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CHAPTER 1

Strongly continuous semigroups and their generators

Throughout, X and Y are non-zero complex Banach spaces, where we mostly
write || - || instead of || - ||x etc. for their norms. The space of all bounded
linear maps 7' : X — Y is denoted by B(X,Y) and endowed with the operator
norm ([T gx,yy = |T|| = sup,4o [|Tz||/||z]|. We abbreviate B(X) = B(X, X).
Further, X* is the dual space of X acting as (x,z*), and I is the identity map
on X. For w € R, we denote

R>p =1[0,00), R4y =(0,00), R<p=(—00,0], R_=(—00,0),
Co={AeC|ReA>w}, C;=Cy, C_={AeC|ReA<0}.
In this course we study linear evolution equations such as
u'(t) = Au(t), t>0, u(0) = wo, (EE)

on a state space X for given linear operators A and initial values ug € D(A).
(For a moment we assume that A is closed and densely defined.) We are looking
for the state u(t) € X describing the system governed by A at time ¢ > 0.
A reasonable description of the system requires a unique solution u of (EE)
that continuously depends on ug. In this case (EE) is called wellposed, cf.
Definitions 1.10 and 2.1. We will show in Section 2.1 that wellposedness is
equivalent to the fact that A generates a Cy-semigroup T(-) which yields the
solutions via u(t) = T(t)ug. In the next section we will define and investigate
these concepts, before we characterize generators in Sections 1.2 and 1.3. In
the final section the theory is then applied to the Laplacian.

Three intermezzi present basic notions and facts from the lecture notes [ST)|
on spectral theory, mostly without proofs. These are not needed later on.

1.1. Basic concepts and properties
We introduce the fundamental notions of these lectures.

DEFINITION 1.1. A map T(-) : R>¢g — B(X) is called a strongly continuous
operator semigroup or just Cp-semigroup if it satisfies
(a) T(0) =1 and T(t+s)=T(t)T(s) forallt,s € Rxo,
(b) for each v € X the orbit T(-)x : R>o — X; t — T'(t)x, is continuous.
Here, (a) is the semigroup property and (b) the strong continuity of T'(-). The
generator A of T'(+) is given by

D(A) = {x € X | the limit tao,tleiﬂgpzo\{o} HT(t)z — z) exists},

Az = li 1T (t)x — f D(A).
x t%O,tElﬂIio\{O}t( (t)r —x) or x € D(A)
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If one replaces throughout R>o by R, one obtains the concept of a Cp-group
with generator A.

Observe that the domain of the generator is defined in a ‘maximal’ way, in the
sense that it contains all elements for which the orbit is differentiable at ¢ = 0.
In view of the introductory remarks, usually the generator is the given object
and T'(-) describes the unknown solution. We will first study basic properties
of Cp-semigroups, starting with simple observations.

REMARK 1.2. a) Let A generate a Cy-semigroup or a Cy-group. Then its
domain D(A) is a linear subspace and A is a linear map.

b) Let (T'(t))ier be a Cp-group with generator A. Then its restriction
(T'(t))e>0 is a Cp-semigroup whose generator extends A. (Actually these two
operators coincide by Theorem 1.30.)

c) Let T'(-) : R>9 — B(X) be a semigroup. We then have
THT(s)=T(t+s)=T(s+1t)=T(s)T(t),
T(nt) =T(S5oat) = [T, T = 70"

for all t,s > 0 and n € N. If T'(-) is even a group, these properties are valid for
all s,t € R and hence

THT(—t)=T(0) =1=T(-t)T(t).
There thus exists the inverse T'(t)~! = T'(—t) for every t € R. O

We next construct a Cy-group with a bounded generator, which is actually dif-
ferentiable in operator norm. Conversely, an exercise shows that a Cy-semigroup
with T'(t) — I in B(X) as t — 0" must have a bounded generator.

ExAMPLE 1.3. Let A € B(X). For t € C with [t| < b for some b > 0, the
numbers

are summable in n € Ny. As in Lemma 4.23 of [FA], the series

(b [lA[D"

<
n!

" gn
n!

o

tn
T(t)=et:=) — A",  teC,
n.
n=0

thus converges in B(X) uniformly for |t/ < b. In the same way one sees that

d N tn N tn_l N-1 tk‘

tends to Aet4 in B(X) as N — oo locally uniformly in ¢ € C. As in Analysis 1
one then shows that the map C — B(X); ¢t — et4 | is continuously differentiable
with derivative Aet4. Moreover, (e!4);cc is a group (where one replaces R>q
by C in Definition 1.1(a)).

