0 Z*ZC1Y/2 = (I — ¢)CY/2. Since CY/?H is dense, this yields I — Z*Z =C.

(ii): Recall that C = (I + T*T)~! and C, = (I + TT*)~'. Let x € D(T*).
Setting y = Cyx, we obtain x = (I + TT*)y and T*x = T*(I + TT*)y =
(I + T*T)T*y, so that Cux € D(T*) and CT*x = T*y = T*C,x. This implies
that p(Cy)x € D(T*) and p(C)T*x = T* p(C4)x for each polynomial p.

By the Weierstrass theorem, there is a sequence (p,),en of polynomials such
that p, (t)—t'/? uniformly on [0, 1]. From Corollary 5.5 it follows that

lim || p,(C) — C'2| = lim | pa(Cy) — (C)'?| =0.
n—o00 n—oo

Taking the limit in the equation p,(C)T*x = T*p,(Cs)x, by using that T* is
closed, we get C1/2T*x = T*(C,)'/?x for x € D(T*). Since Z* = (TC'/?)* D
C2T*, we obtain Z*x = C'/2T*x = T*(C,)"/?x = Z.x for x € D(T*). Since
D(T*) is dense in H, we conclude that Z* = Z, on H.

(iii): Suppose that T is normal, that is, 7*T = TT*. Using the last equality
in (5.7) twice, first for T and then for T*, and the relation Z* = Z,., we derive

1-ZZ=(I+TT) ' =(I+TT*) ' =1 - (20" Z. =1 - 22",

Hence, Z is normal. g
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Proof of Theorem 5.7 Let us abbreviate C = C4 and Z = Z4. By Lemma 5.8,
Z=ACY2 is a bounded self-adjoint operator on H such that o (Z) C [—1, 1] and
I —Z%>=C = (I + A*)~!. By the spectral Theorem 5.1, applied to the operator Z,
there is a unique spectral measure F' on B([—1, 1]) such that

Z:/ zdF(2). (5.8)
[-1.1]

Since F{INH+ F{—=1)H S NI —Z*) =N (I + A>~1) = {0}, it follows that
F({1}) = F({—1}) = 0. Hence, ¢(z) := z(1 —z2)~ /2 is an F-a.e. finite Borel func-
tionon [—1, 1].

We prove that A = Il(¢). For this, we use some properties of spectral integrals.
Since D(I(p)) = DA((1 —z2)~'/2)) by (4.26), we have I(p) = I(z)I((1 — z2)~1/?)
by Theorem 4.16, (iii) and (v). From Proposition 4.19 we obtain I((1 — z2)~1/?) =
I((1 — z%)!/2)~1. By the uniqueness of the positive square root (Corollary 5.5) of
the operator C =1 — Z> > 0 we get C'/2 = (I — Z»)1/2 =1((1 — z2)/?). Recall
that I(z) = Z by (5.8). Summarizing the preceding, we have shown that I(p) =
Z(Cl/z)il .

Since Z = AC'/? is everywhere defined, C'2#{ € D(A), and hence I(p) =
Z(C'/2)~1 C A. Because I(¢) and A are self-adjoint operators, I(¢) = A.

Now we apply Proposition 4.24 to the map (—1,1) > z > A = ¢(2) € R. Then
EM) := F(p~"(M)), M € B(R), defines a spectral measure, and we have

/MlE(k)=/ p()dF (@) =I(p)=A
R J

by (4.44). This proves the existence assertion of Theorem 5.7.

The uniqueness assertion of Theorem 5.7 will be reduced to the uniqueness in
the bounded case. The inverse ¢! of the mapping ¢ is ¢! (1) = A(1 + 12)~1/2,
If E’ is another spectral measure on B(R) such that A = fR AdE’()) holds, then
F'(p(M)) := E'(M), M € B((—1, 1)), defines a spectral measure, and

ZA=A((1+A2)’1)1/2=/ gf‘(x)dE’(x):/ 2dF(2).
R (=11

Extending F’ to a spectral measure on [—1,1] by F'(M) := F'(M N (—1, 1)),
M €°3([—1, 1]), and using the uniqueness assertion in Theorem 5.1, we conclude
that F/ = F and hence E' = E. O

5.3 Functional Calculus and Various Applications

Throughout this section A is a self-adjoint operator on a Hilbert space H, and E 4
denotes the spectral measure of A. By Theorem 5.7 we have

A=/AdEA(A). (5.9)
R
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We will omit the set R under the integral sign. Recall that S = S(R, B(R), E4)
is the set of all E 4-a.e. finite Borel functions f:R — CU{oo}. For a function f € S,
we write f(A) for the spectral integral I( ) from Sect. 4.3. Then

f(A) =/f(k)dEA()~) (5.10)

is a normal operator on ‘H with dense domain
D(f(A)):{xe?—[:f|f(k)|2d<EA(A)x,x)<w}. (5.11)

If f is apolynomial p(A) = )", a,A", it follows from (5.9) and Proposition 4.22
that the operator p(A) given by (5.10) coincides with the “ordinary” operator poly-
nomial p(A) =), a, A". A similar result is true for inverses by Proposition 4.19.
If A is the multiplication operator by a real function %, then f(A) is the multiplica-
tion operator with f o i (see Example 5.3 below). All these and more facts justify
using the notation f(A) and call the operator f(A) a function of A.

The assignment f — f(A) is called the functional calculus of the self-adjoint
operator A. It is a very powerful tool for the study of self-adjoint operators.

In the case of our three guiding examples, the operators f(A) can be described
explicitly. We collect the formulas for the spectral measures from Examples 4.5, 4.6,
4.7 and rewrite the corresponding spectral integrals I( ) from Examples 4.9, 4.10,
4.11.

Example 5.1 (Examples 4.5 and 4.9 continued) Let (A,),en be a real sequence,
and (P,)nen be a sequence of pairwise orthogonal projections on #H such that
>, P. = 1. For the self-adjoint operator A defined by

o0 o0
Ax =" Pux, D(A):{xe’H:Z|An|2||an||2<oo},
n=1

n=1
the spectral measure and functions act by

Es(M)= ) P,, MeB®),
A€M

fAx=> fOPux,  D(f(A)= {x eH: Y | fO | IPax]? < oo}. .

n=l1 n=1

Example 5.2 (Examples 4.6 and 4.10 continued) Let p be a positive regular Borel
measure on an interval 7. For the self-adjoint operator A on . = L*(7, i) defined
by

(Ag)(t) =1tg(t),  D(A)= {g €L} (T, n): /J 2le0 [ du@) < oo},

the spectral measure and functions are given by
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(Ea(M)g) (1) = xm(t) -g(1), geH, MeB(T),
(f(A)g)®)=f()-g(1), geD(f(A),

D(f(4)) = {g e L2, ) /jlf(t)|2|g(t)|2du(t) < oo}. °

Example 5.3 (Examples 4.7 and 4.11 continued) Let (£2, %2, u) be a measure space,
and & : 2 — R be a measurable function on 2. The multiplication operator A by
the function 4 on H = Lz(.Q, W), that is,

(Ag)(t) = h(t) - g(t), D(A)={geL2<9,u>:/Q|h(r)|2|g<t>|2du<t><oo},

is self-adjoint. Setting h=Y (M) :={t € 2: h(t) € M}, we have

(Ea(M)E)(1) = xp-100) () - 8(1), g €H, M € BR),
(f(Ag) ()= f(h(D)-g), geD(f(A),

D(f(A))={geLz(Q,u):/Q|f(h<t>)|2|g<t>|2du<t><oo}. 0

The basic properties of the functional calculus f — f(A) = I(f) have been
established in Sect. 4.3. We restate them in the following theorem.

Theorem 5.9 (Properties of the functional calculus) Let f,g € S, a,B € C,
x,y € D(f(A)), and B € B(H). Then we have:

D (f(A)x,y) = [ FOI{EA(Rx, y).
2) If(AxIP = [1fG)IPd(EsG)x, x).
In particular, if f(t) = g(t) Ej-a.e. on R, then f(A) = g(A).

3) f(A) is bounded if and only if f € L°(R, E 4). In this case, || f (A)|| = | f |l oo-
4) f(A) = f(A)*. In particular, f(A) is self-adjoint if f is real E s-a.e. on R.
5) (af + Bg)(A) =af(A) + Bg(A).

6) (f9)(A) = F(A)g(A).

7) p(A) =", anA" for any polynomial p(t) =", at" € C[t].

8) xm(A) = Ea(M) for M € B(R).

9) If f(t) #0 Es-a.e. on R, then f(A) is invertible, and f(A)_1 = (1/£)(A).
10) If f(t) >0 Es-a.e. on R, then f(A) > 0.

The next proposition describes the spectrum and resolvent in terms of the spectral
measure.
Proposition 5.10

(1) The support supp E4 of the spectral measure E 4 is equal to the spectrum
o (A) of the operator A. That is, a real number Ao is in o (A) if and only if
Ea(ho+€)# Es(ho—¢) forall e > 0. For Ap € p(A), we have

Riy(A) = (A —2roD)7! :/(A—Ao)_ldEA(A). (5.12)
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(i) A real number Lg is an eigenvalue of A if and only if E s ({\o}) # 0. In this case,
E 4({)o}) is the projection of H on the eigenspace of A at Ao.

Proof By (5.9), A is the spectral integral I(f), where f(A) = A on R. There-
fore, except for the statement about supp E 4, all above assertions are already con-
tained in Proposition 4.20. By Definition 4.3, we have A¢ € supp E 4 if and only if
Es((ho —¢&,A0+€)) #0 for all € > 0, or equivalently, E4(Lo +¢€) # Eso(Xo — €)
for all ¢ > 0. By Proposition 4.20(i) the latter is equivalent to A9 € o (A). O

A simple consequence of this proposition is the following:

Corollary 5.11 Each isolated point of the spectrum o (A) of a self-adjoint opera-
tor A is an eigenvalue for A.

The next proposition characterizes self-adjoint operators A with purely discrete
spectra. Among others, it shows that the underlying Hilbert space is then separable
and has an orthonormal basis of eigenvectors of A.

Proposition 5.12 For a self-adjoint operator A on an infinite dimensional Hilbert
space H, the following are equivalent:

(i) There exist a real sequence (A,)neN and an orthonormal basis {e, : n € N} of
H such that lim,,_, 5 |A, | = 400 and Ae,, = ,ye, for n € N.
(ii) A has a purely discrete spectrum.
(iii) The resolvent R) (A) is compact for one, hence for all, . € p(T).
(iv) The embedding map J4 : (D(A), ||-ll4a) = H is compact.

Proof (i) — (ii): From the properties stated in (i) one easily verifies that A has a
purely discrete spectrum o (A) = {A,, : n € N}.

(i) — (iii) and (ii) — (i): We choose a maximal orthonormal set E = {e; :i € J}
of eigenvectors of A. (A priori this set £ might be empty.) Let Ae; = A;e; fori € J.
By Lemma 3.4(i), each A; is real. Then we have 0 (A) = {A; : i € J}. (Indeed, if there
were a A € 0 (A) such that A # A; for all i, then A should be an eigenvalue of A, say
Ae = Ae for some unit vector e, because A has a purely discrete spectrum. But,
since A # A;, we have e L ¢; by Lemma 3.4(ii), which contradicts the maximality
of the set E.) Therefore, it follows from Proposition 2.10(i) that

o (R (A)\ {0} = [ =0 i e ). (5.13)

Let G denote the closed linear span of ¢;, i € J. Since o (A) has no finite accu-
mulation point, there exists a real number A € p(A). Then R)(A) = (A — Al )y~ lis
a bounded self-adjoint operator on H which leaves G, hence G L, invariant.

Next we prove that G = 7. Assume the contrary. Then B := R (A)[G' is a
self-adjoint operator on G # {0}. Since A (B) = {0}, there exists a nonzero y in
o (B). Clearly, 0 (B) € 0 (R (A)). Thus, u = (A, — 1)~ for some ig € J by (5.13).
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Since o (A) has no finite accumulation point, o (R (A)), hence its subset o (B),
has no nonzero accumulation point by (5.13), so u is an isolated point of o (B).
Therefore, by Corollary 5.11, u is an eigenvalue of B, say Bu = pu for some unit
vector u € G1. Since B C Ry (A), R, (A)u = (hiy — A)~'u, so that Au = A;u. This
contradicts the maximality of the set E, because u € G1 1 E. This proves that
G=".

Hence, E is an orthonormal basis of 7. Since H is infinite-dimensional and o (A)
has no finite accumulation point, we can take J = N and have lim,, |A, | = co. This
proves (i).

The operator R (A) has an orthonormal basis E of eigenvectors, and the se-
quence ((A, — )™, of the corresponding eigenvalues is a null sequence, since
lim,, |A,| = oo. This implies that R, (A) is the limit of a sequence of finite rank
operators in the operator norm. Therefore, R, (A) is compact. This proves (iii).

(iii) — (ii) follows from Proposition 2.11.

(>iii) — (iv): Let M be a bounded subset of (D(A), || ||a). Then N := (A—A1)M
is bounded in . By (iii), (A —A1)~'N = M is relatively compact in {. This proves
that J4 is compact.

(iv) — (iii): Suppose that M is a bounded subset of H. From the inequality

JAA =AD" x| = |x + 1A =aD7 x| < (L + M| (A=AD7H|)lIxll, xeH,

it follows that (A — A1)~ M is bounded in (D(A), || - ||l4). Since Jy4 is compact,
(A — AI)~'M is relatively compact in 7. That is, (A — AI)~! is compact. O

Corollary 5.5 dealt with the square root of a bounded positive operator. The next
proposition contains the corresponding result in the unbounded case.

Proposition 5.13 If A is a positive self-adjoint operator on H, then there is unique
positive self-adjoint operator B on H such that B> = A.

The operator B is called the positive square root of A and denoted by A!/2.

Proof Since A > 0, we have supp E4 = 0(A) C [0, +00) by Proposition 5.10.
Hence, the function f(}) := hof Sis nonnegative E 4-a.e. on R. Therefore, the
operator B := f(A) is positive, and BI= }‘(A)2 C (fz)(A) A by Theorem 5.9,
10) and 6). Since B2 is self-adjoint, B? = A.
Suppose that B is another positive self-adjoint operator such that B2 =A. Let
f[o +o0) tdF (1) be the spectral decomposition of B. We define a spectral mea-
sure F' by F'(M) = F(M?), M € B([0, +00)), where M? = {t*>: t € M}. Using
Proposition 4.24, we then obtain

/ AdF/(A):/ tzdF(t):§2:A:/ AdEAQL).
[0,+00) [0,4-00) [0,+00)
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From the uniqueness of the spectral measure of A (Theorem 5.7) it follows that
F'(M) = F(M?) = E4(M) for M € B([0, +00)). Hence, by formula (4.44) and
the definition of B,

E:f tdF(r) = VAdF' () = VAdEAO)=B. [
[0,+00) [0,+00) [0,400)

By formula (5.5) the resolvent Rj,(A) = (A — Aol )~ ! was written as an integral
with respect to the spectral measure of A. We now proceed in reverse direction and
express the spectral projections of A in terms of the resolvent.

Proposition 5.14 (Stone’s formulas) Suppose that a,b € R U {—o0} U {400},
a < b, and ¢ € R. Then we have

Ex(la,b]) + Es((a, b))

e—0+ i
Ea(c)+ Ea(c—0)

— s lim /C (A—a+ie)]) ' —(A—a—ie)D) Ydr.  (5.15)

e—=0+T1 J_o

b
=s-1imi_/ (A—a+i)) " —(A—a—ie)) Ydr,  (5.14)

For a, b € R, the integral in (5.14) is meant as a Riemann integral in the operator
norm convergence. Improper integrals are always understood as strong limits of the
corresponding integrals ff as @ — —oo resp. f — +00.

Proof Fora,b e R:=RU{—00}U {400} and & > 0, we define the functions

feh, 1) = i((x —(+ie)) " — (A= —ie)”") and

i
b
Foan(t) = / fGondr,

where A, t € R.

First suppose that a,b € R, a < b. Let (g,(1,t))nen be a sequence of Rie-
mann sums for the integral f; , (1) = fab fe(X,t)dt. Since | fe (A, 1)| <2/em and
hence |g, (A, 1)| <2(b—a)/em, we have f; 4p(A) = s-lim,_, o g1 (A, t) by Propo-
sition 4.12(v). The resolvent formula (5.12) implies that

1 . - . —
fe(An = —((A= G +ie)) ' (a—a—in)Th. (5.16)
Hence, (g,(A, 1))neN is a sequence of Riemann sums for the operator-valued Rie-
mann integral fab fe(A,1)dt. Thus, fo4p(A) = fab fe(A,t)dt fora,b e R.
Leta = —ooc and b € R. Since | fz 4 p(A)| <2onRand f; o5(X) = fe—00.6(X)

as & — —00, We obtain fr _oop(A) = s-liMgs oo foan(A) = [ fo(A, 1) d1
again by Proposition 4.12(v). The case b = 400 is treated similarly.
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Putting the results of the preceding two paragraphs together, we have shown that
b
fg,a’b(A)zf fe(A,t)dt fora,beR,a <b. (5.17)
a

An explicit computation of the integral fab Sfe (A, t)dt yields

2 b—A —A —
feap()=— <arctan — arctan a4 ) forheR,a,beR, a<b, (5.18)
T
where we have set arctan(—o0) := —7 and arctan(400) := 7.

From (5.18) we easily obtain that f; 4, 5(A) = 0if A & [a, D], feap(A) — 1 if
A=a,band f; 4p(1) — 2if X € (a,b) as ¢ — 0+. That is, we have

Lim fe 0 5(A) = Xa,0)(A) + X(a,0)(X).
e—>0+

Since | f¢,q,p(A)] <2 on R, we can apply Proposition 4.12(v) once again and derive
88_1)10151 feab(A) = E4(la,b]) + Ea((a. b)). (5.19)

Inserting (5.16) into (5.17) and then (5.17) into (5.19), we obtain (5.14).
Formula (5.15) follows from (5.14) by setting b = ¢, a = —oo and recalling that
E(c) = Ea((—00,c]) and Ex(c —0) = E4((—00, ¢)). O

For ¢ € R, it follows immediately from (5.15) that
1 c+6 1 _1
Ea(c) = s-lim s-lim — f (A= +ie)]) — (A—(r—ie)I) " )dr. (5.20)
8—0+e—0+ 21 J_o

By combining (5.20) and (5.14) one easily derives formulas for the spectral projec-
tions of arbitrary intervals. We shall use (5.20) in the proof of the next proposition.

Proposition 5.15 Let Ay and A; be self-adjoint operators on Hilbert spaces H
and Ha, respectively, and let S € B(H1, Hy). Then the following are equivalent:

(i) SA| C AyS.

(i) SRy(A1) = R, (A3)S for one (hence for all) A € p(A1) N p(A2).
(iii) SEA,(A) =Ea,(A)S forall A e R.
(iv) SEs, (M) = Ea,(M)S forall M € B(R).

Proof (i) <> (ii): Fix A € p(A1) N p(A3). Clearly, (i) is equivalent to S(A; — Al) C
(Ay —Al)S and so to Ry (A2)S = SR, (A1), because R(A|1 — Al) =H.

The equivalence of (iii) and (iv) follows from Proposition 4.7. Formulas (5.20)
and (5.12) yield the implications (ii) — (iii) and (iv) — (ii), respectively. O

The fractional power A% of a positive self-adjoint operator A is defined by

o
A"‘:/ A dEA().
0
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Now we give another integral representation of A%, where o € (0, 1), by means of
the resolvent of A, that is, in terms of the operator A(A + t) ' =1—tR_;(A). It
can be considered as an operator-theoretic counterpart of the classical formula

o0
A‘X:n*]sinm/ v+ de, A>0, 2e(0,1). (5.21)
0

Proposition 5.16 Let A be a positive self-adjoint operator on H and a € (0, 1).

(i) A vector x € H belongs to the domain D(A*'?) if and only if the improper
integral fooo " HAA+ D), x)dt is finite. We then have

o
||A“/2xH2=n_lsinJTa/ t“_l(A(A+tI)_1x,x)dt forxeD(A“/z),
0

a
(ii) A% =7 'sinra  lim *TA(A+1D) " 'xdt  forx € D(A).
i e
Proof All formulas in Proposition 5.16 remain unchanged when x is replaced by
x — E4({0})x. Hence, we can assume without loss of generality that E 4 ({0})x = 0.
Further, we abbreviate b, := 7 ! sinwa, P, :=E4([e,00)),and P, , := E4([¢, al).
(1): Let x € H and ¢ > 0. Employing formula (5.21), we compute

/ookad<EA(A)x,x)= /Oo<ba /Oot“_l(k +07! dt) d(Ea(0)x, x)
B B 0
= by /Oo</oom +1)7! d(EA(x)x,x)>z“—1 dt
0 &

o0
=ba/ (PrAA+ 1D x, x)e . (5.22)
0

The two integrals in the first line can be interchanged by Fubini’s theorem (Theo-
rem B.5). From Theorem 4.16, (iii) and (v), it follows that the interior integral in the
second line is equal to (P; A(A + tD™1x, x).

Now we consider the limit ¢ — 40 in (5.22). Using the monotone con-
vergence theorem (Theorem B.2) and the fact that (P.A(A + ¢t/ y~lx, xX) —
(A(A+1tD)~1x, x), we get

/OOA“ d(EA(M)x, x) = by foot"‘_l(A(A +t1)"x, x)dt.
0 0

By formula (4.26) the first integral is finite if and only if x € D(A%/ 2. In this case
this integral is equal to || A%/2x||? by (4.33).
(ii): Let x € D(A). Fix ¢ > 0 and a > ¢. Using again formula (5.21), we derive

a a 00
Xe.q ::/ k“dEA(k)xzf <ba./ t“lk(k+t)1dt>dEA(k)x
& & 0

o0 a

=ba/ za*‘/ A+ 0"V dEA(V)x dt
0 &
o0

= by / 1P JA(A+ 1) x dt.
0
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Now we pass to the limits ¢ — 40 and a — o0 in this equality. Clearly,
(1 = Pe)AA+tD) x| < | = Poo)x], (5.23)
[ = Pe) ACA+1D)7 x| <71 (I = Pea)Ax|, (5.24)

(I = Peg)x = EA({Ohx =0, and (I — P 4)Ax — E4({0})Ax = 0. Therefore,
using inequalities (5.23) at zero and (5.24) at 400, we conclude that

o0 o0
ba/ t“—lpg,aA(A+z1)—1xdt—>ba/ 1*TAA+11) ' x dt.
0 0

Since x; 4 tends to A%x, we obtain the desired equality. g

5.4 Self-adjoint Operators with Simple Spectra
In this section A is a self-adjoint operator on ‘H with spectral measure E 4.

Lemma 5.17 Let N be a subset of H, and let Hpr be the closed linear span of
vectors Eo(M)x, where x € N and M € B(R). Then Hys is smallest reducing
subspace for A which contains N'. Further, H s is the closed subspace generated
by R,(A)x, where x € N and 7 € C\R.

Proof Let H be a closed subspace of 7, and let Py be the projection onto Hp. By
Proposition 1.15, Hy is reducing for A if and only if P9A C A Py, or equivalently by
Proposition 5.15, if PyE 4 (A) = E4(A) Py for all 1 € R. Therefore, if H is reducing
for A and N' C Hy, then Ho C H . Obviously, each projection E 4 (1) leaves H s
invariant. Hence, the projection onto H s commutes with E4()), so that Has is
reducing for A. The last assertion follows from formulas (5.12) and (5.20) which
express resolvents by means of spectral projections and vice versa. g

Definition 5.1 A vector x € H is called a generating vector or a cyclic vector for A
if the linear span of vectors E4(M)x, M € B(R), is dense in /. We say that A has
a simple spectrum if A has a generating vector.

That is, by Lemma 5.17, a vector x € H is generating for A if and only if H is
the smallest reducing subspace for A containing x.

Example 5.4 (Multiplication operators on R) Suppose that p is a positive reg-
ular Borel measure on R. Let A; be the operator on H = L*(R, 1) defined by
(AN @) =tf @) for f e D(A) ={f eH:1f(t) e H}.

By Example 5.2, the spectral projection E 4, (M) acts as multiplication operator
by the characteristic functions x»s. Hence, supp i = supp E4,. Since supp E4, =
o (A;) by Proposition 5.10(i), we have

supp u = o (Ay). (5.25)
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Statement 1 A € R is an eigenvalue of A, if and only if L({A}) # 0. Each eigenvalue
of A; has multiplicity one.

Proof Both assertions follow immediately from that fact that N'(A; — AI) consists
of complex multiples of the characteristic function of the point A. g

Statement 2 A; has a simple spectrum.

Proof If the measure p is finite, then the constant function 1 is in H and a generating
vector for A,. In the general case we set
o
x(0yi= Y 27 Mtk k+ D) ppsrn ().

k=—o00

Then x € L2(R, w). Clearly, the linear span of functions xus -x, M € *B(R), contains
the characteristic functions xy of all bounded Borel sets N. Since the span of such
functions yy is dense in L?(R, W), x(t) is a generating vector for A;. Oo

The next proposition shows that up to unitary equivalence each self-adjoint op-
erator with simple spectrum is of this form for some finite Borel measure p.

For x € H, we denote by F, the set of all E4-a.e. finite measurable functions
f iR — CU {00} for which x € D(f(A)).

Proposition 5.18 Let x be a generating vector for the self-adjoint operator A on H.
Set w(-) :=(Es(-)x,x). Then the map (U(f(A)x))() = f(t), f € Fx, is a unitary
operator of H onto L*(R, w) such that A= U~'A,U and (Ux)(t) = 1 on R, where
A; is the multiplication operator on L>(R, i) from Example 5.4.

Proof For f € Fy it follows from Theorem 5.9, 2) that
2 2
| £ x| = /R |FOF dEamx, x) =1 f 1725,

If feL*R, ), then x € D(f(A)) by (5.11). Therefore, the preceding formula
shows that U is a well-defined isometric linear map of {f(A)x : f € Fx} onto
L*(R, 11). Letting f(1) =1, we get (Ux)(t) =1 on R.

Let g € Fy. By (5.11), applied to the function f()) =X on R, we conclude that
g(A)x € D(A) if and only if Ug(A)x € D(A;). From the functional calculus we
obtain UAg(A)x = A,Ug(A)x. This proves that A = U~ 'A,U. O

Corollary 5.19 If the self-adjoint operator A has a simple spectrum, each eigen-
value of A has multiplicity one.

Proof Combine Proposition 5.18 with Statement 1 of Example 5.4. d

Proposition 5.20 A self-adjoint operator A on ‘H has a simple spectrum if and only
if there exists a vector x € ﬂzio D(A") such that Lin{A"x : n € Ny} is dense in H.
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Proof Suppose that the condition is fulfilled. By the definition of spectral integrals,
A"x is a limit of linear combinations of vectors E 4 (M)x. Therefore, the density of
Lin{A"x : n € No} in H implies that the span of vectors E4(M)x, M € B(R), is
dense in H. This means that x is a generating vector for A.

The converse direction will be proved at the end of Sect. 7.4. d

Finally, we state without proof another criterion (see, e.g., [RS1, Theorem VIL.5]):
A self-adjoint operator A has a simple spectrum if and only if its commutant
{AY :={BeB(H): BAC AB}

is commutative, or equivalently, if each operator B € {A} is a (bounded) function

F(A) of A.

5.5 Spectral Theorem for Finitely Many Strongly Commuting
Normal Operators

In this section we develop basic concepts and results on the multidimensional spec-
tral theory for strongly commuting unbounded normal operators.

5.5.1 The Spectral Theorem for n-Tuples

Definition 5.2 We say that two unbounded normal operators S and 7 acting on
the same Hilbert space strongly commute if their bounded transforms Z7 and Zg
(see (5.6)) commute.

This definition is justified by Proposition 5.27 below which collects various
equivalent conditions. Among others this proposition contains the simple fact that
two bounded normals T and § strongly commute if and only if they commute.

The following theorem is the most general spectral theorem in this book.

Theorem 5.21 Let T ={Ti,..., Ty}, n € N, be an n-tuple of unbounded normal
operators acting on the same Hilbert space H such that Ty and T; strongly commute

forall k,l=1,...,n, k#1. Then there exists a unique spectral measure E = Er
on the Borel o -algebra 6(C") on the Hilbert space H such that
Tk=/ tvdET(t1, ..., 1), k=1,...,n. (5.26)
Cu

In the proof of Theorem 5.21 we use the following lemma.

Lemma 5.22 Let E = E| X --- X Ey, be the product measure (by Theorem 4.10) of
spectral measures Eq, ..., E, on B(R). If f is a Borel function on R, then

/R FO)dExO) = /R FODAEG, ). (527)
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Proof Formula (5.27) holds for any characteristic function s, M € B(R), since

f M) dE () = Ex(M) = ER x --- x M x --- X R)
R

by (4.21) and Theorem 5.9, 8.). Hence, formula (5.27) is valid for simple functions
by linearity and for arbitrary Borel functions by passing to limits. U

Proof of Theorem 5.21 By Lemma 5.8, (i) and (iii), the bounded transform Z; :=
Z7, of the normal operator 7; is a bounded normal operator. The operators
Z1, ..., Z, pairwise commute, because 71, ..., T, pairwise strongly commute by
assumption. We first prove the existence of a spectral measure for Zy, ..., Z,, and
from this we then derive a spectral measure for 71, ..., T,.

To be precise, we first show that if Z1, ..., Z, are pairwise commuting bounded
normal operators on #, there exists a spectral measure F on 25(C") such that

Zk=/ zkdF(z1,...,20), k=1,..., n. (5.28)

Since Zj is normal, there are commuting bounded self-adjoint operators Ay and
Ay such that Z; = Agy + iAg2. By Theorem 5.1, there exists a spectral measure
Fir on B(R) such that Ay, = [ AdFir (M), k=1,...,n,r =1,2.

Let k,l € {l1,...,n} and r,s € {1, 2}. Since Z; Z; = Z;Zy, it follows from Fu-
glede’s theorem (Proposition 3.28) that Z; and Z; commute with Z and Z}, re-
spectively. This implies that Ay Ajs = A5 Akr. Therefore, the spectral measures Fy;
and Fj; commute by Corollary 5.6. Hence, by Theorem 4.10, the product measure
F =Fj1 X Fip x --- X Fy1 X Fyp on B(C") exists, where we identify R2" and C"
in the obvious way. By Lemma 5.22, we have

Akr =/ )»dFkr()»)=/ Aer dF (A11, 212, - -5 Ants An2),
R cr
which in turn implies Eq. (5.28).

Now we begin the proof of the existence of a spectral measure for the unbounded
n-tuple {T1, ..., T, }. Consider the sets

D:={(z1,....z0) €C": |zx| < 1 forallk=1,...,n},
See={Gi....z) €D: |zl =1}, S:= Lnjsk.
k=1
Let x € H and M € B(C"). Using (5.28) and Theorem 4.16, we obtain
<(I—ZZZk)F(M)x,F(M)x)z'/M(l — |z} d(F(z1, ..., z)x, x). (5.29)
We have I — ZZy = (I + Tk*Tk)_l > 0 by Lemma 5.8(i) and N (I — ZiZy) = {0}.

Therefore, it follows from (5.29) that supp F € B_and that F(S;) = 0 for each
k=1,...,n.Hence, F(S)=0,and so F(D)=F(D\S)=1.
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Set @r(z1,....20) := (1 — Zxkzx) V2. Since F(D) = I, ¢ is an F-ae. fi-
nite Borel function on C”". Repeating verbatim the proof of the equality I(¢p) =
Z(C'2)~1 from the proof of Theorem 5.7, we get I(gy) = Zi ((I — Z,’:Zk)l/z)’l.

On the other hand, we have Z; = TkC;I{Z by (5.6), and hence Z/C(C;k/z)_1 C Tx.

Since C]Tlfz = - Z,’{ka)l/2 by (5.7), we obtain I(gpy) € Ty. Since both operators
Ii(¢x) and T} are normal, it follows from Proposition 3.26(iv) that I(gy) = Tk.

Let ¢: D — C" denote the mapping given by ¢ = (¢1,...,¢,). Then E(:) :=
F(¢~'(-)) defines a spectral measure on B(C"). Applying Proposition 4.24 to the
mapping ¢ and the function h(t) =t, t = (¢1, ..., t,) € C", we derive

/ tkdE(t)=/ h(fp(z))dF(z)=f k() dF (z) =er) = Tk,
cn D D

which proves formula (5.26).

To prove the uniqueness assertion, we argue again as in the proof of Theorem 5.7.
Let E’ be another spectral measure satisfying (5.26). Then F'(-) := E'(¢(-)) de-
fines a spectral measure on B(D) such that Z; = fD wdF'(2), k=1,...,n.
On the other hand, since F(D) = I, we have Z; = fD zr dF (z). We consider
the Cartesian decompositions Zy = Ay + 1Ak and zx = Ag1 + irg2 and identify
2=1(21,...,2n) € C" with A = (A11, A12, ..., Ap2) € R?" as in the first paragraph
of this proof. Using the properties of spectral integrals from Theorem 4.16, we de-
rive

(p(Al],Alz,...,Anz)x,x)z/Dp()n)d<F(A)x,x)=/I)p(k)d<F’(k)x,x)

for any polynomi_al p € C[A11, 212, ..., Ant, An2] and x € H. Since the polynomials
are dense in C(D), the measures (F(-)x,x) and (F’(:)x, x) coincide for x € H.
This implies that F = F’ on B(D), and so E = E’ on B(C"). O

An important special case of Theorem 5.21 is when all operators T are self-
adjoint. Since the bounded transform Z; of the self-adjoint operator T is self-
adjoint by Lemma 5.8(ii), the spectral measure E in the above proof is supported
by R”. Thus we obtain the following:

Theorem 5.23 For each n-tuple T ={Ty, ..., T,} of pairwise strongly commuting
self-adjoint operators on a Hilbert space H, there exists a unique spectral measure
E = E7 on the o-algebra B(R") such that

TkZ/ twdEr(ty,....ty), k=1,...,n.
Rn

Next, let us consider the case of a single normal operator T. Just as for a self-
adjoint operator (Proposition 5.10), it follows from Proposition 4.20(i) that the spec-
trum o (T) is equal to the support of the spectral measure E7. Let K be a Borel set
in C containing o (T'). Since supp Er = o (T), Eq. (5.26) yields

T=/ tdET(t). (5.30)
K
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Formula (5.30) covers spectral theorems for several important classes of operators:
If T is self-adjoint, we have o (T) C R, so we can set K = R in (5.30), and we
rediscover the spectral theorem for a self-adjoint operator (Theorem 5.7). If T is
bounded and normal, we can choose the disk in C centered at the origin with radius
IT]| as K. Finally, if T is unitary, we can take K to be the unit circle.

5.5.2 Joint Spectrum for n-Tuples

In this subsection, T = {Ty, ..., T,} is an n-tuple of pairwise strongly commuting
normal operators on a Hilbert space H, and E7 denotes its spectral measure.

As noted above, the spectrum of a single normal operator is equal to the support
of its spectral measure. This suggests the following:

Definition 5.3 The support of the spectral measure E7 is called the joint spectrum
of the n-tuple T and denoted by o (T) =0 (T1, ..., T,).

The next proposition describes the set o (T') in terms of the operators 71, ..., T;.

Proposition 5.24 Let s = (sq, ..., sy) € C". Then:

(1) s belongs to o (T) if and only if there exists a sequence (xi)xeN Of unit vectors
xx € D(T}) such that limy oo (Tjxg — sjxx) =0for j=1,...,n.
(i) o(T) So(Th) x - x o (Ty).
(iii) ﬂ?:l N(T; —s;I) = Er({s))H. That is, there exists a nonzero vector x € H
such that Tjx =s;x forall j =1,...,nif and only if ET({s}) #0.

In case (i) we say that s is a joint approximate eigenvalue of T ={Ty, ..., T,}
and in case (iii) that s is a joint eigenvalue of T = {T1, ..., T, } if ET({s}) # 0.

Proof Using properties of spectral integrals, we compute for M € B(C"),

SN s DEr(M)x|* = Z/M ltj — s;1%d(E7 (t)x, x)
j=1

j=1
:f It = sl*d(Er (t)x, x). (5.31)
M

(1): Let My ={t € C": |t —s|| < 1/k}, k e N. If s € 0(T) = supp Er, then
Er(My) # 0, and we can choose unit vectors xy = E7(My)xr. Then we have
I(T; —s;jDx|l <1/k by (5.31), so that limy (Tjxx — sjx;) =0.

Conversely, if s ¢ o(T), then ET(My) = 0 for some k € N. By (5.31), applied
with M = C", we therefore obtain

n
ZH(T]- —sjl)x”2=/ It = sI*d{Er(t)x, x) = k2[|x||?.
j=1 C"\ My

Hence, the condition in (i) cannot hold.
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(ii): If s satisfies the condition in (i) for the n-tuple T = {T7, ..., T}, then s;
obviously does for the single operator T;. Hence, o (T) C o (T1) x --- x o (Ty).

(iii): We apply formula (5.31) with M = C". Then x € m?:1 N(T; —s;I) if and
only if the left-hand side and so the right-hand side of (5.31) vanishes. The latter
holds if and only if supp(E7(-)x, x) = {s}, or equivalently, x € Er({s})H. O

As for a single self-adjoint operator (Theorem 5.9), the spectral theorem allows
us to develop a functional calculus for the n-tuple T by assigning the normal oper-
ator

F) = f(Tiy oo Ty =1(f) = [E FOdE®) (5.32)

to each Er-a.e. finite Borel function f:C" — C U {o0}.

Since o (T) = supp ET, it clearly suffices to integrate over o (7T") in (5.32), and
f(T) is well defined for any Er-a.e. finite Borel function f:0(T) — C U {o0}.
The basic rules of this calculus are easily obtained by rewriting the corresponding
properties of spectral integrals I( ). We do not restate these rules.

The next result follows essentially from Proposition 4.20.

Proposition 5.25 If f : 0 (T) — C is a continuous function, then o (f(T)) is the
closure of the set f (o (T)), that is,

o(f (1)) = f(o(D)). (5.33)

Proof Let L be in the closure of f(o(T)). Let € > 0. Then there exists ty € o (T)
such that |Ag — f(tp)| < £/2. By the continuity of f there is a § > 0 such that

Us:={t:lt —tol <8} S{t:|f) = fo)| <e/2} SVe:={t:|f(t) —ho| <&}
Since fy € o(T) = supp E7, we have E7T(Us) # 0, and so Er (V) # 0. Hence,
Mo € o (f(T)) by Proposition 4.20(1).

Conversely, if A¢ is not in the closure of f(o(T)), then {t:|f(t) — A| < &} is
empty for small ¢ > 0, so Ag ¢ o (f(T)) again by Proposition 4.20(1). O

Formula (5.33) is usually called the spectral mapping theorem.

Note that the range f (o (7)) is not closed in general. For instance, if f (1, #) =
t12 + (t1to — 1)2, then 0 is not in £ (R2), but it is in the closure of f(R?). However,
if o (T) is compact or f has a bounded support, then f (o (T)) is closed, and

o(f (1)) = f(o(D)).

5.6 Strong Commutativity of Unbounded Normal Operators

Our first proposition collects a number of equivalent conditions describing when a
bounded operator commutes with (possibly unbounded) normal operators
T,....T,.
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Proposition 5.26 Let T ={T},...,T,} and E = E1 be as in Theorem 5.21. Recall
that Zy = Z7, is the bounded transform of Ty, k =1, ..., n, defined by (5.6). For
each bounded operator S € B(H), the following statements are equivalent:

(1) STy C TS fork=1,...,n.

(i) STy CT;S and ST C TS fork=1,...,n.
(i) SZp, =Zp Sfork=1,...,n.
@iv) SEp(M) = E7(M)S for all M € B(C").

If all resolvent sets p(Ty), ..., p(T,) are nonempty, these are also equivalent to

) S(Ty —skl)’1 = (T —skI)fleorone (hence for all) sy € p(Ty), k=1,...,n.

Proof (i) — (iv): First we prove this in the case where all operators T1, ..., T, are
bounded. Then supp E is compact, since supp E = o (T) C o (T1) x --- x o (T,) by
Proposition 5.24(ii). We proceed as in the proof of Theorem 5.21 and write T} =
A1 +1Ap with Ag; and Ag, self-adjoint. Since the normal operators 71, ..., T,
pairwise commute, A1, A12, ..., A,z are pairwise commuting bounded self-adjoint
operators. Using properties of spectral integrals, we compute

(p(Au,Alz,...,Anl,Anz)x,y>=/p<x)d(E(x)x,y> (5.34)

for any polynomial p € C[A{y, ..., Ay2] and x, y € H. Now we argue as in the proof
of the last assertion of Theorem 5.1. Since S commutes with 7; and so with T;* by
Proposition 3.28, S commutes with A1, Aq2, ..., Ay2. Let R be a bounded rectan-
gle in R?"* which contains the compact set supp E. Therefore, by (5.34),

Ap<x>d(E(x)Sx,y)=(p<A11,...,Ame,y)
=(p(A11,..., Am2)x, 5*y)

= /R pMd(EM)x, S*y) (5.35)

for each polynomial p. Since the polynomials are dense in C(R), (5.35) implies that
the complex measures (E(-)Sx,y) and (E(-)x, S*y) coincide. The latter implies
that E(-)S = SE(-). This completes the proof of the assertion in the bounded case.
Now we turn to the general case. We fix r > 0 and denote by C = C, the set
{teC": |ty <r,...,|ty] <r}. Let ¢ : C" — C" be given by ¢(t) = txc(t). By
Proposition 4.24, F(-) :=E (1)) isa spectral measure F on B(C") such that

/(Ctde(t):/c txcdE@®) =l(tyxc), k=1,...,n.

The spectral integrals I(t x¢), ..., I(#, xc) are pairwise commuting bounded nor-
mals, and F is their spectral measure by the uniqueness assertion of Theorem 5.21.
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Note that I(#;) = Ty and I(x¢) = E(C). Using standard properties of spectral
integrals (especially formula (4.28)) we obtain

E(O)(r xc) =Mt xc) = T E(C),
E(O)Ty € ThE(C) = E(O)I( xc) = Ltk xc ) E(C).
Inserting these two equalities and the assumption STy € T S, we derive
E(C)SE(O)(txxc) = E(C)STLE(C) € E(O)T} SE(C) € Ltk xc) E(C)SE(C).

Hence, E(C)SE(CO)(tx xc) = Ity xc)E(C)SE(C), since E(C)SE(C)I(txxc) is
everywhere defined on . Therefore, by the corresponding result in the bounded
case proved above, E(C)SE(C) commutes with the spectral measure F of the op-
erators I(ty xc), ..., Ity xc)-

Let M € *B(C™) be bounded. We choose r > 0 such that M C C,. Then we have
E(C,HF(M)=F(M)E(C,) = E(M) by the definition of F, and hence

E(C)SEM) =E(C)SE(C)F(M) = F(M)E(C,)SE(C,) = E(M)SE(C).

Since I = s-lim,_, o E(C,), we conclude that SE(M) = E(M)S. Because each
M € B(C") is a union of an increasing sequence of bounded sets of B(C"), we
obtain SE(M) = E(M)S. This completes the proof of (i) — (iv).

(iv) — (ii) follows from Proposition 4.23, since T = f tdE(t) and T =
[T dE(1).

(i) — (i) is trivial.

(iii) <> (iv): Recall that Z; is normal by Lemma 5.8 and that Z; and Z; com-
mute, since T and 7; strongly commute. From the proof of Theorem 5.21 we know
that the set {E7(M) : M € B(C")} of spectral projections of the n-tuple T co-
incides with the set {Ez(N) : N € 2B(C")} of spectral projections of the n-tuple
Z = (Zy,...,Zy,). Applying the equivalence of (i) and (iv) proved above to Z, S
commutes with Z1, ..., Z, if and only if it does with £z and so with Er.

Finally, assume that the sets p(71), ..., p(T,) are not empty. Let s; € p(T). The
relation STy C Ty S is equivalent to S(Ty — sil) € (T — sgI)S and therefore to
(Tx — sk )™'S = S(Tx — sk I)~'. Hence, (i) and (v) are equivalent. Il

The next proposition collects various characterizations of the strong commutativ-
ity of two unbounded normal operators. The second condition is often taken as the
definition of strong commutativity in the literature, see also Proposition 6.15 below.

Proposition 5.27 Let T\ and T, be normal operators on a Hilbert space H, and let
E7, and ET, be their spectral measures. Consider the following statements:

(1) T and T, strongly commute, that is, Z1, Z7, = Z1, 27, .
(i) E7, and Er, commute, that is, Er;(M)E1,(N) = E7,(N)E1, (M) for all
M, N € B(C).
(i) (71 —s11)"'To C To (T — s11)~" for one (hence for all) sy € p(Ty).
(v) (Ty — 1D YW Th—s: D) = (T — oD~V — 51 D) 7! for one (hence for all)
s1 € p(T1) and for one (hence for all) s,ep(T?).
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Then (1) <> (ii). Further, we have (i) < (iii) if p(T1) is not empty and (i) <> (iv) if
p(Th) and p(T>) are not empty. If Ty is bounded, then (i) is equivalent to

(v) 'T; C T Ty.

Proof All assertions are easily derived from Proposition 5.26. As a sample, we
verify the equivalence of (i) and (iv). Indeed, Zr1, Z7, = Zr, Z7, is equivalent to
Z1,(Ty — s21)~! = (T, — s21)~' Z7, by Proposition 5.26, (iii) <> (v), applied to T»
and S = Z7z,, and hence to (T} — s11) " (Ta—s2) ™! = (Tr — so21) "1 (Ty — 51 1)7!
again by Proposition 5.26, (iii) <> (v), now applied to 77 and S = (T> — s21 y-l.o O

Corollary 5.28 Suppose that T\ and T, are strongly commuting normal operators
on H. Then there exists a dense linear subspace D of H such that

(i) Tk D <D and Tk*D CDfork=1,2.
(1) Th'Trx = ThTix forall x € D.
(iii) D is a core for Ty and T} .

Proof Let ET be the spectral measure of the strongly commuting pair 7' = (T, T»)
and put D := U°° Er(M,)H, where M, ={(t1, 1) € C2?: [t1] <n,|t2] <n}. Itis

n=1

easy to verify that D has the desired properties. g

Proposition 5.29 Let E be a spectral measure on ($2,20), and f, g € S(2,2, E).
(i) The spectral measure Eyyy of the normal operator I( f) is given by

EnpM)=E(f~(MN f(R))) for M € B(). (5.36)
(i) I(f) and 1(g) are strongly commuting normal operators.

Proof (i): Let F denote the spectral measure on B(C) defined by (5.36). From
Proposition 4.24, applied with 20 = f(£2)\{o0}, ¢(¢) = f(t), h(s) = s, we obtain

/de(s):/ de(s):[ F(OAE®) =1(f).
C 20 2

Therefore, from the uniqueness of the spectral measure (Theorem 5.21) of the nor-
mal operator II( f) it follows that F is the spectral measure Eyg ).

(>i1): By (5.36) the spectral projections of I( ) and I(g) are contained in the set
{E(N) : N € 2}. Since these projections pairwise commute, I( /) and I(g) strongly
commute by Proposition 5.27(ii). O

The next proposition shows that unbounded normal operators are in one-to-one
correspondence to pairs of strongly commuting self-adjoint operators.

Proposition 5.30 If A and B are strongly commuting self-adjoint operators on a
Hilbert space H, then N = A + 1B is a normal operator, and N* = A —iB.
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Each normal operator is of this form, that is, if N is a normal operator, then
A:=(N+N*)/2 and B:=(N—N*)/2i (5.37)

are strongly commuting self-adjoint operators such that N = A +1iB.

Proof Let Et be the spectral measure of the pair T = (A, B). Let f be the function
on R? defined by f = fi +1f>, where fi(A1,A2) = Aj. The spectral integral N :=
I(f) is normal. Since A =1(f1), B =1(f>2), and DA(f1)) N DA(f2)) = DA(f))
by (4.26), we have N = A +iB and N* = A — iB by Theorem 4.16.

If N is a normal operator and E is its spectral measure, we proceed in reversed
order. Letting f(A) = A, fi(A) =ReA and fj(A) =ImA for A € C, we then ob-
tain N = I(f). Then the self-adjoint operators A :=I(f1) and B :=I(f>) strongly
commute (by Proposition 5.29(ii)) and satisfy (5.37). O

By Corollary 5.28, strongly commuting normal operators commute pointwise
on a common core. But the converse of this statement is not true! Example 5.5
below shows that the pointwise commutativity on a common core does not imply
the strong commutativity of self-adjoint operators. The existence of such examples
was discovered by Nelson [Nel]. Another example of this kind is sketched in Ex-
ercise 6.16. These examples show that commutativity for unbounded self-adjoint or
normal operators is indeed a delicate matter.

Lemma 5.31 Let X and Y be bounded self-adjoint operators on a Hilbert space
H such that N'(X) = N (Y) = {0}, and let Q be the projection onto the closure of
[X,Y1H. Set D= XY(I — Q)H. Then A := X' and B := Y~ are self-adjoint
operators such that:

(1) DS D(AB)ND(BA) and ABx = BAx for x € D.
1) If OHNXH=QHNYH={0}, then D is a core for A and B.

Proof (i): Let y € H. For arbitrary u € H, we have by the definition of Q,

(YX = XY)I = Q)y,u)=(U — Q)y.[X,Y]u)=0.

Hence,x :=XY(I—-Q)y=YX({ - Q)y e D(AB)ND(BA), and we have ABx =
(I —Q)y=BAx.

(i1): We first prove that BD is dense in H. Suppose that u € H and u 1 BD.
Since D =Y X (I — Q)H as shown in the preceding proof of (i), we have

0=(u, BYX(I = Q)y)=(u, X(I = Q)y) = (Xu, (I - Q)y)

for all y € H. Thus, Xu € QH. By the assumption, Xu = 0, and hence u = 0.

Let x € D(B). By the density of BD, there is a sequence (x,) of vectors x, € D
such that Bx, — Bx. Since ¥ = B~! is bounded, x,, = Y Bx,, — Y Bx = x. This
shows that D is a core for B. The proof for A is similar. g
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Example 5.5 (Pointwise commuting self-adjoints that do not commute strongly) Let
S be the unilateral shift operator on H =1/ 2(Np), that is,

S(@0, @1, 92, ...) = (0,90, ¢1,...) for (¢,) € I*(No).

Then X := § + §* and Y := —i(S — §*) are bounded self-adjoint operators
on H, and [X,Y]H = C - ¢p, where ¢p := (1,0,,0,...). Then the assumptions
of Lemma 5.31 are fulfilled, that is, N (X) = N(Y) = {0} and QH N XH =
OHNYH ={0}.

As a sample, we verify that QH N XH = {0}. Suppose that X (¢,) = aey for
some (¢,) € H and o € C. It follows that ¢ 1o = —¢i for k € Ng and ¢ = «. Since
(¢n) € 12(No), the latter implies that ¢y =« = 0 for all k.

Statement 1 A := X~ and B := Y~ are self-adjoint operators on H. They com-
mute pointwise on the common core D := XY (I — Q)H for A and B, but they do
not commute strongly.

Proof Since N'(X) =N (Y) = {0}, A and B are well defined. They are self-adjoint
by Corollary 1.9 and commute on the common core D by Lemma 5.31. Since their
resolvents Rg(A) = X and Ro(B) = Y do not commute, A and B do not commute
strongly by Proposition 5.27(iv). g

Now we define a linear operator 7 by Tx = Ax +iBx for x € D(T) :=D.

Statement 2 T is a formally normal operator on H which has no normal extension
in a possible larger Hilbert space (that is, there is no normal operator N acting on
a Hilbert space G which contains H as a subspace such that T  N).

Proof Let x € D. From the equality (Ty, x) = (Ay + 1By, x) = (y, Ax —iBx) for
y € D it follows that x € D(T*) and T*x = Ax — iBx. Using Lemma 5.31(i), we
compute

|A +iBx|? = (Ax £iBx, Ax +iBx)
= || Ax|® + || Bx|® Fi(Ax, Bx) £1i(Bx, Ax)
= | Ax|* + || Bx||* F i(BAx, x) £i(ABx, x) = || Ax|> + | Bx]*.
Therefore, | Tx|| = || T*x|| for x € D(T) C D(T*), thatis, T is formally normal.
Assume that 7' has a normal extension N on a larger Hilbert space G. We first
show that T*[D C N*. Let y € D(C D(T) C D(N) = D(N*)). Let P denote the
projection of G onto H. Since (x, T*y) = (Tx,y) = (Nx,y) = (x, PN*y) for all

x € D(T), we conclude that T*y = PN*y. Using that T and N are formally normal,
we obtain

ITyll=|T*y| = |PN*y| < |[N*y| =Nyl =Tyl

Therefore, ||PN*y| = ||[N*y|. This implies that N*y € H. Hence, T*y = N*y,
which completes the proof of the inclusion 7*[D C N*.
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Let A and B be the closures of (N + N*) /2 and (N — N*)/2i, respectively.
From the inclusions 7 C N and T*|D C N* it follows that A[D C A. Since D
is a core for A by Lemma 5.31(ii), A[D is essentially self-adjoint. Therefore, by
Proposition 1.17, H is reducing for Aand A=A ID is the part of A on H. That
is, we have_ A=A AionG=H & Hl where A} is a certain operator on HE.
Similarly, B=B®B,. By Proposition 5.30, A and B are strongly commuting self-
adjoint operators. This implies that A and B strongly commute, which contradicts
Statement 1. Oo

5.7 Exercises

1. Let A be a bounded self-adjoint operator, and p € C[¢]. Show without using the
spectral theorem that p(c(A)) C o (p(A)).

(Note that the opposite inclusion was proved in Lemma 5.2.)

2. Let T be a self-adjoint operator on H such that 0 < T < I. Use the spectral
theorem to prove that there is a sequence of pairwise commuting projections on
Hsuchthat T =) o2 27" P,.

Hint: Take Py = E((3, 1]), P, = E((3, 51U (3, 1)), etc.

3. Let T be a self-adjoint operator on ‘H with spectral measure E7. Show that T is
compact if and only if dim E7(J)H < oo for each compact interval 7 which
does not contain 0.

4. (Spectral theorem for compact self-adjoint operators)

Let T be a compact self-adjoint operator on an infinite-dimensional separable
Hilbert space H. Show that there are an orthonormal basis {x, : n € N} of H
and a real sequence (1,),eN such that lim,—, o A, =0 and

o0
TX:Z)\,n<X,Xn>xn7 xeH.

n=1

5. Let A be a bounded self-adjoint operator, and let f(z) =Y -, an2" be a power
series with radius of convergence r > ||Al||. Show that the series Zf’io a, A"
converges in the operator norm to the operator f(A) defined by (5.10).

6. Let A be a bounded self-adjoint operator.

a. Show that for any z € C, the series Y oo 0; ,z" A" converges in the operator
norm to e?4, where %4 is defined by (5.10).
b. Show that lim,_, ;, [[e*4 — e%04| =0 for z9 € C.

7. Let A be a self-adjoint operator on H. Suppose that Ax = Ax, where A € R and
x € H. Prove that f(A)x = f(1)x for each function f € C(R).

8. Let A be a self-adjoint operator, and f and g be real-valued Borel functions
on R. Prove that f(g(A)) = (f o g)(A).

Hint: Use Proposition 4.24.

9. Let A be a positive self-adjoint operator such that N'(A) = {0}.

a. Show that (A—1)1/2 = (A1/2) L—p-12,
b. Prove that 11m5_>+0 Tx = (log A)x for x e D(log A).
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10.

11.

12.

13.

14.

15.

16.

17.
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Let A be a positive self-adjoint operator.

a. Prove that A%x =limg_ 40 APx for any & > 0 and x € D(AY).

b. Prove that« A 4+ (1 — )l — A* >0 for any « € (0, 1].

c. Prove A —aA — (1 —a)l >0 forany o > 1.

d. Suppose that N'(A) = {0}. Prove that A* —a A — (1 —a)I > 0 for « < 0.
Let A be a self-adjoint operator which is not bounded. Show that there exists a
vector x € D(A) such that x ¢ D(A?).

(Characterizations of a spectral gap)

Let A be a self-adjoint operator with spectral measure E4, and a,b € R, a < b.
Show that the following three statements are equivalent:

a. (a,b) € p(A).

b. [2Ax — (a + b)x|| = (b — a)||x| for all x € D(A).

c. (A—bDH(A—al)=>0.

(McCarthy inequalities [Mc])

Let A be a positive self-adjoint operator on H, and x € D(A).

a. Prove that (A%x, x) < (Ax, x)¥||x||2~2* for « € (0, 1].

b. Prove that (A%x, x) > (Ax, x)%||x||* 2 fora > 1.

c. Suppose that A'(A) = {0} and o < 0. Prove that

(A“x,x) > (Ax, x)%||x|*~%.

d. Suppose that o # 1 and x # 0. Assume that equality holds in one of the
preceding inequalities. Show that x is an eigenvector of A.

Hints: For (b), apply the Holder inequality to (Ax, x) = fooo Ad(EA(M)x, x).
For (a), apply (b) to A% and o~

Show that each self-adjoint operator with simple spectrum acts on a separable

Hilbert space.

Let A be a self-adjoint operator on a separable Hilbert space .

a. Show that there is an orthogonal direct sum decomposition A = @,11\/:0 Ay
on H = EB,I,V:() ‘H,, where N € N U {oo}, such that each A, is a self-adjoint
operator with simple spectrum on the Hilbert space H,,.

Hint: Use Lemma 5.17.

b. Show that there are a finite measure space (A, v), a real-valued measurable
function F on A, and a unitary operator U of # onto L?(A, v) such that
(UAU~Y )W) = F(L) f() for f e L2(A,v).

Hint: Use (a) and Proposition 5.18.

Let £2 be an open subset of R”, and H = L*(§2). Define (Ty f)(t) = 1 f (1)

for f e Hand k=1,...,n. Determine the joint spectrum o (T") of the n-tuple

T ={T1, ..., T,} of self-adjoint operators Tj and the spectra o (T%).

Let T be a bounded normal operator. Use the spectral theorem to prove that for

each ¢ > 0, there are numbers Ap, ..., A, € C and pairwise orthogonal projec-

tions Py, ..., Py suchthat Py +---+ P, =1 and [T — Y }_ APyl <e.
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18.

19.

20.

21.

22.

23.

24.

25.
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A linear operator 7" on H is called diagonalizable if there are an orthonormal
basis {e; : j € I} of H and a set {A; : j € I} of complex numbers such that

D(T) = {x eH:Z|x,|2|(x,ej>|2 <oo} and Tx=ij<x,ej>ej
j j

for x € D(T'). Suppose that T is diagonalizable.

a. Determine the adjoint operator 7* and show that 7* is diagonalizable.

b. Show that 7 is normal and determine the spectral measure of 7.

c. When is T self-adjoint? When is 7' > 0?

Show that for each normal operator T € B(H), there is a sequence (Ty)ken of

diagonalizable operators Ty € B(#) such that limg_, o || T — Ti|| = 0.

Let T be a normal operator.

a. Prove that p(T)* = p(T*) for any polynomial p € R[z].

b. Formulate and prove the corresponding result for p € C[¢].

Let A be a normal operator.

a. Show that A is a projection if and only if o (A) C {0, 1}.

b. Show that A is a self-adjoint unitary if and only if 0 (A) € {—1, 1}.

c. Show that ¢4 = I if and only if A is self-adjoint and o (A) C 27 Z.

d. Letn € N. Show that A" = [ if and only if A" =1 for each A € o (A).

Let T be a self-adjoint operator, and let E7 be its spectral measure.

a. Determine the spectral measure and resolution of the identity of the operators
T2, Er ()T for an interval 7, and |T|.

b. Determine the spectral measure of T3 and TY2if T > 0.

c. Determine the spectral measure of (T — A1)~ for A € p(T).

Let A and B be strongly commuting positive self-adjoint operators on 7. Prove

that AB is a positive self-adjoint operator.

Let T and S be strongly commuting normal operators on 7. Suppose that there

exists a dense subset M C D(T) ND(S) of H such that Tx = Sx for x € M.

Prove that 7 = §.

Hint: Show that TE7(C,)Es(Cs)x = SE7(C,)Es(Cs)x for x € M, where

C,:={zeC:|z| <r}.

Prove that a self-adjoint operator A on ‘H has a purely discrete spectrum if and

only if D(A) does not contain an infinite-dimensional closed subspace of .

5.8 Notes to Part I1

The spectral theorem for bounded self-adjoint operators was discovered by Hilbert
[Hi, 4. Mitteilung, 1906], who expressed the result in terms of quadratic forms.
The present formulation of this theorem including the functional calculus is due to
Riesz [Ril]. Details on the history of the spectral theorem can be found in [HT, RN],
and [Sn]. The spectral theorem for unbounded self-adjoint operators was proved by
von Neumann [vN1], Stone [St2], Riesz [Ri2], and others.
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The spectral theorem is developed in various versions in most books on Hilbert
space operators, see, e.g., [AG, BS, BSU, DS, RN, RS1, Ru3]. Now there exist
numerous proofs of the spectral theorem. The most prominent approach is probably
the one based on Gelfand’s theory of abelian C*-algebras, see, e.g., [Cw], IX, § 2.
A careful treatment of spectral measures can be found in the notes [Bn].

Example 5.5 is taken from [Sch3]. The existence of such pairs of commuting
self-adjoint operators and of a formally normal operator without normal extension
was first shown by Nelson [Nel] and Coddington [Cd1], respectively.
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Chapter 6
One-Parameter Groups and Semigroups
of Operators

One-parameter groups or semigroups of operators and their generators have wide
ranges of applications in various parts of mathematics and physics. In this chapter
we develop basic results of this theory. In Sect. 6.1 one-parameter unitary groups
are investigated, and two fundamental theorems, Stone’s theorem and Trotter’s for-
mula, are proved. In Sect. 6.2 semigroups are used to solve the Cauchy problems
for some abstract differential equations on Hilbert space. In Sect. 6.3 the generators
of semigroups of contractions on Banach spaces are studied, and the Hille-Yosida
theorem is derived. In the short Sect. 6.4 the generators of contraction semigroups
on Hilbert spaces are characterized as m-dissipative operators.

6.1 Groups of Unitaries
Let us begin by giving a precise definition of a one-parameter unitary group.

Definition 6.1 A strongly continuous one-parameter unitary group, briefly a uni-
tary group, is a family U = {U(¢) : t € R} of unitaries U () on a Hilbert space H
such that

Q) UU(Gs)=U(t +s) fort,s eR,
(i) limpoU(t +h)x =U(t)x forx € H and t € R.

Axiom (i) means that U is a group homomorphism of the additive group R into
the group of unitary operators on . In particular, this implies that U (0) = I and

U)=U@"'=U@)* forreR.

Axiom (ii) is the strong continuity of U. It clearly suffices to require (ii) for
t =0 and for x from a dense subset of H (see Exercise 1.a). Since the operators
U (t) are unitaries, it is even enough to assume that lim;_,o(U (t)x, x) = (x, x) for
x from a dense set (see Exercise 1.b). If the Hilbert space H is separable, axiom

K. Schmiidgen, Unbounded Self-adjoint Operators on Hilbert Space, 117
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(ii) can be further weakened by requiring only that for all x, y € H, the function

t = (U(t)x, y) on R is Lebesgue measurable (see, e.g., [RS1, Theorem VIIL.9]).
Let A be a self-adjoint operator with spectral measure E 4. Recall that by the

functional calculus of self-adjoint operators the operator ¢'’4 is defined by

A = / dEM), teR. (6.1)
R
Proposition 6.1 Let A be a self-adjoint operator on a Hilbert space H. Then

U={U(@t):=¢":t eR} is a strongly continuous one-parameter unitary group
on H. The operator A is uniquely determined by U, that is,

d
D(A)Z{XGH'E

U(o)x = lim (U ) — I)x exists}, (6.2)

t=0
dt
D(A) = {x eH: I ton(t)x = hgrg-oh_l(U(h) - I)x exists}, (6.3)
) d dat
iAx=—| U@x=—| U@x forxeD(A). 6.4)
Ti=0 dt |,=o

Further, for x € D(A) and t € R, we have U(t)x € D(A) and

%U(t)x =1AU (t)x =1U(t)Ax. (6.5)

Proof From the functional calculus of A (Theorem 5.9) it follows at once that ax-
iom (i) of Definition 6.1 holds and that U (¢) is unitary.

Let x € H. Put f,(A) := e — 1. Clearly, f, (1) — 0 as h — 0, and | f;,(A)] <2
on R. Therefore, by Lebesgue’s dominated convergence theorem (Theorem B.1),

||U(h)x—x||2=fR|fh(x);2d(EA(,\)x,x)—>o ash— 0,

that is, limy,_, o U (h)x = x. Hence, axiom (ii) of Definition 6.1 is fulfilled, so U is a
unitary group.

We define the linear operator 7 by Tx := —ilimy_¢ h=Y(U (h) — Ix with do-
main

D(T) = {x e lim h ™! (U(h) — 1) exists].

The operator T is symmetric. Indeed, using that U (h)* = U (—h), we derive
Tx,y) = lim(—ih =Y (U (k) — I)x, y) = lim(x, —i(—=h) " (U(=h) — I
(Tx, y) = lim{=ih™ (U (h) = I)x, y) = lim (x, =i(=1) " (U (=) = 1))

=(x,Ty).

Let x € D(A). Set g, () := h~ (™ — 1) — ix for A € R. Then g; (1) — 0 as
h— 0. Since g, (M) = li(e"* — DI <2, [gn(WI> = |gn(}) — g1 (0)]* < 43> by the
mean value theorem. Hence, since f4k2d(EA (M)x, x) = ||2Ax]||? < oo, the domi-
nated convergence theorem applies and yields

Hh—l(U(h)—I)x—iAxH2=/\gh(x)fd(EA(x)x,x)—w ash— 0,
R



6.1  Groups of Unitaries 119

that is, iAx = limj,_.o h~'(U (h) — I)x. Therefore, A C T. Since A is self-adjoint
and T is symmetric, A = T. This proves (6.2) and the first equality of (6.4).
Now suppose that y := % li=oU (£)x =limp— 40 h=Y(U (h) — I)x exists. Then

. —1 T _ -1 _ _ _
Jim (—h) (U(=h) —I)x_hlirEOU( Ry ' (Uh) —T)x=1y=y.

Thus, limy_o A~ (U(h) — Dx = y. This means that x € D(T) and y =iT x. Since
T = A as just shown, this proves (6.3) and the second equality of (6.4).
Finally, we prove (6.5). Suppose that x € D(A) and t € R. From

}}imoh’l (UMh) —1)U(@N)x = }}imoh’] (Ua+h)—Um)x
=U() }}in%)h_l(U(h) —I)x =U(1)iAx
and from (6.2) it follows that U (t)x € D(A) and iAU (t)x = %U(z‘)x =U(@)iAx.O

In general, it is difficult to obtain “explicit” formulas for the unitary groups of
self-adjoint operators (see, however, Examples 6.1 and 8.1).

The following theorem states that each unitary group is of the form described in
Proposition 6.1.

Theorem 6.2 (Stone’s theorem) If U is a strongly continuous one-parameter uni-
tary group on ‘H, then there is a unique self-adjoint operator A on H such that
U(t) =e"4 fort e R.

The operator iA is called the infinitesimal generator of the unitary group U.

Proof The uniqueness assertion is already contained in Proposition 6.1. It remains
to prove the existence.
For x € H and f € Cj°(R), we define a “smoothed” element x y € H by

xp= fR FOU@0)xdt. (6.6)

The integral in (6.6) exists as an H-valued Riemann integral, since f(#)U (t)x is a
continuous #-valued function with compact support.

First, we show that the linear span Dg of vectors xy is dense in H. Take
a “6-sequence” (f;)neN, that is, a sequence of functions f, € Cgo (R) such that

fa() >00onR, fR fu(@®)dt =1 and supp f, < [—%, %]. For x € H, we have

IIXf,,—xII:H/]R @U@ = 1)xdt S/an(t)ll(U(t)—I)x||dt

11
§sup{||(U(t)—I)x|| te [—;;“—)O asn — oo

by the strong continuity of U. Hence, x = lim, o X f,. Thus, D¢ is dense in H.
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We define an operator T with domain D(T') as in the proof of Proposition 6.1.
By the same reasoning as given therein it follows that 7' is symmetric. For x € H,
h>0,and f € C(‘)’O(R), we compute

(U ) —I)xy =/ W fOUE+h) —U®)xdt
R

=/ =Y (f(s —h) — f())U(s)x ds.
R

Since f € C3°(R) and hence h=Y(f(s —h) — f(s)) = —f'(s) uniformly on R as
h — 0, we conclude that limj,_,o h =1 (U (h) — Dxy=x_yz inH. Thus, xr € D(T)
and iTxy = x_ yr. Therefore, Dg € D(T), so that T is densely defined.

Next, we prove that T is self-adjoint. Let y € N'(T* — iI). From the definition
of T it follows immediately that U(t)D(T) € D(T) and U (#)Tx = TU(¢)x for
x € D(T) and t € R. Using the latter, we derive for 1y € R,

d d .
dr t=t0<U(t)x, V== szo(U(s)U(to)x, V) = iTU o). )

= (iU (10)x, T*y) = (U (10)x, y).

That is, the function g(r) := (U (¢)x, y) satisfies the differential equation g’ = g on
R. Therefore, g(t) = g(0)e’ for t € R. Since |g(¢)| < ||x||lly]l, we conclude that
£(0) =0 and hence (x, y) =0 for all x € D(T). Since D(T) is dense in H, y = 0.
Similarly, N'(T* +iI) = {0}. By Proposition 3.8, T is self-adjoint.

Put V(¢) := €T for t € R. We prove that U(¢) = V(¢). Let x € D(T). First, we
note that the definition of 7 implies that

ar U(s)U(tp)x =iT U (to)x.

Ut)x =
xX=—
ds s=0

=1y
On the other hand, applying formula (6.5) to the group V, we obtain
d

r V(t)x =iTV (fo)x.

=1y

That is, setting y(¢) = (U (¢) — V (¢))x, we have %y(r) = iTy(t), and hence,

d d _ _
o |*= Ty, y0) = {Ty©). yo)+(y©.iTy0) =0,

because y(¢) € D(T) and T is symmetric. Hence, ||y(¢)] is constant on R. Since
y(0) = (U(©0) — V(0))x =0, we have y(t) =0 on R, that is, U (t)x = V(¢t)x for
t e Rand x € D(T). Because D(T) is dense in H, U(¢t) = V(¢) on H for all t € R.
Setting A := T, we complete the proof of Theorem 6.2. (By applying (6.2) and (6.4)
to U =V we could even infer that T =T = A.) O

Stone’s theorem was a cornerstone in the development of functional analysis.
Among its important mathematical applications is the representation theory of Lie
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groups. A strongly continuous one-parameter unitary group is nothing but a unitary
representation of the Lie group R. The main part of the above proof generalizes to
unitary representations of Lie groups to show that they give rise to x-representations
of the corresponding Lie algebra, where the domain D becomes the Garding do-
main of the representation. Detailed treatments can be found in [Schl] and [Wa].
Another proof of Stone’s theorem will be given in Sect. 6.4.

The next proposition shows that the unitary group can be useful for proving that
some domain is a core for a self-adjoint operator.

Proposition 6.3 Let A be a self-adjoint operator on a Hilbert space H, and let D,
and D, be linear subspaces of H such that Dy € D(A) and Dy is dense in H. If
there exists ¢ > 0 such that ei’A’Dl CD; forallt € (—c,c), then D, is a core for A,
that is, A | Dy is essentially self-adjoint.

Proof Suppose that T € {1, —1} and y € N((A]Dy)* — til). Let x € D;. By as-
sumption, ¢4x € D, € D(A) for |t| < c. Using (6.4), we compute

d . . . .

E(e”Ax, y) = (iAe”Ax, y) = (ie”Ax, riy) = t(e”Ax, y), t € (—c,c).
Thus, the function g(r):=(¢“x, y) satisfies the differential equation g =tg on
(—c, ¢). Therefore, g(t) = g(0)e™’, and so (x, e 1Ay)y = (x,e"y) on (—c, c). Since
D, is dense in H, we get e_”AAy =e™y on (—c, c¢). Hence, t — e 4y is differ-
entiable at t = 0 and %h:oe_”Ay =ty = —iAy by (6.2) and (6.4). Since A is
self-adjoint, y = 0. By Proposition 3.8, A[D, is essentially self-adjoint. g

Example 6.1 (Translation group on R)

Statement The translation group (U (t) f)(x) = f(x +1), t € R, is a unitary group
on H = L*(R) with generator iA given by iAf = f’ for f € D(A) = H'(R).
Moreover, C3°(R) is a core for the self-adjoint operator A.

Proof Clearly, U (¢) is unitary and axiom (i) of Definition 6.1 is satisfied.

Let f € Cg°(R). For all h € R, 0 < || < 1, the functions U(h)f and
YU h) = D f)(x) =h~'(f(x + h) — f(x)) are supported by some bounded
interval J. As h — 0, they converge to f and f’, respectively, uniformly on J and
hence in LZ(R). Therefore,

. _ : -1 _ _ gl
Jim U(h)f = f and  lim h (Um—1)f=fr. 6.7)

Because f € Cgo (R) is dense in L2(R), the first equality of (6.7) implies the strong
continuity of U (see, e.g., Exercise 1), so U is indeed a unitary group.

By (6.4), the second equality of (6.7) yields f € D(A) and iAf = f’. Thus, the
operators A and —idd—x (on H'(R)) coincide on Co°(R). Since C3°(R) is invari-
ant under U, it is a core for A by Proposition 6.3. Hence, A C —i%. Since both
operators are self-adjoint, it follows that A = —i% and D(A) = H'(R). Oo
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The next theorem generalizes a classical result that was obtained by S. Lie for
matrices. The formulas (6.8) and (6.9) therein are called Trotter product formulas.

Formula (6.8) expresses the unitary group e (4+5) as a strong limit of terms built
from the unitary groups ¢4 and '8,

Theorem 6.4 Let A and B be self-adjoint operators on H. Suppose that the sum
A + B is self-adjoint on the domain D(A 4+ B) = D(A) N D(B). Then

MATE) x — Jim (ei’A/"eitB/")"x forxeH, teR. (6.8)

n—o00

If, in addition, both operators A and B are semibounded from below, then

e "ATB) y — lim (eftA/"e”B/”)nx forxeH, t>0. (6.9)
n—00

Proof Throughout this proof we abbreviate C := A + B and
x(s):=eCx, T@):=171(e"e"B — '€, x,(s5):=T()x(s) (6.10)

forx e D(C) andt,s € R, t #0.

Recall that the domain D(C) is a Hilbert space, denoted by D¢, when it is
equipped with the graph scalar product (1.3) for the operator C. Obviously, T ()
maps D¢ continuously into H. Using (6.4), we obtain

Tt)x = t—l(eitA _ [)x +ei’At_1(ei’B _ I)x _ t—](eitC _ I)x
—1Ax +1Bx —iCx =0 ast— 0. (611)

This implies that sup, g | T(¢)x|| < oo for x € D(C). Therefore, by the principle of
uniform boundedness the family of continuous linear mappings 7 (¢) : Dc—H is
uniformly bounded, that is, there is a constant y > 0 such that

IT®)x| <vlxlc forx eD(C), t €R. (6.12)

Fix x € D(C). We prove that lim;—_,o x;(s) = O uniformly on each bounded in-
terval J. Let ¢ > 0. We choose subintervals Ji, k =1, ...,[, of length |Ji| such
that y |Ji|||Cx|lc < ¢ and fix s € J. Since x(s) € D(C), (6.11) applies with x re-
placed by x(si) and yields lim,_, o x;(sx) = 0. Hence, there exists § > 0 such that
lx;(sx)|| < e for |t] < dandall k. If s € J, then s € Ji for some k. Let E be the spec-
tral measure of the self-adjoint operator C. Inserting (6.10) and (6.12) and using the
functional calculus for C (see, e.g., Theorem 4.16 and (4.33)), we derive

5 8) = xi 0 |* = [T (x5) = x(s0) |* < v2 () = x50 |
— VZ(”(eisC _eiSkC)XHZ + ||C(eiSC _eiSkC)x”z)
— ,/2/ (14 22)|e* — &% *d(E (1)x, x)
R

< 7/2/R(1 +22)Is — sePA2d(E(W)x, x)

2 2 2 _ .2
=y s —sk7lICxlle <«
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for t € R. Hence, if |f| < &, then |[x;(s)|| < ||x:(s) — x: (sp) || + l|x: () || < 2e. Thus,
we have shown that lim;_,¢ x;(s) = 0 uniformly on J.

Now we are ready to prove the Trotter formula (6.8). Let ¢t € R. First suppose
that x € D(C). Put J = [—]t|, |¢]]. Then we compute

(eitA/neitB/n)ﬂx . eiz(A+B)x
_ ((eitA/neitB/n)" . (eitC/n)")x

-1
_n ( itA/n itB/n)k[ itA/n ,itB/n _eilC/n](eitC/n)"—k—lx

k=0

n—1
LZ itA/n 113/” x,/n(t(n—k— 1)/”)

=0

3

Clearly, the norm of the last vector is less than or equal to
|t] sup|x;/n(s) -
seJ

By the result of the preceding paragraph this converges to zero as n— oo. Therefore,
(el A/meitB/mynx s oit(A+B) y for x € D(C). Since ||(e"4/7B/M)2 || = 1 and D(C)
is dense in H, it follows that (el! 4/l B/myny s ¢lt(A+B) v for all x € H.

The second Trotter formula (6.9) is proved by almost the same reasoning. O

The preceding proof shows that for any fixed x € H, in (6.8) we have uniform
convergence on bounded intervals.

With more refined technique it can be shown [RS1, Theorem VIII.31] that both
formulas (6.8) and (6.9) remain valid (with A 4+ B replaced by A + B ) if the self-
adjointness assumption of A 4+ B is weakened by the essential self-adjointness of
A+ BonD(A)ND(B).

6.2 Differential Equations on Hilbert Spaces

Throughout this section, A is a self-adjoint operator on a Hilbert space H.
For an open interval 7 C R, let C 1(J,H) denote the set of all #-valued func-
tions u : J — H for which the derivative

u' (1) = ,}ii%h—l (u(t +h) —u(t))

exists for all 7 € J and is continuous on J. Further, C%(7,H) is the set of all
ueCYJ,H) suchthat u’ € C' (T, H).
Let us begin with the abstract Schrodinger equation

W (1) = —iAu(t), teR. (6.13)

Given ug € H, the Cauchy problem for Eq. (6.13) consists of findingau € C'(R, H)
such that u(¢t) € D(A) and (6.13) holds for all r € R and u(0) = ug. (Note that these
conditions imply that ug € D(A).)
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Proposition 6.5 For any ug € D(A), the Cauchy problem of the Schridinger equa-
tion (6.13) has a unique solution, which is given by

u(t) = e_itAuo, teR.

Proof That u(t) satisfies Eq. (6.13) follows at once from Eq. (6.4). Since obviously
u(0) = ug, u(t) solves the Cauchy problem.

To prove the uniqueness, let u; and u; be two solutions and set v := u| — u5.
Then we have v'(t) = —iAv(¢) and v(0) = u1(0) — u2(0) = ug — ug = 0. Hence,

d / / . .
E(v(t), v(@®) = (V' @), v@®)) + (v(@), V' (1)) = (—iAv(1), v(1)) + (v(r), —iAv (1)) = 0.

Here the last equality holds because the operator A is symmetric. Therefore, the
function ||v(z)]| is constant on R. Since v(0) = 0, it follows that v(¢) = 0 and hence
ui1(t) =uy(t) on R. Il

Now we assume that A > 0 and let ug € H. We consider the Cauchy problem of
the abstract heat equation

u'(t) = —Au(t), te(0,00),
u(0) = uo,

where u € C1((0, 00), H), u(r) € D(A) for ¢t > 0, and u(0) := lim;—, you(t).

Proposition 6.6 The Cauchy problem for the heat equation has a unique solution
u(t) = e_’Auo, t>0.

Proof Fix t > 0. Put fr(1) := h~ 1 (e7UFM* — =) 4 ™™ for 0 < |h| < /2

and gg(1) :=e* — 1 for s > 0. Then f,(A) — 0 as h — 0 and g;(1) — 0 as

s — 0. Clearly, |gs(1)] <2 on [0, +00). From the mean value theorem it follows

that e — 1 + x| < e™!|x| for x € R. Using this fact, we obtain for A € [0, +00),

| e =01 e ™ o™ — 1+ ha| < |h T e e n|n < e 720 < 2071

Therefore, Lebesgue’s dominated convergence theorem (Theorem B.1) applies and
yields

||h*1(u(t+h)—u(r))+Au(r)||2=/O | )P d(Ea (o, uo)— 0 ash — 0,

2 o 2
“u(s) — uon :/ |g5(k)| d(EA(k)uo, u()) —0 ass—0.
0
(In fact, this proves that {¢~'4 : r > 0} is a contraction semigroup with generator
—A, see, e.g., Proposition 6.14 below.) Thus, we have shown that u'(r) = —Au(z)
and u(0) = ug, so u is a solution of the Cauchy problem. The uniqueness is proved
similarly as in case of the Schrodinger equation (6.13). d

Next, we suppose that A > 0 and AV (A) = {0}. Let ug € D(A) and u; € H be
given. We investigate the Cauchy problem for the abstract wave equation
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u’(t) = —Au(t), teR,
u(0)=ug, u'(0)=uy,
where u € C2(R, H) and u(r) € D(A) forall € R.

Proposition 6.7 Suppose that ug € D(A) and u; € D(A'/?). Then
u(t) = (cosAl/zt)uo + (A_1/2 sinAl/zt)ul, telR,
is the unique solution of the Cauchy problem for the wave equation, and

u'(t) = (cosAl/zt)ul - (A]/2 sinAl/zt)uo, teR.

Proof First we note that u(z) is well defined, since N'(A!/?) = {0} by the assump-
tion NV'(A) = {0}. Proceeding as in the proof of Proposition 6.6, one shows that u ()
isin C2(R, ), u’(¢) is given by the above formula, and that u” (r) = — Au(r) for all
t € R. This is where the assumptions ug € D(A) and u € D(A'?) are used. Since
obviously u(0) = ug and u’(0) = uy, u(r) solves the Cauchy problem.

We prove the uniqueness assertion. Let w be another solution of the Cauchy
problem and put v :=u — w. Then v(¢) € D(A) for all # > 0. From the identity

(Av(t + h), v(t + b)) — (Av(D), v(1))
= (v(t +h) —v(1), Av(t + b))+ (Av(1), v(t + h) — V(1))

we derive %(Av, v) = (v/, Av) + (Av, V') on R. Since v/ = — Av, we compute

d / / _ i / / 1 i
E((v,v)+(Av,v))_(v ,v)+(v,v >+dt(Av’U)

=(—Av, V) + (v, —Av)+ v/, Av) + (Av, ') =0,

s0 [l ()12 + ||AY2v(r)||? is constant on R. Since v(0) = v’ (0) = 0, this constant is
zero. Therefore, AY/?v(r) = 0. Hence, v(r) = 0 and u(r) = w(t) on R. O

There is a nice “matrix trick” that allows one to reduce the wave equation for
A to the Schrodinger equation for the self-adjoint operator B on the Hilbert space
‘H @ H given by the block matrix

0 —iAl/?
B=un o ) (6.14)

that is, B(u, v) = (—iA'/2v,14Y2u) for u, v € D(AY?).

Indeed, let ug € D(A) and u; € D(A'/?) N D(A™1/?) be given. Then xq :=
(uog, —A~'2u1) € D(B), so by Proposition 6.5 there is a solution x (r) = (u(z), v(t))
of the Cauchy problem x’(¢) = —iBx(t), x(0) = xo.

Since xg € D(B?), we have x € C2(R, H) and x”(t) = —B2x(¢) (see Exer-
cise 8). The latter implies that u”(r) = —Au(t) on R. From x'(r) = —iBx(t) we
obtain u/(t) = —A'/2v(r). Therefore, the equality x(0) = xo yields u(0) = uo and
u'(0) = —A'/2y(0) = u;. That is, we have shown that u(¢) is a solution of the
Cauchy problem u(0) = ug, u’(0) = u; for the wave equation u” (t) = —Au(r).
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6.3 Semigroups of Contractions on Banach Spaces

In this section we develop some basics of generators of operator semigroups on
Banach spaces. All notions and facts about closed operators we will use remain
valid verbatim in this case. Throughout the symbol E will denote a Banach space.

Definition 6.2 A strongly continuous one-parameter semigroup on a Banach space
E isafamily T = {T'(¢) : t > 0} of bounded linear operators 7 (¢) on E satisfying

1) TO)=Iand T()T(s)=T(t+s) forallz,s € (0, 00),
(ii) lim;— 4o T (t)x =x and lim; 4, T (#)x = T (tp)x for tp € (0, 0), x € E.

If, in addition, ||T (z)|| < 1 for all # > O, then T is called a strongly continuous one-
parameter semigroup of contractions (or briefly, a contraction semigroup).

Definition 6.3 The (infinitesimal) generator of a strongly continuous one-parameter
semigroup is the linear operator B on E defined by

Bx =h£TOh_1(T(h) —I)x,
DB =|rek: Jim A7 (T ) = 1) exists .

Remark Note that in [RS2] the operator — B is called the generator of 7.

Example 6.2 Suppose that A is a self-adjoint operator on a Hilbert space H. Then,

by Proposition 6.2, {¢'4 : 1 > 0} is a contraction semigroup. Equations (6.3) and

(6.4) say that the operator iA is the generator of this contraction semigroup. o

Example 6.3 (Translations on intervals) Let J be an interval, and E = L?(J),
p€ll,+o00).For f € E and t € [0, +00), we define the right translation T (t) f by

(TOf)x) = fx—1) ifx—1ed, (TOf)x)=0 ifx—1¢T, xeJ.

It is not difficult to verify that {T'(z) : t > 0} is a contraction semigroup on E. o

More examples of contraction semigroups can be found in the Exercises.
The following two propositions contain some basic properties of generators.

Proposition 6.8 The generator B is a densely defined closed operator on E which
determines the strongly continuous one-parameter semigroup T uniquely. We have

%T(t)x =BT(t)x=T()Bx forxeD(B)andt > 0. (6.15)

Leta >0, ¢ >0, and x € E. The main technical tool in the proof of Proposi-
tion 6.8 are “smoothed” elements defined by

a+tt
Xa,t ::/ T(s)xds and Xx;:=x0;.
a
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Since the map [a,a +t] 2 s — T(s)x € E is continuous by Definition 6.2(ii), the
integral exists as a limit of Riemann sums.

Lemma 6.9 lim;_, ;¢ t_lxa,, = T (a)x. In particular, lim;_, ¢ 1, =x.

Proof By axiom (ii) in Definition 6.2, given ¢ > 0, there exists § > 0 such that
I(T(s) — T(a))x| <& whens € [a,a+ §]. For 0 <t < 4§, we then obtain

a+tt
It %0 = T@x]| = *‘/ (T(s) — T(a))xds

a+t
< z—lf [(T(s) = T(a))x| ds <e. O

Proof of Proposition 6.8 Suppose that x € E. Using Lemma 6.9, we compute

t+h t
lim A~ (T(h) — I)xt = lim h~ (/ T(s)xds —f T(s)x ds)
h—+40 h 0

h—+0

t+h h
= lim A~ (/ T(s)xds—/ T(s)xds)
h——+0 t 0

= limoh_ (xtp—xp)=T(t)x —x.

h—+

Therefore, from the definition of the operator B we conclude that x, € D(B) and
t
thEB/ T(s)xds=T({t)x —x, x€E. (6.16)
0

Since x; e D(B) and t~!x; > x ast — +0 by Lemma 6.9, D(B) is dense in E.
Now suppose that x € D(B) and ¢t > 0. Then we have

lim A= (T(h) — )T ()x = lim T()h~'(T(h) — I)x =T (t)Bx,
h—+0 h—+0

lim (=h)"(T(=h) = I)T(t)x = lim T(t —h)h~ (T (h) — I)x = T (1) Bx.
h——+0 h——+0

By Definition 6.3 it follows from these two equations that 7 (f)x € D(B) and
%T(t)x =T(¢t)Bx = BT (t)x. This proves (6.15) and that [0, 00) 5t — T (t)x € E
isaC 1—map. Therefore,

t t
T(t)x—x:/ iT(s))cds:/ T(s)Bxds, xeD(B). (6.17)
0 ds 0

Next, we show that B is closed. Let x,, € D(B), x, — x, and Bx,, — y in E as
n — 00. Using formula (6.17), we derive

h h
T(h)x —x = lim (T(h)x,, — x,,) = lim T(s)Bx,ds =/ T(s)yds,
n—oo n—oo 0 0

h
lim A~ YT (h) — x = 1 h—1/T ds =
L
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(Considering the integrals as limits of Riemann sums, the change of order of limits
and integrals is justified.) Thus, x € D(B) and Bx = y. This proves that B is closed.

Finally, we prove that B determines 7" uniquely. Let S be another such semigroup
which has the same generator B. Let x € D(B) and s > 0. Set z(t) =T (t)S(s — t)x
for ¢ € [0, s]. Using (6.15) for T and S and the Leibniz rule, we differentiate

%Z(t) =THt)(—B)S(s—t)x+T({)BS(s—t)x=0, t€(0,s).
Hence, z(¢) is constant on [0, 5], so that
TS)x=T(s)SO)x =z(0)=z(0)=TO0)S(s)x = S(s)x
for x € D(B). Since D(B) is dense in E, it follows that T (s) = S(s) on E. O

Proposition 6.10 Let B be the generator of a contraction semigroup T on E. Each
number A € C,ReX > 0, is in p(B) and || (B — A1 | < (Re M) ~L. Moreover,

o
(B —)»I)flx = —/ e T (s)xds forx € E, ReA > 0. (6.18)
0

Proof Fix a number A € C, ReA > 0, and let S, denote the operator defined by the
right-hand side of Eq. (6.18). Since ||7'(s)| < 1 and hence

o0
1Sl < / RIS k[ ds = (Re n) ! x].
0

S is a bounded linear operator defined on E and ||S;.|| < (ReA)~!.
Clearly, {e™*'T(¢) : t > 0} is also a contraction semigroup, and its infinitesimal
generator is B — AI. Applying Eqgs. (6.16) and (6.17) to this semigroup, we get

t
ef)‘tT(t)x—x:(B—)J)/ e MT(s)xds, x€E,
0
t
e*“T(t)y—yzf e MT(s)(B—Arl)yds, yeD(B).
0

Now we let t — 00. Then e T (1)x — 0 and f; e **T(s)x ds — S;(—x), since
Re A > 0. Therefore, because B — Al is a closed operator, the first of the pre-
ceding equalities yields —x = (B — AI)S)(—x) for x € E. Likewise, we obtain
—y = 8.(B — AI)(—y) for y € D(B) by the second equality. These two relations
imply that A € p(B) and S, is the resolvent (B — AL Il

Example 6.4 (Bounded generators)

Statement Let B be a bounded operator on E. Then T = {T(t) = ¢'B : 1 > 0},
where
o0

t"B"
e'B = Z , (6.19)

n!
n=0

is a strongly continuous one-parameter semigroup with generator B satisfying
lim |T(t)—I||=0. (6.20)
t—+0
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Proof In the proof of Lemma 3.27 it was shown that the series (6.19) converges in
the operator norm and that e'Be’8 = ¢+9B for ¢ s e R.
Estimating the power series, we easily derive

|70 —1|= Zt"B”/n! <t|BleMBl, >0, 6.21)
n>1
[~ (1) 1) - B| = Zh"_lB”/n! <h|B|?MBl h>0.(6.22)
n>2
Clearly, (6.21) implies (6.20), so axiom (ii) in Definition 6.2 is satisfied. From (6.22)
we conclude that B is the generator of T'. 0

An operator semigroup 7T is called uniformly continuous if condition (6.20)
holds. As shown above, each bounded operator on E is generator of a one-parameter
uniformly continuous operator semigroup. Conversely, the generator of a uniformly
continuous semigroup is always a bounded operator (see Exercise 13). o

The following result is the famous Hille—Yosida theorem. It gives a complete
characterization of generators of contraction semigroups on Banach spaces.

Theorem 6.11 A linear operator B on a Banach space E is generator of a strongly
continuous one-parameter contraction semigroup if and only if B is densely defined,
closed, (0, 00) C p(B), and

|(B=aD7 | <2t fora>o. (6.23)

Proof The necessity of these conditions was already shown by Propositions 6.8
and 6.10. It remains to prove the sufficiency.
Let n € N. Since n € p(B), we can define a bounded operator B, on E by

B, :=nB(nl — B)"' =n*(nl — B)~' —nl. (6.24)
From the assumption ||(nl — B Y <n! (by (6.23)) it follows that '3~ is a con-
traction for r > 0, because

_ 2 _ -1 _ 2 _m-1 _
tB), _ ||€ Inetn (nl—B) || <e Inetn |(nI—B)~"| <e tn ”’:1,

e e

Thus, by Example 6.4, T, := {T},(t) = !B : t > 0} is a contraction semigroup.
Now we prove that lim,,_, oo B,x = Bx for x € D(B). For y € D(B), we have
|n(nl = BY 'y —y| = | (I — BY  (ny — (nl — B))y||

= |l = B)"'By| <n”'|IBy]|
by (6.23), and hence lim;, oo n(nl — B)’ly =y. Since |[n(nl — B)~! I <1 (again

by (6.23)) and D(B) is dense in E, it follows that lim,_, oo n(nl — B)_ly =y for
all y € E. Therefore, for x € D(B),

lim B,x = lim nB(nl — B) 'x = lim n(nl — B)"'Bx = Bx.
n—oo n—oo n—00
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The main step of the proof is to show that the sequence (7),),cn converges
strongly to a contraction semigroup 7. Fix x € D(B) and ¢ > 0. For k,n € N and
s € (0, t], we set zxn (s) = Ty (s) T, (t — s)x. Since By B, = B, By by (6.24) and hence
By T, (t — s) = T, (t — s) By, using the product rule and Eq. (6.15), we compute

%an(S) =T () B Tn (t = $)x + Tic($) T (r — 5)(=Bp)x = 2kn (5) (Brx — By x).

Therefore,

t t
nmwmmn=um»wm©=/ﬁgwmw=/kmwwm—mmw
0 0

Because Ty (s) and 7, (¢t — s) are contractions and hence ||zx,(s)] < 1, this yields
| Tic()x = Ty (0)x|| < 11| Bix — Bux|. (6.25)

Since (B, x) is a Cauchy sequence (because of B,x— Bx), sois (T, (t)x) by (6.25).
Let T(¢)x :=lim, o0 T;,(t)x. Passing to the limit n— o0 in (6.25), we obtain

|Ti()x — T(t)x || <tl|Bxx — Bx|| for x € D(B). (6.26)

Since D(B) is dense in E by assumption and ||T,,(¢)|| < 1, it follows that the se-
quence (7, (t)),en converges strongly to some contraction 7'(¢) on E. Obviously,
since T3 (0) = I, this is also true for t = 0, and we have T(0) = I. Axiom (i) of
Definition 6.2 holds for 7},, so it holds also for T :={T'(¢) : t > 0}.

Let x € D(B). From (6.26) it follows that T; (t)x — T (#)x as k — oo uniformly
on each bounded interval. Being a uniform limit of continuous maps on bounded
intervals, the map t — T (¢)x of [0, 00) into E is continuous. Since D(B) is dense,
this implies that t — T (¢)x is continuous for all x € E (see Exercise 1). This proves
that T is a contraction semigroup.

Let A denote the generator of T. To complete the proof, it suffices to show that
A= B.Letx € D(B) and h > 0. By formula (6.17), applied to 7,,, we obtain

h h
T,(h)x —x = / T,(s)Bxds + / T,(s)(Byx — Bx)ds.
0 0

Passing to the limit n— oo by using that B,x — Bx and T, (s)x— T (s)x uniformly
on [0, h], we get T (h)x —x = foh T (s)Bx ds. Using Lemma 6.9 and Definition 6.3,
applied to the generator A of 7', the latter equation implies that x € D(A) and Ax =
limj,_, o h~'(T (h) — I)x = Bx. Thus, we have shown that B C A.

Fix A > 0. Then A € p(A) by Proposition 6.10 and A € p(B) by assumption.

Since B — Al € A — AI, Lemma 1.3 applies and yields B — A = A — Al, so that
A=B. O

Remark The above proof is K. Yosida’s approach [Yo]. Because of Example 6.4,
one may think of an operator semigroup T with generator B as “T (t) = /5", so
given B, one has to define the “exponential function” e’ B E.Hille’s proof [HI] used

the definition
¢'Bx=lim (I —tB/n)"x, t>0. (6.27)
n—0o0
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Note that the operator (I — tB/n)™" exists, since (0, 00) C p(B). This approach
is presented in [K2, Chap. IX]. The reader should be cautioned that T (t) = e’ B
in [K2].

6.4 Semigroups of Contractions on Hilbert Spaces

In this section we assume again that the underlying space is a Hilbert space H.
The following result is the Hilbert space version of the Lumer—Phillips theorem.

Theorem 6.12 A linear operator B on a Hilbert space H is the generator of a
strongly continuous one-parameter contraction semigroup if and only if B is m-
dissipative, or equivalently, — B is m-accretive.

Proof Combine Theorem 6.11 and Proposition 3.22, applied to —B. g

If B is the generator of a contraction semigroup 7', then in particular B is dissi-
pative, and hence Re(Bx, x) <0 for x € D(B) by Definition 3.6. The latter fact can
be easily derived directly. Indeed, using that 7'(h) is a contraction, we obtain

Re((T(h) — I)x, x) =Re(T (h)x, x) — ||lx||* < | T (x| Ix]l — Ix|* < 0.

Dividing by /4 > 0 and passing to the limit # — 40, we get Re(Bx, x) <O0.

Proposition 6.13 If T = {T (1)} is a contraction semigroup on ‘H with generator B,
then T* :={T (¢t)*} is also a contraction semigroup whose generator is B*.

Proof Obviously, T(¢)* is also a contraction, and axiom (i) of Definition 6.2 holds.
To prove axiom (ii), it suffices to show that lim;_, ;o 7*(t)x = x for x € H. For
t > 0, we have

(T @* = D)x|* = =((T@)* = D)x, x)+ | T@)*x|* = (x, T(0)*x)
< —{x, (T(®) = )x) + [Ix|I* = (T (®)x, x)
=—{x,(T(®)=1)x)=((T@t) = I)x,x)—> 0
as t — 40 by the strong continuity of 7. Hence, T (¢)*x — x as t — +0. This

proves that T* is a contraction semigroup.
Let A denote the generator of T*. For x € D(B) and y € D(A), we derive

(Bx,y) =h£m+0(h—l(T(h) —I)x,y) (x, T ()* = I)y) = (x, Ay).

= lim
h—+0
Therefore, A C B* and hence A — Al € B* — AI for A > 0. But > € p(A) N p(B)
by Proposition 6.10, so A — LI and B — LI are surjective. The latter implies that
B* — LI = (B — Al)* is injective. Thus, Lemma 1.3 applies and yields A = B*. [J
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Proposition 6.14 If A is a positive self-adjoint operator on a Hilbert space H., then
T :={T(t):=e'4 :t > 0} is a contraction semigroup of self-adjoint operators on
‘H whose generator is —A. Each contraction semigroup of self-adjoint operators is
of this form.

Proof That T is a contraction semigroup and limy_, 4 R~ (T (h) — Dx = —Ax for
x € D(A) can be shown in a similar manner as in the case of unitary groups (see the
proof of Proposition 6.6). Thus, if B is the generator of 7', we have —A C B. Since
T = T* and hence B = B* by Proposition 6.13, it follows that —A = B.
Conversely, let T be a contraction semigroup of self-adjoint operators. From
Proposition 6.13 it follows that its generator B is self-adjoint. Because B is dis-
sipative, A := —B > 0. Since the two contraction semigroups T and {¢~4 : 1 > 0}
have the same generator B = — A, they coincide by Proposition 6.8. U

Explicit formulas for the unitary group and the contraction semigroup associated
with the operator —A = A on R¥ can be found in Example 8.1 below.

The next result characterizes the strong commutativity of self-adjoint operators
in terms of their unitary groups.

Proposition 6.15 Two self-adjoint operators A1 and A, acting on the Hilbert space
H commute strongly if and only if e'41e1542 = 1542141 forall ¢, s € R.

Proof First, suppose that A1 and A; strongly commute. Let E 4 be the spectral mea-
sure of the pair A = (A1, Az) (see Theorem 5.23). Then el'4i is the corresponding
spectral integral I(f;,) of the function f;,(A1,A2) = e"i on R2, where t € R,
Jj =1,2. Hence, e'41 and 42 commute by Proposition 5.29(ii) or 4.12(i).

Now suppose that the unitary groups ¢/4! and €42 commute. From formula
(6.18) it follows then that the resolvents R;,(A;) and R),(A2) commute for
ReX; > 0,s0 A and A; strongly commute by Proposition 5.27. O

We close this section by using Propositions 6.8 and 6.13 (but not the Hille—Yosida
Theorem 6.11!) to give a very short proof of Stone’s theorem.

Second proof of Stone’s Theorem 6.2 Suppose that U is a unitary group on #. Let
B be the generator of the contraction semigroup Uy = {U(t) : t > 0}. Obviously,
—B is then the generator of U_ = {U(—t) : t > 0}. Since (Uy)* = U_, we have
B* = — B by Proposition 6.13. Hence, A := —iB is self-adjoint.

It remains to check that U (z) is equal to the operator ¢4 defined by the func-
tional calculus of A, that is, by formula (6.1). The operator iA is the generator of the
semigroups U = {U(t) : t > 0} (by definition) and (e 11 >0} (by Example 6.2
or Proposition 6.1). Therefore, by Proposition 6.8, U (1) = i’4 for all > 0 and by
applying the adjoint also for r < 0. g
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Exercises

. Let T(t), t € (—a,a), where a > 0, be bounded operators on a Hilbert

space H, and let D be a dense subset of H.

a. Suppose that SUPse(—q.q) IT@®)] < oo and lim;—o T (¢)x = x for x € D.
Prove that lim;_,o T (f)x = x for all x € H.

b. Suppose that 7'(¢), t€(—a, a), is unitary and lim,_,o(7 (¢)x, x) = (x, x) for
x € D. Prove that lim; .o T (t)x = x forall x € H.

. Let A be a self-adjoint operator, and U (t) = e'4 ¢t € R. Show that A is

bounded if and only if limy,_.¢ |U (h) — I|| = 0.

Let A be a self-adjoint operator, and U (¢) = et € R. Let D be a linear
subspace of D(A) such that AD C D and U(t)D € D for all r € R. Let p be
a real polynomial. Prove that D is a core for the self-adjoint operator p(A).
Hint: Prove this for p(A) = A" by modifying the proof of Proposition 6.3.

. (Multiplication operators)

Let 1 be a positive Borel measure on a Borel subset £2 of R, and ¢ a
real-valued measurable function on §2. Define U (¢) f = !¢ f for t € R and
f e L?(82, ). Show that U is a unitary group on L2(£2, ) and determine its
generator.

. Let S, be the self-adjoint operator from Example 1.5, where |z| = 1. Deter-

mine the action of the unitary group {U (t) = e"S: .t e R} on L%(a, b).

. Let ¢ be a unit vector of R? and define (U (¢) f)(x) = f(x + te), t € R, for

f e L2(R?).
a. Show that U is a unitary group on L%(R?) and determine its generator iA.
b. If N is a finite subset of R?, prove that for each real polynomial, the sub-
space Cgo (R2\N) is a core for p(A).
Hint: Use Exercise 3.

. (Dilations)

Define (U (1) f)(x) = e’ f(e*x) fort € R and f € L*(0, o0). Show that U is
a unitary group on L%(0, co) and determine its generator.
Hint: See Exercise 11 of Chap. 3 and the reasoning used in Example 6.1.

. Let A be a self-adjoint operator on #, and let J be an open interval. De-

fine CX(7,H) and u®(r) inductively, that is, CK(7, ) is the set of all
ueCF1Y(T,H) such that u®*=D e (7, H) and u® := *k=Dy’.

Suppose that ug € D(A") and set u(r) = e "4uq. Show that u(r) € C"(R, H),
u® (1) = (=iA)*u(r), and u® (0) = (—iA)*ug fork =1, ..., n.

. Let A be a positive self-adjoint operator on  and uo € H. Set u(t) = e "4ug

for r > 0.

a. Show that u(z) € D(A™) fort > 0 and u € C"((0, +0o0), H) for all n € N.

b. Show that for any n € N, there exists a positive constant ¢, such that
A =R ()| < cut " |lug]| for all k =0, ..., n, ¢t >0, and ug € H.

Let A be a positive self-adjoint operator on #, and U (t) = e~'4, t > 0. Show

that 0 is not an eigenvalue of A if and only if lim,_, oo U (#)x =0 for all x € H.

(Semigroups having this property are called strongly stable.)
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6 One-Parameter Groups and Semigroups of Operators

. (Left translations on (0, 00))

Define (T'(t) f)(x) = f(x 4+ 1), t > 0. Show that T := {T'(¢) : t > 0} is a con-
traction semigroup on L?(0, oo) and determine its generator.

. Let a > 0. Find a contraction semigroup such that 7'(t) = 0 if and only if
t>a.

Hint: See Example 6.3.

. Prove that the generator of a uniformly continuous semigroup 7' on a Banach
space E is bounded.

Idea of the proof: Show that S(¢) := 1 f(; T (s)ds — I in the operator norm
as t — +0 and conclude that S(¢) has a bounded inverse for small 7.

. Let A be a positive self-adjoint operator on H. Suppose that there exists an
orthonormal basis {e; : i € I} of H consisting of eigenvectors of A. Determine
the action of the contraction semigroup {e "4 : t > 0} in terms of this basis.

. (One-dimensional diffusion semigroup)

Let T be the operator with domain

D(T)={f e H*O,1): f'(0)= f'(1) =0}

on H = L*(0, 1) defined by Tf = — f".

a. Show that T is a positive self-adjoint operator.

b. Let eg(x) = 1 and e, (x) = v/2cos(rrnx), n € N. Show that {e, : n € Ny} is
an orthonormal basis of A such that Te, = w2n2e, for n € Ny.

¢. Show that (e_’Af)(x) = fol K:(x,y)f(y)dy,t >0, where K; is the kernel

Ki(x,y)= Z e cos(nx) - cos(mny).
nez
Hint: Use Exercise 14.
(An example of Nelson type)

Let z € C, |z| = 1. Consider the unitary groups U and V on the Hilbert space
H = L?(R?) which are defined by (U(t) f)(x,y) = f(x,y+1) and

zf(x+t,y) fory>0,x<0,x+¢t>0
(Vi f)x, =3z fx+t,y) fory>0, x>0, x+1<0
f(x+1t,y) otherwise

That is, V is the left translation parallel to the x-axis with the modification

that the function is multiplied by z when the positive y-axis is crossed.

Let R be the C>-manifold with boundary obtained by cutting R? along the

nonnegative y-axis, and let D be the set of f € H such that f € C*°(R) and
af " f
dx" (+0.3) =z 0x"

LetiA and iB be the generators of U and V, respectively.

a. Show that D C D(A) ND(B), Af = —ia%f, and Bf = —i f for f € D.

b. Show that AD C D, BD CD,and ABf = BAf for f € D.

c. Show that D is a core for the self-adjoint operators A” and B" for n € N.

Hint: Use Exercise 3.

(—0,y) forally >0, neNp.
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d. Show that (I — V(—=)U(—s)V (@)U (s))f = (1 — 2)xss-f for f € H and
t,s € [0, +00), where x;s is the characteristic function of [0, ¢] x [0, s].
e. Show that A and B commute strongly if and only if z = 1.
Hint: Use Proposition 6.15.






Chapter 7
Miscellanea

This chapter gathers together some pertinent topics and tools for the study of closed
and self-adjoint operators. Section 7.1 is devoted to the polar decomposition of a
densely defined closed operator. In Sect. 7.2 the polar decomposition is used to study
the operator relation A*A = AA* + I. Section 7.3 deals with the bounded transform
and its inverse. The usefulness of this transform has been already seen in the proofs
of various versions of the spectral theorem in Chap. 5. In Sect. 7.4 we introduce
special classes of vectors (analytic vectors, quasi-analytic vectors, Stieltjes vectors)
to derive criteria for the self-adjointness and for the strong commutativity of self-
adjoint operators. The tensor product of unbounded operators on Hilbert spaces is
studied in great detail in Sect. 7.5.

7.1 The Polar Decomposition of a Closed Operator

For any complex number ¢, there is a real ¢ such that r = |t]el?, where |¢| = (71)'/2.
In this section we deal with a generalization of this fact to Hilbert space operators. It
is easy to guess that |¢| should be generalized to (T*T)'/2. The factor ' cannot be
replaced by a unitary in general, because the operator may have a kernel or its range
may not be dense. The proper generalization of €' is that of a partial isometry.

Let G; and G, be closed subspaces of Hilbert spaces ;| and Hj, respectively.
A linear operator of {1 into H, that maps G; isometrically onto G, and annihilates
gli is called a partial isometry. Then G| is called the initial space, and G, is called
the final space of the partial isometry. Some characterizations of partial isometries
are collected in Exercise 1.

Let T be a densely defined closed linear operator of a Hilbert space H; into a
Hilbert space H,. From Proposition 3.18(ii) it follows that T*T is a positive self-
adjoint operator on 1, so by Proposition 5.13 it has a unique positive square root

IT|:=(T*T)". (7.1)
Lemma 7.1 D(T) = D(|T}), and || Tx|| = |[|T|x|| for x € D(T).
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Proof If x e D(T*T) = D(|T|?), then
ITx|? = (Tx, Tx) = (T*Tx, x) = (ITPx, x) = | ITIx .

By Proposition 3.18(ii), D(T*T) is a core for the operator 7. By Corollary 4.14,
D(T|?) is a core for |T|. Hence, the assertion follows by taking the closure of
D(T*T) = D(|T|?) in the graph norm [T - | + || - | = [[IT]- | + | - - L

Theorem 7.2 Suppose that T is a densely defined closed operator of H into H,.
Then there is a partial isometry Ur with initial space N =R(T*) = R(TI)
and final space N(T** = R(T) such that

T = Ur|T). (7.2)

If A is a positive self-adjoint operator on Hy and U is a partial isometry of H, into
Ho with initial space R(A) such that T =UA, then A=|T|and U = Ur.

We call the operator |T'| the modulus of T, the operator Ur the phase of T, and
the decomposition (7.2) the polar decomposition of T . The reader should notice that
a number of properties of the modulus of complex numbers fail (see Exercise 4).

Proof SetUr(|T|x)=Tx forx € D(|T|). By Lemma 7.1, Ur is a well-defined iso-
metric linear map of R(|T|) onto R(T). It extends by continuity to an isometry of

R(T|) onto R(T). Setting Ur zero on R(|T|)L, Ut becomes a linear operator of
‘H; into H, which is defined on the whole Hilbert space H;. Since N (T) = N (|T|)
by Lemma 7.1, R(T|) = N(|T|)* = N(T)* = R(T*). Thus, Ur is a partial isom-
etry with initial space R(T*) and final space R(T) =N (T*)". By the definition of
Ur, (7.2) holds.

We prove the uniqueness assertion of Theorem 7.2. Because U is bounded,
the equality 7 = U A implies that T* = AU* by Proposition 1.7(ii), so we obtain
T*T = AU*U A. Since the initial space of the partial isometry U contains R(A),
we have U*UA = A and so T*T = A%. Hence, |T| = A by the uniqueness of the
positive square root of 7*T. Since T = U|T| = Ur|T| and R(A) = R(|T]) is the
initial space of U and of Ur, we conclude that U = Ur. Il

Note that the operator Uy is an isometry if and only if A'(T') = {0}. Further, Uy
is a coisometry if and only if R(T) is dense in Hy, or equivalently, N'(T*) = {0}.
Therefore, U7 is unitary if and only if N (T) = N'(T*) = {0}.

We state without proof a number of related facts and useful formulas:

\T|=Ur)'T =T"Ur, R(IT|) =R(T*) = (Ur)*R(T),
|T*|=UrT* =T (Ur)*, R(|T*|) =R(T) = UrR(T*),
T =|T*|Ur, UrD(T) =D(T*) N R(Ur),

T* = Up)*|T*| =ITIWUr)*,  (Ur)*D(T*) =D(T) NR((Ur)*).

Moreover, (Ur)* = Ur+ and T* = (Ur)*|T*| is the polar decomposition of T*.
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The polar decomposition (7.2) is an important technical tool in operator theory.
Often it is used to reduce problems for arbitrary densely defined closed operators to
those for positive self-adjoint operators.

Suppose that H| = H,. Clearly, the normality 7*T = TT* of the operator T is
equivalent to the equality |T'| = |T*|.

Assume that T is a normal operator on ‘H. Since T = |T*|UT as stated above, we
have T = Ur|T| = |T|Ur, that is, the operators Ur and |T'| commute. Moreover,
R(T*) =R(T*|) = R(T|) = R(T). Hence, the restriction of Uy to R(T*) is a
unitary operator on the Hilbert subspace R(T*).

Example 7.1 (Polar decomposition of a self-adjoint operator) Let T be a self-
adjoint operator on a Hilbert space H, and let T = Ur|T| be its polar decom-
position. Since Ur = Ur» = U;, Ur is self-adjoint. Let Ho = N(T). Since
N(T)*+ = R(T*) = R(T), Ur is an isometric map of 7—[& onto ’HOL. That is,
U%x =UsUrx =xforx € ’H(J)‘. Setting H+ := N (Ur F I), each vector x € 'Hé
can be written as x = x4 + x_ with x4 € Hy, where x4 := %(I + Ur)x. Thus, we
have the orthogonal decomposition

H=Hi ®H- D Ho. (7.3)

Since UrT = TU7 and Ur|T| =T = |T|Ur by the above formulas, the decom-
position (7.3) reduces the self-adjoint operators 7' and |T'|. That is, there are self-
adjoint operators T4, T_, Tp on H, H_, Ho, respectively, such that

T=T,T &T. (7.4)

Forx e Hy, Tox =Tx = |T|Urx = £|T|x, and so (Ttx, x) = =(|T|x, x). More-
over, N'(Ty) = {0}, since N(T) = N (Tp) = Ho by construction. Thus, T is a
strictly positive operator, 7_ is a strictly negative operator, and 7o = 0. That is,
(7.4) is the decomposition of T into its strictly positive part, its strictly negative
part, and its kernel. Moreover, the projections P, P_, Py of H onto H, H_, Ho,
respectively, are given by Py = %(U% +Ur),and Py=1 — U%. o

7.2 Application to the Operator Relation AA* = A*A + 1

In this section we use the polar decomposition as a tool to study the operator relation
AA*=A*A+ 1. (7.5)

We shall say that an operator A on a Hilbert space H satisfies the relation (7.5) if A
is densely defined and closed, D(AA*) = D(A*A), and AA*x = A*Ax + x for all
x € D(AA%).

First, we develop a model of operators for which (7.5) holds. Let G be a fixed
Hilbert space. We denote by /2(Ny, G) the Hilbert space EBneNO G,, where G, =G

for all n € Ny. Elements of l2(NO, G) will be written as sequences (xg, X1, X2, . . .)
or briefly as (x,). We define two operators Ag and AJgr on I2(Ny, G) by
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Ag(x0, x1, %2, ...) = (x1,vV2x2,+/3x3,...), (7.6)
Ao, x1,3x2,..) = (0, x0, V2x1, /32, ..) 1.7)
for (xg, x1, x2, ...) in the domain
D(Ag) =D(A}) := {(x)el*(No, §) : (Vnx,) € *(No, §)}.

Formulas (7.6) and (7.7) are usually written as Ag(x,) = (v/n + lx,41) and
A (xn) = (VM xq—1), where x_1 :=0.

It is not difficult to check that (Ag)* = AJgr and (AJQF)* = Ag. Hence, Ag is a
closed operator, and AE is its adjoint. The operators AEAg and AgAg act on the
same domain

D(AfAg) =D(AgAf) = {(xn) € P(No, §) : (nx,) € *(No, §)}

as diagonal operators AEAg (x) = (nx,) and AgAE (xn) = (n+1)x,). From the
latter we obtain AgAg(x,,) = AgAg(xn) + (x,) for (x,) € D(AgAg). That is, Ag
is a densely defined closed operator satisfying the operator relation (7.5).

The next theorem states that up to unitary equivalence all closed operators satis-
fying (7.5) are of this form.

Theorem 7.3 Let A be a densely defined closed operator on a Hilbert space H
which satisfies relation (7.5). Then there exist a Hilbert space G and a unitary op-
erator 'V ofl2(No, G) onto H such that V¥*AV = Ag and V*A*V = AE.
Proof The proof is based on the spectral analysis for the positive self-adjoint oper-
ator C := A*A = |A|2.

First, we note that N (A*) = {0}. Indeed, if x € N (A*), then A¥*Ax +x =0
by (7.5), so | Ax||> + ||x]|> = (A*Ax + x, x) =0, and hence x = 0.

Let U denote the phase U4 and Py the projection of H onto the closed subspace
N (A). By Theorem 7.2 we have the polar decomposition A = U|A| of A, where U
is a partial isometry with initial space A'(A)T and final space N'(A*)L. Therefore,

U'U=I1—-Py and UU*=1. (7.8)

Recall that A* = |A|U* by the formulas in Sect. 7.1. Hence, AA* = U|A|*U* =
UCU* and A*A = |A|> = C, so relation (7.5) is equivalent to

UCU*=C+1. (7.9)

Let x € D(C). Since Pyx € N (A) C N(C), we have U¥Ux = (I — Py)x € D(C)
by (7.8) and UCx = UC(I — Py)x =UCU*Ux = (C + I)Ux by (7.9). That is,
UC C(C+1)U.Hence, UEc = Ec+1U by Proposition 5.15, where E7 denotes
the spectral measure of 7. Let A be a Borel set of R. Since obviously Ec47(A) =
Ec(A — 1), we obtain

UEc(A)=Ec(A—-1)U. (7.10)
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Now we essentially use Proposition 5.10(i). Since UEc(A)U* = Ec(A — 1) by
(7.8) and (7.10), it follows from Proposition 5.10(i) that . — 1 € o (C) implies A €
o(C). If 0 ¢ A, then (7.8) and (7.10) yield Ec(A) = U*Ec(A — 1)U, because
PyH C N(C) = Ec({0)H. Therefore, if A # 0 is in o(C), then A — 1 € o(C).
Since C = A*A > 0 and hence o (C) C [0, 00), the two preceding conditions on
o (C) are only possible if o (C) = Ny. Therefore, by Corollary 5.11, o (C) consists
of eigenvalues n € Ny only. The corresponding eigenspaces are H,:=Ec({n})H,
and we have H = P, c, Hn. since Ec(No) =1.

From (7.10), applied with A = {n}, it follows that UH, C H,—_1, where
H_1:={0}. Applying the adjoint to Eq. (7.10) yields Ec(A)U* = U*Ec(A — 1).
Setting A = {n+1}, the latter gives U*H,, € H,41. From UH,,41 C H,, and (7.8)
we conclude that H,+1 = U*UH,,+1 € U*H,,. Therefore, U*H,, = H,+1. Hence,
H, = (U*)"H for n € Ny.

Set G := Ho and define V (x,) = ((U*)"x,,) for (x,) € [*(No, G). Recall that U*
is an isometry by (7.8) and that # = D, H,, where H, = (U*)"H, for n € No.
Therefore, V is a unitary mapping of /?(Ny, G) onto H. For x € Ho, we have
C(U*)"x =n(U*)"x, and hence |A|(U*)"x = /n(U*)"x, because |A| = C'/?. Let
(xn) € I*(No, G). If V(x,,) € D(A), we compute

VEAV (x,) = VFUIAIV (%) = VU (Va(U*)"x,)
= V*( n+1 (U*)nx,H_l) = (Wn+1x,41) = Ag(xn).

This proves that V*AV C Ag. If (x,) € D(Ag), then (/n x,) € 12(Np, G), and
hence V(x,) = (U*)"x,) € D(|A]) = D(A), so that (x,) € D(V*AV). Thus,
V*AV = Ag. Applying the adjoint to both sides, we get V*A*V = AJgr. O

Let us return to our model operator Ag. If G is the orthogonal sum of two Hilbert
subspaces G1 and G», it follows at once from the definition that Ag is the orthogonal
sum Ag, ® Ag, on 12(No, G) = 1>(Ny, G1) ®1%2(No, G»). Therefore, the operator Ag
is not irreducible (see Definition 1.8) if dimG > 1.

Now we consider the case where dimG = 1, that is, G = C. Then the operators
Ac and AE act on the standard orthonormal basis {e,} of I2(Ng) = [2(Np, C) by

Ace, =~/ne,—; and Azj'en:\/n—i—lenH, neNg, e_1:=0. (7.11)

In quantum mechanics, these operators Ac and AE are called annihilation oper-
ator and creation operator, respectively, and (7.11) is called the Segal-Bargmann
representation of the canonical commutation relation (7.5).

‘We now prove that the operator Ac is irreducible. Let Ac be adirect sum A1 @ A;
of operators on 1> (No) = H1 ®H,. Then Ceg = N (Ac) = N (A1) BN (Az). Hence,
ep is in Hy or in Hy, say ep € H1. But AT = A] @ A3. Hence, all vectors e, are in
1 by (7.11). Thus, H1 = [*(Ng) which proves that Ac is irreducible.

The preceding results combined with Theorem 7.3 give the following corollary.

Corollary 7.4 The operator Ag is irreducible if and only if G is one-dimensional.
Each densely defined closed irreducible operator A satisfying relation (7.5) is uni-
tarily equivalent to Ac.
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7.3 The Bounded Transform of a Closed Operator
It is easily seen that t — z; := (1 47)~!/? is a bijection of the complex plane onto
the open unit disc with inverse given by z — 1, = z(1 — zz)~'/2. In Sect. 5.2 we
defined operator analogs of these mappings; we now continue their study.

For a Hilbert space H, let C(#) denote the set of all densely defined closed
linear operators on #H, and Z(#) the set of all bounded operators Z on #H such that
1Z]| <1and N(I — Z*Z) ={0}. For T € C(H) and Z € Z(H), we define

Zr=T(1+1°T)""?,

T;=2(1-2"2)

(7.12)

-2, (7.13)

The operators I + T*T (by Proposition 3.18) and I — Z*Z are positive and self-
adjoint and they have trivial kernels. Hence, (I + T*T)~'/2 and (I — Z*Z)~1/?
are well-defined positive self-adjoint operators for T € C(#H) and Z € Z(H). Since
((I4+T*T)"YH/2 = (1+T*T)~1/? (by Exercise 5.9a.), the operator Z7 from (7.12)
coincides with the operator Z7 defined by (5.6).

As in Sect. 5.2, Z7 is called the bounded transform of the operator T.

Theorem 7.5 The mapping T — Zt is a bijection of C(H) onto Z(H) with in-
verse given by Z — Tyz. Both mappings preserve adjoints, that is, (Z1)* = Z+ and
(T2)* = Tz+, and we have (I + T*T)~V/2 = (I — Z£Z1)V/? for T € C(H).

Proof From Lemma 5.8 we already know that the map T — Zr takes C(#) into

Z(H) and that Z* = Zy« and (I + T*T)" ' =1 — Z35 Zt. Therefore, it suffices to

prove that Z — Tz maps Z(H) into C(H) and that it is the inverse of T — Z7.
Let T € C(H). First, we verify that

T =2z (1+T7*T)". (7.14)

As shown in the proof of Lemma 5.8(i), Z7 = TC%/Z, where Cr = (I + T*T)~!,
is everywhere defined. Therefore, we have C }/ 27—[ CD(T), and so Z7(C }/ 2)_l =
Zr(I + T*T)'/2 C T. To prove equality, it suffices to show that D(T) C CIT/Z’H.
Let x € D(T). For arbitrary y € H, we have

1/2

(CYPZET + Cr)x, y) = (Tx, ZrC*y) + (x, Cry)

—(Tx, T(I+T*T) "'y +{x, 1+ T*T)""y)

=((T°T + D (1+7°7)7'y) = (x. ),

SO X = C;/Z(Z;T + C;/Z)x € C;/z”;'-[. This completes the proof of (7.14).

Since (I + T*T)~! =1 — Z}Zr by formula (5.7) and hence (I + T*T)!/? =
(I — Z%5Z7)~ /2, it follows from (7.14) and (7.13) that

-1/2
T=2r(1-232r)"" =Tz, (7.15)



7.3 The Bounded Transform of a Closed Operator 143

Now let Z € Z(H). Using the definition (7.13), for x € D(Tz), we compute
| T2x|” + x1? = (22 (1 — 2% 2) " *x, (1 = 2*2) %)+ (x, %)
——((1=2z*2)(1 = 2*2)""?x, (1-2*2) " x) + (x, x)
H{(1 =27 2)"Px, (1 - 272) %)
=|(r—zz)" """, (7.16)

We prove that 77 is closed. Suppose that x,, — x and Tzx,, — y for a sequence
of vectors x,, € D(Tz). Then, by (7.16), ((I-2*2)"Y2x,) is a Cauchy sequence,
so it converges in . Since (I — Z*Z)~1/? is self-adjoint and hence closed, we get
xe€D((I —Z*Z)"12)=D(Tz) and I — Z*Z)~V/?x, — (I — Z*Z)~'/2x. Hence,

—1/2 —1/2

Tan:Z(I_Z*Z) Xn—>Z(I—Z*Z) )C:sz:y,

This proves that the operator T is closed. Clearly, 7 is densely defined, because

the self-adjoint operator (1 —27*7)~1/2 is. Therefore, T, € C(H).
Our next aim is to prove that

(1+T3T7) ' =1-2"2. (7.17)

First, we note that Z* € Z(H). Obviously, |Z*|| < 1. If x e N(I — ZZ*), then
Z*x e N(I — Z*Z) ={0}, and hence x = ZZ*x =0. Thus, Z* € Z(H).

Since Z(Z*Z)" =(ZZ*)"Z forn e N, we have Zp(I — Z*Z)=p(I — ZZ*)Z
for any polynomial p. If (p,(¢)),en iS a sequence of polynomials converging
uniformly on [0, 1] to the function 12 then the sequences (p,(I — Z*Z)) and
(pn(I — ZZ*)) converge in the operator norm to (I — Z*Z)"/? and (I — ZZ*)/2,
respectively, by Corollary 5.5. Therefore,

z(1-7*2)"* = (1-2z2%) "z (7.18)

Using the relation (T2)* = (Z(I — Z*Z)~Y/?)* > (I — 2*Z)~'/?Z* and applying
formula (7.18) twice, first to Z and then to Z* € Z(H) in place of Z, we compute

T3T7(1 — 2*2) 2 (1 — z*2)”"?

=(1—2*2)""z*(1 - zz¥)
=(1-2z*2)""*(1-272)""

7*2(1 - 2*2)""*(1 - 2*2)
172,
72 =27"7.

Since Z*Z is everywhere defined on H, we have T;Tz(I — Z*Z) = Z*Z, and so
(I +T;Tz)(I — Z*Z) = 1. Multiplying this equation by (I + TZ*TZ)_1 from the
left, we obtain (7.17).

(7.17) yields (I+T3Tz) Y2 = (I-Z*Z)"/?. Hence, by (7.12) and (7.13),

12

Zap=T,(1+T37,) P =2(1-7°2) V(1 -2*2)"* =2z. (7.19)

Formulas (7.15) and (7.19) show that the maps T — Z7 and Z — T are inverse to
each other. O
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7.4 Analytic Vectors, Quasi-analytic Vectors, Stieltjes Vectors,
and Self-adjointness of Symmetric Operators

In this section we develop criteria for the self-adjointness of symmetric operators
and the strong commutativity of self-adjoint operators by means of analytic vectors,
quasi-analytic vectors, and Stieltjes vectors. These are classes of vectors x which
are defined by growth conditions on the sequence (||7"x|),eN,-

Let us begin with some basics on quasi-analytic functions. Let (m,),en, be a
positive sequence, and 7 € R be an open interval. We denote by C{m,} the set of
functions f € C*°(J) for which there exists a constant K ¢ > 0 such that

| fP @] < Km, forallt € J, neNo. (7.20)

A linear subspace C of C*°(7) is called a quasi-analytic class, provided that the
following holds: if f € C and there is a point fo € J such that £ (ty) = 0 for all
n € Ny, then f(f)=0on J.

The quasi-analytic classes among the linear subspaces C{m,} are characterized
by the following famous Denjoy—Carleman theorem.

Proposition 7.6 C{m,} is a quasi-analytic class if and only if

o
. k=1 _
Z(gmk )" =oo0. (7.21)
n=1
A proof of Proposition 7.6 can be found in [Hr, Theorem 1.3.8]. In the case of
log convex sequences a proof is given in [Rul, Theorem 19.11].
For the results obtained in this section, it suffices to have the following:

Corollary 7.7 Let (my)nen, be a positive sequence such that
o0
> my = . (7.22)
n=1

Suppose that f € C*°(J) and there is a constant K ¢ > 0 such that (7.20) is sat-
isfied. If there exists a to € J such that " (t9) =0 for all n € Ny, then f(t) =0
onJ.

Proof Since obviously m,l/" > infg>y m,i/k, (7.22) implies (7.21), so C{m,} is a
quasi-analytic class by Proposition 7.6. This gives the assertion. 0

Example 7.2 (m, =n!),en Since n! < n", the sequence (n!),cn, satisfies (7.21)
and (7.22), so C{n!} is a quasi-analytic class. But any function f € C{n!} has a
holomorphic extension to some strip {z : Rez € J, |Imz| < §}, 6§ > 0 (see, e.g.,
[Rul, Theorem 19.9]). Using the latter fact, the assertion of Corollary 7.7 is well
known in this special case. )
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Example 7.3 (log convex sequences) Let (m,),cn, be a positive sequence such that
my=1and

m? <m,_ymuy1 forneN. (7.23)

n —

Condition (7.23) means that (logm,),cn, is a convex sequence. It is well known

and easily checked that then m,l,/" < mi/k forn <k, so m,i/" = infy>, m,lc/k. There-

fore, by Proposition 7.6, in this case C{m,} is a quasi-analytic class if and only if
S my " = oo, that is, if (7.22) is satisfied. o

Next, we define and investigate various classes of vectors for a linear operator T
on a Hilbert space H. A vector x € H is called a C*°-vector of T if x belongs to

DX(T)=()_ D(T").

The reason for this terminology stems from the following fact which follows
easily from Proposition 6.1: If T is self-adjoint, then a vector x € H belongs to
D>®(T) if and only if r — €T x is a C*°-map of R into the Hilbert space H.

Definition 7.1 Let x € D*°(T). We write
x € DP(T) and x is called bounded for T if there is a constant B, > 0 such that

|T"x| < B} forneN, (7.24)
x € D4(T) and x is called analytic for T if there exists a constant C, >0 such that
|T"x| < Cin! forn e Ny, (7.25)

x € D9%(T) and x is called quasi-analytic for T if
o
ST T = (7.26)
n=1

x € D*(T) and x is called a Stieltjes vector for T if

o0
SV = . (7.27)

n=1

Obviously, eigenvectors of T are bounded vectors. The sets D(T') and DI (T)
are linear subspaces of D°°(T'), and we have

D"(T) € D(T) S DI(T) S D*(T). (7.28)

The second inclusion in (7.28) follows from the inequality ||7"x||~!/" > (C,n)~!,
since n! <n’. A vector x is in D9%(T) (resp. D*(T)) if and only if Ax is for A # 0,
but the sum of two vectors from D9%(T) (resp. D*(T)) is in general not in DI%(T)
(resp. D°(T)).
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Example 7.4 (Example 7.3 continued) Suppose that the operator T is symmetric
and x is a unit vector of D°°(T). Set m,,:=||T"x||. Then the assumptions of Exam-
ple 7.3 are fulfilled, since mo = 1 and

mﬁ = H T"x”2 = <T"x, T”x) = (T”_lx, T"+1x> <my_1my4, forneN.

Hence, as stated in Example 7.3, C{||T"x||} is a quasi-analytic class if and only if
>, 1T x||71/" = oo, that is, x € DI%(T).

In Example 7.3 it was also noted that |72+ x||l/Cr+D) > || 721 x| 1/ for
n € N. This in turn yields that Y, [|T*x|~/* <23 ||T?"x||~1/" Therefore,
x € D4(T) if and only if 3, |7 x| =1/ = co. o

Example 7.5 (Examples of analytic vectors) Let A be a self-adjoint operator on ,
and let o > 0. Clearly, e=*!4! and ¢~%A” are bounded operators on H. Suppose that
u,veH.

—aA?

Statement x :=e¢ Ay and y :=e v are analytic vectors for A.

Proof By Stirling’s formula [RA, p. 45] there is a null sequence (g,,) such that

n!=2xn"t2e (1 4+¢,) forneN. (7.29)

Hence, there is a constant ¢ > 0 such that n%" < ce?*(n!)? for n € N. By some
elementary arguments one shows that Ae2aM < 21,20 for 3 € R, Thus,

/Aznefza‘kld<EA(k)u,u)§/ofznnznd(EA(k)u,u)§c||u||2a72"e2”(n!)2.
R R

Hence, u € D(A"e~%4l) by (4.26), that is, x € D(A"). Since the first integral is

equal to | A"e~%Aly||2 = || A" x| by (4.33), the preceding shows that x € D(A).
Since A21e~20%* < 321e=20lM for ) e R, |A| > 1, a slight modification of this

reasoning yields y € D4(A). Oo

Proposition 7.8 Suppose that the operator T is self-adjoint and x € D*(T). For
anyz €C, |z| < C;l, where Cy is given by (7.25), we have x € DTy and

no_k
eTx = nll)ngo Z %Tkx. (7.30)
k=0 "

Proof Fix z € C, |z] < Cx_l. Let E be the spectral measure of T, and E,(-) the
measure (E(-)x,x). Let n € N. Then T, := T E([—n, n]) is a bounded self-adjoint

. L . . k
operator on H with spectrum contained in [—n, n]. Since the series > ;- i—!kk con-

. . k
verges to the function ** uniformly on [—n, n], we have e*7rx =Y 22 ) & Tkx (see
Proposition 4.12(v)). Using properties of the functional calculus, we derive
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Yoo 2 T T e
( || dEx()»)) = [ E(l=n,n))x| = x| = | > 5 T
o k=0 """
N o 12l
<> Hirie < 3 B
k=0 k=0

o
<Y 1zCulf = (1= fzC,l) 7
k=0

Letting n — oo, we get fR le?*|?d E, (L) < oco. Therefore, x € D(e*T) by (4.26).
Replacing z by |z| and by —|z] in the preceding, we conclude that the functions
e??% and e=211* are L1(R, E,). Hence, ¢?/** isin L' (R, E,). The sequence

ezk_z%kk

k=0

on(A) == , neN,

converges to zero on R and has the integrable majorant ¢2/?* | because

Zkk2
ZEA

< eZ\zM'
k>n+1

@n ()\) =

Therefore, it follows from Lebesgue’s dominated convergence theorem (Theo-
rem B.1) that

2 2
no_k no_k
eyt = [ et = 3Tk dE = [ 0,G)dEG) 0
k! R k! R
k=0 k=0
as n — oo. This proves formula (7.30). O

Corollary 7.9 Suppose that T is a self-adjoint operator on H. For any x € H, the
following statements are equivalent:

i) x € DUT).
(ii) There is a ¢ > 0 such that x € D(e*T) forall z € C, |Rez| < c.
(ili) There is a ¢ > 0 such that x € D(e'T).

Proof Clearly, by formula (4.26), x € D°°(T) if (ii) or (iii) holds. The implication
(i)— (i1) was proved by Proposition 7.8. The equivalence of (ii) and (iii) follows at
once from (4.26). Suppose that (iii) is satisfied and set u = ¢!”|x. Then x = ¢=<ITly,
so x € D*(T) by Example 7.5. O

The following corollary contains some explanation for the terminology ‘“analytic
vector”; another reason is given by Example 7.8 below.

Corollary 7.10 Let T be a self-adjoint operator on H, y € H,and x € D*(T). Then
f(z) = (e“Tx,y) is a holomorphic function on the strip {z : |Imz| < C;] }, where
Cy is given by (7.25).
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Proof Let s € R. By formula (7.30), applied with z replaced by i(z — s), the series
(iz —s)"

n!

e @]

f@)= (eisz’ y> = (e(iz_iS)Tx’ e—isTy) _ Z

n=0

(Tnx’ e—isTy)

converges if |z — s| < Cx_l. Hence, f is holomorphic on the set {| Imz| < Cx_l}. O
Before we turn to the main results of this section, we prove three simple lemmas.

Lemma 7.11 Let (r,)qeN be a positive sequence and set m, = ary, + B for n € N,

whereoz>0and,3>0.lfznrn_l/"=oo,then an;l/nzoo.

Proof Let M be the set {n : ar, < B}. Forn € M, we have m, <28 and
my, "= 2BV = (1428)7",

so )y, m;l/n = oo when the set M is infinite. If M is finite, then there is a k € N
such that m, < 2ar, forall n > k, and so

Zm;l/” > Z(Za)fl/"r,,_l/" > Z(l—i—Za)*lrn_l/” = 00. B

n>k n>k n>k
Lemma 7.12 If T if a symmetric operator, then D*(T) C D*(T+zI) for z € C.
Proof Let x € D*(T). Since Ax € D*(T) for A € C, we can assume without loss

of generality that Tx # 0 and ||x|| = 1. As noted in Examples 7.3 and 7.4, we then
have || T x||'/! < || T"x||'/" for I < n. Using this inequality, we derive for n € N,

n n
S ()it <3 ()|
=0

=0
n
=2 (7)'“”’ [ = (e ] 4 12l)”
=0

= |7 (Ut T 7YY < i (1 e 7] T

(T +zD)"x|| =

Since x € D*(T), we have > || T"x|| —1/@m = 50, By the preceding inequality this
implies that 3, [|(T+z1)"x|| =1/ @™ = oo, that is, x € DS (T +z1). O

Lemma 7.13 If T is a self-adjoint operator on H, then D?(T) is dense in H.
Proof Let E be the spectral measure of 7. If a > 0 and x € E([—a, a])H, then
a
|77 x|)? =/ W A(EG)x, x) < a x|1? < (a(l + [x]))™

—a

forn € N, so x € D(T). For any y € H, y =lim,_, o, E([—a, a])y. Therefore, the
set J,- E([—a, al)H is contained in DP(T) and dense in H. Il
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The following three theorems are the main results in this section. They all contain
sufficient conditions for the self-adjointness of symmetric operators in terms of the
density of special classes of vectors. In the proof of Theorem 7.15 we shall use
Theorem 10.17 below. Theorems 7.14 and 7.15 are due to A.E. Nussbaum.

Theorem 7.14 [f T is a symmetric operator on a Hilbert space H such that the
linear span of D1%(T)) is dense in H, then T is essentially self-adjoint.

Proof First, we note that T is densely defined, because the linear span of D9(T) is
dense and obviously contained in D(T).

We prove that N (T* — il) = {0}. Assume to the contrary that there exists a
nonzero vector y € N'(T* —il). Let x € D9%(T), x # 0. By Proposition 3.17 the
symmetric operator 7 has a self-adjoint extension A in a possibly larger Hilbert
space G D . Define a function f on R by £(r) = (e4x, y) — ! (x, y).

Since T C A, we have D>*(T) € D*°(A), so x € D*°(A). Therefore, by a re-
peated application of Proposition 6.1(iii), it follows that f € C*°(R) and

F0@) = (" GA)"x, y) — €' (x,y) forteR, neN. (7.31)
Since T*y =1y, we have (T"x, y) = (T" " !x,iy) =--- = (x,i"y), and hence
F™0) =(GA)"x, y) = (x,y) =i"(T"x, y) — (x,y) =0 forn e Np. (7.32)

Leta > 0and J = (—a,a). Puta = ||y|l, B =*|x|llyll and m, = || T"x ||+ for
n € Ny. Since x € D1%(T), we have Y, |[T"x||~!/" = oo, and hence Y, m{l/" =

oo by Lemma 7.11. From (7.31) we obtain
£ O] < [A"x Iyl + e lxlllyll =« T"x |+ =m, forte T, neNo,

so f satisfies Eq. (7.20) with K y = 1. Further, f(")(O) =0 for all n € Ny by (7.32).
By the preceding we have shown that all assumptions of Corollary 7.7 are fulfilled.
From Corollary 7.7 we conclude that f(t) =0 on (—a, a) and hence on R, because
a > 0 was arbitrary. That is, we have (e"4x,y)=e'(x,y) forall r € R.

But the function (ei’ Ay, y) is bounded on R, while e’ is unbounded on R. So
the latter equality is only possible when (x, y) = 0. Thus, we have proved that
D9%(T) L y. Since the linear span of D74 (T') is dense in H, we get y = 0, which is
the desired contradiction. Therefore, N (T* —il) = 0.

A similar reasoning shows that N (T*+il) = 0. Hence, T is essentially self-
adjoint by Proposition 3.8. O

Theorem 7.15 Suppose that T is a semibounded symmetric operator on H. If the
linear span of D¥(T) is dense in H, then T is essentially self-adjoint.

Proof The proof follows a similar pattern as the proof of Theorem 7.14. By
Lemma 7.12 we can assume without loss of generality that 7 > /. Then 0 € 7 (T)
by Lemma 3.3. Therefore, by Proposition 3.9, it suffices to prove that A/ (T*) = {0}.
Assume to the contrary that A(T*) # {0} and take a unit vector y € N'(T*). Let
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x € D¥(T), x # 0. By Theorem 10.17 (which we take for granted for this proof!)
there exists a self-adjoint operator A > I on ‘H which extends 7.

By Proposition 6.7, u(t) := (cos A'/2t)x solves the Cauchy problem u(0) = x,
u’(0) = 0 for the wave equation u” (1) = —Au(r) and u’(r) = —(A'/? sin A'/%1)x for
t € R. Define a function f on R by f(¢) := (u(t),y) — (x,y).

Since x € D®(T) € D*(A), from the functional calculus of the self-adjoint
operator A we easily derive that

u® ()= (=A)*u@) and u®*V@)==A)* Dy ) forkeN.

Therefore, u € C*°(R, H), and hence f € C*°(R). Since ||y]|=1and A > I, it
follows from the preceding and the formulas for u and u’ that

| FED @) = [k @), y)| < AT A2 x| < | AFx] = | T
10 = [[=A uw). y)| < [A%] = [ 7]

3

for k € N and | f(r)| <2|lx|| on R. That is, setting mq = 2||x||, max = || T*x||, and
mag—1 = | T*x||, the preceding shows that | f ™ (¢)| < m,, for all n € N. Clearly,

S om0 1|V = 0
n n
by (7.27). Since u’(0) =0, u(0) = x and T*y = 0, we obtain

FEDO) = (=" ©0),y)=0,  £(0) =(u(0),y)— (x,y) =0,
R0 =((=A) u(0), y) = ((=T)"x, y) = (—(=1)"'x, T*y) =0
for k € N, that is, we have shown that f ) (0) = 0 for all n € Ng. Therefore, all
assumptions of Corollary 7.7 are satisfied, so we conclude that f () =0 on R.

Since f(r) =0 and cos A!/?t is a bounded self-adjoint operator for r € R, we
have

(x, ) = (u), y) = ((cos A'2t)x, y) = (x, (cos A/?1)y).

Therefore, (x, y — (cos Al%r) y) = 0 for all vectors x € D°(T'). By assumption the
linear span of D*(T) is dense in . Hence, it follows that y — (cos A'/%¢)y = 0. If
E is the spectral measure of A, from the functional calculus we derive

0= |y — (cos A]/zt)y”2 = /oo}l — cos(kl/zt)}zd(E(A)y, y).
1

This implies that A!/2¢ € 277 - Z for any A in the support of the measure (E(-)y, y).
Because ¢t € R was arbitrary, this only possible when this measure is zero. Since
[ly]l = 1, we arrive at a contradiction. This completes the proof. O

The following result is the famous Nelson theorem.
Theorem 7.16 Let T be a symmetric operator on H. If the space D*(T) of analytic

vectors for T is dense in H, then T is essentially self-adjoint. If T is closed, then T
is self-adjoint if and only if D*(T') is dense in H.
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Proof Since D*(T) is a linear space and DE(T) € DU(T) € DI%(T) by (7.28), the
assertions follow immediately from Theorem 7.14 and Lemma 7.13. 0

Nelson’s and Nussbaum’s theorems are powerful tools for proving self-adjoint-
ness by means of growth estimates of || 7" x||. We illustrate this by an example.

Example 7.6 (Jacobi operators) Let {e, : n € Ny} be an orthonormal basis of a
Hilbert space H. Given a complex sequence (a,),eN and a real sequence (b;),eN,
we define the linear operator 7 with domain D(T) = Lin{e, : n € Np} by

Te,=ap_1en—1 +bye, +ayeny1, neNp, (7.33)

where e_1:=0. It is easily seen that 7' is symmetric.
Operators of the form (7.33) are called Jacobi operators. They play a crucial role
in the study of the moment problem in Sect. 16.1, see, e.g., (16.7).

Statement Suppose that there exist two positive real constants « and B such that
lay] < an + B and |\by| < an + B for all k <n, k,n € N. Then we have D*(T) =
D(T), and the operator T is essentially self-adjoint.

Proof The main part of the proof is to show that each vector ¢ is analytic for 7.
From formula (7.33) we conclude T"¢j is a sum of at most 3" summands of the
form yy.e,, where m < k + n and y,, is a product of n factors a;, a;, or b; with
Jj <k + n. Therefore, by the above assumption, ||T"e|| < 3" (x(n + k) + B)".

Set ¢ := k+Ba!. Clearly, cq := supn(%)” < 00. As noted in Example 7.5, it
follows from Stirling’s formula that there is a constant ¢; > 0 such that " < cje"n!
for n € N. From the preceding we obtain

| T"ex]| < 3" (@(n + k) + B)" = Be)" (n + )" < Bar)"con™ < coc1 (Bete)"n!

for n € Ny. This implies that e € D*(T). Hence, D(T) = D*(T), because D*(T)
is a linear space. By Nelson’s Theorem 7.16, T is essentially self-adjoint. Oo

Example 7.7 (Annihilation and creation operators) Recall from (7.11) that the an-
nihilation operator A and the creation operator A™ act on the standard orthonormal
basis {e, : n € No} of H = [?(Ng) by
Ae, =+ne,—; and Ate,=+n+1 ent+1, n €Ny,
where e_; :=0. Since A* = A™, setting
1 1
Ph=—(A—A") and Qp=—(4+A7),
V2 i( ) ﬁ( )

Py and Qg are symmetric operators on / 2(No), and we have

1

Poen, = ﬁ(ﬁenfl —vn+lept),
1

Qoen = _(\/ﬁen—l +n+leytr).

V2
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Since the assumptions of the statement in Example 7.6 are satisfied, the restrictions
of Py and Qg to Dy := Lin{e, : n € Ny} are essentially self-adjoint. It is easily
checked that the operators Py and Q satisfy the canonical commutation relation

PyQo— QoPy=—il | Dy. (7.34)

The operator P = —i% and the multiplication operator Q = M, by the variable x
on L%(R) satisfy this relation as well. It is well known that the Hermite functions

_ a"
hyp(x) = (=" (Z"n!ﬁ) 1/2ex2/2ﬁe_x2, n € Ny,
X
form an orthonormal basis of L2(R). Hence, there is a unitary operator U of L2(R)
onto lz(No) defined by Uh,, = e,. Then it can be shown that U PU*x = Pyx and
UQU*x = Qox for all x € Dy. o

Example 7.8 (Analytic vectors for the self-adjoint operator T = —i% on L2(R))
Let F denote the Fourier transform, and M, the multiplication operator by the in-
dependent variable x on L%(R). For this example, we will take for granted that
T = F~M,F. (This follows from formula (8.2) in Sect. 8.1).

Statement f € L*(R) is an analytic vector for T if and only if f is the restriction to
R of a holomorphic function F on a strip {z : |Imz| < ¢} for some ¢ > 0 satisfying

sup / |F(x+iy)|* dx < oo. (7.35)
R

lyl<c

Proof Since T and M, are unitarily equivalent, f € D(T) if and only if f =
F(f)isin D%(My). Obviously, D“(My) = D*(|M,|) = D*(M)x). Thus, by Corol-
lary 7.9, f € D*(T) if and only if f is in D(e“Mix), or equivalently, eclxl f(x) is in
L?(R) for some ¢ > 0. By a classical theorem of Paley—Wiener [Kz, Theorem 7.1]
the latter is equivalent to the existence of a function F as stated above. g

From this statement it follows that the null vector is the only analytic vector for
T contained in C§°(IR). Nevertheless, the restriction of 7' to Cj°(R) is essentially
self-adjoint, since Cy°(R) is a core for 7' as shown in Example 6.1. However, by
Theorem 7.16 this cannot happen if the symmetric operator 7 is closed.

Let (e,)nen be a positive null sequence. Then the function

= 1
=) 27—
g(2) ; P—
is holomorphic on the set C\{n+e¢,i:n € N}. In particular, g is analytic on R. One
easily checks that g € D°°(T). But g is not an analytic vector for 7, because condi-
tion (7.35) is not fulfilled. o

Our next main theorem states that if two commuting symmetric operators have
sufficiently many joint (!) quasi-analytic vectors, their closures are strongly com-
muting self-adjoint operators. For this, we need a preliminary lemma.
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If T is a linear operator with domain D and TD C D, we denote by {T'}¢ the set
of all densely defined linear operators S satisfying D € D(S) N D(S*), SD < D,
and TSx = STx forall x € D.

Lemma 7.17 Let T be a symmetric operator with domain D such that TD C D.
For any operator S € {T}¢, we have SD1%(T) C D1%(T). In particular, D1°(T) is
invariant under the operator T .

Proof Let x € D. Using the properties of T and S € {T'}¢, we obtain
|77 Sx|* = (T Sx, Sx) = (ST"x, Sx) = (T?'x, §*Sx) < | T¥"x]||| *Sx .

Let x € D99(T). Without loss of generality we can assume that ||x|| = 1. Then we
have 3, [|T?"x|~1/@" = 0o by Example 7.4. The preceding inequality implies
that || 7" Sx ||/ < || T?"x||'/®M (1 4 ||S*Sx|)). Hence,

Dol T = YT T (14 | s7Ssx]) T = oo,
n n
so that Sx € D14(T). O

Theorem 7.18 Let A and B be symmetric operators acting on the same dense
domain D of H such that AD C D, BD C D, and ABx = BAx for x € D. If the
linear span Dg of

Q:=[Sx:Se{A) N{B)°, x € DI*(A)N DI (B)}

is dense in ‘H (in particular, if D*(A) N'D“(B) is dense in H), then the closures A
and B are strongly commuting self-adjoint operators on H.

Proof By the definition of the set {7} we have Q € D. From Lemma 7.17 it follows
that Q is contained in D9%(A) and D¢ (B). Therefore, A and B are self-adjoint by
Theorem 7.14.

Let Ap and By denote the restrictions of A and B to Dg and £g:=(A —il)Dg,
respectively. Since Q € D9%(Ap) has a dense linear span, Theorem 7.14 applies also
to Ag, so Ay is essentially self-adjoint. Hence, g = (A9 —il)Dg =Lin(A —il)Q
is dense in ‘H. But (A —i/)Q € D9%(B) by Lemma 7.17, because Q € D94(B)
and (A —il) € {B}¢. Thus, (A —il)Q C D9%(By), since Bo = B[Eg. Hence, The-
orem 7.14 applies to By and the set (A —i/)Q as well and implies that By is essen-
tially self-adjoint. Since Byg € B and hence ‘Bo C B, we obtain By = B.

Since A and B commute on D, we have Bo(A — il)x = (A — il)Bx for
x € Dg. Setting y = (A —1il)x, the latter yields (A —i)"'Byy = B(A —il)~ ly for
yeéo= D(Bo) From this relation we derive (A — 1I) I'By y= B( A—in~t y
for y € D(By). Since By = B as noted above, we get (A i)~ 'BCBA-iD™!
Hence, by Proposition 5.27, the self-adjoint operators A and B strongly commute. D

Completion of the proof of Proposition 5.20 Suppose that v is a generating vector
for A.Puty = ey, Let Dy denote the linear span of vectors A"y, n € Ny, and let
Ho be its closure in H. To complete the proof, it suffices to show that Ho = H.
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First, we prove that v € Hy. Set p, (1) :==> ;_ ’ki,k and ¢, (1) := p, (t)e”z. The
sequence (¢, ()),eN converges monotonically to 1 on R. From the functional calcu-
lus we therefore conclude that ¢, (A)v = p,(A)y — v in H. Hence, v € H, since
pu(A)y € Dy

Obviously, Ag := A[Dy is a symmetric operator on the Hilbert space Hy and
AoDy € Dy. By Example 7.5, we have y € D%(A). Since AD?(A) C D*(A), the
latter yields Dy € D“(A), so that Dy = D*(Ayp). Since ‘Ao has a dense set Dy
of analytic vectors, Ag is self-adjoint by Theorem 7.16. Hence, Proposition 1.17
applies, and A decomposes as A = Ag @ A; with respect to the orthogonal sum
H="Ho®D Hd‘. Clearly, EZO(M) = EA(M)|Hg. From v € Hg we get E4(M)v =
EZO (M)v € Hyp. Since v is a generating vector for A, the span of vectors E4(M)v
is dense in H. Therefore, H = Hy. Il

7.5 Tensor Products of Operators

Let us adopt the notational convention to denote algebraic tensor products of Hilbert
spaces and operators by © and their completions and closures, respectively, by ®.

7.5.1 Tensor Product of Hilbert Spaces

In this subsection we want to define the Hilbert space tensor product (H1 ® Ha, {-,-))
of two Hilbert spaces (H1, (-,-)1) and (H2, {-,-)2).

First, let S(H1, Hz) denote the vector space of all conjugate-bilinear mapping
¢ : H1xHy — C. That ¢ is conjugate-bilinear means that

P 1x1+A2x2, ¥) = A1@(x1, Y)+A29(x2, ¥),
@ (x, My1+A2y2) = k1@ (x, y1)+r2p(x, y2)

for A1, 22 € C, x1,x2,x € Hy, and y1, y2,y € Ho.
For x € H; and y € Ha, let x @ y be the conjugate-bilinear form on H; xH>
given by

x®y)(x1, y) = (x, x1){y, 1), x1€Hi, y1 €Ha. (7.36)

These forms x ® y are called elementary tensors. Let 7 © H; be the linear subspace
of S(H1, H») spanned by elementary tensors x ® y, where x € H; and y € H3. By
the linearity of scalar products in the first variables, the definition (7.36) implies the
following bilinearity properties of elementary tensors:

X1+x2) @ y=x1Qy+x2®y, X Q@ (1+y2) =x Q@ y1+x ® y2,
AMx®y)=0Ax)®y=xQ® (Ay).

Since A(x ® y) = (Ax) ® y, each element of H; © H, is a finite sum ), xx ® yx
of elementary tensors. One of the main difficulties in dealing with tensor products
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is that this representation is highly nonunique. Let ), x; ® y; be another finite sum
of elementary tensors. By definition both sums are equal in H; © H, if and only if
they coincide as conjugate-bilinear forms in S(H1, H>), that is, if

D )iy v =Y _(xf,x) (v, y), forallxeHMi, yeHa.
k 1
Foru=3)_xx®yeMi OHrandv=7)_,x, Q@ y € Hi O Ha, we define

(u,v) = ZZ AR (7.37)

k=11=1
Lemma 7.19 (-,-) is a well-defined scalar product on Hi © H;.

Proof First, we prove that (-,-) is well defined, that is, the definition of (u, v) does
not depend on the particular representations of u and v as sums of elementary ten-
sors. For this, it suffices to show that (1, v) =0 when u =0 in S(H, H) and that
(u,v) =0 when v =0. If u =0 as a form, using (7.36) and (7.37), we obtain

0= Zu(xl/, yl/) = Z(Xk ® yk)(xll, y,’) = Z<xk’ x[/>1<yka yl/)z = <I/l, U>.
1 k,l k.l

Similarly, it follows that (#, v) = 0 when v = 0 as a form. Thus, (-,-) is well defined.
Clearly, (-,-) is a Hermitian sesquilinear form. It remains to prove that (-,-) is

positive definite. We choose orthonormal bases {ej, ..., e,} of Lin{xy, ..., x,} and
{f1,..., fg} of Lin{y1, ..., y,}. Using the bilinearity rules for elementary tensors,
we get
u=Y_(xx. e (e fi)2ei ® fj. (7.38)
ki,j

Since (-,-) is well defined, we can insert the expression (7.38) into (7.37) and get

(u,u) = Z (xk, ei) 1 {xx, €)1 (ks fi)200k, fid2lei eind1(fj. fir)2

ki’ j.j’
2 2
=ZZ|(xk,ei>1\ |(vis fi)2]” = 0.
k ij
Further, if (u, u) =0, then (x¢, ;)1 - (yx, fj)2 =0forall k,7, j, sou =0. O

Definition 7.2 The Hilbert space (H; ® Ha, (-,-)) obtained as a completion of
(H1 © Ha, (-,-)) is called the tensor product of Hilbert spaces H1 and H,.

Since (x @ y,x' ® y') = (x, x")1(y, ¥')2 by (7.37), the norm || - || of the Hilbert
space H1 ® H; has the cross property
Ix@yll=llxllillyll2, x€Hi, y€Ha. (7.39)

Further, if {e; : i € I} is an orthonormal basis of H; and {f; : j € I} is an or-
thonormal basis of H, it is easily seen that the set {¢; ® f; :i € I1, j € I} is an
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orthonormal basis of the Hilbert space | ® H,. That is, the elements of H| ® H»

are precisely the sums
T ILLY)

ielh jelr

with complex numbers «;; satisfying ), ; let;; ? < o0.
The next example shows that the L?-space of a product measure fits nicely into
this construction.

Example 7.9 (Tensor product of two L*-spaces) Let (X1, 1) and (X2, 2) be two
o -finite measure spaces, and let (X1 x X7, i) be the measure space with the product
measure it = 11 X po. Let Hy = L*(X1, 1) and Hp = L?(X2, o). Using the def-
initions (7.37) of the scalar product and the product measure | X @2, one verifies
that

I fi®a— Y fikgi(xa), x1€X1, xp€ Xa,
k K

is a well-defined linear map of H; ® H, onto a dense subspace of L2(X1x X2, w)
that preserves the scalar product. By continuity J extends to a unitary isomorphism
of the Hilbert spaces H| ® Hy = L2(X1, w1 ® L2(X2, u2) and L2(X1 x X2, ).
In particular, the map f ® g — f(x1)g(x2) extends to an isometric isomorphism
of L2(R") ® L>(R™) onto L*(R"*™). Likewise, the map f ® g — (fngx) has a
unique extension to an isometric isomorphism of 12(N) ® I2(N) onto [2(N?). o

7.5.2 Tensor Product of Operators

Throughout this subsection 77 and 7> denote linear operators on Hilbert spaces
(H1, {-,-)1) and (Ha, (-,-)2), respectively. Define

,
DT o) = {Zxk ® yk 1 xx € D(T1), yk € D(T2), r €Ny,
k=1

r r
(I © Tz)(ZXk ® yk) =Y Tixx ® Toxx, xx € D(T1), yx € D(Ty), r €N
k=1 k=1

Proposition 7.20

(1) T\ © T» is a well-defined linear operator on the Hilbert space H1 ® Hy with
domain D(T, © Tp).
(ii) If Ty and T, are bounded, then Ty © T, is bounded and || T1 © Tz|| = | T1 ||| T2 ||
(iii) If T\ and T» are symmetric operators, so is T © Ty. If, in addition, T\ and T,
are positive, then Ty O T is also positive.
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Proof Let u = ZZZI X; ® yr, where x; € D(T1), yx € D(T2). We choose an or-

thonormal basis {ey, ..., e,} of Lin{xy, ..., x,} and set f; = Zk(xk, €i)1Yk- Then
U=y (x.ehei@y=» €® fi. (7.40)
k,i i
Il = ei e (fin £id2 =D I£il5- (7.41)
i,J J

(i): To prove that T1 © T» is well defined, we show that Zk Tixr ® Toyr =0
whenever u = 0. If u =0, then all f; are zero by (7.41), and hence

Y Tk ®Tyk =Y (xk.ei)iTiei @ oy =Y _Tie; ® T fi =0.
k i i

The linearity of 71 © T is obvious.
(ii): We write u € D(T1 ® Tp) as in (7.40). Set I1:=1]D(Ty) and I,:=1|D(T>).
Using (7.41) twice, first for the element (/1 ® T>)u and then for u, we derive

D e®MDf;
i
This proves that || I} © T2|| < ||T2||. Similarly, ||T1 © || < ||T1]|. Hence,

IT1 © Tall = |(T1 © I)(I © o) | < IT1lllH1 © T2l < (I Ti [l T2l

We prove the reverse inequality. Let € > 0. We choose unit vectors x € D(Ty)
and y € D(T3) such that || Ty || < || T1x||1+¢€ and || T3] < ||T>y|2+¢. Using the cross
property (7.39) of the norm, we conclude that

(IT0 0 = &) (172Nl — &) < I Tix |1 1 T2y ll2 = ITix ® Toyll
=[xy | <ITioLllx®yl =T © T,

so [IThI T2l = IITh © T2]| by letting & — +0. Thus, |77 O T2l = IT1 [ T2]].

(iii): An easy computation shows that 71 © T, is symmetric. Suppose now in
addition that 77 > 0 and 7, > 0. We will prove that 71 © T > 0.

Let u be as above. Clearly, (7] -,-)1 is a Hermitian sesquilinear form on the vector
space G := Lin{x1, ..., x,}. From linear algebra we know that this form can be
diagonalized. Hence, there exists a basis {g1, ..., g-} of G such that (T1g;, g;)1 =0
for all i, j,i # j. As above, we can write u = Zi gi ® hi, where h; € D(T»). Then

(T © T, u)="Y (Tigi, gj)1(Tahi, hj)2 = Z(Tlg,-, g (Tahis hi)y 2 0.

i,j i

2

|1 o Tu|’ = ' =Y il < I Y 1A = 1T ul.
i i

Lemma 7.21 Suppose that Ty and T, are densely defined and closable. Then
T\ © T, is also densely defined and closable, and we have (T) © T>)* 2 Tl* ®© Tz*.

Proof Since Ty and T are densely defined and closable, T;* and 7, are densely
defined by Theorem 1.8(i). Therefore, 7" © T is densely defined. A simple com-
putation shows that (77 © T2)* 2 T}* © T,'. Thus, (71 © T2)* is densely defined.
Hence, T1 © T3 is closable again by Theorem 1.8(i). g
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From now on we assume that 7'y and 75 are densely defined and closable.

Definition 7.3 The closure of the closable operator 77 ® 7> (by Lemma 7.21) is
denoted by T ® T and called the tensor product of the operators Ty and T5.

Lemma 7.22 D(T) © T3) is a core for T10Tr, andwehave T T» =T, @ T».

Proof The first assertion follows easily by approximating all vectors x; € D(T)
and y; € D(T5) of u = Y iXi®yi € D(T1 ®©T>) in the graph norms by X; € D(T})
and y; € D(T»). Since T, ® T, is the closure of T{ © T, and D(T} © T») is a core
for T @ T, it follows that T ® Tr =T1 ® T». O

Theorem 7.23 Suppose that Ty and T, are self-adjoint. Then the tensor products
P:=T1QT, T1®I,and I ® T, are self-adjoint and the sum S :=T1 QI +1 QT
is essentially self-adjoint. The dense linear subspace

Dy :=Lin{x ® y: x € D’(T1), y € D’ (T»)} (7.42)

of H1 ® Hy is an invariant core and all vectors of Dy, are bounded vectors for each
of these four operators.
If Ty and T, are positive, then Ty @ To, T1 ® I, I ® T, and S are positive as well.

Proof From Proposition 7.20(iii) it follows that each of the operators T = T1 ® T»,
T1®1,I® T, and S is symmetric.

Let x € D’(T}) and y € D?(T»). Then there is a constant C > 1 such that
ITFx|l; < C* and || TXyll, < C* for k € N. For n € N, we have

|Prxen| =[x | < |1ix|,[73y] < (c*)", (7.43)
n
BEEDE (’;) Tl oy
=0

n

n
<> (st ol =3 (7)eler = aor
=0 =0

Hence, x ® y is a bounded vector for P and S. Setting 7, = I resp. T1 = [ in (7.43)
the same reasoning shows that x ® y is a bounded vector for 71 ® I and I ® T>.

Obviously, sums of bounded vectors are again bounded vectors. Since the sets
DP(Ty) and D?(T») are dense by Lemma 7.13, Dy, is a dense set of bounded, hence
analytic, vectors for each of these four symmetric operators. Therefore, by Nelson’s
Theorem 7.16, the closed symmetric operators P, 71 ® I, I ® T, are self-adjoint,
and the symmetric operator S is essentially self-adjoint. Since Db(Tj) is invariant
under 7, D is invariant under each of these operators.

If 1 and T, are positive, then T1 © 7>, T1 ©® I, and I O T, are positive by Propo-
sition 7.20(iii). Hence, all four operators are positive. g
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Lemma 7.24 [If T\ and T, are self-adjoint operators, then Ty ® I and I @ T, are
strongly commuting self-adjoint operators, and the joint spectrum o (T) of the pair
T={T1®I1,1QT}isequal too(T1) x a(T3).

Proof Let A1 € p(T1). Clearly, the bounded operator R, (T1) ® I leaves D(T © I)
invariant, and its restriction to this domain is the inverse of 77 ® I — A{I. Since
T ® I is the closure of T © I, this implies that A; € p(T7 ® I) and R [ (T1) ® I =
R;,(T1 ® I). In particular, o (77 ® I) € o (T1). Similarly, o (I ® T2) € o (T>) and
I® Ry, (T2) = Ry,(I®T>) for Ay € p(T2) € p(I ®T>). (Because of Corollary 3.14,
this gives a second proof of the self-adjointness of 71 ® I and I ® T5 that avoids the
use of Nelson’s theorem.) Since the resolvents R, (77) ® I and I ® R, (T>) obviously
commute, 71 ® I and I ® T, strongly commute by Proposition 5.27. (The strong
commutativity would also follow from Theorem 7.18, because 71 © I and I © T
are commuting symmetric operators having a common dense set of analytic vectors
by Theorem 7.23.) Thus, we have 6 (T) Co(T1 Q) x o (I @ T>2) C o (T1) x o (T7),
where the first inclusion stems from Proposition 5.24(ii).

To prove the inclusion o (T7) x 6 (T2) € o (T') we apply Proposition 5.24(i) twice,
firstto 77, 72 and thento 7. Let j = 1,2 and A; € o(T;). Then there is a sequence
of unit vectors x, € D(T}) such that lim, (T; — A;)x;, =0. Then y, :=x1, ® x2,
are unit vectors and lim, (71 ® I — A1)y, =1lim, (I & To — A2)y, = 0. Therefore,
(A1, A2) € o(T). This completes the proof of the equality o (T) = o (T}) x o (T3). O

Let us retain the assumptions and the notation of Theorem 7.23 and Lemma 7.24.
To any complex polynomial p(t1,t2) =} ;. ; ak t{cté the functional calculus (5.32)
for the pair T = (T1®1, IQT>) of strongly commuting self-adjoint operators asso-
ciates a normal operator p(T') which acts on vectors Y, x; ® y; € Dj by

p(T) (Z X ® y,) =YY ouT{x @ Tyy;. (7.44)

ikl
Combining Proposition 5.25 and Lemma 7.24, we conclude that the spectrum of the
operator p(T) is the closure of the set {p(t1,t2) : t1 €0 (T1), tr e a(T2)}.

For pi(t1, ) = t1tp and po(t1, 1) =t + 12, we have p1(T) = P and p>(T) =3S.
(To see these equalities, it suffices to note that by (7.44) the corresponding operators
coincide on D;, which is a core for the self-adjoint operators P and S.) We restate
the result about the spectrum in these two cases separately as

Corollary 7.25 If T\ and T, are self-adjoint operators on Hy and H», then
o(li1 ®Tr)=0(T1)-0(T2), o(i®I+1®T)=0(T1)+o0(T2), (7.45)

where the bars on the right-hand sides mean the closures of the corresponding sets.

In general none of the three bars in (7.45) can be omitted (see Example 7.10 be-
low and Exercise 17). But 0 (T7) - 0 (T3) is closed if one of the operators is bounded
and 0 is not in the spectrum of the other one (Exercise 18.b). Further, T1 @ I + I Q T
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and o (T1) + o (T5) are closed if T} and T, are both lower semibounded (see Exer-
cises 17.a and 18.a). In particular, all three bars in (7.45) can be omitted if 7 and
T, are bounded self-adjoint operators.

It can be shown that both formulas in (7.45) hold (without all bars) if 7| and T,
are arbitrary bounded everywhere defined operators [RS4, Theorem XIII.9].

Example 7.10 For j = 1,2, let 7; be the multiplication operator by the variable
tjonH j:=L2(R). Then 71 ® I, I ® T», and T1 ® T, are the multiplication opera-
tors by 1, t2, and t11p, respectively, and the closure of S$:=71 ® I + I ® T3 is the
multiplication operator by #; + 1t on H| ® Hr = LZ(RZ). For the function

F1, 1) = X +00) (D x(—1,1) (1 + )17 € L*(R?),  where 1/2 <a <3/2,

we have (t;+1,) f € L>(R?) and t; f ¢ L?(R?). The latter means that f € D(S) and
f¢D(T ®1I),s0 f ¢ D(S). That is, the operator S is not closed.

Let g denote the characteristic function of the set {0 <1 < t2_ A ,1 <1}, where
1 < B <3.Then g and t11, g are in Lz(Rz), so g € D(T1 ® T»). Since g is not in
L2(R?), we have g ¢ D(T» ® I), and hence g ¢ D((T1 ® I)(I ® T>)). Therefore,
MRDHUIQT)#T) ® Tr. Infact, Ty ® T5 is the closure of (T R (I ® T). o

Proposition 7.26 If T\ and T, are densely defined and closable, then
NN =T QT;. (7.46)

Proof By Lemma 7.22 we can assume that 77 and 73 are closed.

From Lemma 7.21 we have (77 © T2)* 2 T © T. Hence, it follows that
(T @ Tr)* =(T1 ©T2)* 2T ® T, so the graph G(T}* ® T5") of the closed opera-
tor 7)" ® T is a closed subspace of the graph G((T1 ® 72)*). To prove the equality
(T @ T7)* = T* ® T, it therefore suffices to show that the orthogonal complement
of G(T}" ® T') in the graph Hilbert space (G(T), (-,-)7) defined by (1.3), where
T .= (T} ® Tp)*, is zero.

Suppose that (u, Tu) € G(T') is orthogonal to G(T}* ® T;"). Let x € D(T}"T1) and
y € D(T;T2). Then (Ty @ T2)(x ® y) € D(T* ® Ty'). Since T 2 T}* ® T as noted
in the preceding paragraph, we obtain

TN =(TFT)(Tix®Thy) =T, Tix® T, Try.
From the orthogonality (u, Tu) L G(T|* ® T) it follows that

0=(u, (N @ ) (x @) +(Tu, T(T} @ T)(x ® y))
=((T1 @ T)*u,x ® y)+ (Tu, I}’ Tix @ T, Try)
=(Tu, (I + TYT1 O T, 1) (x ® y)).
Hence, Tu L & := (I + T}Ty © T,,T2)D(T;*Ty © T;T>). Since Ty and T, are
closed, T{'T; and T,T, are positive self-adjoint operators by Proposition 3.18.

Hence, T"T1 ® T;'T» is self-adjoint and positive by Theorem 7.23. Because the
linear operator 7}'Ty ® T,'T is the closure of T[Ty © T,'T3, it follows from
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Proposition 3.9 that £ is dense in H1 ® H>. Thus, Tu L £ implies that Tu = 0.
But (u, Tu) = (u,0) L G(T}* ® T;) implies that u is orthogonal to the dense do-
main D(T}" © T5). Therefore, u = 0. O

Often separations of variables lead in a natural way to the tensor product of op-
erators. We illustrate this by an example from quantum physics.

Example 7.11 (Separation of a two-particle Hamiltonian) In quantum mechanics
the Hamiltonian of two particles is given by the operator

1

ﬁl x] — %A)Q =+ V(X] —.X'2) (747)

on L2(R6), where Ax]. is the Laplacian in x; € R3, and V is a potential on RO
describing the interaction of the particles and depending only on the difference
X1 — X2.

To obtain a separation of variables in (7.47), we introduce new variables

vy = (m1xq —l—mgxg)M_l and y, =x1 —x2, (7.48)

where we set M := m| + my. That is, we consider the coordinate transformation
y=(y,, ys) := Ax = A(x1, x2) on RO, where 2 is the block matrix

1 —1
A= 1 ]
miM moM

Since 21 has determinant one, there is a unitary operator U on L?(R®) defined by
(UF)(y) = f(x)= f(A~y). Our aim is to prove that
1 1
UTU" =——A, ——A, +V . 7.49
M }3+< m y T+ (yr)) ( )
That is, UTU* is of the form Ty @ I + 1 ® T» on L*(R®) = L*(R%) ® L%(R?),
where T) = —ﬁAyx, T, = —ﬁAyr + V(y), m =mmaM~L.
Now let us prove formula (7.49). Set g = U* f. Then g(x) = f(2(x). Using the
substitution (7.48), we compute for j =1, 2,3,

32 32 d (9 9
—zg(X)E—zf(le)=—( fRX)+mM™ >
xi; dxi; 0x1; \ 0yrj 0ysj

92 92 92
= — fQx) + m{M > — f(QAx) +2m M~ F(QAx),
rj aysj a rjayU

where x1 = (x11, X12, X13), yr = (r1, ¥r2, ¥r3) and yg = (¥s1, Y52, ¥s3). Hence,
3% f

(Ax).
ayrj aysj

(A, 9)(x) = (Ay, £)Ax) +m{M2(Ay, f)(Ax) + 2m M~ Z
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In a similar manner we derive

*f

(Ax,8)(x) =(4,, /HRx) + m2M_2(A}Y Qx) —2myM™ 1 Z —(Ax).
ayrj BYSJ
Therefore, using the relations ﬁ + ﬁ = ﬁ, 2’”7‘2 + 2’"—2 Z}W, we get

1 1
(Tg)(x) = —ﬁ(ﬂy,f)(%d - W(Aysf)(%d + V(x1 —x2) f(Ax).

Applying the unitary U to the latter equation gives

(UTU*f)(»=UTg)(y) = ——(Ay,f)(y) (Ayyf)(y) + V) fo,

which completes the proof of formula (7.49). o

7.6 Exercises

1. (Partial isometries)
Let T € B(H1, H2). Prove that the following six conditions are equivalent:
(i) T is a partial isometry, (ii) T* is a partial isometry, (iii)) TT*T =T,
(iv) T*TT* =T*, (v) T*T is a projection, (vi) TT* is a projection.
If one of these conditions is fulfilled, then / — T*T and I — TT* are the pro-
jections on the initial space and final space of T, respectively.

2. Let T = Uy |T| be the polar decomposition of T'. Prove that T* = (Up)*|T*| is
the polar decomposition of 7* and T* = |T |(Ur)*.

3. Determine the polar decompositions of the weighted shift operators R, and L,,
defined in Exercise 12 of Chap. 1.

4. Show that there are linear operators A, B, C acting on the Hilbert space C? such
that |[A*| # |A| and |B+ C| £ |B| + |C]|.

5. Let A1 and A; be densely defined closed operators on Hilbert spaces H; and
‘H,, respectively, satisfying relation (7.5). Prove that the following three state-
ments are equivalent:

(i) Ay and A; are unitarily equivalent, (ii) dim A (A1) = dim N (A),
(iii) dimN((A1)*A| —nl) =dimN ((A2)* A, — nl) for some n € Ny.

6. Let A be a densely defined closed operator on H satisfying (7.5) and A € C.

a. Prove that (Ax, Ay) — (A*x, A*y) = (x, y) for x, y € D(A) = D(A¥).

b. Show that the operator A — A[ also satisfies (7.5).

c. Suppose that A is irreducible and let {e, : n € Ny} be an orthonormal basis
of H such that Ae, = /n e,_1, n € Ny. Determine an orthonormal basis
{fn:n € Ng} suchthat (A —AD) f,, = /n fu_1, wheree_1 = f_1 :=0.
Hint: Compute first a nonzero vector fy € N'(A — AI).

*7. Let T be a closed densely defined symmetric operator, and let Z7 be its

bounded transform.
a. Show that (Z7)*(I — (Zp)*Zp)YV2 =T — (Z7)*Z1)' ?Zr.
b. Show that Wo(T) := Z7 +i(I — (Z7)*Z7)'/? is an isometry.

*
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10.

11.

12.

13.

Exercises 163

. Let T be a symmetric operator such that 7D(T) € D(T). Prove the relations

SD*(T) C D*(T), SD*(T) € D“(T), SDP*(T) € D’(T) for S € {T}°.

Hint: See the proof of Lemma 7.17. For D?(T'), use Stirling’s formula (7.29).

Let A and B be symmetric operators on the same dense domain D of H such

that AD € D, BD C D, and ABx = BAx for x € D. Suppose that the linear

span of A" BX(D?(A) N D*(B)), n, k € Ny, is dense in 7. Show that A and B

are strongly commuting self-adjoint operators.

Let H; and H; be Hilbert spaces.

a. Given x1, x3 € H1 and yq, y2 € Hjp, decide when x1 ® y; = x2 ® y3.

b. Show that H| © Hy = H| ® H; if and only if H| or H;, is finite-dimensional.

c. Give anexample 71 € B(H ) suchthat T © I # T, ® I on H| ® H>.

Let T} and S; be linear operatorson H ;, j =1, 2.

a. Show that 7181 © 1252 € (T1 © T2)(S1 © $2). Give an example where equal-
ity fails. Show that equality holds if D(T7) = H1 and D(T3) = Ho.

b. Show that (T1 +S1)) O L =T1 0T + $1 © T>.

Let T; be a densely defined closable operator, and let B; be a bounded operator

on H; such that D(B;) =H;, j =1, 2. Show that

(B1®B)(T1 ®T2) S B1T1 @ BoTr and T1 By @ Th By C (Th @ 1) (B ® Ba).

Let 71 and 7> be densely defined closed operators on | resp. H>.

a. Show that Ur,g1, = Uy ® Uy, and [T ® T2| = |T1| ® | T2,

b. Show that 71 ® T> = (Ur, ® U7,)(|T1| ® | T2]) is the polar decomposition of
T QT;.

For the following three exercises, we assume that 71 and 7> are self-adjoint opera-
tors on Hilbert spaces H; and H», respectively.

14.

15.

16.

17.

18.

Show that {e!'"1 ® l'™2 : t € R} is a unitary group on H; ® H, with generator

equal to the closure of i(T1 ® [ + 1 ® T>).

Suppose that x € D%(T7) and y € D*(T>). Show that x ® y € D*(T; ® T>) and

Xx®yeD (T RI+1RT).

Let p(t1, n) € C[t1, 12] be a polynomial.

a. Show that each vector of the space D), defined by (7.42) is a bounded vector
for the operator p(T1, T3).

b. Show that p(T1, T2) [ Dy, is essentially self-adjoint if p € R[#1, £2].

c. Show that Dy, is a core for the operator p(7T1, T>).
Hint for c.: Show that Dy, is a core for p(T1, T2)* p(T1, T>).

a. Let T1 and T3 be lower semibounded self-adjoint operators on 1 and H»,
respectively. Show that 71 ® I + I ® T is closed and hence self-adjoint.

b. Find self-adjoint operators 77 and T» for which o (T1) 4+ o (T3) is not closed.
Hint: Take diagonal operators with eigenvalues —n resp. n + %, neN.

c. Find self-adjoint operators 77 and 75 for which o (T7) - o (T>) is not closed.
Hint: Take diagonal operators with eigenvalues 7 resp. % + nLZ neN.

Let M and N be closed subsets of R. Prove the following assertions:

a. M + N is closed if M is bounded or if M and N are lower bounded.

b. M - N isclosed if M is bounded and 0 ¢ N orif 0 ¢ M and 0 ¢ N.
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7.7 Notes to Part II1

Chapter 6:

Stone’s Theorem 6.2 was proved in [St3]. The Hille—Yosida Theorem 6.11 was
published almost simultaneously in [HI] and [Yo]. The Trotter formula was proved
in [Tr]. Standard books on operator semigroups are [D1, EN, HP, Pa].

Chapter 7:

Theorem 7.3 is essentially due to Tillmann [Ti]. The bounded transform can be
found in [Ka]. It is a useful tool for the study of unbounded operators affiliated with
C*-algebras, see, e.g., [Wo].

Analytic vectors appeared first in Harish-Chandra’s work [Hs] on Lie group rep-
resentations. Nelson’s Theorem 7.16 was proved in his pioneering paper [Nel],
while Nussbaum’s Theorems 7.14 and 7.15 have been obtained in [Nu].
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Chapter 8
Perturbations of Self-adjoint Operators

The sum of two unbounded self-adjoint operators A and B is not self-adjoint in
general, but it is if the operator B is “small” with respect to the operator A, or
in rigorous terms, if B is relatively A-bounded with A-bound less than one. This
chapter deals with “perturbations” A + B of a self-adjoint operator A by a “small”
self-adjoint operator B. The main motivation stems from quantum mechanics, where
A=—-A, B=YV isapotential, and A + B = —A + V is a Schrodinger operator.

In Sect. 8.1 we treat differential operators with constant coefficients on R¢ and
their spectral properties. In Sect. 8.2 the self-adjointness of the sum under relatively
bounded perturbations is considered, and the Kato—Rellich theorem is proved. The
essential spectrum of self-adjoint operators is studied in Sect. 8.4. This is followed,
in Sect. 8.5, by Weyl’s result on the invariance of the essential spectrum under rel-
atively compact perturbations. In Sects. 8.3 and 8.6 these operator-theoretic results
are applied to Schrodinger operators.

8.1 Differential Operators with Constant Coefficients on L2(R%)

The main technical tool in this section is the Fourier transform considered as a uni-
tary operator on L2(R?). We shall use some basic results from Appendix C.

Foroa = (ay,...,0q9) € N¢, we recall the notations | =1 + - + g,
0% 0%
o .__ o] oq o . ENCd
xYi=x7 x4, and DY i=(—1)""—ppr - ——.
! d axt axy?

Let p(x) = Zlalsn ayx® be a polynomial with complex coefficients a, € C and
consider the linear partial differential expression

p(D):= )" a,D".
lee] <n

In Sect. 1.3.2 we associated with such an expression two closed operators p(D)min
and p(D)max on the Hilbert space LZ(R"). Recall that p(D)mip is the closure of the
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operator p(D)o with domain C§° (R?) defined by p(D)of = p(D)f. The domain
D(p(D)max) consists of all f € L2(R¥) for which the distribution p(D) f is given
by a function g € L2(RY), and P(D)max acts then by p(D)max f = g. By formula
(1.22) we have (p(D)min)* = p+(D)max, where pT(x) := > <n X

In addition, we define yet another operator p(D)r by p(D)r := F~! MyF.
Recall that f F(f) denotes the Fourier transform of f (see Appendix C) and M,
is the multiplication operator by the polynomial p(x) on L*(R%).

Proposition 8.1 (p(D)z)* = p™ (D) F and p(D) F = p(D)min = p(D)max-

Proof Since (M))* = My = M ,+ (by Example 1.3) and F is unitary (by Theo-
rem C.4), we have (p(D)p)* = F ' (Mp)*F=F 'M,+ F = p* (D) r.

To prove the second assertion, it is convenient to introduce the operator p(D);
with domain S(RY) defined by p(D) f = p(D) f for f € S(R?).

For f € S(RY), we have f e S(RY and p(D)f = F ' (p - Ff) by for-
mula (C.3). That is, p(D); € p(D)r. In particular, p(D); is closable, because
p(D)r is closed. Since obviously p(D)o € p(D)1, we obtain p(D)min = p(D)o <
p(D)F.

We prove that p(D); € p(D)min- Let f € D(p(D)y) = S(RY). We choose
a function w € Cgo(Rd) such that w(x) = 1 for ||x| < 1. Put w,(x) := w(n " 'x)
and f, :=w, - f forn e N.Fixa € Ng. Applying the Leibniz rule, we derive

o _ o -1 B
D fy=w,D*f +n Zlﬂk‘alnn,ﬂl) f (8.1)

where 1, 5 € Ci° (R?) are functions depending on  and its derivatives such that
sup,,  [nn,p(x)| < co. Hence, it follows from (8.1) that D* f,, — D f in L*(RY).
Therefore, f, — f and p(D)f, — p(D)f in L*(R%). Since f, € C(R?) and
P(D)min is the closure of p(D)g, the latter implies that f € D(p(D)min) and
P(D)minf = p(D)1 f. This proves that p(D)1; € p(D)min. Since p(D)min is closed,
this implies that p(D)1 € p(D)min.

Next, we show that p(D)r € p(D);. Let g € D(p(D)r). Then § € D(M,) by
the definition of p(D)r. Let & > 0. Since C3° (R9) is dense in the Hilbert space
L>(RY, (1 + |p|)2dx) there exists ¢, € CS°(R?) such [[(1 + [pD(& — o)l < e.
Then ¥, := F ', € S(RY) and Ve = ¢, 50 IIg Vell = 1§ — el < &, because F
is unitary. Since p(D)y, = F (p 1//€) =F (p e ) by (C.3), we obtain

lp(DYrg — P(DYWe| = |F (P @ —0)| =P —¢) <e.

Thus, we have shown that g € D(p(D)1) and p(D)rg = p(D)1g.
Combining the assertions of the preceding two paragraphs, we conclude that
p(D)F S p(D)min- Since p(D)min S p(D) F as noted above, p(D)F = p(D)min.
Applying the adjoint to the latter equality, we obtain p™ (D) = p™ (D) max. Re-
placing now p by pT, we get p(D) 7 = p(D)max- O

In what follows we denote the operator p(D)r = p(D)min = p(D)max simply
by p(D). Then

p(D)=F'M,F. (8.2)
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The latter equality means that D(p(D)) = {f € L2 ([RY) : p(x) f (x) € L*(R%)} and
pDYf=F (p- f) for f € D(p(D)). Since the differential operator p(D) is
unitarily equivalent to the multiplication operator M, properties of p(D) can be
easily derived from those of M,. By Example 2.1, o (M) is the closure p(R4) of
the range of the polynomial p, so we have

o (p(D)) = p(R9). (8.3)

Proposition 8.2 If p(x) =, awx® is a polynomial with real coefficients ay , then:

(i) p(D) is a self-adjoint operator on L2(RY).
(1) If g is a Borel function on o (p(D)), then g(p(D)) = F_lMgop]:.
(iii) If g is a Borel function on o (p(D)) such that g o p € L*>(R%), then g(p(D)) is
a convolution operator on L2(RY) with kernel F~! (g o p), that is,

(e )0 = o [ (F o p)a-n sy, 64

Proof (i) and (ii) follow at once from the unitary equivalence (8.2).
(iii): Let f € L>(R%). By (ii) we have

s(pD)f=F gop)-F(N))=F Y F(F gop) F()). (8.3

Since F~1(g o p) € L>(R?), the convolution Theorem C.6 applies to the right-hand
side of (8.5) and yields (27)~4/2F (g o p) * f, which gives formula (8.4). [

The most important special case is of course the Laplace operator on R?Y. We
collect some properties of this operator in the following example.

Example 8.1 (Laplace operator on L*>(R%)) Let p(x) = ||x||* = xlz +--- +x§ and

pr(x) :=x;. Then p(D) = —A and py(D) = Dks—iaaTk. Since M, =", M2, we

have —A = Zzzl D,%. By (8.2) and Proposition 8.2, — A is the self-adjoint operator
on L>(R?) defined by

D(—2)={f e L*(RY) : |x|I?f(x) e L*(RY)}, (=) f=F (IxI*f),
(8.6)

with spectrum o (—A) = p(R?) = [0, 00), and C(C)’O(Rd) is a core for —A.

(That C° (R?) is a core follows from the facts that p(D)min = —A as shown
above and that p(D)n;y is defined as the closure of p(D)g.)

By Theorem D.3 the domain D(— A) is just the Sobolev space H 2R = HO2 (RY),
and we have D((—A)™) = H>"(RY) € CK(R?) for 2m > k+d /2, k, m € Ny. Note
that, in particular, D(—A) € C'(R) if d =1 and D(—A) C C(R?Y) if d =2,3. In
general, functions of D(—A) are not even continuous if d > 4.

Next we consider the convolution formula (8.4) in some interesting cases. We
only state the formulas without carrying out the corresponding computations.
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Letd e Nand A € C, ReA > 0. Put g(y) = e ™. Then (g o p)(x) = eI g
in L2(R?), and one can compute that (F~!(go p))(x) = (2)»)_”’/26_”"”2/“. There-
fore, formula (8.4) yields

(e £)x) = ()2 / e Gy dy, f e L2(RY).
R

For real ¢ and g(y) = e~ the function g o p is obviously not in L2(R%). But
nevertheless it can be shown that

(71D )0 = fim (4”“)‘1/2/“ T Oy, g e n2(R),
o0 Y=

where lim means the limit in L?(R?). In quantum physics the kernel function
P(x, y; 1) = (dmit)~4/2¢ilx—I?/4

is called the free propagator.

These formulas describe the contraction semigroup (0, +00) 3 1 — ¢~*(=4) and
the unitary group R 5 t — /(=% of the positive self-adjoint operator —A.

Now suppose that d < 3 and A € p(—A) = C\[0, 00). Set g(y) = (y — 1)~ L.
Then (g o p)(x) = (lx[1>—=1) " is in L?(R?), so formula (8.4) applies. The function
Ga(x,y; A) = (F! (g o p))(x — ) is called the free Green function.

In dimensions d = 1 and d = 3 one can compute (see also Exercise 3)

3 = VAl Ly eV
Gi(x,y; 2) Zﬁe , G3(x,y; 1) P (8.7)
where +/ denotes the square root of A with positive imaginary part. For the resol-
vent of —A on L2(R?), we therefore obtain from formula (8.4),

((—A—u)—lf)(x)—i/ Mf( )y, f e L}(R)
P am Ja Ty T e

8.2 Relatively Bounded Perturbations of Self-adjoint Operators
Let A and B be linear operators on a Hilbert space H.
Definition 8.1 We say that B is relatively A-bounded if D(B) 2 D(A) and there
exist nonnegative real numbers a and b such that

|Bx|| <allAx|| 4+ b|lx|| forall x € D(A). (8.8)
The infimum of all a > 0 for which there exists a number b > 0 such that (8.8) holds

is called the A-bound of B and denoted by a4 (B).

It is easily seen that B is relatively A-bounded if and only if D(B) 2 D(A) and
B maps the normed space Dy := (D(A), || - ||a) continuously in .
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If the operator B is bounded, then B is obviously relatively A-bounded, and (8.8)
holds with a = ¢4 (B) = 0 and b = || B||. However, the following simple lemma,
applied to an unbounded operator B, shows that in general there is no constant b
such that (8.8) is satisfied for a = a4 (B).

Lemma 8.3 Each symmetric operator B is relatively B>-bounded with B?-bound
equal to zero.

Proof Obviously, D(B) 2 D(B?). For ¢ > 0 and x € D(B?), we have
(e2B2=1)x, (62B*—1)x) = &*| B2x|* — 26%||Bx|* + Ix|I* > 0,
s0 &2|| Bx||> < (2| B%x|| + l|x[)?, and hence || Bx|| < [l B%x|| + &~ !|x]. O

Lemma 8.4 If A is a closed operator and B is a densely defined closable operator
on a Hilbert space H such that D(B) 2 D(A), then B is relatively A-bounded.

Proof Since A is closed, Dy = (D(A), || - || ) is a Hilbert space by Proposition 1.4.
We show that B, considered as a mapping of D4 into H, is closed. Suppose that
Xxp — x in Dy and Bx,, — y in H. Then x € D(A) € D(B) and for u € D(B*),
(Bxy,u) = (xn, B*u) — (y,u) = (x, B*u) = (Bx,u).
Since B is closable, D(B*) is dense in H. Hence, the equality (y, u) = (Bx, u) for
u € D(B*) implies that y = Bx. This proves that B : D4 — H is closed.

From the closed graph theorem we conclude that B : D4 — H is continuous.
Hence, B is relatively A-bounded. U

The next result is the celebrated Kato—Rellich theorem. It requires an A-bound
strictly less than one.

Theorem 8.5 Let A be a self-adjoint operator on H. Suppose that B is a relatively
A-bounded symmetric operator on H with A-bound a(B) < 1. Then:

(1) The operator A+ B on D(A + B) =D(A) is self-adjoint.

(i) If A is essentially self-adjoint on D C D(A), sois A+ B on D.

Proof (i): By assumption, there are positive constants a, b such that a < 1 and (8.8)
holds. Suppose that 8 € R, g # 0. Since A is symmetric, by formula (3.2),

[ —ipDx|? = AxI? + 18P Ix)?

for x € D(A), so that ||Ax| < |[(A—ipDx| and |x| < |BI~"II(A—iB1)x|. Com-
bined with (8.8), we therefore obtain

IBx|l < (a+bIBI7 ") ||(A=ipDx|, x eD(A). (8.9)
Since A is self-adjoint, i € p(A) by Corollary 3.14, and x := (A—iI)~ 'y is in
D(A) for any y € H. Inserting this into (8.9), we get

|BA=iBD) ™ y| < (a+bIBI7)IyI, yeH.
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Since a < 1, a + b|B|~' <1 for large |8|. Hence, C:=B(A—ipI)~" is a bounded
operator with domain D(C) = ‘H and norm less than 1. Therefore, I 4+ C has a
bounded inverse defined on H (given by the series (I + o)yl = Zflio(—C ),
and hence R(I + C) = H. Since i € p(A), R(A—iBI) = H. By the definition
of C we have (I + C)(A —iBl)x = (A + B —iBI)x for x € D(A). Hence, we
obtain R(A + B —iBgI) = H for large |B]|, so A + B is self-adjoint by Proposi-
tion 3.13.

(i1): We have to show that D is a core for A + B, provided that D is a core for
A.Let x € D(A). Since D is a core for A, there exists a sequence (x,),cN from D
such that x,, — x and Ax,, — Ax. From (8.8) we obtain

[(A+ B)(xp—x)| < (1 4+ @) | A=) || + lxa—xll,
so that (A + B)x,, — (A + B)x. This shows that D is also a core for A + B. O

If the A-bound is one, then assertion (i) of Theorem 8.5 is no longer true. For
instance, if A is an unbounded self-adjoint operator and B = —A, then A + B =
0 [ D(A) is not closed and so not self-adjoint, but it is e.s.a. The next result, due to
R. Wiist, says that the operator A + B is always e.s.a. if (8.8) holds with a = 1.

Proposition 8.6 Suppose that A is an essentially self-adjoint operator and B is
a symmetric operator on ‘H such that D(B) 2 D(A). Suppose there is a constant
b > 0 such that

IBx|| < ||Ax|| + bllx|| forx e D(A). (8.10)
Then A + B is essentially self-adjoint on D(A) and on any core D C D(A) for A.

Proof Let (c;)nen be a sequence from the interval (0, 1) such that lim,_«c c,=1.
Set T := (A + B)[D. Suppose that x € R(T + iI+. We will show that x = 0.

Since ¢, B is relatively A-bounded with A-bound a4(c,B) < c¢, < 1 by (8.10)
and D is a core for A, the symmetric operator 7, := (A + ¢, B)|D is e.s.a. by
Theorem 8.5(ii). Therefore, R(T,, + il) is dense in H by Proposition 3.8. Hence,
there exists a sequence (x,),eN from D(T,) = D such that

x = lim (T, +il)x,. (8.11)
n— oo
Since T, is symmetric, ||T,x, |l < (T, + il)x, | and ||x,||<I(T, +il)x,| by
formula (3.2). Using assumption (8.10) and these inequalities, we estimate
I(T=T)xu | = (1 = c) | Bxall < | Axpll — cull Bxa |l + bllxal
< A+ cuB)xp || + bllxall = | Tuxnll + bllxa |
< b+ DT +iDx].
Combined with (8.11) the preceding implies that
limsup [|x, || < [lx|| and limsup|(Z,—T)x,| < (b + Dllx|l.  (8.12)
—00

n—oo n
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Since D is dense in H, given ¢ > 0, there exists y, € D = D(T,,) = D(T') such that
lx — yell <e. Using (8.11), the facts that x 1 (T +il)x, and lim,_, o ¢, = 1, and
both inequalities from (8.12), we get

Ix |2 = lim (v, (T, +iDx) = lim (v, (Ty=T)xa) + x. (T + i)
= lim ((x=ye. (T=T)xn) + (ve. (T =T)xn))

llx—vell limsup || (T, —T)x, || +limsup (| (T, —T)ye | Ixall)
n—oo n—0oo

IA

e+ Dlxl+ lim (I=c) I ByellIx[ =@+ Dlxl,

so ||lx|| < e(b+ 1). Since & > 0 is arbitrary, x = 0. This proves that R(T +il)* =
{0}. Similarly, R(T —iI)* = {0}. Hence, T = (A + B)|D is e.s.a. by Proposi-
tion 3.8. O

8.3 Applications to Schrodinger Operators: Self-adjointness

One of the most important classes of operators in nonrelativistic quantum mechanics
are the so-called Schrodinger operators. These are operators of the form

hl
H=——A+V(),
2m

acting on the Hilbert space L>(R?), where A denotes the Laplace operator and
V (x) is a real-valued measurable function on R?, called the potential. Schrodinger
operators describe the energy of quantum systems, such as atoms, molecules and
nuclei. The symbol m refers to the mass, and £ is Planck’s constant. Upon scaling
coordinates we can assume that the constant in front of the Laplacian is —1. The
potential acts as a multiplication operator, that is, (Vf)(x) = V(x) f(x) for f in the
domain D(V) = {f € L>*(R?) : V- f € L>(R%)}.

The next proposition is about the domain of the operator —A. It is the main
technical ingredient for our first result (Theorem 8.8 below) on the self-adjointness
of Schrodinger operators. In its proof we essentially use the Fourier transform.

For p € [1, o], let || - || , denote the norm of L”(Rd). Recallthat || - | = || - ||

Proposition 8.7 We set g = oo for d < 3 and assume that 2 < g < 400 for d =4
and 2 <q <2d/(d — 4) for d = 5. Then, for each a > 0, there exists a constant
b > 0, depending on a, d, and q, such that f € L1 (Rd) and

Ifllg <all=AfI+bIfIl forall f € D(=A). (8.13)

Proof In the first part of the proof we derive inequality (8.13) with some constants,
while in the second part the constant a > 0 will be made arbitrary small.

Let f € D(—A) and set g = F(f). By (8.6), we have ||x||?g(x) € L>(R?) and
—Af = F1(Jx||?g(x)). Since the Fourier transform F is unitary, it follows that

I=AfI = [IxIPg)] and [I£]=ligl- (8.14)



174 8 Perturbations of Self-adjoint Operators

First, assume that d < 3. Then ¢ := ||(1 + ||x||>)~}| = (fRd(l + [lx[1?) "2 dx) /2
is finite. Applying the Holder inequality (B.5), we derive

gl = [ (1+ 1x0?) " (1 4+ 1212 g
<c|(1+1x11*)g) |, < c| lIxIFg @) | +cligll. (8.15)

Thus, g € L' (R?). Therefore, we have f = F'g € L°(R?) and || floo < llgll1.
Combining the latter and (8.14) with (8.15), we get

[ flloo < cll=AfI 4+l fII- (8.16)

Next, suppose that d > 4. First, let g > 2. We define pandr by p~! 441 =271,
so p=2q/(g—2),and p~' +27! =~ In the case d > 5 we have g < 2d/(d—4)
by assumption. This yields p > d/2. Since g > 2, this also holds for d = 4. Since
p >d/2, we have ¢ :=||(1 + [|x]|*)~! | < oo. By Holder’s inequality (B.5),

el = [ (1+ 112~ (L 4+ 1x1P)g |, < e (1+ 1x12)g], < e Ix12g )] + cligl.

Note that g~! + =1 =1 and ¢ > 2. Therefore, by the Hausdorff—Young Theo-
rem C.5, F maps L” (Rd) continuously into L9 (Rd), so there exists a constant
c1 > 0 such that || Fglly < cillgllr. Since f(x) = (F7lg)(x) = (Fg)(—x), this
yields || fll; < c1ligll-. Inserting this into the above inequality and using (8.14),
we obtain

I fllg < crell=AfI 4 cicll fI. (8.17)

If cic =1, inequality (8.17) is trivially true for ¢ = 2, which was excluded. Sum-
marizing, (8.16) and (8.17) show that (8.13) is valid for some constants.

To complete the proof, we have to make the constants in front of | —Af|| small.
For this reason, we scale the function f by setting f, (x) = f(yx) for d <3 and
frx)= y4/4 f (yx) for d > 4, where y > 0. Clearly, Afy, = y2(Af)y. Then

Ifylloo = flloes  I=AFf N = > 1-Af],
If =y~ 21 £l ifd <3,
Ifllg=1Fllg,  II=Af N =y*T4a=42— A1),

Iyl = y9=972) £ if d > 4.
Replacing f by f), in inequalities (8.16) and (8.17) therefore yields
I flloo < cy> 2 I=Afll + ey ™2l fI ford <3,
”f”q < C]C)/2+d/q_d/2||—Af|| +C1Cyd/q_d/2”f” for d > 4.

Ifd <3,then2—d/2>0.Ifd > 4,theng <2d/(d—4),andso2+d/q —d /2 > 0.
Hence, for sufficiently small y > 0, the coefficients in front of | —Af||» are smaller
than any given positive a. This completes the proof of the proposition. d

If d <3, then D(—A) is contained in the space Cy (R?) of continuous functions
on R? vanishing at infinity. This follows from the Riemann—Lebesgue Lemma C.1,
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since Ff =g € LY(RY) for f € D(—A) by (8.15). It can be also easily derived
from (8.13). Indeed, since S(RY) is a core for —A, each f € D(—A) is the limit
of a sequence (f,) from S (R?) in the graph norm of —A. From (8.13), applied to
fn— fr, it follows that ( f;,) is a Cauchy sequence in the uniform convergence on R?.
Because f;, € Co(R9) and (Cy(RY), Il - lloo) is complete, f is in Co(RY).

Definition 8.2 A Kato—Rellich potential is a Borel function V on R such that

VeL*(RY)+L®[RY) ifd=1,2,3,
Ve LP(RY)+L®(RY) forsome p >d/2ifd > 4.

Clearly, V € L?! (R?) + LP2(R?) means that V can be written as V = V| + V»
with V| € LPV(R?) and V, € LP2(RY).

The reason for this terminology is that this is a natural class of potentials for
which the Kato—Rellich theorem, Theorem 8.5, applies with A = —A and B =V.
The proof of the next theorem even shows that each Kato—Rellich potential is rela-
tively (—A)-bounded with (—A)-bound zero.

Theorem 8.8 Let V be a real-valued Kato—Rellich potential. Then —A 4V is self-
adjoint on D(—A) and essentially self-adjoint on each core for —A.

Proof We write V as V = V| 4+ V5 with V, € L°(R?) and V| € L?(R?), where
p=2ford <3and p >d/2ford > 4.
First, suppose that d < 3. Applying (8.13) with g = oo, we get for f € D(—A4),

IVAL<IVil2l flloo + 1V2llsoll £l < @ll Vill2ll= AT+ (B Vill2 + [ Valloo) Il £

Now let d > 4. Define g by ¢! + p~! =271, thatis, g =2p/(p — 2). If d = 4,
then p > 2, and so g > 2. For d > 5, we have p > d /2 which implies that 2 < g <
2d/(d—4). That is, g satisfies the assumptions of Proposition 8.7. Using first the
Holder inequality (B.5) and then (8.13), we derive for f € D(—A),

Vifllz < IVillpll fllg = allVillpl=Af I+ b1 Vil pILFII- (8.18)

Since a > 0 was arbitrary, these inequalities show that V has (—A)-bound zero.
Hence, the assertions follow from the Kato—Rellich theorem. O

Example 8.2 Let o € [0, 00). Suppose that « < d/2 if d <3 and « <2 if d > 4.
Then, for any ¢ € R, the function

on R? is a Kato—Rellich potential, and hence —A + V is self-adjoint on D(—A).
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Indeed, let yx, be the characteristic function of {x : ||x|| < n} for n € N and set
Vip:i=V-xn. Then Vi, € L>(RY) ifd <3 and Vi, € L?(RY) if d > 4, where p is
chosen such that d/2 < p < d/a. Obviously, V, , :=V-V| , € L°°(Rd). o

Example 8.3 The Schrodinger operator of a particle in an electric field with poten-
tial V and a magnetic field with vector potential a = (a1, a2, a3) is

3
T=) (Di—a)’+ V@),
k=1

(Here some physical constants have been set equal to 1.) We easily compute

3
T=—A-— ZZaka + Vo(x), where Vo(x) :=idiva +af 4+ a3 4+ a3 + V(x).
k=1

Statement Ler V € LZ(R?) + L®R3), and ay, az, a3 € CL(R3) be real-valued
functions such that ay, as, az, diva € L (R3). Then T is self-adjoint on D(—A).

Proof The domain of D(T) is D(—A). Fix ¢ > 0. For f € D(T), we derive

1Dk f1I? = (Dicf, Dif) = (D f. f) < (= Af. f)
_ 2
<I=AfI £l < (ell=AfN+e AN (8.19)
Since Vy € L2(R?) + L®(R?) by the assumptions, Vp has the (—A)-bound zero
as shown in the proof of Theorem 8.8. Since a1, az, a3 € L>®(R3), it follows from
(8.19) that ai Dy has the (—A)-bound zero. These facts imply that the symmet-
ric operator B := —2 213(:1 ap Dy + Vp is relatively (—A)-bounded with (—A)-
bound zero. Therefore, by Theorem 8.5, the operator T = —A + B is self-adjoint
on D(—A) and e.s.a. on any core for —A. Oo

Lemma 8.9 IfV is a Borel function on R such that D(V) D D(—A), then we have
Ve L? (RY) and

loc

Sy = sup/ V@) dx < oo, (8.20)
B(c)

ceRd
where B(c) := {x e R? : ||x — c|| < 1} is the closed unit ball centered at c.

Proof Since D(V) 2 D(—A), it follows from Lemma 8.4 that V is (—A)-bounded,
that is, there are positive constants a and b such that

VAl =all=AfI+blfIl, feD(=A).

We choose n € Cg° (R9) such that = 1 on the unit ball B(0). For ¢ € R?, we put
ne(x) =n(x —¢). Then n. =1 on B(c), and

/B( )|V(x>|2dx <1Vl < (al—Anell + blinell)’ = (all—Anll + blinll)>.
C
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Since the right-hand side does not depend on c¢, the supremum of the left-hand side
over ¢ € RY is finite, that is, Sy < o0. O

Lemma 8.9 says that the condition 8y < oo is necessary for a function V on R¢
to be relatively (—A)-bounded. The next proposition shows (among others) that for
d =1, this condition is also sufficient. With a slightly more involved proof, this
assertion holds in dimensions d < 3 (see, e.g., [RS4], Theorem XIII1.96).

Proposition 8.10 For a Borel function V on R, the following are equivalent:

(1) V is relatively (—j—;)-bounded with (—j—xzz)—bound zero.
(i1) V is relatively (—dd—;)—bounded.

(i) D(V) 2 D(—L).

(iv) 8y = sup.cg fccjll |V (x)|?dx < .
Proof The implications (i) — (ii) — (iii) are trivial, and (iii) — (iv) follows from
Lemma 8.9. It remains to prove that (iv) implies (i).

Recall that D(—dd—;) = H%(R). Fix ¢ € R. First, let feH 2(R) be real-valued.
Note that H2(R) € C!(R). For arbitrary x, y € B(c) =[c — 1, ¢ + 1], we have

c

X +1 c+1
F@P = ()= / 2ofwdi< [ ford+ / Tk

y c—1
Since f is real-valued, by the mean value theorem for integrals we can choose a
number y € [¢ — 1, ¢ + 1] such that 2 f (y)? = fCC_Jrll f(®)?dt. Then

2 c+1 , 2 c+1 2
|f(0)| 5] 1 |f' @ dt+2/ 1 |f@®)] dt forx elc—1,c+1].

(8.21)

By decomposing f into real and imaginary parts (8.21) remains valid for complex-
valued f € H2(R). Multiplying by |V (x)|? and integrating over [c—1, ¢ + 1] yields

c+1 5 c+1 2 c+1 )
| verepPas <o [ lrwla+asy [ ropar
c— c— c—
By summing over ¢ € 27 we derive

VAR <sv £ +28v AP < sv (/] +21£1)% (8:22)
Let ¢ > 0. By the proof of Lemma 8.3, applied to the operator B = —ij—x, we have
Ir'|=1Bfll<e|B2f| +e sl =e|—f" |+ Il (823

Combining (8.22) and (8.23), we obtain
VIl <esy?|— 1]+ @+e)sy/ 21 f 1. (8.24)

This proves that V is relatively (— %)-bounded with (— ;—;)-bound Zero. O
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8.4 Essential Spectrum of a Self-adjoint Operator
In this section, A denotes a self-adjoint operator on H with spectral measure E4.

Definition 8.3 The discrete spectrum oq(A) of A is the set of all eigenvalues of A of
finite multiplicities which are isolated points of the spectrum o (A). The complement
set gess (A) := 0 (A)\o4(A) is called the essential spectrum of A.

By Corollary 5.11, an isolated point of the spectrum o (A) is always an eigen-
value of A. Therefore, a number belongs to the essential spectrum oegs(A) of A if
and only if it is an accumulation point of o (A) or an eigenvalue of infinite multi-
plicity.

Remark Definition 8.3 is the standard definition of the essential spectrum of a self-
adjoint operator used in most books, see, e.g., [RS1, BS, We]. Let T be a closed
operator on a Hilbert space . There are various definitions of the essential spectrum
of T in the literature (see [EE, 1.3 and IX.1] for a detailed discussion), but all of them
coincide with Definition 8.3 when T is self-adjoint [EE, Theorem IX.1.6].

Let pp(T) (resp. psr(T)) denote the set of all complex numbers A such that
T — Al is a Fredholm operator (resp. semi-Fredholm operator), that is, R(T —\[) is
closed and dim N (T —A[I) < oo and (resp. or) dim H /R(T —AI) < oo. Then the set
Oess(T) := C\pp(T) is called the essential spectrum of the closed operator T'. Note
that in [K2] the essential spectrum is defined by the smaller set C\ psr(T).

Let us illustrate Definition 8.3 by a very simple example.

Example 8.4 Let («,),cN be areal sequence and define a self-adjoint operator A by
A(@y) = (n@,) with domain D(A) = {(@,)€l>(N) : (ot @n) € I2(N)} on I2(N). As
in Example 2.2, o (A) is the closure of the set {«, : n € N}, and each «,, is an eigen-
value of A. The essential spectrum oess(A) consists of all A € R such that the set
{neN:a, € (A—¢&, A+ ¢)} is infinite for each ¢ > 0. For instance, if the sequence
(o) converges and « :=lim «,,, then 0 (A) = {o, o, : n € N} and oegs(A) = {}. o

The next proposition contains Weyl’s criterion for the essential spectrum. It is
based on the notion of a singular sequence.

Definition 8.4 Let A € R. A singular sequence for A at X is a sequence (Xp)peN Of
vectors x,, € D(A) such that

liminf ||x,|| > 0, w-limx, =0, lim (A —ADx, =0.
n—o0 n—0o0o n—>oo
Recall that w-lim,,_, o x,, = 0 means that lim,,_, o (x,, y) =0 for all y € H.

Proposition 8.11 For any A € R, the following statements are equivalent:

(1) A € 0ess(A).
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(i1) There exists an orthonormal singular sequence for A at A.
(iii) There exists a singular sequence for A at A.
@(iv) dim(Eg4(L4+¢€) — E4(A — &))H = oo for each € > 0.

Proof (i) — (ii): If A is an eigenvalue of infinite multiplicity, then any orthonormal
sequence from N (A—AT) is obviously a singular sequence for A at A.

Now let A be an accumulation point of o (A). Then there is a sequence (¢,),eN
of points t, € o (A) such that ,, # 1 if n # k and lim, #,, = A. We choose a positive
null sequence (&,) such that the intervals 7, = (t,—¢,, tn + €,) are pairwise dis-
joint. Since t, € 0 (A), E4(J,) # 0 by Proposition 5.10(i). Hence, we can find unit
vectors x, € E4(J,)H. Since J, N Jy = 0 if n # k, the sequence (x,,) is orthonor-
mal, and hence w-lim, x,, = 0 by Bessel’s inequality. Then

| (A=AD)xa|)* = [(A=ADEA(T)xn | = / (t—1)2d(EA(t)xn, Xn)

n

2 2
< [ (1= ) A EA 01 50) = (1= 0) = 0
as n — oo. Thus, (x,),en is an orthonormal singular sequence for A at A.
(i) — (iii) is trivial.
(iii) — (iv): Let (x,),eN be a singular sequence for A at A and assume to the
contrary that dim(E4 (A + €)—E A (A—e))H < oo for some ¢ > 0. We compute

& |lxn ) = / 2 d(EA()xp, xn) + / 2 d(Ea ()X, xn)
(A—e,A+e] R\(A—e,1+¢]

< / E2d(E 4 (030 30) + / (=22 d(E4 ()30, 20)
(A—&,A+¢] R

— 2[|(Ea(h + ) — EAQ=8))xa|* + |(A=2D)x | (8.25)

Since w-lim,, x,, = 0 and the finite rank operator E 4 (A + &) — E4(A—¢) is compact,
lim, (Eo(A + &)—E s (A—¢))x, = 0. Hence, the right-hand side of (8.25) tends to
zero, which contradicts the condition liminf, ||x,| > O in Definition 8.4.

(iv) — (i): Assume that X ¢ oess(A). Then, either A € p(A), or A is an eigenvalue
of finite multiplicity which is an isolated point of o (A). By Proposition 5.10 this
implies that dim E4({A})H < oo and E 4(¢) is constant on the intervals (A — 2¢, 1)
and (A, A + 2¢) for some & > 0. Therefore, dim(E4(A—¢) — E4(A 4+ €))H < o0,
that is, condition (iv) does not hold. O

8.5 Relatively Compact Perturbations of Self-adjoint Operators

In this section we prove some results about the invariance of the essential spectrum
under compact perturbations. All of them are derived from the following theorem.
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Theorem 8.12 Let A1 and A; be self-adjoint operators on a Hilbert space H. Sup-
pose that there exists a number u € p(A1) N p(A2) such that

Cpi=Ay—uh)™ ' — (A —uD™! (8.26)

is a compact operator on ‘H. Then we have Gegs(A1) = Oess(A2).

Proof Let A € gegs(A1). We apply Weyl’s criterion (Proposition 8.11). Then there
exists a singular sequence (x,),en for A at A. In order to prove that A € oess(A2),
it suffices to show that

yni=(Ay =) 7N (AL = uDxy, neN,
defines a singular sequence for A, at A. Clearly, y, € D(A2). We have

Yn — Xn = (Ay — nI) " (A) — puD)xy — Xy
= (Cp+ (A1 — D)) (A1 = uD)xy — 3
=Cu(A1 — ADxp + (b — W Cpuxn. (8.27)

Since w-lim, x, =0 and C,, is compact, C,x, — 0in H. From (A} —Al)x, — 0 it
follows that C,, (A1 — AI)x, — 0. Hence, by (8.27) we obtain y, — x, — 0. There-
fore, since liminf, ||x,|| > 0 and w-lim, x,, = 0, we conclude that liminf, ||y,| > 0
and w-lim,, y, = 0. Further,

(A2 = AD)ypn = (A2 — uD)yn + (= D) yu = (A1 — ADxp + (= ) (Y — Xp).

Since (A; — Al)x, — 0 and y, — x,, — 0 as just shown, (A — Al)x,, — 0. This
proves that (y,),eN is a singular sequence for A, at A.

Therefore, A € 0ess(A2) and oegs (A1) C 0ess(A2). Interchanging A and A, we
also have 0ess(A2) C Oess(A1). Thus, Oess(A2) = Oess(A1). O

Corollary 8.13 Let T be a symmetric operator on H such that d, (T) < oco. If A
and Ay are self-adjoint extensions of T on H, then 0ess(A1) = Oess(A2).

Proof Since T C Ay and T C Ay, the resolvents (A, — i)™ and (A; —il)~!
coincide on R(T — il). Hence, the range of C; := (A —il)~! — (A; —il)~ ! is
contained in R(T —il)*. Since d, (T) = dim R(T —il)* < oo, C; is a finite rank
operator and hence compact. Thus, 0ess(A1) = 0ess(A2) by Theorem 8.12. [l

Definition 8.5 Let A be a closed operator on a Hilbert space . A linear operator C
on H is called relatively A-compact if D(C) 2 D(A) and C is a compact mapping
of the Hilbert space D4 = (D(A), || - || 4) into the Hilbert space H.

Recall that the compactness of C : D4 — H means that for each sequence
(xn)nen of D(A) satisfying sup,, ([|x, |l + ||Ax,|]) < oo, the sequence (C(x,))neN
has a subsequence (C(x,,))ren Which converges in H.

For instance, if C is a compact operator on H with D(C) = H, then C is obvi-
ously relatively A-compact for any closed operator A.
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Proposition 8.14 Letr A be a closed operator, and C a linear operator on H.

(1) Suppose that p(A) is not empty. Then C is relatively A-compact if and only if
D(C) 2 D(A) and C(A — )~ is a compact operator on H for some (and
then for all) u € p(A).

(i1) If A is densely defined and C is relatively A-compact, then C is relatively A-
bounded with A-bound zero.

Proof (i): If C is relatively A-compact, then C(A — uI)~! is the composition of the
continuous operator (A — uI)~! : H{ — D4 and the compact operator C : Dy — H
and hence compact. Conversely, if C(A — uI)~! is a compact operator on H, then
C : Dy — H is compact as a product of the continuous operator A — ! : Dy — H
and the compact operator C(A — ul)~!: H — H.

(ii): Suppose that C is relatively A-compact. Then C : Dy — H is compact
and hence continuous. This means that C is relatively A-bounded. We prove that
aA(C) = 0. Assume to the contrary that a4 (C) > 0. Then there is an a > 0 for
which there is no b > 0 such that (8.8) is valid (with B replaced by C). Hence, there
exists a sequence (u,)neN Of vectors u, € D(A) such that ||Cu,l|l > al||Au,| +
n|lun|l. Upon replacing u, by ||Cu,|~'u, we can assume that |Cu,|| = 1. Then
llunll < 1/n and ||Au,|| < a~" for all n € N. Hence, u,, — 0 in 7. The bounded se-
quence (Au,) has a weakly converging subsequence in H, say w-limy A(u,,) =y.
Then

(A(u,,k),x> = (unk, A*x> — (y,x)= <O, A*x) =0

for all x € D(A™). Since A is closed, D(A*) is dense in #, and hence y = 0. There-
fore, (u,) is a weak null sequence in the Hilbert space D4. The compact oper-
ator C : Dy — H maps this sequence into a null sequence (C(u,,)) of H. Since
[Cu,|| =1 by construction, this is the desired contradiction. O

Theorem 8.15 Let A be a self-adjoint operator, and C a symmetric relatively A-
compact operator on H. Then A + C is self-adjoint, and 0ess(A 4+ C) = 0ess(A).

Proof Because C has the A-bound zero by Proposition 8.14(ii), the operator A + C
is self-adjoint by the Kato—Rellich theorem (Theorem 8.5). Since D(A + C) =
D(A), the first resolvent identity (2.4) applies with T = A + C, S = A and yields

(A+C—-AD"'—A-AD'=—@A+C—AD7'CA-rD7!
(8.28)

for nonzero A € R. By Proposition 8.14(i), C(A — Ail Yy~ lis compact. Therefore, the
difference of resolvents in (8.28) is compact. Hence, the hypothesis of Theorem 8.12
is fulfilled, and we obtain cess(A) = 0egs (A + C). O

The special case of Theorem 8.15 when C is an “ordinary” compact operator on
‘H is Weyl’s original classical theorem. We state this separately as the following:
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Corollary 8.16 If A is a self-adjoint operator and C is a compact self-adjoint
operator on a Hilbert space H, then oess(A 4 C) = 0egs(A).

Let A be a self-adjoint operator, C a compact self-adjoint operator, and U a
unitary operator on H. Set B = U(A + C)U~!. Since the essential spectrum is
obviously preserved under unitary transformations, by Corollary 8.16 we have

Oess(A) = Oess (A + C) = O-ess(U(A + C)Uil) = Oess(B).

A result of von Neumann (see [AG, No. 94]) states a converse of this assertion:

If A and B are bounded self-adjoint operators on a separable Hilbert space H
with equal essential spectra 0ess(A) = Tess(B), then there exist a compact operator
C and a unitary operator U on H such that B=U(A+ C)U™.

8.6 Applications to Schrodinger Operators: Essential Spectrum

First, we develop some preliminaries on integral operators with convolution kernels.
For any Borel function ¥ on R we define in accordance with (8.2),

v(D)=F My, F.

Lemma 8.17

() If ¥ € L>(RY) N L®(R?), then the operator ¥ (D) acts by the convolution
multiplication (D) f = Q)™ >(F~) % f for f € L>(RY).

(i) If V, ¢ € L2RY) N L®RY), then T := V(1) (D) is an integral operator
on D(T) = L*(RY) with kernel K (x,y) := Qu)~4?V(x)(F'¥)(x — )
belonging to L*(R%?). In particular, T is a compact operator.

(iii) Let V € L>(R?) and d < 3. Then the operator T := V(x)(—A + )~ is
compact. It is an integral operator with domain D(T) = L>*(R?) and kernel
K(x,y):=V@)h(x—y) € LR, where h := Q) 2 F-1((Ix]|?+ 1D~ D).

Proof (i): From the definition of ¥ (D) and the convolution theorem (Theorem C.6),
we obtain (D) f = F (¢ - (Ff)) = Qu)~4>(F~ ')  f for f € L2 (R?).

(ii): Since V, ¥ € L®(R?), the operators V and ¥ (D) are bounded, so D(T) =
L*(R%). Further, h:=Q2m)~4/2F 1y e L2 (R?), since ¥ € L>(RY). By (i),

(TfHx) = V(x)(h*f)(x)zéd V(x)h(x —y)f(y)dy=fRd K(x,y)f(y)dy,
//|K(x,y)|2dydx=/ / IV)h(x — )| dydx
RY JRA R4 JR4

- /]Rd @'V(’C)h(y/ﬂzdy’dx = ]2 V]2 < .

This shows that T is an integral operator with kernel K € L?(R??). Therefore, by
Theorem A.6, T is a Hilbert—Schmidt operator. In particular, T is compact.
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(iii): Let g € L2(R%). Then f := (—A + I)~'g € D(—A). Hence, f € L®(R%)
by Proposition 8.7, since d < 3. Therefore, V - f € LZ(R"), that is, g € D(T). This
shows that D(T) = L2(R?). Using again that d < 3, it follows that the function
¥ (x) == (x> + D~ !isin L2(RY). The remaining assertions follow as in (ii). [

Lemma 8.18 Ler p € [2,00] and V., € LP(R?).
(1) The operator V (x)yr (D) is bounded, and there is a constant ¢ > 0 such that
[Vw D) f| <clVIp Il AL for £ €D(V )Y (D). (8.29)

(i) Ifd >4 and p>d/2, then T := V (x)(—A + I)~! is a compact operator on
D(T) = L%(RY).

Proof (i): Define g € [2,00]andr € [1,2]by p~ ' +g ! =2"landg ' +r~1=1.
By the Hausdorff—Young Theorem C.5 there exists a constant ¢ > 0 such that

||J-‘—1g||q <cligll, forge L"(RY). (8.30)

Let f € D(V(x)¥(D)). Note that p~! + 27! = =1 Applying the Holder
inequality (B.5), Eq. (8.2), inequality (8.30), and again the Holder inequality, we
derive

Ve fl, < ViR lv @ fl, =1ViL|F @ -Fl,
=clVIplly - Ffllr <clVIplylpl £l

(i): Let g € L>(R?). Then f:=(—A + I)"'g € D(—A). Since V € LP(R%)
and p > d/2, inequality (8.18) derived in the proof of Theorem 8.8 implies that
V-f e L2(RY), that is, g € D(T). This proves that D(T) = L>(R%).

We choose a sequence (V,,) of functions V,, € L>(R?) N L®(R?)(C L?(R%))
such that V =1im,,_, o V, in LP(Rd ). Let x, be the characteristic function of the
set {x e R? : ||x||?> < n} and put ¥, (x) = (JJx||*> + )" x,(x), n € N. Then v, €
L>(R%) N L>®(R?), and it follows from Lemma 8.17(ii) that the operator

Ty := Va()¥n(D) = V() (= A + D)~ xu(=4)
is compact and D(T,,) = L*(R?). Since p > d/2, the function ¥ (x):=(|lx >+ 1)~
is in L?(R?). Obviously, V, and v, are in L?(R?). Using the definitions of the
corresponding operators and finally inequality (8.29), we obtain

IT =Tl = |(V=V)(=A+ D"+ Va(=A+ D7 (I — xu(—=2))|
<[V = V)@ (D) || + | Va ) (@ = ¥) (D) |
<clV =Vallp ¥ llp + el Vallpllr — ¥l -

Since V =1lim, V,, and ¥ = lim, ¥, in L? (Rd), it follows from the preceding that
lim, ||T — T, || = 0. Since the operators 7, are compact, sois 7. O

Let V (x) be a Borel function on R?. We shall write V € L?(R?) + L®(R?), if
for each ¢ > 0, there exist functions V| . € L? (R%) and Voe € L% (R%) such that
V=Viet+Vaeand [Vaelloo <e.
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Clearly, V € L?(R?) + L®(R?), if and only if there is a sequence (V,)nen of
functions V,, € L?(R?) such that V — V,, € L%®°(R?) and lim,,—, o0 |V — Vyu|loo = O.
The following theorem is the main result of this section.

Theorem 8.19 Let V € LP(R?) + L®(R?), be a real-valued function, where p =2
ifd<3and p>d/2ifd > 4.

Then V is relatively (—A)-compact. The operator —A + V is self-adjoint on
D(—A+V)=D(—A), and oess(—A + V) = [0, +00).

Proof Since V € L? (R9) 4 L°°(R?),, we can choose a sequence of functions V;, €
LP(R?) such that V — V,, € L®(R%) and lim,— o0 ||V — Vi lleo = 0. We set

T:=Vx)(—A+D7" and T,:=V,(x)(—Aa+ D)L
By Lemma 8.17(iii) for d < 3 and Lemma 8.18(ii) for d > 4, T,, is compact, and
D(T,) = L*(R?). Since V — V,, € L®(R?), we have D(T) = L2(R%). From
IT = Tull = (V=V)(=A+ D7 <V =Valoo|cA+ D7 =0

it follows that T is compact. Hence, V is relatively (—A)-compact by Proposi-
tion 8.14(i). Since oess(—A) = [0, +00), all assertions follow from Theorem 8.15. [J

Example 8.5 (Example 8.2 continued) Let V be as in Example 8.2. For the decom-
position of V = Vj , 4+ V3, given in Example 8.2, we have lim, « || V2,1 |lco = 0.
Hence, V € L?(RY) + L®(RY),, so that oess(—A + V) = [0, +00) by Theo-
rem 8.19. °

The following result is the counterpart of Proposition 8.10. It characterizes those
potentials V on R which are relatively (— %)—compaet.
Propzosition 8.20 Let V e leoc(R)' The multiplication operator by V is relatively
(—%)-compact on L2(R) if and only if

c+1 2
lim V()| dx =0. (8.31)
|¢]—>+00 c—1

Proof Let T denote the operator —i% with domain D(T) = H!(R). Then we have
7%=~ and D(T?) = HX(R).

First, we suppose that (8.31) holds. Let f € H 2(R). From (8.21) it follows that

lFOf <ITFIR+20f1% forxeR. (8.32)

Since H%(R) is dense in H'(R), (8.32) remains valid for f € H!(R). Applying
(8.32) to f and f’ and using that |Tf|1®> = (T2 f, f) < IT*>fII> + || f|I?, we derive

FOf + [ @) <2|T2f | + 5117 for f e HXR).  (8.33)



8.7 Exercises 185

Let (f)nen be a sequence from D(T?) such that

M = sup, (| T2 fu | + I full) < o0. (8.34)

From (8.33) it follows that the sequence (f;) is uniformly bounded and equicon-

tinuous on R. Therefore, by the Arzela—Ascoli theorem, for any compact interval,

it has a uniformly convergent subsequence. By passing further to subsequences we

can find a subsequence ( fj,,) which converges uniformly on each compact interval.
Let ¢ > 0 be given. By (8.31) there exists b > 0 such that

c+1 )
f |V dx <e* if le| > b. (8.35)
c—1

Set Vp(x) = V(x) if |x| < b and Vp(x) =0 if |x| > b. Clearly, (8.35) implies that
dy_y, < 2, where dv—vy, was defined in Proposition 8.10. By (8.24), applied to
V — V,, with ¢ = 1, and (8.34) we obtain

IV = Vo) = D] < €| T — Fu) | + 38l fap — fourll <e6M
for k, I € N. Since the sequence ( f;,) converges uniformly on [—b, b] and

IVo e = Fa) | S WVoll 22y | e = fr L~
the two preceding inequalities imply that (V f,, = (V — V) fu, + Vi fu, Jken is a
Cauchy sequence in L?(R). This proves that V is relatively 7'2-compact.

To prove the converse direction, we suppose that (8.31) does not hold. Then
there exist a y > 0 and a real sequence (c¢;)nen such that |c,+1]| > || + 4 and
f;’ljll |[V(x)]?dx > y. Take n € Cg°(R) such that n(x) = 1if [x| <1 and n(x) =0
if x| = 2, and set 7, (x) = n(x — ¢). Since | T2l + | = 720l + lInll, the
sequence (1,)neN is bounded in Dy2. But for n # k, we have

Cp42 Ck+2
1V @ =m0 =/ IV ome () dx +/ Ve [2dx = 2y,
ck

Cn—2 -2

so (Vnn)nen cannot have a convergent subsequence in L?(R). Therefore, V is not
relatively 7%-compact. d

8.7 Exercises

1. Let p(x) =), aqux® be a polynomial with real coefficients, and let M be a
Borel subset of R. Prove that the spectral projection E,p)(M) of the self-
adjoint operator p(D) on L2(RY) is .F_IXP—I(M).F, where x -1y is the char-
acteristic function of the set p~ (M) = {x e R? : p(x) € M}.

2. Let T = —i% and a,b,c € R,a < b, c > 0. Show that the spectral projections
E7((a,b)) and E+2((0, c)) of the self-adjoint operators 7" and T2 on L%(R) are

ja(x—y) _ ,ib(x—y)
(Er(@h) ) =en i [ =y, s L@
(Er(0.0) )0 =7 [ D pdy. 7oL’
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3.

10.

11.
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Prove formula (8.7) for the free Green function G3.

Hints: Introduce first spherical coordinates to compute the Fourier transform of
(Ix 11> = »)~!. Use the residue method to evaluate the integral along the real line
by integrating over a rectangle with vertices —r, r, r +i/r, —r + i/, where
r>0.

Prove that the self-adjoint operator —A on L2(R?) has no eigenvalues.

. Let A and B be linear operators on H such that D(B) 2 D(A). Prove that B

is relatively A-bounded if and only if there are positive numbers a, b such that

| Bx||?> < a||Ax]||® + b||x||* for all x € D(A).

Let A be a self-adjoint operator, and B a linear operator such that D(B)2> D(A).

a. Prove that B is relatively A-bounded if and only if B(A —icI)~! is bounded
for one, hence all, c € R, ¢ # 0.

b. Suppose that B is relatively A-bounded. Prove that the A-bound of B is

as(B) = lcgrEOOHB(A —ieD)™!.

Hint: Use some arguments from the proof of Theorem 8.5.
Let A and B be linear operators on H such that B is relatively A-bounded with
A-bound a4 (B) < 1.
a. Prove that A + B is closed if and only if A is closed.
b. Suppose that A is closable. Prove that A + B is closable. Show that there is
an extension B of B such that aA(B) =as(B)and A+ B=A+ B.

. Let A be a lower semibounded self-adjoint operator, and B a symmetric op-

erator on H such that D(B) 2 D(A). Suppose that there are positive numbers
a < 1 and b such that | Bx|| < a|Ax|| + b||x|| for all x € D(A).

Prove that the self-adjoint operator A + B is lower semibounded with lower
bound

mi=my — max{b(l —a)71,61|mA| +b}'

Hints: Let A < m. Set C := B(A — AI)~!. Mimic the proof of Theorem 8.5 to

showthat |C|| < 1,(A+B—x)"'=(A—-A2)"'I+C)"'and A € p(A+B).

Let V be a Borel function on RY such that ¢ := lim SUP|y |00 |V (X)] < 00 and

D(V) D D(—A). Prove that V € L2(R?) + L®(R%).

Suppose that 0 < o < 1/2. Define the function V on R by V(x) = |x — 2n|™*

forn—1<x<n+1landneZ.

a. Prove that y < oo and —% + V(x) is self-adjoint on D(—dd—;).

b. Prove that V is not a Kato—Rellich potential on R.

(Self-adjointness of Jacobi operators)

Let (by)nen, be a real sequence, and (a,),eN, @ complex sequence. Define

operators A and B on lz(No) by (B(¢n))k = ak—1¢k—1 + arer+1 and A(g,) =

(bpp,) with domains D(A) = {(¢n) € >?(No) : (bug,) € 1?(Ng)} and D(B) =

{(@n) € P(No) : (an—19n-1 + @npn+1) € *(No)}, where a_:=0.

a. Suppose that B is relatively A-bounded. Show that for any o > a4 (B), there
is a number B, > 0 such that |a2_ | + |@y+1]* < &?|by|? + By for n € N.
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b. Suppose that there exist constants & > 0 and 8 > 0 such that
an—11* + 2lans1 > < a?|by|>* + B forn eN. (8.36)

Show that B is relatively A-bounded with A-bound a4 (B) < «.
c. Suppose that (8.36) holds and & < 1. Show that the operator A + B is self-
adjoint on D(A + B) =D(A).
Find examples of self-adjoint operators A for which oess(A) =0, 0ess(A) = Z,
and o (A) = R.
Prove that oes(A) # ¥ for each bounded self-adjoint operator A acting on an
infinite-dimensional Hilbert space.
Let A be a self-adjoint operator, and B a symmetric operator on ‘H which is
relatively A-bounded with A-bound o4 (B) < 1. Suppose that C is a relatively
A-compact operator on H. Prove that C is relatively (A 4+ B)-compact.
Derive Weyl’s classical theorem (Corollary 8.16) directly from Proposition 8.11
without using Theorem 8.12.






Chapter 9
Trace Class Perturbations of Spectra
of Self-adjoint Operators

Let A and B be self-adjoint operators on a Hilbert space H such that the closure
of their difference is of trace class. Krein’s spectral shift associated with such a
pair {B, A} is a real function £ on R which enters into an integral representation
formula (9.58) for the trace of the difference of functions of the operators A and B.
Spectral shift and this trace formula are fundamental tools in perturbation theory
of spectra. An introduction into this topic is given in Sect. 9.6 thereby following
M.G. Krein’s original approach based on perturbation determinants. Some basics
on infinite determinants and perturbation determinants are developed in Sects. 9.4
and 9.5, respectively.

Sections 9.2 and 9.3 deal with the case where B = A + «(-, u)u is a rank one
perturbation of A, where o € R and u € H. In these sections boundary values on
R of the holomorphic function F(z) = (R,(A)u, u) play a crucial role. In Sect. 9.3
the spectral shift is defined in the rank one case. Section 9.2 contains the beautiful
Aronszajn—Donoghue spectral theory of the operators B. The decomposition of a
self-adjoint operator and its spectrum into a pure point part, a singularly continuous
part, and an absolutely continuous part is treated in Sect. 9.1.

9.1 Parts of the Spectrum of a Self-adjoint Operator

To explain the main idea, let u be a positive regular Borel measure on R, and A the
multiplication operator (Af)(x) = xf(x) on L2(R, 1). Then the spectrum of A is
the support of u, see Example 5.4. However, if u is the Lebesgue measure or if p
is the sum of positive multiples of delta measures at the rationals, in both cases we
obtain the same set supp 1 = R. In the second case, A has a complete set of eigen-
vectors, while in the first case, A has no eigenvector. Thus, the spectrum is a rather
coarse invariant of the operator A. Finer invariants are obtained by the decomposi-
tion p = pp + tse + Hac Of 1 (see Proposition B.8) into a pure point part (ip, a sin-
gularly continuous part (s, and an absolutely continuous part p,c. These parts are
mutually singular, so we have L>(R, u) = L*(R, up) ® L2(R, isc) & L2(R, ac),

K. Schmiidgen, Unbounded Self-adjoint Operators on Hilbert Space, 189
Graduate Texts in Mathematics 265,
DOI 10.1007/978-94-007-4753-1_9, © Springer Science+Business Media Dordrecht 2012
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and each of these spaces reduces the operator A. In this section we derive a similar
decomposition (achieved by formula (9.1)) for an arbitrary self-adjoint operator.
Assume that A is a self-adjoint operator on a Hilbert space H with spectral mea-
sure E 4. Our main aim are the decompositions (9.1) and (9.2) of the operator A.
We denote by Hp = H,(A) the closed linear span of all eigenspaces of A. If A
has no eigenvalue, we set H, = {0}. Further, let H. = H.(A) be the set of all vectors
x € H for which the function A — (E 4 (A)x, x) is continuous on R.

Proposition 9.1

(1) A vector x € H belongs to Hp(A) if and only if there is an at most countable
subset N of R such that EoA(N)x = x.
(ii) A vector x € H is in H(A) if and only if E4A(N)x = 0 for each one point
subset and hence for each countable subset N of R.
(iii) Hp(A) and Hc(A) are closed subspaces of H and H =H ,(A) @ Hc(A).

Proof (i): Let x € Hp,. Then x is of the form x = Z;ﬁl X, where Ax,, = A,x, with
A € R.Put N = {), : n € N}. Since E4({A,})x, = x,, by Proposition 5.10(ii), we
have E4 (N)x = Zn EA(N)x, = Zn EA({)VI})-X" = Zn Xp = X.

Conversely, let N be an at most countable set of pairwise different elements
Ay such that E4(N)x = x. Set x, := Eq4({},})x. Then, Ax, = A,x,, by Proposi-
tion 5.10(ii), and x = EA(N)x =), EA({Ax )X =), Xu, 50 x € H,.

(i1): The monotone increasing function (E 4 (A)x, x) is continuous if and only if
it has no jumps, that is, if (E4({A})x, x) = 0, or equivalently, if E4({1})x =0 for
each A € R. By the o-additivity of the spectral measure E 4 the latter holds if and
only E4(N)x = 0 for each countable subset N of R.

(iii): Let x € (Hp)*. Since x; := E4({A)x € N(A — AI) € H, for A in
R again by Proposition 5.10(ii), we have 0 = (x;,x) = (E4({A})x, x). Hence,
EA({A})x =0, so that x € H, by (ii).

Conversely, suppose that x € H¢. Let y € Hp. By (i), there is an at most
countable set N satisfying E4(N)y = y. Then, E4(N)x = 0 by (ii), and hence
(x,y)=(x, EA(N)y) =(E4s(N)x,y)=0. Thatis, x € (HP)J‘.

Thus, we have shown that (”Hp)L = Hc. In particular, H_ is closed. Note that H,
is closed by definition. g

Now we turn to another decomposition of H. Let Hac = Hac(A) be the set of
all vectors x € H for which the measure wy(-) = (E4(-)x,x) on B(R) is abso-
lutely continuous with respect to the Lebesgue measure on R, that is, p,(N) =0
(or equivalently, E 4 (N) = 0) for each Lebesgue null set N.

Let Hging = Hsing(A) (resp. Hse = Hsc(A)) denote the set of x € H (resp.
x € H.) for which the measure i is singular with respect to the Lebesgue measure
on R, that is, there exists a Lebesgue null subset N of R such that u, (R\N) =0 (or
equivalently, E4(R\N)x =0, thatis, x = E4(N)x). Clearly, Hyc = He N Hing-

Proposition 9.2 H..(A), Hsing(A), and Hyc(A) are closed linear subspaces of H
such that H = Hac (A) © Hsing (A) and Hing(A) = Hp(A) @ Hyc(A).
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Proof First, we prove that H;y is a closed linear subspace of H. Let (x;),en be
a sequence of Hgne converging to x € H. By the definition of Hgjne there exist
Lebesgue null sets N, such that E4(N,)x, = x,. Then N := Un N, is also a
Lebesgue null set, and E4(N)x, = E4(Ny)x, = x, for all n. Letting n — oo, we
obtain E4(N)x = x. Thatis, x € Hgjng, which proves that Hgjne is closed.

We verify that H;p, is a linear subspace. Obviously, Ax € Hsing for x € Hging and
A € C. Let x1, x2 € Hsing. Then there are Lebesgue null sets Ny and N> such that
EA(N1)x1 =x1 and EA(N2)xz = x3. Clearly, N = N1 U N; is a Lebesgue null set,
and EA(N)xj = Ea(Nj)xj =x; for j =1,2. Hence, we have EA(N) (x| + x2) =
X1+ xp, thatis, x; + x2 € Hsing~

We prove that Hye = (’Hsing)J—. First, suppose that x € Hac. Let y € Hsing. By the
definitions of Hsing and H,c there is a Lebesgue null set N such that E4(N)y =y
and E4(N)x = 0. Therefore, (x,y) = (x, EA(N)y) = (Es(N)x,y) = 0. That is,
X € (Hsmg)l. Conversely, let x € (Hsing)J'. Let N be a Lebesgue null set. For y € H,
we have uy := E4(N)y € Hging, and so (E4(N)x, y) = (x, EA(N)y) = (x,uy) =0
for all y € H. Hence, E4o(N)x = 0, that is, x € H,.. Together with the preceding
paragraph, we have shown that H = Hac @ Hsing.

Since at most countable sets have Lebesgue measure zero, it follows from
Proposition 9.1(i) that H;, € Hing. Since Hse = He N Hging, the decomposition
H =H, ® Hc implies that Hging = Hp S Hie. O

Proposition 9.3 Each of the closed linear subspaces Hy(A), Hc(A), Hac(A),
Hsing (A), and Hyc(A) reduces the self-adjoint operator A.

Proof Let P; denote the projection of H on Hging. Suppose that x € Hsing. Then
there is a Lebesgue null set N such that E4(N)x = x. For A € R, we have
EA(N)EA(M)x = EA(MEA(N)x = E4(M)x, and so Ea(A)x € Hgng. That is,
EA(\)Hsing € Hsing, Which implies that E4 (L) Py = PyE 4(X). Therefore, P;A C
A P; by Proposition 5.15. Hence, Hing reduces A by Proposition 1.15.

Replacing the null set N by an at most countable set, the same reasoning shows
that H;, reduces A. The other subspaces are reducing, because they are orthogonal
complements of reducing subspaces. O

The restrictions Ap, Ac, Aac, Asing, and Agc of A to the reducing subspaces
Hp(A), He(A), Hac(A), Hsing(A), and Hy(A), respectively, are called the (spec-
trally) discontinuous, continuous, absolutely continuous, singular, and singularly
continuous parts of A, respectively. The continuous spectrum o.(A), the absolutely
continuous spectrum oy (A), the singular spectrum osing (A), and the singularly con-
tinuous spectrum og(A) of A are defined as the spectra of the self-adjoint operators
Ac, Ags, Asing, and Ay, respectively. By Propositions 9.1, 9.2, 9.3 we have the de-
compositions

A=Ay ® Ase © Auc, 0(A) =0(Ap) Uosc(A) Uoyc(A), 9.D
A= Asing @ Age, o(A) = O'sing(A) Uoac(A). 9.2)

Note that o (Ap) is the closure of the set o,(A) of eigenvalues of A.
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The operator A is said to have a purely point spectrum, purely continuous spec-
trum, purely absolutely continuous spectrum, purely singular spectrum, and purely
singularly continuous spectrum if Hp, Hc, Hac, Hsing, and Hy is equal to H, re-
spectively. We shall say that A has one of these properties on an interval J when it
holds for the restriction of A to the reducing subspace E4(J)H.

Example 9.1 (Multiplication operators by the independent variable on R) Let
be a positive regular Borel measure on R. Let A be the multiplication operator
(Af)y(x) =xf(x) on H = LZ(R, ). As noted above, by Proposition B.8 there is
a unique decomposition jt = (p + (s + fac Of 1 as a sum of measures, where (i,
is pure point, pg is singularly continuous, and 4 is absolutely continuous. Then

Hp(A) = LER, pp),  Hse(A) = L2 R, prse),  Hac(A) = L*(R, fac),

and the operators Ap, Asc, and A, act as multiplication operators by the variable x
on the corresponding L>-spaces. Clearly,

o H,(A) =H iff u is supported by a countable set,

o Hy(A) = H iff u is supported by a Lebesgue null set and p({r}) = 0 for all
teR,

o Hac(A) =H iff u is absolutely continuous with respect to the Lebesgue measure,
that is, u(N) = 0 for each Lebesgue null set N. o

Example 9.2 (Multiplication operators by functions on R?) Let ¢ be a real-valued
Borel function on an open subset 2 of R?. Let A, denote the multiplication operator
by the function ¢ on ‘H = L?(£2), that is, (Ap H(x) =) f(x) for f € D(Ay) =
{feH:p- feH]

By Example 5.3 the spectral measure of A, acts by E(M)f = x,-1p - f-
Hence,

||E(M)f||2=/X¢—1(M)(X)|f(X)|2dx:[ |f@dx 93)
2 ol (M)

for M € B(R) and f € H. From (9.3) it follows that A, has purely absolutely
continuous spectrum if and only if ¢~ (N) has Lebesgue measure zero for each
Lebesgue null set N. The problem of when this condition is fulfilled is difficult even
when d =1 or ¢ € C*°(£2). However, there is the following important result:

Statement If ¢ € C'(2) and (grad¢)(x) # 0 a.e. on $2, then Ay has a purely
absolutely continuous spectrum. In particular, A, has a purely absolutely continu-

ous spectrum when ¢ is a nonconstant real polynomial.

Proof A proof of this assertion is based on the co-area formula from geometric
measure theory [Fe]. Indeed, combining Theorems 3.2.3 and 3.2.12 in [Fe], one has

/ f ()] (grad ) (x)| dx = f ( / f(t)de_l(t)>ds (9.4)
o1 (M) M \Jo~1(s)
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for M € B(R) and each nonnegative Borel function f on £2, where H 4=1 denotes
a (d — 1)-dimensional Hausdorff measure.

Suppose that M is a Lebesgue null set. Then the right-hand side of (9.4) is zero.
Let f be the characteristic function of the set K, := {x € £2 : |(grad ) (x)| > 1/n}.
It follows then from (9.4) that the Lebesgue measure of K, N (p_l (M) is zero. Since
grad ¢ # 0 a.e., we conclude that ¢ ~! (M) is a Lebesgue null set. O

In the special case ¢(x) = ||x[|> on 2 = R?, the assertion follows by splitting
the integral (9.3) into a radial and a surface part over the unit sphere S¢~!, that is,

lzans| = [ P ax

{x:l|lx||2eM}

:cd/ (/ rd_1|f(tr)|2da(t)> dr,
{riyreMy \Jsd-1

where o is the surface measure on S9!, and cq 1s a constant. Therefore, if M is a
Lebesgue null set, so is {r : /7 € M}, and hence E(M) f = 0. o

Corollary 9.4 Let p(x) be a nonconstant polynomial in d variables with real
coefficients. Then the self-adjoint operator p(D) on L*(R?) defined by (8.2) has
a purely absolutely continuous spectrum.

Proof Since the multiplication operator A () has a purely absolutely continuous
spectrum by Example 9.2, so has the operator p(D) = ]-'_IAP(X)}". 0

The next proposition contains an interesting characterization of the space H.(A).

Proposition 9.5 A vector x € H belongs to the subspace H.(A) if and only if
T A 5
lim 27)~! f (e™4x, x)|"dt = 0. 9.5)
T—0o0 T

Proof For a finite positive Borel measure v on R, we set F,(t) = fR eits du(s).
A classical theorem of N. Wiener ([Wr], see e.g. [RS3, Theorem XI.114]) states that

T
Tllmoo(ZT)_l/T |E)Pdr =" p(is)). (9.6)

seR

(In particular, this means that the limit in (9.6) exists and is finite. Note that p({s})
can be nonzero only for at most countably many numbers s € R.)

Setting p1 := (E4(-)x, x), we have F, (1) = [, e A(EA(M)x, x) = (e A%, x).
By comparison of (9.5) and (9.6) it follows that condition (9.5) is satisfied if and
only if (E4({s})x,x) =0, or equivalently, if E4({s})x =0 for all s € R, that is,
x € H, by Proposition 9.1(ii). O
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9.2 Aronszajn—-Donoghue Theory of Rank One Perturbations

Throughout this section, A denotes a (possibly unbounded) self-adjoint operator on
a Hilbert space H, and u is a fixed unit vector of 7. Our aim is to study spectral
properties of the one-parameter family of self-adjoint operators

Ag = A+ af-,u)u, wherea eR. 9.7

One main result that will be proved below is the following theorem.

Theorem 9.6 For any o € R, the absolutely continuous parts of Ay and A are
unitarily equivalent. In particular, c,c(Ag) = 0ac(A).

First, we develop some preliminaries. Let o« € R. As usual, E4, denotes the spec-
tral measure of A,. We define the measure i, on R and the function Fy by

ditg (A
o) i=(Ea, ) and (@) i= [Re(Agu,u) = [ e
R A—2

, Z€p(Ad).
Obviously, A = Ay. In the case @ = 0, we write u = o and F = Fy.

Lemma 9.7 For o, B € R and z € C\R, we have 1 + (a — B) Fg(z) #0,

Fg(2)
14 (@ —B)Fp(z)’

Im Fg(z)
114 (a — B)Fp(2) >

Fo(2) = Im Fo (2) = 9-8)

Proof From the resolvent identity (2.4) and Eq. (9.7) we conclude that

R:(Aq) — R:(Ap) = R:(Ag)(Ap — Aa) R (Ap)
= (B — @)(R:(Ap)-, u)R:(Ac)u. 9.9)
Applying both sides of (9.9) to the vector u, it follows that

R;(A)u — R (Ap)u = (B — ) Fg(2) Rz (Ag)u. (9.10)

Taking the scalar product with u yields Fy(z) — Fg(z) = (B — o) Fg(2) F(2), so
Fo(2)(14 (o — ) Fp(z)) = Fp(2). Since Fg(z) # 0, we have 1+ (a — B) Fg(z) #0,
and we obtain the first equality of (9.8). The second equality of (9.8) follows at once
from the first one. O

Let H, denote the closure of D, := Lin{R,(Ay)u : z € C\R}. By Lemma 5.17,
‘H, 1s the smallest reducing subspace for the self-adjoint operator A, containing the
vector #. Formula (9.10) implies that Dg C D,,. Interchanging the role of « and 8,
it follows that Dg = Dy and Hg = H,. In particular, Ho = H,. This proves the
following:

Lemma 9.8 For any a € R, Hy is the smallest reducing subspace for Ay contain-
ing u. The vector u is generating for Ay if and only if it is generating for A.
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The subspace Hg contains # and is reducing for A, and A. By (9.7) the parts
of A, and A on the subspace ()" coincide. To study the spectrum of the opera-
tors Ay, we can therefore assume that u is a generating vector for A.

In what follows, the main technical tools are the functions F and G defined by

du(r)
R (A =12’

Clearly, F(z) is defined on C\R, but it might also exist for certain real numbers.
From Theorem FE.3 it follows that the limit

F(z)=/M and G(t) = eR. (9.11)
R A—2Z

F(t+i0):= lim F(t+1i¢e)
e—>+40
exists and is finite a.e. on R.

Lemma 9.9 Lert € R. Suppose that G(t) < 0o. Then F(t) € R exists, and

F(t) = F(t +i0), iG(1) = 11%8—1(F(t+ig)—F(r)). (9.12)

Proof Put f(1):=(» —1t)"!. Since f € L2(R, u) (by G(¢) < 00) and the measure
w is finite, f € L'(R, ) by Holder’s inequality, that is, F(r) € R exists. Define

f) = —@+ie)"" and g = ((A - +ie) " —G—n7").

Clearly, f:(A) — f(}) and g.(A) — if(0)? ae. on R as ¢ — +0. It is easily
checked that | f,(A)| < |f(A)| and |ge(A)| < |f(1)]? a.e. on R. Therefore, since f
and f2 arein L' (R, u), the dominated convergence theorem (Theorem B.1) applies
and yields

F(t+i8)=fRfa()»)dM()»)—>/Rf(k)d,u(k)ZF(t),

8’1(F(t+i£)—F(t))=/gg(k)du()\)—>/‘if(k)zdu(k)ziG(t). O
R R

Remark It may happen that the limit F (¢ 4 i0) exists, but F(¢) does not. For
instance, if F(z) = f_ll(k —2)7Yda, then F(0 + i0) = limy_, 40 Fy(ie) = i, but
F (0) does not exist.

The next theorem collects the main results of the Aronszajn—Donoghue theory.
It gives a detailed spectral analysis of the self-adjoint operators A, in terms of the
functions F and G defined by (9.11) which depend only on the measure u(-) =
(EA(-)u,u). For this analysis, Theorem F.6 from Appendix F plays a crucial role.

Theorem 9.10 Suppose that u is a generating vector for the self-adjoint operator A.
Let a, B, B1, B2 € R and suppose that o # 0.
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(1) A real number t is an eigenvalue of Ay if and only if t belongs to the set
Py:={teR:F(t) = [(h — )~ du) e Rexists, F(1)=—a"!, G(r) < oo}
={teR:Ft+i0) = —a"!, G(1) < o0}

The pure point part (jLq)p of the measure iy is supported by the set Py.
(i) Fort € Py, we have ug({t}) = (Ea, ({tDu, u) =a~2G (1)~ L.
(iii) The singularly continuous part (JLy)sc of the measure [y is supported by

Se={teR: F(t+i0) = —a~', G(1) = o0}.

(iv) The measures (g, )sing and ((g,)sing are mutually singular if 81 # Bo.
(v) The absolutely continuous part (jhy)ac Of the measure iy is supported by

L:= {teR:(ImF)(t+i0);£0} = {teR:(ImF)(t+i0) >0}.

(vi) The absolutely continuous parts (Ag)ac and A, of Ay and A, respectively, are
unitarily equivalent.

The three sets Py, Sq, and L defined above are mutually disjoint.
Proof (1): Both descriptions of the set P, are equal, since F(¢) = F (¢ +i0) by (9.12)
when G(t) < oo.

Since u is a generating vector, A has a simple spectrum, and by Proposition 5.18
we can assume that, up to unitary equivalence, A is the multiplication operator
(Af)(A) = Af (1) and u is the function u(A) = 1 in H = L2(R, ).

Let t be an eigenvalue of A, with eigenvector f in L2(R, ). Then we have

A )X =2f M) +a(f,u)y=tf()) p-ae.onR. (9.13)

We prove that ( f, u) # 0 and u({tr}) = 0. Assume to the contrary that ( f, u) = 0.

Then, by (9.13), f is a multiple of (s, say f = cxys, so u({t}) # 0. Then

0=c(fiu)= EfR Xy W 1dp) =eep({t}) = I £I* #0,
which is a contradiction. Thus, (f, u) # 0. From (9.13) it follows that a( f, u) =0

on the singleton {t}. Because «(f, u) # 0, this is only possible when p({¢}) = 0.
Since pu({t}) =0, we have f(A) = —a(f, u)(A — 1)~ p-a.e. by (9.13), and so

(fou) = —a <f,u>fR(A—r>—ldu<A),

I|f||2=a2|<f,u>}2/R()~—z)’zdu(x) .

Since (f,u) # 0, these relations imply that F () = f(k — t)_ldu(k) € R exists,
F(t)=—a', and G(t) < oo. That s, t € P,.
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Conversely, suppose that t € Py. Set f; (L) := —a(A —¢)~'. Then f; belongs to
L%(R, ) by G(r) < oo. Further,

(fiou)= —a/ A=0"'dp) =—aF@) =1.
R
Since n({r}) = 0 because of G(¢) < oo, we have

M) +alfiu) =rfi(M) +a=1f;(2) p-ae onR,

which means that A, f; =tf; in L?(R, i1). Hence, ¢ is an eigenvalue of A .

By definition (uq)p is supported by the set of atoms of . Obviously, this set
coincides with the set P, of eigenvalues of A,.

(i1): We prove the formula for p, ({t}). Clearly, || f;||” = G (t). Since u is a
generating vector for A, by Lemma 9.8, all eigenvalues of A, are simple by Corol-
lary 5.19. Therefore, E 4, ({t}) is the rank one projection | f;|~2(-, f;) f;. Since
(fr,u)=1, we get

pa (1)) = (Ea, (1) u, ) = 1 /172 (frs )P =226 ()7

We shall give another proof of (ii) which is based on (9.8). Indeed, using (9.8)
and the equality F(r) = —a~! (by t € P,), we obtain the identity

112

eIm F(t +ie) Ime~ L (F(t +ig) — F(1))

ImF,(t +ie) = = '
elm Fy (t +ie) 1 +aF(+ie))2  o2le"(F(t +ie) — F())|?

9.14)

Letting ¢ — +0, the right-hand side of (9.14) tends to (agi?))z =a2G(1)7 ! by

(9.12), while the left-hand side of (9.14) tends to pq ({¢t}) by formula (E.5).
(iii): For arbitrary B € R, by Theorem F.6(i), (148 )sing is supported by

Spi={reR:AmFp (@ +i0)= tim (m Fp)(t +ie) = +oc),  (9.15)
e—>—+0

that is, (uﬂ)sing(R\S//S) = 0. Here we apply this result for § = o # 0. By (i) the
points of P, are eigenvalues of A, and hence atoms of iy, S0 that ((ty)sc(Py) = 0.
Thus, (iy)sc is supported by S, \ Py. To prove that (j4)sc is supported by Sg, it
therefore suffices to show that S),\ Py € Sq.

Indeed, from identity (9.8) we obtain

F(t+ie)+a! = TedTie) -1 o

— RS = 9.16
1—0[Fa(t+i8)+a 1 —aFy,(t+ie) ( )

Let t € S, \Py. Then |Fy(t + ig)| — +o00, and hence F(r + ie) + al>0 by
(9.16) as € — +0, so that F(r +1i0) = —a~'. Since 1 ¢ P,, we have G () = +o0,
and therefore ¢ € S,,. This proves that S, \ Py € Sy.

(iv): For any positive regular Borel measure v, we have vging = vp + vgc. There-
fore, by (i) and (iii), (e )sing 1S supported by the set

P USy={teR:F(t+i0)=—a'}.
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Recall that 81 # B>. Hence, if B # 0 and B # 0, then (ug, )sing and (g, )sing are
supported by the disjoint sets Pg, U Sg, and Pg, U Sg,. Now assume that one num-
ber, say B, is zero. By formula (9.15), applied with 8 = 0, it follows that (140)sing
is supported by S := {r € R: (Im F)(¢ +i0) = +oc}. Since S N (Pg, U Sp,) is
obviously empty, (0)sing and (i, )sing are also supported by disjoint sets.

(v): By Theorem F.6(ii) the absolutely continuous part (t18)ac Of f1g is given by

d(ug)ac(h) =hg(A)dr, wherehg(A):= 7 ' Im Fg)(A +10).

Set Lg :={A € R:hg(X) # 0}. The second formula (9.8) implies that the sets Lg
and Lo = L coincide up to a Lebesgue null set. Hence, (1g)ac is supported by L.
(vi): By Lemma 9.8, u is a generating vector for Ag. Hence, Ag is (unitarily
equivalent to) the multiplication operator by the variable A on the Hilbert space
L2(R, i g) by Proposition 5.18. Then, as noted in Example 9.1, (Ag),c is the mul-
tiplication operator by XA in L*(R, (1g)ac)- Clearly, hg(X) = 7~ (Im Fg)(A) =0
a.e. on R. We shall use the preceding facts twice, for the given § and also for
B = 0. Recall that £ = g and A = Ap. It is easy to check that the map U de-
fined by (U(f))(A) = (hy 'hg)'/>(1) f (1) is a unitary isomorphism of L?(R, ac)
onto L2(R, (148)ac) such that U AU ™" = (Ag)ac. ad

Having Theorem 9.10, it is easy to prove Theorem 9.6. Indeed, by Lemma 9.8,
Hp is a reducing subspace for A and A,. Because u is a generating vector for the
part of A on Hy, the absolutely continuous parts of the parts of A, and A on Hy
are unitarily equivalent by Theorem 9.10(vi). Since the parts of A, and A on the
orthogonal complement of H coincide, this completes the proof of Theorem 9.6.

We close this section by developing four interesting examples in detail. Exam-
ples 9.3 and 9.4 deal with the behavior of eigenvalues, while Examples 9.5 and 9.6
show that the pure point spectrum and the singularly continuous spectrum may
dramatically change when passing from A to the perturbed operator A, .

Example 9.3 (Diagonal operator with purely discrete spectrum) Suppose that
(An)nen is a real sequence such that lim,_,  |A,| = +00. Let A be the diagonal
operator on H = I>(N) with domain D(A) = {(x,) € I>(N) : (Ayx,) € [2(N)} de-
fined by A(x,) = (A,x,). Then the spectral measure E4 of A acts by E4(M)x =
Y nem Xn for x = (x,) € H.

We fix a unit vector u = (u,,) of H such that u, ## 0 for all n € N. The latter
assumption implies that Lin{E 4 (M)u} is dense, so u is a generating vector for A.
Since u(M) = (Ea(M)u,u) =) ,cp u%, the functions F and G are given by

00 2 ) 2
F(Z)ZZ;\MZZ’ zeC\R, and G(l):Z(}Luint)z, teR.
n n -

n=1 n=1

Suppose that « € R, « # 0. Let ¢ € R. Since lim, [A,| = +00, G(t) = +oo if
and only if r = Ay for some k. If ¢ # Ay for all k, then F(r +i0) = F(¢) € R by
Lemma 9.9. If = Ay for some k, then Im F (¢ + i0) = 4-o0. These facts imply that
L ={A, :n €N}, so L is a Lebesgue null set, and hence o,c(Ay) = @, and that

S =10, 50 05c(Ay) =0.
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By Theorem 9.10(i), € R is an eigenvalue of A, if and only if ¢ € P,, that is,
t # A forall k and F(t) = —a~ L. In order to analyze the latter conditions more in
detail, we now assume in addition that A, < A,,41 forall n € N.

Suppose that & > 0. If t < A1, then F(¢) > 0, so the equation F (t) = —a~ ! has
no solution on (—o0, A1). The function F(¢) is strictly increasing on (Ag, Ak+1),
F(t) > —ocoast — A+ 0, and F(t) > +00 as t — Ag41 — 0. Therefore, the
equation F(t) = —a~ ! has a unique solution, denoted by v(w)g, in the interval
(Aks Ak+1). In the case o < 0 the equation F (1) = —a ! has unique solutions v (o)
in (—o0, A1) and v(@)+1 in (Ag, Ak+1)-

Summarizing, we have shown that the pure point spectrum op(Ag) is the set
Py = {v(a)g : k € N} of eigenvalues of A, for all « # 0. Moreover, we have

Mo<v(@)g <Apr ifa>0, v <Ak <v(@)r4+1 ifa<0. (9.17)
o
Example 9.4 (Embedded eigenvalue) Let u be the sum of the Lebesgue measure on

[a, b] and the delta measure §., where a < ¢ < b. As above, A is the multiplication
operator (Af)(A) =X1f (1) on LR, w). We then compute

T ifa<t<b,t#c
. 0 if t b
Im F(t +i0) = /2 ifti[; b] (9.18)

+o00 ift=c

Thus, L = [a, b], so that 0,.(Ay) = [a, b] for all & € R in accordance with Theo-
rem 9.6. Obviously, G () = 400 if and only if ¢ € [a, b]. Since Im F (¢ 4+10) 7~ 0 on
[a, b], the sets S, and oy (A,) are empty for all «.

Clearly, A has a single eigenvalue ¢ = c. Since F (¢) does not exist for ¢ € [a, b],
Aq has no eigenvalue in [a, b] for o # 0. For ¢t € R\[a, b], we have G(¢) < oo and

|b—1]

-1
—1)"".
Ia—t|+(c )

F(t)=F(t +i0) =log

For o # 0, the equation F(t) = —a 'hasa unique solution #, € R\[a, b]. Hence,
Aq has the single eigenvalue f,. Note that ty, <a if o <Oand ty > b if o > 0. o

Example 9.5 (Singularly continuous spectrum is not invariant) We replace in Ex-
ample 9.4 the measure §. by a finite singular measure v on [a, b]. Then oy (A) # 0.
In fact, the singularly continuous part Ag. of A is the multiplication operator
(Asc /)(A) =Af (2) on L*(R, v).

We show that oy (Ay) is empty for all « # 0. We have F = H| + H,, where
Hi(2) = [P, —2)"'dr and Ha(2) := [/ (. — 2)~'dv (). Then Im Hy (1 4i0) = 7
ifa<t<b,ImH(a+i0)=ImH;(b+1i0) =7/2 and Im H>(t +ie) >0 if ¢ > O,
so it follows that Im F'(r +10) > /2 and hence 1+« F (¢t +i0) # O for all 7 € [a, b].
Obviously, G(t) < +oo for t € R\[a, b]. These facts imply that S, = . Hence, the
singularly continuous spectrum oy (Ay) is empty for o # 0. o
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Example 9.6 (Purely point spectrum versus singularly continuous spectrum) Let
(an)nen and (x,),en be real sequences such that (a,,) € ' (N) and a, > 0 for all 7.
Then p =Y o2 | andy, is a finite positive Borel measure on R. The multiplication
operator A by the variable A on L?(R, 1) has a purely point spectrum.

Let us assume for a moment that

G@) = / (A—10)2du(x) =400 forallz eR. (9.19)
R

Then Py =, and so op(Ay) = ¥ for o # 0. Also, 0yc(Ay) = 0 (A) = by Theo-
rem 9.6. Hence, A, has a purely singularly continuous spectrum for « # 0.

Now we show the existence of a measure p of the above form satisfying (9.19).
First, we note that it suffices to find sequences (by) and (yx) such that (by) € [ (N,
br > 0 and y; € [0, 1] for all k, and f(k —1)"2dv()\) = +oo for all ¢ € [0, 1], where
v =} bidy,. Then a measure p with the desired properties is obtained by

W= Z Z 2""‘bk8yk_n.
neZ keN
To construct such sequences (by) and (yx), we use a trick which goes back to

M. Riesz. Take a positive sequence (by) €1 1(N) such that (b,i/ 2) ¢l 1(N) and de-

fine y; € [0, 1] by yx = sx mod 1, where s; := 25(:1 bll/z. Setv:=); bidy,.
Fix ¢ € [0, 1]. Since limg sy = 400 and limy b,/> = 0, it is easily verified that
given n € N, there exists k > n such that |y, —t] < b,i/ 2. Thus, there exists a subse-

quence (y,) such that |y, — | < b,ilfz for n € N. Hence,
/ A=02dv() = > (e, — ) by, = Y by by, = +00.
]R n n "

This completes the construction of a measure u satisfying (9.19). o

9.3 Krein’s Spectral Shift for Rank One Perturbations
First, we consider the spectral shift and the trace formula in the simplest case.

Example 9.7 (Spectral shift and trace formula on finite-dimensional Hilbert spaces)
Let A be a self-adjoint operator on a finite-dimensional Hilbert space H of dimen-
sion d. Let A} < --- < A denote the eigenvalues of A, and Py, ..., Py the projec-
tions on the corresponding eigenspaces. The spectral projections E 4(A) of A are

Es(M) =P +---+P; ifdj<i<ijii,
Es)=0 if A <Ay, EsN) =1 if s <A
Therefore, setting n; :=dim P;H and Ay := 400, we have

k

TrEA() =Y (01 4+ 1) X100 M)
j=1
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For any function f € C'(R) such that limy_, ;o f (1) =0, we compute

k
/Rf/(?») TrEA(Q)dh=Y (ni+-+nj)(f(hjs1) — f(4)))

J=1

k
I—anf()\.j)Z—Tr.f(A). (9.20)
j=1
Let B be another self-adjoint operator on H. If we define the “spectral shift” by
EQ) =Tr[Ea(m) —Ep(V)], r€eR, (9.21)
then we obtain from (9.20) the “trace formula”
/Rf’(K)é(?») dr=Ti[f(B) — f(A)]. 9.22)

o

If B is a rank one or even a trace class perturbation of A, then the operator
E (X)) — Ep(A) may fail to be of trace class. In Sect. 9.6 the spectral shift will be
therefore defined by means of perturbation determinants. However, Corollary 9.21
below shows that formula (9.21) remains valid under certain assumptions.

In this section we treat only the case of a rank one perturbation and assume that
B is the operator A, defined by (9.7), thatis, B = Ay, = A + «f-, u)u. We remain
the notation introduced at the beginning of Sect. 9.2 and define

Apa(z) :=1+01F(Z)=1+a/ dM()»)'
RA—Z

(9.23)

Lemma 9.11 For z € C\R, we have 1 + aF(z) # 0 and

d
Ti[R.(A) — R:(B)] = (R:(A)Yu, u) = iz log Ag/a(z). (9.24)

14+aF(2)
Proof The proof is based on identities (9.10) and (9.9) applied with 8 = 0. Then

A = Ag and B = A,. From (9.10) we obtain R,(B)u = (1 + aF () 'R.(A)u.
Inserting this equation into (9.9), we derive

R.(A)—R.(B)=a(l+ aF(z))_1(~, Rz(A)u)R.(A)u.

Taking the trace on both sides and recalling that a rank one operator (-, ¢)y has the
trace (¥, @), this gives the first equality of formula (9.24).

Using that d%F(z) = diz (R.(A)u,u) = (R,(A)*u,u) as easily checked (see
Exercise 2.10), the second equality follows by differentiating log Ag,4(z2). O

Remark While log Ap,4(z) depends of course on the chosen single-valued branch
for this holomorphic function, the derivative diz log Ag/a(z) does not on C\ R,
since any two branches differ only by a constant on connected open sets. That is,
whenever an expression d% log Ap;a(z) occurs in what follows, there is no need to
specify the branch of log Ap/4(2).
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Theorem 9.12 There exists a function & € L' (R) such that

S()»):rflargAB/A()»—i—iO):=7t*1 limoargAB/A(A+i8) a.e. on R,
e—>+

(9.25)
log Ag/a(z) = & dxr, zeC\R, (9.26)

R A—2Z

0<(signw)é(X) <1lae onR,

/g(,\)d)\:a, f\s(x)}dxz o], (9.27)

R R

_ E(A)

Tr[R.(B) — R.(A)] = e dx, zeC\R. (9.28)

In (9.26) the symbol “log” means the principal branch of the log function, that is,
logw =log|w| +iargw, where —w < argw < 7.

Proof Assume first that o > 0. Obviously, ImAp,4(iy) =aIm F(iy) > 0if y > 0
by (9.23). Hence, the function C(z) :=log Ap;a(z) is holomorphic with positive
imaginary part Im C(z) = arg Ap,4(z) on the upper half-plane.

Employing the dominated convergence theorem (Theorem B.1), we derive

. . —iry +?
_1)’(AB/A(1)’) - 1) =05/R m

for y e R and y — oo. From this we easily conclude that

du(xwa/ du() = alul =«
R

lim —iyC(iy) = lim —iylog Ag,4(iy) = . (9.29)
y—00 y—00

Hence, C(z) is a Nevanlinna function that fulfills the assumptions of Theorem F.7.
Therefore, since Im C(A +i¢) = arg Ag, 4 (A +i¢), it follows that the limit in (9.25)
exists a.e. on R and that it defines a function & € L!(R) satisfying (9.26).

Since arg Ag (A +i¢) € (0, ], we have £(A) € [0, 1] a.e. Using (9.29), (9.27),
and the dominated convergence theorem (because of & € L!(R)), we obtain

«= lim —iyC(iy) = lim / 1y5( )dszs(/\)d/\.
y—00 y—oo Jp A —1y R

Since £(1) € [0, 1] a.e., the latter gives f |&]dA = |a|. This proves (9.27).
In the case o < 0, we replace z by 7 in the preceding proof. We then have
arg Ap/a(z) € [—m,0) if Imz > 0. Hence, we get £(1) € [—1, 0] by (9.26).
Formula (9.28) follows by differentiating both sides of (9.26) and using (9.24).
Differentiation and integration on the right-hand side of (9.26) can be interchanged
by applying again the dominated convergence theorem. O

The function & defined by (9.25) is called the spectral shift of the pair {B, A}.
It will be generalized to trace class perturbations and studied more in detail in
Sect. 9.6. Formula (9.28) is the trace formula (9.22) for the function f,(A) =
(A —2)~!. In Sect. 9.7 this formula will be derived for a much larger class of func-
tions.
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9.4 Infinite Determinants

Throughout this section, H is an infinite-dimensional separable Hilbert space, and
T and § are trace class operators on H (see Appendix A and Definition A.3).

Let (A, (T))nen denote the sequence defined in Theorem A.10. That is, A, (T)
are the eigenvalues of 7' counted with multiplicities; if 7 has no eigenvalue or only
finitely many eigenvalues, the remaining numbers A, (T') are set equal to zero.

Definition 9.1 The determinant det(I + T') is defined by
o
det(/ + T) = [ [(1 4 2a(T)). (9.30)

n=1

Note that the infinite product in (9.30) converges absolutely, since T € By (H)
and hence the sequence (A, (T)),eN is in IY(N) by (A.5).

Definition 9.1 is used in [GK]. It is justified by the result from linear algebra that
the determinant of a linear transformation on a finite-dimensional complex vector
space is equal to the product of its eigenvalues. We briefly mention another ele-
gant approach to determinants that is developed in [RS4] and [Sm2]. It is based on
formula (9.31) below.

For a Hilbert space H and n € N, let ®"H be the n-fold tensor product Hilbert
space H® - - - ® H. We denote by A" (H) the closed linear subspace of ®"H which
is generated by all elements of the form

1
XA AXy = —— E E(T)x-[(l)@"'@xr(n)a
V! =

where the summation is over all permutations of {1, ..., n}, e(t) is the sign of the
permutation 7, and x1,...,x, € H. If {x; : k € N} is an orthonormal basis of H,
then {xg, A--- Axg, ki <ky <--- <k} is an orthonormal basis of A" (H).

Let A € B(H). Obviously, the operator A ® --- ® A on ®"H leaves A" (H) in-
variant. Its restriction to A" () is denoted by A" (A). From linear algebra we know
that dim A”(C") =1 and A" (A) acts on A"(C") as multiplication by det A.

Then, for any T € B (), we have A"(T) € Bj(A"(H)) for all n € N and

o
det(I +T)=1+ ZTrA"(T). (9.31)
n=1
The equality of both definitions (9.30) and (9.31) is proved in [RS4, Th. XIII.106].
The determinant is continuous with respect to the trace norm. This means that
for any sequence (7},),cN of operators T, € B;(#), we have

det(/ +T,) > detd +T) if||T,—T|1 —> 0asn— oo. (9.32)

This important fact is proved in [GK, p. 160]; we sketch a proof in Exercise 8. The
result (9.32) follows also from the following inequality [RS4, p. 324], [GGK, p. 6]:

|det(1 + T) —det(I + S)| < |IT — Slliexp(L+ T ll1 + ISIl1).  (9.33)

We now develop a number of further properties of determinants.
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Lemma 9.13 Let (A,)nen and (By)nen be sequences of operators A,,, B, € B(H)
such that s-lim, 00 A, = I and s-lim,_,ooB,, = I. Then for T € B{(H), we have
limy— 00 [|AnT By — Tl1 =0.

Proof The Banach—Steinhaus theorem yields ¢ := sup,, . (||Ax || + || B ) < co. Let
¢ > 0 be given. The finite rank operators are dense in (By(#), || - ||1), so there is a
finite rank operator T, = Y ;. (-, ux)vg such that | T — ;|1 (c + 1)? <e. Since

m

(- (Bw = Dutg)Apvg + (-, i) (Ay — Dvy)
k=1

|AnT: By = T, =

1

< S (1(Bu — Dk ellvgll + gl | (An — Tyvg
k=1

),

the assumptions imply that ||A,T; B, — T; |1 < ¢ for n > n(e). For those n,

|AnTB; =T |, = ||An(T = T)(Bj — 1) + (Ay — (T — Te) + Ay Te B — T¢ ||
<IT = Telli (1A By — I]| + 140 — 111) + | AnTe By — T2 |,
<IT = Telli(cle + D + e+ 1) +& < 2e. O
Corollary 9.14 Let {x, : n € N} be an orthonormal basis of H. Then
det(/ + T) = lim det(8; + (Txi,x;))’ _, for T € Bi(H).
n—00 J k=
Proof Let P, be the projection on the linear span of xi, ..., x,. Then we have

P, TP, = ZZ:] (-, xk) T x. Clearly, det(Sg; + (T xg, xj))’}.’k:1 is the determinant of
I+ P,TP,. Since lim, P,x = x for x € H, we obtain lim, || P,T P, — T|l; =0 by
Lemma 9.13, and hence lim,, det(/ + P, T P,,) =det(I + T) by (9.32). Il

The following formulas are easily derived from the finite-dimensional results by
applying Corollary 9.14 and (9.32); details can be found in [GK, Chap. IV, § 1]:

|det(1 + T)| < I, (9.34)
det( + T) =det(I +T%), (9.35)
det(I + T)(I + S) =det(I + T)det(I + S), (9.36)

det(I + AT) =det(I + TA) forT,SeBi(H), AcBH).  (9.37)

Lemma 9.15 Suppose that T € B{(H).

(1) I+ T has an inverse in B(H) if and only if det(I + T) # 0.

@) If IITIh < 1, then det(I + T) = exp(Trlog(I + T)), where log(I + T)
denotes the trace class operator defined by the convergent series
log(I +T) =372, (_IHLHT” in the Banach space (By(H), || - |l1)-
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Proof (i): If I + T is invertible in B(%), then S := —T(I + T)~! € B{(#) and
U+SU+T)=1,sodet + T)det({ + S) =det!l =1 by (9.36), and hence
det(I +T) #0.

Suppose that 7 + T is not invertible. Then0 € 6 (I + T),so —1 € o(T). Since T
is compact, —1 is one of the eigenvalues A, (T). Hence, det(/ + 7)) = 0 by (9.30).

(ii): Since [T"|; < |ITI T ) < ITIITI""" < ITI} by (A2) and
IT]l1 <1, the series converges in the norm || - ||; and defines an operator
log(I + T) € B;(H). From the spectral mapping theorem (or from the series ex-
pansion) it follows that the operator log(/ + T) has the eigenvalues log(1 4+ A, (T)).
Therefore, Trlog(/ + T) =Y, log(1 + A, (T)) by Lidskii’s Theorem A.5 and

det(I + T) = ol 42T _ (5, log(I+2,(T) _ ,Trlog(I+T) O

The following technical lemma will be used in the proof of the formula (9.44)
below.

Lemma 9.16 Suppose that z — T (z) is a holomorphic mapping of an open subset

2 of C into the Banach space (B1(H), || - ||1) such that (I + T)) ! e B(H) for
all z € 2. Then det(I + T (2)) is a holomorphic function on §2, and
d 1dT(z
- logdet(I +T(z)) = Tr[(l +T@)" d(Z)}, €R. (9.38)
z z

Proof We fix an orthonormal basis {x, : n € N} of ‘H. Let P, be the projection on
the span of x1, ..., x,. We abbreviate

T,(2) = P, TPy, An(@)i=det(l +T,(2), AR :=det(I + T ().

Let Z,, denote the unit matrix of type n. Clearly,

An(2) =det(Z, + T (2)),  where T, (2) := (1jx(2) == (T (2)x, xj))j’,k:l’

Since the matrix entries of Z,, + 7,(z) are holomorphic functions on £2, so is the
determinant A,(z). Let y,,-5(z) denote the cofactor of the element §,5 + #,5(2) in
the matrix Z,, + 7,,. Assume for a moment that the matrix Z, + 7, (z) is invertible.
Using the formulas for the expansion of A, (z) and for the matrix inverse, we derive

d n
= logdet(I + T,,(2)) = An(2) ' AL (2) = Z 20 @)yt (2)1;(2)
k,j=1

= Z ((Zn +7;1(Z))_1)jktlij(z)

k.j=1

(9.39)

= Tr[(l + Tn(z))ld%z(z)].

Here the last equality holds, because the operator in square brackets leaves P, H
invariant and is zero on (I — P,)H. In fact, (9.39) is the assertion (9.38) in the
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finite-dimensional case. In the rest of this proof we show that one can pass to the
limit in (9.39), thus proving the assertion in the general case.

From Lemma 9.13, lim, ||7,(z) — T (2)||1 = 0, and so lim, A,(z) = A(z) by
(9.32). Since A(z) # 0 by Lemma 9.15(1), A,(z) # 0, and hence Z, + 7,(z)
is invertible for large n. Since |A,(z)| < exp(||T(z)|l1) by (9.34), the sequence
(A, (2))nen of holomorphic functions is uniformly bounded on compact subsets
of §2. Therefore, by Montel’s theorem (see, e.g., [BG], 2.2.8) it has a subsequence
which converges uniformly (to A(z)) on each compact subset of §2. For notational
simplicity, we assume that the sequence (A,) has already this property. Hence,
A(z) is holomorphic on £2. Writing A,(z) by the Cauchy formula as an inte-
gral of (27i)"'A,(¢£)(¢ — z)~? along some circle around z and passing to the
limit, it follows that A/ (z) — A’(z). Hence, the left-hand side of (9.39) tends to
AN () A'(z) = & log(I + T (2)), which is the left-hand side of (9.38).

We have (I + T'(z))~! € B(H) and lim,, || T,,(z) — T (2)|| =0, since || - || < || - ||
Hence, because the inversion operation in B(7{) is continuous in the operator norm,
(I + Tu(2))~" € B(H) for large n, and lim,, ||({ + T,) ' = +T) =
0. For notational simplicity, we write T'(z) for di—f), etc. Then T'(z) € Bi(H)
(because T'(z) is a holomorphic map into (B;(#), || - |l1)), and obviously we have
P,T'(z)P, =T, (2). Hence, lim, ||T,,(z) — T'(2) |l =0 by Lemma 9.13. Thus,

|1+ 1) 'Tj@ - (1+T@) ' T'w)|,
— (I +T@) " = (1 +T@) T+ (1 +T@) (T)) - T'@)],
<0+ 5@)" - +1@) |ne],
+(1+7@)T@ - TG,

The latter expression tends to zero, since ||7,(2)|l1 = | P.T'(2) Pulli < 1T (2)]1-
Therefore, by the continuity of the trace in the trace norm, the right-hand side of
(9.39) tends to the right-hand side of (9.38). This completes the proof of (9.38). [

9.5 Perturbation Determinants

Throughout this section we assume that A is a closed operator with nonempty resol-
vent set and D is a trace class operator on H. We define the operator B := A 4+ D
on D(B) ="D(A) and consider B as the “perturbation” of A by D.

Definition 9.2 The perturbation determinant Aps of the ordered pair {B, A} of
operators is defined by

Apja() =det(I + D(A—zD)™") =det((B —zD)(A—zD)7"), zep(A).
(9.40)
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Example 9.8 Let D be the rank one operator «(-, u)u, where u € H and « € C.
Then DR, (A) = a(R;(A)-, u)u has the eigenvalues A = «(R,(A)u,u) and A, =0
if n > 1. Therefore, by (9.40) and (9.30), we obtain

Apja@) =1+ a(R(Au,u)=1+aF(z),

that is, the expression in (9.23) is the perturbation determinant Ag ;4 (z). o
Proposition 9.17 A4 (z) is a holomorphic function on the resolvent set p(A).

Proof We apply Corollary 9.14 with T := DR;(A). Since the determinant of the
operator I + P, DR;(A) P, is det(8x; + (DR, (A)xy, xj));!,k=]’ it is holomorphic on
p(A) (by Proposition 2.9) and converges to det(/ + DR;(A)). By (9.34),

det(] + PnDRz(A)Pn) < el Pn DR(A) Pyl < elIPII R (A (9.41)

The resolvent formula (5.12) implies that ||R;(A)| is bounded on compact sub-
sets of p(A). Therefore, by (9.41), the sequence (det(/ + P,DR;(A)Py))neN of
holomorphic functions is uniformly bounded on compact subsets of p(A). Hence,
its limit Ag/4(z) = det(/ + DR;A) is also holomorphic on p(A), see, e.g., [BG,
2.2.8]. 0

Proposition 9.18 Let D be another trace class operator and set C := B + Dy. For
any z € p(A) N p(B), we have

Acya(z) = Acyp(2)Apa(2), (9.42)

Ap/a(2)Aa/p(2) =1, (9.43)

d d
2z log Ap/a(z) = Apja(x)™ EAB/A(Z) =Tr[R:(A) = R.(B)].  (9.44)

Proof Using formulas (9.40) and (9.36), we compute

Acya(z) =det((C —zD)(B —zI) (B —z)(A—zD)7")
=det(( + Do)(B —zI)"'(I + D)(A —z)™")
=det(I + Do)(B — zI) "' det(I + D)(A — zI) ™' = Ac/p(2) Ap/a(2).

By (9.42) we have Ap;a(2)Aa/p(z) = Aaja(z) = 1, which gives (9.43).

Now we prove (9.44). First, we verify that the assumptions of Lemma 9.16 are
satisfied with T(z) := DR;(A) and £2 := p(A). Suppose that z,z9 € p(A) and
|z — z0] < ||RZO(A)||_1. Applying the bounded operator D to the series (2.6) for
the resolvent R,(A) (which converges in the operator norm), we obtain

DR (A) =) (z—20)"DR;,(A)"*". (9.45)
n=0
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Since || DRy, (A" < ID|Iy IR, (A)||"+, the series (9.45) converges also in the
stronger norm || - ||1. Thus, z — DR_(A) is a holomorphic map of p(A) into the Ba-
nach space (B1(H), || - l1). Since Ap;4(z) #0by (9.43), I + DR, (A) is boundedly
invertible by Lemma 9.15(i). It is easily checked that

(1+ DRZ(A))_I =A—zI)B—z)"'=1—DB —zI)"' € B(H). (9.46)
Applying (9.38), (9.46), the trace property Tr 717> = Tr 7> T1, and finally the resol-

vent identity (2.4), we derive

d log Ag/a(z) = d logdet(I + DR, (A))
dz gAB/AZ = g z

1 d
=Tr (I + DRZ(A)) d—DRZ(A)
z
=Ti[(A —z1)(B —zI) ' DR, (A)*]
= Tr[R-(A)(A — z1)(B — 1) ' DR.(A)]
=Tr R.(B)DR,(A) = Tt[R,(A) — R.(B)]. M
Proposition 9.19 Suppose that A and D, hence B, are self-adjoint operators. Then
Apja(z) = Apja(@) forz € p(A), 9.47)
e—HDlhllmzl’l < |AB/A(Z)} < el\DHlllmzlfl forzeC\R. (9.48)
Moreover, lim|1m z|— o0 AB/a(2) = 1 uniformly on C.
Proof Using equalities (9.40), (9.35), and (9.37), we obtain for z € p(A),
Apja(z) =det(I + DR, (A)) =det(I + Rz(A)D)
=det(I + DRz(A)) = Ap;a(@).
Let z € C\R. Then ||R,(A)|| < |Imz|™! by Proposition 3.10, and hence

IDR(A) |, < IDII1||R-(A)| < IDIl1/Imz|™" forze C\R.  (9.49)

Combined with (9.34) the latter yields

|Ag)a(2)| = |det(I + DR, (A))| < I PlilmzI"

which is the second inequality in (9.48). Since B = A+ (—D), A and B can be inter-
changed, and the same inequality holds for A4, (z). But Ag,a(z) = (Aay/B ()~
by (9.43). This implies the first inequality in (9.48).

From (9.48) we conclude that lim| ;|- 00 Ap/4(z) = 1 uniformly on C. (Note
that 1im m 7 00 Apya(z) = 1 follows also from (9.49) combined with (9.32).) [
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Proposition 9.20 Let A and D be self-adjoint operators. Let Ly € R be in the
resolvent set or an isolated point of the spectrum of A and B. Suppose that

nag:=dimN (A —Xipl) <oco and np:=dimN (B — X yl) < oo.

Then Ap;a(z) has a zero of order ng —ny if ng —na > 0, resp. a pole of order
na—npifng—na<0athro,and Agja(ho+0)#0ifna=np.

Proof Throughout this proof we freely use the assertions of Proposition 5.10.

First, let us suppose that A9 € R is in the resolvent set or an isolated point of the
spectrum of a self-adjoint operator C such that n¢ := dim N (C — Agl) < 0o. Then
R.(C)Ec({ro}) = (ko — 2) "' Ec({%0}), and hence

Tr R.(C)Ec({ro}) = —nc(z — ro) . (9.50)

By the assumption there exists an & > 0 such that M \ {X o} € p(C), where M :=
(Ao — &, 20 + €). Then the spectral projection of the set M for the self-adjoint oper-
ator Cyy := C(I — Ec(M)) is zero. Therefore, M C p(Cy), and for z € C\ R,

R(C)(I = Ec({ro})) = R(C)(I — Ec(M)) = R(Ch). 9.51)

By Proposition 2.9 this operator-valued function has a holomorphic extension to the
subset M of p(Cyy). In particular, it is holomorphic in Ag.

We now apply this result and Eq. (9.50) to the operators A and B. Recall
that by the assumptions, Ag is an isolated singularity of R;(A) and R (B), so of
diz log Ag4(z) by (9.44) and hence of Ap,4(z). Using (9.44) and (9.50), we get

= L ioga ho)'aTne
8(2) = iz 0g[Ap/a(2)(z — Xo) ]

d _
= 2108 Ap/a(D) + (14 —np)z —20) ™
= Tr[R:(A) — R.(B)] + (na —np)(z — 20) ™"
= Tr[R:(A)(I = Ea({o})) — R:(B)(I — Eg({*0}))].
Since the operator-valued function (9.51) is holomorphic in Aq, so is g(z). There-
fore, h(z) :== Apsa(z)(z — Ag)"A " is holomorphic in Ao and h(Xp) # 0, since
otherwise g is not holomorphic in Ag. Then Ag/a(z) = (z — Ao)"B "4 h(z) with
h(xo) # 0, which gives the assertion. O

9.6 Krein’s Spectral Shift for Trace Class Perturbations

Throughout this section we assume that A and D are self-adjoint operators on H
such that D is trace class and B := A+ D.

The following theorem extends the spectral shift and the basic formulas (9.25),
(9.26), (9.27), (9.28) proved in Theorem 9.12 for the rank one case to trace class
perturbations.
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Theorem 9.21 Then there exists a function & € L' (R) such that

Apya(z) =exp L) dr, zeC\R, (9.52)
RA—2Z
A;{g(x)d)»:TrD, /R|g(/\)|dx <D, (9.53)

and Eq. (9.28) holds. The function & € L' (R) is uniquely determined by (9.52).

Before we turn to the proof of this theorem, we note a simple lemma which
follows at once by applying Lebesgue’s dominated convergence theorem.

Lemma 9.22 For any function & from L' (R), we have

A
i 3 o, (9.54)
[Imz|—o00 JR A—2z

Proof of Theorem 9.21 Since D = D* € B1(#) by assumption, by Corollary A.9
there exist an orthonormal basis {uy : k € N} of H and a real sequence (o )keN such
that

o0 oo oo
D=3 orlouug,  TeD=) oar,  [Dli=) loxl <oo. (955
k=1 k=1 k=1

Set Ag:=Aand A, ;= A, 1 + &, (-, u,)u, forn € N.

Let &, be the function from Proposition 9.12 appliedto B =A,,, A= A,,_1. Since
f 1€, dX = || by (9.27), it follows from the third equality of (9.55) that the series
>, & converges in L' (R) and therefore defines a function £ € L' (R). The formulas
(9.53) follow then immediately by combining (9.27) and (9.55).

Now we prove (9.52). Let z € C\R and n € N. Applying the multiplicativity rule
(9.42) and formula (9.26) for B=A,,, A = A, _, we obtain

n n N . N
Ap,.a2) = l_[ Ap, A, (@)= l_[ eXP/R ik(Ti d) =exp M da.
k=1 k=1

R A—2Z
(9.56)
Set D, . =A, — A= Zzzl oy (-, ur)ug. Then we have lim, |D — D, || =0, and

hence lim, |DR;(A) — D,R;(A)|l1 =0, so that lim, A, a(z) = Ap,a(z) by
(9.32). Since £ € L I(R), the dominated convergence theorem (Theorem B.1) yields

k1 &) D Do & (V) dh— §(1)
R A—2 R A—2Z RA—Z
Letting n — oo in (9.56) and using the preceding facts, we obtain (9.52).
To prove (9.28), we differentiate (9.52). By Lebesgue’s Theorem B.1, differenti-
ation and integration can be interchanged, since £ € L!(R). Thus, we derive

ad . &)
Ap/a(2) dZAmA@)— G2

Comparing the left-hand side of this formula with (9.44), we obtain (9.28).

d\ asn — oo.

dr, zeC\R.
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Finally, we prove the uniqueness assertion. Let ¢, ¢ € L'(R) be two func-
tions satisfying (9.52) on C \ R. Put fi(z) = fR%dk for k = 1,2. Since
eN1@ = 1) by (9.52) for z € C \ R, there exists an integer k(z) such that
f1(2) = f2(z) +2mik(z). Since fi and f> are continuous on C\ R, sois k(z). Hence,
k(z) is constant on both half-planes. Letting | Im z| — 400 and using Lemma 9.22,
we conclude that these constants are zero, that is, f1(z) = f2(z) on C \ R. This
means that the Stieltjes transforms of the complex regular Borel measures v; and
vy coincide, where dvg(X) := &y (A)dX. By Theorem F.2 the Stieltjes transform
uniquely determines the corresponding measure. Therefore, {; = a.e.onR. [

Corollary 9.23 If the operator D has precisely ny positive (resp. n_ negative)
eigenvalues (counted with multiplicities), then £§(A) < ny (resp. E(A) > —n_) a.e.
on R. In particular, if D > 0, then we have £ (1) > 0 a.e. on R.

Proof Suppose that D has precisely ny positive eigenvalues. Then n numbers o
are positive, and all others are negative or zero. Then, by (9.27), n; summands
& have values in [0, 1], while all other summands have values in [—1, 0]. Hence,
& =) & <n4. A similar reasoning shows that & > —n_. O

Definition 9.3 The function £(A; B, A) := &£()\) of Ll(R) from Theorem 9.21 is
called the spectral shift of the ordered pair {B, A}.

Let us reformulate Eq. (9.52). Suppose that f is a holomorphic function on an
open subset §2 of C. Recall from complex analysis (see, e.g., [BG, 1.6.28]) that
a holomorphic function g on 2 is called a branch of the function log f on £2 if
8@ = f(z) for all z € £2. Clearly, on connected components of §2, two branches
differ by 2mik for some constant k € Z. Thus, Eq. (9.52) means that the function
f i(—j‘z)d)» is a branch of log Ag,4(z) on C\ R. Further, Eq. (9.54) holds, since

&£ e L'(R), and i i(T)”; d). is the unique branch of log Ag,4(z) which tends to zero
as |Imz| — oo. In what follows, we fix this particular branch of log Ag,4(z) and
define arg Ag,4(z) := Im(log Ag/a(z)) on C\ R. Then both formulas (9.26) and
(9.25) remain valid in this case.

Some further basic properties of the spectral shift are collected in Exercise 9.

Next, we investigate the function £ on the discrete spectrum of A and B. Formula
(9.57) shows that & has a possible jump at isolated eigenvalues with finite multiplic-
ities of A and B and that & behaves like an index. This formula and the two formulas
in Corollary 9.25 below give some justification for the name “spectral shift”.

Proposition 9.24

(1) Let J be an open interval of R contained in p(A) N p(B). Then there is an
integer n € Z such that E(A) =n forall A € J.

(ii) Let Ag € R be in the resolvent set or an isolated point of the spectrum of A and
B such that np = dimN (A — Apl) < 00 and ng := dimN (B — Agl) < oc0.
Then

EQo+0)—&Ao—0)=nys —np. (9.57)
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Proof (i): By Eq. (9.47), Apya(z) is real on J, so & is integer-valued by (9.25).
Since Ap;a(z) is holomorphic on J € p(A) N p(B), & is constant on 7.

(i1): From Proposition 9.20 it follows that there is a holomorphic function & at
Ao such that Ag/a(z) = (z — A0)"®7"4h(z) and h(Ao) # 0. We choose an open
disk M centered at A¢ such that & is holomorphic and nonzero on M. Let C, C
M be a circle with radius r > 0 centered at Ao oriented counterclockwise. By the
argument principle of complex analysis [BG, p. 55] the change of arg Ag,4(z) along
Cris2m(na—np).Since Ag;a(z) = Ap;a(z) by (9.47), the change of arg Ap/a(z)
along the part of C, in the upper half-plane is w(ng — npg). By (9.26) this means
that

EQo+r) —EQo—r)=n"" [arg Ag/a(ho+r) —arg Ag/a(ho —r)] =na —np.
Letting r — 40, we obtain (9.57). Il

We say that the spectrum of a self-adjoint operator A is discrete in an open inter-
val J if oess(A) N T =@, or equivalently, o (A) N J is empty or consists of eigen-
values of finite multiplicities which have no accumulation point belonging to 7.
Corollary 9.25

(1) Suppose that A has a discrete spectrum in the interval (a, b), where —00 <a <

b<+4o0.lfa<c<d<b,then

£d—0)—&(c+0)=Tr[Ex((c.d)) — Eg((c. d))]
=dim E4((c,d))H — dim E((c, d))H.

(i1) If A is lower semibounded and has a discrete spectrum in (—oo, b), then for all

A < b, we have

E(L—0)=Tr[Ea(A—0) — Eg(» — 0)]
=dim E4 ((—00, 1))H — dim E((—00, 1)) H.

(All spectral projections occurring in these formulas have finite rank.)

Proof We only carry out the proof of (i); the proof of (ii) is similar.

Since B = A + D and D is trace class and hence compact, B has also a discrete
spectrum in (a, b) by Weyl’s theorem (Corollary 8.16). Let C denote A or B. Then
o(C) N (c,d) is empty or it consists of finitely many eigenvalues A1 < --- < Ay

of finite multiplicities nc (A1), ..., nc(Ax). Hence, it follows from Proposition 5.10
that
k
TrEc((c.d)) =dim Ec((c.d))H =) _nc()).
j=1

Since & is constant on open intervals contained in p(A) N p(B) by Proposi-
tion 9.24(i), the assertion is obtained at once from (9.57). [l
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If C denotes one of the operators A or B in Corollary 9.25, then Tr Ec ((c, d))
(resp. Tr Ec (A — 0)) is just the sum of multiplicities of eigenvalues of C contained
in the interval (c, d) (resp. (—oo, 1)).

Example 9.9 (Example 9.3 continued) Let B be the self-adjoint operator A, from
Example 9.3. Assume that o > 0 and A, < X,4+1 for n € N. Combining Corol-
lary 9.25 and formula (9.17), in this case the spectral shift £(-) = £(-; B, A) is given
by

EN) =1 ifx <X <v(a), EM)=0 ifA<ijorv(w)y <A <Agtr. o

9.7 Krein’s Trace Formula

We retain the assumptions and the notation from the preceding section. Recall that
&(-) =&(-; B, A) denotes the spectral shift function of the ordered pair {B, A}.

Let f € C'(R). We shall say that the Krein trace formula holds for the function
f if the operator f(B) — f(A) is of trace class and

T £ (B) — f(4)] = /R £Q0) £ () do. 9.58)

In particular, formula (9.28) in Theorem 9.21 says that the Krein trace formula is
valid for each function f(1) = (A —z)~!, where z € C\R.

Theorem 9.27 below shows that the trace formula holds for a rather large class
of functions. The crucial technical step is contained in the following lemma.

Lemma 9.26 The Krein trace formula holds for f;(1) = e™* where t € R, and

| £1(B) — fiA],= e B —e |, <ItlIDIl1 forteR.  (9.59)

Proof Let x € D(A) = D(B). Then e 4% € D(A) = D(B) for all s € R. There-
fore, using the Leibniz rule, we compute

d B isBe i 5By« v 5B i
d_(] _ elsBe 1sA)x — _elsBlBe 1sAx _ elsB(_lA)e 1sAx — _]elsBDe ISA)C,
N

so that
'

(1 — ei'Befi’A)x = —i/ B De 4 ds. (9.60)
0

Since D € Bi(H), B De~154 ¢ By (H) for s € R. First, we show that the map
R>s— “BDe 4 ¢ (B1(H), | - |l1) is continuous. For this, we write D as in
formula (9.55). Set Ty = (-, ug)uy and D, =Y ;_, axTx. For s, s’ € R,

” oS B Tke—isA _ eis/B Tke—is’A ” |
('7 (eisA _ eis’A)uk>eisBuk + <.’ eis’Auk>(eisB _ eis’B)uk H]

< = e ] (6 — e ]




214 9 Trace Class Perturbations of Spectra of Self-adjoint Operators

Hence, the map s — ¢*8Tye™4 is || - ||;-continuous, and so is s — €8 D,e™4,
The || - ||1-continuity of the map s — 3B De 154 follows now from
”eisBDe—isA _ eisBDne—isA H] — ”eisB(D _ Dn)e—isA H] < ||D - D, ”1 0.

Next, we consider the integral fot B De 54 ds of the continuous function

"B De 4 with values in the Banach space (Bi(H), | - ||1). Since (9.60) holds
for all x from the dense subset D(A), this integral is i(/ — e B o—itAy Therefore,

t
e—ll‘B _ e—ltA — e—ltB(I _ eltBe—ltA) — _ie—ltB/ elsBDe—lsA ds, (9.61)
0

where the integral is meant in the norm || - ||;. Taking the trace norm in (9.61), we
get that the operator e =8 — ¢4 is of trace class and (9.59) holds.

Next, we prove (9.58) for f;. Fix ¢ > 0. Let A € R. If C is a self-adjoint operator,
formula (6.18), applied to the unitary group t — e~ € with generator —iC, yields

Ritie(C) = (C — (o +ie)]) ' = —i(—iC — (e —in)1) "
:i/me—(s—ix)te—itc dt.
0
Therefore, if x4 denotes the characteristic function of [0, c0), we have
Ritie(B) = Ritie(A) =i f ey () (e — e ) dr.
R

As above, the integral can be considered with respect to the trace norm. Taking the
traces of both sides and interchanging integral and trace, we obtain

Tr[Ry+is (B) — Rytis(A)] = i/ eime_”er(t)Tr[e_itB - e_i'A] dt.
R

This shows that A — (271)_1/2 Tr[R)+is (B) - R)»Jriﬁ(A)] is the inverse Fourier
transform of the function ¢ — ie = x4 (t)Tr[e 8 — =147 from L'(R) N L2(R).
By the formula (C.2) for the inverse Fourier transform we have

ie " Tr[e ™8 — 4] = 2m) ! f ¢ 7T Rypie (B) — Ryyie (A)] d1
R

for t > 0. Inserting formula (9.28) for z = A + ie on the right-hand side, we get

ie™®" Tr[e "8 — 714 = —2m) ! / et ( f E)(s — (A +ie) ds) db.
R R

Since & € L' (R), by Fubini’s Theorem B.5 we can interchange the order of integra-
tions. Computing then the interior integral by the residue method, we derive

/ e (s — (A +i8)) T dr = —2mre e,
R

Inserting the latter into the preceding formula and dividing by ie”®', we obtain the
trace formula for the function f;(L) = e™* when ¢ > 0. Passing to the complex

conjugates on both sides, we obtain the corresponding formula for # < 0. g
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Let W1 (R) denote the set of all functions f on R of the form

f) :=c+/(e*“—1)if1du(t), 1 eR, (9.62)
R

where ¢ € C, and p is a (finite) complex regular Borel measure on R. That is, W1 (R)
is the set of functions f € C!(R) for which there exists a (finite) complex regular
Borel measure ¢ on R such that

') = / e du), reR. (9.63)
R

The equivalence of both descriptions is easily shown by writing x as a combination
of finite positive measures and interchanging differentiation and integration in (9.62)
by using Lebesgue’s dominated convergence theorem (Theorem B.1).

Theorem 9.27 Let f € W (R). Then the operator f(B) — f(A) is of trace class
and Krein’s trace formula (9.58) is satisfied for f. Moreover, if (9.62) holds, then

|£(B) = f(A)], < Iul®)DI|1. 9.64)
where ||| is the total variation of u (see, e.g., (B.2) in Appendix B).

Proof We can assume without loss of generality that u is a finite positive measure.
Then functional calculus and integration in (9.62) can be interchanged, so that

f(B)—fKA)=i/(eq”g—e’”Aﬁf4du(n. 9.65)
R

From formula (9.59) it follows that r — ™18 — ¢~i4 i a continuous map of R into

the Banach space (B1(H), || - ||1). Hence, the integral (9.65) converges also in the
trace norm, and the operator f(B) — f(A) is of trace class. By (9.59) we obtain
|78 =, = [ e = e~ dneo
R
< / I1Dl1dp(t) = n@®)ID]:.
R

Further, using first (9.65), then the trace formula (9.58) for f;(A) = e itk (by
Lemma 9.26), and finally (9.63), we derive

Tr[f(B) — f(A)] :/RTr[e—ifB — e it~ du(r)

= f < f £ (—ite™ ™) dk)it_ldu(t)
R R

=/E(?»)(f e_“du(t)>dx
R R

=fsmfuwx
R
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Since £ € L' (R) and £ (R) < 00, by Fubini’s Theorem B.5 the change of integration
order in the line before last is justified. This proves that the trace formula (9.58) is
valid for the function f. O

The class Wi (R) of functions for which the trace formula (9.58) holds is rather
large. Clearly, Wi (R) contains the Schwartz space S(R). Indeed, if f € S(R), the
inverse Fourier transform F~'(f’) of f” isin L' (R), and (9.63) holds for the com-
plex regular Borel measure u given by dju(h) = 7)) 2F=1(f) (L) dA.

Taking the measures u = 8pg, 4 = —isds for s € R, and du(t) = %e"” dt in
(9.63), we obtain the functions f(1) = A, fy(A) = e *, and f(A) = arctan A, re-
spectively, belonging to the class Wi (R).

The above assumption that the operator D = B — A is of trace class does not
cover all interesting cases. For instance, if T is a symmetric operator with finite
deficiency indices and A and B are self-adjoint extensions of 7', this assumption is
not fulfilled in general, but the difference of the resolvents of A and B is a finite
rank operator and hence of trace class. This suggests the following definition.

Definition 9.4 Two self-adjoint operators A and B on H are called resolvent
comparable if the difference R,(B) — R;(A) of resolvents is of trace class for one
(and hence for all) z € p(A) N p(B).

The following fundamental result is due Krein [Kr5]; proofs can be found in
[Kr6, BY], and [Yf, Chap. 8, § 7].

Theorem 9.28 Let A and B be resolvent comparable self-adjoint operators on
a Hilbert space H. Then there exists a real-valued function & on R such that
(1 + 22~ 1e() € LY(R), and formula (9.28) holds for all z € p(A) N p(B). This
function & is uniquely determined up to an additive constant by these properties. It
can be derived from the generalized perturbation determinant Ag /B> that is, there
is a real constant c such that

EN) =x! argZB/A(A +10) + ¢ =1 limOZB/A()» +ige)+c a.e. onR.
e—>+

Here Ay,p is defined by Ap/B(2) = ARZO(B)/RZO(A)@)’ where ¢ = (z — ZO)_I
for some fixed zg € p(A) N p(B). If another such number zg isNChosen, ZA/B (z) is
multiplied by a constant, and hence a constant is added to arg Ag,4 (A +i0).

In Theorem 9.21 the spectral shift from Theorem 9.12 was defined for trace class
perturbations. Likewise Theorem 9.6 extends to trace class perturbations as well.

The assertions of the following theorem under assumptions (i) and (ii) are called
the Kato—Rosenblum theorem and Kuroda—Birman theorem, respectively.

Theorem 9.29 Let A and B be self-adjoint operators on H. Suppose that one of
the following assumptions is fulfilled:
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(1) There is a trace class operator D on H such that B= A + D.
(i) (B—zI)"'— (A —zI)~ ' is of trace class for one (hence all) z € p(A) N p(B).

Then the absolutely continuous parts Ayc and By of A and B, respectively, are
unitarily equivalent. In particular, 0,c(A) = 0ac(B).

Theorem 9.29 is usually proved in scattering theory, where the unitary equiva-
lence of Ay and By is provided by means of the wave operators §21.(A, B). We do
not carry out the proof and refer to [RS3, Theorems XI.8 and XI.9].

Let P,c(A) and P,.(B) be the orthogonal projections of A onto the absolutely
continuous subspaces Hac(A) and H,c(B), respectively, and define

D(R+(4,B) =[x eH: lim e po(B)x exists),
t—+oo
Q+(A, B)x = lim e B P (B)x, xeD(2+(A, B)).

Then, under the assumptions of Theorem 9.29, U := 21 (A, B) | Pyc(B) is an iso-
metric linear operator of Py (B)H onto P,.(A)H, and we have A,c = U B, U™,

9.8 Exercises

1. Let A be a self-adjoint operator. Show that the operator A. has no eigenvalue.

2. Find a self-adjoint operator A such that o (A.) contains an eigenvalue of A.
Hint: Consider a multiplication operator on some measure space.

3. Define (Af)(t) = " f(t), n € N, on L%, 1) and (Bf)(t) = t>f(t) on
L2(—1, 1). Prove (without using the result of Example 9.2) that the self-adjoint
operators A and B are purely absolutely continuous.

4. Use formula (9.3) to describe the subspaces H,(Ay), Hsing(Ag), Hsc(Agp),
and H,(Ay) for the self-adjoint operator A, in Example 9.2.

5. Replace in Example 9.4 the point measure 8. by a finite sum ) j dc; of point
measures SCJ., where ¢; € (a, b), and determine the three parts of the spectrum.

6. Let A be a self-adjoint operator, and D a self-adjoint finite rank operator on
H. Prove that 0,c(A + D) = 0ac(A).

Hint: Decompose D as a sum of rank one operators and apply Theorem 9.6.
*7. Suppose that T € B () and define D7(z) :=det( + zT) for z € C.
a. Prove that D7 (z) is an entire function satisfying | D7 (z)| < elITlZl 7z e C.
b. Let z € C, 70, and let C, be a smooth curve in C from 0 to z such that
—xa(T)~! ¢ C, for all nonzero A, (T). Prove that

DT(z)zeXp(/ TrT(I+§T)_1d§>. (9.66)
C:
Hint: Show that D7 (2) ' £ Dy (z) = Tr T(I +2T)~" when —z~! € p(T).

*8. Prove the continuity of det(/ + T') in the | - ||;-norm, that is, for any ¢ > 0,
there exists § > 0 such that |det(/ +T) — det(I + S)| < & when |T — S| < 4.
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Hints: First note that det(/ + T') = Dr(1). Verify the inequality
IT+¢T)y™ =sT+e)™, < [T +¢H T =S| +¢D)7!

and use it to show that

JI(T,S) := / T[T +¢T) = SU+¢8)']de

Ci

is small when ||T" — S]|; is small. Then apply (9.66) with z = 1 and write
det(/ + T) — det(I + S) = (det(/ + T))(1 — EJ(T,S)).

9. Let A be a self-adjoint operator on H. Let D and D be self-adjoint trace class
operators on H.Set B=A+ D and By = A+ D;.
a. Prove that £(-; B, A) = —£&(-; A, B) a.e. on R.
b. Prove that £(-; By, B) + &(-; B, A) =&(-; B1, A) a.e.on R.
c. Prove that |£(; Bi, A) — (5 B, A)ll i) < I1D1 = Dll1.
d. Prove that Dy > D implies that £(-; By, A) > &(-; B, A) a.e.on R.
Hints: Use (9.44) for a., (9.42) for b., (9.53) and b. for c., and Corollary 9.23
for d.
10. Compute the spectral shift in Example 9.9 in the case « < 0.

9.9 Notes to Part IV

Chapter 8:

The Kato—Rellich theorem 8.5 was proved by Rellich [Re]. Its applications to
Schrodinger operators by Kato [K1] were a milestone in mathematical physics.
Proposition 8.6 was proved by Wiist [Wt], and Proposition 8.10 is a special case
of a result due to Strichartz [Str]. The invariance of the essential spectrum under
compact perturbations was discovered by Weyl [W1].

Chapter 9:

The Aronszajn—-Donoghue theory was developed in [Ar] and [Dn2]; see, e.g.,
[AD, Sm3, SW] for further developments.

Standard references for infinite determinants are [GK, Sm1, Sm2], [RS4, Theo-
rem XIII.17], and [GGK].

The notion of a spectral shift was invented at a formal level by the theoretical
physicist Lifshits [Lf]. The mathematical theory of the spectral shift is due to Krein
[Kr4, Kr5]. A very readable exposition is given in Krein’s lectures [Kr6]. An ex-
cellent presentation of the theory can be found in Chap. 8 of the monograph [Yf].
A nice survey and essay around the spectral shift is [BY]. The papers [Kr5, Yf], and
[BY] treat the case of resolvent comparable self-adjoint operators in detail. There is
now an extensive literature about the spectral shift and its applications. We mention
only a few important papers such as [BK, BP, GMN, Kp, Sm2].
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Chapter 10
Semibounded Forms and Self-adjoint Operators

This chapter and the next are concerned with operators associated with forms and
with the interplay between forms and operators. Forms are basic tools for the def-
inition and the study of semibounded self-adjoint operators and of m-sectorial op-
erators. Often forms are easier to define and to deal with than operators, and form
domains are less sensitive and larger than operator domains.

In Sect. 10.2 basic concepts on forms are introduced. In Sect. 10.2 a one-to-one
correspondence between lower semibounded self-adjoint operators and lower semi-
bounded densely defined closed forms is established and studied in detail. Abstract
boundary problems and variational problems are investigated in this context. Sec-
tion 10.3 is devoted to the order relation of lower semibounded operators defined by
forms, while Sect. 10.4 deals with the Friedrichs extension of a lower semibounded
densely defined symmetric operator. Examples of differential operators defined by
forms are developed in Sects. 10.5 and 10.6. Section 10.7 is concerned with form
perturbations and form sums of lower semibounded self-adjoint operators. Form
sums allow one to treat Schrodinger operators having more singular potentials.

10.1 Closed and Closable Lower Semibounded Forms

Let us begin with a number of general notions and operations with forms.

Definition 10.1 A sesquilinear form (or briefly, a form) on a linear subspace D(t)
of a Hilbert space H is a mapping t[-,-] : D(t) x D(t) — C such that

tlax + By, z] = atx, z] + Btly, zl, tlz, ax + Byl = @t[z1x] + Btlz, y]
for o, B € C and x, y, z € D(t). The subspace D(t) is called the domain of t.

The quadratic form (-] : D(t) — C associated with a form t is defined by
t[x] ;= t[x, x]. (10.1)
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The sesquilinear form can be always uniquely recovered from its quadratic form by
the polarization identity

4t[x, y]
=t[x +y]l —tlx — yl+itlx +iy] —it[x —iy], x,yeD®). (10.2)
If s and t are forms on H and « € C, the sum s + t and the scalar multiple os are
s+ 9[x,yl=slx,y]+tx,y], x,yeD(+1t:=D(s)ND®),
(as)[x, y] =as[x, y], x,y € D(as) :=D(s).
We denote by « the form «(-,-). In particular, t + « is the form given by
t+a)x, yl:=tx, y]+alx,y), x,yeD{E+a)=D().
A form tis called symmetric, or Hermitian, if
tlx, y]=t[y,x] forx,yeD(®).
A symmetric form t is called lower semibounded if there is an m € R such that
tlx]>m|x||> forx € D).

In this case we write t > m and call m a lower bound for t. The largest lower bound
of t is denoted by my and given by the infimum of t[x]||x||~> over all nonzero
x € D(t). The form tis said to be positive if t > 0, that is, if t{x] > O for all x € D(t).

In the rest of this section we assume that t is a lower semibounded symmetric
form. Let m be a lower bound of t. Since t > m, the equation

(r, )e:=tx,y]+ A —m)x,y), x,yeD(), (10.3)

defines a scalar product (-,-)¢ on D(t), and the corresponding norm

1/2 1/2
lxlle=rx) % = (Hx+ A —m)lx)?)2 xeD®, (104
satisfies || - [|¢ > || - || on D(t). From the Cauchy—Schwarz inequality, applied to the
positive form t — m, and the relation || - || < || - ||¢ we easily derive that
|thx, y1| < (L+Iml)Ixlleliylle.  x.y € D(®. (10.5)

That is, t is a bounded form on the pre-Hilbert space (D(t), (-,-)¢)-
The following definition contains three basic concepts.

Definition 10.2 Let t be a lower semibounded form. We say that t is closed if
(D), || - lv) is complete, that is, if (D(t), (-,-)¢) is a Hilbert space, and that t is
closable if there exists a closed lower semibounded form which is an extension of t.
A linear subspace D of D(%) is called a core of tif D is dense in (D(b), || - ||¢).

Obviously, these notions do not depend on the particular lower bound m of t
appearing in (10.3), because another lower bound yields an equivalent norm || - ||¢.

In applications to differential operators the space (D(t), | - ||+) is often a Sobolev
space with some equivalent norm. In this case the form is closed, because Sobolev
spaces are complete.
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The following two propositions collect various characterizations of closedness
and closability of a lower semibounded form. They can be considered as counter—
parts of Propositions 1.4 and 1.5 for forms.

Recall that a function f : X — R U {+00} on a metric space X is called lower
semicontinuous if for each convergent sequence (x,),eN in X, we have

f( lim xn) < lim inf f(xp). (10.6)
n—oo n—oo
An equivalent requirement is that the inverse image f~!((a, +00]) of each interval
(a,+oc], a € R, is open in X. From (10.6) it follows at once that the pointwise
supremum of any set of lower semicontinuous functions is again lower semicontin-
uous. Hence, monotone limits of continuous functions are lower semicontinuous.

We now extend the quadratic form t to a mapping t' : H — R U {400} by setting

t[x] = t[x] if x is in D(t) and t'[x] = +o0 if x is not in D(t).

Proposition 10.1 The following four conditions are equivalent:

(i) tis closed.
(1) If (xp)neN is a sequence from D(t) such that lim,_, o x,, = x in ‘H for some
x € H and limy, j— o0 tlx, —xx] =0, then x € D(t) and lim,— o t{x, —x] =0.
(iii) t' is a lower semicontinuous function on H.
(iv) If (xp)nen is a sequence from D(t) such that lim,_, » x,, = x in ‘H for some
x € H and the set {t{x,] : n € N} is bounded, then we have x € D(t) and
t{x] <liminf,_ o t[x,].

Proof (i) <> (ii): Since Cauchy sequences in (D(t), || - ||¢) converge in H, (ii) is only
a formulation of the fact that each Cauchy sequence of (D(%), || - ||¢) converges.

(iii) — (iv): Let (x,) be a sequence as in (iv). Then t'[x] < liminft[x,] by the
lower semicontinuity of t'. Since the set {t[x,] : n € N} is bounded, t'[x] < oo, and
hence x € D(t).

(iv) — (ii): Let (x,) be a sequence as in (ii). Then (x,) is a Cauchy sequence in
(D@, |l - llt). Hence, the set {||x,]¢} is bounded. By (ii), given ¢ > 0, there exists
n(e) such that t[x;y — x,] < € for n,k > n(e). Fix k > n(¢) and consider the se-
quence (x;, := Xk — Xn)nen- Since t{x,] < [|lxll¢ < llxkll¢ + thxn] + (1 — m) [|x,||?
and lim,, x,, = x; — x, this sequence also satisfies the conditions in (iv). Therefore,
by (iv) we obtain x;y — x € D(t) and t[x; — x] < liminf,,_, o, t{xy — x,] < &. This
proves that x € D(t) and limg t[x; — x] =0.

The implication (i) — (iii) will be proved after Theorem 10.7 below. O

Corollary 10.2 The sum of finitely many lower semibounded closed forms of H is
also closed.

Proof The sum of finitely many lower semicontinuous functions is obviously lower
semicontinuous, so the assertion follows from Proposition 10.1, (i) < (iii). O
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Let H; denote the Hilbert space obtained by completing the pre-Hilbert space
(D®), (-,-)¢). Since the embedding map (D(t), || - ||1) — (H, || - ||) is continuous, it
has a unique extension Z¢ to a continuous linear mapping from 7 into H.

Proposition 10.3 The following statements are equivalent:

(i) tisclosable.
(i1) For any sequence (xp)neN of vectors x,, € D(t) such that lim, s x, =0in H
and limy, k0o t{x, — xx] =0, we have lim,_ o t[x,] = 0.
(iii) Z¢: Hy — H is injective.

Proof (i) — (ii): Since t is closable, it has a closed extension s. Let m be a lower
bound for s. Then ||-||¢ = ||-||s on D(t). Let (x,) be a sequence as in (ii). By (10.4),
(x,) is a Cauchy sequence in (D(t), |- ||+) and so in (D(s), | - ||s). Since s is closed,
there exists x € D(s) such that lim, ||x, — x||s = 0. Then lim, ||x, — x|| =0, and
hence x = 0, because lim, x, = 0 in H. From lim, ||x,||¢ = lim, ||x,]ls = 0 we
obtain lim,, t[x,,] = 0.

(if) — (iii): Let x € N'(Zy). Then there is a sequence (x,) from D(t) such that
lim, x, = x in H¢ and lim, x,, = lim,, Z¢(x,) = Z¢(x) = 0 in H. Because (x,) is a
Cauchy sequence in Hy¢, lim, x t[x, — xx] = 0. Hence, lim, t[x,] = 0 by (ii). This
and the fact that lim,, x, = 0 in ‘H imply that lim,, x,, = 0 in H¢. Therefore, x = 0.

(iii) — (i): Since Z; is injective, we can identify x € H and Z¢(x) € H. Then H
becomes a linear subspace of  which contains D(t). By (10.5), t is bounded on
D(1), so it extends by continuity to a lower semibounded form, denoted by t, on Hy.
The scalar product of H¢ and (:,-)7 are both continuous extensions of the scalar
product of D(t), so they coincide. Hence, t is closed, because H is complete.  [J

The form t in the preceding proof is called the closure of the closable form t.

By construction, t is the smallest closed extension of t. The domain D(t) consists
of all vectors x € H which are limits in H (!) of a Cauchy sequence (x;),eN In
(D®), || - lv), that is, x € H is in D(t) if and only if there is a sequence (x,)neN
from D(t) such that lim,_, 5 X, = x in H and lim, k- oo t[x, — xx] = 0. If (x,,) and
(yn) are such sequences for x and y in D(%), respectively, then

tlx, yl = lim t[x,, y,].
n—oo
The latter implies in particular that t and t have the same greatest lower bounds.

Example 10.1 (Nonclosable forms) Let a,b € R, a < b, ¢ € [a,b], and H =
L?(a, b). Define positive forms by

tLf gl=f)go),

blf.g1={/.8) + f(©g(©). f.g€D(tr)=Dl(tr) =C(la.b]).

For any « € C, there is a sequence ( f;;)nen from D(t) = D(t,) such f,(c) = « for
all n € N and lim,, f, =0 in . Then t;[ f,] = |«|? and lim,, t2[ f,] = |«|?. Hence,
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both forms t| and ty are not closable by Proposition 10.3 (i) <> (iii). It is not difficult
to see that ’Htj =HeC andItJ.(f,a) =ffor feH,aeC, j=1,2.
However, the positive form t3 defined by

t(f, gl=(f". &)+ f(©gl). f geD(ts):=H(a,b),

is closed. Indeed, by Lemma 1.12, the functional f — f(c) is continuous on the
Sobolev space H'(a, b). Hence, the form norm || - ll¢; is equivalent to the norm of
H'(a,b). Since H!(a, b) is complete, t3 is closed. o

10.2 Semibounded Closed Forms and Self-adjoint Operators

In this section we assume that A is a self-adjoint operator on ‘H. Let E 4 denote its
spectral measure. First, we associate a form t4 with A. Define

D(ta) = D[A] ::D(|A|1/2):{xe7{:/ |A|d<EA(A)x,x)<oo}, (10.7)
R

tA[x,y]EA[x,y]:/Xd(EA(A)x,y) for x, y € D(ty). (10.8)
R

(By the definition of D[A] the existence of the integral (10.8) follows at once from
formula (4.19) in Lemma 4.8 applied with f (1) = [A|Y/2 and g(1) = F (1) sign\.)
It is easily seen that t4 is a densely defined symmetric form on H.

Definition 10.3 We call t4 the form associated with the self-adjoint operator A and
D[ A] the form domain of A.

It should be emphasized that “squared brackets” as in D[A] and A[-,-] always
refer to the form domain of A and the form associated with A, respectively.

Note that D(A) = D(|A|) € D(|A|'/?) = D[A]. If the operator A is unbounded,
the form domain D[A] is strictly larger than the domain D(A) of the operator A.

The next proposition gives a description of t4 avoiding the use of the spectral
representation and shows how the operator A can be recovered from its form t4.

Proposition 10.4

(1) Alx,y] = (UalA|"2x,|A|Y2y) for x,y € D[A], where Uy is the partial
isometry from the polar decomposition A = Ux|A| of A.

(i1) D(A) is the set of all x € D[ A] for which there exists a vector u € ‘H such that
Alx, yl = (u,y) for all y € D[A]. If this holds, then u = Ax, and hence

Alx,y]l=(Ax,y) forallx € D(A) and y € DI[A]. (10.9)
(iii) A is lower semibounded if and only if t4 is lower semibounded. In this case

ma=my, =inf{i:1eo(A)}. (10.10)
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Proof (i): Set f()) :=sign and g(A) := |A|!/2. Then we have f(A) = U, and
g(A) = |A|'/2 (see, e.g., Example 7.1). If x, y € D[A], then x € D((fg)(A)) and
y € D(g(A)), so formula (4.32) in Proposition 4.15 applies, and we compute

Alx, yl= / Ad(Ea(Mx,y) = / (fe) Mg d(Ea(M)x, y)

=((fo)(A)x, g(A)y) = (f(A)g(A)x, g(A)y) = (UalAI"2x,|A]'2y).

(ii): Let x € D(A) and y € D[A]. Being functions of A, the operators U4 and
|A|1/2 commute and UA|A|1/2x € D(|A|l/2) by the functional calculus. Using the
self-adjointness of |A|Y/2, the polar decomposition A = Ux|A|, and (i), we obtain

Alx, 1= (UalAI"?x, |AI"2y) = (| A2 U4 A Px, y)
=(UalAI"?A]2x, y) = (Ax, y).

Conversely, assume that for xeD[A], there exists a vector u € H such that
(UalAIV?x,|AIV?y) = Alx, y] = (u,y) for all y € D[A] = D(|A|'/?). Since
|A|1/2 is self-adjoint, we get u = |A|V2U4|A|'/2x = U4 |A|'V/?| AV ?2x = Ax.

(iii): Since o (A) = supp E 4 by Proposition 5.10, m := info (A) = infsupp E4.
Hence, A > mlI and t4 > m by (10.8), so that m4 > m and m¢, > m.

Let o > m. Since m = infsupp E 4, there is a unit vector x € E4([m, a])H. Then
(Ax,x) <o and t4[x] <a by (10.8), soms <m and m¢, <m. O

The next two propositions relate properties of forms to properties of operators.

Proposition 10.5 Let A > ml be a lower semibounded self-adjoint operator.
(i) Forx,y e D[Al=D(A —mI)'/?), we have
Alx, Y1 ={(A = mDY?x, (A —mD"2y) + m(x, y). 10.11)

(i1) t4 is a (lower semibounded) closed form.

(iii) A linear subspace of D[A] is a core for the form tu if and only if it is a core
for the operator (A —mI)/2.

@iv) D(A) is a core for the form t4.

(v) Let D be a core of ta. If B is a linear operator such that D(B) € D[A] and
Alx,y] = (Bx,y) forall x e D(B) and y € D, then B C A.

Proof (i): Clearly, D[A] = D(|A|'/?) = D(|A —mI|'/?) by (4.26). Since A >m - I,
we have A = fnfo AdE 4(A). Therefore, using (10.7) and (4.32), we derive

o0

Alx,y] —m(x,y) = / (A —m)d(Ex(W)x,y)=((A —mD"x, (A —mI)"/?y).

m
(ii) and (iii): From (i) we conclude that the graph norm || - || 4_,, y1/2 (defined by
(1.4)) and the form norm | - ||¢, (defined by (10.4)) are equivalent on the domain
D((A —mI)'/?) = D[A]. Hence, since the operator (A —mI)!/? is closed, the form
t4 is closed, and the operator (A — m [ )1/ 2 and the form t4 have the same cores.
(iv) follows from (iii), since D(A) is a core for (A — mlI Y172 by Corollary 4.14.
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(v): Since the form t4 and the scalar product of H are || - ||¢,-continuous and
D is || - ll¢,-dense in D[A], the equality A[x, y] = (Bx,y), x € D(B), extends by
continuity to all y € D[A]. Now Proposition 10.4(ii) yields Bx = Ax for x € D(B).
Thatis, B C A. O

If the self-adjoint operator A is positive, then by Proposition 10.5(i),
talx, y1=Alx, y] =(A"2x, AY2y) for x,y € D[A] =D(A'?). (10.12)

For positive operators A, we may take (10.12) as the definition of the form tg4.
In this case most proofs are essentially shorter; in particular, the use of the polar
decomposition and of formula (4.32) can be avoided in the preceding proofs.

The following proposition is similar to Proposition 5.12.

Proposition 10.6 Suppose that A is a lower semibounded self-adjoint operator and
m < my. Then the following assertions are equivalent:

(1) The embedding map Ly, : (D[A] || - llt,) = (H, |l - II) is compact.
(i) (A—mID)~V?%is compact.
(iii) The resolvent R) (A) is compact for one, hence for all, . € p(A).
(iv) A has a purely discrete spectrum.

Proof Note that ||(A — mI)!/2x|| > (m4 — m)!/?||x|| by the functional calculus.
Hence, it follows from (10.11) that || - [|{,:=I[(A — mI)"/? . || defines a norm on
D[A] = D((A — mI)Y/?) which is equivalent to the form norm || - ||¢,. Then we
have ||(A — ml)’1/2y||’tA = ||y| for y € H. The equivalence of (i) and (ii) will be
derived from the two preceding norm equalities.

(i) — (ii): Let M be a bounded subset of 7. Then (A —mI)~'/2M is bounded
in D[A] by the second equality and hence relatively compact in H, because Ty, is
compact by (i). This shows that (A — mIl)~1/2 s compact.

(i) = (i): Let N be a bounded setin D[A]. Then M = (A —mI)'/2N is bounded
in 7 by the first equality. Since (A —m1)~'/? is compact, N = (A —mI)~ /> M is
compact in H. This proves that Z¢, is compact.

(ii) <> (iii): The bounded self-adjoint operator (A — m )~ "/~ is compact if and
only if its square R, (A) = (A —mI)~' = ((A — mI)~'/?)? is compact. By the
resolvent identity (2.5), the latter implies that R (A) is compact for all A € p(A).

The equivalence of (iii) and (iv) was already contained in Proposition 5.12. [J

1/2

Now we proceed in reverse order by associating an operator with an arbitrary
densely defined form.

Definition 10.4 Let t be a densely defined form on H. The operator Ay associated
with the form t is defined by A¢x :=u, for x € D(A¢), where

D(Ay) = {x € D(b) : There exists u, € H such that t[x, y] = (uy, y) for y € D(t)}.
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Since D(t) is dense in H, the vector u, is uniquely determined by x, and the
operator Ay is therefore well defined and linear. By Definition 10.4, D(A¢) € D(b),
and

tx,y]=(Awx,y) forx e D(A¢) and y € D(b). (10.13)

Clearly, we have A¢y) = Ay + Al forany 1 € C.

The above definition is suggested by Proposition 10.4(ii) which says that each
self-adjoint operator A is just the operator A¢,) associated with its form t,4.

The following representation theorem is the main result of this section.

Theorem 10.7 (Representation theorem for semibounded forms) If t is a densely
defined lower semibounded closed form on ‘H, then the operator Ay is self-adjoint,
and t is equal to the form t(4,) associated with Ay.

Proof Since A4y = A¢+ Al for A € R, we can assume that t > 1. Then we can set
m = 11in (10.3), so we have (-, -}¢ = t[-,-].

First, we prove that R(A¢) = H. Let u € H. Since || - || < || - ||+, the mapping
y — (y,u) is a continuous linear functional on (D(%), (-,-)¢). Because t is closed,
(D), (-,-)¢) is a Hilbert space, so by Riesz’ theorem there exists a vector x € D(t)
such that (y, u) = (y, x)¢ for y € D(t). That is, t[x, y] = (u, y) for y € D(t). From
Definition 10.4 it follows that x € D(A¢) and A¢(x) = u. Thus, R(A¢) =H.

Because the form t is symmetric, the operator Ay is symmetric by (10.13). Since
R(A¢y) =H, A is self-adjoint by Corollary 3.12.

Next, we show that D(Ay¢) is dense in the Hilbert space (D(t), (-,-)t). Suppose
that y € D(t) is orthogonal to D(Ay) in (D®), (-,-)¢). Since R(A¢) = H, there is
a vector x € D(A¢) such that A¢x = y. Using formula (10.13), we obtain (y, y) =
(Awx,y) =t[x, y] = (x, y)¢t =0. Hence, y =0, so D(Ay) is dense in (D(t), (-,-)¢).

By (10.13) we have A¢ > I. Hence, s := t(4,) is a lower semibounded
closed form by Proposition 10.5(ii). From (10.13) and (10.9) we obtain t[x, y] =
(Aex, y) = s[x, y], and so (x, y)¢ = (x,y)s for x,y € D(A¢). Recall that D(Ay¢)
is dense in (D(%), (-,-)¢+) as shown in the preceding paragraph. Since s is the form
associated with A¢, D(Ay) is dense in (D(s), (-,-)s) by Proposition 10.5(iv). Hence,
it follows that (D(1), (-,-)¢) = (D(9), (-,)s) and t = 5. That is, t = t(4,). O

The next corollary follows by combining Proposition 10.4 and Theorem 10.7.
Corollary 10.8 The mapping A — t4 is a bijection of the set of lower semibounded
self-adjoint operators on a Hilbert space H on the set of densely defined lower

semibounded closed forms on H. The inverse of this mapping is given by t — Ax.

Having the form representation theorem (Theorem 10.7), it is now easy to pro-
vide the missing

Proof of Proposition 10.1 (i) — (iii). Upon replacing H by the closure of D(t)
we can assume that t is densely defined. Since t is lower semibounded and closed
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by (i), A¢ is a lower semibounded self-adjoint operator by Theorem 10.7. Let Ay =
[ AdE(}) be its spectral decomposition and set A(n) = fr;"Jr" AdEL), n €N,
n > m. Then t' is the limit of the monotone sequence of continuous quadratic forms
ta) on H. Hence, t' is lower semicontinuous. O

The following theorem deals with a variational problem associated with forms.

Theorem 10.9 Let t be a densely defined lower semibounded closed form on H,
and let A € R, . < my. For u € H, let J, denote the functional on D(t) defined by

Ju(x) = t{x] — Alx||> — 2Re(u, x), x € D). (10.14)

The (nonlinear) functional J, attains its minimum over D(t) at precisely one ele-
ment x,, € D(t), and we have x,, = (A¢ — )»I)’lu. The minimum of J, is

—((Ac =AD" u, ) = —thx, ] + Al || (10.15)

Proof Upon replacing t by t — X and A¢ by A¢ — Al we can assume without loss of
generality that A = 0. Since then t > m¢ > 0 and A¢ > m-I by Proposition 10.4(iii),
we have A,t_l € B(H). For x € D(t), we compute

[0 = A )P = (A (= A ). AP (= A7)

A ) = (4 P, A1)
(A A7) (A7 P, A )
=tx]— (u,x) — (x,u) + (At_lu, u> =J,(x)+ <At_1u, u)

From this equation it follows that J, attains its minimum at x if and only if

1A (x — A 'w)|| =0, that is, if x = x,, := A[ 'u. Further, this minimum is equal

_ 1/2
to —(A7 1, 1) = — (0, Apxy)= —[|A{ 2x, 2= —tlx,]. O

Suppose that t is a densely defined lower semibounded closed form on H and
A < my¢. Then A € p(A¢). We consider the following abstract boundary problem:
Given u € H, find x € D(%) such that

tx, y] —A{x,y) =(u,y) forally e D). (10.16)

By Definition 10.4, Eq. (10.16) holds if and only if x € D(A¢) and A¢x = Ax + u.
Since X € p(Ay), problem (10.16) has a unique solution x,, = (A¢ — D .
Theorem 10.9 states that this abstract boundary problem (10.16) is equivalent to
the following variational problem:
Given u € H, minimize the (nonlinear) functional

Ju(x) = t{x] — Allx||> — 2Re(u, x) forx € D(¥). (10.17)

Thus, both problems (10.16) and (10.17) are equivalent reformulations of the equa-
tion Ayx — Ax = u in terms of the form t, and they have the same unique solution

xu=(A¢— A
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That both problems (10.16) and (10.17) (and so their special cases considered
in Sect. 10.6 below) are uniquely solvable and that their solutions coincide follows
already from elementary Hilbert space theory without using the operator Ay.

Indeed, since A < my and t is closed, D(t) is a Hilbert space Dy with scalar
product (-, -)¢ := (t—A)[-, -] and norm |- |¢. Since the linear functional F,,(-) := (-, u)
is continuous on Dy, by Riesz’ theorem it is of the form (-, x;)¢ for some unique
vector x,, € D¢. This means that x,, is the unique solution of the boundary problem
(10.16). Further, we have

Ix —xulf = |xu ] + 1x17 — 2Re(x, x,)¢ = |xu |7 + (t — A)[x] — 2Re(x, u)
= |xulf + Ju(x).
Hence, the minimum of J, is attained at x,,, and it is —|x,|? = —t[x, ]+ Allxu ]I
That is, x;, is the unique solution of the variational problem (10.17).

10.3 Order Relations for Self-adjoint Operators
In this section we use forms to define an order relation > for self-adjoint operators.

Definition 10.5 Let A and B be symmetric operators on Hilbert spaces G and /C,
respectively, such that G is a subspace of K. We shall write A > B (and B < A) if
D(A) € D(B) and (Ax, x) > (Bx, x) for all x € D(A).

If A and B are self-adjoint operators, we write A > B (and B < A) if D[A] C
D[B] and A[x] > B[x] for all x € D[A].

Obviously, for bounded self-adjoint operators defined on the same Hilbert space
G = I, both relations > and > are the same.

If A is self-adjoint, it follows at once from Proposition 10.4(iii) that the relations
A>m-I and A > m-I are equivalent.

If A and B are positive self-adjoint operators, by (10.12) we have

A>B ifandonlyif D(A'?)<D(B'?)and
[a"2x] = [ BY%x], x e D(AT?).

Lemma 10.10 If A and B are lower semibounded self-adjoint operators, then:

(i) A> B ifandonlyif D(A) C D[B] and Aly] = B[y] forall y € D(A).
(ii) If A> B, then A > B.

Proof Upon adding a multiple of the identity we can assume that A > 0 and B > 0.
(i): Since D(A) C D[ A], the only if implication is trivial.
We prove the converse direction. From the above condition it follows that

|AY2y| = [B'2y| foryeD(A) < DIBI. (10.18)
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Let x € D(AY?). Since D(A) is a core for A2, there is a sequence (X,)neN
from D(A) such that lim, x,, = x and lim, A/?x, = A'/2x. Applying (10.18) to
y =X, — X, it follows that (Bl/2xn) is a Cauchy sequence. Since B1/2 is closed,
we have x € D(B'/?) and lim,, B'/%x,, = B1/2x. Setting y = x, in (10.18) and pass-
ing to the limit, we get ||A'/2x|| > || B!/?x|. This proves that A > B.

(ii): Since A > B, we have ||A'/2y||> = (Ay, y) > (By, y) = ||B'/?y]|]? for y in
D(A) CD(B) € D[B], that is, (10.18) holds. Hence, A > B by (i). O

For semibounded self-adjoint operators, the order relation > is finer and more
important than the relation >. We illustrate this by the following simple example.

Example 10.2 Let 7 be the set of self-adjoint extensions of a densely defined pos-
itive symmetric operator 7 on H.If A, B € T and A > B, then D(A) € D(B), and
hence A = B, because A and B are restrictions of 7*. That is, in the set T the re-
lation > is trivial, since A > B is equivalent to A = B. We shall see in Sects. 13.4
and 14.8 that the relation > is not trivial in 7! For instance, the Friedrichs extension
defined in the next section is the largest element of 7~ with respect to >.

The technical ingredient for our next results is the following lemma which relates
the form of a positive invertible self-adjoint operator to the form of its inverse.

Lemma 10.11 If T is a positive self-adjoint operator such that N'(T) = {0}, then

t7_ [x] = sup{|(x, WTI ™y eDITY, y#0} forxeH, (10.19)
where ) [x]:=T"'[x] if x e DIT '] and ¥, _,[x] :=+o0 if x ¢ DIT'].

Proof First, let us note that T~! is self-adjoint by Corollary 1.9, and D[T '] =
D(T~'/2), because (T ~1)!/2 = T=1/2 (see Exercise 5.9). Fix a nonzero x € H.
Let y e D[T]=D(T'/?), y #0.If x € D[T '], we have

e, P = (712, V2P < 7 2 P T 2y P = L DT,
(10.20)

Inequality (10.20) holds trivially if x ¢ D[T '], because then i;/T_1 [x] = 400 and
T[y]l=T'?y||? # 0 by the assumption N (T) = {0}.

Put E, := Er((n~',n)) for n € N, where E7 is the spectral measure of 7.
Then E,x € D(T™"). Setting y, := T~ 'E,x, we have T[y,] = ||T~/?E,x|? and
[(x, y) 12 = |IT~Y2E,x||*. Since x # 0, T[y,] # 0 for large n, and hence

2 _ _ 2
[ yn) | Tyl ™ = |[T7V2Eux|” /¢, [x] asn—oo.  (10.21)
Equality (10.19) follows by combining (10.20) and (10.21). O

Corollary 10.12 Let A and B be self-adjoint operators on H such that A > B >0
and N (B) = {0}. Then we have N'(A) = {0} and B~ > A=,
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Proof Let x € N'(A). Then, 0 = (Ax, x) = |AY2x||? > || B/2x]2, so that we have
x € N(BY?) € N'(B), and therefore x = 0. Thus, N'(A) = {0}.

By formula (10.19), the relation A > B implies that D[B~'1 € D[A™'] and
B~ ![x]> A~ [x] forx e D[B~!], thatis, B~! > A~ 4

The following corollary characterizes the order relation A > B in terms of the
usual order relation for bounded self-adjoint operators of the resolvents.

Corollary 10.13 Let A and B be lower semibounded self-adjoint operators on a
Hilbert space H, and let . e R, A <m gy, and . <mp. Then . € p(A) N p(B), and
the relation A > B holds if and only if (B —A1)~' > (A — A~ L.

Proof By Proposition 10.4(iii), we have A € p(A) N p(B). Since tag_ 7 =t4 — A
and tgp_,; = tp — A, the relation A > B is equivalent to A — Al > B — AI. Hence,
we can assume without loss of generality that A = 0. Then we have A > B > 0 and
0 € p(A)N p(B), so by Corollary 10.12, A > B is equivalent to B~1>A"1 O

Theorem 10.9 provides an elegant proof for the only if part in Corollary 10.13.
Indeed, let JA and J2 denote the functional from Theorem 10.9 for t4 resp. tg. If
A > B, we have J > J B by Definition 10.5, and hence by Theorem 10.9,

—((A =D u,u)=minJ} > min JP = —((B — 2D u, u)
for arbitrary u € 4, so that (B — Al)~' > (A —AI)~L.

The following assertion is usually called the Heinz inequality.

Proposition 10.14 Let A and B be self-adjoint operators on H. If A > B > 0, then
A% > B* forany a € (0, 1).

Proof Let T be a positive self-adjoint operator. By Proposition 5.16 we have
) oo
|7/ x| ==~ sinna/ T NT(T + D)7 x, x)dt (10.22)
0

for x € D(T*/?) and a vector x € H is in D(T*/?) if and only and if the integral in
(10.22) is finite.
Since A > B > 0, for any ¢ > 0, we have by Corollary 10.13,

AA+tD ' =TI —t(A+tDh ' >T—t(B+tI) ' =BB+:tI)~\.

Therefore, by the preceding result, applied to T = A and T = B, we conclude that
D(A%?) € D(B*/?) and || A%%x]|| > || B*/?x| for x € D(A*/?). By Definition 10.5
the latter means that A% > BY. O

Example 10.3 (A > B > 0 does not imply A2 > BZ) For the operators A and B on
the Hilbert space C? given by the matrices

2 1 1 0
A:(1 1) and B=<0 0),
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it is obvious that A > B > 0, but A2 * B2, since

2 p2_ 4 3
A B_(3 2).

It can be even shown that A ¥ B for each @ > 1. o

Proposition 10.14 is a result from the theory of operator monotone functions.
Detailed treatments of this theory can be found in [Dnl1] and [Ao].

Recall that a Nevanlinna function is a holomorphic function f on the upper half-
plane C, with nonnegative imaginary part (see Appendix F). By Theorem F.1 a
function f on C, is a Nevanlinna function if and only if there are a finite positive
regular Borel measure © on R and numbers a € R and b > 0 such that
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f(z)=a+bz+/R du(t) (10.23)
for z € C4. The measure p and the numbers a, b are uniquely determined by f.

Let J be an open interval on R. A measurable function f on 7 is called operator
monotone on J if f(A) < f(B) for all self-adjoint operators A and B on a Hilbert
space ‘H such that 0 (A) € J, 0(B) € J, and A < B. (In fact it suffices to assume
this for Hermitian matrices A and B of arbitrary size with eigenvalues in 7.)

A complete characterization of operator monotone functions is given by the fol-
lowing result which is Lowner’s theorem [L0]; see [Dnl, pp. 26 and 85] for a proof.

Theorem 10.15 A function f on an open interval J is operator monotone on J
if and only if there are numbers a € R, b > 0, and a finite positive regular Borel
measure ju on R satisfying u(J) = 0 such that f(z) is given by (10.23) for z € J .

Since n(J) = 0, the holomorphic function f on C, given by (10.23) admits
then an analytic continuation across the interval 7 into the lower half-plane.

Theorem 10.15 implies in particular that for each operator monotone function
on R, we have u(R) =0, so it is of the form f(z) =a + bz witha € R and b > 0.

10.4 The Friedrichs Extension of a Semibounded Symmetric
Operator

In this section we use the form representation theorem (Theorem 10.7) to construct
a distinguished self-adjoint extension, called the Friedrichs extension, of a densely
defined lower semibounded symmetric operator 7. This extension is the largest with
respect to the order relation > among all lower semibounded self-adjoint extensions
of T. The crucial step of this construction is contained in the following lemma.

Lemma 10.16 If T is a densely defined lower semibounded symmetric operator,
then the form st defined by st[x, y] = (Tx,y),x,y € D(s7):=D(T), is closable.
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Proof We write s for sT. Let 7, denote the completion of (D(s), (-,-)s). By Propo-
sition 10.3, it suffices to show that the embedding Z; : Hs — H is injective.

Let x € N'(Zs). Since D(s) is dense in Hs, there is a sequence (x,),eN from
D(s) such that lim, x, = x in Hs and lim, Zs(x,) = lim, x,, = Zs(x) = 0 in H.
Using that T is symmetric for arbitrary y € D(T"), we compute

(¥, y)s = Tim (xy, y)s = lim (s0xy, 1+ (1= m)(xn. y))
= lim ((Txn, »+a- m)(xn,y)) :nl_i)ngo(x,,, (T + (1 —m)I)y):O.

n—o0

Since D(T) = D(s) is dense in H, x = 0. Thus, Z; is injective, and s is closed. [

The closure t:=s7 of s is a densely defined lower semibounded closed form.
By Theorem 10.7, the operator A¢ associated with this form is self-adjoint.

Definition 10.6 The operator Ay is called the Friedrichs extension of T and denoted
by TF.

The first assertion of the following theorem says that T is indeed an extension
of the symmetric operator T .

Theorem 10.17 Let T be a densely defined lower semibounded symmetric operator
on a Hilbert space H.

(i) TF is a lower semibounded self-adjoint extension of T which has the same
greatest lower bound as T .
(ii) If S is another lower semibounded self-adjoint extension of T, then Tr > S
and tr, =s7 C tg =55.
(iil) D(Tr) =D(T*)ND(s7) and Tr = T* | D(s7). Moreover, T is the only self-
adjoint extension of T with domain contained in D(sT).
iv) (T+ M) =T+ Al for A eR.

Proof (1):If x € D(T), then tr.[x, y] =57[x, y] = (Tx,y) forall y € D(T). From
Proposition 10.5(v), applied to the core D(T) = D(st) of ty, =57, we obtain
T C Tr. Clearly, the greatest lower bound of 7' coincides with the greatest lower
bound of s, so of s, and hence of Tr by Proposition 10.4(iii).

(ii): Let S be a lower semibounded self-adjoint extension of 7. By (i), Sr is a
self-adjoint extension of S, and so Sr = S. Hence, 55 = t5, = tg by the definition
of Sg. From S © T we obtain s5 D s7, and hence tg =55 2 57 = t7,.. The relation
tr, C ts implies that Tr > § according to Definition 10.5.

(iii): Since T C TF by (i), we have (Tp)* =Tp C T*,s0 Tp = T* | D(TF) and
D(Tr) CD(T*) ND(st) =:D(R). Let R :=T* | D(R) and x € D(R). Using the
symmetry of tr;., formula (10.9), and the relations 57 = tr, and T C TF, we obtain

tT[:[-xvy] =tTp[y,x]: (TFy7x> = (X, T)’) Z(T*)C, )’>: (R-xv )’>

for y € D(T'). Applying again Proposition 10.5(v) with D =D(T), we get R C TF,
and so D(R) € D(TF). Thus, we have shown that D(TF) = D(T*) N D(57).
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Let S be an arbitrary self-adjoint extension of 7' such that D(S) € D(s7).
Clearly, T C S implies that S = S* C T*, so D(S) C D(T*) N D(EFr) = D(TF).
Since S=T* [ D(S) and Tr = T* | D(TF), we get S C Tr. Hence, S = TF.

(iv): Since 57401 =57 + A, t@4an)y =57+21 =57 +A =t + A =tr,4,/, and
hence (T +X1)p =Tr + Al. O

10.5 Examples of Semibounded Forms and Operators

Let us begin with a simple but standard example for the Friedrichs extension.

Example 10.4 (Friedrichs extension of A = —j—xzz on D(A) = Hg (a,b), a,b eR)
From Example 1.4 we know that A is the square T2 of the symmetric operator
T = —iL with domain D(T) = H{}(a, b) in L?(a, b) and A* = —% on D(A*) =

H?(a, b). Thus, A is a densely defined positive symmetric operator, and

salF1=(AL f) = ITFI> = | ']
Hence, the form norm of s 4 coincides with the norm of the Sobolev space H L, b).
Since C{°(a, b) € Hj(a, b), the completion D(54) of (D(sa), ||-|ls,) is H] (a, b).
Therefore, by Theorem 10.17(iii), the Friedrichs extension A r of A is the restriction
of A* to D(s,), that is,

Apf=—f" for feD(Ap)={f e H*@ab): f(a)= f(b)=0}.

By Theorem D.1, the embedding of HOl (a,b) =D(ta,) into Lz(a, b) is compact. It
follows therefore from Proposition 10.6 that A r has a purely discrete spectrum. One
easily computes that A ¢ has the orthonormal basis { f;, : n € N} of eigenfunctions:

> for f € D(sa) = D(A) = Hi(a, b).

X —a

AF fn= nz(b — a)fznzfn, where f,(x) = x/z(b — a)71/2 sinnnb

, neN,

The smallest eigenvalue of A is JT2(b — a)_z, so we have Ap > nz(b — a)_z-l.
Hence, ta, > 72(b — a)~2, which yields the Poincaré inequality (see, e.g., (D.1))

[£ | =7®—a)~ £l for f € DIAF]= Hy(a,b). (10.24)

o

Before we continue with other ordinary differential operators, we treat a simple
operator-theoretic example.

Example 10.5 Let T be a linear operator of a Hilbert space (Hi, (-,-)1) into a
Hilbert space (Ha, (-,-)2). Define a positive form t by

tx,y]=(Tx,Ty)2, x,yeD®:=D(). (10.25)
Taking m = 0 as a lower bound of ¢, by (10.4) and (1.4), we have

IxllF = ITx )3+ Ix 17 = IxI3, x €D,
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that is, form norm || - ||+ and graph norm || - || 7 coincide on D(t) = D(T). Therefore,
the form t is closed if and only the operator T is closed. Likewise, t is closable if and
only if T is. In the latter case, we have {[x, y] = (Tx, Ty), for x, y € D(t) = D(T).
Further, a linear subspace of D(%) is a core of t if and only if it is a core of T'.

Statement If D(T) is dense in H and the operator T is closed, then Ay = T*T.

Proof For x € D(Ay) and y € D(T), we have (Tx,Ty)y = t[x, y] = (A¢x, y)1.
This implies that Tx € D(T*) and T*Tx = A¢x. Thus, Ay C T*T. Since A¢ is
self-adjoint and T*T is obviously symmetric, we get Ay = T*T. O

By Proposition 10.4(iv), D(A{) = D(T*T) is a core for t and so for 7. Thus, we
have given another proof of Proposition 3.18(ii), which states that the operator T*T
is self-adjoint and D(T*T) is a core for the densely defined closed operator T. o

Example 10.6 We apply the preceding example to the closed operators T = —i%

with different domains in the Hilbert space Lz(a, b),where a, b € R, a<b. The form
t is always given by the same expression

tLf, gl=(—if’,—ig) for f,g € D(t):=D(T).

We define the operators Ty = —idix and Ty, gy = —i%x for (a, B) € C? with domains

D(Ty) := Hy(a,b) and D(Twp)={fe€H @ b):af(@)=pfb)}

Since the functionals f(a) and f(b) on H L(a, b) are continuous by Lemma 1.12,
the operators Ty and T(q, g) are closed. Similarly as in Example 1.4, we derive

Tooy=To, Ty =Too, and T} 5 =Tgzg for(a,p)#(0,0).

Therefore, we obtain

D(TyTo) = {f € H(a,b): f(a) = f(b) =0},
D(ToTy) ={f € H*(a.b): f'(a) = f'(b) =0},
D(T}, ) Twpy) = | f € H*(a.b) :af (a) = Bf (b), Bf'(a)=af (b))}
for («, B) # (0,0). By Example 10.5, the self-adjoint operator A associated with
the form t on D(t) = D(T) is T*T. That is, A¢ f = —% with D(A¢) =D(T*T),

where T is Ty, TO* or Ty p). In particular, TO* Tp is the differential operator —%
with Dirichlet boundary conditions f(a) = f(b) =0, while ToTj is the operator
—% with the Neumann boundary conditions f'(a) = f'(b) =0.

Clearly, T(;" Ty is the Friedrichs extension Ap of the operator A from Exam-
ple 10.4. Since A has finite deficiency indices, by Corollary 8.13 all other self-
adjoint extensions of A, in particular all above operators T*T, have purely discrete
spectra as well. Let A,,(T*T), n € N, denote the eigenvalues of 7*T enumerated
with multiplicities in increasing order. Since T*T < A by Theorem 10.17(ii), from

Corollary 12.3 below we conclude that 1, (T*T) < nz(b —a) 2n? forn eN. o
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Example 10.7 In this example we keep the domain D(t) = H!(R) fixed, and we
change the form t by adding a quadratic form of point evaluations.
Leta,beR,a <b,a,y €R, B € C. We define the form t on D(t) = H\(R) by

tLf. gl =(—if', —ig') + af (@)g(a) + Bf(@)g(®) + B f(b)g(a) + v f (b)g (D).

From the continuity of the functionals f(a) and f(b) on H L(R) (by Lemma 1.12)
it follows easily that the form t is lower semibounded and that the form norm of t is
equivalent to the Hilbert space norm of H'!(R). Hence, t is a closed form.

2
Statement Ay is the operator —% with domain

D(Ay) = {f € H*(—00,a) ® H*(a,b) ® H*(b, +00) : f(a+) = f(a—),
fb+) = fb=), f(b+) = f'(b=) = Bf (@) + v f (D),
flla+) = f'(a—) =af @+ Bf(b)}.

Proof Define Ty = —% on D(Ty) = {f € H*R) : f(a) = f(b) = f'(a) =
f'(b) = 0}. As in Example 1.6, it follows that the adjoint operator T acts by
Ty f=—f"for f e D(T}) = H*(—00,a) ® H*(a, b) & H*(b, +00).

Letge H'(R) and f € D(Ty). Since f'(+00) = f'(—o0) =0 by Lemma 1.11,
we obtain by partial integration

tLf. gl —(—f". g)= f'a—)g@) + f'(b—)gb) — f'(a+)g(a) — f'(b+)g(b)
+af(a)g(a) + Bf(a)g(b) + Bf(b)g(a) + v f(b)g D).
We use this equality two times. First, if f € D(Ty), it yields t[ f, g] = (To f, g) for
all g €e D(%), so that Ay f = Tp f. That is, we have Top € Ay, and hence Ay C TO*.
Since D(A¢) € D(t) = H(R), all functions from D(Ay) are continuous on R.
Now let f € D(T). Then f € D(Ay) if and only if the expression after the
equality sign is zero. Since the numbers g(a) and g(b) are arbitrary if g runs through

H(R), this is true if and only if the coefficients of g(a) and g(b) vanish, that is, if
f satisfies the boundary conditions of the domain D(Ay). Oo

Example 10.8 (Forms associated with Sturm—Liouville operators) Let J be an
open interval of R, and H = L?(7). Let p and g be real functions from L (7).
Suppose that there is a constant ¢ > 0 such that p(x) > c a.e.on J.

We define the symmetric form t on D(t) = H L by

tLf, gl= /j px) f(x)g' (x) dx + /Jq(X)f(x)@dx. (10.26)
If M is a constant such that |p(x)| < M and |g(x)] < M a.e. on J, we estimate

MU 7 Z U= el £ P = MIFIZ =l f 131 7 — (M + NI

From these inequalities we conclude that t is lower semibounded and that the form
norm (10.4) on D(t) is equivalent to the norm of H!(.7). Therefore, t is closed. By
Theorem 10.7 the operator Ay is self-adjoint and lower semibounded.
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For all functions p and g as above, the form domain D(t) = D[A¢] is H'(J). But
as we shall see from formula (10.27), the domains of the corresponding operators
A¢ can be quite different! We will meet this phenomenon again in Sect. 14.8.

Now suppose that ¢ =0 and J = (a, b), a, b € R. We then describe the operator
Ay “explicitly”. Indeed, using integration by parts, it can be shown that

Acf =—(pf),

1 - / / (10.27)
DAY ={feH () :pf e H(T), f'(@) = f'(b) = 0}.

That the operator A¢ from (10.27) is self-adjoint can be also derived from
Lemma 10.18 below. We sketch this argument. Indeed, we define 7T:= —i;—x on
D(T) = Hl(J) and S ;= p1/2Tp1/2. Since T is closed, S is closed, and we have
§* = p!/27*p1/2 by Lemma 10.18, applied with B = p!/2. Hence, $*S is self-
adjoint, and so is p~1/25*Sp~1/2 by Lemma 10.18, now applied with B = p~!/2,
Since T* =Ty = —idix on D(Ty) = H} (J), we have p~1/28*Sp=1/2 =Ty pT, and
this is just the operator A¢ given by (10.27). o

Lemma 10.18 Suppose that B € B(H) has a bounded inverse B~' € B(H). If T
is a densely defined operator on ‘H, then (B*TB)* = B*T*B. If T is closed or
self-adjoint, so is B*T B.

Proof Put S := B*TB. Clearly, S* 2 B*T*B. Let x € D(S*). It suffices to prove
that x € D(B*T*B).If y € D(T), then y' := B~ 'y € D(T B) = D(S), and
(Ty, Bx) = <B*Ty, x) = (Sy/, x) = <y/, S*x) = (Bily, S*x) = (y, (Bfl)*S*x>.

From this it follows that Bx € D(T*). Thus, x € D(T*B) = D(B*T*B).
If T is closed, then T** = T, and hence (B*T B)** = B*T**B = B*T B by the
preceding, that is, B*T B is also closed. O

10.6 Dirichlet and Neumann Laplacians on Domains of R?

Let £ be an open subset of R?. In this section we apply the theory of forms to
develop two operator realizations on the Hilbert space H = L?(£2) of the Laplacian

For this, some results on Sobolev spaces on §2 from Appendix D are essentially
used. Recall that the minimal operator L, and the maximal operator Lyax associ-
ated with £ have been defined in Sect. 1.3.2.
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10.6.1 Laplacian with Dirichlet Boundary Condition

To begin with, we define a positive form t with domain D(t) = HO1 (£2) by
tu,v] = / Vu-Vvdx = / (31udjv + - -+ dqudgv)dx.  (10.28)
Q Q

Then ||u||t = t{u]+ ||u]|® = ||u|? that is, the form norm ||-||¢ is just the Hilbert

Hy(£2)’
space norm of H0 (£2). Therefore, (D(t), ||-]|¢) is complete, and hence t is closed.

To derive the next formula (10.29), we argue as in the proof of Lemma 1.13.
Let u, v € D(Lmin) = C5°(£2). We choose a bounded open set 2 C 2 with C°-
boundary such that suppu < 2 and suppv C Q. Applying the Green formula (D.5)
twice to £ and using that all boundary terms on 352 vanish, we compute

(Lmintt, v) = (—Au, v) = t{u, v] = (u, —Av) = (u, Lpinv). (10.29)

This shows that Ly, is a positive symmetric operator on H and that its form s,
(defined in Lemma 10.16) is the restriction of the form t to C;°(£2). Since C°(£2)
is dense in H& (£2), tis the closure of 57, . Therefore, by Definition 10.6, the asso-
ciated operator At is the Friedrichs extension of Ly, and D[A¢] = D(t) = HO1 (£2).
We call the positive self-adjoint operator A¢ = (Lmin) r the Dirichlet Laplacian on
£2 and denote it by —Ap.

For general open sets §2, the Dirichlet Laplacian — A p refers to vanishing bound-
ary values at 9£2 in the sense that C3°(£2) is a form core for —Ap. If the open set £2
is C!, the trace map )y is defined on H'(£2) and H(} (82)={u e H'(2) : yo(u) = 0}
by Theorem D.6. In this case any function f from the domain D(—Ap) € D[A¢] =
HO1 (£2) has vanishing boundary values yp(f)= f [ 02 =0 at 2.

Recall from formula (1.22) that (Lyin)* = Lmax, Where Lyax f = —Af for f in
D(Lmax) = {f € L?(2) : Af € L*(2)}. Therefore, by Theorem 10.17(iii),

D(=Ap) =D (Lmax) N Hy (£2),
—Apf =Lmaf forfeD(—Ap).
If f € H*(£2), then obviously Af € L?(£2), so that f € D(Lmax). That is,
H?*(2)NH}(2) CD(-Ap). (10.31)

In general, the domain D(Lyax) is much larger than H 2(.Q), see, e.g., Exercise 11.a.
Now we turn to the two fundamental problems (10.16) and (10.17) of Sect. 10.2.
Suppose that A < my¢. Then A € p(—Ap). Inserting the definition (10.28) of the
form t and replacing 4 by & in (10.16), these problems are the following:
Given g € L?(£2), to find f € H_} (£2) such that

(10.30)

fo~Vhdx—)\/ fhdx:/ghdx forall h € H} (£2), (10.32)
2 2 2

ortofind f € HO1 (£2) which minimizes the functional

/ (lWF—MfF)dx—/ (gf + fR)dx. (10.33)
2 2
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These problems are referred to as the weak Dirichlet problem and the variational
Dirichlet problem for the Laplacian on 2, respectively. It should be emphasized
that in (10.32) and (10.33) only first-order derivatives occur. From Sect. 10.2 we
know that both problems have the same unique solution given by

f=(Ac—AD"'g=(=Ap—ArD7g. (10.34)

This function f is called a weak solution of the equation (—Ap — A) f = g. The
word “weak” stems from the fact that —Ap acts on f € D(—Ap) = HO1 )N
D(Lmax) in distributional sense. The question of when a weak solution is “smooth
enough”, and thus a classical solution is the so-called regularity problem which is
treated in many books (see, e.g., [Ag, Br, LM]). A typical result reads as follows:

If 2 is bounded and of class C™ for sufficiently large m, g € H"(£2), n, k € Ny,
andn+2—k>d/2, then f € H"2(2) € CK(R).

From now on we assume that §2 is bounded. Then the embedding of H(} (£2)
into L2(£2) is compact (by Theorem D.1) and (HOl (£2), ||-||H01(_Q)) =D®, |l llv-
Therefore, it follows from Proposition 10.6 that the operator —Ap has a purely
discrete spectrum.

Further, by the Poincaré inequality (D.1), we have t > ¢, and hence —Ap > c¢-1
for some constant ¢ = ¢ > 0. Therefore, o (—Ap) < [c, +00). In particular, we
have 0 € p(—Ap), so we can set A = 0 in problems (10.32) and (10.33).

From now on we suppose that £2 is bounded and of class C? (see Appendix D).
Then, by Theorem D.10(i), for each g € LZ(.Q), the solution f = (—Ap + I)_lg
of problem (10.32) with A = —1 is in H2(£2). Thus, D(—Ap) C H?*(£2). Hence,
combining (10.30) and (10.31), it follows that

D(—Ap) = H*(2) N HL(£2). (10.35)

Next, we prove that on D(—Ap) the graph norm of —Ap and the norm | - [| g2
are equivalent. Since the trace map yq is continuous on H 1(£2) and hence on H2(£2)
and HO1 (£2) = N'(y) by Theorem D.6, H*>(£2) N Hol(.Q) is a closed subspace of
HZ2(£2). Hence, D(—Ap) = H*(2) N H(} (£2) is complete in the graph norm of
—Ap and also in the norm | - || y2(g). Clearly, [[=Ap - | < || - | y2(g)- Therefore,
by the closed graph theorem, both norms are equivalent.

By definition, C;°(£2) is dense in D(Lmin) with respect to the graph norm of
—Ap and in Hoz(.Q) with respect to the norm | - || y2(g). The equivalence of both
norms implies that D(Lpyin) = Hg(.Q).

We summarize some of the preceding results in the following theorem.

Theorem 10.19 Suppose that 2 C R? is an open bounded set of class C?. Then the
Dirichlet Laplacian — Ap is the positive self-adjoint operator on L*(82) defined by

(=Ap)f=—Af for f €D(—Ap)=H*(£2) N Hy ().

It is the Friedrichs extension of the operator Lpin with domain D(Lyin) = Hoz(.Q).
The graph norm of —Ap is equivalent to the norm || - || g2y on D(=Ap).
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The form of —Ap is given by (10.28), and the form Hilbert space D[—Ap] is
the Sobolev space HO1 (82). The operator —Ap has a purely discrete spectrum con-
tained in [cg, +00), where co > 0 is the constant occurring in the Poincaré in-
equality (D.1).

10.6.2 Laplacian with Neumann Boundary Condition

In this subsection we assume that 2 € RY is a bounded open set of class C* (see
Appendix D). Let v denote the outward normal unit vector to d£2. By Theorem D.7
any functionu € H 2(£2) has well-defined boundary values y; (1) = g—l’f [052.

As in the preceding subsection, we define a positive form t by (10.28) but now on
the domain D(t) = H'(§2). Then the form norm of t is the norm of H'(§2). Hence,
tis closed. The positive self-adjoint operator A¢ associated with this form t is called
the Neumann Laplacian on §2 and denoted by —Apy. This name and this notation
will be justified by formula (10.39) for the domain D(—Ay) given below.

Let us begin with the problems (10.16) and (10.17). We now have m¢ = 0 and
hence m_, =0, since t[1, 1] = 0. Hence, in contrast to the Dirichlet Laplacian,
we cannot take A = 0. Assume that A < 0. The problems (10.16) and (10.17) are as
follows:

Given g € L?(£2), to find f € H'(£2) such that

/ Vf-Vhdx —A/ fhdx:/ ghdx forallhe H'(£2), (10.36)
Q Q Q
ortofind f e H 1(£2) such that f minimizes the functional

f(IVfI2—kIf|2)dx—/ &F + f)dx. (1037)
22 2

These problems are called the weak Neumann problem and the variational Neumann
problem for the Laplacian on £2. Both problems have the same unique solution

f=A—rD'g=(-Ay—-2D7g

Now we turn to the description of the domain of the self-adjoint operator —Ay .

Arguing as in the preceding subsection by using the Green formula (D.5), we
derive t{u, v] = (Lminu, v) foru € Cgo(s?) andv € Hl(.Q). Therefore, by the defi-
nition of A¢ we obtain Ly, € A¢ = —Ay. Hence, —AN € (Lmin)* = Lmax.

Next, we prove that a function f € H 2(£2) is in the domain D(—Ay) if and
only if it satisfies the Neumann boundary condition y1(f) = 8-— =0on 0£2. Indeed,
since f € H 2(£2), we have f € D(Lmax), and the Green formula (D.5) implies

tLf, v] — (Lmax f> V) / —vdo forveD(t)—H (£2), (10.38)
R av

where do is the surface measure on 9§2. Therefore, by Definition 10.4, f be-
longs to D(A¢) = D(—Apy) if and only if the integral in (10.38) vanishes for all
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v € H'(£2). From the definition of the class C2 (see Appendix D) it follows easily
that for each point x € 02, there is a neighborhood U, such that yo(H'(£2)) is
dense in L2(32 NU,, do). Hence, yo(H'(£2)) is dense in L2(3£2, do). Therefore,
by (10.38), f € D(—Ay) if and only if y; (f) = 5} 3 —(0o-ae. ondf.

In order to derive a complete description of the domain D(—Ay), we apply the
regularity Theorem D.10(ii) for the Neumann problem to conclude that any solution
f = (—Ayn + I)"'g of problem (10.36), where g € L?(£2), belongs to H?(£2).
Hence, D(—Ay) C H?(82). Therefore, by the result of the preceding paragraph,

d
D(— AN>—{feH2<9> nf) = f

[ 082 = O} (10.39)
Since the embedding of H'(£2) = (D®), || - |l¢) into LZ(Q) is compact according
to Theorem D.4, the operator Ay = — Ay has a purely discrete spectrum by Propo-
sition 10.6.

Summarizing the preceding, we have proved the following theorem.

Theorem 10.20 Ler 2 € R be an open bounded set of class C*. Then the Neu-
mann Laplacian — Ay is the positive self-adjoint operator on L*(2) which acts by
(—ApN) f = —Af for f in the domain (10.39). The form Hilbert space D[—AnN] is
the Sobolev space H'(82), and the form of — Ay is given by (10.28). The operator
—Ap has a purely discrete spectrum contained in [0, 4+00).

The Dirichlet Laplacian was defined as the Friedrichs extension of the minimal
operator Lyiy. It can be shown that the Neumann Laplacian can be obtained in a
similar manner as the Friedrichs extension of the operator LY = — A with domain

D(LY) = { feC®): 8f

[ 02 = 0}
where C®°( £2) denotes the set of f € C*®(£2) all of whose partial derivatives can
be extended continuously to the closure £2 of £2.

Indeed, for f, g € D(LN), the boundary integral in the Green formula (D.5) van-
ishes, and we obtain (LN f,g) =t f, gl. Hence, LN is a densely defined positive
symmetric operator whose form s; v (defined by Lemma 10.16) is the restriction
to D(LN) of t. It can be shown that D(L") is dense in the Sobolev space H'!(£2).
Taking this for granted, it follows that D(LN ) is a core for the form t. Therefore,
the Friedrichs extension (L) coincides with the operator Ay = —Ay.

The one-dimensional Examples 10.6 and 10.7 suggest that other types of bound-
ary conditions can be treated in this manner. For instance, there are mixed boundary
conditions (that is, a Dirichlet condition on a part Iy of the boundary and a Neu-
mann condition on the rest) and Robin conditions (that is, af + 8f =0 on 952 for
some function a € L*° (952, do)). In the first case one takes the form t defined by
(10.28) but on the domain {u € H'(£2) : yo(u) = 0 on Iy}, while in the second case
the integral fa o auvdo has to be added in the definition (10.28) of t. For details,
we refer to the literature on elliptic differential operators.
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10.7 Perturbations of Forms and Form Sums

In this section we develop the form counterpart of the Kato—Rellich perturbation
Theorem 8.5, and we use it to define form sums of self-adjoint operators.
We begin with some definitions on relatively bounded forms.

Definition 10.7 Let t be a lower semibounded symmetric form on a Hilbert
space H. A form s on H is called relatively t-bounded if D(t) C D(s) and there
exist nonnegative numbers a, b such that

|s[x1| < a|tix]| +bllx|* forall x € D(t). (10.40)

The t-bound B¢ (s) is then the infimum over all a > 0 for which there exists a number
b > 0 such that (10.40) is satisfied.

Let A and B be self-adjoint operators on ‘H such that A is lower semibounded.
We say that B is relatively A-form bounded if the form tp is relatively t4-bounded.
Then the number B, (tg) is called the A-form bound of B and denoted by B4 (B).

It is easily checked that s is relatively t-bounded if and only if s is relatively
(t + ¢)-bounded for any real number ¢ and that B y.(s) = Bi(s). Hence, we can
assume without loss of generality that t and A are positive.

The next theorem is usually called the KLMN theorem named after T. Kato,
P. Lax, J. Lions, A. Milgram, and E. Nelson.

Theorem 10.21 (KLMN theorem) Let A be a positive self-adjoint operator on a
Hilbert space H. Suppose that s is a relatively t5-bounded symmetric form on H
with ta-bound By, (s) < 1, that is, D[A] € D(s), and there are nonnegative real
numbers a < 1 and b such that

|5[x]| <aAl[x]+ b||)c||2 for x € D[A]. (10.41)

Then there exists a unique self-adjoint operator C, called the form sum of A and s
and denoted by A + s, such that

DIA]=D[C] and Clx,y]l=Alx,yl+s[x,y] forx,yeD[C].

The operator C has a lower bound m¢c > (1 — a)yma — b. Any core for the form t4,
in particular, any core for the operator A, is a core for the form tc.

Proof We define the form t by {[x, y] = A[x, y] + s[x, y] for x, y € D) := D[A].
Let x € D(f). Since A —mal >0, (A—mal)[x]> 0. Using (10.41), we derive

tx] = Alx] +s[x] = Alx] —a A[x] = bx|)®
=(1=a) (A=maDx]+ ((1 = @ms = b)llx|* = (1 = @)ma — b) x|

Hence, t is a lower semibounded symmetric form.
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Using assumption (10.41) twice, we obtain for x € D(%),

(1 — a)Alx] = A[x] — (aAlx] + blx]1%) + bllx|?
< Alx] + slx] 4+ bllx > = Ux] + bllx)|* < (1 4+ a)Alx] + 2b]|x||.

These inequalities show that the form norms || - ||; and | - ||, defined by (10.4)
are equivalent. Hence, t is closed, because t4 is closed. By the form representation
Theorem 10.7, there is a unique self-adjoint operator C such that t = tc. Since the
form norms of  and t4 are equivalent, both forms have the same cores.

The number (1 — a)m4 — b is a lower bound of t = t¢ by the first inequality
proved above and hence of C by Proposition 10.4(iii). O

Proposition 10.22 Let A and B be lower semibounded self-adjoint operators such
that D[A] N D[ B] is dense in the underlying Hilbert space H.

(1) There is a unique self-adjoint operator C, called the form sum of A and B
and denoted by A + B, such that D[C] = D[A]ND[B] and tc = ts + tg. The
operator C is also lower semibounded, and m¢c > min (m4, mp).

(ii) Ifx € D(A)ND(B), then x € D(C) =D(A+ B) and (A+ B)x = (A+ B)x =
Cx.Thatis, A+ B C A+ B.

Proof (i): Since the lower semibounded form t4 + tp is densely defined by assump-
tion and closed by Corollary 10.2, the assertion follows at once from Theorem 10.7.
(ii): For x € D(A) N D(B) and y € D[C], we have

Clx, y] = Alx, y]+ Blx, y]l = (Ax, y) + (Bx, y) =((A + B)x, y).

Therefore, by Proposition 10.5(i), x € D(C) and Cx = (A + B)x. Il

The next proposition contains an application of form sums to Schrodinger oper-
ators.

Proposition 10.23 Let F be a finite subset of RY, and V a nonnegative Borel func-
tion on R? such that V e L' (K) for each compact set K C R? satisfying K N F = @.
Then the form sum (—A) + V (x) is a positive self-adjoint operator on L*>(R?).

Proof Obviously, D := CS°(RY\F) is dense in L>(R?). Let f € D. Then supp f is
compact, and (supp f) N F = @, so by the assumption we have

/ V(x)|f(x)|2dx=/ IVI2(x) £ ()] dx < oo,
supp f R4

that is, f € D(V1/2) = D[V]. Hence, D[V] N D[— A] contains the dense subset D
of L?(R%), so Proposition 10.22 applies. g

We illustrate the preceding proposition by two examples.
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Example 109 Let oy,...,ar €R, s1,...,5¢ € R4, and let f1, ..., fx be nonnega-
tive functions from L% (R?). Then the potential

[ 1C) B (I
llx — syt llox — sg [|**

satisfies the assumptions of Proposition 10.23. Hence, the positive self-adjoint op-
erator (—A) + V(x) on L%(R?) exists. o

Example 10.10 (Form sum versus operator sum) Let w € C3°(R) be a nonnegative
function such that suppw € [—2,2] and w(x) =1 for x € [—1, 1]. Let {r,, : n € N}
be an enumeration of the rational numbers, and 1/2 <« < 1. We define V(x) =0
if x is rational and

nl®

V(x)= Zz*nW
n=1

if x is irrational. Since the integral of |w(x — ry,)||x — ry|~* over R is finite and
does not depend on n, Fatou’s Lemma B.3 implies that V € L!(R). Thus, by Propo-
sition 10.23, the form sum (—%) + V(x) is a positive self-adjoint operator on
L2(R).

But the domain of the operator sum (—dd—;) + V(x) consists only of the zero
vector! Indeed, assume to the contrary that there is an f # 0 in D(—%) NDV).

Since D(—%) C C(R), there exist numbers n € N, 1 > ¢ > 0, and § > 0 such that
|f(x)|=8onZ:=(r, —e,r, +¢€). Since 2 > 1, we have

/ |V(x)f(x)|2dx >~ f 82 |x — ry| " dx = +o0.
R z
Hence, f is not in the domain D(V), which is a contradiction. o

A large class of potentials on R3 for which the form sum —A 4 V exists by the
KLMN theorem is the Rollnik class ‘R, that is, the set of real Borel functions V
on R3 satisfying

VI ::/ wdx dy < oo. (10.42)
6 [lx—yll

It can be shown (see [RS2]) that if V € R + L®(R?), then V is relatively (—A)-
form bounded with (—A)-form bound zero. Hence, the form sum —A + V exists by
the KLMN Theorem 10.21. Further, we have L3/ 2(]R3) CHR.

For instance, if y € R and « < 2, then V (x) := y x| ~* € L3/?2(R3) C R, and
hence the form sum —A 4 V(x) exists. Recall that the operator sum —A + V (x)
is a self-adjoint operator on L%(R?) by the Kato—Rellich Theorem 8.5 when o < %
That is, the KLMN theorem allows one to treat “stronger singularities” than the
Kato—Rellich theorem.

All operators A in Example 10.7 are in fact form sums of the operator — 2 and

. k . . dx?
some forms of point evaluations. Here we reconsider only the simplest case.
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Example 10.11 (Form sum —% +ad) Let T= —idd—x and A :=T?= —j—; be the
self-adjoint operators on L?(R) from Example 1.7. Then t[f, g] = (T'f,Tg) for
f, g € D(t) :="D(T) defines a positive closed form, and we have Ay = A by Exam-
ple 10.5. For ¢ € R, we define the form

solf. g1=af(0)g(0) for f,g € D(sy) :=D(T)=H'(R).
From Lemma 1.12 it follows that the form s, is relatively t-bounded with t-bound
zero. Therefore, by Theorem 10.21 the self-adjoint operator Cy := A + s, exists.
We write symbolically A + a8 for this operator Cy,. By the definition of C,, we have
Calf.81=ALf. g1+ 5alf. 81 =(~if". —ig') + f (0)g (0).

The latter form is the special case of Example 10.7 witha =0 and 8 =y =0, so
the statement therein describes the operator A + a8 explicitly in terms of boundary
conditions. That is, we have (A + «8) f = — f” for f in the domain

D(A+ad) ={f e H*(~00,0) ® H*(0, +00) :

fH0) = f(=0), f'(+0) = f'(=0) = af (0)}. o
We close this section by developing an operator-theoretic example in detail.

Example 10.12 (Rank one form perturbations of self-adjoint operators) Through-
out this example we assume that A is a self-adjoint operator on A such that A > 1.
Then B := A~ is a bounded positive self-adjoint operator.

Let F be a linear functional on D[A] = D(A'/?). We define the form sz by

splx,yl:= F(x)F(y) forx,yeD(sr):=D[A]

Statement 1 s is relatively to-bounded if and only if there is a vector u € H such
that F(x) = (Al/zx, u), x € D[A]. If this is true, the to-bound of s is zero.

Proof The if assertion is easily verified. We carry out the proof of the only if part.
Assume that s is relatively t4-bounded. Then there are positive constants a, b
such that (10.40) is satisfied. Since A > I, (10.40) implies that

lsrlx]l| = |F))> < (@+b)|AY2x|*  for x € DIA],

so F is a continuous linear functional on the Hilbert space (D[A], (AV2. A2y,
By the Riesz’ theorem there is a w € D[A] such that F(x) = (Al/zx, Al/zw) for all
x € D[A]. Setting u = A2y, we get F(-) = (AY2. u).

Let & > 0 be given. Since the domain D(A!/?) is dense in 7, we can find a vector
v € D(A'/?) such that ||u — v|| < /&/2. Then we obtain

lsplx]| = |F(x)|2 = |<A1/2x, u)|2 = |(A1/2x, u—v)+ (Al/zx, A_1/2A1/2v)|2
< ([A"2x | Verz 4 x| A 20])* < e A2 |+ 2 A0 P,

This proves that s has the t4-bound zero. O
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The vector u in Statement 1 is uniquely determined by F, since A'/?D[A] = H.

Now suppose that s is relatively t4-bounded and « € R. Then the t4-bound of
asr is zero, hence, the form sum A + asp exists by the KLMN Theorem 10.21. Let
F(-) = (AY2. u) be as in Statement 1 and assume in addition that |lu|| = 1 and

u ¢ D[A]=D(A?). (10.43)
Let T be the restriction of A to D(T) :=D(A) NN (F) ={x € D(A) : F(x) =0},

and let P denote the projection of H onto C - B!/?u. Since F(-) = (A'/?.,u) is
obviously continuous in the graph norm of A, T is a closed symmetric operator.

Statement 2 D(T) = B(I — P)H is dense in H, D(T*) = BH + C - B2y, and
T*(By +1B"?u) =y foryeH, reC. (10.44)

Proof Clearly, a vector x € H is in D(T') if and only if x = By for some y € H and
F(x)=(A"Y2x,u) = (y, B?u) = 0, or equivalently, x = B(I — P)y. This proves
that D(T) = B(I — P)*H.

Ifv L D(T), then (v, B(I — P)y) = (Bv, (I — P)y) =0forall y € H, and hence
Bv e C- BY2y. Since u ¢ D[A] = B2y by the assumption (10.43), the latter is
only possible when v = 0. Therefore, D(T) is dense in H.

A vector x € H is in D(T*) if and only if there is a y(= T*x) € H such that

(TBUI — P)v,x)=((I — P)v,x)=(B( — P)v, y)
for all v € H, or equivalently, x — By € PH, thatis, x €« BH + C - B2y Then
y=T*x =T*(By + AB'?u). O

Put vy:=(1 + @) Bu — (x(Bl/Qu, u)Bl/zu. Let C, denote the restriction of 7% to
the domain D(Cy) :=D(T) 4+ C-vy =B — P)H + C - v,. By (10.44),

Co(BUI = P)y+rvg)=I —P)y+r(l+a)u foryeH, reC.
Statement 3 C,, is a self-adjoint operator and equal to the form sum A + asp.

Proof In this proof we abbreviate g := (B'/%u,u), y :=1+«a, and § := —ap. Let
x=B( — P)y+ Avy and x’ = B(I — P)y’ + A'vy be vectors of D(Cy).
Using the preceding definitions and the fact that (I — P)H L B'/?u, we compute

(Cox,x")=((I = P)y +Ayu, BU — P)y' + X' (y Bu + §B'/*u))
=(I = P)y+ ryu, B((I — P)y' + Xyu))+ A1y 8 = (x, Cox').

This shows that Cy is symmetric. Clearly, the graph G(Cy) of C, is equal to the
sum G(T) + C - (vy, Cqvy). Therefore, since T is closed, C,, is closed.

Next, we note that v, ¢ D(T) = B(I — P)H. Indeed, if o # 0, this follows
at once from (10.43). If « = 0, then vy, = Bu € B(I — P)H would imply that
u L BY2y, which is impossible, since B > I. Hence, dimD(C,)/D(T) = 1. Since
D(T*) = D(T) + Lin{B PH, B'/?u} by Statement 2, dimD(T*)/D(T) < 2. From
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T # Cy we get T* # CJ, because C, is closed. Since T € C, € C) C T*, the
preceding facts imply that C, = C. That is, C is self-adjoint.

We prove that D(Cy) is a core for A2 Since A/2 > [, it suffices to show that
the orthogonal complement of D(Cy) in the Hilbert space (D[A], (A!/2., A1/2.)) is
trivial. Let x € D[A] be orthogonal to D(Cy). Then (A!/?x, AV2B(I — P)y) =
for all y € . This implies that x = AB'/?u for some A € C. Further, we have
0= (A2x, AV2vy) = Au, y BV ?u + 8u) = A(yB +8) = AB,s0 A=0and x =0.

Now we compute

Alx, 2] =

(I = P)y +ayu, B((I = P)y' + Xyu))+ 20 (2y 8B + 8%),
F(x)=(A"2x,u)=(A"2(BU — P)y + Avy), u)
=(I = P)y, B"?u) + iy B"?u + 8u,u) = 0+ r(yp +8) = 1B,
and similarly F(x’) = A'B, so that

(
(31/2(1 P)y—i—)»(yBl/zu—i—Su) B'2(I — P)y' + X (y B"*u + su))
=
(

asp[x, x| =aF(x) F(x') = AN aB>.

Since ap? 4 2y8B + 8% = y8B + ap? — (1 + a)aB? + (af)? = y 8B, from the pre-
ceding formulas for (Cyx, x’), A[x, x'], and asp[x, x'] we conclude that

(ta +asp)[x, x']=A[x, x| + asp[x, x'] = (Cox,x'), x,x" €D(Cy). (10.45)

As shown above, D(C,) is a core for A'/2, hence it is a core for the form t4.
Since asF is relatively t4-bounded, D(Cy) is also a core for the form t4 + asF.
Therefore, it follows from (10.45) and Proposition 10.5(v) that C, € A + asr. But
both operators Cy, and A + as are self-adjoint. Hence, Cy = A + a5f. Oo

10.8 Exercises

1. Let A be the multiplication operator by a Borel function ¢ on an interval 7 on
H=L%2(J),thatis, Af = f-gfor f e D(A):={f € L2(J): f-¢ € L2(J)}.
a. Describe D[A] and show that D[A] = D(A) if and only if ¢ € L>®(J).
b. In the cases ¢(x) =x, J =R and ¢(x) =logx, J = (0, 2), find elements
of D[A] which are not in D(A).
2. Let A be a self-adjoint operator on H. Let A4 and A_ be its strictly positive
and strictly negative parts (see Example 7.1), respectively. Prove that

Alx, y1= (A 2x, AY2)) = ((—A2)'2x, (=A) 2y} for x, y € D(ty).

3. Describe the domains of the operators A, and Ay, associated with the forms
t; and t; in Example 10.1.

4. Lett[f, g] = (—if’, —ig’) + af (1)g(1). Describe the operator A in terms of
boundary conditions in the following six cases:
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D®) = HY0, 00),

a.

b. D(t) = H} (0, 00),
c. D)= HY0,2),
d. D(t):Hg(o,z),
e. D(H)=H'(1,2),

f. D)= H}(1,2).

. Prove relation (10.27) in Example 10.8.
. a. Let A and B be symmetric operators. Show that A > B and B > A imply

that A = B.
b. Let A and B be lower semibounded self-adjoint operators. Show that the
relations A > B and B > A imply that A = B.

. Let A and B be positive self-adjoint operators on H.

*a. Show D(A) € D(B) implies that D[A] = D(A'/?) € D(B'/?) = D[B].
Sketch of proof. Use Lemma 8.4 to prove that there exists a ¢ > 0 such
that ||Bx|| < c||(I + A)x| for x € D(A). Then B> < (c(I + A))? by
Lemma 10.10(i), and B < c¢(I + A) by Proposition 10.14, which implies
the assertion.

b. Show that D(A) = D(B) implies that D[A] = D[B].

c. Suppose that N'(B) = {0} and A > B. Prove that log A > log B. (That is,
the function f(x) =logx is operator monotone on the interval (0, +00).)
Hint: Use Proposition 10.14 and Exercise 5.9.b.

. Let A and B be positive self-adjoint operators on H. Prove that A < B if and

only if there is an operator C € B(#) such that ||C|| <1 and CB'Y/2 c Al
Show that the operator C can be chosen such that N'(B) € A (C) and that C
is then uniquely determined by these properties.

Find positive self-adjoint operators A and B on some Hilbert space H such
that D[A] ND[B] is dense in H, but D(A) N D(B) = {0}.

Hint: See Example 10.10.

Define operators T = —%22 and § = —% on Lz(a, b),a,b eR, by
D(T)={f e H*a,b): f'(@)=f'(b)=0, f(a)= f(D)},
D(S)={f e H*(@a,b): f@)=[f'(B)=0, f'(a) = f(b)}.

a. Show that 7" and S are densely defined closed positive symmetric operators.

b. Show that D(T*) ={f € H*(a,b) : f'(a) = f'(b)}.

c. Show that D(§*) = {f € H*(a,b) : f(a) = f'(b)}.

d. Show that D(Tr) = {f € H*(a,b) : f(a) = f(b), f'(a) = f'(b)).

e. Show that D(Sr) = {f € H*(a,b) : f(a) = f'(b) = 0}.
Let L=—A, 20:={(x,y) €eR?: x>+ y> < 1/4} and 2 := 2 \ {(0,0)}.
a. Prove that f(x,y) :=log/x2 + y2 isin D(Lyax) on 2, but f ¢ H' ().
Hint: f is harmonic on £2. Verify that f € L?>(£2) and f, ¢ L>(2).
b. Prove that f is not in D(Lpyax) on £2.
Hint: (—A) f is a multiple of the delta distribution §p on £2p.
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c. Prove that g(x,y) := log|log/x2 + y2| is in H'(£2) and in H'(£2).
(Note that g is neither continuous on £2¢ nor bounded on £2.)

*12. Let d € N. Prove that the linear subspace D :={f € S(RY) : f(0) =0} is a
core for the self-adjoint operator —A on L*(R?) if and only if d > 4.
(The assertion remains valid if S(RY) is replaced by C(C)’O(Rd), see, e.g.,
[RS2, p. 161].)
Sketch of proof. Since S(R?) is invariant under the Fourier transform,
by Example 8.1, D is a core for —A if and only if £ := {g € S(RY) :
[ g(x)dx =0} is a core for the multiplication operator by [|x[|> on L?(R%).
Note that £ is the null space of the linear functional F defined by F(g) =
fgdx. By Exercise 1.6.a, £ is not a core for |x|?> if and only if F
is continuous in the graph norm, or equivalently, by Riesz’ theorem, F
is of the form F(g) = fgh(l + [lx||*)dx for some function h satisfy-
ing [|h|*(1 + |x|*) dx < oco. Since F(g) = [gdx, we obtain h(x) =
(I + [Ix[H~L. But [|A>(1 + [x]|*) dx < oo if and only if d < 3. Therefore,
£ is not a core fore for ||x||? if and only if d < 3.



Chapter 11
Sectorial Forms and m-Sectorial Operators

In this short chapter we are dealing with nonsymmetric forms. Our main aim are two
representation theorems, one for bounded coercive forms on densely and continu-
ously embedding Hilbert spaces in Sect. 11.1 and another one for densely defined
closed sectorial forms in Sect. 11.2. An application to second-order elliptic differ-
ential operators is given in Sect. 11.3.

11.1 Bounded Coercive Forms on Embedded Hilbert Spaces

First, we need some more terminology. Given a form t, the adjoint form t*, the real
part Ret, and the imaginary part Imt of t are defined by

tlx, y]=t[y.x] forx,y e D(t"):=D(),
Ret= 1(t+t*) Imt= l(t—t*) (b
2 ’ T 20 '

Clearly, both forms Ret and Imt are symmetric, and we have t = Ret 4 iImt.
Since the quadratic form of a symmetric form takes only real values, (Ret)[x] and
(Imt)[x] are indeed real and imaginary parts of the complex number t[x].

Let (V, ] - |lv) be a normed space which contains the domain D(t) as a linear
subspace. We say that the form t is bounded on V if there is a constant C > 0 such
that

|[tlu, v]| < Cllullvilvlly foru,ve D) (11.2)

and that t is coercive on V if there exists a constant ¢ > 0 such that
[tlul| > cllull}, foru e D(¥). (11.3)
The following simple lemma shows that it suffices to check the boundedness condi-

tion on quadratic forms only.

Lemma 11.1 A form tis bounded on V if and only if there is constant M > 0 such
that |t{u]] < M |u|l%, for u € D(t).

K. Schmiidgen, Unbounded Self-adjoint Operators on Hilbert Space, 251
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Proof The only if direction is trivial by setting u = v in (11.2). Hence, it suffices
to verify the if part. If |ju|ly <1 and |v||y <1, then we have t{u + tv] <4M
for r =1, —1,1, —i, and hence 4|t[u, v]| < 16 M by the polarization identity (10.2).
This implies that |t[u, v]| <4M|u|ly ||v|y for arbitrary u, v € D(t). O

The considerations in this section are essentially based on the following result.

Lemma 11.2 (Lax—Milgram lemma) Let t be a bounded coercive form on a Hilbert
space (V, (-,-)y) such that D(t) = V. Then there exists an operator B € B(V) with
inverse B~! € B(V) satisfying

tu,v]=(Bu,v)y foru,veV.
Moreover, if ¢ and C are positive constants such that (11.2) and (11.3) hold, then

c<|Blly<C and C'<|B7'|y<cl

Proof Let u € V. By (11.2), F,(-) := t[u, -] is a bounded linear functional on
V with ||F,|| < C|lu|ly. From the Riesz representation theorem it follows that
there is a unique element u’ € V such that F,(v) = (v,u’)y, v € V, and we have
lu'llyv < Cllully. Defining Bu := u’, we obtain a linear operator B € B(V) such
that (Bu, v)y = (u’,v)y = F,(v) =t[u, v] foru,v € V and |B||ly <C.

Next we show that B has a bounded inverse B~! € B(V). Using (11.3), we have

1Bully llully = [(Bu, u)y | = [tlul] = cllul7,

so that ||Bully > c|lu||y for all u € V. The latter implies that B is injective and
R(B) isclosedin V. If ug € V is orthogonal to R(B), then

0 = (Buo, uo)v = t{uo, uol > clluolly,

and hence ug = 0. Therefore, R(B) = V. Since ||Bu|ly > c||u||yv as noted above,
Bl eB(V) and |B7!||y < ¢~ L. The two remaining norm inequalities are easily
checked. Il

In the rest of this section we assume that (V, (-,-)y) is a Hilbert space which is
densely and continuously embedded into the Hilbert space (#, {-,-)). This means
the following: V is a dense linear subspace of #, and the embedding J : V — H,
Jv = for v € V, is continuous, that is, there exists a number ¢ > 0 such that

vl <allvly forallveV. 11.4)

(A typical example is a Sobolev space V = H"(§2) embedded into H = L2(2))
If no confusion can arise, we identify each element v of V with its image
Jv in ‘H. Then any form t on V becomes a form on H, which is also denoted
by t. (Strictly speaking, the form on H is {[x, y] :=t[J " 'x, J~'y], x,y e D) :=
J(D(1)), and we should write t[J ~'x, J=1y] = (A;x, y) for x, y € D(}).)
The main result of this section is the following form representation theorem.
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Theorem 11.3 Let t be a bounded coercive form on the Hilbert space (V, {-,-)y).
Then the operator Ay associated with t, considered as a form on H with domain
D) =V, according to Definition 10.4 is a densely defined closed operator on H
with bounded inverse At_1 € B(H). Moreover, we have:

(i) D(Ay) is a dense linear subspace of the Hilbert space (V, || - ||v).
(i) (AQ* = A
(iii) If the embedding J : V — H is compact, then R)(A¢) is compact for all
A € p(Ay), and the operator Ay has a purely discrete spectrum.

Proof The scalar product s := (-,-)y of V is a positive form on #. Since the form
norm of s and the norm of V are equivalent by (11.4) and V is a Hilbert space, s
is closed. Let A5 be the operator associated with s according to Definition 10.4. By
Theorem 10.7, A is a positive self-adjoint operator on H and s = t4,. Hence,

Iyllv = |A?y| and
(x,¥)v = (Asx,y), x€D(Aqs), y eV =D(s) =D(A?).

From the inequality a=![|y|l < [Iyllv = |AY?y|l for y € D(AY?) by (11.4) it fol-
lows that 0 € p(Aéﬂ) by Proposition 3.10. Hence, A;l/z e B(H).

Let B denote the operator for the form t on V given by the Lax—Milgram
Lemma 11.2. We will prove that Ay = A;B.

By Lemma 11.2 we have |B~!||y < ¢! and t[u, v] = (Bu,v)y for u,ve V.
Setting S := B_lAgl/z, we derive for x € H,

ISxl = | B~ A5 2x| <a|BT'A; x|, <ac™| AT x|, = ac il

so S € B(H), and hence T := SA; 12 _ B_IA;1 € B(H). Clearly, T(H) C V,
since R(A;l) =D(As) C D(Aé/z) = V. Putting the preceding together, we get
tTx, yl=t{B7'A %, y]=(A;'x,y), = (x.y), xeH, yeV=D®.
(11.5)

If Tx =0, then (x, y) =0 for all y € V by (11.5), and hence x = 0, because V is
dense in ‘H by assumption. Thus, T is invertible.

Next, we prove that T-'=A¢ Letu e D(T™Y). Setting x = T~ 'uin (11.5), we
obtain t[u, y] = (T~'u, y) for y € D(t). By the definition of Ay this implies that
ueD(Ay) and T~ 'u = Agu. Thus, T~' C A¢. Since D(T) =H, T is surjective.
If Agxx =0, then t[x] = (A¢x, x) =0, and so x =0 by (11.3). Thatis, Ay is injective.
Therefore, Lemma 1.3 applies and yields T-1= Ay. Hence, At_l =T eB(H), and
Ay is closed. In particular, Ay =T"! = (B~'A;")~! = A;B.

(1): Let v € V be orthogonal to D(A¢) =R(T) in (V, (-,-)v). By (11.5) we have

(x, (B_l)*v) = <A;1x, (B_l)*v> = (B_lAglx, v)v =(Tx,v)y =0
for all x € H, where (B~1)* is the adjoint of B~! € B(V). Thus, we obtain

(B*)~'v = (B~1*v =0, and hence v = 0. This shows that D(A¢) is dense in V. In
particular, the latter implies that the domain D(A¢) is dense in H.

1
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(i1): Obviously, t* is also a bounded coercive form on V. Let x € D(A¢) and
y € D(A). Then x, y € D(t) = D(t*), and from (11.1) we obtain

(Af-xv Y> =£[x, Y] Zf*[%x] = <At*y’-x> = <x7 At*)’)

From this equality we conclude that A C (A¢)*. Since the inverse of the operator
associated with a bounded coercive form is in B(#) as shown above, A¢ and A
are surjective. Hence, (A¢)* is injective. Therefore, Ay = (A¢)* by Lemma 1.3.
(iii): Recall that ||Aé/2y|| =|lylly fory e V = D(Aé/z). From this relation it
follows easily that J : V — H is compact if and only if As_l/ % s compact (see,
e.g., Proposition 10.6, (i) <> (ii)), or equivalently, if (A4; /%2 = A7! = Ro(Ay) is
compact. The other assertions of (iii) follow from Proposition 2.11. g

Corollary 11.4 Let t and ty be bounded coercive forms on Hilbert spaces
V1, (-, )wy) and (V2, (-,-)v,) which are densely and continuously embedded into
the Hilbert space H. If Ay, = Ay,, then V1 = V; (as vector spaces) and | = t,.

Proof Since t1[x,y] = (Ayx,y) = (Apx,y) = ta[x,y] for all x,y € D :=
D(Ay,) =D(Ay,), both forms t; and t; coincide on D. Therefore, from

cellully, < |telul] < Cilully,, uweD, k=1,2,

by (11.3) and (11.2) we infer that the norms || - ||y, and || - ||y, are equivalent on D.
By Theorem 11.3(i), D is dense in Vi and in V>. Hence, the Hilbert spaces V| and
V, coincide as vector subspaces of H, and they have equivalent norms. Because
each form t; is continuous on Vj by assumption, we conclude that t; = t;. O

Corollary 11.5 Let t be a bounded coercive form on the Hilbert space (V, {-,-}v).
Then Ay is self-adjoint if and only if t is symmetric.

Proof By Theorem 11.3(ii), Ay is self-adjoint if and only if A¢ = A. By Corol-
lary 11.4, Ay = A is equivalent to t = t*. O

It might be instructive to look at the preceding from a slightly different perspec-
tive which is often used in the literature (see, e.g., [Tn]).

Let V* denote the antidual of V, that is, V* is the space of continuous conjugate
linear functionals on the Hilbert space V. Since the embedding J : H — V is con-
tinuous, the adjoint J* : V* — H* is also continuous. Since J has a dense range
in ‘H, J* is injective. Because J is injective, J* has a dense range in V*. We iden-
tify H with its antidual H* by identifying x € H with the conjugate linear functional
(x, -) by Riesz’ theorem. Summarizing, we have a triplet of Hilbert spaces

Vo H~H - V¥ (11.6)

where J and J* are continuous embeddings with dense ranges. Note that J*(x) is
just the functional (x, J-) on V.

Let u € V. Since the form t is bounded on V, t[u, -] is a continuous conjugate
linear functional on V and so an element u’ € V*. Defining A¢(u) = u’, we obtain
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a linear mapping A¢ : V — V* such that A¢(u)(v) = t{u, v] for u, v € V. Since t is
bounded and coercive, At is a Hilbert space isomorphism of V and V*. It follows
at once from Definition 10.4 that the operator A¢ on H is the restriction of .4¢ to the
space of all elements u € V for which A¢(«) is in H rather than in V*, that is,

DAY ={ueV:Aw)eH},  Auu)=Aqu) forueD(Ay.

11.2 Sectorial Forms

In this section we investigate forms t for which the numerical range
O1) = {t[x] x €D, x| = l}

of tis contained in a sector with opening angle less than 7.

Definition 11.1 A form t on H is called sectorial if there are numbers ¢ € R and
6 € [0, /2) such that its numerical range @ (t) lies in the sector

Seo={reC:|ImA| <tanfRer —c)} ={reC:arg(h —c) <0}. (11.7)

A sectorial form t is said to be closed if Ret is closed. It is called closable if there
is a closed sectorial form which extends t. A core of a sectorial form t is a dense
linear subspace of the pre-Hilbert space (D(1), || - [|Ret)-

Obviously, if t is sectorial, so are t* and t + A for A € C.

The next proposition provides some characterizations of sectorial forms. Recall
that the closedness was defined only for lower semibounded forms, but the real part
of a sectorial form t is indeed lower semibounded as shown by Proposition 11.6(ii).

Proposition 11.6 For any form t on H, the following assertions are equivalent:

(1) tis sectorial.
(i) Ret is lower semibounded, and Imt is bounded on (D(%), || - ||Ret)-
(iii) Ret is lower semibounded, and t is bounded on (D(%), || - ||Re t)-
(iv) There is a real number c such that Ret > ¢ and t+ 1 — c is a bounded coercive

form on (D), | - Iret)-

Further, if © (t) C S; g, then Ret > ¢, and the form t+ 1 — c is bounded and coercive
on (D), || - [Iret)-

Proof To prove the boundedness of a form, by Lemma 11.1 it suffices to check the
continuity condition for the corresponding quadratic form. Further, we recall that
Imt[x] = (Imt)[x] and Ret[x] = (Ret)[x] for x € D(t).

(i) — (ii): Assume that ®(t) is contained in a sector S; ¢. By (11.7) this yields
[ Imt[x]| <tanf(Ret[x] — c||x||2) for all x € D(t). Hence, Ret > c.

Since (Re t)[x]—c[lx||> < [lx 3, by (10.4), we get |(Im t)[x]| < tan0||x||Z, , for
x € D(b), thatis, Imt is bounded on (D (%), || - l|Ret)-
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(ii) — (iii): Applying (10.5) to the lower semibounded (!) form Re t, we conclude
that Re t is always bounded on (D (%), || - |Iret). Hence, t is bounded by (ii).
(iii) — (iv): By (iii) there exists ¢ € R such that Re t > c. Hence, by (10.4),

Ix|lge¢ = (Ret+1—c)[x]=Re((t+ 1 —o)[x]) < [(t+1-0)[x]], xeD®,

whence t + 1 — ¢ is coercive on (D({), || - ||ret). By (iii), t is bounded, and so is
t+1—c.

(iv) — (i): By (iv) we choose a ¢ € R such that Ret > ¢ and t+ 1 — ¢ is bounded.
Hence, Imt is also bounded, that is, there exists a constant C > 0 such that

[Imt[x]| < Cllx||ge¢ = C(Ret+ 1 —c)[x] = C(Retlx] + (1 — o) || x|?)

for all x € D(t). Choosing an angle 0 € [0, 7 /2) such that tan 6 = C, this means that
O C Sc—1.6-
The last assertion was shown in the proofs of (i) — (ii) and (iii) — (iv). Il

The next proposition is the counterpart to Lemma 10.16.

Proposition 11.7 Let T be a (not necessary densely defined) sectorial operator.
Then the form st defined by st[x, y] = (Tx,y),x,y € D(st) :=D(T), is closable.
There is a unique closed sectorial extension st of st, and ©(T) is dense in O (7).

Proof Let us abbreviate s = s7. Since obviously ®(T) = ©®(s), s is sectorial, so
Res is lower semibounded. By adding some constant we can assume without loss
of generality that Res > 1. Then || - ||2Res = Res[-]. By Proposition 11.6(iii), there
exists a constant C > 0 such that [s[x, y]| < C|lx||res ||V lIRes for all x, y € D(s).

We prove that Re 5 is closable and apply Proposition 10.3(iii). Let x € N (Zges).
Then there is a sequence (x,),eN from D(s) such that lim, x,, = x in Hgres and
lim, x, = 0 in H. Since the converging sequence (x;) in Hge s is bounded, we have
K :=sup, [[x,|lRes < 00. For n, k € N, from the preceding we obtain

20 e s = Res[x,] < |8[xn, xu1| < [8Lxn, 20 — 1| + |8l xi]|
< CllxnllresllXn — XkllRes + [(Txn, xi)|
< CK|lxn — xklIRes + [(Txn, x1) |- (11.8)

Given & > 0, there exists an N, such that CK ||x,;, — xg||Res < & for n,k > N,.
Fix n > N,. Letting k — oo in (11.8) and using that lim; x; = 0 in H, we get
||xn||12{es < ¢ for n > N,. This proves that lim,, ||x,|[res = 0. Hence, x = 0, since
lim, x, = x in HRres. Thus, Zres is injective, and Res is closable by Proposi-
tion 10.3.

Let b be the closure of Res. Since Ims is continuous on (D(s), || - [|Res), it
extends by continuity to a symmetric form € on D(h). Clearly, 5:=h + it is the
unique closed sectorial extension of s, and ® (T) = @ (s) is dense in O (). O

Theorem 11.8 (Representation theorem for sectorial forms) Suppose that t is a
densely defined closed sectorial form on H. Then the operator Ay is m-sectorial,
and we have:
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(i) D(Ay) is a dense linear subspace of the Hilbert space (D®), || - ||Ret)-
(i) (AQ* = A
(iii) If the embedding of (D), || - [Ret) into H is compact, then the resolvent
Ry (Ay) is compact for all A € p(Ay), and At has a purely discrete spectrum.
(iv) If © (%) is contained in a sector S¢ g forc € R, 0 € [0, w/2), then 0 (A¢) € Sc6.
(v) Let B be a linear operator on ‘H such that D(B) C D(t), and let D be a core
for . If t{x, y] = (Bx,y) forall x e D(B) and y € D, then B C Ay.

Proof Because t is closed, V := (D(t), || - |lret) is a Hilbert space. Since D(t) is
dense in H and || - || < || - ||ret, the Hilbert space V is densely and continuously
embedded into H. By Proposition 11.6 there is a ¢ € R such that ®(T) € S. y and
t— (c — 1) is abounded coercive form on (D(t), || - ||Ret). Therefore, Theorem 11.3
applies and shows that the closed operator A¢_(.—1) = A¢ — (¢ — 1)1 has a bounded
inverse in B(H). Hence, c — 1 € p(A¢), so Ay is m-sectorial by Proposition 3.19(ii).

(1)—(iii) restate the corresponding assertions of Theorem 11.3. Since obviously
®(A¢) C O(t), by Proposition 3.19 the spectrum o (A¢) is contained in S, 9 when
®(t) is. Using Definition 11.1 of a core and the boundedness of t (by Proposi-
tion 11.6(iii)), the proof of (v) is the same as the proof of Proposition 10.5(v). [

Corollary 11.9 The map t — A¢ gives a one-to-one correspondence between
densely defined closed sectorial forms and m-sectorial operators on a Hilbert space.

Proof The existence and injectivity of this mapping follow from Theorem 11.8 and
Corollary 11.4. It remains to prove the surjectivity.

Let T be an m-sectorial operator, and let t be the closure of the form s7 from
Proposition 11.7. By Proposition 3.19(iii), 7 and hence t are densely defined. Since
tfx,yl=srlx,y] = (Tx,y) for x,y € D(T) and D(T) is a core for t =57, we
conclude that T € Ay by Theorem 11.8(v). Since T and A¢ are m-sectorial, Propo-
sition 3.24 yields 7' = Ay. g

In the next section sectorial forms are applied to elliptic linear partial differential
operators. The following definition fits to these applications. As above, (V, (-,-)y)
is a Hilbert space which is densely and continuously embedded into .

Definition 11.2 A form t with domain D(t) = V is called elliptic if there exist
constants C > 0, y > 0, and ¢ € R such that

|tlu, v]| < Cllullvllvlly foru,veV, (11.9)

ReO)[u] —cllul® > yull} forueV. (11.10)

Condition (11.9) means that the form t is bounded on the Hilbert space

(V,{-,-)v), while (11.10) is called the abstract Gdrding inequality. Obviously,
(11.10) implies that the form Re t is lower semibounded with lower bound c.
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Let t be an elliptic form on V, and let v € V. Using formulas (11.10), (10.4),
(10.5), and (11.4), we derive

ylully < Ret)[ul + (1 — ) [lul® = l|ull3e
< |tlul] + A = ) ul* < (C+ (1 +[el)a®) ull} .

This shows that the form norm || - ||re+ of Re t and the Hilbert space norm || - ||y of
V are equivalent. Hence, Re t is closed, since V is a Hilbert space.
Because the norms || - ||ret and || - ||y are equivalent, it follows from Proposi-

tion 11.6(iii) that each elliptic form is sectorial. Since elliptic forms are densely
defined (because V is dense in ) and closed, Theorem 11.8 applies to each elliptic
form.

Conversely, any densely defined closed sectorial form t is elliptic on the Hilbert
space (D(1), || - ||re+) Which is densely and continuously embedded into . Indeed,
by Proposition 11.6, (iii) and (iv), the form t is bounded, and t + 1 — ¢ is coercive
on (DY), || - |ret)- The latter implies that the Garding inequality (11.10) holds.

Summarizing the preceding, we have shown that elliptic forms are in fact the
same as densely defined closed sectorial forms.

The formulation of the abstract boundary problem (10.16) carries over verbatim
to the case of an elliptic form t on H: Given u € H, to find x € D(t) such that

tx, y] —A{x,y) =(u,y) forallyeD(). (11.11)

By the definition of A¢, (11.11) holds if and only if x € D(A¢) and A¢x = Ax + u.
Therefore, if A € p(A¢), this problem has a unique solution x,, = (A¢ — A .

Remark A powerful tool for the study of sectorial forms are holomorphic semi-
groups of operators. If t is a densely defined closed sectorial form on 7 such that
O (t) C So.9, it can be shown that the operator — Ay is the infinitesimal generator of
a strongly continuous contraction semigroup e 4t on # which is holomorphic in
the sector {z € C: |argz| < % — 6}. In this book we do not cover this topic and refer
to [Ka] or [Tn] for detailed treatments of this matter.

11.3 Application to Second-Order Elliptic Differential Operators

Let £2 be an open subset of RY. Let ap(x), br(x), ck(x), g(x) € L®(82), k,l =
1,...,d, be given. Throughout this section we assume that there is a constant & > 0
such that

d d
Re Y au(0&E =ay |&I> forall =(&,....&)eC’ xe Q.
k=1 k=1

(11.12)

This condition means that the differential expression £ defined by Eq. (11.16) below
is uniformly elliptic on §2.
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Let V be a closed subspace of the Hilbert space H 1(£2) such that HO1 (2)CV.
Then the Hilbert space (V, || - || g1(p)) is densely and continuously embedded into

L2%(£2). We define a (not necessarily symmetric) form t with domain D(t) = V by
tu,v]= / Zaklamak—vdx +/ Z(bkaku T+ crudgv) dx +/ quvdx.
2 2 2
k,l k

Recall that d; denotes the partial derivative %

Proposition 11.10 The form t on V is an elliptic form according to Definition 11.2.
More precisely, for any y < o, there exists a real constant c,, such that

Ret{u] —cy llul® = ylullF ) ueV. (11.13)

Proof Since ay;, by, ck,q € L*°(£2), it follows at once from the Cauchy-Schwarz
inequality that t is bounded on V/, that is, there is a constant C > 0 such that

[tu, v1| < Clluliy, uvev.

2
(2) ”v”Hl(_Q)’

Thus, condition (11.9) is satisfied.
Now we prove the Garding inequality (11.13). Recall that || - || is the norm of
L%(£2).LetueV. Setting & = dxu(x) in (11.12) and integrating over §2, we get

Re [ Yatudiudx = [ Yol dx = allul g, ~ IulP).
k,l k

(11.14)

Fix & > 0. Because the functions by, ¢y, g are in L°°(£2), there is a constant M > 0
such that |bg|, |ck |, |g] < M a.e. on §2. Using again the Cauchy—Schwarz inequality
and the elementary inequality 2ab < ca? +&e71b2, 4, b € R, it follows that

‘/ Z(bkakuﬁ—l—ckué)k_u)dx—i-/ quutdx
Q4 2

< Mull® +2M Y l|oulllull < Mdellul 3 o) + M (1+de™") ul.
k

Combining the latter inequality and (11.14) with the definition of Re t, we derive
(Ret)[u] =Ret[u] > (o — Mde)||u||§,1(m — (e +M(1+de™"))llul?.

Choosing & > 0 such that Mde < o — y and setting ¢, = — (o + M (1 +de7 1)), we
obtain the Gérding inequality (11.13). This proves that t is an elliptic form. 0

Since each elliptic form is densely defined, closed, and sectorial, Theorem 11.8
applies to the form t defined above. Hence, the corresponding operator Ay is m-
sectorial, and its spectrum is contained in a sector (11.7). If, in addition, the embed-
ding map of V into L?(£2) is compact, then A¢ has a purely discrete spectrum.
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From its definition it is clear that the form t is symmetric, provided that

ap (x) = a (x), br(x) = cx (x), g(x)=q(x) ae.onf, k,i=1,...,d.
(11.15)

In this case the symmetric form t = Ret is lower semibounded (by the Garding
inequality (11.13)) and closed (since t is elliptic); hence, the operator Ay is self-
adjoint and lower semibounded by Theorem 10.7.

Though the form t is given by a fairly explicit and simple formula, for general
L*>-coefficients, it seems to be very difficult to describe the domain D(A¢) and the
action of operator A¢ explicitly, say in terms of differentiations.

In the remaining part of this section we assume that all functions ay;, by, ck, g
are in C*°(£2) N L°°(£2). In this case we can say more about the operator Ay.

Let us consider the partial differential expression

d d
L==" daud + Y _(bdk — dck) +q. (11.16)
k,i=1 k=1

Since all coefficients are in C*°(£2), we know from Sect. 1.3.2 that the formal ad-
joint £ and the operators L, and L,y are well defined. We obtain

d d
L ==Y daudk+ Y (@ox — dbr) +7.
k=1 k=1

Recall that Ly is the closure of Lo, where Lou = Lu for u € D(Lo) = C3°(82),
and Liyaxv = Lv for v € D(Lmax) ={f € L*(2): Lf € L*(2)}.

Lemma 11.11 L, € A¢ C Lpax.

Proof Letu € C3°(£2). We argue in a similar manner as in the proof of Eq. (10.29).
We choose a bounded open set §2 € §2 of class C? such that suppu C §2 and apply
the Green formula (D.5) to £2. Since u[d$2 = 0, we then obtain

(Lou,v) =tu,v] forvelV. (11.17)

Hence, Lou = A¢u by the definition of the operator A¢. That is, Ly € A¢. Since
Lin is the closure of Ly and Ay is closed, the latter implies that Ly, € Ayg.
Replacing £ by £ and t by t*, we obtain (LT)y C A¢+. Applying the adjoint
to this inclusion and using that Ay = (A()* (by Theorem 11.8(ii)) and ((L1)g)* =
Limax (by formula (1.22)), we derive A¢ = (Ag)* € ((LT)0)* = Liax. O

The following propositions give descriptions of the operator A¢ in the two ex-
treme cases V = H(} (£2) and V = H'(£2). In the first case V = H(} (£2) we say
that A¢ is the Dirichlet operator of L and denote it by Lp, while in the sec-
ond case V = H! (£2) the operator Ay is called the Neumann operator of L and
denoted by Ly. The corresponding boundary problems (11.11) are called weak
Dirichlet problem resp. weak Neumann problem for L. This terminology will be
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justified by the boundary conditions occurring in Propositions 11.12 and 11.14. For
the Laplacian £ = —A, these (and more) results have been already developed in
Sect. 10.6.

Proposition 11.12 Let V = H} () and ay, by, ck, g € C*°(£2) N L™®(R2) for all
k, l. Assume that the ellipticity assumption (11.12) holds. Then Ay is the restriction
of the maximal operator Lmax to the domain D(A¢) = HO1 (£2) N D(Lax)-

Proof Since A¢ € Lmax by Lemma 11.11 and D(A¢) € D[A¢] = H& (£2), we have
D(Ay) € Hy (2) N D(Linay)-

Let u € D(Lpax) N H(} (£2). Using once more identity (11.17), but with L and t
replaced by L™ and t*, and the equality Lyax = (L1)§ (by (1.22)), we obtain

tlu, v] = v, u] = (L) v, u) = (u, (LT)yv) = (Lmaxu,v) ~ (11.18)

for v € C3°(£2). Since C(°(£2) is dense in HOl (£2) and hence a core for the form t,
we conclude from (11.18) and Theorem 11.8(v) that u € D(Ay).
The preceding proves the equality D(A¢) = HO1 (£2) N D(Lax)- Il

Let V = H& (£2), and let conditions (11.15) be satisfied. Then the form t and
hence the operator Ly = (L) are symmetric and lower semibounded by (11.13).
Since C°(£2) is dense in D(t) = H& (£2), tis the closure of the form s;, defined
in Lemma 10.16. Hence, the self-adjoint operator Ay is just the Friedrichs extension
of Lg. The next corollary restates Proposition 11.12 in this case.

Corollary 11.13 Retain the assumptions of Proposition 11.12 and suppose that the
conditions (11.15) hold. Then the Friedrichs extension (Lo)r of the lower semi-
bounded symmetric operator Ly and of its closure Ly, are given by

D((Lo)r) = Hy(2) ND(Lmax) and (Lo)r f = Lmaxf for f € D((Lo)F).
Now we turn to the second extreme case V = H'(£2).

Proposition 11.14 Suppose that $2 is of class C*. For the operator Ly, we have
Lin € Ly € Lmax- A function f € Hz(.Q) belongs to D(Ly) if and only if it
satisfies the boundary condition

d d
ka<2ak181f+ckf) =0 o-ae ondf, (11.19)

k=1 =1

where v(x) = (vi, ..., vq) denotes the outward unit normal vector at x € 082, and
o is the surface measure of 52.

Proof The relations LpinC Ly < Lmax are already contained in Lemma 11.11.
Let f € H*(£2). Clearly, f € D(Lmax). Forve V = H'(£2), we compute
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tLf, vl = (Lmax f,v) = fg > (@rdr £)3%v + (Bardy V) dx

k,l

+ fg > (e Hkv + (Bker f) B) dx

k
=/ ka(Zaklalf—l—Ckf)ﬁdG. (11.20)
982 & 1

For the first equality, only the definitions of t and £ have been inserted, while the
second equality follows by applying the Gauss formula (D.4) to both integrals.
Since LyCLmax, we have f € D(Ly) if and only if t[ f, v] = (Lmax f, V), or
equivalently, the integral (11.20) vanishes for all v € V = H 1(£2). Because the
range yo(H'(£2)) of the trace map yy (see Appendix D) is dense in L2(£2,do),
the latter is equivalent to the boundary condition (11.19). 0

In Sect. 10.6 much stronger results on the domains D(Lp) and D(Ly) were
proved for the Laplacian £ = —A, see (10.35) and (10.39). These descriptions
have been essentially derived from the regularity theorem (Theorem D.10) for weak
solutions. Under certain assumptions concerning the coefficients, similar results are
valid for general elliptic differential operators, see, e.g., [Ag, LM].

11.4 Exercises

1. Let (X, t) be a measure space, and M, the multiplication operator by a mea-
surable function ¢ on H = L%(X, ) (see Example 3.8). Define a form by
tf.gl= [y efgdufor f,.g € D) ={f € L*(X,10) : flgp|'/* € L*(X, w)}.

a. Determine ® (t).
b. Suppose that o (M,) € S¢ ¢ for some ¢ € R, 6 € [0, 7/2). Show that t is a
closed sectorial form and A¢ = M.

2. Let s and t be symmetric forms such that D(s) = D(t) and |t[u]| < s[u] for all

u € D(s). Prove that [t[u, v]|? < s[u]s[v] for u, v € D(s).

(Compare this result with Lemma 11.1.)

Hints: Replacing u by zu for some |z| = 1, one can assume that t[u, v] is real.
Then 4t[u, v] = t{u + v] — t{u + v]. Consider t{u, v] = t[cu, ¢~ v] for some
c>0.

3. Let @ € C and define t[ f, g1 = (f’, &) + af (0)g(0) for f, g € D(t) := H' (R).
Show that t is a sectorial form.

4. Let (a,)nen be a positive sequence, and (b;,),cn a complex sequence. Define the
form t by t{(¢n), (V)] = Yne | @n@n ¥y + bu@n¥yi1) on H=1*(N).

a. Find sufficient conditions on (a,) and (b,) such that t becomes a (densely
defined closed) sectorial form on H and describe the domain D(%).

b. Describe the corresponding m-sectorial operator Ay.

c. IsDy={(¢1,...,¢4,0,...):0r € C,n e N}acore fortor A¢?
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The following four exercises develop a number of simple examples of sectorial
forms in detail. Throughout .7 is an open interval, and H = Lz(j ).

5. Let ¢, ¥, n be bounded continuous functions on J such that ¢, ¥ are real-
valued, my :=inf{p(x) : x € J} > 0, and my, :=inf{yr (x) : x € J} > 0. Further,
put M, ;= sup{|n(x)| : x € J}. Suppose that 4m,my — M% > 0. Define

tif. gl=(ef . &)+ (nf.g)+ Wf.g). f.geDW):=H" (D).

a. Show that t is a bounded coercive form on the Hilbert space H L.

b. Consider t as a form on Lz(j ) and determine t*, Re t, and Im t.

c. Show that t is a sectorial form on the Hilbert space L2(J) and determine a
sector Sc,p such that @ (t) C S. 4.

Let D(t) be a linear subspace of H L(7) which contains HO1 (J),andleta, B,y € C.
Define the form t by

tfgl=(f.¢)+alf . g)+B(f.&)+r(fg). [fgeD®.

6. a. Determine t*, Ret, and Imt.
b. Show that the form norm of Re t is equivalent to the norm of H L.
c. Show that Re t is lower semibounded and that t is a closed sectorial form.
Hint: Use |(f, £)I = 1(f. £O1 < IF 1A < el f12 + & M1 £ 11 for e > 0.
7. Let 7 = (a,b), where a,b e R, a < b.
a. Let D) = {f € H'(J) : zf (a) = wf (b)}, where z, w € C, (z, w) # (0, 0).
Show that D(A¢) = {f € H*(J) : 2(f' + Bf)(b) = w(f' + Bf)(a)}.
b. Let D(t) = H'(J). Show that D(A¢) = {f € H*(J) : (f' + Bf)(b) =
(f"+Bf)(a) =0}.
c. Let D(t) = H} (J). Show that D(A¢) = D(Ag) = H* ().
d. Suppose that D(t) # HO1 (J) and y € R. Show that D(A¢) = D(A¢) if and
only if & = B, or equivalently, if t = t*.
8. Let J = (a, 00), where a € R.
a. Show that D(A¢) = {f € H*(J) : (f' + Bf)(a) =0} if D(t) = H'(J) and
D(AY = H*(J) if D(t) = Hy ().
b. Deduce that if D(t) = Hl(]), then D(A¢) = D(A) if and only if & = E






Chapter 12
Discrete Spectra of Self-adjoint Operators

This chapter is concerned with eigenvalues of self-adjoint operators. The Fischer—
Courant min—max principle is an important and useful tool for studying and compar-
ing discrete spectra of lower semibounded self-adjoint operators. In Sect. 12.1 we
prove this result and derive a number of applications. Section 12.2 contains some
results about the existence of negative or positive eigenvalues of Schrodinger oper-
ators. In Sect. 12.3 we develop Weyl’s classical asymptotic formula for the eigen-
values of the Dirichlet Laplacian on a bounded open subset of R?.

12.1 The Min-Max Principle

Let A be a lower semibounded self-adjoint operator on an infinite-dimensional
Hilbert space H. The min—max principle gives a variational characterization of the
eigenvalues below the bottom of the essential spectrum of A. It is crucial that only
the values (Ax, x) or A[x] enter into this description but not the eigenvectors of A.

To formulate the min—max principle, we define three sequences (i, (A));eN,
(n (A))nen, and (A, (A)),en associated with A. Let §, = §,(H) denote the set of
linear subspaces of H of dimension at most n. For n € N, we set

A)= su inf Ax,x), 12.1
/'Ln( ) DESI:_l xeD(A), ||x|\:l,xJ_D< > ( )

n,(A)= su inf
Hn(A) De;ﬂ: xeD[A], x| =1,x LD

Alx]. (12.2)
By these definitions, w1 (A) =my4 and [i1(A) = my,. Hence, by formula (10.10),
pi(A) =1 (A) =inf{r: 1 €0 (A)}. (12.3)

For the definition of the third sequence (1, (A)),eN, We consider two cases.

Case 1 (0ess(A) = ) Then o(A) has no accumulation points and consists of
eigenvalues of finite multiplicities. Let A,(A), n € N, be the eigenvalues of A
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counted according to their multiplicities and arranged in increasing order, that is,
An(A) < Apy1(A) forn e N.

Case 2 (0ess(A) £ ) Let o = inf{A : A € 0es5(A)} be the bottom of the essential
spectrum of A. The set of all eigenvalues A, (A) of A less than o will be enumerated
as in Case 1. If there are precisely k € N eigenvalues less than o, we set A, (A) =«
for n > k. If there are no eigenvalues of A less than «, we put A,(A) = « for all
neN.

From these definitions it follows at once that A has a purely discrete spectrum if
and only if lim,,—, c0 Ay (A) = 400.

Theorem 12.1 (Min—-max principle) Let A be a lower semibounded self-adjoint
operator on an infinite-dimensional Hilbert space H, and let E 4 denote its spectral
measure. Then we have

An(A) = pn(A) = Tin(A) = A forneN. (12.4)

inf
dim E 4 ((—00,A))H>n
In the proof we use the following simple lemma.

Lemma 12.2 Set &) := EA((—00, L))H and d(A) :=dim &, for A € R. Then

dA) <n ifr < uy(A), (12.5)
dX)=n ifr>pu(A). (12.6)

Proof Assume to the contrary that (12.5) is false, that is, d(A) > n and A < u, (A).
Let D € §,—1 be given. Since d(A) = dim &, > n, there exists a unit vector x € &,
such that x L D. (Indeed, by choosing bases of §,_; and &,, the requirement x 1 D
leads to at most n — 1 linear equations for at least n variables, so there is always
a nontrivial solution.) Since A is bounded from below and x = E 4 ((—o00, A))x, it
follows from the functional calculus that x € D(A) and (Ax, x) < A|x||*> = A. This
implies that w, (A) < A, which is a contradiction.

Suppose now that (12.6) is not true, that is, d(A) < n and A > u,(A). Then
E eFuo1. If x e D(A), ||x]| =1, and x LE,, then E 4 ((—0o0, 1))x = 0, and hence
(Ax, x) > A by the spectral theorem. Thus, u, (A) > A, which is a contradiction. []

Proof of Theorem 12.1 Let us abbreviate u,, = u,(A) and A, = A, (A). From (12.5)
and (12.6) it follows at once that u,, = inf{A : d(1) > n} for all n € N.
To prove that u, = X,, we proceed by induction. By (12.3) we have p1 = A1.
Now suppose that ;t; = Aq, ..., y—1 = A,—1. We shall prove that u,, = A,,.
First, we show that u, € 0 (A). Assume to the contrary that u, ¢ o(A). Then
Es((tn —€, by +€)) = 0 for some ¢ > 0 by Proposition 5.10(i), and hence £, 4. =
Eup—e /2. Therefore, n < d(u, + &) = d(u, —€/2) < n by (12.6) and (12.5), which
is a contradiction. Thus, u, € o (A).
To complete the proof, we consider the following two distinct cases:
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Case I: d(u, + &9) < oo for some gg > 0.

Since dim Ez((y — &, iy + eNH < d(n + 89) < 00 for 0 < & < gy and
Un € o (A), Proposition 5.10(1) implies that u, is an isolated eigenvalue of finite
multiplicity. Hence, there exists § > 0 such that o (A) N (u, — 8, un + §) con-
tains only w,. Therefore, by Proposition 5.10(i), Ea((in, un + 8)) = 0, so that
dim E 4 ((—o0, un)H = d(uy 4+ 6) = n by (12.6). Hence, A has at least n eigenval-
ues (counted with multiplicities) in (—oo, i, ]. These are A < ... <A, 1 <A, If
A, would be less than w,, then dim E 4 ((—o0, A))H =d(X) = n for A, < A < .
This contradicts (12.5). Thus, u; = A,.

Case II: d(u,, + &) = oo for all ¢ > 0.

Since d(u, — €) < n by (12.5), it follows that dim E 4 (1, — &, un +€))H =00
for all & > 0. Therefore, (1, € oess(A) by Proposition 8.11. Suppose that A < p,
and choose § > 0 such that A + 8§ < u,. Then d(A 4+ 6) < n by (12.5), and hence
dimEA((A—38,A+8))H < n,so X ¢ gess(A) again by Proposition 8.11. This proves
that p, = inf{i : i € gess(A)}. By the definition of A,, (Case 2) we therefore have
An < M-

Assume that A, < ,. Then we have dim E 4 ((—o0, A))H =d(A) > n for A, <
A < Wy, which contradicts (12.5). The preceding proves that A,, = .

The equality i1, (A) = A,,(A) is proved by a similar reasoning. d

Theorem 12.1 has a number of important applications, both for theoretical in-
vestigations and for practical computations. As above, H is an infinite-dimensional
Hilbert space. Our first corollary shows that inequalities for (not necessarily com-
muting!) operators imply inequalities for the corresponding eigenvalues. The rela-
tions “>" and “>” have been defined in Definition 10.5. For A € R, we denote by
N (A; A) the number of n € N for which 1,,(A) < A.

Corollary 12.3 Let A and B be lower semibounded self-adjoint operators on
(infinite-dimensional) Hilbert spaces G and H, respectively, such that G is a sub-
space of H. Suppose that A > B or A > B. Then we have A, (A) > 1, (B) for all
n € Nand N(A; L) < N(B; A) for A € R. If B has a purely discrete spectrum, so
has A.

Proof From the relation A > B resp. A > B it follows immediately that i, (A) >
n(B) resp. un(A) > uy(B) for n € N, so A,(A) > A,(B) by equality (12.4).
Obviously, the latter implies that N(A; 1) < N(B; A).

As noted above, a lower semibounded self-adjoint operator C has a purely dis-
crete spectrum if and only if lim, A, (C) = 4+oc. Hence, A has a purely discrete
spectrum if B has. g

Corollary 12.4 Let A be a positive self-adjoint operator, and B a self-adjoint
operator on H. Suppose that B is relatively A-bounded with A-bound zero and
Oess(A+BB) = [0, +00) for B > 0. Then the function § — ,,(A+ BB) on [0, +00)
is nonincreasing for each n € N.
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Proof First, we note that by the Kato—Rellich Theorem 8.5 the operator A + 8B is
self-adjoint on D(A 4+ BB) = D(A). From the assumption gess (A + 8B) = [0, +00)
and the above definition of A, (-) it follows that A,,(A 4+ 8B) < 0 for all n € N. Recall
that A, (A + BB) = u, (A + BB) by (12.4). Therefore,

un(A+BB)= sup

inf min;0, (Ax, x) + B(Bx, x)|.
DeF_i xeD(A), |x||=1,xLD { }

Since (Ax, x) > 0, the function 8 — min{0, (Ax, x) + B(Bx, x)} is nonincreasing
on [0, 00) as easily seen, sois 8 — u, (A + BB) = A, (A + BB). O

In perturbation theory of quantum mechanics the variable 8 in the sum A+ BB is
called the coupling constant. Then Corollary 12.4 says that the negative eigenvalues
An(A + BB) are nonincreasing functions of the coupling constant 8 € [0, +00).
Hence, the number of negative eigenvalues of A 4+ B is increasing. It can also be
shown that the function § — A, (A + BB) is continuous on [0, +00) and strictly
monotone at all point 8 where A, (A + 8B) < 0.

Remarks 1. Exercises 1-4 contain additional facts concerning Theorem 12.1.
Exercise 1 shows that in Eqgs. (12.1) and (12.2) supremum and infimum can be
replaced by maximum and minimum, respectively, while Exercises 2 and 3 state
“dual” versions to Theorem 12.1 (“max—min principles”).

2. Suppose that the Hilbert space H has dimension d € N. Then the numbers
wn(A) and 11, (A) are not defined for n > d, since there is no unit vector x such that
x_LH. But, as the corresponding proofs show, the assertions of Theorem 12.1 and
of Corollaries 12.3 and 12.4 remain valid foralln =1, ..., d.

Proposition 12.5 Let A be a lower semibounded self-adjoint operator on H. Let
V be a d-dimensional subspace of D(A), and Ay := PA|V the compression of A
to V, where P is the orthogonal projection onto V. If L1 (Avy), ..., Aq(Avy) denote
the eigenvalues of the self-adjoint operator Ay on V enumerated in increasing
order, then

AM(A) =xi(Ay), (A =x(Ay), ..., ra(A) =iq(Ay). (127)

Proof Let k € {1,...,d}. Since Ap(A) = ur(A) and Ax(Ay) = ux(Ay) by (12.4)
(see, e.g., Remark 2.), it suffices to prove that ui(Ay) > ur(A). By (12.1),

mi(Ay) = sup inf  (Ayv,v)
DeFi_ (V) VEV. Ivl=1,vLD
= Sup lnf (A‘U7 U)
DeFp_1(H) VeV, lvl=1,vLPD
= sup inf (Av, v)
DeFr_1(H) veV. lvl=1,vlD
> su inf (Ax, x) = i (A).

= p
DeFr_1(H) x€D(A), |x||l=1,xLD
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For the third equality, we used the fact that for v € V, we have v L PD if and only
if v L D, since (v, Py) = (Pv,y) = (v, y) forany y € H. O

Inequalities (12.7) are estimates of the eigenvalues of A from above by finite-
dimensional approximations. They are the basic tools for the Rayleigh—Ritz method
which is useful for practical calculations of eigenvalues, see, e.g., [CH].

Derivation of lower bounds for the eigenvalues is more subtle. A simple result of
this kind is the next proposition, which contains a lower bound for the first eigen-
value.

Proposition 12.6 (Temple’s inequality) Let A be a lower semibounded self-adjoint
operator such that L1(A) < A (A), and let o € R, x € D(A?), lx|| = 1. Suppose
that (Ax,x) <a < Ar(A). Then

(A%x, x) — (Ax, x)? ((A — (Ax, x))%x, x)

MA) 2 {Ax,x) = —— e = A ) - s

Proof Set A := X1 (A). Since L1(A) < a < A3(A), we have o (A) N (A1, a) = 0.
Hence,

((A=xID(A—al)x,x)= / (t —2)(t —a)d(Ea(t)x, x) >0,
o (A)

which in turn implies that

((A—ahAx,x) = 1 ((A —al)x, x). (12.8)
By assumption, ((A —al)x, x) = (Ax, x) — o < 0. Therefore, (12.8) yields
_ 2 _ 2
A > ((A—al)Ax, x) — (Ax.x) — (A%x,x) — (Ax, x) . 0
((A—al)x,x) o — (Ax, x)

Corollary 12.3 can be used to derive results by comparing eigenvalues of
Schrodinger operators with different potentials. A sample is the following propo-
sition.

Proposition 12.7 Let V be a nonnegative function of Lﬁi(Rd) such that
limx |00 V (x) = +00. Then the form sum A = —A+V is a positive self-adjoint
operator with purely discrete spectrum.

Proof First, we note that the form sum A = —A +V is a well-defined positive self-
adjoint operator by Proposition 10.23, since V € L;’&(Rd).

Let M > 0 be given. Since limjy|— 400 V (x) = +00, there is an > 0 such that
Vix) > M if |x|| >r. Set Uy(x) =—M if ||x|| <r, U(x) =0 if ||x| > r, and
define the form sum B, = —A + (U, + M). By construction, V (x) > U,(x) + M,
and hence A > B,. Therefore, 1,,(A) > A, (B,) for n € N by Corollary 12.3.

Since U, is bounded and of compact support, —A + U, is a self-adjoint operator

such that oegs(— A+ U,) = [0, +00) by Theorem 8.19. Obviously, —A + U, is lower
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semibounded. Hence, there exists ng such A,(—A 4+ U,) > —1 for n > nyq. Since the
operator sum —A + (U, + M) is a self-adjoint operator by Theorem 8.8, it coincides
with the form sum B, by Proposition 10.22(ii). Thus, we have

In(By) = )\n(_A + (Ur+M)) =M+ (—A+U,).
By the preceding, for n > ng, we have
AA) > A (B) =M+ 2, (-A+U)>M — 1.

This proves that lim,,—, oo A, (A) = 400, so A has a purely discrete spectrum. O

12.2 Negative or Positive Eigenvalues of Schrodinger Operators

Our first proposition collects some simple criteria concerning the existence of neg-
ative eigenvalues. As usual, eigenvalues are counted with their multiplicities.

Proposition 12.8 Let A be a self-adjoint operator on a Hilbert space H such that
Oess(A) C [0, +00).

(i) A has a negative eigenvalue if and only if (Ax, x) < 0 for some x € D(A).

(i1) A has only a finite number of negative eigenvalues if and only if there exists a
finite-dimensional linear subspace D of H such that (Ax,x) > 0 for all x in
D(A), x L D. The number of negative eigenvalues is then less than or equal to
dimD.

(iii)) A has infinitely many negative eigenvalues if and only if there is an infinite-
dimensional subspace € of D(A) such that (Ax,x) <0 forall x € £, x #0.

Proof Let E 4 denote the spectral measure of A. We freely use the description of the
spectrum given in Proposition 5.10. Since o¢gs(A) < [0, +00), all points of o (A) N
(—o00, 0) are eigenvalues of finite multiplicities which have no accumulation point
in (—00, 0), and dim E 4 ((—o0, 0))H is the number of negative eigenvalues.

(1): A has no negative eigenvalues if and only if E4((—00,0)) =0, or equiva-
lently, if A > 0.

(ii): First, suppose that A has n negative eigenvalues. Then D := E 4 ((—o0, 0))H
has dimension n. If x € D(A) and x L D, then x € E4([0,4+00))H, and hence
(Ax, x) > 0 by the functional calculus.

Conversely, suppose that there is a finite-dimensional subspace D such that
(Ax,x) = 0for x € D(A)NDL. If dim E 4 ((—00, 0))H would be larger than dim D,
then there exists a nonzero vector y € E4((—o0, 0))H ND(A) such that y L D. But
then (Ay, y) < 0, contradicting (Ay, y) > 0 by the assumption.

(iii): If A has infinitely many negative eigenvalues, £ := E 4((—00, 0))D(A) is
infinite-dimensional and has the desired property.

Conversely, assume that £ is such a subspace. Let D be an arbitrary finite-
dimensional subspace of . Since £ has infinite dimension, we can find a nonzero
y € £ such that y 1 D. Hence, the condition in (ii) cannot hold, since otherwise
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we would have (Ay, y) > 0. This contradicts (Ay, y) < 0 by the condition in (iii).
Therefore, by (ii), A has infinitely many negative eigenvalues. g

Now we turn to the existence of negative eigenvalues of Schrodinger operators.
In quantum mechanics the corresponding eigenfunctions are called bound states.
If a particle is in a bound state, it cannot leave the system without additional
energy.

Proposition 12.9 Let V be a real-valued function of L*(R?) + L (R3),. Suppose
that there exist positive constants c, Ry, and § such that § < 2 and

V(x) < —clx[|7° for x| = Ro. (12.9)

Then the self-adjoint operator —A + V has infinitely many negative eigenvalues.

Proof By Theorems 8.8 and 8.19, A := —A + V is a self-adjoint operator on
L2(R3) and oee(A) = [0, +00). Hence, the assumptions of Proposition 12.8 are
satisfied.

Let us fix a function ¢ € CgO(R3) such that suppy C {x : 1 < ||x]| <2} and
lloll = 1. Put ¢q (x) = @ ~3/%¢ (o~ x) for & > 0. Then we have

(Ao, po) =0 2(Ap,9) and (|Ix|°@a, o) = (x| ¢, ¢). (12.10)

Since supp ¢y € {x 1 < ||x|| < 2a}, for a > Ry, it follows from (12.9) and (12.10)
that
H=4p,9) = ca”(Ix] 0, ¢)
Therefore, since § < 2, there exists § > 0 such that (A¢y, ¢y) <O for all « > 8.
Set Y, := @ong. Clearly, (¥,)neN is an orthonormal sequence of functions with
disjoints supports, so that (Ayr,, ¥) = 0 for n # k. Hence, the linear span & of vec-
tors ¥, is an infinite-dimensional linear subspace of D(A) such that (Ayr, ) <O
for all ¢ € &€, ¥ # 0. Therefore, by Proposition 12.8(iii), A has infinitely many
negative eigenvalues. O

(AQq, o) = (=A@, Pa) + (VYu, Pu) <a™

The condition § < 2 is crucial in Proposition 12.9. It turns out that the potential
Vo(x) = ||x||~2 is the borderline case for having infinitely many negative eigenval-
ues. In fact, the following result (see [RS4], Theorem XIII.6) is true:

Let V € L2(R3) + L°°(]R3)g be real-valued. If there are positive constants Ry
and b such that b < 1/4 and

V(x) > —b|x|| 7> for |lx]| > Ry,

then —A + V has only a finite number of negative eigenvalues.

Another application of the min-max principle are estimates for the num-
bers of negative eigenvalues of Schrodinger operators. This matter is treated
in great detail in [RS4, Chap. XIII, Sect. 3]. Here we state only the theo-
rem about the Birman—Schwinger bound (12.11) without proof (see [RS4, Theo-
rem XIII.10]):
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Let V be a real-valued Borel function on R3 of the Rollnik class R (see
Sect. 10.7). If N(V) denotes the number of negative eigenvalues of the self-adjoint
operator —A+V, then

N(V) < @) 72|V |s, (12.11)

where ||V ||y is given by (10.42). In particular, N (V) is finite.
The next result contains a criterion for the nonexistence of positive eigenvalues.

Proposition 12.10 Let V be a real-valued Borel function on R which is relatively
(—A)-bounded with (— A)-bound less than one. Suppose that there exists a number
B € (0, 2) such that

Viax)=aPV(x) forae(0,1)andx e RY, x #0. (12.12)

Then the self-adjoint operator —A + V has no eigenvalue contained in [0, 4+00).

Proof By the Kato—Rellich Theorem 8.5, the operator —A + V is self-adjoint
on D(—A). Let A be an eigenvalue of —A + V with eigenvector f, || f] = 1.
Put f,(x) = f(ax) for a € (0,1). Using assumption (12.12) and the equation
—(Af)(x) ==V (x)f(x) + Lf(x), we derive
—(Afa)(x) = —a*(Af)(ax) = —a’V (ax) f (ax) + a® [ (ax)
=—a" PV () fax) + @1 fu ().

Using this relation and the fact that the operator — A is symmetric, we obtain

@l fas f) = a> PV fus f) = (= Afas ) = (fas =Af) = (fas =V ] +4f)
= _(Vfa’ f> +)\(fav f>,
which leads to the equation
a’> P —1
Mfa: [)=—F—Vfa, ).
a-—1
Letting a — 1 — 0, we conclude that L = A(f, f) = #(Vf, f). Hence,

(AL fY=(=Vf+Arf, ) ==2Q - A +r=28(-2)"". (12.13)
Since (—Af, f) > 0and (B —2) < 0, it follows from (12.13) that A < 0. U

We illustrate the preceding results by the standard example of potentials.

Example 12.1 (Coulomb potential V (x) = —y|lx||~! on L*(R?)) First, suppose
that y € R. Recall from Example 8.5 that V € L2(R3) + L% (R?),, so V has the
(—A)-bound zero, and gegs(— A+ V) = [0, +00). Thus, by Corollary 12.4, the func-
tion B — A, (—A + BV) is nonincreasing on [0, +00).

The potential V satisfies the homogeneity condition (12.12) with g = 1. Hence,
by Proposition 12.10, the self-adjoint operator —A + V has no eigenvalue in
[0, +00).
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Further let A be an eigenvalue of —A + V with normalized eigenfunction f.
Since ﬁ = and hence A = 2(Vf f) by the above proof, (12.13) yields

—(~Af.f)= 5<Vf, f=x (12.14)

This assertion is called virial theorem (see, e.g., [Th], 4.1.4). Since (—Af, f) > 0,
Eq. (12.14) implies that A < 0.

Now suppose that y > 0. Then (12.9) is fulfilled with § =1, y = ¢, Ry = 1.
Therefore, by Proposition 12.9, the operator —A + V has infinitely many negative

eigenvalues. It can be shown that these are precisely the eigenvalues —, where

k2 ’
k € N, with multiplicities k> and the corresponding eigenfunctions are built from
spherical harmonics and Laguerre functions. This is carried out in detail in standard

books on quantum mechanics. o

12.3 Asymptotic Distribution of Eigenvalues of the Dirichlet
Laplacian

Let £2 be an open subset of R?. The Dirichlet Laplacian —Ap, ¢ and the Neumann
Laplacian —Apy o on §2 have been studied extensively in Sect. 10.6. Here we only
recall that —Ap o and — Ay, ¢ are positive self-adjoint operators on L?(£2) which
are defined by their quadratic forms tp e and ty o, where

D(tp o) =DI—-Ap.ol:= Hy(2),

1 (12.15)
D(ty,2) =D[AN,e]:= H (£2),
and both forms are given by the same expression
tLf gl= /Q(Vf)(x) -(Vg)(x)dx. (12.16)

By (12.16) the form norm of —Ap ¢ coincides with the norm of Hé (£2).

Suppose that £2 is bounded. Then the embedding of H|(£2) into L?(£2) is
compact by Theorem D.1. Hence —Ap ¢ has a purely discrete spectrum by Propo-
sition 10.6. If, in addition, £2 is of class C! (see Appendix D), the embedding of
H'(£2) into L?(£2) is compact by Theorem D.4, so —Ay. ¢ has also a purely dis-
crete spectrum. The spectrum of —Ap o is formed by an increasing positive se-
quence A,(—Ap. @), n € N, of eigenvalues counted with multiplicities and converg-
ing to 4+00. The main result of this section (Theorem 12.14) describes the asymp-
totic behavior of this sequence for some “nice” open bounded sets §2. To achieve
this goal, a number of preliminaries are needed.

Lemma 12.11 Let 2 and 2 be open subsets of RY.

Q) If 2 S 2, then—Ap 5 <—Apg.
(i) —Any, e <—Ap .
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Proof Both inequalities follow at once from the definitions of the order relation “<”
(Definition 10.5) and the corresponding forms (12.15) and (12.16). O

Lemma 12.12 Let §21, ..., §24 be pairwise disjoint open subsets ofRd.

() If 2=U]_, 2, then —Ap.o =@i_, —Ap.e; on L*(2) = @_, L*(2)).
(ii) Let 2 be an open subset of R? such that U?:l 2; C 82 and 2\ U3:1 Qjisa

Lebesgue null set. Then 69?:1 —An.g; < —Angon L*(2) = @3:1 L2(£2)).

Proof For a function f on £2 we denote its restriction to £2; by f;.
(i): Since £2 is the union of the disjoint sets £2;, for f, g € C{°(§2), we have

q
to,:z[f,g]=f Vf-Vgdx=) / Vfj-Vgjdx
2 X ol
]:1 J

q
=D tnelfig)l (12.17)
j=1

and Cj°(2) = ;1.:1 Cg°(82;). Hence, by continuity Eq. (12.17) extends to the clo-
sures of the corresponding forms and yields tp o[ f, g] = Z(j.:l tp,e;[fj. g;] for
f,8€Dlp )= 3:1 D(tD,gj). Taking the operators associated with the forms
tp.o and tD,_Qj, it follows that —Ap o = @3:1 —AD’_QJ-.

(ii): Let f, g € D(ty.@) = H'(£2). Then fj.g; € D(ty.@;) = H'(£2;). Since

22\ U;{:l §2; has Lebesgue measure zero, we obtain
[ q —_—
tn.elf, gl =/ Vf-Vgdx= Z/ Vfj-Vgjdx
2 ; 2
/:1 J

q
=D tvalfi gl (12.18)
j=1

Clearly, the operator associated with the form on the right-hand side of (12.18)

is @3:1 —Ap.; on L*(2) = ‘,’-:1 L%(£2;). Since D(ty,2) C 69721 D(tn.q;),

(12.18) implies that f_, —An.@; < —An.0. O
For a self-adjoint operator A on H and A € R we define
N'(A; 1) :=dim E4 ((—00, 1)) H.

If A=@D;_; A; is an orthogonal sum of self-adjoint operators A, we obviously
have E4(-) = @?:1 E4;(-), and hence

n
N'(Ai2)=) N'(Ai;1). reR. (12.19)
k=1
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If A has a purely discrete spectrum, N’(A, 1) is just the number N (A, 1) of eigen-
values of A less than A which appeared in Corollary 12.3. Further, we abbreviate

Np o) :=N(=Apo;A) and Ny o) :=N(—Aye;)).

That is, if —Ap_ @ resp. —Ap, e has a purely discrete spectrum, then Np o (1) resp.
Nn.@(A) is the number of eigenvalues of —Ap o resp. —Apn ¢ less than A.

Example 12.2 (2 = (a,a+1),d = 1,1 > 0) In this case, —Ap g is the differential
operator — % with boundary conditions f(a) = f(a + [) = 0. Easy computations

show that —Ap ¢ has the spectrum

o(—Ap )= {n2n21_2 ‘ne N}
consisting of simple eigenvalues n?7 2>
neN, are

and the corresponding eigenfunctions ¢,,,

o (x) =sin2knl " (x —a —1/2),
Oora1 (x) =cosk + Dl (x —a —1)2).
Clearly, —Ay  is the operator —%22 with boundary conditions f'(a) =
f'(a + 1) = 0. Hence, the spectrum of —Ay o is formed by simple eigenvalues
n?m?1~? with eigenfunctions v, n € Ny. They are given by

o(—An.o)= {n2n21_2 :n € No},
Yo (x) = cos 2kl (x —a —1)2),
Yokl (x) =sink + Dl ' (x —a —1/2).

Example 12.3 (2 = (aj, a1 +1) x -+ x (ag,aq +1) € R?, [ > 0) By separation
of variables we easily determine the spectra and the eigenfunctions of the operators
—Ap o and —Ay o and obtain

o(=Apg)={(n}+...+n3) 7% :ny,...,ng €N}, (12.20)
On(x) =@, (X1) - @uy(xa), = (n1,...,ng) €N,

o(—Ay)={(nf+...+nd) 7 iny, ... ng € No}, (12.21)
Yn () = Y, (X1) -+ Yy (Xa),  m=(n1,....nq) €N, o

Let us denote by w, the volume of the unit ball in RY, that is,
wi=n"?rd/)2+1), deN. (12.22)

Lemma 12.13 Let 2 = (aj, a1 +1) X -+ x (ag,ag +1) SR, 1 > 0. For ». > 0,
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d—1

INp.o () — 292wy (2m) ™| < foﬂw,lf(zn)—f, (12.23)
j=0

|Ny.2 () — 292014 2) ™| < Z A Pwild (2m) 7 (12.24)
j=0

Proof From Example 12.3 and formula (12.20) it follows that Np ¢ () is the num-
ber of points n = (n1,...,n4) € N9 such that (n% + ...+ nf,)nzl_2 < A, or equiv-
alently, the number of n € N? lying inside the ball B, centered at the origin with
radius r := /A I L. Similarly, formula (12.21) implies that Np o (A) is the num-
ber of points n € N‘é inside the ball B,.

Forn e N and k € Ng, we define the unit cubes O, and P} by

On={xnj—1<xj<nj, j=1,...,d},
Pr={x:kj<xj<kj+1,j=1,...,d}.

Let B, + ={x € B, : x1 >0, ..., x4 > 0} be the intersection of the positive octant
with B,. The union of all cubes Q,,, where n € N9 N B,, is disjoint and contained in
B, +, while the union of cubes Py, where k € Ng N By, is a disjoint cover of B, ;.
Therefore, by the preceding, we have

Np.a) <1Brsl =2 %war! =250 @0y < Nyo).  (12.25)

Obviously, the difference Ny o(A) — Np (1) is just the number of points of
Ng\Nd within B,.. This is the union of sets R;, j =0,...,d — 1, where R; de-
notes the set of all n € N4 N B, for which precisely j of the numbers ny, ..., ny4 are
nonzero. Repeating the above reasoning, we conclude that the number of points of
‘R ;j does not exceed the volume of the positive octant B, 4 ; of the ball centered at
the origin with radius r in j-dimensional space. Since |B; 4 ;| = 27w jrj , we get

d—1 d—1
0< Ny = Npo() <> 27wir! =3 1wl @)™/, (12.26)

j=0 j=0
Now the assertions (12.23) and (12.24) follow by combining inequalities (12.25)
and (12.26). O

In the preceding proof the points of Z? inside a ball played a crucial role. Esti-
mating the number of such lattice points is an important problem in number theory.

In order to formulate our main theorem, we recall the notion of the Jordan con-
tent. Let M be a bounded subset of R?. Then there are numbers a, b € R such
that M is contained in the closed cube Q = [a, b] X ... X [a, b] in RY. LetneN
and / := (b — a)/n. To any n-tuple € = (ki, ..., k,) of numbers k; € {1,...,n} we
associate a cube

Re=[a+ (ki —Dla+kl]x-x[a+ (ks— 1, a+kgl].
We call the set of all such cubes a partition of the cube Q and ! its length.



12.3  Asymptotic Distribution of Eigenvalues of the Dirichlet Laplacian 277

We denote by J, (M) the volume of those cubes R contained in M and by
J (M) the volume of those R that intersect M. The bounded set M is said to
be Jordan measurable if sup, J, (M) = inf, J,,(M); this common value is then
denoted by J (M) and called the (d-dimensional) Jordan content of M.

Bounded open subsets with piecewise smooth boundary are Jordan measurable.
If M is Jordan measurable, it is Lebesgue measurable and J (M) coincides with the
Lebesgue measure of M; see, e.g., [Ap] for more about the Jordan content.

Theorem 12.14 (Weyl’s asymptotic formula) Let §2 be a bounded open Jordan
measurable subset of R¢. Then we have

lim Np.o(i~? = Q) 4w.J(£2). (12.27)
A——+00

Proof Let us fix a cube Q which contains £2 and a partition of Q of length /.
We denote by Qy, ..., Q, the interiors of those cubes R contained in §2. Since
Q= U;I':1 Q; C £, it follows from Lemmas 12.11(i) and 12.12(i) that

q
—Ap.g S—ADygz@—AD,Q.i. (12.28)
j=I

Obviously, the volume of Q is |Q| = ¢I?. Applying first Corollary 12.3 and then
formula (12.19) to (12.28), and finally (12.23), we derive

d—1
Np.o() =Np o)=Y Npo () =g (A%’wdld(zn)—d - Zﬁwjlf(zn)—f)

J j=0
. d—1 ; ‘ '
=121Qlwa2m) ™ —q ) ATw;l! @) (12.29)
j=0
Let Py, ..., P, be the interiors of all cubes R which intersect §2 and let P be

the interior of the union Ul]')zl P;. Then £2 € P and P\ Ule P; is a Lebesgue null
set. Therefore, applying Lemmas 12.11, (i) and (ii), and 12.12(ii), we obtain

p
—Ape>=—App=—Anp =P -Anp,. (12.30)
k=1
Clearly, |P| = pl?. Employing again Corollary 12.3 and formula (12.19) (now
applied to (12.30)) and finally (12.24), we get

d-1
Np.o() <Y Ny.p, (1) <25 [Plog@m) ™+ p > 12wt @r) .
k j=0

(12.31)
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The highest order terms for A on the right-hand sides of (12.29) and (12.31) are
2472 From (12.29) and (12.31) we therefore conclude that

2m) " lwg| Q| < liminf Np o (WA~ 2 <limsup Np o (WA~ 2 < 2m) dwy|P|.
A—+00 A—>—400
By definition, |Q| = J,(£2) and |P| = J,(£2). Since £2 is Jordan measurable, the
differences |P| — J(£2) and J (§2) — | Q| can be made arbitrary small. Hence, it fol-
lows from the preceding inequalities that the limit limy_, ;oo Np, 2(M)A~9/2 exists
and is equal to 27) 4wy J (§2). This proves Eq. (12.27). O

The function Np o (A) describes the eigenvalue distribution of the Dirichlet
Laplacian —Ap . Formula (12.27) says that its asymptotic behavior is given by

Np.oO)~ 222r) " YwgJ(2) ash — +oo.

To put Theorem 12.14 into another perspective, let us think of the region £2
as a (d-dimensional) membrane that is held fixed along the boundary of £2. The
transverse vibration of the membrane is described by a function u(x,?) on £2 x
[0, +00) satisfying the wave equation Au = c?u;;, where c is the quotient of the
density of the membrane by the tension. Solutions of the form u(x,t) = v(x)eH
are called normal modes. They represent the pure tones of the membrane and the
numbers p are the “pitches”. Clearly, such a function u(x, t) is a normal mode if
and only if

—Av:czuzv, v][92 =0.

In operator-theoretic terms this means that ¢>u? is an eigenvalue of the Dirichlet
Laplacian —Ap .

If we could listen to the membrane vibrations with a perfect ear and “hear” all
eigenvalues, or equivalently the spectrum of —Ap o, what geometrical properties
of 2 could we get out of this? Or considering §2 as a drum and repeating a famous
phrase of Kac [Kc], “Can we hear the shape of a drum?” By Weyl’s formula (12.27)
we can “hear” the dimension d and the volume J (£2) of §2. Further, the spectrum
determines the perimeter of §2 as also shown by Weyl (1912).

This question has an analog for the Laplace—Beltrami operator on a compact
Riemannian manifold: What geometrical or topological properties of the manifold
are encoded in the spectrum of this operator? This is the subject of a mathematical
discipline which is called spectral geometry, see, e.g., [Bd].

12.4 Exercises

In Exercises 1, 2, 3, 4, H denotes an infinite-dimensional separable Hilbert space.

*1. Let A be a lower semibounded self-adjoint operator on H with purely discrete
spectrum. Let (A, (A)),en be the nondecreasing sequence of eigenvalues of
A counted with multiplicities, and let {x, : n € N} be an orthonormal basis of
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*2.

corresponding eigenvectors of A, that is, Ax, = A,(A)x,. Put Dy = {0} and
D, =Lin{xy, ..., x,}.

Show that the supremum in Eqgs. (12.1) and (12.2) is attained for D = D,_
and that in this case the infimum becomes a minimum.

(This means that the assertion of Theorem 12.1 remains valid if “sup” and
“inf” in (12.1) and (12.2) are replaced by “max” and “min,” respectively. This
justifies the name “min—max principle”.)

(Max—min principle)

Let A and (A,(A)),en be as in Exercise 12.1. Show that for any n € N,

M (A) = inf su Ax,x) = inf su Alx].
n(4) DeFuND(A) xep, ||1;”=1< ) DeFnNDIA] xeD, ||I;\|=l ]
Sketch of proof: Denote the number after the first equality sign by v,,. Verify

that sup{(Ax, x) : x € Dy, ||x|| = 1} = A, (A). This implies that v, <1, (A).
Conversely, if D € §,, choose a unit vector x € D such that x L D,_;. Then
(Ax,x) > A, (A), and hence v, > A, (A).

. (Another variant of the max—min principle)

Let A be a positive self-adjoint compact operator on H, and let (3:,, (A))nenN
be the nonincreasing sequence of eigenvalues of A counted with multiplicities.
Show that

n(A) = inf sup  (Ax,x) forneN.
Den-1 x 1D, ||x||=1

. Let A be a lower semibounded self-adjoint operator on H, and C € B(H).

Prove that [A,(A + C) — 1, (A)| < ||C|| for n € N.
Hint: Note that [((A + C)x, x) — (Ax, x)| < ||C| for x € D(A), ||x|| = 1.

. Let T be an operator on a Hilbert space H, and x € H, x # 0. Prove that the

Rayleigh quotient
(Tx, x)
llx11>

is a unique complex number where inf{||7x — Ax|| : A € C} is attained.

. Let A be a self-adjoint operator with purely discrete spectrum. Let p € C[¢] and

x € D(p(A)) be such that (p(A)x, x) > 0. Show that the set {r e R: p(¢) > 0}
contains at least one eigenvalue of A.

. (Existence of negative eigenvalues)

Let V be a real-valued Borel function on R such that
c+1 2
lim |V(x)|"dx=0.
[c]—o00 J,
Define T = —% + V(x) on D(T) = H*(R). Recall that T is a self-adjoint
operator and oess(H) = [0, +00) by Proposition 8.20 and Theorem 8.15.
a. Suppose that there exists an &€ > 0 such that fR V(x)e_zs"2 dx < —./en /2.
Prove that T has at least one negative eigenvalue.

Hint: Set ¢, (x) = e~ and compute (—¢”, @) = ||lgL||> = /&7 /2.
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b. Suppose that there is a Borel set M such that f u V(%) dx exists, is negative,
and V(x) <0on R\ M. Prove that T has at least one negative eigenvalue.
Hint: Use the fact that [}, V(x)e 2% dx — [y V(x)dx as e - +0.
8. Let V(x) be a real-valued Borel function on R of compact support such that

fR V(x)dx < 0. Show that the self-adjoint operator T = —% + V(x) on

L?(R) has at least one negative eigenvalue.
9. Find the counterpart of Exercise 7.a on L>(R¢) for arbitrary d € N.
Hint: Compute (—Ag,, ¢.) =de /74 /(2e)4.
10. Let a,b e R, a < b, and let T = —;—;2 denote the operator with domain
D(T)={f € H*(a,b): f'(a) = f(b) =0} in L*(a, b).
a. Show that T is a self-adjoint operator with purely discrete spectrum.
b. Determine the eigenvalues of T and the corresponding eigenfunctions.

12.5 Notes to Part V

Chapters 10 and 11:

That densely defined lower semibounded symmetric operators have self-adjoint
extensions with the same lower bounds was conjectured by von Neumann [vN1],
p. 103, and proved by Stone [St2], p. 388, and Friedrichs [F1]. Friedrichs’ work
[F1] was the starting point for the theory of closed symmetric forms. General forms
have been studied by various authors [LM, K3, Ls]. The Heinz inequality was ob-
tained in [Hz]. The KLMN Theorem 10.21 bears his name after Kato [K3], Lax and
Milgram [LaM], Lions [Ls], and Nelson [Ne2].

The standard reference for the theory of forms is Kato’s book [K2]. Our Theo-
rems 11.8 and 10.7 correspond to the first and second form representation theorems
therein. General treatments of forms are given in [EE, D2, RS2, BS].

Applications of forms and Hilbert space operators to differential equations are
studied in many books such as [Ag, D2, EE, Gr, LM, LU, TI].

Example 10.11 is the simplest example of “point interaction potentials” studied
in quantum mechanics, see, e.g., [AGH] and the references therein.

Chapter 12:

The min—-max principle was first stated by Fischer [Fi] in the finite-dimensional
case. Its power for applications was discovered by Courant [Cr, CH] and Weyl [W3].
Weyl’s asymptotic formula was proved in [W3], see, e.g., [W4] for some historical
reminiscences.
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Chapter 13
Self-adjoint Extensions: Cayley Transform
and Krein Transform

The subject of this chapter and the next is the self-adjoint extension theory of
densely defined symmetric operators. The classical approach, due to J. von Neu-
mann, is based on the Cayley transform. It reduces the problem of self-adjoint ex-
tensions of a symmetric operator to the problem of finding unitary extensions of
its Cayley transform. This theory is investigated in Sects. 13.1 and 13.2. A similar
problem is describing all positive self-adjoint extensions of a densely defined posi-
tive symmetric operator. One approach, due to M.G. Krein, uses the Krein transform
and is treated in Sect. 13.4. A theorem of Ando and Nishio characterizes when a (not
necessarily densely defined!) positive symmetric operator has a positive self-adjoint
extension and shows that in this case a smallest positive self-adjoint extension ex-
ists. This result and some of its applications are developed in Sect. 13.3. The final
Sect. 13.5 deals with two special situations for the construction of self-adjoint ex-
tensions. These are symmetric operators commuting with a conjugation or anticom-
muting with a symmetry.
Throughout this chapter, A denotes a fixed complex number such that Im A > 0.

13.1 The Cayley Transform of a Symmetric Operator

Let T denote the unit circle {z € C: |z| = 1}. It is well known that the Mobius
transformation

t—> (=M —0)""

maps the real axis onto T\{1} and the upper (resp. lower) half-plane onto the set
inside (resp. outside) of T. The Cayley transform is an operator analog of this trans-
formation. It maps densely defined symmetric operators onto isometric operators V
for which R(I — V) is dense, and it relates both classes of operators.

First, we develop some simple facts on isometric operators. An isometric
operator is a linear operator V on a Hilbert space ‘H such that ||Vx| = ||x|| for
all x € D(V). By the polarization formula (1.2) we then have (Vx, Vy) = (x, y)
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for x, y € D(V). The domain D(V) can be an arbitrary linear subspace of H. Obvi-
ously, if V is isometric, it is invertible, and its inverse v~ s also isometric. Clearly,
V is closed if and only if D(V) is a closed linear subspace of H.

Let V be an isometric operator on H. From the inequality

|V = uDx| = [IVxll = ulllxl| = [T = |ul]lx] - forx e D(V)and ueC

it follows that C\T C 7 (T'). Hence, by Proposition 2.4, the defect numbers of V are
constant on the interior of T and on the exterior of T. The cardinal numbers

d'(v) :=dM(V)=R(V—/LI)L for [u] <1, (13.1)

dé(V) :=dM(V)=R(V—uI)L for || > 1 (13.2)
are called the deficiency indices of the isometric operator V. A nice description of
these numbers is given by the next lemma.

Lemma 13.1 4/(V) =dimR(V)L and d¢(V) = dimD(V)+.

Proof By (13.1), we have d' (V) =do(V) = dimR(V)* .
Fix u € C,0 < || < 1.Since (V! —p)Vx=U — uV)x = —pu(V — u Hx
for x € D(V), we obtain R(V ™! — ul) = R(V — u~'1), and therefore by (13.2),

d°(V)y =dimR(V — p~ ' 1) =dimR(V~" = pu1)"
=d' (V") =dimR(V™")" =dimD(V)". -
Lemma 13.2 IfV is an isometric operator on H and R(I — V) is dense in H, then
NI —-V)={0}.
Proof Letx e N(I — V). For v € D(V), we have
(I = Vv, x)=(v,x) = (Vv,x) = (v,x) = (Vv, Vx) = (v,x) — (v,x) =0.
Hence, x =0, since R(I — V) is dense. O
Let T be a densely defined symmetric linear operator on ‘H. Since ImA > 0, we
have A € w(T) by Proposition 3.2(i). Hence, T — X[ is invertible. The operator
Vi =(T —A)(T =2~ with domain D(Vy) =R(T —AI) (13.3)
is called the Cayley transform of T. That is, Vr is defined by
Vi(T —Al)x = (T — xI)x forx € D(T). (13.4)

Some useful properties of the Cayley transform are collected in the next proposition.

Proposition 13.3

() The Cayley transform Vr is an isometric operator on H with domain D(Vr) =
R(T — Al) and range R(Vr) = ’R(Y_" — ).
(i) RUI—Vr)=D(T)and T = (AT —AVy)(I — V)~ L.
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@iii) T is closed if and only if V1 is closed.
(iv) If S is another symmetric operator on H, then T C S if and only if Vr < V.
) d'(Vr) =d_(T) and d*(Vr) = d(T).

Proof (i): We write A = o« + i, where o, § € R. Let x € D(T). Using that the
operator T is symmetric, we compute

(T —ahx £ipx, (T —al)x £ifx)
=|(T —aDx ||2 + 1B lIx 11> £iB(x, (T — aD)x) Fip((T — al)x, x)
= | (T —aDx|* + 111X 1%

(The same computation appeared already in formula (3.2).) Setting y := (T — Al )x,
we have Vry = (T — AI)x, and hence

IVryll = |(T —aDx —ifx| = (T —aDx +ifx| = Iyl

so Vr is isometric. The equality R(V7) = R(T — 1I) follows from (13.4).

(ii): Recall that A — & # 0. Since (I — V7)y = (A — M)x, R(I — Vr) = D(T).
Hence, N(I — V) = {0} by Lemma 13.2. (Of course, this follows also directly,
since (I — V7)y = (A — 2A)x=0 implies that x = 0 and therefore y = 0.) Further,
from the equations (/ — V7)y = (A — A)x and (A] — AV7)y = (A — A)Tx it follows
that Tx = (A —AV7)(I — V)" lx forx e D(T). If x € D(AT — A V) — V)™ D),
then in particular x € D((I — vy "h=RU = V) = D). By the preceding we
have proved that T = (A — AV7)(I — V)~ L.

(iii): By Proposition 2.1, T is closed if and only if D(Vr) = R(T — A1) is closed
in H, or equivalently, the bounded operator Vr is closed.

(iv) follows at once from formula (13.4).

(v): From Lemma 13.1 and from the descriptions of D(V7) and R(V7) we obtain

d'(Vr) =dimR(Vy)t =dimR(T — A" =d_(T),
d¢(Vy) = dimD(Vy)t = dimR(T — X1+ = d(T). H

Now we proceed in reverse direction and suppose that V is an isometric operator
on H such that R(I — V) is dense. Since then N'(I — V) = {0} by Lemma 13.2,
I — V is invertible. The operator

Ty = —AV)(I —V)~'  with domain D(Ty) =R — V)  (13.5)
is called the inverse Cayley transform of V. By this definition we have
Ty(I —V)y=MI—1V)y foryeD(V). (13.6)

Proposition 13.4 Ty is a densely defined symmetric operator which has the Cayley
transform V.

Proof Let x € D(Ty). Then x = (I — V)y for some y € D(V). Using the assump-
tion that V is isometric, we compute
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(Tyx,x) =(Tv(I = V)y, I = V)y)= (I =AV)y, (I — V)y)
=AVIF +2NVYI2 = Ay, Vy) = A(Vy, )
=2ReA|y||> —=2Rei(y, Vy).

Hence, (Tyx, x) is real. Therefore, Ty is symmetric. Since D(Ty) = R(I — V) is
dense by assumption, Ty is densely defined. By (13.6) we have

(Ty —2D(I = V)y=(— )y, (Ty =A)(I = V)y=(A—1)Vy.
From these two equations we derive Vy = (Ty —_)J)(Tv — XI)_ly for y e D(V).
Thus, we have shown that V C (Ty — AI)(Ty — AI)~!. Since

D((Ty — A1) (Ty — D~ € D((Ty = 2D ') =R(Ty — A1) =D(V),

we get V = (Ty — AI)(Ty — AI)~!, thatis, V is the Cayley transform of Tyy. [

Combining Propositions 13.3(i) and (ii), and 13.4 we obtain the following theo-
rem.

Theorem 13.5 The Cayley transform T — Vi = (T —XI)(T —1I)~! is a bijective
mapping of the set of densely defined symmetric operators on H onto the set of all
isometric operators V on H for which R(I — V) is dense in H. Its inverse is the
inverse Cayley transform V. — Ty = (W — AV)(I — V)~ L

‘We derive a number of corollaries to Theorem 13.5.

Corollary 13.6 A densely defined symmetric operator T is self-adjoint if and only
if its Cayley transform Vr is unitary.

Proof By Proposition 3.12, the symmetric operator T is self-adjoint if and only if
R(T —Al)="H and R(I — AI) =H. Since D(Vr) = R(T — AI) and R(Vr) =
R(T — AI), this holds if and only if the isometric operator V7 is unitary. O

Corollary 13.7 A unitary operator V is the Cayley transform of a self-adjoint op-
erator if and only if N (I — V) = {0}.

Proof By Theorem 13.5 and Corollary 13.6, V is the Cayley transform of a self-
adjoint operator if and only if R(I — V) is dense. Since V is unitary, it is easily
checked that the latter is equivalent to the relation N'(1 — V) = {0}. O

Corollary 13.8 If one of the deficiency indices do(T) or d_(T) of a densely de-
Jfined symmetric operator T on H is finite, then each symmetric operator S on ‘H
satisfying S 2 T is closed.

Proof We assume without loss of generality that dy(T) < co (otherwise, we re-
place T by —T and use the relation d+(T) = d+(—T)). By Proposition 13.3(iv),
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the Cayley transform Vs of a symmetric extension S of 7 is an extension of V7. Let
us abbreviate \; := N(T* — AI). Since D(V) = R(T — Al) is closed by Propo-
sition 13.3(iii), we have D(Vz) @ N, = H by (1.7), so there is a linear subspace
& of N, such that D(Vs) = D(V5) @ €. Since dy(T) = dim N, < oo, £ is finite-
dimensional. Hence, D(Vs) is also closed, and so is S by Proposition 13.3(iii). [

The Cayley transform V7 defined above depends on the complex number A from
the upper half plane. In applications it is often convenient to take A = i. We restate
the corresponding formulas in the special case A = i:

Vi = (T —il)(T +il)~!, D(Vr) =R(T +il), R(Vr) =R(T —il),
T=i(l + V) = Vp)™', D(T)=TRU - Vr), R(T) =R+ Vr),
y=({T +il)x, Vry =(T —il)x, 2ix = (I — Vr)y,

2Tx={U+ Vr)y forxeD(T)andyeD(Vr).

Recall that an operator V € B(H) is called a partial isometry if there is a closed
linear subspace 11 of H such that ||Vx|| = ||x|| forx e H; and Vz=0forz € Hll.
The subspace H; is called the initial space of V, and the space V (1) is called the
final space of V. Some facts on partial isometries are collected in Exercise 7.1.

Suppose now that the symmetric operator 7 is closed. Then, by Proposition 13.3,
Vr is an isometric operator defined on the closed linear subspace D(Vr) of H. It is
natural to extend V7 to an everywhere defined bounded operator on 4, denoted also
by Vr with a slight abuse of notation, by setting Vrv =0 for v € D(VT)l. That is,
the operator V becomes a partial isometry with initial space D(Vp) = R(T — AI)
and final space R(Vr) = R(T —AI). Then Theorem 13.4 can be restated as follows:

The Cayley transform T — Vr is a bijective mapping of the densely defined
closed symmetric linear operators on H onto the set of partial isometries V on H
for which (I — V)Hy is dense in H, where Hy denotes the initial space of V.

Let Py be the orthogonal projection of H onto N (T* F il). If we consider the
Cayley transform Vr as a partial isometry, then we have in the case A =1 :

D(T)=U—-Vr){ —PH, ViVr=I—-Py, VrVi=I-P_, (13.7)
T(( = V) = Py)y) =il + Vr)(I — Py)y, (13.8)
(T +ih)x =2i(I — Py)y, (T —i)x =2iVy (I — Py)y (13.9)
foryeHandx = — Vr)(I — Py)y.

13.2 Von Neumann’s Extension Theory of Symmetric Operators

By a symmetric (resp. self-adjoint) extension of T we mean a symmetric (resp. self-
adjoint) operator S acting on the same Hilbert space H such that T C S. It is clear
that a self-adjoint operator S on H is an extension of a densely defined symmetric
operator T if and only if S is a restriction of the adjoint operator 7*. (Indeed, T € S



288 13 Self-adjoint Extensions: Cayley Transform and Krein Transform

implies that S = §* C T*. Conversely, if S C T*, then § = §* 2> T** = TDOT)
Therefore, any self-adjoint extension S of T is completely described by its domain
D(S), since S = T*|D(S).

The Cayley transform allows us to reduce the (difficult) problem of describing all
symmetric extensions of T to the (easier) problem of finding all isometric extensions
of the Cayley transform Vr. If § is a symmetric extension of 7', then Vg is an
isometric extension of Vr. Conversely, let V be an isometric operator on # such that
Vr CV.Since R(I — V7)) CR{ — V) and R(I — V7) is dense, so is R(I — V).
Hence, V is the Cayley transform of a symmetric operator S and 7 C S.

This procedure leads to a parameterization of all closed symmetric extensions.
Recall that the symbol + denotes the direct sum of vector spaces.

Theorem 13.9 Let T be a densely defined symmetric operator on H. Suppose that
G+ CN(T* — Al and G_ C N (T* — M) are closed linear subspaces of H such
that dim Gy =dimG_ and U is an isometric linear mapping of G onto G_. Define

D(Ty) =D(T)+ U ~U)G+ and Ty=T"|D(Ty),

that is, Ty (x + (I — U)y) =Tx+ Ay — Xnyorx e D(T) and yeg,.
Then Ty is a closed symmetric operator such that T C Ty . Any closed symmetric
extension of T on ‘H is of this form. Moreover, d(T) = d+(Ty) + dimG...

Proof Since any closed extension of T is an extension of T and (T)* = T*, we
can assume that 7 is closed. Then, by Proposition 13.3, D(Vr) is closed and
closed symmetric extensions of T are in one-to-one correspondence with isomet-
ric extensions V of V7 for which D(V) is closed. Clearly, the latter are given by
DWV)=D(Vr)® Gy, Vy=VryforyeD(Vr) and Vy =Uy for y € G, where
Gy and U are as in the theorem. Put Ty := (A\] — AV)(I — V)~!. Then

D(Ty)=U - V)(D(Vr) ®Gy) = = Vr)D(Vr) + (I = U)Gy
=D(T)+ U - U)Gy.

The two last sums in the preceding equation are direct, because I — V is injective
by Lemma 13.2. Since T € Ty and Ty is symmetric, Ty € (Ty)* € T*, and hence
Ty(x+I -U)y)=T*(x+ T —-U)y)=Tx+ry—AUyforx e D(T),yeG,.

By Lemma 13.1 and Proposition 13.3(v), dimD(V)t =de(V) = d+(Ty) and
dimD(Vy)*+ =d®(Vr) =d(T). Since D(V) = D(Vr) ® G, we have D(Vr)+ =
D(V)* @G, and hence d; (T) = d; (Ty) +dim G, . Similarly, d_(T) =d_(Ty) +
dimG_. O

The next result is J. von Neumann’s theorem on self-adjoint extensions.

Theorem 13.10 A densely defined symmetric operator T on H possesses a self-
adjoint extension on H if and only if d; (T) =d_(T).

Ifd. (T)=d_(T), then all self-adjoint extensions of T are given by the operators
Ty, where U is an isometric linear mapping of N(T* — AI) onto N'(T* — A, and
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D(Ty) =D(T) + (I — )N(T* — i),
Ty(x+ (I —U)z)=Tx+xrz— AUz
for x e D(T) and z e N(T* — Al).

Proof By Corollary 13.6, an operator 7y from Theorem 13.9 is self-adjoint if and
only if its Cayley transform is unitary, or equivalently, if G, = N (T* — AI) and
G_=N(T* - by ) in Theorem 13.9. Hence, the description of all self-adjoint ex-
tensions of T stated above follows at once from Theorem 13.9.

Clearly, an isometric operator of a closed subspace #; onto another closed sub-
space H; exists if and only if dimH; = dim H,. Hence, T has a self-adjoint exten-
sion on H, that is, there exists an isometric map of N'(T* — A1) onto N'(T* — AI),
if and only if d, (T) = dim N (T* — AI) is equal to d_(T) = dim N (T* — A1). O

As an easy application of Theorem 13.10, we give another proof of Proposi-
tion 3.17 on self-adjoint extensions in larger spaces.

Corollary 13.11 Each densely defined symmetric operator T on H has a self-
adjoint extension acting on a possibly larger Hilbert space.

Proof Define a symmetric operator S := T @ (—T7) on the Hilbert space K :=
H@®H. Since S* =T*® (—T*), we have N (S* i) = N(T* £il) N (T* Fil).
Therefore, S has equal deficiency indices, so S has a self-adjoint extension A on K
by Theorem 13.10. If we identify H with the subspace H @ {0} of /C, we obviously
have T C S C A. O

Summarizing, for a densely defined symmetric operator 7', there are precisely
three possible cases:

Case 1 [d.(T) =d_(T)=0] Then T is the unique self-adjoint extension of T on
‘H, so T is essentially self-adjoint.

Case 2 [d4(T) = d—(T) # 0] Then there are infinitely many isometric mappings
of N(T* — AI) onto N'(T* — AI) and hence infinitely many self-adjoint extensions
of T on H.

Case 3 [d4(T) # d_(T)] Then there is no self-adjoint extension of 7 on H.

We close this section by reconsidering the closed symmetric operator 7 = —i%
on D(T) = Hé (J) on the Hilbert space L%(J), where J is a either bounded
interval (a, b) or (0, +00) or R. The deficiency indices of T have been computed
in Example 3.2. If 7 =R, then d4(T") =d_(T) =0, so we are in Case 1, and T is
self-adjoint. If 7 = (0, 4-00), we have d, (T) = 1 and d_(T) = 0; hence we are in
Case 3, and T has no self-adjoint extension on H. Finally, if J = (a, b), we are in
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Case 2, since d4(T) =d_(T) = 1. The following example illustrates how all self-
adjoint extensions of T on L?(a, b) can be derived by von Neumann’s method. The
same result is obtained in Example 14.3 below by a much shorter argument using a
boundary triplet.

Example 13.1 (Examples 1.4 and 1.5 continued) Let us abbreviate Ny :=
N(T*=Fil) and recall from Example 3.2 that Ni =C-e ™ and N_; =C - ¢*. We
apply Theorem 13.10 with A =1.

Since ¢*t?~* € A; and ¢* € N_; have equal norms in L?(a, b), the isomet-
ric mappings of A onto N_; are parameterized by w € T and determined by
Uy (e“tP=%) = we*. Let us write T, for Ty, - By Theorem 13.10, each f € D(Ty,)
is of the form f(x) = fo(x) +a(I — Uy)e*t?= where fy € D(T) and @ € C. In
particular, f € H'(a, b). Since f(b) = a(e® — we) and f(a) = a(e’ — we?), the
function f(x) fulfills the boundary condition

f(b) =z(w) f(a), where z(w) := (e — we’) (e’ — wea)_l. (13.10)

Conversely, if f € Hl(a, b) satisfies (13.10), setting o := f(b)(e* — we?)~! and
fox) = f(x) —ald — Uy)e®tP=* one verifies that fo(a) = fo(b) = 0. Hence,
f € D(Ty). By the preceding we have proved that

D(Ty) ={f e H'(a,b): f(b) =z(w) f(a)}. (13.11)

It is easily checked that the map w — z(w) is a bijection of T and that its inverse
7 — w(z) is given by the same formula, that is, w(z) := (e* — ze?) (e’ — ze®) 7.

By (13.11), Ty, is just the operator S, from Example 1.5. Since w(z(w)) = w,
we also have Ty,(;) = S;. In particular, this shows that the operators S, z € T, from
Example 1.5 exhaust all self-adjoint extensions of 7 on L2(a, b). o

13.3 Existence of Positive Self-adjoint Extensions
and Krein—von Neumann Extensions

Throughout this section, T is a positive symmetric operator on a Hilbert space H.
We do not assume that 7 is closed or that T is densely defined.

If T is densely defined, we know from Theorem 10.17 that T admits a positive
self-adjoint extension on H and that there is a largest such extension, the Friedrichs
extension Tr. However, if T is not densely defined, it may happen that T has no
positive self-adjoint extension on H; see Example 13.2 and Exercise 9.b below.

The next theorem gives a necessary and sufficient condition for the existence of
a positive self-adjoint extension on #, and it states that in the affirmative case there
is always a smallest positive self-adjoint extension.

To formulate this theorem, we introduce some notation. For y € H, we define

(Tx, y)I?

vr(y) = sup ——————, (13.12)
xepy (Tx,x)
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where we set 8 := 0. We denote by £(T') the set of vectors y € H for which

vr(y) < 00, or equivalently, there exists a number ¢y, > 0 such that
|(Tx, y)]2 <cy(Tx,x) forallx € D(T). (13.13)

Clearly, vr(y) is the smallest number c, satisfying (13.13) for y € £(T'). Some
properties of vy and £(T) can be found in Exercise 8.

Theorem 13.12 (Ando—Nishio theorem) A positive symmetric operator T on H
admits a positive self-adjoint extension on H if and only if E(T) is dense in H.
If this is true, there exists a unique smallest (according to Definition 10.5) among
all positive self-adjoint extensions of T on H. It is called the Krein—von Neumann

extension of T and denoted by Ty . Then
2
DITy] =D(Ty*) = &(T),

Tniyl = | TV  =vr(),  ye&).

(13.14)
In the proof of this theorem we use the following simple lemma.

Lemma 13.13 D(A) C E(T) for any positive symmetric extension A of T .

Proof By the Cauchy—Schwarz inequality, for x € D(T) and y € D(A),

(Tx, y)|"=[(Ax,y)
so that vr(y) < (Ay, y) < oo, thatis, y € E(T). 0

? > < (Ax, x)(Ay, y) = (Ay, y)(Tx, x),

Proof of Theorem 13.12 If T has a positive self-adjoint extension A on #, then
E(T) is dense in H, since it contains the dense set D(A) by Lemma 13.13.

Conversely, suppose that £(T') is dense. First, we define an auxiliary Hilbert
space Kr. If Tx =Tx" and Ty =Ty’ for x,x’, v,y € D(T), using that T is sym-
metric, we obtain (Tx, y) — (Tx’, y') = (T (x —x'), y) + (x', T(y — y)) = 0. Hence,
there is a well-defined positive semidefinite sesquilinear form (-,-) on R(T) given
by

(Tx, TyY :=(Tx,y), x,yeD). (13.15)

If (Tx, Tx) = (Tx,x) =0, it follows from (13.13) that Tx L y for y € £(T). Thus,
Tx =0, because £(T) is dense in H. Hence, (-,-)’ is a scalar product. We denote by
K7 the Hilbert space completion of (R(T), (-,-)") and by || - ||’ the norm of 7.

Next, we define the linear operator J : K7 — H with domain D(J) = R(T) by
J(Tx) =Tx forx € D(T). A vector y € H is in the domain D(J*) if and only if the
linear functional Tx — (J(Tx), y) = {(Tx,y) on R(T) is || - ||'-continuous. Since
(Tx,x)'/2 = || Tx|, this holds if and only if (13.13) is satisfied for some ¢y > 0,
that is, y € £(T). Thus, D(J*) = E(T). Note that J* : H — K. By assumption,
E(T) =D(J*) is dense in H, so the operator J is closable. Hence, Ty := JJ* =
J**J* is a positive self-adjoint operator by Proposition 3.18(ii).
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We show that T C Ty. Let y € D(T). Since (J(Tx),y) = (Tx,y)=(Tx, Ty)
for x € D(T), we conclude that y € D(J*) and J*y = Ty. Hence, we have Ty =
J(Ty)=J(Ty)=JJ*y=Tyy. This proves that T C Ty.

Now we verify formula (13.14). Let y € £(T'). From Lemma 7.1 and from the
relations Ty/* = (J**J*)!/2 = | J*| it follows that

D(1,/*)=D(|7*) =) =), 1% =]l =[]
(13.16)

We have [(Tx,y)| = (JTx,y)| = [(Tx,J*y)'| for x € D(T). Therefore, since
S:={Tx:|Tx| = (Tx,x)1/2 =1, x € D(T)} is the unit sphere of the dense
normed subspace (R(T), || - ||) of the Hilbert space K, we have

vr(y) = sup{[(Tx, y)| : Tx € S} =sup{|(Tx, J*y)|: Tx € S} = | /*y|".

Combined with (13.16), the latter implies (13.14).
Finally, let A be an arbitrary positive self-adjoint extension of 7 on . Fix a
vector y € D[A] = D(Al/z). For x € D(T), we deduce that

(T, y) | = |(A"2x, AV2))]7 < | AV2y| (A2, AV2x) = | AV2y | (T, x).

Therefore, y € £(T) = DITy] = D(Ty”) and Ty *y|l = vr(y) < [A'2y]
by (13.14). Thus, Ty < A according to Definition 10.5. This proves that Ty is
the smallest positive self-adjoint extension of 7 on H. g

Remark Krein [Kr3] called the Friedrichs extension Tr the hard extension and the
Krein—von Neumann extension Ty the soft extension of T.

The proof of Theorem 13.12 gives an interesting factorization of the Krein—
von Neumann extension 7. That is, by the above proof and formula (13.16) therein,

Ty=JJ*=J"J* and Tylx,yl=(J*x,J*y) forx,yeD[Ty]=D(J*),

where J is the embedding operator, that is, J(Tx) = Tx for x € D(J) = R(T),
from the auxiliary Hilbert space KCr defined in the preceding proof into #. This
description of the Krein—von Neumann extension Ty is of interest in itself.

We now develop a similar factorization for the Friedrichs extension thereby giv-
ing a second approach to the Friedrichs extension.

Let T be a densely defined positive symmetric operator on . Then £(T') is
dense in H, since £(T) 2 D(T) by Lemma 13.13. Therefore, by the above proof
of Theorem 13.12, the Hilbert space Kr is well defined, the operator J : K7 — H
defined by J(Tx) = Tx for x € D(T) = R(T) is closable, D(T) € D(J*), and
J*x =Tx for x € D(T).

Now we define Q := J*[D(T). By the properties stated in the preceding para-
graph we have Q : H — K7 and Qx = Tx for x € D(Q) = D(T). Since Q* D
J** 2 J and D(J) =R(T) is dense in Kr, the operator Q is closable.
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Proposition 13.14 The Friedrichs extension TF of the densely defined positive sym-
metric operator T and its form are given by

Tr=Q0*Q0=Q0*Q™ and Trlx,yl=(0x,Qy) forx,yeD[Tr]=D(Q).

Proof Since D(T) =D(Q) is dense, Qisa densely defined closed operator of H
into ICr. Let t be the corresponding closed form defined in Example 10.5, that is,

tlx, yl=(0x, Qy) forx,y e D(t):=D(Q).
Let x € D(T). Then x € D(Tr). Using the above formulas, we obtain
Tpx=Tx=JTx = Q*Tx = Q*Qx = Q*Ox,

so that

— — "2
trp [x] = | T2 %x|)* = (Trx, x) = (0*0x, x) = (10x')” = tlx]. (13.17)
By the definition of the Friedrichs extension, D(T) is a core for the form tr,.
Clearly, D(T) =D(Q) is a core for Q and hence for the form t. Therefore, (13.17)
implies that the closed forms t7;. and t coincide, that is, Tr[x, y] = (Ox, Qy) for
x,y € D[TF] = D(0Q). Hence, the operators associated with tr, and t are equal.
These are TF (see Corollary 10.8) and 0*Q (as shown in Example 10.5), respec-
tively. Thus, Tr = Q* Q. O

Now we derive a few corollaries from Theorem 13.12.

Corollary 13.15 Let T be a densely defined positive symmetric operator on H.
Then the Friedrichs extension T is the largest, and the Krein—von Neumann exten-
sion Ty is the smallest among all positive self-adjoint extensions of T on H. That
is, Ty < A < T for any positive self-adjoint extension A of T on H.

Proof Since £(T) 2 D(T) by Lemma 13.13, £(T) is dense in H, so by Theo-
rem 13.12 the Krein—von Neumann extension 7 exists and is the smallest positive
self-adjoint extension. By Theorem 10.17(ii), the Friedrichs extension TF is the
largest such extension. d

Corollary 13.16 Let S be a given positive self-adjoint operator on H. Then T has
a positive self-adjoint extension A on ‘H satisfying A < S if and only if

|(Tx,y)|2§(Tx,x)(Sy,y) forallx e D(T), yeD(S).  (13.18)

Proof First, we assume that (13.18) holds. Then D(S) C E(T), so £(T) is dense
and the Krein—von Neumann extension 7 exists by Theorem 13.12. Using (13.14),
(13.12), and (13.18), we conclude that Ty[y] = vr(y) < (Sy,y) = S[y] for y in
D(S) CE(T) = D[Tn]. Then Ty < S by Lemma 10.10(i), so A := Ty is a self-
adjoint extension of 7 satisfying A < S.

Conversely, suppose that there exists a positive self-adjoint extension A of T
such that A < S. Then Ty < A < §. Therefore, if y € D(S), then y € D[S] € D[Tn]
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and vy (y) = Tn[y] < S[y] = (Sy, y) by (13.14). Inserting the definition (13.12) of
vr (y), the latter implies (13.18). O

The special case of Corollary 13.16 when S = yI and y is a positive number
gives the following:

Corollary 13.17 The operator T has a bounded positive self-adjoint extension A
on H such that |A|| <y if and only if | Tx||*> < y(Tx, x) for all x € D(T).

The next results relate the inverse of the Friedrichs (resp. Krein—von Neumann)
extension of T to the Krein—von Neumann (resp. Friedrichs) extension of 7L

Proposition 13.18 Suppose that D(T) is dense in H and N (T) = {0}. Then T~!
has a positive self-adjoint extension on H if and only if N (Tr) = {0}. If this is
fulfilled, then (TF)~' = (T~ Hy.

Proof Obviously, T~! is also positive and symmetric. Suppose that S is a posi-
tive self-adjoint extension of T-L. Since R(S) contains the dense set D(T), we
have NV (S) = R(S)* = {0}. By Corollary 1.9, s~ 1is self-adjoint. Clearly, S~! is
a positive self-adjoint extension of 7. Since TF is the largest positive self-adjoint
extension of T, we have S~! < Tr. Hence, N (Tr) = {0} and (Tr)~' < § by Corol-
lary 10.12. This shows that (Tp)~! is the smallest positive self-adjoint extension of
71, thatis, (Tp)~! = (T YHy.

Conversely, if N(Tr) = {0}, then N (T) = {0} and (Tr)~' is self-adjoint (by
Corollary 1.9). Hence, (Tr) Llisa positive self-adjoint extension of T-1. Il

Proposition 13.19 Suppose that E(T) is dense in H. Then we have N (Ty) = {0} if
and only if R(T) is dense in H. If this is true, then T~ is a densely defined positive
symmetric operator and (T~ V) g = (Ty) ™.

Proof Since Ty = J**J*, we have N'(Ty) = N(J*) = R(J)* = R(T)*. There-
fore, N'(Ty) is trivial if and only if R(T') is dense in H.

Suppose that R(T) is dense in H. Then, since T is symmetric, N'(T) = {0} and
T~ ! is a densely defined positive symmetric operator on .

Let S be an arbitrary positive self-adjoint extension of 7 on H. Since R(S) 2
R(T) is dense, we have N (S) = {0}. Then Slisa positive self-adjoint extension
of T7!, and hence S~! < (T~')r by Theorem 10.17(ii). From Corollary 10.12 it
follows that S > (T 1) g)~L. It is obvious that ((T~!)r)~! is an extension of 7.
Thus, we have shown that (7 ~") )~ ! is the smallest positive self-adjoint extension
of T on H. Therefore, (T 1) r)~! = Ty, and hence (T~ r = (Ty)~". O

For the next example, we need the following simple technical lemma.
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Lemma 13.20 Let A be a positive self-adjoint operator on a Hilbert space H such
that N'(A) = {0}. A vector y € H belongs to D(A~Y/?) if and only if

oa0 = sp  Axdl
xeD(A/2), x£0 A 2x]|
If oa(y) < 00, then pa(y) = [|A71/2y].

Proof Throughout this proof all suprema are over x € D(A!/?), x #0.
First, suppose that y € D(A~!/?). Since N'(A) = {0}, we have N'(A!/?) = {0}.
Therefore, R(Al/ 2) is dense in H, and hence

[(x, ¥)| [(AY2x, A71/2y

AR N a=12
T v el ]

@a(y) =sup

Conversely, assume that @4 (y) < oo. Let A = f0+°° ALdE(A) be the spectral de-
composition of A. Set M,, := [%, n] and y, = E(M,)y for n € N. Then we have
Vo € D(A™1/2) by (4.26) and ||AV2E(M,)x| < |AY2x|| for x € D(A'/?). Since
©a(yn) = [|A~1/2y,]| as shown in the preceding paragraph,

[{x, yn)l [{E(Mpn)x, y)|
< su < .
1AV 2] = P ATz gy = 94

Since E({0}) =0 (by N'(A) = {0}) and A~ xp7, (1) — A ~! for A € (0, +00), using
Fatou’s Lemma B.3 and the functional calculus, we derive

[A=2y, | = @a(yn) = sup

+00 +00
/ AV d(EG)y. y) < lim / A, D A{ER)y. )
0 n—oo 0
= lim [|A™2y, |1 < pa(»)? < c©.
n—oo
Therefore, y € D(A~1/?) by (4.26). O

Example 13.2 Let H; be a closed linear subspace of H, and H, := ’HIL. Let Abea
bounded positive self-adjoint operator on H; such that A'(A) = {0}, and let B be a
bounded operator from H; into H,. Define an operator T by Tx; = Ax; + Bx; for
x1 € D(T) :=H,. It s easily checked that 7' is bounded, symmetric, and positive.

Let C be a self-adjoint operator on H;. Since the operators A and B are bounded,
it is straightforward to show that the operator matrix

A B*
s=(5 )
defines a self-adjoint extension S of T on ‘H = H; & H, with domain D(S) =
H1 @ D(C) and that any self-adjoint extension of 7" on H is of this form.

Statement The self-adjoint operator S is positive if and only if

B*x, € D(A™'?) and |ATV?B*xa|* < (Cxa,x2) for x2 € D(C).
(13.19)
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Proof Clearly, S is positive if and only if
(S(x1 + Ax2), x1 + Axa) = (Axy, x1) + 2Re A(B*x2, x1) + A3 (Cxz, x2) > 0

for x1 € H1, x2 € D(C), and all (!) complex numbers A, or equivalently,
\(x1, B*x2)|” < (Ax1, x1)(Cx,x2)  for x; € Hy, x2 € D(C),

or equivalently, <pA(B*x2)2 < (Cx3, xp) for all xo € D(C). Now Lemma 13.20
yields the assertion. d

Having the preceding statement, we can easily construct interesting examples:

e Suppose that the operator A~!/2B* from H, into ; is not densely defined.
Since D(C) is dense in H,, it follows then from the above statement that 7 has
no positive self-adjoint extension on . This situation can be achieved if A™' is
unbounded and B* is a rank one operator with range C - u, where u ¢ D(A~1/2).

o Let H1 = H, and define Bx| = x| for x; € H. From the above statement and
Lemma 10.10(i) we then conclude that S is positive if and only if A~1/2 < C!/2,
Therefore, if A~! is unbounded, C has to be unbounded; then 7 has no bounded
positive self-adjoint extension on H, but it has unbounded ones (for instance, by
taking C = A~ 1). o

13.4 Positive Self-adjoint Extensions and Krein Transform

Positive self-adjoint extensions of positive symmetric operators can be also studied
by means of the Krein transform which is the real counterpart of the Cayley trans-
form. The Krein transform reduces the construction of unbounded positive self-
adjoint extensions to norm preserving self-adjoint extensions of (not necessarily
densely defined !) bounded symmetric operators.

13.4.1 Self-adjoint Extensions of Bounded Symmetric Operators

Let B be a bounded symmetric operator on a Hilbert space 7. We do not assume
that the domain D(B) is closed or that it is dense. We want to extend B to a bounded
self-adjoint operator on 4 having the same norm || B|| as B.

Clearly, By :=||B|| - I + B and B_ := ||B| - I — B are positive symmetric oper-
ators. For x € D(B) = D(B4), we have

| Bex|I> = I BII*Ix[1> + | Bx||* £ 2] B|| (Bx, x)
<2|BI((IBIl - I £ B)x,x)=2| B||(Bsx, x).

Therefore, by Corollary 13.17, the operator By admits a bounded positive self-
adjoint extension D1 on H such that || D] < 2| B||. Then, by Theorem 13.12,
there exists a smallest positive self-adjoint extension C+ of B+ on H. Since we
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have 0 < C4+ < D4 and ||D4| < 2||B||, the operator C is bounded and satisfies
Ciy <2|BJ-1.

Proposition 13.21 C,, := C4+ — ||B|| - I is the smallest, and Cy; := ||B|| - I — C_
is the largest among all bounded self-adjoint extensions of B on 'H which have the
same norm as B.

Proof By construction, C,, 2 By — ||B||- I =B and Cy 2 ||B||- I — B_ = B.
Clearly, the relations 0 < C+ < 2| B|| - I imply that —||B|| - I < C,;, <||B|| - I and
—[IBll-I = Cum = ||B]|- 1. Since trivially || B|| < |C || and || B|| < [[Cum ||, we there-
fore have [|Cp |l = [|Cp || = || BI|.

Now let C be an arbitrary bounded self-adjoint extension of B with norm || B]|.
Then ||B|| - I & C is a positive self-adjoint extension of B+ = ||B|| - I £ B. Since
C was the smallest positive self-adjoint extension of B4, we have Cy < |B||I = C
and hence C,, =C, — |B||- I<C<|B||-I-C_=Cy. O

13.4.2 The Krein Transform of a Positive Symmetric Operator

The Krein transform and its inverse are operator analogs of the bijective mappings

[0,00)5A—>t=0O—DA+Dte[-1,1),
[-1,D)3t—>Ar=14+01—-1)"" €0, 00).
It plays a similar role for positive symmetric operators as the Cayley transform does
for arbitrary symmetric operators.
Let P(H) denote the set of all positive symmetric operators on a Hilbert space
H, and let S;(H) be the set of all bounded symmetric operators B on H such that
|B|l <1and N'(I — B) = {0}. Note that operators in P(#) and S; () are in general

neither densely defined nor closed.
If S € P(H), then obviously N'(S + I) = {0}. The operator

Bs:=(S—D)(S+1)"" with domain D(Bs) = R(S + I)

is called the Krein transform of S.
Let B € S1(H). Since N (I — B) = {0}, I — B is invertible. The operator

Sg:=(I+B)(I —B)~"" with domain D(Sg) = R(I — B)

is called the inverse Krein transform of B. This is justified by the following:

Proposition 13.22 The Krein transform S — Bgs is a bijective mapping of P(H)
onto S1(H). Its inverse is the inverse Krein transform B — Sp.

Proof Let S € P(H). We first show that Bg € S{(H). Let x,x” € D(S) and put
y=( +Dx,y =(S+ Dx'. Then Bsy = (S — I)x and Bsy' = (§ — Dx'. If
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y e N(I — By), then (I — Bg)y =2x =0, and so y = 0. Thus, N'(/ — By) = {0}.
Using that S is symmetric and positive, we compute

(Bsy.y')=((S = Dx, (S + Dx') = (Sx, Sx') — (x, x')
=((S+ Dx, (S — Dx')=(, Bsy'),

Iyl = 1Sx 1% + el +2(Sx, x) > [1Sx]|? + |x |1 — 2(Sx, x) = | Bsy|*.

The preceding shows that Bg € S (H).

We have 25x = (I + Bg)y and 2x = (I — Bg)y for x € D(S). Hence, D(S) =
R — Bs) =D(S(By)) and Sx = (I + Bs)(I — Bs) 'x = S(Bg)x. This proves that
S is the inverse Krein transform Sz of Bs.

Suppose now that B € S;(H). Let y € D(B). Setting x := (I — B)y, we have
Spx = (I + B)y. Using the symmetry of B and the fact that || B|| < 1, we derive

(Spx,x) = (I + B)y, I — B)y)=lyl|I* — | By|I* > 0.

In particular, (Spx, x) is real for x € D(Sp). Hence, Sp is symmetric. Thus, Sp is
in P(H). The relations (S + I)x =2y and (Sp — I)x = 2By imply that D(B) =
R(Sp + 1) = D(B(sy)) and By = (Sgp — 1)(Sp + I)~'y. This shows that B is the
Krein transform Bs;) of Sp. O

Proposition 13.23 For S, S1, $2 € P(H) we have:

(1) S is self-adjoint if and only if D(Bs) = H, that is, if Bs is self-adjoint.

(i) S1 €S2 if and only if Bs, C By,.
(iii) Suppose that S| and S are self-adjoint. Then S1 > S5 if and only if Bs, > Bs,.
@iv) If S is unbounded, then | Bs|| = 1.

Proof (i): Since S > 0, Proposition 3.2(i) implies that —1 is in 7 (S). Hence, § is
self-adjoint if and only if R(S 4 I') = D(Bg) is ‘H by Proposition 3.11.

(ii) is obvious.

(iii): By Proposition 10.13, §1 > S, if and only if (S7 + I)_l >(S1+ I)_l. Since
Bs=1-2(S+ I)’l, the latter is equivalent to Bs, > By,.

(iv): Because S is unbounded, there is a sequence (x,),eN Of unit vectors x; in
D(S) such that lim;,_, || Sx, || = +00. Set y,, := (S + I)x,. Then we have Bgy, =
Sx, — x,, and hence

1= [Bsll = | Bsa) [Ilyall =" = (I1Sxall = 1) (I Sxa | + 1)_1 -1
as n — oo. This proves that || Bg|| = 1. O

The next theorem summarizes some of the results obtained in this section.

Theorem 13.24 Let S be a densely defined positive symmetric operator on H. If C
is a bounded self-adjoint extension of the Krein transform Bg such that ||C| <1,
then C € S1(H), and the inverse Krein transform Sc is a positive self-adjoint exten-
sion of S. Any positive self-adjoint extension of S is of this form.
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Proof Since C is symmetric, N'(I — C) LR(I — C). Therefore, since D(S) is dense
and D(S) =R — Bs) € R(I — C), it follows that N (I — C) = {0}. Thus, C €
S1(H). Because C = Bs,) is a self-adjoint extension of By, Sc is a positive self-
adjoint extension of S by Propositions 13.22 and 13.23, (i) and (ii).

Conversely, suppose that T is a positive self-adjoint extension of S. Then Br
is a bounded self-adjoint extension of Bg, ||Br|| <1, and T = S(p,) by Proposi-
tions 13.22 and 13.23. O

Suppose that S is a densely defined positive symmetric operator on H.

If S is bounded, the closure S is obviously the unique (positive) self-adjoint
extension of S on H.

Suppose that S is unbounded. Then || Bg| = 1 by Proposition 13.23(iv). Proposi-
tion 13.21 implies that the set of all bounded self-adjoint extensions C of Bg on H
having the norm || Bgs|| = 1 contains a smallest operator C,, and a largest operator
Cps. From Theorem 13.24 it follows that C,,,, Cys € S1(H) and

Sw=U+Cn)I —Cp)™" and Sy = +Cy)I —Cuy)™"

are positive self-adjoint extensions of S. Let A be an arbitrary positive self-adjoint
extension of S on H. Then By is a self-adjoint extension of By, and || B4 || = || Bs|| =
1,50 C,, < B4 < Cy by the definitions of C;;, and Cyy, and hence S, < A < Sy by
Proposition 13.23(iii). Thus, we have shown that S, is the smallest and Sy, is the
largest among all positive self-adjoint extensions of S on H. Therefore, by Corol-
lary 13.15, S, is the Krein—von Neumann extension Sy, and Sy is the Friedrichs
extension S of the operator S.

13.5 Self-adjoint Extensions Commuting with a Conjugation
or Anticommuting with a Symmetry

In this section we investigate two particular cases of self-adjoint extensions.
Definition 13.1 A conjugation on a Hilbert space H is a mapping J of H into itself
that is an antiunitary involution, that is, for &, 8 € C and x, y € H,

Jax +By)=al(x)+BI(), (Jx,Jy) = (y,x), J?x =x. (13.20)
An operator T on H is called J-real if JD(T) € D(T) and JTx = T Jx for
xeD(T).

Example 13.3 The standard example of a conjugation J is the complex conjuga-
tion of functions on a Hilbert space L2(X, ), thatis, (Jf) (1) = (). Obviously, a
multiplication operator M, is J-real if and only if ¢(z) is real p-a.e. on X. o

Proposition 13.25 Let J be a conjugation, and let T be a densely defined symmetric
operator on a Hilbert space H. Suppose that T is J-real. Then we have:
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1) T* is J-real.
(1) If Ty is a self-adjoint extension of T obtained by Theorem 13.10, then Ty is
J-real if and only if JUJUx = x for all x e N (T* — 1I).
(iii) T has a J-real self-adjoint extension on H.
@iv) Ifd+(T) =1, then each self-adjoint extension of T on H is J-real.

Proof In this proof we abbreviate N := N (T* — AI) and N5 := N (T* — AI).
(1): For u, v € H, it follows from (13.20) that

(u, Jv) = (J2u, Jv) = (v, Ju). (13.21)

Suppose that y € D(T*). Let x € D(T). Then Jx € D(T) and T Jx = JTx. Apply-
ing (13.21) twice, with u = Tx, v = y and with u = T*y, v = x, we derive

(Tx,Jy)y=(y,JTx)=(y,TJx)=(T*y, Jx)=(x, JT"y).

This implies that Jy € D(T*) and T*Jy = JT*y, which proves that T* is J-real.

(i): First, we verify that JN; = N7. Let u € N,. Using that T* is J-real by
(i) and the first equation of (13.20), we obtain 7*Ju = JT*u = J(Au) = AJu, so
Ju € N and JN; € Ny. Applying the latter to A instead of A, we obtain N =
JZNX C JN,.. Hence, JN,, = N5.

Now suppose that Ty is a J-real self-adjoint extension of 7. Let x € A. Then
(I — U)x € N + N5 Since JN; = N5 as just shown and hence N; = J2N; =
J N, it follows that J (I — U)x € N + N5 On the other hand, (I — U)x € D(Ty),
and hence J(I — U)x € D(Ty), because Ty is J-real. The formula for D(Ty) in
Theorem 13.10 implies that D(Ty) N (N, +N5) € (I — U)N,.. Hence, there is a
y € N suchthat J(I —U)x = (I —U)y. Using once again the equalities JN; = N5
and JN3 = N,, we conclude that Jx = —Uy and —JUx = y. Thus, JUJUx =
JU(—y)=JJx =x.

Conversely, assume that JU JUx = x for xeN,. Then we have UJUx = Jx,
and hence J(I — U)x = (I — U)(—JUx). Since —JUx € JN5 = Ny, this shows
that J (I — U)N, € (I —U)N,.Because T is J-real and hence JD(T) C D(T), we
conclude that JD(Ty) € D(Ty). Since T* is J-real, we therefore obtain JTyx =
JT*x =T*Jx =Ty Jx for x € D(Ty), that is, Ty is J-real.

(iii): It suffices to prove that there exists a U such that the self-adjoint operator
Ty is J-real. Let {¢;} be an orthonormal basis of ;. Then {Je;} is an orthonormal
basis of V. We define an isometric linear map U of Ny onto N5 by U(e;) = Je;,
that is, U(Q_; aie;) = ) _; @i Je;. Then we have JUJUe; = JUJJe; = JUe; =
JJe; =e;, and hence JU JUx = x for all x € N;. Therefore, Ty is J-real by (ii).

(iv): Let Ty be an arbitrary self-adjoint extension of 7 on H. By the assumption
d,(T) =1 we have N; = C - x for some x € Ny, x #0. Since JUx € IN>=N,,
there is z € C such that JUx = zx. Since U is isometric and J is antiunitary, z € T.
Then JUJUx = JU (zx) =7JUx =7Zzx = x. Hence, Ty is J-real by (ii). O

Example 13.4 (Examples 1.4 and 1.5 continued) Let J be the conjugation on
H = L2(—a, a), a > 0, given by (Jf)(x) = f(—x). Then the symmetric operator
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T = —i% with domain D(T) = HOl (—a,a) is J-real. Indeed, if f € D(T), then
Jf € D(T), and

4 _
UTH)x)=(Tf)(—x) ZiEf(—X) =—if'(=x) =(TJ ().

As shown in Example 13.1, all self-adjoint extensions of T on H are the operators
S, = —i% with domains D(S,) = {f € H'(—a,a) : f(a) =zf (—a)}, where z € T,
see, e.g., Example 1.5. Since |z| = 1, we have JD(S;) € D(S;). Therefore, since
T* is J-real, each self-adjoint operator S, is J-real. This is in accordance with
Proposition 13.25(iv), because d+(T) = 1. o

Definition 13.2 A symmetry of a Hilbert space H is a self-adjoint operator Q on H
such that Q2 = 1.

Let O be a symmetry. Clearly, o (Q) € {—1, 1}. If Py denotes the projection on
N@FD,then P, +P_=land Q=P, — P_=2P, —I=1-2P_.

Conversely, if Py is an orthogonal projection on H, then Q :=2P; — [ is a
symmetry such that N(Q — I) = PyH and N(Q + 1) = (I — P)H.

Proposition 13.26 Let Q be a symmetry, and T be a densely defined symmetric
linear operator on H such that QT C —T Q. Let Py := %(I + Q).

Then there exist unique self-adjoint extensions T, and T_ of T on H such that
Prx € D(T) for x € D(Tx). Moreover, QT+ € —T+Q, P+D(T+) = PLD(T*),
P=D(Ty) = P=D(T), and

D(Ty) = {x e D(T*) : Prx € D(T)}. (13.22)

Proof Let H4 := P+H.The assumption QT € —T Qyields /£ Q)T CT(IFQ),
and so P.T C T Px. Hence, PLD(T) CD(T), and S :=T [P+ D(T) maps H+
into H+. Since Py + P_ =1, it follows from the preceding that the operators Q
and T act as operator block matriceson H =H ® H_:

(I 0 (0 S
=5 %) = %)

Since T is densely defined and symmetric, D(SJF)f P.D(T) is dense in H, and
S+ C (S¢)*. It is easily checked that the operators T and T* acts by the matrices

= (0 S+ « (0 S
T= (S__ 0 ) and T" = <S—T- i
Using the relations (S+)** = S+ and S4 C (S¢)*, it follows that the operators
{0 S, (0 s
T, = <Si 0 ) and T_:= (S__ 0

are self-adjoint on # and extensions of 7. Clearly, P+D(T+) = D(S1) = P+D(T™*)
and P+D(Ty) = D(S+ ) = P+D(T). By a simple computation we verify that
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QT+ € —T4 Q. Avector x € D(T™) belongs to D(T4.) if and only if Prx € D(S1),
or equivalently, Pxx € D(T). This proves (13.22).

We verify the uniqueness assertion. Fix t € {4, —} and let A be a self-adjoint
extension of T on # such that P_,x € D(T) for x € D(A). Since A C T*, we
then have D(A) C D(T;) by the definition of 7;. Because 7; and A are self-adjoint
restrictions of 7%, the latter yields A C T, and hence A = T%. O

Example 13.5 (“Doubling trick”) Let S be a densely defined closed symmetric
operator on Ho, and let z € T. Define a closed symmetric operator 7 and a symmetry
Q: onH =Ho @ Ho by

S 0 0 z
r=(5 %) e=(2)

Clearly, Q,T € —T Q,, so the assumptions of Proposition 13.26 are fulfilled. Since

s* 0 L1 —z
* p——
T _<O —S*) and P_Z(—Z 1),

by (13.22) the self-adjoint operator T acts by T4 (x, y) = (S*x, —S*y) on
D(Ty) ={(x,y):x,y € D(S¥), x —zy e D(S)}.

This general construction remains valid if the number z € T is replaced by a unitary
operator U on H satisfying S = USU*.

We illustrate the preceding by a simple example. Let S be the operator —i% with
domain D(S) = H(} (J) on Ho = L*(7) for an open interval 7. From Sect. 1.3.1
we know that S* = —i% and D(S*) = H'(J). Hence, the operator Ty acts by
T, (f,g) = (—if’,ig’). We still have to describe the domain D(T).

Let J = (a, b), where a, b € R, a < b. Then the domain of 7. is given by

D(Ty) ={(f.9): f.geH' (a,b), fla)=2z8(a), f(b)=z8(b)}.

Let J = (0, +00). Then D(T}) = {(f, ¢) : f, ¢ € H'(0, +00), f(0) = zg(0)}.
In this case if z runs through T, these operators 7. exhaust all self-adjoint exten-
sions of 7 on H. We now slightly reformulate this example.

Let R denote the operator —i% on D(R) = Hol(—oo, 0) on the Hilbert space
Hy = L*(—00,0). Clearly, (Uf)(x) = f(—x) is a unitary transformation of H;
onto Hy = L2(0, +00) such that URU* = —S§ and UR*U* = —S§*. Therefore, if
we identify f € H with Uf € Hy, then (up to unitary equivalence) the operators T
and T, act as —i% with domains D(T') = HOI(—OO, 0)® HO1 (0, 4+00) and

D(Ty)={f € H'(—00,00® H' (0, +00) : f(+0) =zf(—0)}. o

13.6 Exercises

1. (Restrictions of self-adjoint operators)
Let A be a self-adjoint operator on #, and let V = (A —iI)(A +il)~! be
its Cayley transform. Let C be a closed linear subspace of H. Let K, be the
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closure of K 4+ V*IC +--- 4+ (V*)"~DIC. We denote by T the restriction of A
to the domain D(T) = (I — V)K+. Letn,k e N, k < n.
a. Show that T is a closed symmetric operator on H.
b. Show that D(T") is dense in H if and only if D(A) N K, = {0}.
In particular, D(T') is dense in H if and only if D(A) N K = {0}.
*c. Show that D(T") is a core for TX if and only if D(A" %) N K, €
(A —iD*"Ky.

d. Show that if K is finite-dimensional, then D(T™") is a core for T, k < n.
Let A be a densely defined closed operator on a separable Hilbert space .
Suppose that A is not bounded. Show that there exists a closed linear subspace
K of H such that

D(A) N K =D(A) N KL = {0} (13.23)

Sketch of proof. (See [Sch2]) Upon replacing A by | A| there is no loss of gen-
erality to assume that A is self-adjoint. Since A is not bounded, use the spectral
theorem to show that there is an orthonormal basis {xy, : k € N, n € Z} such
that for all £ € N, there exists n; € N such that

(A —=iD)™ x| < |1|' when |n| > ng. (13.24)

Let /C denote the linear subspace of all vectors y € H such that for all k € Z,

Z(y,xkn>ei"' =0 a..on|0,7].

nez

Note that ((y, Xkn)nez = Y, (¥, Xin)e"™ is a unitary map of the closed
subspace Ky spanned by the vectors xx,, n € Z, on the subspace of functions
f of L?(—m, 7) for which f =0a.e.on [0, ]. This implies that K is closed
and that K is the set of all vectors y € H such that 3", (v, x¢)e™ =0 a.e.
on [—m, 0] for all k € N.

Suppose that y € D(A). Writing y = (A +i/)~!x and using (13.24), it
follows that fi(z) =Y, c7(y, Xn)z" is a holomorphic function on C \ {0}.
If y is in K or in K, then f; =0 a.e. on a half of the unit circle T. Hence,
Jx=0on T for all k, which implies that y = 0.

. (A classical result of J. von Neumann [VN2])

Let A and H be as in Exercise 2. Show that there exists a unitary operator on
‘H such that D(A) ND(UAU*) = {0}.

Hint: Set U = I — 2P, where P is the projection on a subspace satisfying
(13.23).

. (Restrictions of unbounded self-adjoint operators continued)

Let A be an (unbounded) self-adjoint operator on H with Cayley transform
V=(A—-il)(A+i)~ " Suppose that K is a closed linear subspace of H
satisfying (13.23). Let 71 and T, denote the restrictions of A to the domains
D(T) = — V)K and D(T») = (I — VK.

Show that 77 and 75 are densely defined closed symmetric operators such
that
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D(T))ND(T>) =1{0} and D(TE)=D(T5)={0}.

Hint: Use Exercise 1.
(Details and more results concerning Exercises 1—4 are given in [Sch2].)
(Cayley transform and bounded transform of a symmetric operator)
Let T be a densely defined closed symmetric operator on . Let P+ denote
the projection of H on N (T* Fil), and let Vr be the Cayley transform of
T considered as a partial isometry with initial space (I — P4+)H and final
space (I — P_)H; see (13.7) and (13.9). Let Zy = T(I + T*T)~!/? be the
bounded transform of T. Set Wo(T) := Zy +i(I — (Zp)*Z7)/?; see, e.g.,
Exercise 7.7.
a. Show that4 (I + T*T)"' = — Vy — P_)*(I — Vg — P_).
b. Show that 4T (I + T*T)~! =i(Vr — (V7)* — Py + P_).
c. Show that Vy = W_(T)W4(T)* and P =1 — W (T)W+(T)*.
(See, e.g., [WN, p. 365].)
Let T = — £ with domain D(T) = H3(0, +00) on H = L*(0, +00).
a. Show that d+(T) = 1 and determine the deficiency spaces N (T* Fil).
b. Use von Neumann’s Theorem 13.10 to describe all self-adjoint extension
of T in terms of boundary conditions at 0.

. (Another formally normal operator without normal extension [Sch4])

Let S be the unilateral shift operator (see, e.g., Example 5.5), B := S+ §*, and
A:=i(S+1)(I —S)~'. Show that T := A +iB is a formally normal operator
which has no normal extension in a possibly larger Hilbert space.

Hint: Use the fact that dimD(T*)/D(T) = 1.

. Let T be a (not necessarily closed or densely defined) positive symmetric op-

erator on . Let vy be defined by (13.12), and £(T) ={y € H : vy (y)<oo}.

a. Show that £(T') is a linear subspace of H which contains D(T').

b. Show that vy (x) = (T x, x) for x € D(T).

Let a, b € C. Define a linear operator 7 on the Hilbert space 7 = C? with

domain D(T') = {(x,0) : x € C} by T (x, 0) = (ax, bx).

a. Show that T is a positive symmetric operator if and only if a > 0.

b. Suppose that b # 0 and a > 0. Show that T has a positive self-adjoint
extension on 7 if and only if a > 0.

(If a=0and b =1, then T is a positive symmetric operator which has no

positive self-adjoint extension on H.)

Let A be a bounded self-adjoint operator on a Hilbert space Hg. Define a linear

operator T on H = Ho @ Ho by Tx = (Ax, x) for x € D(T) :=Hp.

a. Let y > 0. Show that T has a bounded self-adjoint extension S on H such
that || S| <y if and only if A2+ 1 —yA <0.

b. Suppose that 0 (A) < [c, 1] for some ¢ € (0, 1). Show that the smallest pos-
sible norm of a bounded self-adjoint extension of T on H is ¢ 4+ ¢~ .
Hint: See Example 13.2 and use Corollary 13.17.

Retain the notation of Example 13.2. Prove that |[A~!/2B*|? is the smallest

positive self-adjoint operator C for which the block matrix § is positive.
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(Geometric mean of two positive operators)
Let A, B, and X be positive self-adjoint operators on H such that A is invert-
ible and A~!' € B(H). Consider the operator matrix on H @ H defined by

A X
ne= (4 %),

a. Show that the largest operator X > O such that Ty > 0 is

AX B := A1/2(A_l/zBA_l/z)l/zA_l/z.
(The operator A X B is called the geometric mean of A and B.)
Hints: Prove that Ty > 0 if and only if B > X A~1X. Conclude that the
largest X is the (unique) positive solution of the equation B = XA~ X.

b. Show that A x B = (AB)'/2 when AB = BA.

c. Show that C(A x B)C* = (CAC*) x (C BC*) for any operator C € B(H)
such that C~! € B(H).

d. Suppose in addition that B~! € B(#). Show that X is equal to A x B if
and only if B~1/2XA~1/2 (or equivalently, A~'/2X B~1/2) is unitary.

(More on geometric means can be found in [ALM].)

(Positive operator block matrices)

Let A, B, C € B(H). Show that the operator block matrix

A B*
T:(B C) (13.25)

on ‘H @ H is positive if and only if A >0, C > 0, and there exists an operator
D € B(#) such that |D|| < 1and B=C'2DA/2

(Extremal characterization of the Schur complement)

Let A, B, C € B(#H). Suppose that the operator (13.25) is positive on H & H
and define S(T') := AY2(I — D*D)A'/2, where D is as in Exercise 13.

a. Show that S(T') is the largest positive operator X € B(#) such that

(A -X B*)
> 0.

B c )=

(The operator S(T) is called the Schur complement of C in the matrix T'.)
b. Suppose that the operator C is invertible with C~! € B(#). Show that

S(T)=A— B*C~'B.
(For detailed proofs and more on Exercises 13 and 14, we refer to [Dr].)
Let T be a positive symmetric operator on H which has a positive self-
adjoint extension on H. Suppose that dimD(7T') < co. Show that Ty € B(H),
R(Ty) = R(T), and dim R(Ty) = dimD(T) — dimD(T) N R(T)*.
Let A and B be densely defined operators on H such that A € B* and B C A*,
or equivalently, (Ax, y) = (x, By) for x € D(A) and y € D(B). In this case
we say that the operators A and B form an adjoint pair. Define the operator T
with domain D(T) ={(x,y) :x € D(A),y e D(B)Jon H® H by T (x,y) =
(By, Ax).
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a. Show that T is a densely defined symmetric operator on H & H.

b. Find a self-adjoint extension of 7 on H & H.

c. Suppose that Jy is a conjugation on H such that A and B are Jp-real. Show
that T has a J-real self-adjoint extension on H @ H, where J := Jo @ Jp.

Let £2 be an open subset of R, and V € L? (£2) be real-valued. Let J be the

loc
“standard” conjugation on L?(£2) defined by (Jf)(x) = f(x).
Show that the symmetric operator T = —A + V on D(T) = Cgo(.Q) has a
J-real self-adjoint extension on L2(£2).



Chapter 14
Self-adjoint Extensions: Boundary Triplets

This chapter is devoted to a powerful approach to the self-adjoint extension theory
which is useful especially for differential operators. It is based on the notion of a
boundary triplet for the adjoint of a symmetric operator 7. In this context extensions
of the operator T are parameterized by linear relations on the boundary space. In
Sect. 14.1 we therefore develop some basics on linear relations on Hilbert spaces.

Boundary triplets and the corresponding extensions of 7 are developed in
Sect. 14.2. Gamma fields and Weyl functions are studied in Sect. 14.5, and var-
ious versions of the Krein—Naimark resolvent formula are derived in Sect. 14.6.
Sect. 14.7 deals with boundary triplets for semibounded operators, while the Krein—
Birman—Vishik theory of positive self-adjoint extensions is treated in Sect. 14.8.

Examples of boundary triplets are investigated in Sects. 14.3 and 14.4; further
examples will appear in the next chapters.

14.1 Linear Relations

Let H; and H2 be Hilbert spaces with scalar products (-,-)1 and {-,-)2, respectively.

If T is a linear operator from 7 into H,, then an element (x, y) of H; ® H>
belongs to the graph G(T') of T if and only if x € D(T) and y = Tx. Thus, the
action of the operator T’ can be completely recovered from the linear subspace G(T')
of H1 @ H>. In what follows we will identify the operator 7' with its graph G(T).

A linear subspace T of Hi @ H; will be called a linear relation from H; into
H». For such a linear relation T, we define the domain D(T), the range R(T), the
kernel N'(T), and the multivalued part M(T) by

D(T) = {x €Hy:(x,y)eT forsome y € ’H,z},
R(T) = {y € Hy:(x,y) eT forsome x € 7-[1},
N(T)={xeH :(x,00€T},
M(T) = {y €eHy:(0,y) € T}.
K. Schmiidgen, Unbounded Self-adjoint Operators on Hilbert Space, 307

Graduate Texts in Mathematics 265,
DOI 10.1007/978-94-007-4753-1_14, © Springer Science+Business Media Dordrecht 2012


http://dx.doi.org/10.1007/978-94-007-4753-1_14

308 14 Self-adjoint Extensions: Boundary Triplets

The closure T is just the closure of the linear subspace T, and T is called closed if
T = T. Further, we define the inverse T~' and the adjoint T* by

T7'={(y.x): (x.y) €T},
T* ={(y,x): (v, y)2 = (u, x) forall (u,v) €T}.

If T is (the graph of) a linear operator, one easily checks that these notions coincide
with the corresponding notions for operators, provided that inverse, adjoint, and
closure, respectively, of the operator T exist. It should be emphasized that in contrast
to operators for a linear relation inverse, adjoint, and closure always exist! They are
again linear relations. For instance, if T is a nonclosable operator, then the closure
T is only a linear relation, but not (the graph of) an operator (see, e.g., Example 1.1).
If S and T are linear relations from 7 into H;, R is a linear relation from #,»
into H3, and « € C\ {0}, we define « T, the sum S + T, and the product RT by

al = {(x,ay) (x,y) € T},
S+T={(x,u+v):(x,u) € Sand(x,v) €T},
RT ={(x,y): (x,v) € T and (v, y) € R for some v € H>}.

A larger number of known facts for operators remains valid for linear relations as
well. For arbitrary (!) linear relations S and R, we have

(1) =T, () =(r7)",
(RT) ' =T7"'R71, T*R* C (RT)*, (14.1)
R =N(T*),  R(T*) =N, (14.2)
D) =M(T*),  D(T*)" =M. (14.3)

The proofs of the equalities in (14.1) and (14.2) can be given in a similar manner as
in the operator case. We do not carry out these proofs and leave them as exercises.

The action set of x € D(T') is defined by T(x) ={y e Ho : (x,y) e T}. If T is
an operator, then 7 (x) consists of a single element. Clearly, 7 (0) = {0} if and only
if T is (the graph of) an operator. In general the multivalued part M(T) = T (0)
of a linear relation T can be an arbitrary linear subspace of H;. We may therefore
interpret linear relations as “multivalued linear mappings.”

Linear relations have become now basic objects in modern operator theory. They
occur when nondensely defined operators T are studied, since then M(T*) # {0}
by (14.3), that is, T* is not (the graph of) an operator. Our main motivation is that
they appear in the parameterization of self-adjoint extensions in Sect. 14.2.

Let T be a closed linear relation. We define two closed subspaces of | & H> by

Too :={0,y) €T} ={0} & M(T) and T,:=T O Tw.

Then (0, y) € Ty implies that y = 0. Therefore, by Lemma 1.1, 7 is (the graph of) a
linear operator which is closed, since T is closed. The closed operator T is called
the operator part of T. We then have the orthogonal decomposition 7 = Ty @ Two.
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This equality is a useful tool to extend results which are known for operators to
closed linear relations.
Spectrum and resolvent are defined in a similar manner as in the operator case.

Definition 14.1 Let T be a closed relation on a Hilbert space . The resolvent set
p(T) is the set of all A € C such that (T — AI)~! is (the graph of) an operator of
B(H). This operator is called the resolvent of T at & € p(T). The spectrum of T is
the set o (T') = C\p(T).

Note that 7 — A1 is not necessarily the graph of an operator when A € p(T'). For
instance, if T = {0} @ #, then 7! is the graph of the null operator and 0 € p(T).

Proposition 14.1 Let T be a closed relation on H. A complex number A is in p(T)
ifand only if N(T — A1) = {0} and R(T — A1) =H.

Proof This proof is based on two simple identities which are easily verified:

N(T = Al) = M((T — D7), R(T — A =D((T —rD7"). (14.4)

Let A € p(T). Since (T — A1)~ is an operator defined on H, M (T —11)~") = {0}
and D((T — A1)~ 1) = A, so the assertion follows from (14.4).

Conversely, assume that N'(T — AI) = {0} and R(T — A1) = H. Then, by (14.4),
MUT = A1)~ = {0} and D((T — A1)~") = H. Hence, (T — AI)~! is the graph
G(S) of an operator S with domain 7. Since the relations 7" and hence T — Al
are closed, so is (T — AI)_I. Hence, G(S) is closed, that is, S is a closed operator
defined on H. Therefore, by the closed graph theorem, S is bounded. This proves
that A € p(T). O

A linear relation 7 on a Hilbert space H is called symmetric if T C T*, that is,
(x,v) = (y,u) forall (x,y), (u,v)eT.

Let T be a symmetric relation. For o € R, we write T > «1 if (y, x) > a(x, x)
for all (x, y) € T. In this case T is said to be lower semibounded. In particular, T is
called positive if (y,x) >0 for (x,y) eT.

A linear relation T on H is called self-adjoint if T = T*.

Let S(H) denote the set of all self-adjoint operators B acting on a closed linear
subspace Hp of H. Note that R(B) C Hp for all B € S(H). Throughout we shall
denote the projection of H onto Hp by Pp.

Proposition 14.2 There is a one-to-one correspondence between the sets of opera-
tors B € S(H) and of self-adjoint relations B on H given by
B=G(B)® ({0} ® (Hp)") ={(x, Bx+y) : x e D(B), y € (Hp)*}, (14.5)

where B is the operator part By, and (Hp)™* is the multivalued part M(B) of B.
Moreover, B> 0 if and only if B > 0.
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Proof 1t is easily verified that (14.5) defines a self-adjoint relation B for B € S(H).

Conversely, suppose that B is a self-adjoint relation on #. Let B := B, and
Hp = M(B)*L. Since D(B)+ = D(B)+ = M(B)* = Hp by (14.3), D(B)
is a dense linear subspace of Hpg. Since By = G(B) L {0} & M(B), we have
R(B) € M(B)*+ =*Hp. Thus, B is a densely defined linear operator on . Using
that B is self-adjoint, it is easy to check that B is self-adjoint on Hp.

Let (x, Bx +y) € B. Since x | y, we have (Bx + y, x) = (Bx, x). Hence, B> 0
is equivalent to B > 0. 0

Lemma 14.3 Let B be a linear relation on H such that B~ is the graph of a
positive self-adjoint operator A on H. Then B is a positive self-adjoint relation.

Proof Since N(A) is a reducing subspace for A, we can write A=C @0 on H =
Hp ®N(A), where C is a positive self-adjoint operator with trivial kernel on Hp :=
N(A)-. ThenB:=C ' eS(H)and B= A" =G(B) ® ({0} ® (H*p)1). Thus, the
relation B is of the form (14.5) and hence self-adjoint by Proposition 14.2. Since
A >0, we have C >0, hence B >0, and so B > 0. O

Suppose that B is a self-adjoint relation. Let B denote its operator part. The form
tgl-,-]1 = B[-,-] associated with B is defined by

B[x,x']:=B[x,x'] forx,x" € D[B]:=D[B]. (14.6)

As in the operator case, D(I3) = D(B) is a core for the form tz.
The next result extends the Cayley transform to self-adjoint relations.

Proposition 14.4 A linear relation B on H is self-adjoint if and only if there is a
unitary operator V on H such that

B={x,y)eH@dH:(I-V)y=iI+V)x}. (14.7)

The operator V is uniquely determined by 3 and called the Cayley transform of B.
Each unitary operator is the Cayley transform of some self-adjoint relation B on H.

Proof Suppose that B is self-adjoint. Let B € S(#) be the corresponding self-
adjoint operator from Lemma 14.2. By Corollary 13.6, the Cayley transform Vp =
(B —ilI)(B+il)~! is a unitary operator on Hp. Then Vx = (I — Pg)x + Vg Pgx,
x € H, defines a unitary operator on H such that (14.7) holds. Conversely, each
operator V satisfying (14.7) acts as the identity on (I — Pgp)H and as the Cayley
transform of B on H . Hence, V is uniquely determined by 5.

Conversely, let V be an arbitrary unitary operator on . Then the closed linear
subspace Hp := N (I — V) reduces the unitary operator V, and for the restriction
Vo of V to Hp, we have N (I — Vy) = {0}. Therefore, by Corollary 13.7, V; is the
Cayley transform (with A = i) of a self-adjoint operator B on Hp, and we have
B =i(I + Vo)(I — Vy)~L. Then the relation B defined by (14.5) is self-adjoint by
Proposition 14.2, and we easily derive (14.7). g
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14.2 Boundary Triplets of Adjoints of Symmetric Operators

In the rest of this chapter, T denotes a densely defined symmetric operator on a
Hilbert space H, and we abbreviate

Ny =N (T*—2xI) forieC.

Definition 14.2 A boundary triplet for T* is a triplet (1C, I, I'1) of a Hilbert space
(IC, {-,-)x) and linear mappings Iy : D(T*) — K and I'; : D(T*) — K such that:

) [x, ylr=(T*x,y) — (x, T*y) = (I'\x, Toy) — (Iox, I'y) for x, y € D(T*),
(ii) the mapping D(T™*) > x — (Ipx, Ix) € K & K is surjective.

The scalar product and norm of the “boundary” Hilbert space X will be denoted
by (-,-)xc and || - || ¢, respectively, while as usual the symbols (-,-) and || - || refer to
the scalar product and norm of the underlying Hilbert space H.

Let Iy ;=11 +ilp and I'_ := I'1 — il. Then condition (i) is equivalent to

2i[x, ylrs =T _x, I_y)x — (I4x, [Ly)x forx,ye D(T*). (14.8)

Sometimes it is convenient to use the following reformulation of Definition 14.2:

If Iy and I'_ are linear mappings of D(T*) into a Hilbert space (IC, (-,-)xc) such
that (14.8) holds and the mapping D(T*) 3 x — (I'yx, I'_x) € K ® K is surjective,
then (KC, Iy, I'1) is a boundary triplet for 7*, where

N=y+T0)/2, To:=4—T))2i. (14.9)

In this case we will call the triplet (IC, Iy, I'_) also a boundary triplet for 7*.

The vectors I'1(x) and I5(x) of K are called abstract boundary values of
x€D(T*), and the equation in condition (i) is called abstract Green identity. This
terminology stems from differential operators where I'] and I'> are formed by means
of boundary values of functions and their derivatives. In these cases integration by
parts yields condition (i) resp. Eq. (14.8).

Let us first look at the simplest examples.

Example 14.1 Leta,beR,a <b,andlet T = —i% be the symmetric operator on
D(T) = HO1 (a,b) in L%(a, b). By integration by parts (see (1.13)) we have

ilf, glr = f(b)gb) — f(a)g(a). (14.10)
Therefore, the triplet

K=C, TIi(H=v2f@, T-(/H=v2fb)
is a boundary triplet for 7. Indeed, (14.10) implies (14.8). The surjectivity condi-
tion (ii) in Definition 14.2 is obviously satisfied, since D(T*) = H'(a, b). o

Example 14.2 Let a,b € R, a < b. For the symmetric operator 7 = —J2 on
D(T) = Hj(a, b) in L*(a, b), integration by parts yields (see (1.14))
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Lf, gl = f(D)g'(B) — f'(B)g(b) — f(a)g' (@) + f'(@)g(@).  (14.11)
Hence, there is a boundary triplet for 7* defined by

K=C* T =(f@.f®). N =(f(@.—f ). (1412
Condition (i) holds by (14.11), while (ii) is obvious, since D(T*) = H*(a, b). o

The question of when a boundary triplet for 7* exists is answered by the follow-
ing:

Proposition 14.5 There exists a boundary triplet (IC, Iy, I') for T* if and only
if the symmetric operator T has equal deficiency indices. We then have d4(T) =
d_(T) =dimK.

Proof 1t (IC, I'y, ) is a boundary triplet for 7*, by Lemma 14.13(ii) below I is
a topological isomorphism of Ay onto K. Thus, d4+(T) = d—(T) = dim K. Con-
versely, if dy(T) = d_(T), then Example 14.4 below shows that there exists a
boundary triplet for 7*. O

Definition 14.3 A closed operator S on H is a proper extension of T if
TCSCT™

Two proper extensions S and S, of T are called disjoint if D(T) =D(S;) ND(Sy)

and transversal if D(Sy) + D(S3) = D(T™).

Suppose that (K, I, I') is a boundary triple for 7*. We shall show that it gives
rise to a natural parameterization of the set of proper extensions of 7 in terms of
closed linear relations B on K. In particular, the self-adjoint extensions of the sym-
metric operator 7 on H will be described in terms of self-adjoint relations on /.

Let B be a linear relation on K, that is, B is a linear subspace of K & K. We
denote by Tg the restriction of 7* to the domain

D(Tg) :={x € D(T*) : (I'x, I'x) € B}. (14.13)

If B is the graph of an operator B on /C, then the requirement (Iox, I1x) € B means
that I'ix — BIpx =0, so that

D(Tg) =N — BI}).
If S is a linear operator such that T € S C T*, we define its boundary space by
B(S) = {(Tox, INx) : x e D(S)}. (14.14)

From Definition 14.2(ii) it follows that 5(73) = B for any linear relation 5 on /C.

Lemma 14.6 Let B be a linear relation on IC, and let S be a linear operator on H
suchthat T € S C T* and B(S) = B. Then:
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1) S§*=Tp-.
(i) S= Tg-
(iii) If S is closed, then B(S) = B is closed.
(iv) T = Ty0.0)), that is, D(T) = {x € D(T*) : I[yx = I'x =0}.

Proof (i): First note that T € § C T* implies that T = T** C §* C T*. Hence,
a vector y € D(T*) belongs to D(S*) if and only if for all x € D(S), we have

(T*x, y) =(Sx,y)= (x, T*y),

or equivalently by Definition 14.2(i), if (I'ox, I'1y)x = (Ix, Toy)x for x € D(S),
that is, if (u, Iy) = (v, I[py) for all (u,v) € B(S) = B. By the definition of the
adjoint relation the latter is equivalent to (Ipy, I1y) € 5*, and so to y € D(Tp+) by
(14.13). Thus, we have shown that D(S*) = D(Tg+). Because both S* and Tz« are
restrictions of 7%, the latter yields S* = Tp«.

(ii): Since S* = T+, we have B(S*) = B(Tp+) = B*. Therefore, applying this to
S* and B* and using that B** = B, we get S = §** = T = Tg.

(iii): Suppose that S is closed. Then S C Ty < TE =5=S by (ii), so we have
T = Tg. By Definition 14.2(ii) this implies that B = B.

(iv): Set B:= K @ K. Since then B* = {(0, 0)} and Tg = T*, using (i), we obtain

T=T"={R)"=T= T{(o’o)}. O

Proposition 14.7 There is a one-to-one correspondence between all closed linear
relations B on KC and all proper extensions S of T given by B <> Tg. Furthermore,
if B, By, and By are closed relations on KC, we have:

(i) By C By is equivalent to T, € Tp, .

(i) Tp, and Tg, are disjoint if and only if By N By = {(0,0)}.
(iii) T, and Tp, are transversal if and only if Bo+ B =K ® K.
(iv) Tg is symmetric if and only if B is symmetric.

(v) Tg is self-adjoint if and only if B is self-adjoint.

Proof All assertions are easily derived from Lemma 14.6. If B is a closed relation,
then T is closed by Lemma 14.6(ii) applied to S = Tg. If S is a closed operator
and T C § C T*, then B(S) is closed, and S = Tj(s) by Lemma 14.6, (iii) and (ii).
This gives the stated one-to-one correspondence.

(i) follows at once from (14.13) combined with the fact that B(TBj) =B, j=
0, 1, while (ii) and (iii) follow from (i) and the corresponding definitions.

(iv): Clearly, Tg is symmetric if and only if Tg C (Tp)* = T+ (by
Lemma 14.6(i)), or equivalently, if B C B* by (i), that is, if B is symmetric.

(v): Tg is self-adjoint if and only if Tg = T+, that is, if B = B* by (i). O

Any boundary triplet determines two distinguished self-adjoint extensions of 7T'.
Corollary 14.8 If (IC, I, I'1) is a boundary triplet for T*, then there exist

self-adjoint extensions Ty and T of the symmetric operator T on H defined by
D(Ty) =N (Ip) and D(Th) = N (I1).
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Proof Clearly, By = {0} & K and By = K & {0} are self-adjoint relations. Hence,
Ty = Tp, and T = Tp, are self-adjoint operators by Proposition 14.7(v). g

Corollary 14.9 Let B be a closed relation on K. The operators Tg and Ty are
disjoint if and only if B is the graph of an operator on the Hilbert space K.

Proof By Proposition 14.7(ii), T and Ty = T, are disjoint if and only if BN By =
{(0,0)}, where By = {0} & I, or equivalently, if 5 is the graph of an operator. [

Recall from Sect. 14.1 that S(K) is the set of all self-adjoint operators B acting
on a closed subspace Kp of K and Pp is the orthogonal projection onto Kp.
For any B € §(K), we define Tp to be the restriction of 7* to the domain

D(Tg) :={x e D(T*): I'yx € D(B) and BIyx = Pplx}. (14.15)

That is, a vector x € D(T*) is in D(Tp) if and only if there are vectors u € D(B)
and v € (Kp)* such that Iyx = u and I'ix = Bu + v.

If B is the self-adjoint relation with operator part Bs; := B and multivalued part
M(B) := (Kp)* (by Proposition 14.2), we conclude that Tg = Tz by comparing
the definitions (14.13) and (14.15). This fact will be often used in what follows.

Proposition 14.7 gives a complete description of self-adjoint extensions of 7' in
terms of self-adjoint relations on /C, or equivalently, of operators from S(/C).

Now we develop another parameterization of self-adjoint extensions based on
unitaries. If V is a unitary operator on /C, let TV denote the restriction of 7* to

D(TV):={x eD(T*): VIyx=I"x}. (14.16)

By Lemma 14.6(iv_), the operators TV and Tp = T (defined by (14.13) and (14.15))
are extensions of 7.

Theorem 14.10 Suppose that (IC, Iy, 1) is a boundary triplet for T*. For any
operator S on H, the following are equivalent:

(i) S is a self-adjoint extension of T on H.
(ii) There is a self-adjoint linear relation B on IC such that S = T (or equivalently,
there is an operator B € S(K) such that S = Tg).
(iii) There is a unitary operator V on K such that S =TV .

The relation B and the operators V and B are then uniquely determined by S.

Proof The equivalence of (i) and (ii) is already contained in Proposition 14.7. Recall
that B is uniquely determined by the operator 73, since B(Tg) = B.

(i) — (iii): Let B be a self-adjoint relation, and let Vg be its Cayley transform
(see Proposition 14.4). Using formulas (14.9), (14.7), and (14.16), one easily com-
putes that a vector x € D(T*) satisfies (Ipx, I'lx) € Bifand only if Vgl x = I'_x.
Therefore, Tg = T"5.

(iii) — (ii): Let V be a unitary operator on /. By Proposition 14.4 there is a self-
adjoint relation B with Cayley transform V. As shown in the proof of the implication
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(ii) — (iii), we then have Ty = TV From (14.16) and Definition 14.2(ii) it follows
that the unitary operator V is uniquely determined by S. O

Example 14.3 (Example 14.1 continued) We apply Theorem 14.10 to the boundary
triplet from Example 14.1. It follows that all self-adjoint extensions of the oper-
ator T = —i% on D(T) = HO1 (a, b) are the operators T° = —i% with domains
DT ={f¢e Hl(a,b): f(b) =zf(a)}, where z € T. This fact has been derived
in Example 13.1 by using the Cayley transform. Note that 72 is just the operator S,

from Example 1.5. o

14.3 Operator-Theoretic Examples

In this section we assume that the densely defined symmetric operator 7 has equal
deficiency indices. Our aim is to construct three examples of boundary triplets.

Example 14.4 By formula (3.10) in Proposition 3.7, each element x of D(T*) can
be written as x = xo + x; + x_, where xg € D(T) and x+ € N4 are uniquely
determined by x. Define Q1+x = x+. Since we assumed that d; (T) = d_(T), there
exists an isometric linear mapping W of Nj onto N_;. Set

K=N_, IrL=2wQy, Ir—=20_.
Statement (K, Iy, I'_) is a boundary triplet for T*.

Proof Let x = xp + x4 + x— and y = yo + y+ + y— be vectors of D(T™), where
X0, yo € D(T) and x, y+ € N4i. A straightforward simple computation yields

[xo + x4+ +x—, yo + y+ + y-lr* = 2i{x4, y4) — 2i{x—, y-).

Using this equation and the fact that W is isometric, we obtain

2ifx, ylre =4(x—, y-) —4Hxp, y4) =4x—, y-) =4 Wy, Wyy)
= (F—-x9 F—)’>IC - <F+-x9 F+y>’C1

that is, (14.8) holds. Given u1,us € K put x =u; + W~ us. Then, I'yx = 2u5 and
I'_x =2uy, so the surjectivity condition is also satisfied. g

If V is a unitary operator on K, then U := —V W is an isometry of A onto
N_;, and the operator TV defined by (14.16) is just the operator Ty from Theo-
rem 13.10 in the case A =1i. That is, for this example, the equivalence (i) <> (iii) in
Theorem 14.10 is only a restatement of von Neumann’s Theorem 13.10.

Likewise, if W denotes an isometric linear mapping of N_j onto A, then the
triplet IC =N, Iy =204+, - = 2WQ_)isa boundary triplet for 7*. o

Examples 14.5 and 14.6 below will be our guiding examples in this chapter. They
are based on the following direct sum decompositions (14.17) and (14.18).
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Proposition 14.11 If A is a self-adjoint extension of T on H and u € p(A), then

D(T*) =D(T) + (A - uD) "Nz + Ny, (14.17)
D(T*) = D(T) + A(A — u) " "Nz 4+ (A — ) "' W, (14.18)
D(T*) = D(A) + N, (14.19)
D(A) =D(T) + (A — n) ' N (14.20)

Proof The proof of (14.17) is similar to the proof of formula (3.10) in Proposi-
tion 3.7. Since u € p(A), we have u € 7(T). Hence, Corollary 2.2 applies and
yields

H=R(T —pul) ® Nz, where Ng=N(T*—-nl). (14.21)

Let x € D(T*l By (14.21) there are vectors xo € D(T) and y; € Nz such that
(T* — ul)x = (T — ul)xp + y1. Since T C A, we have A = A* C T*. Putting
y2 :=x —xo — R, (A)y1, we compute

(T* —,u])yz = (T* —MI)X - (T—MI)XO —(A—=pD)R,(A)yr =y1—yn =0,

so that y; € N, and hence x = xo + R, (A)y1 + y2 € D(T) + R, (ANz + N,
Since obviously D(T) + R, (A)Nyi + N,, € D(T*), we have proved that

D(T*) = D(T) + Ru(ANg + N, (14.22)

We show that the sum in (14.22) is direct. Suppose that xo+ R, (A)y1+y2 =0,
where xog € D(T), y1 € N, and y, € N),. Then

0= (T*— ul)(xo+ Ru(A)y1 + y2) = (T — uD)xo + y1. (14.23)

By (14.21) we have (T — ul)xoLyy, so (14.23) implies that (T — ul)xo = y; = 0.
Thus, R, (A) (T — ul)xg=xp=0and y, = —xo — R, (A)y; = 0. This completes
the proof of (14.17).

Now we prove (14.20). Because the sum in (14.17) is direct, it suffices to show
that D(A) = D(T) + R, (A)Ngz. Clearly, D(T) + R, (A)Niz € D(A). Conversely,
let x e D(A). By (14.17) we can write x = xo + R, (A)y1 + y2, where xg € D(T),
y1 € N, and y; € Nu- Since xo + R, (A)y; € D(A), we deduce that y, € D(A), so
that (A — ul)y, = (T* — ul)y, =0, and hence y; = 0, because u € p(A). That is,
x € D(T) + R, (A)N5. This proves (14.20).

Equality (14.19) follows at once by comparing (14.17) and (14.20).

Finally, we verify (14.18). Replacing p by 7 in (14.19) yields D(T*) =
D(A) + Niz. Applying once more (14.20), we get

D(T*) =D(T) + Ru(ANz + N (14.24)

Since u + R, (A)v = AR, (A)u + R, (A)(v — pu) and AR, (A)u + R, (A)v =
u+ Ry (A)(v + pu), it follows that R, (A)Ng + Nz = AR, (A)Nz + R, (AN
Inserting the latter into (14.24), we obtain (14.18). O
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Example 14.5 (First standard example) Throughout this example we suppose that
A is a fixed self-adjoint extension of 7 on H and p is a fixed number from the
resolvent set p(A).

Let x € D(T*). By (14.18) there exist vectors x7 € D(T) and xo, x| € N, all
three uniquely determined by x, such that

x=x74+AA — D) 'xo+ (A—pD) . (14.25)
Define K = Nz, Tox = xg, and I x = x7.

Statement (K, I, ') is a boundary triplet for the operator T*.

Proof Condition (ii) of Definition 14.2 is trivially true. We verify condition (i).

We set R := (A — 1)~ ! and write x = x7 + u, when x is given by (14.25), that
is, uy := ARxo+ Rx;.Letv € Niz. Then ARv=(A—ul)Rv+puRv= (I +puR)v.
Using the facts that A C T* and Rv € D(A), we get T*Rv = ARv = (I + uR)v.
Moreover, T*v = v, since v € Ng. From these relations we deduce that

T*uy =T*ARxo+ T*Rx1 = (B + p + 1?R)xo + (I + nR)x1.  (14.26)
Now suppose that x, y € D(T*). Then

(T*x, y) = (T* (7 +ur), yr +uy) = (T x7 + T ur, yr + uy)
= (xr. T yr) + (ux, T yr) + {x7, T*uy) + (T uy, uy)
=(x,Tyr)+ (x, T*uy) — (ux, T*uy) + (T*ux, uy)
= (x, T*y) — (ux, T*uy)—l— (T*ux, uy>.

Inserting the expressions for 7*u, and T*u, from Eq. (14.26), we derive
(75, 3) = e T3 = (T ) — e, T

=((@+ 1 + w2 R)xo + (I + uR)x1, (I + 1R)yo + Ry1)
—((I + rR)xo + Rx1, (@ + w1 + u*R)yo + (I + wR)y1)

=([(1 +ER*) (7 + w1 + 1’ R) = (@ + )1+ R*) (I + R ]x0. yo)
+{[R*(I + uR) — (I + ZR*)R]x1, 1)
H{[(T +ER*) T + 1R = ((n+ T + 7 R*)R]x1, yo)
+([R* (@ + I + 1*R) — (I + BR*)(I + uR)]xo, y1).

Using the resolvent identity R* — R = (@ — w)R*R = (;t — ) RR* (by (2.5)), the
first two summands after the last equality sign vanish, and the two remaining yield
(x1, y0) — {x0, y1) = (Ix, loy) . — (Tox, Ty)k-

This shows that condition (i) in Definition 14.2 holds. O

Since D(A) = D(T) + (A — nl)"'Ng by (14.20), we have D(A) =
N (Ip) = D(Tp), that is, A is the distinguished self-adjoint operator Tg from Corol-
lary 14.8. o
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Example 14.6 (Second standard example) Let us assume that the symmetric oper-
ator T has a real regular point u € w(T). Then by Proposition 3.16 there exists a
self-adjoint extension A of T on H such that i € p(A). Throughout this example
we fix A and u.

By Eq. (14.17), for any x € D(T*), there exist uniquely determined elements
x7 € D(T) and xg, x1 € Nu (because w is real!) such that

x=xr+ (A —/,LI)_lxl + xo.
Then we define K =N, Tox = xg, and I x = x;.

Statement (K, Iy, I') is a boundary triplet for T*.

Proof In this proof let (K, I'j, I')) denote the triplet from Example 14.5. Since

AA — D) xo 4+ (A = D)7y = x0 + (A — )7 (o + x1),

we have Iy = I'j and It = ulj + I'). Because p is real and (IC, I3, I7) is a
boundary triplet for 7%, it follows easily that (K, Iy, I'7) is also a boundary triplet
for T*. O

Since N (I) = N (I'j) = D(A), A is the operator Ty from Corollary 14.8 for the
boundary triplet (C, I, I'). o

The next theorem restates the equivalence (i) <> (ii) of Theorem 14.10 for the
boundary triplet (/C, Iy, I'7) from Example 14.6. By (14.5) the boundary space of
the operator Tp is B = {(u, Bu + v) :u € D(B), v € D(B)'}, so the description of
the domain D(Tp) is obtained by inserting the definitions of Iy and I7 into (14.13).
Further, T*R,(A) = AR, (A) =1 + uR, (A), since A C T*. Thus, we obtain the
following:

Theorem 14.12 Let T be a densely defined symmetric operator on H. Suppose that
A is a fixed self-adjoint extension of T on 'H and p is a real number in p(A). Recall
that N, := N (T* — ). For B € S(N,,), let

D(Tp) = {x + Ry (A)(Bu+v)+u:xe D(T), ue D(B), veN,, vl D(B)},
Tp = T* [ D(Tg), thatis,

Tp(x + Ru(A)(Bu+v) +u) =Tx + (I + uR,(A))(Bu +v) + pu.

Then the operator Tg is a self-adjoint extension of T on H. Each self-adjoint exten-
sion of T on H is of the form Tg with uniquely determined B € S(N,).

14.4 Examples: Differentiation Operators I11

In order to derive explicit formulas for the parameterization, we assume in this sec-
tion that the boundary form [-,-]7+ has the following special form:
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There are linear functionals @1, ..., 04, V1, ..., ¥q, deN, on D(T*) such that
d
[x, ylr* = Z(lﬁk(x)q)k(y) — o) Yr(y)), x,yeD(T*), (1427)
k=1
{(p(x), ¥ (x)) : x e D(T*)} =C*, (14.28)

where ¢(x) := (¢1(x), ..., pq4(x)) and ¥ (x) := (Y1 (x), ..., Ya(x)).
Clearly, then there is a boundary triplet (1C, Iy, I') for T* defined by

K=C' D®=e®. N =yx). (14.29)
Let B € S(K). We choose an orthonormal basis {eq, ..., e,} of Kg and a basis
{€n+1, ..., e} of the vector space (K B)l. Since B is a self-adjoint operator on Kp,

there is a hermitian n x n matrix B = (By;) such that Be; = ZZ:I Byey.
Obviously, Pgl'i(x) = Y i_, (Il (x), ex)ex, where (-,-) denotes the “standard”
scalar product of the Hilbert space K = C4.If Iy(x) € Kp, then we have

BIo(x) =) (Ih(x).er)Ber =Y (IH(x), er)Burex.
I k.l
Recall that by (14.15) a vector x € D(T*) is in D(Tp) if and only if I'h(x) € D(B)
and Pgl(x) = BIy(x). Therefore, x € D(T*) belongs to D(Tp) if and only if

((x),2)=0, j=n+1,....d,

n
(M@).ee)=) Bullo@).a). k=1.....n.
=1
This gives an “explicit” description of the vectors of the domain D(7Tp) by d linear
equations. We discuss this in the two simplest cases d = 1 and d = 2.

Example 14.7 (d = 1) First, let n = 1. A Hermitian 1 x 1 matrix is just a real
number B, and the operator Tp is determined by the boundary condition BIp(x) =
I'1(x). If n =0, then B acts on the space {0}, and hence T is defined by the con-
dition I'h(x) = 0. If we interpret the latter as BIp(x) = I'1(x) in the case B = oo,
then the domains of all self-adjoint extensions 75 of T on H are characterized by
the boundary conditions

BIy(x)=1T1(x), BeRU/{oo}.

Writing B as B = cotw, we obtain another convenient parameterization of self-
adjoint extensions of 7" which will be used in Chap. 15. It is given by

Iy(x)cosa =T (x)sinx, «€][0,m). °
Example 14.8 (d =2) Let B € S(K). The operator B can act on a subspace of

dimension 2, 1, or O of the Hilbert space K = C2. That is, we have the following
three possible cases.
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Case 1 (Kp = K) Then B corresponds to a hermitian 2 x 2 matrix, so the relation
PpI'i(x) = BIp(x) says
V1(x) =191 (x) + cga(x), V2(x) =cp1(x) + baga(x),  (14.30)

where b1, by € R and ¢ € C are parameters.

Case 2 (dimXp =1) Let Pg = e ® e, where e = (¢, B) € C? is a unit vector. Then
I'n(x) e D(B) =C - e is equivalent to Ip(x) L (8, —a), that is, ¢1(x)8 = ¢2(x)c.
Further, the relation Pgl1x = BIyx means that

Y1 ()@ + Y2 (x) fa = By (x), Y1 ()P + Y2(x) BB = Bea(x).
Putting ¢ := ,805_1 and b := B|oz|_2 if @ # 0 and by := B if o = 0, in both cases,
a # 0 and o = 0, the preceding three equations are equivalent to

V1(x) =bigi(x) —cya(x), @2(x) = coi(x), (14.31)
Y2(x) =b1ga(x), ¢1(x) =0, (14.32)

respectively.

Case 3 (Kp = {0}) Then the domain of T is defined by the condition Ij(x) =0,
that is,

@1(x) = @2(x) =0. (14.33)

By Theorem 14.10, the self-adjoint extensions of 7 are the operators Tp for
B € S(K). Since Tg C T*, it suffices to describe the domains of these operators.

Summarizing, the domains of all self-adjoint extensions of the operator T are the
sets of vectors x € D(T*) satisfying one of the four sets (14.30)—-(14.33) of boundary
conditions, where by, by € R and ¢ € C are fixed. Here different sets of parameters
and boundary conditions correspond to different self-adjoint extensions.

The interesting subclass of all self-adjoint extensions of 7" with vanishing param-
eter ¢ in the preceding equations can be described much nicer in the form

Y1(x) = Bre1 (x), Y2 (x) = Baga(x), where 81, B2 € RU {00}.

As in Example 14.7, the relation v;(x) = B;@;(x) for B; = oo means that
@;(x) = 0. This subclass can be also parameterized by a1, a2 € [0, 7r) and the equa-
tions

p1(x)cosa) = Y1 (x)sinay, @ (x)cosay = —Yn(x)sinay.  (14.34)

(Here the minus sign is only chosen in order to obtain more convenient formulas in
applications given in Example 14.10 and Propositions 15.13 and 15.14.) o

The following two examples fit nicely into the preceding setup.
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. . 2 .
Example 14.9 Let us consider the symmetric operator 7 = — 4% with domain

dx?
D(T) = HOZ(O, 00) on L2(0, 00). Integration by parts yields

[f. g1+ = —f(0)g'(0) + f'(0)g(0).
Then the above assumptions are satisfied with d = 1, o(f) = f(0), v (f) = f(0),
so there is a boundary triplet for the operator 7* given by
K=C, Io(f) = f(0), ncH) = 1.
By Example 14.7 the self-adjoint extensions of 7" are parameterized by R U {oo},
and the corresponding operator T is defined by the boundary condition
Bf ()= f'(0), BeRU/{oo}. (14.35)

The case B = oo yields the Friedrichs extension Tr of T which is the operator Ty
given by the condition IH(f) = f(0) =0.

Likewise we could have taken ¢(f) = — f/(0) and ¥ (f) = f(0); in this case the
operator T is the Friedrichs extension TF. o

Example 14.10 (Example 14.2 continued) Let T = —;—; be the symmetric oper-
ator on D(T) = Hoz(a, b), where a,b € R, a < b. Then assumptions (14.27) and

(14.28) are satisfied, and the boundary triplet from Example 14.2 is of the form
(14.29), where

d=2, e1(f) = f(a), e2(f) = fD),

i1 (f) = f'(a), a2 (f) =—f'(b).

As developed in Example 14.8, the set of all self-adjoint extensions of T is described
by the following four families of boundary conditions:

fl@=bif(@)+cfb), ')y =—¢f(a)—baf (). (14.36)

f'a)=0bi f(a)+cf(b), fb)=cf(a), (14.37)
f'(b) =—=bi f(b), f(a)=0, (14.38)
fla)=f(b) =0, (14.39)

where ¢ € C and by, by € R are arbitrary parameters.

The self-adjoint extensions Tp and 77 defined by Corollary 14.8 are given by
Dirichlet boundary conditions f(a) = f(b) = 0 and Neumann boundary conditions
f'(a) = f'(b) = 0, respectively. In particular, Ty is the Friedrichs extension Tp
of T.

In this example the subclass of self-adjoint extensions (14.34) is characterized by
“decoupled boundary conditions”

f(a)cosay = f'(a)sinay, fb)cosar = f'(b)sinaz, aj, a2 €[0,7).
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14.5 Gamma Fields and Weyl Functions

In this section, (KC, I'y, I'1) is a boundary triplet for 7%, and Ty is the self-adjoint
extension of T determined by D(Tp) = N (Ip). Recall that N, = N(T* — zI).
Our aim is to define two holomorphic operator families

Y@= (M1 N:)" €B(C,H) and M) =TIy eBK), zep(Ty.

and to derive a number of technical results. These operator fields are important tools
for the study of extensions of the operator T. In particular, they will appear in the
Krein—Naimark resolvent formula (14.43) and in Theorem 14.22 below.

Lemma 14.13

(1) Iy and I are continuous mappings of (D(T*), || - |I+) into K.
(ii) For each z € p(Ty), I is a continuous bijective mapping of the subspace N,
onto K with bounded inverse denoted by y (7).

Proof (i): By the closed graph theorem it suffices to prove that the mapping (19, ')
of the Hilbert space (D(T*), || - ||7+) into the Hilbert space IC @ K is closed.

Suppose that (x,,),en is a null sequence in (D(T™*), || - || 7+) such that the sequence
((Foxn, I'xy))nen converges in K @ K, say lim, (Ipx,, I'x,) = (u,v). Then we
obtain

(v, Toy)k — (u, Ny)k = nli)ﬁolo[U“lxn, noy)c — (Toxa, TNy)x |
= lim [(T*x,,, y) — (xn, T*y)] =0

n— o0

and hence (v, I'py)x = (u, I y)x for all y € D(T*). By Definition 14.2(ii) there
are vectors yg, y1 € D(T*) such that I'yyg =v, I'Nyo =0, Ihy; =0, and I y; = u.
Inserting these elements, we conclude that u = v = 0. Hence, (19, I7) is closed.

(ii): Recall that D(T*) = D(Tp) + N, by (14.19). Since IH(D(T*)) = K by Def-
inition 14.2(ii) and IH(D(Tp)) = {0} by the definition of Tg, Iy maps N, onto K. If
x € Ny and Iyx =0, then x € D(Ty) NN, and so x =0, because D(Tp) + N is a
direct sum. The preceding proves that Iy : N; — K is bijective.

On N, the graph norm | - ||+ is obviously equivalent to the Hilbert space norm
of H. Hence, it follows from (i) that the bijective map Iy : N, — K is continuous.
By the open mapping theorem its inverse y (z) is also continuous. 0

Let z € p(Tp). Recall that y (z) is the inverse of the mapping I : V; — K. By
Lemma 14.13(ii), v (z) € B(KC, H), and hence y (z)* € B(H, K). Since I'] and y (z)
are continuous (by Lemma 14.13), M (z) := Iy (z) is in B(K).

Definition 14.4 We shall call the map p(Ty) > z — y(2) € B(K, H) the gamma
field and the map p(Tp) > z = M(z) € B(KC) the Weyl function of the operator Tj
associated with the boundary triplet (C, I, I'7).

Basic properties of these operator fields are contained in the next propositions.
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Proposition 14.14 For z, w € p(Ty), we have:

() y@*=nN(Tp—zD)~".
(i) Ny @)*) = ./\/ZJ‘ and y (2)* is a bijection of N, onto K.
(i) y(w) —y @) =w—2)(To—wh ™y @) =w—2)(To — zI) "'y (w).
(iv) y(w) = (To —z)(To —wD) "y (2).
V) Ly@=(To—zD" "y (.

Proof (i): Let x € H. Set y = (Ty — zI)"'x. Let v € K. Using the facts that
T*y(@)v=zy @), Ivy =0, and Iy (z)v = v and Definition 14.2(i), we derive

(y@*(T — 2Dy, v)c =((To — 2Dy, y @)v)
=(Toy. y @v)— (y.2 y@v)=(T"y, y @v) — (y. T*¥ @)v)
=(Iy. oy @) — (Hoy. Ty @v)e = (Ny, v)k.

Since v € K was arbitrary, the latter yields y (z)*(To — zI)y = I'1y. Inserting now
y = (To — zI)™'x, this gives y (2)*x = I'(Ty — zI) " 'x.

(ii): Since R(y (z)) = N, we have N (y(2)*) = N1, so y(2)* | NV, is injective.
Let v € K. By Definition 14.2(ii) there exists y € D(T*) such that Ijy = 0 and
Iy =v. Then y € D(Tp). Let y, be the projection of (Ty — z/)y onto N;. Using
that N'(y (2)*) = ;- and (i), we obtain y(2)*y, = y(2)*(To — z2I)y = Iy = v.
This shows that y (z)* | N is surjective.

(iii): Let v € K. By Lemma 14.13(ii), v = I'yu for some u € N. Putting

ui=u+ (w—2)(To—wl) 'u, (14.40)

we compute T*u’ = zu + (w — 2)To(Ty — wI)~'u = wu’, that is, u’ € N,,. Since
(To — wI)~'u € D(Tp) and hence IH(Ty — wl)~'u =0, we get Tou' = Igu = v.
Therefore, y (z)v =y (z)Iou = u and y (w)v = y(w)[yu’ = u’. Inserting the latter
into (14.40), we obtain y (w)v = y (z2)v + (w — z)(To — wI) "'y (z)v. This proves
the first equality of (iii). Interchanging z and w in the first equality gives the second
equality of (iii).

(iv) follows from (iii), since (Ty — zI)(To — wl) ' =1+ (w — 2)(Ty — wl)~ L.

(v): We divide the first equality of (iii) by w — z and let w — z. Using the conti-
nuity of the resolvent in the operator norm (see formula (2.7)), we obtain (v). Il

Proposition 14.15 For arbitrary z, w € p(Ty), we have:

(1) M(2)Tou = Iu foru e N,.

(i) M(2)* =M(2).
(iii) M(w) —M(z) = (w —2)y (@*y(w).
(iv) £M@)=y@*y Q).

Proof (i): Since y(z) = (I'y [ N2) ™!, we get M (z) Tou = 'y (z) Tou = TNu.
(ii): Let u € NV, and u’ € Nz. Obviously, (T*u, u’') = (u, T*u’). Therefore, by (i)
and Definition 14.2(i) we obtain
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<M(z)F0u, Fou/>,c = (Flu, FOM/>IC = (Fou, Flu/),c = (Fou, M(E)Fm/)lc.
Since I'H(N) = I'H(Nz) = K by Lemma 14.13, the latter shows that M () = M (z)*.
(iii): Using Proposition 14.14, (ii) and (i), we derive
Mw) —M@) =T1(y(w) —y (@) = w—2)(To—zD) "'y (w)
=W -2y @)%y (w).

(iv) follows by dividing (iii) by w — z, letting w — z, and using the continuity of
¥ (2) in the operator norm (by Proposition 14.14(v)). Il

Propositions 14.14(v) and 14.15(iv) imply that the gamma field z — y(z) and
the Weyl function z — M (z) are operator-valued holomorphic functions on the re-
solvent set p(Tp). In particular, both fields are continuous in the operator norm.

Definition 14.5 An operator-valued function F : C4 — (B(K), || - ||) is called a
Nevanlinna function if F is holomorphic on C; = {z € C:Imz > 0} and

1
ImF(z) = Z(F(z) —F(2)*) =0 forallzeCy.

Each scalar Nevanlinna function admits a canonical integral representation de-
scribed in Theorem F.1. For general operator Nevanlinna functions and separa-
ble Hilbert spaces I, there is a similar integral representation, where a = a* and
b =>b* >0 are in B(K), and v is a positive operator-valued Borel measure on R.

Corollary 14.16 The Weyl function M (z) is a Nevanlinna function on K.

Proof By Proposition 14.15(@iv), M (z) is a B(K)-valued holomorphic function on
C4.Let z € C4 and y = Imz. From Proposition 14.15, (ii) and (iii), we obtain

M@ —M@)* =M@ -M@) = -2y @)"y@ =2iyy @)y ().

Since y > 0, this implies that Im M(z) > 0. O

The next proposition shows how eigenvalues and spectrum of an operator 73 can
be detected by means of the Weyl function.

Proposition 14.17 Suppose that B is a closed relation on K and z € p(Tp). Then
the relation B — M(z) (which is defined by B — G(M (z)) is also closed, and we
have:

1) y@QNB—-M() =N (T —zI).
(i1) dim N (Tg — zI) = dim(B — M (2)). In particular, 7 is an eigenvalue of Tg if
and only if N(B — M(z)) # {0}.
(iii) z € p(Tp) ifand only if 0 € p(B — M (z2)).
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Proof First, we show that the relation B — M (z) is closed. Let ((uy, v;))nen be
a sequence from B — M(z) which converges to (u,v) in L & K. By the defini-
tion of B — M (z) there are elements (u,, w,) € B such that v, = w,, — M(2)u,.
Since u, — u and M (z) is bounded, we have M(z)u, — M (z)u, and hence
wy = v, + M(2)u, — v+ M(z)u. Therefore, since B is closed, we conclude that
(u, v+ M(z)u) € B, which in turn implies that (u, v) € B — M(z). This proves that
the relation B — M (z) is closed.

(i): Let v € N (B — M(z)). Then there exists w € K such that (v, w) € B and
w — M(z)v = 0. Thus, (v, M(z)v) € B. Since M(z) = Iy (z) and Ipy (2)v =v,
we have (Ipy (v, Iy (z)v) = (v, M(z)v) € B, so that y(z)v € D(Tg) and
(Tg —zDy (v =(T* — zI)y(z)v =0. That is, y (z)v e N (Tg — zI).

Conversely, let x € N(Tg — zI). Then (Iyx, M(z)Ivx) = (Iyx, INx) € B,
which yields I'px € N'(B — M(z)). Since Tg € T*, we have x € N, and hence
x=y(@Tox € y(QN(B - M(2)).

(ii) follows from (i) and the fact that y (z) is a bijection of K onto N/;.

(iii): Suppose that 0 € p(B — M (z)). Then we have N'(B — M(z)) = {0} and
R(B — M(z)) = K by Proposition 14.1. Hence, N (Tg — zI) = {0} by (ii). To prove
that z € p(TR), by Proposition 14.1 it suffices to show that R(Tg — z1) = H.

Let y € H. Set x := (To — zI)~'y. Since R(B — M(z)) = K, I'lx belongs to
R(B — M(z)). This means that there exists (vq, v2) € B such that vy — M(z)v; =
I'x. Put f:=x 4+ y(2)v;. Since x € D(Tp) and hence IHx = 0, it follows that
Nnf =hy@ui=viand I f =Tx+ Iy@vr = Nx + M(2)v) = va. Hence,
f € D(Tp), since (v1, v2) € B. Using that y (z)vy € N; and Ty C T*, we derive

(ITg—zDf=(T*—z2l)f=(T"—z)x=(To—zDx =y,

so that y € R(Tg — z[I). Thus, we have proved that z € p(7R).
The reverse implication of (iii) will be shown together with the resolvent formula
(14.43) in the proof of Theorem 14.18 below. O

14.6 The Krein—Naimark Resolvent Formula

The Krein—Naimark resolvent formula in the formulation (14.43) given below ex-
presses the difference of the resolvents of a proper extension Ty and the distin-
guished self-adjoint extension Ty of T defined by D(Tp) = N (1) in terms of the
relation B, the gamma field, and the Weyl function.

Theorem 14.18 Let T be a densely defined symmetric operator on H, and
(KC, Iy, I) a boundary triplet for T*. Suppose that B is a closed relation on K
and z € p(Tp). Then the proper extension Tg of T is given by

D(Ip) ={f=To—zD"'(y+v)+y@u:
uek, veNs, (u,y@*) eB—M@), ye HON}, (14.41)
Tef=Tp((To—zD 'y +v) +y(@u) =zf +y +v. (14.42)
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If z € p(Tg) N p(Tp), the relation B — M(z) has an inverse (B — M(z))~! € B(K),
and

(Tg—zD)"' = M-z =y @ (B-M@) 'y @ (14.43)

Proof Let f € D(TR). Since f € D(T*), by (14.19) there are vectors x, € D(Tp)
and u; € N; such that f = x; +u,. Writing y, := (Top — z)x; = y + v with v € N7
and y € HO Nz, we have x, = (Ty —zI)~'(y +v). From f = x, +u and IHx, =0
(by x; € D(Tp)) we getu := Iy f = Iyu,, and sou, =y (z) o f =y (z)u. Thus,

nNf-M@Qhyf=nhf-hy@lof=I1f—-Tu;
=Tx,=N(To—zD ' +v)=y@*» +v)
= y(Z)*v (14.44)

by Proposition 14.14, (i) and (ii), and therefore

(,y@™)=Uof, 1 f) — (N0 f, Mo f) = Tof, Nxy). (14.45)

Since (1o f, Il f) € Bby f € D(Tg), (14.45) implies that (u, y (z)*v) € B — M (2).
The preceding shows that f is of the form (14.41).
From the relations Tg C T*, Tp € T*, and y (z)u € N; we obtain

(Tg—zDf =(T* = z0)((To —zD 'y +v) +y@u) = y + v,

which proves (14.42).

Conversely, suppose that f is as in (14.41). Putting x, := (To —zI)~'(y +v) and
u; :=y(z)u, we proceed in reverse order. Since (u, y (z)*v) € B— M(z) by (14.41),
it follows then from (14.45) that (I f, I'1 f) € B, thatis, f € D(TR).

Now suppose that z € p(Tg) N p(Tp). First, we prove that 0 € p(B — M(2)).
Let w € K. By Definition 14.2(ii) there exists x € D(T*) such that I'jx = 0 and
INx = w. Then x € D(Tp) and x = (Ty — zI)~'y,, where y, := (Ty — zI)x.
By (14.41) and (14.42) the vector f := (Tg — zI)~"'y, € D(Tg) is of the form
(To — zI) 'y, 4+ y(2)u for some u € K. In the above notation we then have
x = (Ty — zI)_lyz = x;, and so w = I'1x = I'1x;. Since the pair in (14.45) be-
longs to the relation B — M (z), it follows that w = I'ix, € R(B — M(z)). This
proves that R(B — M (z)) = K. Further, by z € p(Tg) we have N'(Tg — zI) = {0},
and hence N'(B — M(z)) = {0} by Proposition 14.17(ii). The relation B — M (z)
is closed by Proposition 14.17. Therefore, Proposition 14.1, applied to B — M (z),
yields 0 € p(B — M(2)), that is, (B — M(z))~' € B(K). (This also completes the
proof of Proposition 14.17(iii).)

We prove the resolvent formula (14.43). Let g € H. Then f := (Tg —zI) " !g is
in D(TR), so f has to be of the form (14.41), that is, f = (To — zI)"'g + y (2)u.
Thus, in the notation of the first paragraph, x, = (To —zI)"'g and g = y 4 v. Since
(Iof, INx;) € B— M(z) (by (14.45)), we conclude that Iy f = (B— M (z))" ' I x..
Further, u = I'v f and I'x; = y (2)*(y + v) = y(2)* g by (14.44). Therefore,

y@Qu=y@hf=y@QB-M@) Tix.=yB-Mz) y@*s.
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Inserting this into the equalities f = (Tg — zl)_lg = (Ty — zI)_lg + v (@u, we
obtain (14.43). O

We now consider the resolvent formula for our two operator-theoretic examples.

Example 14.11 (First standard Example 14.5 continued) Recall from Exam-
ple 14.5 that A = Ty and u € p(A). Let v € Nz = K. By the definition of the bound-
ary maps the equality v = A(A — ,uI)’1 v+ (A — ;LI)’1 (—pv) yields I'pv = v and
INv=—pv,soy(mv=vand M(w)v=I1y(@)v=—pv. Thus, y(u) = Iy [ K
and M (i) = —u 1. Therefore, by Proposition 14.14(iv),
y@=A-aHA-zD"' K, zepA). (14.46)

Let Px: denote the orthogonal projection of  onto K. It is easily verified that

y(@*=Pc(A—uD(A-2ZD7", zep(A). (14.47)

Applying Proposition 14.15(iii) by using the preceding formulas, we compute

M) =M@+ z—myw*y ()
=—ul+@-mWPc(A—phA—-uh " (A-rh(A—-zD)7" K
=(@—2Rewlx+G@—mW—WPc(A—zD)7' K, z€p(A).

(14.48)

For the present example, Theorem 14.18 yields the following assertion:
Suppose that B is a closed relation on IKC and z € p(Tg) N p(A). Then we have
(Tg—zD'—(A—zD"
=(A-uD(A -z (B- M(z))’IP,C(A —uD(A—zD7', (14.49)
where M (2) is given by (14.48), and the operator Tg is defined by (14.13). o

Example 14.12 (Second standard Example 14.6 continued) Let us recall from Ex-
ample 14.6 that A = Tp, u € p(A) is real, and K = N,.

From the definitions of the boundary maps we get Ipv = v and v =0 for
v € K. Therefore, y (u)v =v and M(u)v =Ty (u)v =0, thatis, y(u) = Iy [ K
and M(u) = 0. Hence y(w)* is just the orthogonal projection Px of H onto K.
Putting these facts into Propositions 14.14(iv) and 14.15(iii) yields

y@=@A-uD@A—-zD)7" K zep(A),
M@) =z —w) Pc(A—uD(A—zD7' K, zep(A). (14.50)
Inserting these expressions into (14.43), we obtain the resolvent formula for this

example. We leave it to the reader to restate this formula in this example. o

In the rest of this section we give a formulation of the Krein—Naimark resolvent
formula which does not depend on any boundary triplet.
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For a self-adjoint operator A on H and a closed subspace K of H, we define

Myx@ =zl +(1+2%) Pc(A—zD7' K
= Pr(I+zA)A—z)"' K eB(K) forzep(A). (14.51)
Obviously, M4 j(%i) = £ilx. In the setup of Example 14.11, M4 x(z) is just the

Weyl function (14.48) for u = —i. In this case M4 x(z) is a Nevanlinna function by
Corollary 14.16. The next lemma shows that the latter is always true.

Lemma 14.19 M4 x(z) is an operator-valued Nevanlinna function.

Proof Clearly, M4 x(z) € B(K) is holomorphic on C,. Let z € C,4. Setting
x =Rez and y = Im z, a straightforward computation shows that

Im My i (2) = yPic (I + A2) (A —xI)? +y*1) ' [ K > 0. O

The next theorem contains the Krein—Naimark resolvent formula for two arbi-
trary self-adjoint extensions of a densely defined symmetric operator. Recall that
Ve = (C —il)(C +il)~ ! is the Cayley transform of a self-adjoint operator C.

Theorem 14.20 Let S be a densely defined symmetric operator on H, and let A
and A be self-adjoint extensions of S on H. Then there exists a closed linear
subspace K of N (S* —il) and a self-adjoint operator B on K such that for all
ZE€ p(Z) N p(A), the operator B — M 4 ic(2) has a bounded inverse on K, and

A—zD '—A—zD™!
=(A—i(A—zD)"'(B - MA,,C(z))”P,C(A +il)(A —zD)~'. (14.52)

Here B and K are uniquely determined by A and A. That is, if B is a self-adjoint
operator on a closed subspace K of H such that (14.52) holds for z = —i, then

K={xeH: Vix=Vax}t and V=V 'VzIK. (14.53)

Proof Clearly, the operator T := A | (D(A) N D(AV)) is a symmetric extension
of S. Hence, T* C $* and K := N(T* —iI) C N(§* —il). Let (K, Iy, I17) be
the boundary triplet from Example 14.5 for the operator A with pu := —i. Since
D(T) =D(A) N D(A) the extensions A and A = Ty are disjoint. Therefore, by
Corollary 14.9 there is a self-adjoint operator B on /C such that A=Tp = Tg(p)-
Now formula (14.49) with u = —i yields (14.52).

Since M () = —ulx as stated in Example 14.11, we have M() = ily,
and hence M(—i) = M(i)* = —ilx. Therefore, setting z = —i in (14.52), we
obtain

A+iD" —(A+iD "' =A-iDA+iD) (B +ilx) "' P
= Va(B +ilx) ' Pc.
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Using the equality Ve = I — 2i(C +il)~! for C = A, A, B, it follows that

Vi—Va=Vy (—Zi(B + iI)’l)P;C =Va(Vp —1)Px. (14.54)
Therefore, Vix = Vax if and only if Pxx =0, that is, x € Kt Clearly, (14.54)
implies that VA_1 Vi I K = Vp. Thus, we have proved (14.53). 0

We rewrite the resolvent formula (14.52) in the very special case where S has
deficiency indices (1, 1). That is, we suppose that dim A (S* —il) = 1 and choose a
unit vector u € N (S* —il). Let A and A be self-adjoint extensions of S on H.

First, suppose that A # A. Then IC # {0} by (14.53), so we have X = C - u, and
hence My xc(2)u = (I + zA)(A — 2D u, u)u by (14.51). Therefore, by Theo-
rem 14.20 and formula (14.52), there exists a real number B such that

A-—zD"x—@A-zD"1x
=(x, (A—iD(A—zZD " u)(B — (I +z4)(A —zD) ", u})_l(A —il(A—zD)"lu

forall x e H and z € p(X) Np(A).

If A=A, then K = {0} in (14.52). We interpret this as the case B = 0o in the
preceding formula.

That is, ~if we fix one self-adjoint extension, say A, then the other self-adjoint
extension A is uniquely determined by B € R U {00}, and this one-to-one corre-
spondence describes all possible self-adjoint extensions of S on H.

14.7 Boundary Triplets and Semibounded Self-adjoint
Operators

In this section we assume that 7 is a densely defined lower semibounded symmetric
operator and (/C, I, I'7) is a boundary triplet for 7*. Recall that Tj is the self-
adjoint operator defined in Corollary 14.8, and y (z) and M(z) denote the gamma
field and the Weyl function of Tj.

Proposition 14.21 Suppose that Ty is the Friedrichs extension Tr of T. Let B be a
self-adjoint relation on K. If the self-adjoint operator Tg is lower semibounded, so
is the relation B. More precisely, if , < mr and A < mry, then B— M(\) > 0.

Proof Fix a number A" < A. Since A’ < mr =mg, =my, and A" < m7y,, we have
A € p(Tr) N p(Ty). Hence, the resolvent formula (14.43) applies and yields

(Ts —X1)" = (To—=21) " =y (W) (B-MN))'y(V)". (1455
Since TF is the largest lower semibounded self-adjoint extension of 7', we have
To = Tr > Tg, and hence (Tg — A'I)~! > (Ty — A'1)~! by Corollary 10.13. By
Proposition 14.14(ii), y (A)*,C = K. Therefore, it follows from (14.55) that the
operator (B — M}/ N1 is positive and self-adjoint, so B — M(1') is a posi-
tive self-adjoint relation by Lemma 14.3. By Proposition 14.15 the Weyl function
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M is a continuous B(/C)-valued function of self-adjoint operators on the interval
(=00, mt,). Therefore, since A < mg = my,, passing to the limit A — A — 0 yields
B — M (L) > 0. Clearly, B is lower semibounded. O

The converse of the assertion of Proposition 14.21 is not true in general. That is,
the semiboundedness of B does not necessarily imply that 73 is semibounded.

The next theorem is the main result of this section. It expresses the form associ-
ated with a semibounded operator 7 in terms of the forms of the Friedrichs exten-
sion Tr and of the positive self-adjoint relation B — M (A). Recall that the form of a
relation was defined by Eq. (14.6).

Theorem 14.22 Let T be a densely defined lower semibounded symmetric operator,
and let (IC, I'y, I'1) be a boundary triplet for T* such that the operator Ty is the
Friedrichs extension Tr of T. Let . € R, . < mp. Suppose that B is a self-adjoint
relation on K such that B — M (L) > 0.

Then Tg — Al is a positive self-adjoint operator, and

DITgl=DITr]l+yWD[B-MM)],  (14.56)
(Tg — AD[x +yWu, x" +y '] = (Tr — AD[x,x"]+ (B— M) [u, u']
(14.57)
for x,x" € D[Tr] and u,u’ € D[B — M())].

Proof We begin by proving a simple preliminary fact. That is, we show that
(Tg — AD[x,yMu] =0 (14.58)

for x € D[Tr] and y (\)u € D[Tg], u € K. By the definition of the Friedrichs exten-
sion there is a sequence (x,),enN from D(T) which converges to x in the form norm
of Tr. Since tr, < t7,; by Theorem 10.17(ii), (x,) converges to x also in the form
norm of Tg. Using that T € T and y (A\)u € Ny = N (T* — AI), we derive

(Tg —2D)[x.yWu] = lim (Tg — A1) [xn. y (W)u]
= lim ((Tg — AD)xy, y (Mu)
= nli)rr;()((T —AD)x,, y(Wu)=0.

Since B is self-adjoint, M (A) = M(A)* € B(K), and B — M (1) > 0 by assump-
tion, B — M(A) is a positive self-adjoint relation. Let C denote its operator part.
Then C is a positive self-adjoint operator acting on some subspace ¢ of K, and
the form associated with B — M (1) is defined by (B — M (A))[u, u'] = Clu, u'] for
u,u' € D[B— M(\)]:=D[C].

Clearly, A < mt = mr, implies that A € p(TF). Hence, the operator 75 is de-
scribed by formulas (14.41) and (14.42) applied with z = A and Ty = TF.

Let f € D(Tg). We write f in the form (14.41). There exist vectors v € N,
and y € H © N, such that f =x + y(A)u, where x := (Tr — AI)~(y + v), and
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(u, y(M)*v) € B— M()). The latter implies that u € D(B — M (1)) = D(C) € K¢
and Cu = Pcy(A)*v, where P¢ is the projection of IC onto K¢. By (14.42),
(Tg — M) f =y +v. Since y(Mu € Ny, y L y(A)u. Using these facts, we com-
pute

(T —=ADf, f)=((Tg —AD(x + y(Mu), x + y Mu)=(y + v, x + ¥y (Mu)

=(

= (y 4+ v, x) + (v, yQu) = ((Tr — ADx, x) + (y W) *v, "‘)}C

=((Tr —2D)x,x)+(Pcy (W) v, u),
= <(Tp —A)x, x) + (Cu,u)x.

Therefore, since Tr — Al >0 and C > 0, it follows that Tg — A1 > 0 and

|(T5 =DV £ | = || (Tp — D) x| + | € 2ul}. (14.59)

Now we prove the inclusion D[TFr] + y(A)D[C] € D[Tg]. Since D[Tfr] <
D[Tgr] by Theorem 10.17(ii), it suffices to show that y (\)D[C] C D[Tg].

Let u € D(C). By Proposition 14.14(ii), y (A)* is a bijection of N3 onto K, so
there exists a vector v € A, such that y (A)*v = Cu. Since C is the operator part
of B — M(}), we have (i, y (A)*v) = (u, Cu) € B — M(A). Hence, by (14.41) and
(14.42), the vector f :=x + y(M)u, where x := (Tr — Do, belongs to D(1g),
and (Tg—AI) f =v.Sincex € D(Tr) CD[Tr] € D[Tg] and f € D(TR) < D[T3],
we have y(Mu = f — x € D[Tg], so that (Tg — AI)[x, y(M)u] = 0 by (14.58).
Further, v = (Tr — AI)x. Inserting these facts, we derive

(Tg = ADIf1=((Tg —AD f. f)=(v.x +y(W)u)
=((Tr — AD)x, x)+ (y (W) v, u),
= (Tr — AD)[x]+ (Cu, u)x,

(Tg — ADLf1= (T — AD[x]+ (Tg — AD)[y (u] +2Re(T — AD)[x, y (Wu]
= (Tr — AD[x]+ (Tg — AD) [y (Mu].

Comparing both formulas yields (Cu, u)x = (Tg — AI)[y (A)u]. Therefore,
|CV2u) e = ||(Tg = 2D 2y (Wu| (14.60)

for u € D(C). Since D(C) is a core for the form of C, y (L) is bounded, and the
operator (Tg — A1)'/? is closed, we conclude that Eq. (14.60) extends by continuity
to vectors u € D[C] = D(C'/?) and that y (\)u € D[Tg] = D(Tg — +1)/?) for
such vectors. This proves the inclusion D[Tr] + y (A\)D[C] C DI[Tg].

We prove the converse inclusion D[Tg] € D[Tr] + y (A)D[C]. Let g € D[T5].
Since D(Tg) is a form core for Tp, there is a sequence (f;)yen of D(TB) which
converges to f in the form norm of 7g. By (14.41), each vector f, € D(Tg)
can be written as f, = x, + y(A)u,, where x, = (Tr — AI)_I(yn + v,) and
(un, y (W) vy) € B—M(1). Since A < mr,., the norm |[(Tr — AI)!/? - || is equivalent
to the form norm of Tr. Applying (14.59) to f,, — fx = xn — xx + v (A) (U, — ug), it
follows therefore that (x,) and (C 1/ 2u,,) are Cauchy sequences in the Hilbert spaces
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DITF] and K¢. Because (f, = x, + y(M)u,) and (x,) are also Cauchy sequences
in H, so is (y (M)uy). Since u, = Iyy (Mu, and Iy : Ny, — K is continuous by
Lemma 14.13(ii), (u,) is a Cauchy sequence in K¢. Thus, (u,) is a Cauchy se-
quence in the form norm of C. Let x € D[TF] and u € D[C] be the limits of the
Cauchy sequences (x,) and (u,) in the corresponding form Hilbert spaces. Since
y (A) is bounded, the equality f,, = x, + y (A)u, implies that f = x 4y (A)u. Hence,
f € D[Tr]+ y (M\)DIC]. This proves that D[Tg] < D[Tr]+ y (A)D[C]. Putting the
preceding together, we have shown that D[Tg] = D[Tr] + vy (A)DIC].

As shown in the paragraph before last, Eq. (14.59) holds for x,, +y (L)u,,. Passing
to the limit, it follows that (14.59) remains valid for x + y (A)u as well. Since we
have (B — M (3))[u] = C[u] = ||C"/?u||%., this means that

(Tg — AD)[x + yWu] = (Tr — AD[x]+ (B— M) [u].

Equation (14.57) follows now from the latter equation by polarization.

Finally, we show that D[Tr] + y(A)D[C] is a direct sum. Assume that
f=x+yMu=0.Since |(Tr —ADY? || > (mr, — M) - || and mp — 1 > 0,
it follows from (14.59) that x =0, and so y (A\)u =0. Il

Corollary 14.23 Suppose that S is a lower semibounded self-adjoint extension of
the densely defined lower semibounded symmetric operator T on H. Let ) € R,
A <mr,and . <mg. Then S is equal to the Friedrichs extension Tr of T if and
only if DISINN(T* — A1) = {0}.

Proof Since then A € p(TF), Example 14.6, with A = TF, ; = A, yields a bound-
ary triplet (IC, Iy, I7) for T* such that Ty = Tr. By Propositions 14.7(v) and 14.21,
there is a self-adjoint relation 5 on /C such that § = T and 5 — M (1) > 0. Thus, all
assumptions of Theorem 14.22 are fulfilled. Recall that X = N (T* — AI). There-
fore, by (14.56), D[T] NN (T* — AI) = {0} if and only if y (A\)D[B — M (1)] = {0},
that is, D[B — M(1)] = {0}. By (14.56) and (14.57) the latter is equivalent to
tr; = tr, and soto T = Tr. (Note that we even have M (L) =0and y (1) = Iy [ K
by Example 14.12.) g

In Theorem 14.22 we assumed that the self-adjoint operator Ty from Corol-
lary 14.8 is equal to the Friedrichs extension Tr of T'. For the boundary triplet from
Example 14.6, we now characterize this property in terms of the Weyl function.

Example 14.13 (Example 14.12 continued) Suppose that the self-adjoint operator
A in Example 14.6 is lower semibounded and u < m 4. Recall that A is the operator
To and K = N(T* — pl). Since T C Ty = A, the symmetric operator T is then
lower semibounded, and u <myg <mr.

Statement The operator A = Ty is equal to the Friedrichs extension Tr of T if and
only if forall u € K,u # 0, we have

tlirp (M(t)u, u)=—o0. (14.61)
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Proof Assume without loss of generality that 4 = 0. Then A > 0. By Corol-
lary 14.23, applied with S = A and A = 0, it suffices to show that any nonzero
vector u € K = N(T*) is not in the form domain D[A] if and only if (14.61) holds.

Let E denote the spectral measure of A. By formula (14.50), applied with =0,

o0
(M(u, u)= / A=) d(EMu, u). (14.62)
0
On the other hand, u ¢ D[A] = D(A!/?) if and only if

/oo Ad(E(\u, u) = oo. (14.63)
0

Let o > 0. Suppose that t < —«. For A € [0, ], we have A < —f,s0 A — 1 < —2¢
and 1 < —2r(x —1)~!, hence, 2tA(A —1)~! < —x. Thus,

/a 20A(k — ) A(E(Mu, u) < —/a)\d(E(A)u,u) forr < —a. (14.64)
0 0

If u ¢ D[A], then (14.63) holds, and hence by (14.64) and (14.62) we obtain (14.61).

Conversely, suppose that (14.61) is satisfied. Since —tA (A —1)~! < A for A >0
and r < 0, it follows from inequalities (14.62) and (14.61) that (14.63) holds. There-
fore, u ¢ D[A]. Oo

14.8 Positive Self-adjoint Extensions

Throughout this section we suppose that T is a densely defined symmetric operator
on H with positive lower bound mr > 0, that is,

(Tx,x)> mT||x||2, x € D(T), where mp > 0. (14.65)

Our aim is to apply the preceding results (especially Theorem 14.22) to investigate
the set of all positive self-adjoint extensions of 7.

Since 0 < m7 = my;, we have 0 € p(TF). Hence, Theorem 14.12 applies with
uw =0 and A = Tr. By Theorem 14.12 the self-adjoint extensions of T on H are
precisely the operators Tp defined therein with B € S(N'(T*)). Recall that

D(Ts)
={x+Tp) " (Bu+v)+u:xeDT), ueDB), ve N(T*)ND(B)*},

Tp(x + (Tp) "' (Bu+v) +u) =Tx + Bu +v.

Because of the inverse of TF, it might be difficult to describe the domain and the

action of the operator Tp explicitly. By contrast, if Tp is positive, the following

theorem shows that there is an elegant and explicit formula for the associated form.
Let S(NV(T*)) 1 denote the set of positive operators in SN (T*)).
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Theorem 14.24

(i) For B € SIN'(T*)), we have Tg > 0 if and only if B > 0.
In this case the greatest lower bounds m g and mr, satisfy the inequalities

mrmp(mr +mp)~' <mr, <mp.
(i) If B e S(N(T*)),, then D[Tg] = D[Tr] + D[B), and

Tgly+u,y' +u'|=Tr[y,y']| + Blu,u'] fory,y' € DIT¢], u,u’ € D[B].
(iii) If By, By € SIN(T*)) 4, then By > By is equivalent to Tp, > Tp,.

Proof First, suppose that B > 0. Let f € D(Tp). By the above formulas, f is of
the form f =y 4+ u with y = x + TF_l(Bu + v), where x € D(T), u € D(B), and
v e N(T*) ND(B)*L, and we have Tg f = Try, since T C Tr and y € D(TF).
Further, mr = mr,., T*u =0, and (v, u) = 0. Using these facts, we compute

(T f, f) = (Tpy,y +u) = (Try, y) + (Tx + Bu +v,u) = (Tpy, y) + (Bu, u)
_ 2
> mrllyl? +mpllul® = mrmgmr +mp)~ Iyl + llul)
> mrmpg(mr +mp) |y +ull> =mrmp(mr +mp) " £, (14.66)

where the second inequality follows from the elementary inequality
aa2+/3b2 205,3(01—1—/3)_1(51—i—b)2 fora >0, >0, a>0,b>0.

Clearly, (14.66) implies that T > 0 and m, > mrmp(mr +mp)~'.

The other assertions of (i) and (ii) follow from Proposition 14.21 and Theo-
rem 14.22 applied to the boundary triplet from our second standard Example 14.6,
with A =Ty = TF, u = 0, by using that y(0) = Iy | K and M(0) = 0 (see Exam-
ple 14.12). Since m7 > 0 by assumption (14.65), we can set A = 0 in both results.
Recall that by (14.6) the form of a self-adjoint relation B is the form of its operator
part B. Since Tg[u] = B[u] for u € D[B] by (14.57), it is obvious that mp > mr,.

(iii) is an immediate consequence of (ii). U

Theorem 14.24(ii) confirms an interesting phenomenon that we have seen already
in Sect. 10.5 (see Examples 10.7 and 10.8): Many positive self-adjoint extensions
with different operator domains have the same form domains. For instance, for all
bounded operators B € S(N (T*)) acting on a fixed closed subspace M of N (T*),
the form domain D[Tg] is D[Tr] + M by Theorem 14.24(ii). But, by the above
formula, the operator domains D(Tp,) and D(Tp,) are different whenever By # B;.
That is, form domains are more “rigid” than operator domains.

By the definition of the order relation “>" (Definition 10.5) the set S(N(T*)) 1
contains a largest operator and a smallest operator. These are the following two
extreme cases:

Case 1 (D(B) = {0}) This is the largest operator in S(N(T*)),.. Then obviously
Tg € TF, and therefore T = TF. ”Lhat is, Tp is just the Friedrichs extension Tp
of T. Clearly, we have D(T) = D(T) + T ' N(T*).
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Case 1 is also referred to as the case B = 0o, because one may think of B being
infinity in order to have only the null vector in D(B). For this reason, the Friedrichs
extension TF is occasionally denoted by T in the literature.

Case 2 (B =0, D(B) =N (T*)) Since this is the smallest element of S(N (T*)) 4,
the corresponding operator T is the smallest among all positive self-adjoint exten-
sions. Therefore, by Corollary 13.15, this operator T coincides with the Krein—von
Neumann extension Ty of T. Hence, we have the following formulas for the Krein—
von Neumann extension:

D(Ty) =D(T) + N (T¥), (14.67)
Ty(x+u)=Tx forx e D), ue./\/(T*), (14.68)
D[Ty]=DITr]+ N (T*), (14.69)

Tn[y+u,y' +u']=Tg[y,y'] fory,y € D[Trl,u,u’ € N(T*). (14.70)

Recall that we have assumed that mr > 0 by (14.65).
The next theorem contains a slightly different characterization of positive self-
adjoint extensions of the operator T'.

Theorem 14.25 Let T be a densely defined positive symmetric operator on H such
that mt > 0. For any positive self-adjoint operator A on H, the following statements
are equivalent:

(i) A is an extension of T .
(ii) There is an operator B € SIN'(T*)) 4 such that A = Tp.
(i) Tr > A>Ty.

Proof (i) — (ii): Combine Theorems 14.12, with A = TF, u =0, and 14.24(i).

(i) — (iii) holds by Theorem 14.24(iii), since Tr and Ty are the two extreme
cases as shown by the preceding discussion (by Corollary 13.15).

(iii)) — (i): The inequalities Tr > A > Ty mean that D[Ty] 2 D[A] 2 D[TF]
and tr, <tg <tr.. If y € D[TF], then Tr[y] = Ty[y] by (14.70), and hence
Alyl =Tr[y], since tr, <t4 < tr,. Therefore, by the polarization identity (10.2),

Alx,y]=Trlx,y] forx,yeD[TF]. (14.71)

Next, we verify that A[x,u] =0 for x € D[TF] and u € N'(T*) N D[A]. Let
A € C. Using (14.70) and (14.71) and the relation t7, < t4, we compute

Trlx]=Tn[x + Au] < Alx + Au] = A[x + Au, x + Au]
= Alx, x]+2Re A A[x, u] + |A|>Alu, u]
= Trlx] +2Re A A[x, u] + |12 Alu].
Thus, 0 <2ReAA[x,u] + |k|2A[u] for all 1 € C, which implies that A[x, u] = 0.
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Letx € D(T) and f € D[A]. Then f € D[Ty]=DI[Tr]+N(T*),s0 f =y+u,
where y € D[Tr] and u € N'(T*). Since x € D[Tr]and u = f —y € D[A], we have
Alx, u] =0 as just shown. Further, 7*u = 0. Using (14.71), we therefore derive

Alx, fl1=Alx,y +ul=Alx, y] =Trlx, y] = (Trx, y) =(Tx,y) =(Tx, f).
Since this holds for all f € D[A], we obtain T C A from Proposition 10.5(v). O

Next, we study the discreteness of spectra of positive self-adjoint extensions. To
exclude trivial cases, we assume that the Hilbert space H is infinite-dimensional.

For a lower semibounded self-adjoint operator C on H, let (A,(C)),cN denote
the sequence defined in Sect. 12.1. Recall that C has a purely discrete spectrum if
and only if lim;,—, 00 A, (C) = +00.

Let A be a positive self-adjoint extension of 7 on H. Since Ty < A < TF as
noted above, the min—max principle (Corollary 12.3) implies that

A(Tn) <X (A) <Ay (Tr) formeN.

Thus, if Ty has a purely discrete spectrum, so have A and Tfr. Likewise, if the
spectrum of A is purely discrete, so is the spectrum of Tr. Now we turn to the
converse implication.

Since m7, = m7 > 0 by assumption (14.65), we have N'(Tr) = {0}. On the other
hand, it follows at once from (14.68) that N (Ty) = N (T*).

The null space is obviously a reducing subspace for each self-adjoint operator.
Hence, there exists a self-adjoint operator Ty on the Hilbert space H' := N (Ty)*
such that Ty =Ty @0 on H =H' & N (Ty). Clearly, N (Ty,) = {0}.

It may happen that Tx has a purely discrete spectrum, but A (Ty) = N (T*) is
infinite-dimensional (see Example 14.16 below), so the spectrum of Ty is not purely
discrete. The next proposition shows that then at least the operator T, has a purely
discrete spectrum.

Proposition 14.26 If the Friedrichs extension Tr has a purely discrete spectrum,
s0 has the self-adjoint operator Ty, on H', and 7, (Tr) < A, (Ty) for n € N.

Proof Let P denote the projection of H onto H'. Let f € D[Ty]. Then f is in

DI[Tn] = D[Tr] + N(T*) by (14.69), so f =y + u for some y € D[TF] and

u e N(T*) =N (Ty). Clearly, f = P(y +u) = Py. Using (14.70), we deduce
Tylf1=Tnlf1=Tnly +ul = Trlyl = mrllyII* = mr | PylI1* = mr | £11%.

That is, Tj(, >mrl. Since Ty is self-adjoint and m7 > 0 by our assumption (14.65),
this implies that (7))~ € B(H).
Let x € H'. Since Tr € T* and Ty, C T*, we have
_ —1 _ -
T*((Tp) 'x — (T}) ™ x) = Tr(Trp)'x — T (T})
so (TF)~'x — (T)"'x e N(T*) and P(Tp)~'x = P(T),)~'x = (T},) " 'x. Thus,

1
x=0,

1

P(Tp) ' TH = (T}) . (14.72)
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Since 0 € p(Tr) and Tr has a purely discrete spectrum, (Tr)~! is compact by

Proposition 2.11. Hence, its compression P(Tr)~! | H = (TI(J)_I to H' is also

compact, so that T, has a purely discrete spectrum again by Proposition 2.11.
From (14.72) it follows that —(Tr) ™! < —(T})!. Indeed, for x € H/,

((~ ™). x) = (@)Y, P = (= P ) = (= (1) ). 2]

Hence, A, (—(TF) ™) < A, (—(T})~!) by Corollary 12.3. Since (Tr) ! is a positive
compact operator, the eigenvalue A, (TF) is equal to —A,(—(Tr)~1)~!. Likewise,
Mn(Tx) = (=An(—=(T{) ™). Thus, we get A,(TF) < A,(Ty) by the preceding.
(Note that the passage to the negative inverses was necessary to obtain the eigenval-
ues by applying the min—max principle in the formulation of Theorem 12.1. In fact,
all A, (Tp)~ 1) are equal to zero, which is the bottom of the essential spectrum of
the compact positive operator (Tr)~!.) O

We close this section by developing three examples in detail. Note that in all
three examples the operator 7T is closed.

Example 14.14 (Examples 10.4 and 14.10 continued) Let T = —% with domain
D(T) = Hoz(a, byon L*(a,b),a,beR. By the Poincaré inequality (10.24) we have

(Tf. fy=| | 27%@-b 2 fI? for f e D).

That is, T has a positive lower bound, hence assumption (14.65) is satisfied.

Clearly, T* = —j—; onD(T*) = H*(a, b). Hence, N'(T*) = C-1+C-x. There-
fore, by (14.67) we have D(Ty) = D(T) + N(T*) = Hoz(a, b)+C-1+4+C-x.Each
function of the latter set fulfills the boundary conditions

fl@=f'b)=(f@— fb)a—b"" (14.73)

This is the special case by = by = —c 1= (a — by~ of Egs. (14.36). As shown
in Example 14.10, the operator Tp defined by (14.73) is a self-adjoint exten-
sion of T and of Ty by the preceding. Therefore, Tp = Tx. That is, the domain
D(Ty) is the set of functions f € D(T*) = H 2(a, b) satisfying the boundary con-
ditions (14.73). o

Example 14.15 (T = —dd—; + ¢ on H(0,00), ¢ > 0) Then we have N(T*) =
C-e ™ and D(Ty) = HOZ(O, 00) 4+ C - e~ by (14.67). From the latter it follows
that the Krein—von Neumann extension T is determined by the boundary condition
f'(0) = —cf(0). Thus, in particular, (T + AI)y # Ty + A1 for A > 0 in contrast to
the formula (T + AI)r = Tr + Al by Theorem 10.17(iv).

The domain of the Friedrichs extension is D(Tr) = {f € H%(0, o0) : f(0) = 0}.
Since h(x) := (2¢) " xe™* € D(TF) and (Trh)(x) = —h" (x) + c*h(x) = e~ on
(0, 00), we conclude that i = (Tr) ! (e~%).
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Now let B € R. By the description of the domain D(Tp) given above we have
D(Tp) =D(T) +C- ((Tp) " (Be ™) + ™)
=D(T)+C-(1+ B(2c)_1x)e_”.

This implies that the domain D(Tp) is characterized by the boundary condition

F/(0)=(B2c)™' —¢) £(0). o

Example 14.16 (Dirichlet Laplacian on bounded domains of R?) Throughout this
example, £2 is a bounded open set in R of class C2.

We essentially use some facts on Sobolev spaces from Appendix D and about
the Dirichlet Laplacian —Ap from Sect. 10.6.1. Recall that —Ap is the Friedrichs
extension of the minimal operator L, for —A and Ly, > cg - I for some constant
co > 0. We fix a real number A < cg and set

T := Lyin — Al. (14.74)

Then mr > c — A > 0, so assumption (14.65) is fulfilled.
Clearly, Tr = (Lmin — AM)F = (Lmin)F — Al = —Ap — AI. Hence, we have
D(Tr) =D(—Ap) and D(T) = D(Lin). Therefore, by Theorem 10.19,

D(T) = H}(2) = {f EH*(2): fla2= % 1982 = 0}, (14.75)
D(Tp)=H*(2)NH) (2)={f e H'(2): f |82 =0}, (14.76)

where f [ 92 = yo(f) and g—{) 1352 = y1(f) denote the traces defined on H>(£2),
see Theorem D.7. Since 0 < ¢ — A <mr =mr,, we have 0 € p(Tr). Hence,
formula (14.19) with u = 0 applies and yields

D(T*) =D(Tr) +N(T"). (14.77)

Recall that N'(Ty) = N (T*). If A =0 and d > 2, then N (T*) is just the infinite-
dimensional vector space of all harmonic functions on §2 contained in L2(£2).

By Theorem D.1, the embedding of HO1 (£2) into LZ(Q) is compact. This implies
that the embedding of (D(TF), || - ||I7) into L?(£2) is compact. Hence, both self-
adjoint operators Tr and T, (by Proposition 14.26) have purely discrete spectra.

Let f € H*(2). Then f € D(T*), so by (14.77) there exists a unique function
H(f) € N(T*) such that f —H(f) € D(Tr) € H*($2). Therefore, by (14.76) and
f e H*(£2), we have H(f) € H*(£2) and f [ 92 =H(f) | 882.

Statement 1 f € H>($2) belongs to D(Ty) if and only if 2L 192 = 8L 150,

Proof Let f € D(Ty). By (14.67), f can be written as f = g + h, where g € D(T)
and h € N'(T*). Then g € D(TF), and it follows from the uniqueness of the decom-
position (14.77) that h = H(f). Since g € D(T), we have g [ 082 =0 by (14.75),

. av
andhenceg—{ [89:3_1‘ [3(3:3%(”/‘) 1982,
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Conversely, suppose that % [082 = a';(vf) [ d52. This means that g := f — H(f)

satisfies g—f [ 92 = 0. By the definition of H(f) we have g := f — H(f) € D(TF),
so that g [ 92 =0 by (14.76). Therefore, g € Hg(.Q) = D(T) by Theorem D.6 and
(14.75). Thus, we have f =g +H(f) €e D(T) + N (T*)=D(Ty) by (14.67). O

A nice description of the domain D(Ty) N H?(£§2) can be given by means of the
so-called Dirichlet-to-Neumann map. By formula (D.2) there is a surjective map
0
H*(2)> f — (f 1982 af

, =
Vv

rasz) e HY*(0R,do)® H'/?(002, do).
(14.78)

Statement 2 For any element ¢ € H3/?(382), there exists a unique function h of
N(T*)N H?(2) such that o =h | 952.

Proof Since the map (14.78) is surjective, ¢ = f | 852 for some f € H(£2). By
14.77), f € H2(.Q) C D(T*) can be written as f = g + h, where g € D(TF) and
h e N(T*). Since f,g € H*>(£2) and g | 852 = 0 by (14.76), we have h € H*(£2)
andh [02=f 082 =¢.

Let & be another such function. Then we have g :=h — h; € N(T*) N H2(£2)
and g | 382 =0, so that g € D(TF) by (14.76). But we also have g € N (T*). There-
fore, g =h — h; =0by (14.77), and hence h = h;. Il

From Statement 2 it follows that there exists a well-defined linear map

a
0: HY?*(0R)— HY*(%2), o(f 1dR) ::a—f 19082, feHX Q).
v
This map Q is called the Dirichlet-to-Neumann map associated with —A. It plays
an important role in the theory of elliptic differential operators. Note that the map
Q depends also on the parameter A, since N (T*) = N (Lpax — A1) by (14.74).
For f € H2(£2), we have Q(f | 882) = Q(H(f) | 8£2) = MU | 52, Hence,

Statement 1 can be reformulated as

Statement 3 f € H>(2) is in D(Ty) if and only lf% [02=0Q(f [0£2). o

14.9 Exercises

1. Let F be alinear subspace of a Hilbert space H, and let S 7 be the linear relation
SF={0}® F.
a. Show that (Sr)* = FL- @ H.
b. Show that Sz is self-adjoint if and only if 7 =H.
c. Show that p(Sr) =0 if F #H and p(Sr) = {0} if F ="H.

2. Let S be a linear relation on a Hilbert space H. Let U and V be the unitaries on
‘H & H defined by (1.8), thatis, U(x, y) = (y,x) and V(x,y) = (—Yy, x).
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*3.

*7.

14 Self-adjoint Extensions: Boundary Triplets

a. Show that S™! = U(S) and §* = V(S+).
b. Show that (§*)* =S and (§*)~! = (§~1)*.
c. Prove Egs. (14.2) and (14.3).
(A parameterization of self-adjoint relations [Rf])
Let KC be a Hilbert space, and let A, B € B(K). Define a linear relation on I by
S:={(x,y) e K& K:Ax = By}.
Prove that S is self-adjoint if and only if AB* = B*A and N (X) = {0},
where X denotes the bounded operator acting by the block matrix on K @ K:

(3 )

Sketch of proof. Define an operator C : K & K — K by C(x,y) = Ax — By.
Then § = AV(C) and §* = V(S1), where V(x,y) := (—y,x). Show that
AB* = B*A if and only if §* C S. Prove then that § = S* if and only if
N(X)={0}.

. Retain the notation of Exercise 3 and assume that K has finite dimension d.

Show that N (X) = {0} if and only if the block matrix (A, B) has maximal
rank d.

. Let (K, I'v, I) be a boundary triplet for 7* with gamma field y (z) and Weyl

function M (z). Suppose that P is a projection of /C and set KC := PKC. Define an

operator S :=T* [ D(S) on D(S) :={x e D(T*) : [\x =0, I'Nx € (I — P)K}.

a. Show that § is symmetric and D(S*)={xeD(T*) :Ipx € IC}

b. Show that (IC Fo = Py, F] = PF1) is aboundary triplet for S*.

c. Show that the boundary triplet (IC It 0, I 1) has the gamma field Y (z) =
y (z) P and the Weyl function M (z) = PM(z) P._

. Let (K, I'o, I'1) be a boundary triplet for 7*. Let IC be another Hilbert space,

B e B(IC KC) an operator with bounded inverse B~ e B(K, IC) and A=A*¢€

B(K). Define Fo =B 'Iyand I := B*(I'| + AI}).

a. Show that (IC I 0, I 1) is also a boundary triplet for T* and N/ (Fo)

b. Show that the Weyl function of (IC Fo, Fl) is M(z) B*(M(z) + A)B,
z€ C\R, where M(z) is the Weyl function of (K, Iy, ).

Assume that (K, I'v, I) and (IC Fo, Fl) are boundary triplets for 7* such that

N (Fo) I'p. Prove that (IC Fo, Fl) is of the form described in Exercise 6, that

is, [p= B~ 'Iyand I = B*(I', + AI), where A = A* e B(K), B € B(K, K),

and B~! e B(K, K).

. Let (IC, Iy, I'1) be a boundary triplet for T*, and let Gy and G; be closed lin-

ear subspaces of K. Define a proper extension Sg, g, of the operator T by
ID(SQO»QH) ={x e D(T*): I'yx € Gy, I''x € G1}. Determine (SG1,92)*'

. Consider the relations B;, j = 1,2, 3, on the Hilbert space H = C? defined

by the sets of pairs ((x1,x2), (y1, y2)) € C*> @ C? satisfying the equations:

By:xi+x2=0,y1 =2, Ba: y1 =x1 +x2, 2 =0,

Bs: y1 = x1 4 zx2, y2 = wx| + x», where z, w are fixed complex numbers.

a. Decide which relations are graphs of operators and decompose the others
into operator parts and multivalued parts.

b. Describe the adjoint relations.
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10.

11.

12.

13.

14.

Consider the operators §; = — d 4= j=1,2,3,0n L?(0, 1), where the domains

consists of all f € H2(0, 1) satisfying the following boundary conditions:
Si: fO)+ f(D) = f'O0)+ f'(1) =0, S2: f'(0) = f(O) + f(1), f'(1) =0,
S3: 1 (0) = £(O) +zf (1), — f' (1) =wf () + f(1), where z, w € C.
Determine the domains of the adjoint operators (S;)*, j =1,2,3.
Hint: Use the boundary triplet (14.12), Exercise 9 and Lemma 14.6.
LetT =— d‘% onD(T) = H02(0, 1). Show that the self-adjoint operator S| from
Exercise 10 and the Friedrichs extension Tr of T have the same lower bound
ms=mr, = 2.
Let T = —j—; +¢21 on D(T) = HOZ(O, 1), where ¢ > 0. Find the boundary
conditions for the Krein—von Neumann extension Ty .
Let T = —% on D(T) = {f € H*(a,b) : f(a) = f(b) = f'(b) = 0},
a,belR.
a. Show that T is a densely defined closed positive symmetric operator on
L%(a, b).
Show that D(T*) = {f € H%(a,b) : f(a) =0}.
Use Exercise 5 to construct a boundary triplet for 7*.
. Determine the Friedrichs extension 7.
Show that m7 > 0 and determine the Krein—von Neumann extension Ty .
. Determine the Krein—von Neumann extension of T + ¢2I, where ¢ > 0.
Let T be a densely defined lower semibounded symmetric operator. Let A be a
subset of the commutant {7} (see (1.23)) such that B* € A when B € A.
a. Suppose that my > 0. Prove that A C {Ty}'.
Hint: Combine Exercises 1.8 and 1.19 with formula (14.67).
b. Prove that there exists a self-adjoint extension A of T such that A C {AY}'.
Hint: Obviously, (T + AI)y — Al is a self-adjoint extension of 7.

-0 a0 o






Chapter 15
Sturm-Liouville Operators

Fundamental ideas on self-adjoint extensions appeared in H. Weyl’s classical work
on Sturm-Liouville operators long before the abstract Hilbert space theory was de-
veloped. This chapter is devoted to a short treatment of the Hilbert space theory of
Sturm-Liouville operators. Section 15.1 is concerned with the case of regular end
points. In Sect. 15.2 we develop the basics of H. Weyl’s limit point-limit circle the-
ory. In Sect. 15.3 we define boundary triplets in the various cases and determine
the Weyl functions and the self-adjoint extensions. The final Sect. 15.4 deals with
formulas for the resolvents of some self-adjoint extensions.

15.1 Sturm-Liouville Operators with Regular End Points

In this chapter we will be concerned with the second-order differential expression

d2
L=——+qx
12 q(x)
treated as an operator on the Hilbert space H = Lz(a, b), where —oco <a < b < o0.
Throughout this chapter we assume that g is a real-valued continuous function
on (a, b). The behavior of the function ¢ in the neighborhoods of the end points a
and b will be crucial for our considerations.

Remark The theory remains valid almost verbatim for the differential operator
Lf=—(pf) +qf,where pe C'(a,b)and p(x) > 0on (a,b).

As shown in the proof of the following lemma, the operator Lg given by Lo f =
—f" +qf for f € D(Lo) := C{°(a, b) is closable. We denote the closure of Lg by
Lmin. The maximal operator L,y is defined by L. f = — f” + qf for f in

D(Lmax) = {f € L*(a,b): f, f € ACla, B] for [a, B] C (a, b),
—f"+qf € L*(a, b)}.
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344 15 Sturm-Liouville Operators
Lemma 15.1 L, is a densely defined symmetric operator, and (Lmin)™ = Lmax.

Proof Let ¢ € C(‘)’O(a, b) and f € D(Lmax). Then f € Llloc(a, b). Hence, applying
integration by parts (see (E.2)) twice and using that the boundary terms vanish,
we obtain (Lo@, f) = (¢, Lmax f). Therefore, Lpax € (Lo)*, so (Lg)* is densely
defined. Hence L is closable, and for its closure Ly we have Lmax € (Lmin)™.
Since obviously Lmin € Lmax, this implies that Ly, is symmetric.

To prove the converse inclusion (Lpin)* € Lmax, let f € D((Lpin)™*) and set
g := (Lmin)* f. Fix ¢ € (a,b). Since f,g € L*(a,b) and q € C(a,b), we have
qf —ge Ll (a,b).Hence, the function

loc

h(x) = / / (g0 F () — g0 dr ds

and its derivative b’ are in AC[a, 8] for each compact interval [«, 8] C (a, b), and
we have i/ =qf — g on (a,b).If ¢ € C§°(a, b), then ¢ € D(L;n), and we obtain

(f. =9" +4%) = (f. Lmin®) = ((Lmin) " £ 9) = (. @) = (af — 1", D).
so that (f, ") = (h”, ¥). Using integration by parts, the latter yields

b b b
/ f(X)fp”(X)dx:f h”(X)fp(X)dx:/ h(x)¢" (x)dx.

a a

This implies that the second distributional derivative of f — h is zero on (a, b).
Hence, there exist constants cq, ¢c; € C such that f(x) = h(x) + co + c1x on (a, b).
Therefore, f and f’ are in AC[a, B] for [, B]1 € (a,b) and f" =h" =qf — g, so
that — f” + qf = g € L*(a, b). Thatis, f € D(Lmax) and g = Lyax f- O

In what follows we denote the symmetric operator Ly, by T. Then T* = Lyax
by Lemma 15.1. Suppose that f, g € D(T*). For ¢ € (a, b), we abbreviate

[f, gl == f(©)g'(c) — f'(c)g(c). (15.1)

For each compact interval [¢, 8] contained in (a, b), integration by parts yields the
Green’s formula

B - S
/ [(LAHx)gx) = fF)(L)x) ]dx =1f, glp — [ f gla- (15.2)

Since f, g € D(T*), the integral of £fg — fLg over the whole interval (a, b) is
finite. Hence, it follows from (15.2) that the limits

[f.8la = agraqro[f, gle and [f,glp:= ﬁggl_o[f, glp (15.3)
exist, and we obtain

f.8lr=(T*f.8)— (f. T*g)=1f.gln — [f. gla for f.g € D(T*). (15.4)

Lemma 15.2 If f € D(T) and g € D(T*), then [ f, gla = f, glp = 0.
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Proof We carry out the proof of the equality [ f, g], = 0. Let us choose go € D(T*)
such that g = g in some neighborhood of a and gg = 0 in some neighborhood of b.
Then we have [ f, g, = [f, gols and [ f, golp = 0. Therefore, by (15.4),

0=1(Tf, g0) —(f, T*g0) = —Lf. g0la = —L . gla- O

Definition 15.1 The expression L is regular at a if a € R and f: lg(x)|dx < oo for
some (hence for all) ¢ € (a, b); otherwise L is said to be singular at a.

Likewise, L is called regular at b if b € R and fc ,b lg (x)|dx < oo for some (hence
for all) ¢ € (a, b); otherwise, L is singular at b.

Thus, £ is regular at both end points a and b if and only if the interval (a, b) is
bounded and q is integrable on (a, b).

Let AeCand g € Llloc(a, b). By a solution of the equation L(f) — Af = g on
(a, b) we mean a function f on (a, b) such that f, f' € AC[«, B8] for any compact
interval [¢, 8] C (a, b) and L(f)(x) — Af(x) = g(x) a.e. on (a, b).

We shall use the following results on ordinary differential equations. Proofs can
be found, e.g., in [Na2, 16.2] and in most text books on ordinary differential equa-
tions.

Proposition 15.3 Let . € Cand g € Ll (a,b).

loc

(1) If L is regular at a, then for any solution of L(f) — Af = g, the (finite) limits
f@@:= lim f(x) and f'(@):= lim f'(x)
x—a+0 x—a+0

exist, so f and f' can be extended to continuous functions on [a, b). A similar
statement holds if L is regular at b.

(ii) Let ¢ be an element of (a, b) or a regular end point. Given c1, ¢y € C, there is a
unique solution of the differential equation L(f) — Af = g on (a, b) such that
fle)y=cirand f'(c)=c3.

For arbitrary functions f, g € C!(a, b), we define their Wronskian W (f, g) by

| fx) gkx)
W(f, 8)x= ) g

Note that W(f, g)x =Lf, glx for x € (a, b).
From Proposition 15.3(ii), applied with g = 0, it follows in particular that for any
A € C, the solutions of the homogeneous differential equation

L =—f"+qf =rf on(a,b) (15.5)

form a two-dimensional complex vector space. A basis of this vector space is called
a fundamental system. It is easily verified that for any fundamental system {u 1, u3},
the Wronskian W (u1, uy), is a nonzero constant on (a, b).

Since T* = Lpax by Lemma 15.1, the solution of (15.5) belonging to the Hilbert
space L% (a, b) are precisely the elements of N (T* — AT).

=f0g' ) — f'(D)gx), xe(a,b).
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Proposition 15.4 The operator T has deficiency indices (0,0) or (1, 1) or (2,2).

Proof Since g is real-valued, a function f belongs to N(T* — Al) if and only if its
complex conjugate f is in A (T* — AI). Hence, T has equal deficiency indices. As
just noted, the dimension of N'(T* — AI) is less than or equal to 2. 0

One of our main aims is to analyze these three possible cases. The outcome will
be summarized in Theorem 15.10 below. In order to study the deficiency indices
of T, the following definition is convenient.

Definition 15.2 Let f be a function on (a, b). We say that f is in L> near a (resp.
b) if there is a number ¢ € (a, b) such that f € L%(a,c) (resp. f € L2(c, b)).

Let A € C, and let f be a solution of (15.5) on (a, b). Since then f, f' € AC[a, B]
for any interval [a, 8] C (a, b), it is clear that f € N (T* — AI), or equivalently
f € L%(a, b), if and only if f isin L? near a and f is in L? near b. This simple fact
will be often used without mention when we study the deficiency indices of 7.

Some results concerning regular end points are collected in the next proposition.

Proposition 15.5 Suppose that the end point a is regular for L.

(1) If f € D(T*), then f and ' can be extended to continuous functions on [a, b).

(ii) Let f be a solution of (15.5) on (a, b), where . € C. Then f and f' extend to
continuous functions on [a, b). In particular, f is in L* near a.

(iii) The vector space {(f(a), f'(a)) : f € D(T*)} is equal to C2.

Gv) If f € D(T), then f(a) = f'(a) =0.

(V) If L is regular at a and b, then f(a) = f'(a) = f(b) = f'(b) =0 for any
f € D(T), and the vector space {(f(a), f'(a), f(b), f (b)) : f € D(T*)} is
equal to C*.

Proof Since T* f € L*(a,b) C Llloc(a, b), Proposition 15.3(i) appliesto g :=T* f
and A = 0 and yields the assertion of (i). (ii) follows also from Proposition 15.3(i)
now applied with g =0.

(iii): Let {u1, us} be a fundamental system of solutions of L(f) =0 on (a, b). By
Proposition 15.3(1), u; and u/] extend to continuous functions on [a, b). Then the
Wronskian W = uu’, — uju2 is a nonzero constant on [a, b). For (a1, a) € C2, set
g :=auj +aauy. Given (c1, 2) € C2, the requirements g(a) = cy, g'(a) = ¢; lead
to a system of two linear equations for o7 and «». It has a unique solution, because
its determinant is the nonzero Wronskian W. Let g be the corresponding function.
Choosing a function f € D(T*) such that f = g in some neighborhood of a and
/ =0 in some neighborhood of b, we have f(a) =c1, f'(a) = c3.

@iv): Let f € D(T) and g € D(T*). By (i), f, f', g, and g’ extend by continuity
to a. From Lemma 15.2 we obtain [ f, gl, = f(a)g’(a) — f'(a)g(a) = 0. Because
the values g(a), g’(a) are arbitrary by (iv), the latter implies that f(a) = f’'(a) = 0.

(v): The first assertion follows at once from (iii) and the corresponding result for
b. Let ¢ = (c1, ¢2, ¢3,¢c4) € C* be given. By (iv) there are g, h € D(T*) satisfying
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gla) =c1, g'(a) = cp, h(b) = c3, h' (b) = c4. We choose functions gg, hg € D(T*)
such that g = g9 and hp = 0 in some neighborhood of @ and go =0 and & = hg in
some neighborhood of b. Setting f := go + ho, we then have f(a) = c1, f/(a) = c2,
fb)=c3, f'(b) = ca. O

Proposition 15.6 Let A € C\R. Then for each end point of the interval (a, b), there
exists a nonzero solution of (15.5) which is in L? near to it.

Proof We carry out the proof for the end point b; the case of a is similar.

Fix c € (a, b) and let T, denote the corresponding operator on the interval (c, b)
in L%(c, b). Choosing functions f, g € Cgo(a, b) such that f(c) = g’(c) =0 and
f'(c) = g(c) =1 and applying (15.4) to the operator 7* we obtain

(T fg)— (£ T f)=—[f.8le=1.

Hence, T is not symmetric. Therefore, by Proposition 15.4, the symmetric oper-
ator T, has nonzero equal deficiency indices. Hence, there exists a nonzero fj in
N(Tc* — MI). Then L(fo)(x) = Afo(x) on (c, b). We fix a number d € (c, b). By
Proposition 15.3(ii) there exists a solution f of the equation L(f) = Af on (a, b)
such that f(d) = fo(d) and f'(d) = fé (d). From the uniqueness assertion of Propo-
sition 15.3(ii) it follows that f(x) = fo(x) on (¢, b). Then f is a nonzero solution
of (15.5), and f is in L2 near b, because fy € L%(c, b). O

Corollary 15.7 If at least one end point is regular, then the deficiency indices of T
are (1,1) or (2,2). If both end points are regular, then T has deficiency indices
(2,2).

Proof Let A € C\R. If both end points are regular, by Proposition 15.5(ii) all so-
lutions f of (15.5) are in L2 near a and in L? near b, so f € N(T* — AI). Thus,
dim N (T* — AI) =2, and T has deficiency indices (2, 2).

Suppose that £ is regular at one end point, say a. By Proposition 15.6 there is
a nonzero solution f of (15.5) which is in L? near b. Since L is regular at a, f
is also in L2 near a by Proposition 15.5(ii). Therefore, f € L?(a, b), and hence
f € N(T* — AI). Hence, by Proposition 15.4, the deficiency indices of T are (1, 1)
or (2,2). O

15.2 Limit Circle Case and Limit Point Case

The following classical result of H. Weyl is crucial for the study of deficiency indices
and of self-adjointness questions for Sturm—Liouville operators.

Theorem 15.8 (Weyl’s alternative) Let d denote an end point of the interval (a, b).
Then precisely one of the following two possibilities is valid:
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(i) Foreach ) € C, all solutions of (15.5) are in L? neard.
(ii) For each ) € C, there exists one solution of (15.5) which is not in L? neard.

In case (ii), for any ) € C\R, there is a unique (up to a constant factor) nonzero
solution of (15.5) which is in L? neard.

Proof We shall carry out the proof for d = b. Since the solution space of (15.5) is
two-dimensional, the last assertion only restates Proposition 15.6.

To prove the alternative, it suffices to show that if for some 1¢ € C, all solutions
of (15.5) are in L? near b, this is also true for each A € C. Let u be a solution of
L(f)=Af. We have to prove that u € L%(c, b) for some c € (a, b).

We fix a basis {u1, us} of the solution space of L(f) = Ao f. Then the Wronskian
W (u1, us) is a nonzero constant on (a, b), so we can assume that W(u, u) =1 by
normalization. For g € LlloC (a, b), let f, denote the function given by

fg(x):zul(x)/ uz(t)g(t)dt—uz(x)/ ui(t)gt)dt, xe€(a,b).(15.6)

From the variation-of-constants method it is known (and easily verified) that f,
satisfies the equation £(f,) — Ao fg = g on (a, b). Setting v =u + (Ag — 1) fu, we
get

LW)=L(w)+ (ko —MNL(fu) = u+ (ko — M) (Ao fu +u) = Aov.

Hence, there exist complex numbers o, oy such that v = «aju| + apuy. That is,

u=ojul +our + A — ) fu. (15.7)

Put ¢ := max(Ju1|, |u2|) and @ := max(|a], |o2|). By assumption all solutions of
L(f)=Mxof arein L? near b, so there exists e € (a,b) such that uy, u, € Lz(e, b).
Hence, ¢ € L?(e, b), so that C := 8|1 — Ag|? feb (x)?dx < co. Using first equations
(15.7) and (15.6), applied to f,,, and then the Holder inequality, we derive

X 2
u(x)|” < 8ap(x)? + 8|3 — ?~0|2<p(X)2< / IOIG) dr)
< 8a?p(x)> +(p(x)2C/x|u(t)|2dt, x € (e,b). (15.8)

Since ¢ € L%(e, b), there is ¢ € (e, b) such that fcb p(x)*dx <2C)~ L.
Fix y € (c, b). Integrating both sides of (15.8) over (c, y), we obtain

y y y y
2/ |u(x)|2dx§ 16a2/ ¢(x)2dx+2C/ (p(x)2</ |u(t)|2dt> dx
y y
516a2/ (p(x)zdx—i-/ lu()| dt,

which in turn implies that

y ) ) b ) c 2
/ lu(x)|”dx < 16« / o(x) dx+/ |u(x)|” dx. (15.9)
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Because u is continuous on (a, b) and e, ¢ € (a, b), we have fec |u(x)|2dx < 0.
Since ¢ € L2 (e, b) as noted above, Qe L?(c, b). Hence, the right-hand side of (15.9)
is a finite constant. Therefore, since y € (c, b) is arbitrary, u € L%(c, b). Il

The following terminology was introduced by H. Weyl.

Definition 15.3 Case (i) in Theorem 15.8 is called the limit circle case at d and
case (ii) the limit point case at d.

By Proposition 15.5(ii), T is in the limit circle case at d if the end point d is
regular.
Let us illustrate the preceding for the simplest possible example.

Example 15.1 (¢(x) =0 on (a,b)) For A € C, A # 0, a fundamental system of
Eq. (15.5) is given by

{ul(x; A) = sin\/Xx, ur(x; X)) := cosﬁx}.

Ifa or bisin R, itis a regular end point, and 7 is in the limit circle case at a resp. b.

Ifa=—ocoorb=o00,thenuji(-;A) ¢ L%(a, b), so T is in the limit point case.
Let A € C\R, and let /A denote the square root satisfying Im~/A > 0. For
a = —oo resp. b = 0o, by Theorem 15.8(ii), there is a unique (up to a constant

factor) solution of (15.5) which is in L? near a resp. b. These solutions are

e VAY — o (i 1) — g (x: A) € L2 (—00, 0),
ei\/x":uz(x;)\)-Fiul(xQ}‘)€L2(Ov ~+00). o

In the proof of our next theorem we shall use the following lemma.

Lemma 15.9 If T is in the limit point case at a (resp. b), then [ f, gla = 0 (resp.
[f,glp =0) forall f,g € D(T*).

Proof We prove this for the end point b. As in the proof of Proposition 15.6, we
fix ¢ € (a, b) and consider the operator 7, on the interval (c, b) in L%(c,b). Let
A € C\R. Since L is regular at ¢ by the assumption g € C(a, b), all solutions of
L(f)=Af on (c,b) are in L? near ¢ by Proposition 15.5(ii). Because T is in the
limit point case at b, up to a constant factor only one solution is in L? near b. Hence,
T. has deficiency indices (1, 1), so dimD(T}) /D(TC) = 2 by Proposition 3.7.

Take f1, fo € C3°(a, b) satisfying fi(c) = f,(c) =0 and f{(c) = falc) = 1.
Then f1, fo € D(T}). Since h(c) = h'(c) =0forh € D(T,) by Proposition 15.5(iv),
f1 and f> are linearly independent modulo D(T,). Therefore,

D(T}) = D(T,) + Lin{ f1, f2}. (15.10)

Since T, € T, the restrictions of f,g € D(T*) to (c,b) are in D(T;). There-
fore, by (15.10), there are functions fy, go € D(T,) such that f — fo and g — go
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vanish in some neighborhood of b, because f; and f> do so. Clearly, [f, glp =
[ fo, golp- Since fo, go € D(T.), we have [ fy, golp = 0 by Lemma 15.2. Hence,
Lf.glp=0. O

Theorem 15.10 The symmetric operator T has deficiency indices

(2,2) if T is in the limit circle case at both end points,

(1,1) if T is in the limit circle case at one end point and in the limit point case at
the other, and

(0,0) if T is in the limit point case at both end points.

Proof If T is in the limit circle case at both end points, all solution of (15.5) are
in L2 near a and near b; hence, they are in Lz(a, b), and T has deficiency in-
dices (2,2).

Now suppose that 7' is the limit circle case at one end point, say a, and in the
limit circle case at the other end point b. Then, by the last assertion in Theorem 15.8,
for any A € C\ R, there is a unique (up to a factor) nonzero solution of (15.5) which
is in L2 near b. Since T is in the limit circle case at a, this solution is in L2 near a
and hence in Lz(a, b). Therefore, the deficiency indices of T are (1, 1).

Assume that T is in the limit point case at both end points. Then, by Lemma 15.9,
[f, gla =1f, glp =0for f, g € D(T*). Hence, (15.4) implies that T* is symmetric.
Therefore, T is essentially self-adjoint and has deficiency indices (0, 0). 0

The following propositions contain two useful criteria that allow us to decide
which of the two cases happens.

Proposition 15.11 Let b = +00 and suppose that q is bounded from below near to
400 (that is, there are numbers ¢ > a and y € R such that q(x) >y for all x > c).
Then T is in the limit point case at b = +00.

Proof By Proposition 15.3(ii), there is a unique solution u of the differential equa-
tion L(f)=—f"+qf =y f on (a, +00) satisfying u(c) = 1, u’(c) = 0. Since u is
a solution with the same initial data, u is real-valued by the uniqueness. Then

(uz)” = (2u/u)/ = 2(1/)2 +2u"u = 2(1/)2 +2(q—y)u-u>0 on(c,+00).
Therefore, since (u2)(¢) = 2u’(c)u(c) = 0, we obtain
!/ * "
(uz) (x) :/ (uz) (t)dt =0 forx € (¢, +00).
c

Hence, the function u? is increasing on (c, +00). Since u(c) = 1, it follows that u

is not in L2 near b = 400, so T is in the limit point case at b = 4-00. O
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Proposition 15.12 Suppose that a =0 and b € (0, +00].

(1) If there exists a positive number ¢ such that ¢ < b and q(x) > %x’z for all
x €(0,c¢), then T is in the limit point case at a = 0.

(i) If there are positive numbers ¢ and c¢ such that ¢ < b and |q(x)| < (% —e)x 2
forall x € (0, c), then T is in the limit circle case at a = 0.

Proof (i): Put ug(x) := x~ V2, Clearly, the function ug is not in L? near a =0, and
it satisfies the equation —ug(x) + %x‘zuo(x) =0on (0, b).

By Proposition 15.3(ii) there is a unique solution u of the equation —u” +qu =0
on (0, b) satisfying u(c) = uo(c) + 1 and u’(c) = u;,(c). Then u is real-valued on
(0, b). Since u(c) > up(c), u(x) > ug(x) in some neighborhood of c. Set

o= inf{t € (0,¢) :u(x) > uo(x) forall x € (¢, c)}.

We prove that o« = 0. Assume to the contrary that ¢ > 0. Then u(«) = ug(cr) by
the definition of . Using the assumption on g, we derive

u”(x) =q(x)u(x) > %x_2u(x) > %x_zuo(x) =ug(x) forx € (a,c).

From this inequality it follows that the function u" — uy, is strictly increasing on
(a, ¢), 50 u'(x) —up(x) <u'(t) —ug(t) fora <x <t <c. Letting t — ¢ — 0 and
using that u’(c) = uy(c), we obtain u’(x) — uy(x) < 0 for x € (, ). Therefore,
u — uy is strictly decreasing on («, c), that is, u(x) — ug(x) > u(t) — uo(t) for @ <
x <t < c.Letting first t — ¢ — 0 and then x — o 40, we get u(x) —uo(x) > 1 and
u(a) —ug(er) > 1, which contradicts u () = ug(«). Thus, o = 0.

The equality o = 0 means that u(x) > ug(x) = x~12 on (0, ¢). Therefore, u is
notin L2 near a = 0, so T is in the limit point case at a = 0.

(ii): To prove that T is in the limit circle case at @ = 0, by Theorem 15.8 it suffices
to show that any solution u of the equation —u”" 4+ qu = 0 is in L? near a = 0. We
fix such a solution u and assume without loss of generality that ¢ < 1.

By Proposition 15.3(ii) there exists a unique solution v of the equation

—v"+@3/4—e)x2v=0 on (0,b) (15.11)
satisfying the boundary conditions
v(e)=lu(e)|+1 and v'(c)=—|u'(c)|— 1. (15.12)
A fundamental system {v, v_} of Eq. (15.11) is given by

vi(x) =x"t, v_(x)=x"", whereny:=1/2++1—c¢.

Since ny > —% and v is a linear combination of vy and v_, we have v € LZ(O, c).

The boundary conditions of v imply that v(x) > |u(x)| and v'(x) < —|u'(x)] in
some neighborhood of c. Similarly to the proof of (i), we define

a:=inf{r € (0,¢) : v(x) > |u(x)

' (x) < —|u' ()| forx € (1, )} (15.13)

and prove that « = 0. Assume to the contrary that o > 0.
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Using (15.12), (15.11), and the inequalities |g(x)| < (% — 8))6_2, v(x) > lu(x)|
and v'(x) < —|u’(x)]| on the interval («, ¢), we estimate

Vi) =—|u'(c)| -1 —/

o

) V' (x)dx =—|u' ()| -1 - /6(3/4 —e)x 2v(x)dx

/Cu”(x)dx
v(e) = |u(e)| +1 —/ V() dx > |uo)| +1 +/ |u' (x)|dx

/C u' (x)dx

These two inequalities imply that the set in (15.13) contains a smaller positive num-
ber than «. This is a contradiction which proves that « = 0.
Since @ =0, v(x) > |u(x)| on (0, ¢). But v is in L2 near 0, and so is u. O

<—|u'(0)| -1 —/ lg(ux)|dx < —|u'(c)] — 1 —

=—|u'(c)| = 1= |u'(c) —u' ()| < —|u' (@)

)

> |u(@)|+1+ = |u(0)| + 1+ u(c) —u(@)| > |u(@)|.

There is an extensive literature concerning limit point and limit circle criteria,
see, e.g., [DS, XIII.6]. Without proof we state one additional result [DS, p. 1407]
which can be considered as a counterpart of Proposition 15.12(i) at b = 4-00:

Suppose that b = +oo. If there are numbers ¢ € (a,b) and C > 0 such that
q(x) > —Cx? forall x € (c,+00), then T is in the limit point case at b = +00.

Example 15.2 (q(x) = yx 2, ¥ €R, on (0, 4+00)) Then L(f)=—f"+qf =0is
one form of Bessel’s equation. The preceding criterion implies that 7 is in the limit
point case at b = +o0co. By Proposition 15.12, T is in the limit point case at a = 0
if and only if y > 3/4. Therefore, by Theorem 15.10, T is essentially self-adjoint
if and only if y > 3/4. Otherwise, the symmetric operator 7 has deficiency indices
(1, 1). o

15.3 Boundary Triplets for Sturm-Liouville Operators

In this section we develop some boundary triplets for the adjoint of the symmetric
operator T = L, depending on the various cases.

Example 15.3 (Regular end points a and b) Throughout this example we assume
that both end points a and b are regular. Recall that by Definition 15.1 this holds if
and only if ¢ and b are in R and g € Li(a,b).

Then the boundary triplet in Example 14.2 for ¢ = 0 generalizes verbatim to
the present case. Indeed, if f € D(T*), then f and f’ can be extended to continu-
ous functions on [a, b] by Proposition 15.5(i). Therefore, by combining (15.1) and
(15.4), or by integration by parts, the boundary form [-,-]7+ can be written as

[f. glr+ = f(B)g' () — £ (B)g(b) — f(a)g'(b) + f'(@)g(a). (15.14)
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There is a boundary triplet (IC, I'y, I') for the operator T* given by

K=C n(f)=(f@,f®), N =(f@,-f®). (1515

Indeed, Eq. (15.14) shows that condition (i) in Definition 14.2 holds. The surjectivity
condition (ii) is satisfied by Proposition 15.5(v). Note that (15.14) and (15.15) are
just the formulas (14.11) and (14.12) appearing in Example 14.2.

Thus, we are in the setup of Sect. 14.4 and Example 14.8 therein. Therefore,
all self-adjoint extensions of T are parameterized by Eqs. (14.36), (14.37), (14.38),
(14.39).

Next we determine the gamma field and Weyl function for the boundary triplet
(15.15). Let z € C. Since a is a regular end point, by Proposition 15.3(ii) there are
unique solutions s = s(+; z) and ¢ = ¢(+; z) of the equation — f” +¢qf = zf on (a, b)
satisfying the boundary conditions

s(a;z) =0, s'(a;2) =1, cla; z) =1, c(a;z)=0. (15.16)

Since both end points are regular, s and ¢ are in L*(a, b) by Proposition 15.5(ii),
and hence s, c € N := N (T* — zI). Clearly, W(c, s), = 1, so that W(c,s), = 1 on
[a, b], because the Wronskian is constant. Thus, {s(-; z), c(-; z)} is a fundamental
system of the equation — f” + gf = zf and a basis of the vector space N;.

Recall from Corollary 14.8 that Ty denotes the self-adjoint extension of T de-
fined by D(Tp) = N (Ip). Suppose that z € p(Tp). Then s(b; z) # 0. (Indeed, other-
wise we have s(a; z) = s(b; z) = 0, and hence s € D(Tp); since s € N, we obtain
Tos = zs, which contradicts z € p(Tp).)

Any element u € N, is a linear combination of the basis {s(-; z), ¢(-; z)}. Consid-
ering the boundary values u(a) and u(b) and using (15.16), we verify for x € [a, b],

u(x) = (u(b) — u(a)e(b; 2))s(b; ) 's(x; ) +u(@e(x; ). (15.17)
For the gamma field y (z) = (19 M/'Z)_l, we therefore obtain for (cy, ¢p) € IC,

Y (@)(c1, 2) = (e2 — c1c(b; 2))s(b; 2) " 's(3 2) + cre( 2). (15.18)

The equation M(z) Iou = I'u means that M (z)(u(a), u(b)) = (u'(a), —u’ (b)) for
u € N. Inserting the values u’(a) and u’(b) obtained from (15.17) a simple compu-
tation shows that the Wey! function M (z) is given by

cbia) -1 )

— . _1
M(z) = —s(b; 2) <_1 s'(b; 2)

Example 15.4 (Limit circle case at a and b) In this example we suppose that T is
in the limit circle case at both end points a and b. In order to construct a bound-
ary triplet for 7*, we assume that #; and u; are real-valued functions of D(T*)
satisfying

[, uzly = [ur, u2lp = 1. (15.19)

First, let us show that such functions always exist. Let ¢ € (a, ) and A € R. By
Proposition 15.3(ii) there exist unique solutions u1, u, of the differential equation
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—u” +qu = )u on (a, b) satisfying u1(c) = u)(c) = 1 and u (c) = uz(c) =0. Since
the complex conjugates u1, u, are solutions with the same initial data, u; and uj
are real-valued on (a, b), so that W(uy,u3)x = [u1,uz]y on (a,b). Because T is
in the limit circle case at a and b (see Theorem 15.8), u; and us are in L%(a, b)
and hence in D(T*). The Wronskian W (u1, us), is constant on (a, b), so we have
[, urly = [uy,us]e =1forx € (a, b). Since uy, up € D(T*), the limits x - a +0
and x — b — 0 exist (see (15.3)) and yield (15.19).

Let f, g € D(T*). Next, we prove the equation

Lfs8la =f uilalg, u2ly — [f, uzlalg, urly ford=a,b.  (15.20)

Equation (15.20) will be derived from the Pliicker identity for the Wronskian

W(f1, 2)xW(fs, fa)x — W, )W (2, fa)x + WL, fO)xW(f2, 3)x =0,

which holds for arbitrary functions fi, f>, f3, fa€ C 1 (a,b) and x € (a, b). It fol-
lows by a direct computation or from the Laplace expansion of the determinant

i) 200 f30) fakx)
[ [ [ O]
i) f2(x)  f3(x)  falx) '
Al [ ) fix)

Inserting f1 = f, fo =g, f3 =u1, fa = uy into the Pliicker identity and using the
relation W (u, v), = [u, v], and the fact that u1, u, are real-valued, we get

Lfs glxlur, uzly — [f, u1lslg, uale + [f, u2lxlg, u1ly =0.

Since [g,u;ly = [g,u;], and [uy, u2], = [u1,u2]p = 1 by assumption (15.19),
Eq. (15.20) follows by letting x - a+0and x — b — 0.
Combining Eqgs. (15.4) and (15.20), we finally obtain

[f’ g]T* = [f’ g]b - [f’ g]u
= [f» ul]b[gs u2]b - [fs l/t2]b[g, Ml]b - [f’ Ml]a[gs u2]a + [fs l/t2]a[g, Ml]a'
(15.21)

Then there is a boundary triplet (XC, I, I7) for the operator 7* defined by
K=C% To(f)=(f,urla, [frurls), Ti(f) = (Lf: uzla, —Lf u2lp). (15.22)

Indeed, condition (i) in Definition 14.2 follows at once from (15.21). To verify con-
dition (ii), we take functions w4, u1p, Usg, uzp € D(T™*) such that up, = uy (resp.
uip = Uy ) in some neighborhood of a (resp. b) and zero in some neighborhood of b
(resp. a). Since u; € D(T*) is real-valued, we have [u;,u;l, = [uj,u;l, =0 for
Jj = 1,2. Therefore, choosing f as a linear combination of u1,, u1p, U24, U2p and
using (15.19), we easily see that any vector of C* arises as (Io(f), I (f)).
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Since the boundary triplet (15.22) is of the form treated in Sect. 14.4 by setting

o1(f)=L1f ula, 02(f)=L1f uilp,
Y1(f) =11, uz2la, Yo (f) = —Lf, u2lp,

all self-adjoint extensions of 7 are described by Egs. (14.30), (14.31), (14.32),
(14.33). o

Example 15.5 (Regular end point a and limit point case at b) Assume now that the
end point a is regular and T is in the limit point case at b.

Then, by Proposition 15.5(i) and Lemma 15.9, f and f’ extend to continuous
functions on [a, b), and we have [ f, gl = 0 for f, g € D(T*). Therefore, by (15.4),

[f. 817+ = f'(@)g(a) — f(@)g'(@). [ geD(T”).
Hence, it follows that there is a boundary triplet (/C, Iy, I't) for T* defined by

K=C, Io(f) = fla), n) = .

By Example 14.7, all self-adjoint extensions of T on L?(a, b) are parameterized by
the boundary conditions

f(a)cosa = f'(a)sina, o <€[0, ). (15.23)

As in Example 15.3, we consider the fundamental system {s(-; z), c(-; z)} of the
equation — f” + qf = zf determined by the boundary conditions (15.16).

Since T is in the limit circle case at a (because a is a regular end point) and in
the limit point case at b, T has deficiency indices (1, 1) by Theorem 15.10. Hence,
for any z € C\R, the space of solutions of — f” 4+ gf = zf belonging to L?(a, b)
has dimension 1. But s(; z) is not in L2(a, b). (Otherwise it would be in D(T}) and
so an eigenfunction of the self-adjoint operator 7y with eigenvalue z € C\R, which
is impossible.) Hence, there exists a unique complex number m(z) such that

up(t; z) :=c(t; 7) + m(z)s(t; z) € L*(a, b), ze C\R. (15.24)

The function m(z) is called the Weyl-Titchmarsh function. It plays a crucial role for
the spectral analysis of Sturm-Liouville operators.

Since N, = C-u,(+; z), we have ¥ (2) = up(+; z). Combining (15.24) and (15.16),
we conclude that u) (a; z) = m(z). Hence, M (z) = I'ly (z) = u),(a; z) = m(z). That
is, the Weyl function M(z) of the boundary triplet (I, Iy, I'7) defined above is just
the Weyl-Titchmarsh function m(z). o

In the next example we compute the function m(z) in the simplest case.

Example 15.6 (Example 15.1 continued: q(x) =0 on (0,+00)) Thena =01is a
regular end point, and 7 is in the limit point case at b = +o0. The fundamental
system from (15.16) is given by s(x; 0) = x, c(x; 0) =1 and

1

sin/zx, c(x;z) =cosa/zx, z€C, z#0.
JZ

s(x;z) =
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For z € C\[0, 00), let ,/z denote the square root of z satisfying Im /z > 0. Then

up(x; 2) = eV =c(x; 2) +iv/zs(x: z) € L2(0, 00). (15.25)
Hence, the Weyl function is M (z) = m(z) =i4/z. o

Example 15.7 (Limit circle case at a and limit point case at b) Suppose that T is
in the limit circle case at a and in the limit point case at b.
Let us assume that u and u; are real-valued functions from D(T*) such that

[ur,u2]la = 1. (15.26)

To show that such functions exist, we modify the reasoning from Example 15.4.
Let us denote the functions u1, uy constructed therein by i1, ii2, respectively. Since
T is in the limit point case at b, we cannot conclude that &}, iy € L? (a, b). However,
if we choose real-valued functions u1, u € D(T*) such that u ; = in a neighbor-
hood of @ and u ; = 0 in a neighborhood of b, then [u1, u2], = [u1, U2l = 1.

Now we proceed as in Example 15.4. Since [f, glp = 0 for f, g € D(T*) by
Lemma 15.9, we obtain

[f7 g]T* - [f7 MZ]a[g’ ul]a - [fa u]]a[g» M2]a, f’ g G D(T*)
Hence, there is a boundary triplet (X, Iy, I'1) for T* defined by

K=C, () =01 ula, I(f) =1f u2la.

Note that u; € D(Tp) and up € D(Ty) by (15.26), where Ty and 77 are the two
distinguished self-adjoint extensions of 7 from Corollary 14.8. o

15.4 Resolvents of Self-adjoint Extensions

First we recall the variation-of-constants formula for the inhomogeneous equation.
LetzeCand g € Llloc(a, b). Let {u1, uz} be a basis of the vector space of solution
of L(u) —zu =0on (a, b), and let ¢ be a point of (a, b) or a regular end point. Then
a function f on (a, b) is a solution of the equation L(f) — zf = g on (a, b) if and

only if there are numbers «1, o € C such that
f(x) =oaqui(x) +aour(x)
Wi (0w [Ceogod - e [Cnogoar)
L ‘ (15.27)

where we set [ := — [ if x < c. To prove this fact, it suffices to check that the
function on the second line is a solution of the inhomogeneous equation. This fol-
lows from a simple computation using that the Wronskian is constant on (a, b).
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Let us turn to the resolvent formulas. Throughout {u,, u;} will be a basis of the
solution space of L(u) — zu =0 on (a, b). The Wronskian W (up, u,), is a nonzero
constant W (up, ugy) on (a, b). We define a kernel K (-,-) on (a, b) x (a, b) by

) W(up, ug) tuga(upt) forx <t
K= { W (up, ) " up(X)ug(t) for x > z} (15.28)
and an integral operator R, on L%(a, b) by
b
(R:9)(x) = / K.(x,n)g(t)dt, geL*@,b). (15.29)
a

In the following two propositions both functions u, and u;, are in L?(a, b). Since
therefore K, € L%((a,b) x (a, b)), by Theorem A.6 the integral operator R; is a
Hilbert-Schmidt operator on L?(a, b). In particular, R, is then compact.

Proposition 15.13 Suppose that both end points a and b are regular and o =
(a1, ap), where ay, ap € [0, ). Let Ay denote the restriction of T* to the domain

D(Ay) ={f €D(T*): f(a)cosa; = f'(a)sinay, f(b)cosar= f'(b)sinas}.

For z € C, we denote by u, and uyp the unique solutions (by Proposition 15.3(ii)) of
the differential equation L(u) = —u"" + qu = zu satisfying the boundary conditions

ug(a) =sinay, u, (a) =cosaj, up(b) =sinay, uy,(b) = cos .
(15.30)

Then Ay is a self-adjoint operator on L%(a, b). For any z € p(Ay), the resolvent
R;(Ay) is equal to the operator R, defined by (15.29) with kernel (15.28), that is,

x b
(Rz<Aa>g)<x>=W(ub,uur‘(ub(x) / o (D)8 (1) i + g () / ubmg(r)dr).
(15.31)

It should be emphasized that u, (resp. u) satisfies the boundary condition for
D(Ay) at the end point a (resp. b), but not at b (resp. a) when z € p(Ay). Also, note
that the functions u,, and u; depend on the number z and they are in L?(a, b) for all
z € C by Proposition 15.5(ii), because both end points are regular.

Proof The operator A, is self-adjoint, because it is defined by Eqs. (14.34) in Ex-
ample 14.8 applied to the boundary triplet (15.15) of Example 15.3.

Suppose that z € p(Ay). Then u, and u;, are linearly independent, and hence
the Wronskian is a nonzero constant. (Indeed, if u, were a multiple of uj, then u,
would satisfy both boundary conditions of Ay, so u, € D(A,). But then u, would
be an eigenvector of A, with eigenvalue z, which contradicts z € p(Ay).)

Let L%(a, b) denote the set of g € L?(a, b) which vanish in neighborhoods of a
and b. Since R, and R;(A,) are bounded operators and L%(a, b) is obviously dense
in L?(a, b), it suffices to prove the equality R,g = R.(Ay)g for g € L%(a, b).
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By (15.28) and (15.29) the function f := R;g is given by the right-hand side of
formula (15.31). Writing the integral fxb in (15.31) as fab — /¥, the function f is of
the form (15.27), where c =a, a1 =0, a0 = W (up, ug) " fb“ up(t)g(t)dt, uy = up,
uy = u,. Hence, f is a solution of the inhomogeneous equation L(f) —zf = g
on (a,b). That is, we have T*f — zf = g. Since g € L%(a,b), it follows from
(15.31) that f is a constant multiple of u, in some neighborhood of @ and a constant
multiple of u;, in some neighborhood of b. Therefore, f € D(A). These facts imply
that f =R, g = R;(Ay)g- d

Proposition 15.14 Suppose that T is in the limit circle case at a and b. Assume
that u1 and uy are as in Example 15.4 (that is, u1 and uy are real-valued functions
of D(T™) satisfying (15.19)). Let a1, az € [0, ) and set & = («, ap). We denote by
D(Ay) the set of all functions f € D(T*) such that

[fsutlacosay =[f, uzlssinay, [fiuilpcosar =[f, uzlpsinas.
(15.32)

Then Ay := T*|D(Ay) is a self-adjoint operator on L%(a,b). For any z € p(Aq)
there exist nonzero solutions ug, up, of the equation L(u) = zu on (a, b) such that

[ug, u1lq cosay = [ug, uzly sinay, [up, urlp cosar = [up, uzlp sinay
(15.33)

and the resolvent R;(Ay) acts by formula (15.31). The functions u, and up are in
L%(a, b), and they are uniquely determined up to some constant factors by (15.33).

Note that the kernel (15.28) remains unchanged if u, or u, are replaced by
nonzero constant multiples. As in Proposition 15.13, for any z € p(Ay), the func-
tions u, and u, satisfy the boundary conditions for A, at one end point, but not at
the other.

Proof Since conditions (15.32) are just Egs. (14.34) in Example 14.8 applied to the
boundary triplet (15.22) of Example 15.4, the operator A is self-adjoint.

Fix z € p(Ay). Let {v1, vp} be a fundamental system of the equation L£(u) = zu
on (a,b). Put v=cjv| + cpv; for ¢y, ¢y € C. Since the condition

[v, u1]scosag = [v, uz], siney (15.34)

is a homogeneous linear equation in ¢y, ¢, it has a nonzero solution v. Set u, :=
v. To prove that this solution is uniquely determined up to a factor, we assume
the contrary. Then (15.34) holds for all such v. We choose a nonzero v satisfying
[v, u1]pcosar = [v, uz]p sinan. Then v € D(A,). Hence, v is an eigenvector of A,
with eigenvalue z, which contradicts the assumption z € p(Ay).

The assertions concerning u;, are proved by a similar reasoning.

Since T is in the limit circle case at a and b, we have ug, up € L%(a, b) by
Theorem 15.8(i). Now the proof of the resolvent formula (15.31) is verbatim the
same as the corresponding proof of Proposition 15.13. g
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Corollary 15.15 Suppose that T is in the limit circle case at a and b. Then each
self-adjoint extension A of T on L*(a, b) has a purely discrete spectrum. If v, (A),
n € N, is an enumeration of all nonzero eigenvalues of A counted with multiplicities,
then

Z v (A) 72 < 0o. (15.35)
n=1

Proof Recall that the resolvent R;(A,) of the operator A, from Proposition 15.14
is an integral operator with kernel K; € Lz((a, b)x(a, b)), since u,, up € Lz(a, b).
Hence R;j(Ay) is a Hilbert—Schmidt operator by Theorem A.6.

Since A and A, are extensions of T, the operator C := R;(A) — R;(Ay) van-
ishes on R(T — il). By Theorem 15.10, T has deficiency indices (2, 2). Hence,
dimR(T —il)* =2, so C is a bounded operator of rank not more than 2. Since
C and R;(Ay) are Hilbert—Schmidt operators, so is R;j(A). By Corollary A.5 the
sequence (u,;n € N) of eigenvalues of Rj(A) is in I2(N). By Propositions 2.11
and 2.10(ii), A has a purely discrete spectrum, and the eigenvalues of A are 1, L
It is easily verified that (u,) € I2(N) implies (15.35). O

For the rest of this section, we assume that the end point a is regular and T
is in the limit point case at b. Then, by Theorem 15.10, T has deficiency indices
(1, 1). As noted in Example 15.5, the self-adjoint extensions of T on L?%(a, b) are
the operators Ay := T*[D(Ay), where

D(Ae) ={f €D(T*): f(a)cosa = f'(a)sina}, a€[0,m). (15.36)

Fix a € [0, ) and z € p(Ay). We show that there exists a fundamental system
{ug,up} for the equation L(u) = zu such that uj € L%(a,b) and u, satisfies the
boundary condition in (15.36). Indeed, since a is a regular end point, by Proposi-
tion 15.3(ii) such a solution u, exists. By Proposition 15.6 there is a nonzero solu-
tion u, which is in L2 near b. Then u;, € L*(a, b), because a is a regular end point.
But u, ¢ L?(a, b). (Otherwise, uy, € D(Aq), 50 z € p(Ay) would be an eigenvalue
of the operator A,, which is impossible.) Clearly, u, and u; are linearly indepen-
dent, since up, is in L2(a, b), but u, is not.

Since u, ¢ L%(a, b), we cannot conclude that the kernel K, defined by (15.28)
isin L?((a, b)x (a, b)). But since up, € L*(a, b) and u, € L?*(a, c) fora < c < b, it
follows easily from (15.28) that K (x, -) € L?(a, b) for any fixed x € (a, b).

In particular, K, (x, ) € L%(a,b) a.e.on (a,b). An integral operator (15.29) with
kernel K satisfying the latter condition is called a Carleman integral operator.

Proposition 15.16 Suppose that a is a regular end point and T is in the limit
point case at b. Let a € [0, ) and z € p(Ay). Then there exists a fundamental
system {uq,up} for the equation L(u) = zu such that uy(a)cosa = u)(a)sinu
and up € L2(a, b). The resolvent R.(Ay) of the self-adjoint operator A, defined
by (15.36) is the integral operator R, with kernel (15.28).
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Proof By the preceding discussion only the assertion concerning the resolvent for-
mula remains to be proved.

First, suppose that g € L%(a,b). Set f:= R,(Ay)g. Then L(f) —zf = g on
(a,b) and g € LllOC (a, b). Therefore, by formula (15.27) applied to the fundamental
system {up, uy}, f has to be of the form

fx) =ub(X)<Ot1 +w! / ua(t)g(t)dt>

+ ua(x)<a2 —w! fx up(1)g(t) d;), (15.37)

where W := W(up,u,) and ay,a; € C. Since g € L%(a,b), there are numbers
c,d € (a,b) such that g(x) =0 on (a,c) U (d,b). By (15.37) we have f(x) =
up(x)ay + ug(x)ag on (a,c). Both f € D(Ay) and u, satisfy the boundary condi-
tion (15.36) at the end point a, but u;, does not (otherwise u, would be a multiple
of u, by the uniqueness assertion of Proposition 15.3(ii)). Hence o1 = 0.

Recall that g(¢) = 0 on (d, b). Therefore, by (15.37) we have for x € (d, b),

b
£ = up ()W / ua(D)g(1) di

b
+ua(x)<a2 - W_I/ ub(t)g(t)dt).

Since u, ¢ Lz(d ,b) and f,up € L2(d ,b), it follows from the preceding formula
that ¢y = W1 fab up(t)g(t)dt. By inserting this into (15.37) the right-hand side of
(15.37) can be rewritten as R, g. This proves that R, (Ay)g = f =R;g.

Now let g € L2(a, b). Since L(2)(a, b) is dense in L2(a, b), there is a sequence
(gn) from L(z)(a,b) such that g, — g. Then R,;(Ay)gn — R;(Ay)g, because
R.(Ag) is bounded. Since K. (x,-) € L?(a, b) for fixed x € (a, b) as noted above,
we obtain

b
/ Ko (x,1)(gn(t) — (1)) dt

a

|(Regn) () — (Reg)(x)| =

b
< / K. (x,0)(gn (1) — g(1)) | dt

b ) 1/2
Sllgn—gll(/ |K.(x. 1) dt) -0
a

as n — oo for all fixed x € (a,b). But R;g, = R;(Ay)gn — R;(Ay)g as n — o0.
Therefore, the preceding implies that R;g = R;(Ay)g. g

Example 15.8 (Example 15.6 continued: q(x) =0 on (0, +00)) Recall that 0 is
a regular end point and 7 is in the limit point case at +o00. The function u; was



15.5 Exercises 361

already given by formula (15.25). A solution u, of the equation £L(u) = —u” = zu
satisfying the boundary condition u(0) cosa = u’(0) sin« is

g (x: 7) = Sina cos //Zx + 22 sin /2. (15.38)
Vz

Hence, by Proposition 15.16, the resolvent R;(A,) is the integral operator R, with
kernel (15.28) obtained by inserting the functions u, and u; defined by (15.38) and
(15.25), respectively. o

15.5 Exercises

1. Decide whether or not the end points are regular and whether or not 7 is in the
limit circle or in the limit point case. Determine the deficiency indices of the
corresponding Sturm-Liouville operator.

q(x) = —x? on (0, +00),

. g(x) = x? +x’1/2 on (0, +00),

qx)= —x +x"2on O, 1),

. q(x)=x2+4x"2on (0, 1),

qg(x)= «/x(l —x) on (0, 1),

q(x)—Zx 1—xon(0,1).

2. Let J be the conjugation on L?%(a, b) defined by (Jf)(x) = f(x)

a. Describe all self-adjoint extensions of 7' in Example 15.3 which are J-real
(see Definition 13.1).

b. Suppose that a and b are regular end points. Show that there exists a self-
adjoint extension of 7 which has eigenvalues of multiplicity at least 2.
Hint: Use an extension which is not J-real.

c. Suppose that a is a regular end point and T is in the limit point case at b.
Show that all self-adjoint extensions of T are J-real.

3. Let A, be the self-adjoint operator with decoupled boundary conditions from
Proposition 15.13. Show that each eigenvalue of A, has multiplicity one.

4. Suppose that T is in the limit circle case at @ and in the limit point case at b. Let
u € D(T*) be real-valued and suppose that [v, u], # 0 for some v € D(T*).
Let A, denote the restriction of 7* to D(A,) :={f € D(T*) : [ f, ul, =0}.

a. Use the Pliicker identity to show that [ f1, f2], =0 for f1, f> € D(A,).

b. Show that A, is self-adjoint.

*5. Let R;(Ay) be the resolvent operator from Proposition 15.16. Let B be the
multiplication operator by the characteristic function of a compact subinterval
[c,d] of (a, b). Show that the operator BR,(Ay) B is compact.

6. Suppose that T is in the limit circle case at a and in the limit point case at b.

a. Describe all self-adjoint extensions of 7.
*b. Find and prove the resolvent formulas for these self-adjoint extensions.
Hint: Compare with Proposition 15.14 and modify the proof of Proposi-
tion 15.16.

>—h$'D Q—p o
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*7.

8.
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Suppose that 7" is in the limit point case at a and b. Find and prove the resolvent
formula for the self-adjoint operator 7.

Consider the operators T; = —%22, j=1,2,3, on L2(0, 1), where the do-
mains consists of all functions of H'(0, 1) satisfying the boundary conditions:
Ti: f/O)=f'(H)=0,Tr: f/(0O)=f(1)=0,T3: f(0)= f(1) + f'(1) =0.
Find the eigenvalues, eigenfunctions, and the resolvents of the self-adjoint op-
erators T;, j =1,2,3.



Chapter 16
The One-Dimensional Hamburger Moment
Problem

The close relationship between the moment problem and operator theory dates
back to the early days of functional analysis. In this chapter we develop the one-
dimensional Hamburger moment problem with the emphasis on self-adjoint exten-
sion theory. Section 16.1 deals with orthogonal polynomials and the Jacobi operator
associated with a moment sequence. Basic results on the existence, the set of solu-
tions, and the uniqueness are given in terms of self-adjoint extensions. In Sect. 16.2,
polynomials of second kind are studied. Section 16.3 is devoted to the advanced
theory in the indeterminate case. Fundamental notions such as Nevanlinna functions
and Weyl circles are treated, and von Neumann solutions are described therein. In
Sect. 16.4, Nevanlinna’s parameterization of the set of all solutions is developed.

16.1 Moment Problem and Jacobi Operators

Let us begin with some notation. We denote by M (R) the set of all positive Borel
measures 4 on R for which all polynomials are p-integrable and by (-,-), the scalar
product of L*(R, p). For a polynomial p(x) =), y»x" € C[x], we set p(x) :=
Zn Yax" If s = (sp)nen, is a real sequence, let L, be the linear functional on Cl[x]
defined by Ls(x") = s, for n € Ng. The vector space of all finite complex sequences
y=o,.--» ¥, 0,0,...) is denoted by d.

Definition 16.1 For a measure u € M(R), we call the number
SnESn(/L)=f x"du(x), neN, (16.1)
R
the nth moment of 11, and the sequence s = (s,)nen, the moment sequence of .

The Hamburger moment problem, briefly the moment problem, asks when a given
real sequence s is the moment sequence of some measure 1 € M (R). In this case we
say the moment problem for s is solvable and p is a solution or i is a representing
measure for s. The set of all representing measures for s is denoted by M.

K. Schmiidgen, Unbounded Self-adjoint Operators on Hilbert Space, 363
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Definition 16.2 A moment sequence s is deferminate if it has only one representing
measure. A measure u € M(R) is called deferminate if its moment sequence is
determinate. Otherwise, we say that s and p are indeterminate.

The aim of this section is to study the existence problem and the uniqueness
problem by means of self-adjoint operators on Hilbert space.

Example 16.1 (Examples of indeterminate moment sequences) Explicit examples
of indeterminate moment sequences were already constructed by T. Stieltjes (1894).
He observed that the measures u, ux € M(R), k € Z, given by

dp@) = X000 @e ™ dx and  du(x) = X0, 400 X M dx, ke,

are indeterminate. We will prove this fact for the measures .
Substituting t = Inx, the moments of uy, k € Z, are computed by

o0
sn(uk)zfx"d,uk(x)zf Xy k—nx dx:/ et k=D ot gy
R 0 R
Zfe—(t—(n+k+l)/2)2e(n+k+l)2/4dtZﬁe(n+k+l)2/4’ n e Np.
R

Also, this proves that all powers x" are ug-integrable and hence uy € M(R).
For arbitrary ¢ € [—1, 1], we define the measure p. x € M(R) by

dpei(x) = [14 csin@2m Inx) | d g (x).

Each measure p.; has the same moments as py, and hence py is indeterminate,
since

/x"(sin(Zn lnx)) dug(x)
R
= / e (sin2mt)e! Vel di
R
Zf o= (= kA D/2)2 (k4 D2 /4 (G 0 ) iy
R
_ e<n+k+1>2/4/ e (sin(27s + (0 + k + D)) ds
R

- (—1)”+k+le("+k+l)2/4/ ¢S’ (sin2ms)ds =0, neN.
R

Let a > 0 and b > 0 and define two measures vy, v; € M(R) by
dvi(x) = e—a\x|b dx and dvy(x)= X(0,+oo)(x)e_”“‘b dx.

It can be shown that v is determinate if and only if » > 1 and that v, is determinate
if and only if b > 1/2 (see, e.g., [STI, p. 22). o
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Now let © € M(R), and let s be the moment sequence of x. Then

Ly(pP) =D _nVisce = ) Vi f HHdpx) = / P[P dp@x) =0 (16.2)
k,l k,l

for all polynomials p(x) =), ykxk € C[x] or all sequences y = (yx) € d. That
is, the sequence s is positive semi-definite, or equivalently, L;(pp) > 0 for all
p € C[x].
Further, if L;(pp) = 0 for some p € C[x], p # 0, it follows from (16.2) that
is supported by the finite set of zeros of p. We want to exclude this simple case.
Let s = (s,)nen, be areal sequence. From linear algebra it is well known that the
sequence s is positive definite if and only if

S0 S 52 .. Sy
ST 8§ 53 cee Snl

sy 83 S4 ... Spt2| >0 foralln e Np.
Sp S+l S22 --- S2n

From now on we assume that s = (Sp)neN, IS a positive definite real sequence and
so = 1.

The requirement sg = 1 simplifies various formulas. For instance, it implies that
Py(x) = 1, where Py is the first of the polynomials from Proposition 16.3 be-
low.

That s is positive definite means that L;(pp) > 0 for all p € C[x], p # 0. Then

(p,q)s =Ls(pq), p,qeClx], (16.3)

defines a scalar product (-,-)5 on the vector space C[x]. We denote the Hilbert space
completion of the unitary space (C[x], (-,-)s) by H,. Note that (p, gq); is real for
P, q € R[x], because the sequence s = (s,,) is real.

Let M, denote the multiplication operator by the variable x, that is,

M,p(x):=xp(x) for peDM,):=C[x].

For p, g € C[x], we have (Myp, q)s = Ly(xpq) = Ls(pXq) = (p, Mxq)s. That is,
M, is a densely defined symmetric operator on the Hilbert space H.

The self-adjoint extension theory of this symmetric operator M, is the thread of
the operator-theoretic approach to the moment problem.

The existence of a solution of the moment problem is clarified by the following:

Theorem 16.1 Let s be a positive definite real sequence. Then the moment problem
for s has a solution.

If A is a self-adjoint operator on a Hilbert space G such that Hy is a subspace of
G and M, C A and E 4 denotes the spectral measure of A, then ua(-) = (E4(-)1, 1)
is a representing measure for s. Every representing measure for s is of this form.
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Proof Let A be a self-adjoint extension of M, on G. Since M, € A and hence
(My)"* € A", the polynomial 1 is in the domain D(A"), and we have

/ XMd(Ea(0)1, 1) =(A"1,1) = ((M)"1,1), = (x", 1) = Ly(x") =,
e : A

for n € Ny. This shows that (4 is a solution of the moment problem for s.

That each solution is of this form follows from Lemma 16.2 below.

Since the symmetric operator M, has a self-adjoint extension on a larger Hilbert
space (by Proposition 3.17), the moment problem for s is always solvable. d

Next, we will give a more precise description of the relevant self-adjoint ex-
tensions of the symmetric operator M,. A self-adjoint extension A of M, on a
possibly larger Hilbert space G (that is, Hs; € G and M, C A) is called minimal
if the polynomial 1 is a cyclic vector for A (see Definition 5.1), or equivalently,
if {f(A)1: f € F1} is dense in G. Here F;| denotes the set of all E4-a.e. finite
measurable functions f : R — C U {oo} for which 1 € D(f(A)).

Lemma 16.2 Let u € M. Then we have
Ls(p)=/Rp(X)du(x) and (p,q)s=(p,q)p for p,q € Clx]. (16.4)

The inclusion C[x] C Lz(R, L) extends to a unitary operator of Hg onto a closed
subspace of L*(R, w). The self-adjoint operator Ay on L*(R, ) defined by

(A )x)=xf(x) for f € D(Ay):={f € L*(R, ) : xf (x) € L*(R, )}

is a minimal extension of the operator M, and ju(-) = pa, () = (Ea, ()1, 1) 4.

Proof From p € M(R) it follows that C[x] € D(A,). Clearly, M, € A,. Since
is a representing measure for s, we have

Lip) =) nsk=) n / HFdp(x) = / px)du(x)
X X R R

for p(x) =), vix® € C[x], which proves the first equality of (16.4). Obviously,
this implies the second equality. Hence, the inclusion C[x] € L2(R, ) can be ex-
tended by continuity to a unitary embedding of 7 into L*(R, ).

By Examples 2.1, 4.6, and 5.2, Ay is self-adjoint, p(-) = (E4, ()1, 1), and the
operators f(A,) act as multiplication operators by f(x) on L?(R, w). Clearly, Fj
contains the dense subset L (R, u) of L2(R, i), so Ay is a minimal extension. [J

Let A be an arbitrary self-adjoint extension of M on some Hilbert space G. Let P
be the projection onto the closure G; of { f(A)1: f € F1}in G. Since P commutes
with the spectral projections of A, by Proposition 1.15 it reduces A to a self-adjoint
operator Aj on the Hilbert space PG = G;. Clearly, A; is a minimal self-adjoint
extension of My, and (E,(-)1,1) = (EA(-)1, 1). Therefore, by Theorem 16.1, all
representing measures for s are of the form 4, (1) = (E, (1)1, 1).
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We now introduce a notion for those solutions coming from self-adjoint exten-
sions acting on the same Hilbert space .

Definition 16.3 A measure u € M is called a von Neumann solution of the mo-
ment problem for s if C[x] is dense in LZ(R, W), or equivalently, if the embedding
of C[x] into L?(R, 1) (by Lemma 16.2) extends to a unitary operator of # onto
LR, p).

Our next aim is to represent the multiplication operator M, as a Jacobi operator.
For this, we need a convenient orthonormal basis.

Proposition 16.3 There exists an orthonormal basis { P, (x) : n € No} of the unitary
space (C[x], (-,-)s) such that degree P, = n and the leading coefficient of P, is
positive for all n € Ng. The basis {P, : n € No} is uniquely determined by these
properties. Moreover, P, € R[x] for all n € Ny.

Proof For the existence, it suffices to apply the Gram—Schmidt procedure to the
vector space basis {1, x, x2, .. .} of the unitary space (C[x], {-,-)s). Since the scalar
product is real for polynomials of R[x], we obtain an orthonormal sequence
P, € R[x]. Upon multiplying by —1 if necessary, the leading coefficient of P, be-
comes positive. The uniqueness assertion follows by a simple induction argument. []

Definition 16.4 The polynomials P,, n € Ny, are called orthogonal polynomials of
first kind, or simply orthogonal polynomials, associated with the positive definite
sequence s.

The next proposition is a basic fact about zeros of orthogonal polynomials.
Proposition 16.4 For n € N, the polynomial P,(x) has n distinct real zeros.

Proof Letn € Ny. Let A1, ..., Ax be the real points, where P, changes sign, and put
r(x) :==(x — A1) ...(x — Ag). If there is no such point, we set r = 1. Then r P, does
not change sign on R, so g(x) :=tr(x)P,(x) >0onRfort=1ort=—1.

We prove that k = n. Assume to the contrary that k£ < n. By Theorem 16.1 there
exists a solution, say u, of the moment problem for s. Because r is in the linear span
of Py, ..., Py and P, is orthogonal to these polynomials, we obtain

/RCI(X)CZM(X) = T/RV(X)Pn(X)dM(X) =1(r, Pp)s =0.

Since g(x) > 0 on R, this implies that u has a finite support. But then s is not
positive definite, which contradicts our standing assumption. Thus, k = n.

Since P, has degree n and changes sign as Aq,...,A,, P, has n distinct real
ZETOS Al ... Ay O

Now we represent the operator M in terms of the orthonormal basis {P,}.
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Proposition 16.5 There are numbers a,, > 0 and b,, € R for n € Ny such that
M P, =xP,(x) =a,Pry1(x) + b, P, (x) +an—1P,—1(x), n &Ny, (16.5)

where we set a_1 = 1 and P_1(x) = 0. In particular,

Px)=1,  Pi(x)=ay (x —by),

Py(x)= aalafl(x —bo)(x —by) — aoafl.

Proof Letn € Ny. By Proposition 16.3, x P, (x) hasdegreen+1,and { Py, ..., Py+1}
is a basis of the vector space of real polynomials of degree less than or equal to n+ 1.
Hence, there are real numbers ¢, such that x P, (x) = ZZI(I) cnik Py (x). Since the ba-
sis { Py} is orthonormal and M, is symmetric, c,x = (M Py, Pr)s = (Pn, My Py)s.
Because M, Py is in the span of Py, ..., Pi+1, it follows from the latter equality that
cnk =0 when k + 1 < n. Using that ¢, 5 is real, we derive

n

Cnon—1= (Pp, My Py_1)s = <Pns ch—l,kpk> =Cn—1,n- (16.6)
k=0 s

Seta, = cp pt1 and b, = ¢ . Then a,—1 = ¢y, n—1 by (16.6). The preceding proves
(16.5). By (16.5), a, is obviously the quotient of the leading coefficients of P, and
P,+1. Since these coefficients are positive, we have a, > 0.

Clearly, Py(x) = 1, since so = 1 by assumption. The formulas for P; and P, are
derived from (16.5) by simple computations. O

Let {e, : n € Ny} be the standard orthonormal basis of the Hilbert space 12(Np)
given by e, := (8y,). We define a unitary isomorphism U of #, onto [*(Ng) by
UP,=¢,. ThenT :=UM, U isa symmetric operator on [ 2(No) which acts by

Te, =auep11 +bpey, +an_1e4-1, ne No, (16.7)

where e_j := 0. The domain D(T) = U (C[x]) is the linear span of vectors e, that
is, D(T') =d. For any finite sequence y = (y,) € d, we obtain

T(Z Vnen> = Zyn(anen—H +bpey +an_1€n-1)
n n

= Z(Vn—lan—l + Vubu + Vn—i—lan)en
n

=Y @ Vnt1 +buVn + @n_1Yn-1)en,

n

where we have set y_; := 0. That is,

(Ty)o = aoy1 + boyo, (Ty)n =anyns1 +bpyn +an—1vn—1, neN. (16.8)
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Equation (16.8) means that the operator 7 acts on a sequence y € d by multiplica-
tion with the infinite matrix
byp ay O 0 0
a by a O 0 .
A = 0 al b2 aj 0 . (16.9)
0 0 a by a3

Such a matrix 2 is called a (semi-finite) Jacobi matrix, and the corresponding oper-
ator T (likewise its closure) is called a Jacobi operator. Thus, we have shown that
the multiplication operator M, is unitarily equivalent to the Jacobi operator 7. The
moments s, are recovered from the Jacobi operator T by

sn=Ls(x") =(x"1,1) =((M)"1,1) = (T"eq, eo).

N N

Conversely, let a Jacobi matrix (16.9) be given, where a,, b, € R and a, > 0.
We define the linear operator 7 with domain D(T") =d by (16.8). Then TD(T) C
D(T). It is easily verified that s = (s, := (T"ep, €o))neN, is a positive definite real
sequence and that 7T is the Jacobi operator associated with s.

Summarizing, we have obtained a one-fo-one correspondence between positive
definite sequences s and Jacobi matrices of the form (16.9), where b, € R and
an > 0 for n € Ny, and a unitary equivalence between the multiplication operator
M, and the corresponding Jacobi operator T .

Remarks Jacobi operators are discrete analogues of Sturm—Liouville operators. In-
deed, we define left and right difference operators A; and A, by (A1Y)n = Yn — Vn—1
and (A;y)n = Vn+1 — Yn and set ¢, = b, +a, +an—1, where y_; = a_1 := 0. Then
we compute

(Al(ﬂArV))n +nVn = anVn+1 + buvn + an—1¥n—1 = (Ty)n.

This expression can be viewed as a discrete analogue of the differential operator
L(fHx)= %a(x)% f + c(x) f(x). Most notions and results of this chapter have
their counterparts for Sturm-Liouville operators. We leave it to the reader to dis-
cover these and mention only a sample: The relation q, + 1, (2)p; € 12(Np) in Propo-
sition 16.18 below corresponds to the assertion of Proposition 15.6.

Let y = (Ywnen, and B = (By)neN, be complex sequences. We define their
Wronskian as the sequence W (y, B) = (W (¥, B)n)neN, With terms

Wy, B)n :=an(Yns1Bn — VuBu+1), n €N, (16.10)

and a linear mapping 7 of the vector space of all complex sequences by

(TY)n =an¥ut1 +buyn + an—1yn—1 forn € Ny, where y_; :=0.

Lemma 16.6 Let y = (), B = (B,) be complex sequences, and z, w € C. Then

n

S Trbi — n(TBY) =W, B forn €N, (16.11)

k=0
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If (TY)i =zyi and (T B = whi forallk =m + 1, ..., n, then

G=w) Y WB=W.Ba—W.Bm formneNo, m<n.
k=m+1

(16.12)

Proof We prove the first identity (16.11) by computing

n

> [(TynBe = m(TBW]

k=0
= (aoy1 + boyo) Bo — vo(aoB1 + boBo)
n
+ Z[(akaH + bivk + ak—1vk—1) Bk — vk (@1 + biBr + ar—1Bx—1) ]
k=1
n
=ap(y1B80 — voB1) + Z[(ak(l/k+1ﬁk—ykﬂk+1) — ag—1 (ViBe—1 — V-1 ]
k=1
n
=W, Bo+ Y _[W. B — W, 1] =W(y. Ba.
k=1

Equation (16.12) is obtained by applying (16.11) to n and m and taking the differ-
ence of these sums. O

Just as in the case of differential operators, the adjoint 7* of the symmetric op-
erator T is the “maximal operator” acting on /%>(Np) by the same formula.

Proposition 16.7 The adjoint operator T* is given by
T*y =Ty foryeD(T*)={y elP(No): Ty e *(Np)}.
For y, B € D(T*), the limit W(y, B)oo := lim, 0o W (y, B) exists, and
(T*y. B) = (. T"B)=W(¥. B)c- (16.13)

Proof Let y € lz(No) be such that Ty € 12(Np). A straightforward computation
shows that (T8, y) = (B, Ty) for B € d. Therefore, y € D(T*) and T*y =T y.
Conversely, let y € D(T*) and n € Ny. Using (16.7), we derive

{en, T*y) = (Ten, ¥) = @nYus1 +bu¥n + an-1va—1=(T*y),,

so that T*y = T y. This proves the first assertion concerning 7*.
Further, by (16.11) we have
n
> [TyiBr = (T B =W (. Bon.

k=0

Since y, B, Ty, TB € [*>(Np), the limit n — oo in the preceding equality exists and
we obtain Eq. (16.13). O
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Let z € C. Let us consider the three-term recurrence relation

(TYIn = anVns1 +bpVn + QGn_1Vn—1 =2V, (16.14)

where y_ := 0, for an arbitrary complex sequence y = (¥y)nen,. Clearly, since
an > 0, if we fix two initial data y;x_; and y and assume that relation (16.14) is
satisfied for all n > k, all terms y;,,, where n > k + 1, are uniquely determined.

We set y—1 = 0 and yp = 1 and assume that (16.14) holds for all n € Ny. Com-
paring (16.14) with (16.5) by using that P_;(z) = 0 and Py(z) = 1, we conclude
that y;, is just the value P,(z) of the polynomial P, from Proposition 16.3.

Let us introduce the notation

p. = (Po(2), P1(2), P2(2),...), wherezeC. (16.15)

Lemma 16.8 Let z € C.

(i) N(T* —zI) = {0} if p, ¢ I>(No) and N (T* — zI) = C-p, if p; € I>(Np).
(i) Ifh e N(M} — zI) and (h, 1)s =0, then h = 0.

Proof (i): From Proposition 16.7 it follows that a sequence y is in N (T* — z[I)
if and only if y € I*(Np), Ty € [>(Ny) and (16.14) holds for all n € Ny, where
y_1 :=0. Since y_; = 0, any solution y of (16.14) is uniquely determined by the
number yyp, so we have y = yop,. This implies the assertions.

(ii): Passing to the unitarily equivalent operator T, the assertion says that y9 =0
and y € N(T* — zI) imply y = 0. Since y = yyp;, this is indeed true. O

Corollary 16.9 The symmetric operator T (or My) has deficiency indices (0, 0) or
(1, 1). The operator T (or M) is essentially self-adjoint if and only if p, is not in
12(Ny), or equivalently Zflio | P, (z)|2 = 00, for one (hence for all) z € C\R.

Proof Since P,(x) € R[x] and hence P,(z) = P,(z), we have p, € [*?(Np) if and
only if p> € I>(Ny) for z € C. Therefore, by Lemma 16.8(i), T has deficiency indices
(0,0) or (1,1), and T has deficiency indices (0, 0) if and only if p, ¢ 12(Ny) for
some (then for all) z € C\R. O

Lemma 16.10 [f A and B are different self-adjoint extensions of the multiplication
operator My, on Hy, then ((A —zI)"'1,1)s # (B —zI)~'1, 1), for all z € C\R.

Proof Fix z € C\R and assume to the contrary that

((A=zD7'1 1) =(B-zD7"1,1) (16.16)

-
Put f:=(A—zI)~'1 — (B —zI)~'1. Since A C M} and B C M}, we have f €
D(M}) and

(M} —zI)f=(M;—2)(A—zD) "1 — (M} —zI)(B—z) '1=1-1=0,
so f e N(M¥ — zI). Since (f, 1); =0 by (16.16), Lemma 16.8(ii) yields f =0.
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Set g := (A —zI)~'1.If g were in D(My,), then for h € N(M¥ —zI), we would

get

0=(h, (M —zD)g), = (h. (A — 2)(A — 21)"'1), = (h, 1),
so h = 0 again by Lemma 16.8(ii). Thus, N’ (M} —zI) = {0}. This is a contradiction,
since M, has two different self-adjoint extensions, and hence its deficiency indices
are (1, 1) by Corollary 16.9. This proves that g is not in D(M,).

Let S denote the restriction of A to D(M,) + C-g. Then S is symmetric, be-
cause A is self-adjoint. Since M,, hence M., has deficiency indices (1, 1) by
Corollary 16.9 and g ¢ D(M,), S has deficiency indices (0, 0) by Proposition 3.6.
Therefore, S is self-adjoint, and hence S = A. (In fact, S is closed, but this is not
needed.)

Since f =0 and hence g = (B — zI)~ "1, the same reasoning with B in place
of A shows that S = B. Thus, A = B, which contradicts our assumption and shows
that Eq. (16.16) cannot hold. [l

The following theorem is the second main result of this section. It gives an
operator-theoretic answer to the uniqueness problem.

Theorem 16.11 The moment problem for s is determinate if and only if the mul-
tiplication operator My (or equivalently, the corresponding Jacobi operator T) is
essentially self-adjoint.

Proof Assume that M, is not essentially self-adjoint. Then, by Corollary 16.9,
M, has deficiency indices (1, 1), so it has at least two different self-adjoint ex-
tensions A and B on Hg. By Theorem 16.1, uas(-) = (Ea(-)1,1) and up(:) =
(Ep(-)1,1) are representing measures for s. If n4 were equal to wp, then
(A =z "1, 1)y = ((B — zI)"'1,1)5 for z € C\R by the functional calculus.
This contradicts Lemma 16.10. Thus, @4 # wp and s is indeterminate.

Suppose now that M, is essentially self-adjoint. Fix z € C\R. Since M, is es-
sentially self-adjoint, R(M, — zI) is dense in H;. Hence there exists a sequence
(rn (x)) of polynomials such that 1 = lim, (x — z)r, in H,. (The sequence (r,,) may
depend on the number z, but it is crucial that it is independent on any representing
measure.) Let u be an arbitrary representing measure for s. Obviously, the bounded
function xsz isin L2(R, u) N LY (R, p). Using the equations Ls(p) = fpd,u for

p €Clx] and |1 ||i2 R =50= 1 and the Holder inequality, we derive

2

|Iu(Z)_Ls(rn)|2: ’/R(x — 2" du(x) —/an(X)dM(X)

2
=< (/R|(x -7 - rn(x)|d,u(x))

<1122, fR =" = ra P dpe)
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) 2
=f =221 = (= )P dp )
R

< IImZI_Z/ 1= (= D 0] dux)
R

=|Imz| 2|1 — (x —z)rn(x)nf — 0.

Therefore, 1,(z) = lim, Ls(r,) is independent on the representing measure . By
Theorem F.2 the values of the Stieltjes transform 7, determine the measure pu.
Hence, w is uniquely determined by s, that is, the moment problem for s is de-
terminate. O

By Proposition 3.8, the multiplication operator M, is essentially self-adjoint if
and only if the vector space (x — z)C[x] is dense in H; for all z € C\R. However,
in this particular situation the following stronger criterion is valid.

Proposition 16.12 If there exist a number zo € C\R and a sequence (r;,(x))neN of
polynomials r, € C[x] such that

1= lim (x —zo)rp(x) inHs,
n—oo

then M, is essentially self-adjoint, and the moment problem for s is determinate.

Proof Fix p € Cl[x]. Since zg is a zero of the polynomial p(x) — p(zo), there is a
polynomial ¢ € C[x] such that p(x) — p(zo) = (x — z0)g(x). Then

(x —20)(q + p(z0)ra) = p — p(z0) + p(20)(x — 20)rn
— p—p(z0) + pzo)1 = p.

Therefore, because C[x] is dense in Hy, R(My — zoI) is dense in H;. Since M, has
equal deficiency indices by Corollary 16.9, M, is essentially self-adjoint. O

Proposition 16.13 For a measure . € M the following statements are equivalent:

(i) w is von Neumann solution.
() f(x):= x% is in the closure of C[x] in L*>(R, u) for all z € C\R.

Z
(iii) fr(x):= xsz is in the closure of C[x] in L*(R, u) for one z € C\R.
Proof (i) — (ii): That u is a von Neumann solution means that C[x] is dense in
L%(R, n). Hence, the function f. € L*(R, ) is in the closure of C[x].

(ii) — (iii) is trivial.

(ili) — (i): Set b := Imz. Let G denote the closure of C[x] in L2(R, ). We
first prove by induction on k that ka € G for all k € N. For k = 1, this is true by
assumption. Suppose that f;‘ € G. Then there is sequence (p,)nen of polynomials
such that p, — f¥ in L*(R, ). We can write p,(x) = p,(z) + (x — 2)gn(x) with
gn € C[x]. Using that | f,(x)| < |b|~" on R, we derive
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| AT = P @ =7 = a0 2,
= [ £:(ff = Pa(@ = (6 = 4 ) [ 12
= ”fz(fzk — pn(x)) ||L2(u) <[b|7! ||ka — p,,(x)”Lz(m — 0 asn— oo.

Thus, ka+1 € G, which completes the induction proof.

Clearly, fzk € G implies that fzk € G. Hence the linear span of elements f}' and
£, n.k € Ny, is contained in G. Using that 2bi £ X = fr f£=1 — fn=1 gk it fol-
lows by induction on n + k that f7' fzk € G for all n, k € Ny. Therefore the unital
x-algebra F generated by f, is contained in G.

We prove that C[x] is dense in L>(R, ). For notational simplicity, assume that
Rez = 0. Let X denote the unit circle in R2. The map ¢ (x) = (u, v), where

2bx x?—b?

C x24p2 an U_x2+b2’
is a homeomorphism of R onto X\{(0, 1)} such that 2bf,(x) —i=u — iv and
2bfz(x) +1=u + iv. The latter implies that F is equal to the x-algebra C of all
complex polynomials in real variables u, v satisfying u” 4 v? = 1. Let C.(R) denote
the compactly supported functions of C(R). Since C is dense in C(X), C.(R) is in
the closure of F in the uniform convergence on R and therefore in L*(R, w), since
w(R) < oco. Because C.(R) is dense in L2(R, 1), so are F and hence G and C[x].

Since C[x] is dense in L2(R, 1), 1 is a von Neumann solution. O

u

16.2 Polynomials of Second Kind

In this section we introduce another family {Q,, : n € Np} of polynomials which are
associated with the positive definite sequence s.

We fix z € C and return to the recurrence relation (16.14). Now we set yo = 0 and
Yi=a, "and suppose that (16.14) holds for all n € N. (Note that we do nor assume
that (16.14) is valid for n = 0.) The numbers y,, are then uniquely determined, and
we denote ¥, by Q,,(z), n € Ng. (The same solution is obtained if we start with the
initial data y_1 = —1, Y9 = 0 and require (16.14) for all n € Ny.)

Using relation (16.14), it follows easily by induction on n that 0, (z), n € N, isa
polynomial in z of degree n — 1. We denote the corresponding sequence by

q::=(Q0(2), 01(2). 02(2)....), wherezeC. (16.17)
By definition, Qo(z) = 0. We compute Q1(z) = ao_l and Q5 (z) = (z—by)(aoay) .

Definition 16.5 The polynomials Q,(z), n € Ny, are the polynomials of second
kind associated with the sequence s.

Lemma 16.14 7 q; = eg + zq; for all z € C.
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Proof By the recurrence relation for Q,(z), (7q;)n, = 20, (2) = z(q;), for n € N.
Using that yp =0 and y; =q,, ' we compute the zero component (7q;)o by

(T42)0 = aoy1 +boyo = aoay ' +0=1+zy0=14200(2). -

From the defining relations for Q,(z) it follows that the polynomials F (z) :=
ao0n+1(2) satlsfy the recurrence relation (16 14) with ay replaced by a, := an41
and b, by b,, := by+1 and the initial data P_1 =0and PO = 1. Therefore, the poly-
nomials P (z2) = apQn+1(2), n € Ny, are the orthogonal polynomials of first kind
with respect to the Jacobi matrix

b] al 0 0 0
ai by ay O 0

A=|0 a b3 a3 0 ... . (16.18)
0 0 a3 by ag

That is, P,, (z) are orthogonal polynomlals for the moment sequence s = (’s;,) which
is defined by 5, Sp = (T"e, eg), where T is the Jacobi operator corresponding to the
Jacobi matrix 2. Therefore, Proposition 16.4 applies to P, and yields the following:

Corollary 16.15 For n € N, the polynomial Q,+1(z) has n distinct real zeros.

Corollary 16.16 Letn c Nand z,7 € C.If |Imz| < |ImZ'|, then
|Pa(2)| < |Pu(2)| and |0a(2)| < |0n(Z)]- (16.19)

Proof Let r be a polynomial of degree n which has n distinct real zeros, say
X1,..-,Xp. Thenr(z) = c(z—x1) ... (z—x,) for some ¢ € C. Hence, it is easily seen
that |r(z)| < |r(z’)| when |Imz| < |ImZz’|. By Proposition 16.4 and Corollary 16.15
this applies to P, and Q1 and gives the assertion. U

The next proposition contains another description of these polynomials Q,,.
Letr(x) = ZZ:O ykxk € C[x], n € N, be a polynomial. For any fixed z € C,

n k-1

Mz R

k=11=0

is also a polynomial in x, so we can apply the functional L; to it. We shall write
Ly  to indicate that x is the corresponding variable.

Proposition 16.17 Q,(z) = Ly (220=0) for n € Ny and z € C.

Proof Let us denote the polynomial at the right-hand side by r;, (z). From the recur-
rence relation (16.5) we obtain for n € N,
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ay n+1(x) n+1(Z)+ann(x)_Pn(Z)+an_1 n—1(x) — P,—1(2)
X —Z X —Z X —Z
_ xXPy(x) — 2Py (2) :ZPn(x) — Py(2) L PO,
X —Z X —Z

Applying the functional L . to this identity and using the orthogonality relation
0= (Py, 1)y =Ly 1 (P,) forn > 1, we get

anrpy1(2) + burn(2) +ap_17y—1(z) =z2rp(z) formeN.
Since Pi(x) = ao_l(x —bp) and Py =1, we have ro(z) = Lsx(0) =0 and

ri(z) = Ls,x<w> = Ls,x(i> =4a lLs x(1) —a

x—z ap(x — )
This shows that the sequence (r,(z)) satisfies the same recurrence relation and initial
data as (Q,(z)). Thus, r,,(z) = Q,(z) for n € Np. O

In what follows we will often use the function f, and the Stieltjes transform 1,
(see Appendix F) of a finite Borel measure  on R. Recall that they are defined by

f(x) =1 I,L(z)zf Ldu(x), zeC\R. (16.20)
X —Z RX—2Z

Proposition 16.18 Let u € M;. For z € C\R and n € Ny,

(fzs Pu) 2R, M)—Qn(z)+1 (2) Pa(2), (16.21)

M(z)

la: + Lu@p: | —Z|Qn(z)+1 @ P <

n=0

(16.22)

In particular, q; + 1,(z)p; € 12(Ng). Moreover, we have equality in the inequality of
(16.22) if and only if the function f; is in H.

Proof Clearly, the bounded function f;(x) = x]Tz isin L?(R, ). We compute

Pn - Pn Pn
(fz: P) 2R, /L)—/R%Z(Z)dﬂ(x)+/Rx—_(zz)dﬂ(x)

X
P, — P,
=Ly (%Z(Z)) + Pn(Z)I/A(Z) = 0n(2) + I/L(Z)Pn (2)

which proves (16.21). Here the equality before last holds, since u is a representing
measure for s, and the last equality follows from Proposition 16.17.

The equality in (16.22) is merely the definition of the norm in / 2(Np). Since
(C[x1, (-,-)s) is a subspace of L*(R, ), {P, : n € Ng} is an orthonormal subset
of L*(R, u). The inequality in (16.22) is just Bessel’s inequality for the Fourier
coefficients of f, with respect to this orthonormal set, because

1 1 1 Im 1, (z)
1B = [ o i) = fz_z(x_z—x_ )d pn) =T,
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Clearly, equality in Bessel’s inequality holds if and only if f, belongs to the
closed subspace generated by the polynomials P,, that is, f, € H. d

The following polynomials and facts will be used in the next section.

Lemma 16.19 For z, w € C and k € Ny, we have

k
Az w) =G —w) Y 0n(2) Qn(w) = a(Qr11(x) Qi (w) — Ok (2) Qir1 (w)),

n=0

k
Bi(z.w) = =1+ @ —w) Y Pu(x)Qu(w)

n=0
= ar(Piy1(2) Qk(w) — Pe(2) Qi1 (w)),

k
Cr(z,w) =14+ (z—w) Z 0n(2) Py(w) = ar (Qi+1(2) Pr(w) — Ok (2) Pey1(w)),
n=0
k

Di(z, w) :=(z — w) Z Py (2) Py(w) = ag (Pry1 (2) Pr(w) — Pr(2) Pry1(w)).
n=0

Proof All four identities are easily derived from Eq. (16.12). As a sample, we verify
the identity for By (z, w). Recall that the sequences p, = (P, (z)) and qy = (Q, (w))
satisfy the relations
(Tyn =2Pu(2) =2(p)n, (Tqwhn =wQp(w) = w(qw)n
for n € N. Hence, (16.12) applies with m = 0. We have Q¢(w) =0 and
W (2, quw)o = ao(P1(z) Qo(w) — Po(z) Q1(w)) = ao(0 — ao_l) =-1
by (16.10). Using these facts and Eqs. (16.12) and (16.10), we derive

k k
@=w) Y Pi@0n(w) = —w) Y Py(z)Qn(w)

n=0 n=1

= W(p11 qw)k - W(pZ’ CIw)O

= a(Pes1 () Qk(w) = P Q1)) + 1. 5

Lemma 16.20 For any z, w € C, we have
Ar(z, w)D(z, w) — Bi(z, w)Cr(z, w) = 1, (16.23)
Dy (z,0)Br(w, 0) — Bi(z,0) Dy (w, 0) = —Dg(z, w). (16.24)

Proof Inserting the four identities from Lemma 16.19, we compute
Ak(Zs w)Dk(Zv w) - Bk(Z, w)Ck(Zv w)

= a} (Pi1(2) Ok (2) — Pr(2) Qk41(2)) (Prg1 (w) Ok (w) — Q1 (w) Pr(w))
= Bi(z,2) Br(w, w) = (—)(=1) = 1.
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Likewise, we derive

Dy (z,0) By (w, 0) — Bi(z, 0) Dy (w, 0)

= ai (Pes1(2) Pe(w) — Pie(2) Pegt ) (Peg1(0) Qk (0) — Pi(0) Q1 (0))
= Di(z, w) Bi(0,0) = — D (z, w). -

16.3 The Indeterminate Hamburger Moment Problem
Throughout this section we assume that s is an indeterminate moment sequence.

Lemma 16.21 For any z € C, the series Y~ | Py (2)|* and Y oololOn (2)|* con-
verge. The sums are uniformly bounded on compact subsets of the complex plane.

Proof Because the moment problem for s is indeterminate, it has at least two dif-
ferent solutions p and v. The corresponding Stieltjes transforms /,, and I, are holo-
morphic functions on C\R. Since u # v, they do not coincide by Theorem F.2.
Hence, the set Z :={z € C\R: 1,(z) = I,(z)} has no accumulation point in C\R.

Let M be a compact subset of C. We choose b > 0 such that |z] < b forall z € M
and the line segment L :={z € C:Imz = b, |Rez| < b} does not intersect Z. By
the first condition and Corollary 16.16, the suprema of | P, (z)| and | Q, (z)| over M
are less than or equal to the corresponding suprema over L. Hence, it suffices to
prove the uniform boundedness of both sums on the set L.

Suppose that z € L. Applying (16.22), we obtain

1, — L@ Y|P
= Z|(Qn(z) + IM(Z)PH(Z)) - (Qn(z) + IV(Z)Pn(Z))|2

<23 100@ + L@ P +2) 0@ + L@ P @)

<2b7 Y (Im1,(2) +Im 1,(2)) <267 (|1.(D)| + | 1L D) ]).

Since the function |/, (z) — 1,(z)| has a positive infimum on L (because L has a
positive distance from the set Z) and I, (z) and I,(z) are bounded on L, the pre-
ceding inequality implies that the sum ), | P, (z)|? is finite and uniformly bounded
on L.

Using once more (16.22) and proceeding in a similar manner, we derive

S10n@ [ <237100@) + L@ @ +2| L@ Y| Pa@)]

n

<2071, ()| +2|I,l(z)|223|1"n(2)|2
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for z € L. Hence, the boundedness of the sum ), | P, (z) |2 on L implies the bound-
edness of ), |0n(z)|?on L. O

Combining Lemma 16.21, Proposition 16.7, and Lemma 16.14, we therefore ob-
tain the following:

Corollary 16.22 [f's is an indeterminate moment sequence, then for all () numbers
z € C, the sequences p; = (Py(2))neN, and q; = (0, (2)nen, are in D(T™),

T*p,=zp, and T*q;=-eo+zq;. (16.25)

Lemma 16.23 For any sequence ¢ = (c,) € 12(Ny), the equations

f@=) anPu(x) and gR@) =) caQn(2) (16.26)

n=0 n=0

define entire functions f(z) and g(z) on the complex plane.

Proof We carry out the proof for f(z). Since (P,(2)) € 12(Np) by Lemma 16.21
and (cp,) € 12(Np), the series f(z) converges for all z € C. We have

Y aP)| < ( > |cn|2> <Z|Pn(z)| )
n=k+1 n=k+1 n=0
for k € N and z € C. Therefore, since (c,) € lz(No) and the sum Zn |P,,(z)|2 is

bounded on compact sets (by Lemma 16.21), it follows that Zﬁ:o cnPr(2) > f(2)
as k — oo uniformly on compact subsets of C. Hence, f(z) is holomorphic on the
whole complex plane. U

2

k
‘f(z) _ZCnPn(Z)

n=0

From Lemmas 16.21 and 16.23 we conclude that

Az w) = —w) Y 0u(2)Qn(w),

n=0

B(z,w):=—1+ @ —w) Y _ Pi(z)Qu(w),

n=0

Czw)=1+G@—w) ) 0@ Pi(w),

n=0

D@z, w) = —w) Y Pu(x) Pa(w)

n=0

are entire functions in each of the complex variables z and w.

Definition 16.6 The four functions A(z, w), B(z, w), C(z, w), D(z, w) are called
the Nevanlinna functions associated with the indeterminate moment sequence s.
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These four functions are a fundamental tool for the study of the indeterminate
moment problem. It should be emphasized that they depend only on the indetermi-
nate moment sequence s, but not on any representing measure for s.

We shall see by Theorems 16.28 and 16.34 below that the entire functions

A(z) = A(z,0), B(2) := B(z,0), C(z)=C(z,0), D(z) := D(z,0)

will enter in the parameterization of solutions. Often these four entire functions
A(2), B(2), C(z), D(z) are called the Nevanlinna functions associated with s.
Some technical facts on these functions are collected in the next proposition.

Proposition 16.24 Let z, w € C. Then we have:

(i) A(z,w)D(z,w) — B(z, w)C(z,w) =1.
(i) D(z,0)B(w,0) — B(z,0)D(w,0) = —D(z, w).
(iii) A(z, w) = (z — w){qz, qw)s, D(z, w) = (2 — w) (P2, Pw)s,
B(z,w) 4+ 1= (z = w){p;, qm)s, C(z, w) — 1 = (z — w)(qz, Pw)s-
(iv) Im(B(z)D(z)) = Imz]lp, 3.
(v) D(z) #0and D(z)t + B(z) #0 for z e C\R and t e R.
(vi) D(z)¢ + B(z) #0forallz,; € C,Imz > 0 and Im¢ > 0.

Proof (i) and (ii) follow from Lemma 16.20 by passing to the limit X — oo, while
(iii) is easily obtained from the definitions of A, B, C, D and p, qy.
(iv): Using (ii) and the second equality from (iii), we compute
B(x)D() - B@)D(2) = D(z.7) = (z — DIpl;-

(v): Suppose that z € C\R. Then Imzllpzllf # 0, and hence D(z) # 0 by (iv).
Assume to the contrary that D(z)t + B(z) = 0 for some z € C\R and ¢t € R. Then
we have —t = B(z) D(z)~ !, and hence
_ 2 —
0=Im(B(x)D(z)'|D@)|") =Im(B(2)D(2)) = Imz]|p.||?

by (iv), which is a contradiction.
(vi) follows in a similar manner as the last assertion of (v). O

Proposition 16.25 If © € M is a von Neumann solution, then
A w) + I, (w)C(z, w)
B(z,w) + I,(w)D(z, w)

1,(2) = for z, w € C\R. (16.27)

In particular, formula (16.27) determines all values of 1,(z) on C\R, provided
that one fixed value I, (w) is given.

Proof Since i is a von Neumann solution, Hy = L>(R, 11). Hence, {P, : n € N} is
an orthonormal basis of L2(R, 1), so by (16.21) for all z, w € C\R, we have

o0 oo

L= (0@ + L@ Pu@)Pe. o= (Qn(®) + 1,,() Py (W) Py.

n=0 n=0
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Using these formulas, the Parseval identity, and Lemma 16.19, we derive

1 1
1@ = 1) = =) [ ) = = W) fil

=(z—-w) Z(Qn(z) + 1, (2) P (2)) ( @ (@) + 1, () Py () )

n=0
=(z—w) Z(Qn(z) + 1,.(2) Pa(2)) (Qn () + 1, (w) Py (w))
n=0
=A(z,w) + 1,(2) (B, w) + 1) + [, (w)(C(z, w) — 1)
+ 1, (D)1 (w)D(z, w),
from which we obtain (16.27). Il

Next, we construct a boundary triplet for the adjoint operator 7*. For this, it is
crucial to know that the sequences pg and qg are in 12(Np) and so in D(T*).
Note that Py(z) =1, Qo(z) =0, T*po =0, and T*qo = €9 by Corollary 16.22.
Using these relations and the fact that the operator T is symmetric, we compute
(T*(y + coqo + c1p0). B+ cydo + ¢t po)
—{y + coq0 + c1po. T*(B' + cydo + 1 po))
= <T)/ =+ cpeop, /3/ + C(/)Clo + Cipo) — <)/ + coq0 + c1po, T,B/ + C(/)e()>
=(y. cpeo) + (coeo. B” + ¢} po) — {coeo. B') — (v + c1po. cheo)
= yocg + co(B) + €}) — coBy — (vo + c1)cy = coc| — ey (16.28)
for y, B,y’, B/ € D(T) and cy, c1, cy» ¢; € C. From this equality we conclude that
D(T*) =D(T)+C- g9+ C - po. (16.29)

Indeed, since T has deficiency indices (1, 1), we have dim D(T*)/D(T) =2 by
Proposition 3.7. Therefore it suffices to show o and po are linearly independent
modulo D(T). If coqo + c1po € D(T), then

(T*(cogo + c1po). cjg0 + €1 po) = (codo + c1po, T*(cpq0 + ¢1po))

for arbitrary (!) numbers ¢, c¢] € C. By (16.28) this implies that co = c1 = 0,
whence (16.29) follows.
By (16.29) each vector ¢ € D(T*) is of the form ¢ =y + coqo + c1po, where
y € D(T) and ¢, c1 € C are uniquely determined by ¢. Then we define
K=C, To(y + coqo + c1po) = co, I (y + coqo + cipo) = —ci. (16.30)

From Definition 14.2 and formulas (16.28) and (16.30) we immediately obtain the
following:

Proposition 16.26 (K, Iy, I') is a boundary triplet for T*.
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For the description of von Neumann solutions (Theorem 16.28 below), we need

Corollary 16.27 The self-adjoint extensions of the operator T on the Hilbert space
H, = 12(Np) are the operators Ty = T*[D(Ty)), t € RU {oo}, where

D(T()) =D(T) +C- (qo +1po) fort € R, D(Tie)) =D(T)+C-po. (1631)

Proof By Example 14.7 the self-adjoint extensions of T on /2(Np) are the operators
T;, t € RU {oo}, where D(T;) = {¢ € D(T*) : tI'vp = I'ip}. Set T(y) := T_;. Then,
by (16.30), the domain D(7(;)) has the form (16.31). O

For t € R U {00}, we set u;(-) := (E;(-)eo, eg), where E; denotes the spectral
measure of the self-adjoint operator 7).

Theorem 16.28 The measures [1;, where t € R U {00}, are precisely the von Neu-
mann solutions of the moment problem for the indeterminate moment sequence s.
For z € C\R, we have

AR +1C(2)
B(z) +tD(2)’
(16.32)

where for t = 0o, the fraction at the right-hand side has to be set equal to —%.

1
I,(2) = f ——dp (x) = (T — 2D "o, e0) =
RX—Z

The following lemma is used in the proof of Theorem 16.28.

Lemma 16.29 limycgr y—0 1y, (y1) = limyer y—0((T(s) — yi[)_leo,eo) =1 for
teR.

Proof Let t € R. Since N (T(s)) S N (T*) = C - po by Lemma 16.8(i) and po ¢
D(Ty) by (16.31) and (16.29), we have N (T)) = {0}, so the operator Ty is
invertible. From (16.25) we obtain T(;)(qo + tpo) = T*(qo0 + tpo) = ep. Hence,
ey € D(T(:)l) and T(Bleo = qo + tpo. Since g € D(T(;)l), the function (1) = 22
is pu;-integrable (by (5.11)), and hence u,({0}) = 0. Set

hy) =] =y~ =27 forye (=1, 1).

Then hy(A) — 0 ps-ae.onRasy — 0and |hy(A)| < h(2) for y € (—1, 1). Hence
Lebesgue’s dominated convergence theorem (Theorem B.1) applies and yields

CN— — 2 o\ — 112
||(T(,) —yil) Leg — T(t)leOH = / |(A — yi) L 1\ du;(\) -0 asy—0.
R
This proves that limy ., o(7(;) — yil)_leo = T(t_)leo = qo + tpo. Therefore,

lim 7,,, (yi) = lim ((Tq) — yil) ™" e, eo) = (o + tpo, e0) = 1.
y—0 y—0
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Proof of Theorem 16.28 By Corollary 16.27 the operators T(;), t € RU {oo}, are the
self-adjoint extensions of 7 on H;. Hence, the measures j; are the von Neumann
solutions.

The first equality of (16.32) follows at once from the definition of n,. We now
prove the second equality. For this, we essentially use formula (16.27). Note that
D(z) #0 and D(z)t + B(z) # 0 for z € C\R and ¢ € R by Proposition 16.24(v).

First, let t € R. Set w = yi with y € R in (16.27). Letting y — 0, we obtain the
second equality of (16.32) by Lemma 16.29.

Now let ¢ = 0o. We apply (16.27) to p = L. Fixing w, we see that I, (2) is
a quotient of two entire functions and hence meromorphic. Put w = yi with y € R,
y #0,in (16.27) and let y — 0. Since each meromorphic function is a quotient of
two entire functions which have no common zeros, limy_¢ 1, (yi) is either oo or
a number s € C depending on whether or not the denominator function vanishes at
the origin. In the first case the right-hand side of (16.27) becomes —C(z) D(z) " '.

To complete the proof, it suffices to show that the second case is impossible.
Since I, (yi) = I, (—Yyi), the number s is real. As y — 0, the right-hand side of
(16.27) tends to the right-hand side of (16.32) for r = s. Comparing the correspond-
ing left-hand sides yields 1, (z) = I, (z). Hence,

((Tiooy — 2D e0, €0) = Iy (2) = 1, (2) = ((T(s) — 21) " 'ep, e0),  z € C\R.

Since T(o) and Ty are different self-adjoint extensions of 7 on Hy, the latter con-
tradicts Lemma 16.10. (Here we freely used the fact that M, and T are unitarily
equivalent by a unitary which maps 1 onto eg.) g

Corollary 16.30 Lett € RU {oo}. Then 1,,(z) is a meromorphic function, and the
self-adjoint operator Ty has a purely discrete spectrum consisting of eigenvalues of
multiplicity one. The eigenvalues of T(;) are precisely the zeros of the entire function
B(z) +tD(z) for t € R resp. D(z) for t = co. They are distinct for different values
of t e RU {o0}. Each real number is an eigenvalue of some 1(;).

Proof Since A(z), B(z), C(z), D(z) are entire functions, (16.32) implies that 1, (z)

is meromorphic. By Theorem F.5 the support of u; is the set of poles of the mero-

morphic function I, . Therefore, since supp i, = o (T(1)) by (5.25), T(s) has a purely

discrete spectrum. By Corollary 5.19 all eigenvalues of T{;) have multiplicity one.
Recall that by Proposition 16.24(i) we have

A(z)D(z) — B(z)C(z) =1 forzeC. (16.33)
The functions A + ¢tC and B + ¢t D have no common zero z, since otherwise
A(2)D(z) — B(z2)C(2) = (—tC(2)) D(z) — (=t D(2))C(z) = 0.

By (16.33), C and D have no common zero. The eigenvalues of T, are the poles of
1,,,(z). Since numerator and denominator in (16.32) have no common zero as just
shown, the poles of I, (z) are precisely the zeros of the denominator.
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Let z € R. If z were an eigenvalue of T(;,) and T,y with ¢; # >, then we would
have B(z) = D(z) = 0, which contradicts (16.33). If D(z) =0, then z is an eigen-
value of T(xy. If D(z) #0, then ¢ := —B(z)D(z)~! is real (because B and D have
real coefficients and z is real), and z is an eigenvalue of T(;). O

Another important tool of the indeterminate moment theory are the Weyl circles.

Definition 16.7 For z € C\R, the Weyl circle K is the closed circle in the complex
plane with radius p, and center C, given by

1 z7—7Z 1
Pz = — = — —
S lz=7Zlp:l2 1z -2l D(z,2)
C. = (z _z)_l + {4z, pz)s i C(z,2)
2= -

lIp-1I2 T D7)

The two equalities in this definition follow easily from Proposition 16.24(iii).
The proof of the next proposition shows that in the indeterminate case inequal-
ity (16.22) means that the number 7, (z) belongs to the Weyl circle K.

Proposition 16.31 Let 1 € M. Then the number 1,(z) lies in the Weyl circle K,
for each z € C\R. The measure  is a von Neumann solution if and only if 1,,(z)
belongs to the boundary 0K for one (hence for all) z € C\R.

Proof We fix z € C\R and abbreviate ¢ = I,,(z). Then (16.22) says that
é‘ —

7 —

vy |

gz 12+ ¢ {0z, Po)s + S 4z p2)s + 1E PP N2 = llgz + ¢p 2 <

&l

(16.34)

The inequality in (16.34) can be rewritten as

11210203 + ¢ (a2 p2)s + 2 =D + (a2 p2)s + @ =D 7Y) + llg:l15 <0.
The latter inequality is equivalent to
P2 1212 + 10172 (020 peds + G =27
<2072 40z pods + G =D = a2
and hence to
12+ 1P 072 (00 p2)s + =D
<ol ([{0es pds + G =D = lpe 2 a:11?).

This shows that ¢ lies in a circle with center C, given above and radius

Be = 102072y 4020 p2)s + @ = D1 = 22l 2, (16.35)
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provided that the expression under the square root is nonnegative. Using Proposi-
tion 16.24(iii), the relation C(z,z) = —B(z, 7), and Proposition 16.24(i), we get

=DV i—zF  -27

. z-% \/IC(Z,Z)IZ A(z.9)D(z.2)

-z \/—C(Z,Z)B(Z,Z) Az, 7)D(z,7)

"~ D(z,2) Iz —z|2 lz—z)2
_ z7—2 1 _ 1
D(z,2) lz—2  lp:li2lz =2

Thus, p, is equal to the radius p, of the Weyl circle, and we have proved that ¢ € K.

The preceding proof shows that I, (z) = ¢ € K, if and only if we have equality
in the inequality (16.34) and hence in (16.22). The latter is equivalent to the relation
f> € Hs by Proposition 16.18 and so to the fact that i is a von Neumann solution
by Proposition 16.13. This holds for fixed and hence for all z € C\R. O

Let z, w € C. Since
Az, w)D(z,w) — B(z,w)C(z,w) =1

by Proposition 16.24(i), the fractional linear transformation H; ,, defined by

Az, w) +¢C(z, w)
=H, ,():=— 16.
E=H, () Ble.w) 1 (DG w) (16.36)

is a bijection of the extended complex plane C = C U {oo} with inverse given by

A, w) +£B(z,w)
Cl(z,w) +&D(z, w)’

We will use only the transformations H := H; . Some properties of the general

transformations H; ,, can be found in Exercise 13. Set R := R U {oo} and recall that
Ci={zeC:Imz > 0}.

¢ =H_, ()= (16.37)

Lemma 16.32

(i) H. is a bijection of R onto the boundary 3K, = {1, :te R} of the Weyl
circle K, for z € C\ R.
(ii) H; is a bijection of C4 onto the interior I%Z of the Weyl circle K, for z € C,..
(iii) KZ - (C+f07'Z € (C+.

Proof (i): By Theorem 16.28, H. maps R on the set {I,(@):te R}. Since 1,,(2)
is in 9K, by Proposition 16.31, H. maps R into K. But fractional linear transfor-
mations map generalized circles bijectively on generalized circles. Hence, H, maps
R onto 9K.
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(ii): From (i) it follows that H, is a bijection of either the upper half-plane or the
lower half-plane on the interior of K. It therefore suffices to find one point § € K,
for which H1(€) € C.;.. Since 1,,(2), I, (z) € 3K by (i),

&= (Iuy@ + 11, () /2= (—A@BR) ™' = CDR) )2 € K.

Here the second equality follows from Theorem 16.28. Inserting this expression into
(16.37), we easily compute

H ') =B@)D@) ' =|D@)| ’B)DR).

Hence, Hz_l(é ) € C by Proposition 16.24(iv), since z € C.
(iii): Since z € C, we have I, (z) € C4 N K by (i). Hence, K; € C,. O

16.4 Nevanlinna Parameterization of Solutions

First we prove a classical result due to Hamburger and Nevanlinna that characterizes
solutions of the moment problem in terms of their Stieltjes transforms.

Proposition 16.33
(1) If u € My and n € Ny, then

yeR,y—»o0

n
. . Sk
llm yn+1 (I/L(ly) + E (ly)—k‘H> = O, (1638)
k=0

where for fixed n, the convergence is uniform on the set M.

(ii) If Z(z) is a Nevanlinna function such that (16.38) is satisfied (with 1,, replaced
by 1) for all n € Ny, then there exists a measure . € Mg such that Z(z) = I,,(z)
for z e C\R.

Proof (i): First, we rewrite the sum in Eq. (16.38) by

Xn: Sk =2n:(_i)k+1/xkdp,(x)=_i ! /i(—ix)ky”_kd,u(x)
~ (iy)k'H yk-H R yn+l R

k=0

) 1 (_ix)n+l _ yn+l
=1 n+1 7 d“'(x)
y R - =Yy

n+l _ n +1
_ (=ix) dux). (16.39)
yntl x —iy

Therefore, since |x — iy|_1 <|y|~! forx,y €R, y #0, we obtain
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n Sk
+1 :
(Iu(l)’) + Z (1y)—k+1> ‘
( 1x)n+l n+l
‘ / —————dpx)
— 1y
(—1x)’”rl
= / ——dux)
R X—1y
where ¢, := s, if n is odd and ¢, := s, + s,42 if n is even. Since ¢, does not
depend on the measure ., we conclude that (16.38) holds uniformly on the set M.
(ii): Condition (16.38) for n = 0 yields limy , o, yZ(iy) = isg. Therefore, by The-
orem F.4, the Nevanlinna function Z is the Stieltjes transform /,, of a finite positive

Borel measure p on R. Since u(R) < oo, Lebesgue’s dominated convergence theo-
rem implies that

< |y|”/R|x|”+‘ dp(x) <yl e,

S0 = hm —iyZ(iy) = hm —iyl,(iy) = hm /
x —1iy

dpu(x) = / dp(x).

The main part of the proof is to show that u € M, that is, the nth moment of u
exists and is equal to s, for all n € Ny. We proceed by induction on n. For n = 0, this
was just proved. Let n € N and assume that ¢ has the moments s, ..., $2,—2. Then,
by the preceding proof of (i), formula (16.39) is valid with n replaced by 2n — 2. We
use this formula in the case 2n — 2 to derive the second equality below and compute

2n
. Sk
(iy)>*! (Z( e (1y)>
2n—2
=52, +1yson— 1+12n+1 2( n= 12 Gy )k-H +y2n_llll(iy)>

(_lx)Zn 1 _ y2n—l y2n—1
= s5op 4+ iysan_ 1+12”+1y2</ : du(x)+/ —du(x)
R RX—1y

x —1iy

5 x2n71
=son +1yso—1—y / dp(x)
RX —1y

x2" x2n71
| = du) +iy(smr — [ e du(o) ).
» /R<x/y>2+1 Oy (sz ! /R(x/y>2+1 o m)

By assumption (16.38) the expression in the first line converges to zero as y — o0.
Considering the real part and using Lebesgue’s monotone convergence theorem, we
conclude that

s2, = lim

) X
WOO/R (x/y)?+1
The imaginary part, hence the imaginary part divided by y, converges also to zero
as y — 00. Since

du(x):/x2"du(x)<oo. (16.40)
R

|x|2n71

/241
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and 1 + x?" is u-integrable by (16.40), the dominated convergence theorem yields

2n—1
X
sope1 = lim [ ————du@x)= | x* Tdu®x). 16.41
o= lim [ oo = [ . a6an
By (16.40) and (16.41) the induction proof is complete. O

Let 91 denote the set of Nevanlinna functions (see Appendix F). If we identify
t € R with the constant function equal to ¢, then R becomes a subset of 1. Set
N := N U {o0).

The main result in this section is the following theorem of R. Nevanlinna.

Theorem 16.34 Let s be an indeterminate moment sequence. There is a one-to-one
correspondence between functions ¢ € N and measures . € Mg given by

1 A C
a0 = /IR —— Ay = @) +$(2)C1z)

BT 00DG) H.(¢(2)), zeCy. (1642)

Proof Let u € M. If  is a von Neumann solution, then by Theorem 16.28 there
exists a 7 € R such that 1,(z) = H;(t) forall z € C.

Assume that p is not a von Neumann solution and define ¢ (z) := _1(1 (2)).
Letze Cy.ThenI,(2) € K - by Proposition 16.31, and hence ¢ (z) = 1(1 () €
C4+ by Lemma 16. 32(11) Thatis, ¢ (C4) € C.. We show that C(2)+ 1, (z)D(z) #0.
Indeed, otherwise 1,(z) = —C(z)D(z)~ I'= H,(00) € 3K, by Lemma 16.3231),
which contradicts the fact that 7,(z) € I%Z. Thus, ¢(z) is the quotient of two
holomorphic functions on C with nonvanishing denominator function. Therefore,
¢ is holomorphic on C,. This proves that ¢ € 91. By the definition of ¢ we have
H (¢ (2)) = 1,,(z) on C,, that is, (16.42) holds.

Conversely, suppose that ¢ € 0. If ¢ = € R, then by Theorem 16.28 there is a
von Neumann solution p; € M such that 1, (z) = H,(¢).

Suppose now that ¢ is not in R. Let z € C,. and define Z(z) = H.(¢(z)). Then
¢(z) € C4 and hence Z(z) = H,(¢(2)) € I%Z C C4 by Lemma 16.32, (ii) and (iii).
From Proposition 16.24(vi) it follows that B(z) + ¢(z) D(z) # 0. Therefore, 7 is a
holomorphic function on C; with values in C, that is, Z € 91.

To prove that Z = I,, for some u € M, we want to apply Proposition 16.33(ii).
For this, we have to check that condition (16.38) is fulfilled. Indeed, by Proposi-
tion 16.33(i), given & > 0, there exists Y, > 0 such that

(I (1y) + Z (1y)k+l>

and for all u € M. (Here it is crucial that Y, does not depend on p and that (16.43)
is valid for all measures u € M;!) Fixay > Y,. Since Z(iy) = H;y(¢(iy)) is in the
interior of the Weyl circle Kj, by Lemma 16.32(ii), Z(iy) is a convex combination
of two points from the boundary dK;j,. By Lemma 16.32(i), all points of 0Kj, are
of the form 1, (iy) for some t € R. Since (16.43) holds for all 1,,(iy) and Z(iy) is
a convex combination of values I, (iy), (16.43) remains valid if 7, (iy) is replaced

<eg forally>Y, (16.43)
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by Z(iy). This shows that Z(z) fulfills the assumptions of Proposition 16.33(ii), so
that Z = I, for some measure pu € M;.

By Theorem F.2 the positive measure (4 is uniquely determined by the values
of its Stieltjes transform 7, on C,. Therefore, since I, and ¢ € N correspond
to each other uniquely by the relation /,(z) = H;(¢(z)) on C4, (16.42) gives a
one-to-one correspondence between 1 € M, and ¢ € 9. O

Theorem 16.34 contains a complete parameterization of the solution set M in
the indeterminate case in terms of the set 91. Here the subset R U {oo} of N corre-
sponds to the von Neumann solutions, or equivalently, to the self-adjoint extensions
of T on the Hilbert space H, = [?(Ny), while the nonconstant Nevanlinna functions
correspond to self-adjoint extension on a strictly larger Hilbert space.

Fix z € C. Then the values /,,(z) for all von Neumann solutions x € M fill the
boundary 0 K, of the Weyl circle, while the numbers 1, (z) for all other solutions u €
M lie in the interior K .- By taking convex combinations of von Neumann solutions
it follows that each number of K is of the form / 1 (z) for some representing measure
uwe M;.

16.5 Exercises

1. Lets = (sy)nen, be a positive semi-definite real sequence.
a. Suppose that s is not positive definite. Show that s is a determinate moment
sequence and that the representing measure is supported by a finite set.
b. Show that 5o = 0 implies that s, =0 for all n € N.
c. Suppose that sg > 0. Show that § := (i-_g)neNo is a moment sequence.
2. Let s be a moment sequence that has a representing measure supported by a
compact set. Prove that s is determinate.
3. Let s be a positive definite real sequence.
a. Show that s has a representing measure supported by a compact set if and
1

only if liminf,_, s227’1’ < 00.
b. Let so = 1. Show that s has a representing measure supported by the interval
[—1, 1] if and only if liminf,_, o 52, < 00.

4. Let s = (s4)nen, be a positive definite real sequence. If K C R is a closed set,
we say that s is a K-moment sequence if there exists a measure y € M such
that supp .« C K. For k € N, we define a sequence EXs by (EXs), := s,1.

a. (Stieltjes moment problem)
Show that s is a [0, +00)-moment sequence if and only if Es is positive
definite.
Hint: Show that the symmetric operator M, is positive if E's is positive def-
inite and consider a positive self-adjoint extension of M.

b. (Hausdorff moment problem)
Show that s is a [0, 1]-moment sequence if and only if Es — EZs is positive
definite.
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c. Leta,b eR, a <b. Show that s is an [a, b]-moment sequence if and only if
the sequence bEs + aEs — E%s — abs is positive definite.

d. Show that the preceding assertions remain if “positive definite” is replaced
by “positive semi-definite.”

. Let s be a positive definite real sequence. Prove that the following statements

are equivalent:
(i) The moment problem for s is determinate.
(i1) There exists a number z € C\R such that p, ¢ 12(Np) and q; ¢ 12(Np).
(iii) There is a representing measure u for s such that C[x] is dense in
L2(R, v), where dv(x) = (x2 + 1) dpu(x).

. Prove the “Pliicker identity” for the Wronskian defined by (16.10):

Wia, B)nW(y,8)n — Wi, Y)nW(B,8)n + W(a,0),W(B,y)n =0, neNo,

where «, 8, v, § are arbitrary complex sequences.
Note: Compare this with the Pliicker identity occurring in Example 15.4.

. Prove that each moment sequence s satisfying the Carleman condition

o0

—1/2n _
DS =409
n=0

is determinate.
Hint: Show that 1 is a quasi-analytic vector for My = T. Apply Theorem 7.18,
with A = M, and Q = C[M,], and Theorem 16.11.

. Let 11 be a positive Borel measure on R such that [ e d uw(x) < oo for some

& > 0. Show that u € M(R) and that y is determinate.
Hint: Prove that 1 is an analytic vector for M.

. Let z1, 22, 23, 74 € C. Prove the following identities:

A(z1,22)D(z3, 24) — B(z3,22)C(z1, 24) + B(z3,21)C(22,24) =0,
A(z1,22)C (23, 24) + A(23,21)C (22, 74) + A(22, 23)C (21, 24) =0,
D(z1,22)B(z3, 24) + D(z3, 21) B(22, 24) + D(22, 23) B(z1, 24) = 0.

Hint: Verify the corresponding identities for Ay, B, Ck, Dy. Use Lemma 16.19.
Let (IC, I, I'1) be the boundary triplet from Proposition 16.26.
a. Show that I'yp, = D(z) and I'ip, = B(z) for z € C.
Hint: Verify that p, + B(z)po — D(2)qo € D(T) for any z € C.
b. Show that ¥ (z)1 = D(z)"'p, and M (z) = B(z) D(z) ™' for z € C\R.
c. What does the Krein—Naimark resolvent formula say in this case?
Prove the assertion of Corollary 16.27 without using boundary triplets.
Hint: Verify (16.29). Use the Cayley transform or symmetric subspaces of
D(T™).
Let T(sy, t € RU {oo}, be the self-adjoint operator from Corollary 16.27, and
let A be an eigenvalue of T(;). Prove that p, is an eigenvector for A and

(A = lpall =2
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13. Prove that the fractional linear transformation H; ., defined by (16.36) maps
a. 0Ky, onto 0K, if Imz # 0 and Imw # 0,
b. 9K, onto R if Imz =0 and Imw % 0,
c. Ronto 9K, if Imz # 0 and Imw =0,
d. Ronto Rif Imz=Imw =0.

16.6 Notes to Part VI

Chapter 13:

The self-adjoint extension theory based on the Cayley transform is essentially
due to von Neumann [vN1]. The theory of positive self-adjoint extensions using
the Krein transform was developed by Krein [Kr3]. For strictly positive symmetric
operators, the existence of a smallest positive extension was already shown by von
Neumann [vN1]. The Ando—Nishio theorem was proved in [AN]. The factorization
construction of the Krein—von Neumann extension and the Friedrichs extension was
found by Prokaj, Sebestyen, and Stochel [SeS, PS].

There is an extensive literature on self-adjoint extension theory and on positive
self-adjoint extensions of symmetric operators and relations; see, for instance, [Br,
Cd2, CdS, DdS, AN, AHS, AS, AT, HMS].

Chapter 14:

Linear relations as multivalued linear operators have been first studied by Arens
[As]; see, e.g., [Cd2] and [HS].

The notion of an abstract boundary triplet was introduced by Kochubei [Ko] and
Bruk [BK] (see, e.g., [GG]), but the idea can be traced back to Calkin [Ck]. Gamma
fields and Weyl functions associated with boundary triplets have been invented and
investigated by Derkach and Malamud [DM]. The celebrated Krein—Naimark re-
solvent formula was obtained by Naimark [Nal] and Krein [Krl, Kr2] for finite
deficiency indices and by Saakyan [Sa] for infinite deficiency indices. The Krein—
Birman—Vishik theory has its origin in the work of the three authors [Kr3, Bi, Vi].
Theorem 14.25 goes back to Krein [Kr3]. Theorem 14.24 is essentially due to Bir-
man [Bi], while Theorem 14.22 was obtained by Malamud [Ma].

Boundary triplets and their applications have been studied in many papers such
as [DM, Ma, MN, BMN, Po, BGW, BGP].

Chapter 15:

The limit point-limit circle theory of Sturm-Liouville operators is due Weyl
[W2]. It was developed many years before the self-adjoint extension theory ap-
peared. A complete spectral theory of Sturm—Liouville operators was obtained by
Titchmarsh [Tt] and Kodaira [Kd1, Kd2]. This theory can be found in [DS, JR],
and [Na2]. An interesting collection of surveys on the Sturm-Liouville theory and
its historical development is the volume [AHP], see especially the article [BE]
therein.
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Chapter 16:

The moment problem was first formulated and solved by T. Stieltjes in his mem-
oir [Stj] in the case where the measure is supported by the half-axis [0, co). The
moment problem on the whole real line was first studied by Hamburger [Hm], who
obtained the existence assertion of Theorem 16.1. Nevanlinna’s Theorem 16.34 was
proved in [Nv]; another approach can be found in [BC].

The standard monograph on the one-dimensional moment problem is Akhiezer’s
book [Ac]; other treatment are given in [Be, Sm4], and [GrW].



Appendix A
Bounded Operators and Classes of Compact
Operators on Hilbert Spaces

Most of the results on bounded or compact operators we use can be found in standard
texts on bounded Hilbert space operators such as [RS1, AG, GK, We].

Let H, H1, H2 be complex Hilbert spaces with scalar products and norms de-
noted by (-,-), (-,-)1, {-,-)2 and [ - [, | - [[1, || - ll2, respectively.

A linear operator T : H1 — H; is called bounded if there is a constant C > 0
such that ||Tx|[2 < C|x||; for all x € D(T); the norm of T is then defined by

IT 1 = sup{lITxll2: lx[l1 < 1, x € D(T)}.

Let B(H, H>) denote the set of bounded linear operators T : H; — H, such that
D(T) =H;. Then (B(H1, H>), | - |I) is a Banach space. For each T € B(H1, Ha2),
there exists a unique adjoint operator T* € B(H3, H1) such that

(Tx,y)r = <x, T*y)1 forallx e Hy, y € Hs.

The set B(H) := B(H, H) is a x-algebra with composition of operators as product,
adjoint operation as involution, and the identity operator I = I3 on H as unit.

An operator T € B(H) is said to be normal if T*T = TT*.

An operator T € B(H, H>) is called an isometry if T*T = Iy, and unitary if
T*T =1I, and TT* = Iy,. Clearly, T € B(H1, H>) is an isometry if and only if
(Tx,Ty), = (x,y) forall x, y € H;. Further, T € B(H, H,) is called a finite-rank
operator if dimR(T) < co. If T € B(H1, H>) is a finite-rank operator, so is T*.

A sequence (7;),eN from B(H) is said to converge strongly to T € B(H) if
lim,,_, 5o Ty,x = Tx for all x € H; in this case we write T = s-lim,,_, oo Tj,.

A sequence (x,),en of vectors x,, € H converges weakly to a vector x € H if
limy,— o0 (X, ¥) = {x, y) for all y € H; then we write x = w-limy,—, oo X5.

Now we collect some facts on projections. Let K be a closed linear subspace
of H. The operator Pxc € B(#H) defined by Px(x + y) = x, where x € K and
y € K+, is called the (orthogonal) projection of H on K. An operator P € B(H)
is a projection if and only if P = P? and P = P*; in this case, P projects on PH.

Let P; and P, be projections of H onto subspaces K; and K, respectively.
The sum Q := P; + P is a projection if and only if P; P, = 0, or equivalently,
K1 L Ky; then Q projects on Ky & /C. The product P := P P, is a projection if

K. Schmiidgen, Unbounded Self-adjoint Operators on Hilbert Space, 393
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and only if P; P, = P, Py; in this case, P projects on K N ;. Further, P| < P, or
equivalently Ky € Ky, holds if and only if P; P, = P, or equivalently P, P = Py;
if this is fulfilled, then P, — P is the projection on K & K.

Let P,,n € N, be pairwise orthogonal projections (that is, Py P, = 0 for k # n)
on H. Then the infinite sum Y °2, P, converges strongly to a projection P, and P
projects on the closed subspace e PyH of H.

If T € B(H) and P is a projection of # on K, then the operator PT [K is in
B(K); it is called the compression of T to K.

In the remaining part of this appendix we are dealing with compact operators.

Definition A.1 A linear operator T : H — H with domain D(T) = H is called
compact if the image T (M) of each bounded subset M is relatively compact in H,
or equivalently, if for each bounded sequence (x,),enN, the sequence (T x;),eN has
a convergent subsequence in H.

The compact operators on ‘H are denoted by Boo (). Each compact operator is
bounded. Various characterizations of compact operators are given in the following:

Proposition A.1 For any T € B(H), the following statements are equivalent:

(i) T is compact.
(i) |T|:= (T*T)Y? is compact.
(iii) T*T is compact.
(iv) T maps each weakly convergent sequence (x,)ncN Into a convergent sequence
in H, that is, if (x,,y) — {(x,y) forall y € H, then Tx, — Tx in H.
(v) There exists a sequence (T,)neN Of finite-rank operators T, € B(H) such that
limy 0 | T = T || = 0.

Proof [RS1, Theorems VI.11 and VI.13] or [We, Theorems 6.3, 6.4, 6.5]. Il

Proposition A.2 Let T, T,, S1, S2 € B(H) forn e N. If lim,,_, o ||T — T;,|| =0 and
each operator T, is compact, so is T. If T is compact, so are S| T S and T*.

Proof [RS1, Theorem VI.12] or [We, Theorem 6.4]. O

Basic results about the spectrum of compact operators are collected in the fol-
lowing two theorems.

Theorem A.3 Let T € Boo(H). The spectrum o(T) is an at most countable
set which has no nonzero accumulation point. If ‘H is infinite-dimensional, then
0€o(T). If A is a nonzero number of o (T), then X is an eigenvalue of T of finite
multiplicity, and X is an eigenvalue of T* which has the same multiplicity as A.

Proof [RS1, Theorem VI.15] or [We, Theorems 6.7, 6.8] or [AG, Nr. 57]. O

From now on we assume that H is an infinite-dimensional separable Hilbert
space.
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Theorem A.4 Suppose that T € Boo(H) is normal. Then there exist a complex
sequence (Ap)neN and an orthonormal basis {e,, - n € N} of H such that

lim A, =0 and Te,=Aye,, T*e, = Ane, forneN.

n— oo

Proof [AG, Nr. 62] or [We, Theorem 7.1], see, e.g., [RS1, Theorem VI.16]. O

Conversely, let {e, : n € N} be an orthonormal basis of H, and (A,), <N a bounded
complex sequence. Then the normal operator T € B(H) defined by Te, = Anen,
n € N, is compact if and only if lim,,_, o A, = 0.

Next we turn to Hilbert—Schmidt operators.

Definition A.2 An operator T € B(H) is called a Hilbert—Schmidt operator if there
exists an orthonormal basis {e, : n € N} of H such that

0o 1/2
IT 2 = (ZnTennz) < 0. (A.1)
n=1

The set of Hilbert—Schmidt operators on H is denoted by B (7). The number
T2 in (A.1) does not depend on the particular orthonormal basis, and B () is
a Banach space equipped with the norm || - ||2. Each Hilbert—Schmidt operator is
compact.

An immediate consequence of Theorem A.4 and the preceding definition is the
following:

Corollary A.5 If T € Bo(H) is normal, then the sequence (Ay),eN Of eigenvalues
of T counted with multiplicities belongs to [*(N).

Theorem A.6 Let M be an open subset of RY, and K € L>(M x M). Then the
integral operator Tk defined by

(Tx f)(x) = /MK(x,wf(y)dy, feLl*M),

is a Hilbert—Schmidt operator on H = L2(M), and 1Tk |l2 = ||K||L2(MxM). In par-
ticular, Tk is a compact operator on L*(M).

Proof [RS1, Theorem VI1.23] or [AG, Nr. 32] or [We, Theorem 6.11]. Il

Finally, we review some basics on trace class operators.

Let T € Boo(H). Then |T| = (T*T) /2 is a positive self-adjoint compact opera-
tor on H. Let (s, (T)),en denote the sequence of eigenvalues of | 7| counted with
multiplicities and arranged in decreasing order. The numbers s, (7") are called sin-
gular numbers of the operator T'. Note that s1(7) = ||T|.
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Definition A.3 An operator 7' € By, (#) is said to be of trace class if

1Tl =) su(T) < oo,

n=1

The set B1 () of all trace class operators on H is a Banach space equipped with
the trace norm || - ||1. Trace class operators are Hilbert—Schmidt operators.
If T eBi(H) and S;, S, € B(H), then T* e Bi(H), $1T S, € B (H), and

ITI<ITlh=|T*|, and ISiTS2llt < ITIlStIS2II. (A.2)

Proposition A.7 The set of finite-rank operators of B(H) is a dense subset of the
Banach space (B1(H), | - ).

Proof [RS1, Corollary, p. 209]. O

Theorem A.8 (Trace of trace class operators) Let T € Bi(H). If {x, :n € N}isan
orthonormal basis of H, then

[e.¢]

TeT =) (Txn, Xn) (A.3)

n=1

is finite and independent of the orthonormal basis. It is called the trace of T .
Proof [RS1, Theorem VI1.24] or [GK, Chap. III, Theorem 8.1] or [AG, Nr. 66]. [
Combining Theorems A.4 and A.8, we easily obtain the following:

Corollary A.9 For T = T* € B{(H), there are a real sequence (ap)nen € 1 (N)
and an orthonormal basis {x, : n € N} of H such that

o o o
T=Y . x)%,  ITh=)_leal,  TIT=) an (A4
n=1 n=1

n=1

(A.4) implies that T — Tr T is a continuous linear functional on (By (), || - |[1)-

Theorem A.10 (Lidskii’s theorem) Let T € B1(H). Let A,(T), n € N, denote the
eigenvalues of T counted with multiplicities; if T has only finitely many eigenvalues
M@)o, (T), set 1y(T) =0 for n > k; if T has no eigenvalue, put A,(T) =0
foralln € N. Then

o0

D P <ITIh and  TrT =Y 2, (T). (A.5)

n=1 n=1

Proof [Ld] or [RS4, Corollary, p. 328] or [GK, Chap. III, Theorem 8.4]. O



Appendix B
Measure Theory

The material collected in this appendix can be found in advanced standard texts on
measure theory such as [Ru2] or [Cn].

Let £2 be a nonempty set, and let 2 be a o-algebra on 2. A positive measure
(briefly, a measure on (£2,2l)) is a mapping u : A — [0, 400] which is o-additive,
that is,

u( U Mn> =D (M) (B.1)
n=1 n=1

for any sequence (M,,),en of disjoints sets M, € 2. A positive measure u is said to
be finite if u(£2) < oo and o -finite if §2 is a countable union of sets M,, € 2 with
w(M,) < co. A measure space is a triple (2,2, ) of a set §2, a o-algebra 2 on
£2, and a positive measure p on 2(. A property is said to hold p-a.e. on £2 if it holds
except for a p-null set. A function f on £2 with values in (—oo, +00] is called 2-
measurable if for all a € R, the set {t € £2: f(¢) <a} is in A. A function f with
values in C U {+o0} is said to be u-integrable if the integral f_Q fdu exists and is
finite.

A complex measure on (£2,21) is a o-additive map u : 2l — C. Note that complex
measures have only finite values, while positive measures may take the value +oco.

Let u be a complex measure. Then p can written as = w1 — o +1i(u3 — p4)
where (11, 12, 13, ia are finite positive measures. We say that u is supported by a
set K e Aif u(M)=u(M N K) forall M € 2. Given M € U, let

k
|Wl(M) = sup ) " iu(My,), (B.2)

n=1

where the supremum is taken over all finite partitions M = U',‘l:1 M, of disjoint sets
M, € 2. Then |u| is a positive measure on (£2,2() called the total variation of .
There are three basic limit theorems. Let (£2, 2(, 1) be a measure space.
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Theorem B.1 (Lebesgue’s dominated convergence theorem) Let f,, n € N, and
f be A-measurable complex functions on $2, and let g : 2 — [0, 4+00] be a u-
integrable function. Suppose that

nlirgofn(t)zf(t) and |fy()] <g(t), neN, p-aeonf. (B3)

Then the functions [ and f, are u-integrable,
lim/ |fo— fldnu=0, and lim/fnduszd,u.
n—>oo 0 n—o0 k9] Q
Proof [Ru2, Theorem 1.34]. O

Theorem B.2 (Lebesgue’s monotone convergence theorem) Let f,, n € N, and f
be [0, +o0]-valued A-measurable functions on §2 such that

im fu(0)=f(@®) and  fu(t) = fat1(1), neN, p-aeons. (B4

Then

lim fndu / fdu.
2

n—o00
Proof [Ru2, Theorem 1.26]. Il

Theorem B.3 (Fatou’s lemma) If f,, n € N, are [0, 400]-valued A-measurable
functions on S2, then

/ (hmmf fu) dp < limint / fym
2

n—00

Proof [Ru2, Lemma 1.28]. O

Let p,g,re(l,00)and p~' +¢ ' =r"V . If f e LP(2,n) and g € L9(£2, p),
then fg € L"(£2, u), and the Holder inequality holds:

I fellrcz.w < fllLr@.wlgliLa, - (B.5)

Let ¢ be a mapping of §2 onto another set £29. Then the family 2(y of all subsets
M of £2¢ such that 9~ (M) € 2 is a o-algebra on 2y and po(M) := (e~ 1 (M))
defines an measure on 2ly. Thus, (£2¢, 2o, (o) is also a measure space.

Proposition B.4 (Transformations of measures) If f is a po-a.e. finite Ap-
measurable function on §2q, then f o ¢ is a j-a.e. finite A-measurable function
on §2, and

f(s)duo(s) = fg Fle®)du@), (B.6)

20

where if either integral exists, so does the other.
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Proof [Ha, §39, Theorem C]. Il

Let (£2,%2(, u) and (@, *B, v) be o-finite measure spaces. Let 2 x B denote the
o-algebra on 2 x @ generated by the sets M x N, where M € 2 and N € B. Then
there exists a unique measure u X v, called the product of ; and v, on 2 x B such
that (u x V)(M x N) = u(M)v(N) forall M € A and N € *B.

Theorem B.5 (Fubini’s theorem) Let f be an 2 x B-measurable complex function
on 2 x ®@. Then

/</|f(x,y)|dV(y)>du(X)=/</ |f(x,y)|dM(X)>dV(y)- (B.7)
2 (] ] 2

If the double integral in (B.7) is finite, then we have

f(/ f(x,y)dv(y)>du<x>=/ </ f(x,y)du(x))dv(y)
2 ] 2 D

:/ £ 06 ) (Exv)(x, ¥).
2xd

Proof [Ru2, Theorem 8.8]. O

Thus, if f is [0, +oc]-valued, one can always interchange the order of integra-
tions. If f is a complex function, it suffices to check that the integral in (B.7) is
finite.

Let i and v be complex or positive measures on 2. We say that © and v are
mutually singular and write ;L v if u and v are supported by disjoint sets.

Suppose that v is positive. We say that p is absolutely continuous with respect to
v and write u < v if v(N) =0 for N € 2 implies that u(N) =0.

For any f € L'(£2,v), there is a complex measure x defined by

;/,(M):/ fdv, Me.
M
Obviously, u <« v. We then write du = f dv.

Theorem B.6 (Lebesgue—Radon—Nikodym theorem) Let v be a o -finite positive
measure, and L a complex measure on (£2,%21).

(1) There is a unique pair of complex measures (i, and s such that

M=fa+ s, ps Ly, pg Lv. (B.3)
(ii) There exists a unique function f € L' (2, v) such that djg = f dv.

Proof [Ru2, Theorem 6.10]. O

Assertion (ii) is the Radon—Nikodym theorem. It says that each complex mea-
sure p which is absolutely continuous w.r.t. v is of the form du = fdv with
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f € L'(£2, v) uniquely determined by v and j. The function f is called the Radon—
Nikodym derivative of v w.r.t. u and denoted by j—;.

Assertion (i) is the Lebesgue decomposition theorem. We refer to the relation
dpu = fdv +dpu as the Lebesgue decomposition of p relative to v.

Let u be a o-finite positive measure. Then there is also a decomposition (B.8)
into a unique pair of positive measures (1, and (g, and there exists a [0, +o0o]-valued
2A-measurable function f, uniquely determined v-a.e., such that du, = f dv.

Next we turn to Borel measures. Let §2 be a locally compact Hausdorff space that
has a countable basis. The Borel algebra B(§2) is the o-algebra on 2 generated
by the open subsets of §2. A 23(£2)-measurable function on £2 is called a Borel
function. A regular Borel measure is a measure p on *5(£2) such that for all M in
B($2),

w(M) =sup{u(K): K €M, K compact} =inf{u(U): M C U, U open}.

The support of u is the smallest closed subset M of £2 such that u(£2\M) = 0; itis
denoted by supp u. A regular complex Borel measure is a complex measure of the
form pu = w1 — w2 +1i1(u3 — na), where iy, o, U3, a are finite regular positive
Borel measures.

Theorem B.7 (Riesz representation theorem) Let C(82) be the Banach space of
continuous functions on a compact Hausdorff space §2 equipped with the supre-
mum norm. For each continuous linear functional F on C(§2), there exists a unique
regular complex Borel measure (1 on §2 such that

Fip= [ fdn fec@.
Moreover, | F|| = |1|(£2).

Proof [Ru2, Theorem 6.19]. O

The Lebesgue measure on R? is denoted by m. We write simply dx instead of
dm(x) and a.e. when we mean m-a.e. If §2 is an open or closed subset of R4, then
L7 (£2) always denotes the space L” (§2, m) with respect to the Lebesgue measure.

In the case where v is the Lebesgue measure on £2 = R we specify our termi-
nology concerning Theorem B.6(1). In this case we write fac for p, and figing for
ws and call w,e and pging the absolutely continuous part and singular part of u,
respectively.

Let u be a positive regular Borel measure on R. A point ¢ € R is called an atom of
wif u({t}) #0. The set P of atoms of u is countable, since w is finite for compact
sets. There is a measure up on B(R) defined by up(M) = u(M N P). Then p,
is a pure point measure, that is, (M) =), 4 n({t}) for M € B(R). Clearly,
Msc := [Lsign — Mp 18 a positive measure. Further, psc and m are mutually singular,
and [t 1S @ continuous measure, that is, (s has no atoms. Such a measure is called
singularly continuous. We restate these considerations.
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Proposition B.8 For any regular positive Borel measure . on R, there is a unique
decomposition |1 = [ip + [Lsc + [Lac INt0 a pure point part jip, a singularly con-
tinuous part s, and an absolutely continuous part (ac. These parts are mutually
singular.

Let u be a complex Borel measure on R. The symmetric derivative D of u with
respect to the Lebesgue measure is defined by

(Dp)(t) = 11120(28)—1/4[: —et+el), teR (B.9)

The following theorem relates singular and absolutely continuous parts of a mea-
sure and its symmetric derivative. The description of the singular part in (ii) is the
classical de la Vallée Poussin theorem.

Theorem B.9 Suppose that p is a complex regular Borel measure on R. Let
du = fdm + dusign be its Lebesgue decomposition with respect to the Lebesgue
measure.

(1) (Du)(t) existsa.e.onR,and Dy = f a.e.on R, thatis, dpuac(t) = (Dp)(t) dt.

(ii) Suppose that the measure i is positive. Then its singular part fisign is supported
by the set S(u) = {t e R: (Du)(t) = +o0}, and its absolutely continuous part
Wac is supported by L(n) ={t e R:0 < (Du)(t) < oo}.

Proof (i): [Ru2, Theorem 7.8].

(ii): The result about ftgign is proved in [Ru2, Theorem 7.15].

The assertion concerning (4, is derived from (i). Set My := {¢ : (Du)(¢) = 0} and
My :={t : (Du)(t) = +oo}. Because u is a positive measure, (Du)(t) > 0 a.e. on
R. Since d s = (D) dt by (i) and Dy = f € L' (R), we have ,c(Mo) = 0 and
m(Mxo) =0, 50 ac(Moso) = 0. Hence, pyc is supported by L(w). O

Finally, we discuss the relations between complex regular Borel measures and
functions of bounded variation. Let f be a function on R. The variation of f is

Vi=sup ) | f(w) = ft-1)

k=1

’

the supremum being taken over all collections of numbers 7y < --- <, and n € N.
We say that f is of bounded variation if Vy < co. Clearly, each bounded nonde-
creasing real function is of bounded variation. Let NBV denote the set of all right-
continuous functions f of bounded variation satisfying lim;_, o, f(¢¥) =0.

Theorem B.10 (i) There is a one-to-one correspondence between complex regular
Borel measures u on R and functions f in NBV. It is given by

fu@®) =p((=o0,1]), teR. (B.10)

(ii) Each function f € NBV is differentiable a.e. on R, and f' € L'(R). Further, if
f = fu is given by (B.10), then f'(t) = (Dp)(t) a.e. on R.
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Proof (i): [Cn, Proposition 4.4.3] or [Rul, Theorem 8.14].
(>i1): [Rul, Theorem 8.18]. O

Obviously, if u is a positive measure, then the function f}, is nondecreasing.
By a slight abuse of notation one usually writes simply w(¢) for the function
fu(t) defined by (B.10).



Appendix C
The Fourier Transform

In this appendix we collect basic definitions and results on the Fourier transform.
Proofs and more details can be found, e.g., in [RS2, Chap. IX], [GW], and [VI].

Definition C.1 The Schwartz space S(R?) is the set of all functions ¢ € C®(R?)
satisfying

Pa.p(@) :=sup{|(x*DPp)(x)| :x e R?} <00 foralla, p € NJ.

Equipped with the countable family of seminorms {py g : o, B € Ng}, SR isa
locally convex Fréchet space. Its dual S’ (R¥) is the vector space of continuous linear
functionals on S(R?). The elements of S’(R?) are called tempered distributions.

Each function f € L?(R?), p € [1, oo], gives rise to an element Fy € S’ (R%)
by defining Fr(¢) = [ fedx, ¢ € S(R?). We shall consider L?(R¢) as a linear
subspace of S'(R) by identifying f with F.

For f € L'(RY), we define two functions f, f e L>®(R?) by

fay=@n [ e ey, .
f)=@m™" fR o dx, (C2)
where x-y := x1y; + - - - 4+ x4y4 denotes the scalar product of x, y € R¥.
Lemma C.1 (Riemann—Lebesgue lemma) If f € LY(RY), then limyjx |- 00 f(x) =0.
Proof [RS2, Theorem IX.7] or [GW, Theorem 17.1.3]. Il

Theorem C.2 The map F: [ — F(f) = f is a continuous bijection of S(R%)
onto S(RY) with inverse F1(f) = f, f e SRY). For f € S(RY) and o € N¢,

D®f =F x*Ff. (C.3)
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404 C The Fourier Transform
Proof [RS2, Formula (IX.1) and Theorem IX.1] or [GW, Theorem 19.3.1]. O

For F € 8'(RY), define F(F)(p) := F(§) = F(F(¢)), ¢ € S(RY). By The-
orem C.2, we have F(F) € S'(R?). The tempered distribution F(F) is called
the Fourier transform of F. An immediate consequence (see, e.g., [RS2, Theo-
rem IX.2]) of Theorem C.2 is the following:

Corollary C.3 F is a bijection of S'(R?) onto S'(R?). The inverse of F is given
by F-H(F)(¢) = F(§) = F(F~'(9), 9 € SRY).

Since LP?(R?) is contained in S’(R?), we know from Corollary C.3 that F(f)

and F~1(f) are well-defined elements of S’(R?) for any f € LP(RY), p e[l,00].
The following two fundamental theorems describe some of these elements.

Theorem C.4 (Plancherel theorem) JF is a unitary linear map of L2(RY) onto
L*(RY). For f e L2(RY), the corresponding functions F(f) and F_l(f) of
L2(R?) are given by

fe)=F(NHe) = lim @m)~? /| g oy, (C4)
o yli=

fo)=F (N = Jim @m)~? / M fodx.(CS)

Ix<R

Proof [RS2, Theorem IX.6] or [GW, Theorem 22.1.4]. [l

Theorem C.5 (Hausdorff-Young theorem) Suppose that ¢~' + p~! =1 and
| < p < 2. Then the Fourier transform F maps LP? (R?) continuously into L1 (R%).

Proof [RS2, Theorem IX.8] or [T], Theorem 1.18.8] or [LL, Theorem 5.7]. Il
Definition C.2 Let f, g € L>(R?). The convolution of f and g is defined by

(P = [ fe=gtdy, rer.

Note that the function y — f(x — y)g(y) isin LY(RY), because f, g€ L2(RY).
Theorem C.6 F~'(F(f)-F(g)) = Qn)~"92f % g for f,g € L>(R?).

Proof [GW, Proposition 33.3.1] or [LL, Theorem 5.8]; see also [RS2, Theo-
rem IX.3]. 0



Appendix D
Distributions and Sobolev Spaces

Let £2 be an open subset of R?. In this appendix we collect basic notions and results
about distributions on £2 and the Sobolev spaces H" (£2) and Hy (£2).
Distributions are treated in [GW, Gr, LL, RS2], and [VI]. Sobolev spaces are
developed in many books such as [At, Br, EE, Gr, LL, LM], and [T1].
We denote by D(§2) = C;°(£2) the set of all f € C*°(§2) for which its support

supp f :={x e R?: f(x) # 0}

is a compact subset of §2. Further, recall the notations 9% := (%)"‘1 ~--(%)“fi,

9
axy’

o = and |a| =aj + - +oag fora=(ay,...,a9) eNd k=1,....d.
Definition D.1 A linear functional F on D(§2) is called a distribution on 2 if for
every compact subset K of 2, there exist numbers ng € Ny and Cx > 0 such that

|[F(p)|<Cx  sup |3%(x)| forallg e D(£2), suppy C K.

xekK, |al<ng

The vector space of distributions on £2 is denoted by D'(£2).

Let Llloc (£2) denote the vector space of measurable functions f on §2 such that
f x |f1dx < oo for each compactset K  £2. Each f € LllOC (£2) yields a distribution
Fr € D'(R2) defined by Fr(p) = [ f¢ dx, ¢ € D(£2). By some abuse of notation,
we identify the function f € Llloc(.Q) with the distribution Fy € D'(£2).

Suppose that F € D' (2). If a € C*®(£2), then aF(-) := F(a-) defines a distribu-
tion aF € D'(£2). For o € N¢, there is a distribution 8% F defined by

I*F(p) = (-DF(3%), ¢eD®).

Letu e Llloc(.Q). A function v € Llloc(.Q) is called the ath weak derivative of u if

the distributional derivative 9%u € D’'(§2) is given by the function v, that is, if
(=1l / ud® (@) dx = f vodx forall g € D(£2).
2 2
In this case, v is uniquely determined a.e. on £2 by u and denoted also by 9%u.
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406 D Distributions and Sobolev Spaces

If u € C"(82), integration by parts implies that the «th weak derivative 0% u exists
when || < n and is given by the “usual” derivative 0%u(x) on 2.
Next, we introduce the Sobolev spaces H" (£2) and Hy (§2), n € No.

Definition D.2 H"(£2) is the vector space of functions f € L?(£2) for which the
weak derivative 9% f exists and belongs to LZ(.Q) forall o € Nél , |a| <n, endowed
with the scalar product

(f. & ume) == Y_(0°f, 378) .22y

lee|<n

and H (£2) is the closure of C;°(£2) in (H"(£2), || - [lun(2))-

Then H"($2) and H (£2) are Hilbert spaces.
The two compact embedding Theorems D.1 and D.4 are due to F. Rellich.

Theorem D.1 If 2 is bounded, the embedding H(} (£2)— L*(82) is compact.
Proof [At, A 6.1] or [EE, Theorem 3.6]. O

Theorem D.2 (Poincaré inequality) If 2 is bounded, there is a constant co > 0
such that

d
cQ||u||iz(_Q)52/ |8ku|2de||Vu||%2(m forallu e H}(£2). (D.1)
k=1 2

Proof [At, 4.7] or [Br, Corollary 9.19]. O

The Poincaré inequality implies that ||V - || ;2 defines an equivalent norm on
. 1 .
the Hilbert space (H,, (£2), || ||H0| (_Q)).

For £2 =R9, the Sobolev spaces can be described by the Fourier transform.

Theorem D.3 H"(RY) = HJ(RY) = {f € L>RY) : |x|I"?f(x) € LARI)}.
Further, ifk € Ng and n > k +d /2, then H"(R?) € C*(R?).

Proof [LM, p. 30] or [RS2, p. 50 and Theorem IX.24]. Il

The next results require some “smoothness” assumption on the boundary 9£2.
Let m € NU {oo}. An open set £2 € R is said to be of class C™ if for each point
x € 382, there are an open neighborhood U/ of x in R? and a bijection ¢ of U on
some open ball B={y € R?: |ly|l < r} such that ¢ and ¢! are C"™-mappings,

oUN)={(,vs)eB:ya>0}, and oWUNI)={(y.0)eB}
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Here y € R? was written as y = (', yq), where y' € R9~! and y,; € R.

'
(T

B’

It should be noted that, according to this definition, £2 N U lies “at one side
of 0£2.” It may happen that 952 is a C"™-manifold, but §2 is not of class C"; for
instance, {(y1, y2) € R?: y; # 0} is not of class C'. But {(y1, y2) € R : y; > 0}
is C*°.

From now on we assume that £2 is a bounded open set of class C'. We denote
by v(x) = (v1, ..., vg) the outward unit normal vector at x € 952 and by do the
surface measure of 952.

Theorem D.4 The embedding map H Le)y—=L2(2) is compact.

Proof [At, A 6.4] or [Br, Theorem 9.19] or [LM, Theorem 16.1]. O
Theorem D.5 C*°(R%)[$2 is a dense subset of H"(£2) forn=1,2.

Proof [At, A 6.7] or [EE, Chap. V, Theorem 4.7]. O

The following two results are called trace theorems. Theorem D.6 gives the pos-
sibility to assign “boundary values” yo(f) along 32 to any function f € H'(£2).

Theorem D.6 There exists a uniquely determined continuous linear mapping
Yo : HY(82)—L?(082, do) such that yo(f) = f1982 for f € C®(R?). Moreover,
Hy(2)={(f € H'(2) : yo(f) =0}

Proof [At, A 6.6] or [LM, Theorem 8.3]. O

Theorem D.7 Let 2 be of class C* and bounded. There is a continuous linear
map (yo, ¥1) : H2*(2) — L*(382,do) ® L*(382, do) such that yo(g) = g|982 and
y1(g) = g—f 1082 for g € C®(R?). The kernel of this map is Hg(.Q).

Proof [LM, Theorem 8.3]. O

The maps yp and (yp, y1) are called trace maps. Taking fractional Sobolev spaces
on the boundary 0£2 for granted, their ranges can be nicely described (see [LM,
p- 39]) by

v(H'(2) = H'?02), (o, y)(H*(2)) = H(02) @ H'*(3%2).
(D.2)
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For f € H'(£2) and ge HZ(.Q), we consider yo(f) and y;(g) as boundary values,
and we also write f[dS2 for y(f) and g—f [082 for y1(g).

Theorem D.8 (Gauss’ formula) For f, g € H! (2)andk=1,...,d, we have

/ opfdx = f fyvrdo, (D.3)
2 082
f (ST + fTg)dx = f Fguedo. (D4)
2 082
Proof [At, A 6.8] or [Br, p. 316]. O

Theorem D.9 (Green’s formulas) Let 2 be of class C?. For all h € H'(2) and
f. g€ Hz(.Q), we have

d
_ Af —

—Af)hdx = o forhdx — —hdo, D.5
/Q( f)nggkkafmava (D.5)

- rra
f (—Af)gdx — / fCAg)dx = / (fa—g——fg)do. (D.6)

2 7] 90 % v
Proof [Br, p. 316]. 0

Strictly speaking, the corresponding traces yo(f), v0(g), y1(f), yo(ﬁ), v1(f),
y1(g) are meant in the integrals along the boundary 952 in (D.3)—(D.6). Clearly,
(D.3) implies (D.4), while (D.5) implies (D.6).

In the literature these formulas are often stated only for functions from C*(£2).
The general case is easily derived by a limit procedure. Let us verify (D.5). By
Theorem D.5, h € H'(2) and f € H?(£2) are limits of sequences (h,) and (f;)
from C®(R?) |2 in H'(£2) resp. H*(£2). Then (D.5) holds for A, and f,. Passing
to the limit by using the continuity of the trace maps, we obtain (D.5) for & and f.

The next theorem deals with the regularity of weak solutions of the Dirichlet and
Neumann problems. To formulate these results, we use the following equation:

/Vf-Vhdx+/ fhdx:/ ghdx. (D.7)
2 2 2

Theorem D.10 Ler 2 € R? be an open bounded set of class C?, and g € L*(£2).

(1) (Regularity for the Dirichlet problem)

Let f € H}(2).If (D.7) holds for all h € HJ (82), then f € H*(£2).
(i1) (Regularity for the Neumann problem)

Let f € H'(2). If (D.7) holds for all h € H'(2), then f € H*(£2).

Proof [Br, Theorems 9.5 and 9.6]. O



Appendix E
Absolutely Continuous Functions

Basics on absolutely continuous functions can be found, e.g., in [Ru2, Cn], or [HS].
Throughout this appendix we suppose that a, b € R, a < b.

Definition E.1 A function f on the interval [a, b] is called absolutely continuous if
for each ¢ > 0, there exists a § > 0 such that

D lf) — fla| <e

k=1

for every finite family of pairwise disjoint subintervals (ag, bx) of [a, b] satisfying

Z(bk —a) <.

k=1

The set of all absolutely continuous functions on [a, b] is denoted by AC|a, b].
Each f € ACJa, b] is continuous on [a, b] and a function of bounded variation.

Theorem E.1 A function f on [a, b] is absolutely continuous if and only if there is
a function h € L' (a, b) such that

f(x)—f(a):/xh(t)dt for x €[a, b]. (E.1)

In this case, f is differentiable a.e., and we have f'(x) = h(x) a.e. on [a,b). The
function h € L' (a, b) is uniquely determined by f.

Theorem E.2 For f, g € ACla, b], the integration-by-parts formula holds:
b b
/ f/(l)g(t)dt-i-/ Fng' @ dt = fb)gb) — f(a)g(a). (E.2)

Theorems E.1 and E.2 are proved, e.g., in [Cn, Corollaries 6.3.7 and 6.3.8].
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410 E Absolutely Continuous Functions

The Sobolev spaces H" (a, b) and Hy (a, b), n € N, can be expressed in terms of
absolutely continuous functions. That is,

H'a,b)={f € ACla,b]: f' € L*(a, b)},
H"(a,b)={f € C" Y(la,b]): f"V e H'(a,b)},
Hi(a,b)={feH" (@.b): fl@)=f'(@)=---=f"D(@)=0,
f®)=f'B)y=-=f""Dwm)=0}.
In particular, C" ([a, b]) € H"(a, b) C C”_l([a, b)) forn eﬁ.
Now let J be_ an unbounded open interval of R, ind let J denote the closure of
J in R, thatis, J = [a, +00) if J = (a, +00) and J =R if 7 =R. Then
H' () ={feL*(J): f € ACla,bl for [a,b] € T and f' € L*(])},
H () ={feLl*J): feC" (T and "V eH (D),
H{ (a,00) = {f € H"(a,00): f(a) = f'(@) =---= " (a) =0},
HI(R) = H"(R).
For f € H*(J), we have f € L>(J) and f™ e L?(J) by the preceding formula.
It can be shown that f € H"(7) implies that f) € L2(J) forall j=1,...,n.

The preceding formulas are proved in [Br, Chap. 8] and [Gr, Sect. 4.3], where
Sobolev spaces on intervals are treated in detail.



Appendix F
Nevanlinna Functions and Stieltjes Transforms

In this appendix we collect and discuss basic results on Nevanlinna functions and
on Stieltjes transforms and their boundary values. For some results, it is difficult to
localize easily accessible proofs in the literature, and we have included complete
proofs of those results.

Let C4 = {z € C: Imz > 0} denote the upper half-plane.

Definition F.1 A holomorphic complex function f on C is called a Nevanlinna
function (or likewise, a Pick function or a Herglotz function) if

Im f(z) >0 forallzeC,.

We denote the set of all Nevanlinna functions by 91.

If f e9and f(z0) is real for some point zg € C, then f is not open and hence
a constant. That is, all nonconstant Nevanlinna functions map C into C.

Each Nevanlinna function f can be extended to a holomorphic function on C\R
by setting f(z) := f(z) forz € Cy.

Theorem F.1 (Canonical integral representation of Nevanlinna functions) For each
Nevanlinna function f, there exist numbers a,b € R, b > 0, and a finite positive
regular Borel measure |1 on the real line such that

1+ zt

t—z

f(z):a—i-bz—i-/ du(t), zeC/R, (F.1)
R

where the numbers a, b and the measure [ are uniquely determined by f.
Conversely, any function f of this form is a Nevanlinna function.

Proof [AG, Nr. 69, Theorem 2] or [Dnl, p. 20, Theorem 1]. O

Often the canonical representation (F.1) is written in the form

t
Z)=a+bz+ _— = dv(t), zeC/R, F.2
@ /R(Z_Z 1+t2) 0 / (F2)
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where v is a regular positive Borel measure on R satisfying f(l +12)~1dv(r) < c0.
The two forms (F.1) and (F.2) are related by the formula du(¢) = (1 + )~ Ldv(@).

Let now u be a regular complex Borel measure on R.

Definition F.2 The Stieltjes transform of p is defined by
1
1,(z) = / ——du(t), zeC\R. (E.3)
RI—2

Stieltjes transforms are also called Cauchy transforms or Borel transforms.

Theorem F.2 (Stieltjies—Perron inversion formula) The measure | is uniquely de-
termined by the values of its Stieltjes transform on C\R. In fact, fora,b € R,a < b,
we have

1 1 1 P . .
pl(a ) + 3ultal) + 3u(t6)) = fim = [ (1,00 +ie) = L —ie)]ar
(F4)
u({a}) = 11120 —iel, (a +ig). (F.5)

Proof Since p is a linear combination of finite positive Borel measures, one can
assume without loss of generality that p is positive. In this case proofs are given in
[AG, Nr. 69] and [We, Appendix B].

(F.4) can be proved by similar arguments as used in the proof of Proposition 5.14.
Since % — X{a)(t) as ¢ — +0, (F.5) follows from (F.3) by interchanging limit
and integration using the dominated convergence Theorem B.1. g

From formula (F.4) it follows at once that /,, = 0 on C\R implies that u = 0.
However, there are complex measures p 7 0 for which 7, =0 on C,..

The following fundamental theorem, due to LI. Privalov, is about boundary
values of Stieltjes transforms. Again, we assume that u is a regular complex Borel
measure on R. Recall that the function u = f;, defined by (B.10) is of bounded
variation and differentiable a.e. on R by Theorem B.10.

Theorem F.3 (Sokhotski-Plemelj formula)  The limits I,(t £ i0) =
limg_, 10 1, (t + i¢) exist, are finite, and

d 1
L (t £10) = £ir = (1) + (PV) / . du(s) ae onR, (F.6)
dt RS —1
where (PV) [ denotes the principal value of the integral.
Proof [Pv] or [Mi]. O

From now on we assume that u is a finite positive regular Borel measure on R.
Then 1,,(z) = 1,(z) on C\ R. Hence, formulas (F.4) and (F.5) can be written as
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1 1 Y .
M((a,b))+EM({a})+§,u({b})=g£rJr:0n /Imlu(t+1£)dt, (F.7)

a

n({a}) = linioslm I,(a +ie). (F.8)

Thus, the positive measure p is uniquely determined by the values of 1, on C,..
The Stieltjes transform /1, of the finite positive (!) Borel measure 1 is obviously
a Nevanlinna function, since

1
Imlﬂ(z)zlmz/Rmdu(I), z € C\R.

The next result characterizes these Stieltjes transforms among Nevanlinna functions.

Theorem F.4 A Nevanlinna function f is the Stieltjes transform I, of a finite posi-
tive Borel measure | on R if and only if

sup{|yf(y)|:yeR, y>1} <oo. (F.9)

Proof [AG, Nr. 69, Theorem 3]. O

The necessity of condition (F.9) is easily seen:
Since u(R)<oo, Lebesgue’s convergence Theorem B.1 applies and implies that
nw(R) =limyer, y—s o0 —1y 1, (iy), which yields (F.9). O

Theorem F.5 Let K be a closed subset of R. The Stieltjes transform I,,(z) has a
holomorphic extension to C\K if and only if suppu C K.

Proof [Dnl, Lemma 2, p. 26]. O

Let us sketch the proof of Theorem E.5:

If supp u € K, then (F.3) with z € C\K defines a holomorphic extension of I,
to C\ K. Conversely, suppose that /,, has a holomorphic extension, say f, to C\K.
Then lim,_, 10 1, (t £ie) = f(¢), and hence lim,_, o Im I, (t +ige) =0 fort € R\K.
Therefore, by (F.7) and (F.8), « has no mass in R\ K, that is, u(R\K) =0. O

Since p is a positive measure, the integral (P V') f in (F.6) is real, and we obtain

d
d—’;(z) =7 'ImI,(t +i0) ae.onR. (F.10)

Obviously, if for some ¢ € R, the boundary value I,,(t + i0) of I, exists, so does
the boundary value (Im 7,,)(¢ 4 i0) of Im I, and Im(/, (¢ 4 i0)) = (Im 1,,)(t + i0).
However, (Im 1,,)(t 4+ 10) may exist, but 7, (z + i0) does not. But we always have
Im(7,(t +10)) = (Im 1,,)(t +10) a.e. on R.

The next result describes the parts of the Lebesgue decomposition (B.8) of the
measure u with respect to the Lebesgue measure v = m in terms of boundary values
of the imaginary part of its Stieltjes transform /,,.
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Theorem F.6 (i) The singular part isign of p is supported by the set
Su:={teR:(ImI,)(r +i0) = +oo}.
(ii) The absolutely continuous part jLyc is given by d i, (t) = 7 ' Im 1) +10) dt
and supported by the set
L,:={teR:0<(Iml,)(t+i0) < +oo}.

Proof (i): The de la Vallée Poussin theorem (Theorem B.9(ii)) states that jigigp is
supported by the set S(u) = {t € R: (Du)(¢) = +o00}. From the inequalities

Im]7 +ig) = & d -1 t 8782 d
= >
(Im1,)(t +1e) / Goniie uis)>¢ /t—s 6ot n(s)

t+ 2
> 8‘1/ i) = @ (i + et — )
- i—e &2 4¢?

we conclude that (Du)(t) = 400 implies (Im7,)(t 4 10) = 400, so S(u) € Sy.
This proves (i).
(i1): From formula (F.10) it follows that
d
(Dp)(1) = d—l;(t) =7 ImI,(t +i0) =7 (Im ,)(t +i0) ae.onR,
(F.11)

sothat dpac(t) = 7 'dm1I ) (t+10) dt by Theorem B.9(i). Hence, jt4c is supported
by the set I:M ={t:0< Iml,)(t +1i0)}. By (F.11) and Theorem B.9(i) we have
7 ' Im1I,(- +i0) = Du = f € L'(R). Therefore, jtac(S,) = 0. (This follows also
from (i).) Hence, ft4c is also supported by the set L, = L w\Sp. O

Theorem E.7 Suppose that f is a Nevanlinna function such that (F.9) holds and

sup{|Im f(2)| : z € C4} < o0. (F.12)
Then the function Im f (t +1i0) is in L' (R), and we have
I t+10
f@ =n‘1/ Mafr, z1eCs. (E.13)
R —Z

Proof Since we assumed that condition (F.9) holds, Theorem F.4 applies, and hence
f =1, for some finite positive Borel measure .

We prove that (F.12) implies that px is absolutely continuous and (F.13) holds.
From (F.8) and (F.12) it follows that x({c}) = O for all ¢ € R. Therefore, by (F.7),

b b
u((a, b)) = lim 7! / Im1,(t +ie)dt = a7t / Im 1, (t +10)dt, (F.14)
e—>+40 a a
where assumption (F.12) ensures that limit and integration can be interchanged by
Lebesgue’s convergence Theorem B.1. From (F.14) we easily conclude that d . (t) =
a7 ' Im f(t +1i0) dt. Inserting this into (F.3), we obtain (F.13). O
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We close this appendix by stating another related but finer result. It was not used
in this text. Let v be a positive regular Borel measure on R satisfying

1
/I‘del)(l‘) < OQ.

Then the Poisson—Stieltjes transform P, is defined by

y
Py(x,y)= | ————dv(t), R, 0.
e A;g(t—x)2+y2 b, reR, y>

Note that P, (x, y) is a nonnegative harmonic function on C,. If the measure v is

finite, the Stieltjes transform 7, is defined, and obviously P, (x, y) =Im I, (x +iy).

If v is the Lebesgue measure, one computes that P, (x, y) = for x +iy € C,.
Then there is the following Fatou-type theorem; a proof is given in [Dn3].

Theorem F.8 Lert € R.

(1) The limit P,(t,+0) := lim,_, 1o Py, (¢, &) exists and is finite if and only if the
symmetric derivative (Dv)(t) (defined by (B.9)) does. In this case we have
Py (1, +0) = (Dv)(@).

(i) If (Dv)(t) = +o0, then Py(t,+0) = lim,_, 4 P, (¢, &) = +00; the converse is
not true in general.

Suppose that the positive measure v is finite. Since P, (x, y) = ImI,(x + iy), it
is obvious that P, (¢, +0) = (Im [,)) (¢ + i0). Hence, the assertion of Theorem F.6(ii)
can be derived from Theorem F.8(i), thereby avoiding the use of the Sokhotski—
Plemelj formula (F.10). Indeed, since 7 (Dv)(¢) = (Im [,)) (¢ +10) by Theorem F.8(i),
we have dv,.(t) = 7~ '(Im 1,) (¢t + i0) dt by Theorem B.9(i). This implies the as-
sertion of Theorem F.6(ii).
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