The case of a matrix A on X = C™ was treated in Section 4.5 of [A4]. ¢
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For a semigroup a mild extra assumption implies its exponential boundedness.
This assumption is satisfied if || 7°(¢)] is uniformly bounded on an interval [0, b]
with b > 0 or if T'(-) is strongly continuous. (We need both cases below.) We
set wy = max{w,0} and w_ = max{—w, 0} for w € R.

LEMMA 1.4. Let T(-) : R>g — B(X) satisfy condition (a) in Definition 1.1
as well as limsup,_, || T(t)z|| < oo for all x € X. Then there are constants
M >1 and w € R such that ||T(t)| < Me“t for allt > 0.

PROOF. 1) We first claim that there are constants ¢ > 1 and ¢y > 0 with
|T(t)]] < ¢ for all t € [0,tp]. To show this claim, we suppose that there is
a null sequence (t,) in R>o such that lim,_, || T(¢,)|| = co. The principle of
uniform boundedness (Theorem 4.4 in [FA]) then yields a vector x € X with
sup,, ||7'(tn)z|| = oo. There thus exists a subsequence satisfying ||T'(,, )z — oo
as j — oo. This fact contradicts the assumption, and so the claim is true.

2) Let t > 0. Then there are numbers n € Ny and 7 € [0,%9) such that
t =ntyg+7. Take w =ty In||T(to)|| if T(to) # 0 and any w < 0 otherwise. Set
M = ce¥-'. We estimate

T = [|T(P)T(t)™| < ¢||T(te)||™ < ce™o% = ce!® ™™ < Me“?
1) = | ,
using Remark 1.2. O

The above considerations lead to the following concept, which is discussed
below and will be explored more thoroughly in Section 4.1.

DEFINITION 1.5. Let T'(-) be a Cy-semigroup with generator A. The quantity
wo(T) = wo(A) ;== inf{lw € R|IM, > 1Vt >0:||T(t)| < My} € [~o0,0)
is called its (exponential) growth bound. If sup;~q ||T(t)|| < oo, then T'(:) is
bounded. (Similarly one defines wo(f) € [—00,+00] for any map f : R>g — Y.)

REMARK 1.6. Let T'(-) be a Cp-semigroup.

a) Lemma 1.4 implies that wy(7") < oo.

b) There are Cp-semigroups with wg(7") = —oo, see Example 1.9.

c¢) In general the infimum in Definition 1.5 is not a minimum. For instance,
let X = C? be endowed with the 1-norm |- |; and A = (J}). We then have
Tt)=e = (§1)and |T(t)|| =1+t for t > 0. As a result,

M, = supysge ™ [ T(1)]| = supyso(1 + t)e = = £ 1e"!

tends to infinity as e — 0.

d) Let X = C™ and A € C™ ™. As in Satz 4.22 and Theorem 6.3 of [A4]
one sees that

wo(A) =s(A) :==max{Re\;|A\1,..., A\, are eigenvalues of A}.

This result can be generalized to bounded A if dim X = oo, cf. Example 5.4
of [ST]. Every generator satisfies wo(A) > s(A) by Proposition 1.21. However,
the converse inequality is much more important since A is the given object and
T'(t) the unknown solution. In Chapter 4 we will discuss this point in detail.
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Similarly, the semigroup et4 is bounded if and only if s(4) <0 and all eigen-
values of A on iR are semi-simple. This indicates that boundedness of Cy-
semigroups is a more subtle property. %

The next auxiliary result will often be used to check strong continuity.

LEMMA 1.7. Let T(-) : R>o — B(X) be a map satisfying condition (a) in
Definition 1.1. Then the following assertions are equivalent.

a) T(+) is strongly continuous (and thus a Cy-semigroup).

b) T()r - x in X ast — 0T forallx € X.

¢) There are numbers c,ty > 0 and a dense subspace D of X such that
ITH)| <c and T(t)x —z in X ast — 07 for allt € [0,to] and x € D.

For groups one has analogous equivalences.

PROOF. Assertion c¢) follows from a) because of Lemma 1.4, and b) from c)

by Lemma 4.10 in [FA].
Let statement b) be true. Take z € X and t > 0. For h > 0, the semigroup

property and b) imply the limit

1T(t+ h)x = T()z| = [T@T (h)z —2)|| < (| T T (h)z — x| — 0
as h — 0", Let h € (—t,0). Lemma 1.4 yields the bound

HT(t"i‘h)H < Mew(t-‘rh) < Mew+t

for some constants M > 1 and w € R. We then derive
IT(t+ h)z = T(t)a|| < Tt +h)ll |z = T(=h)a| < Me**" |z — T(~h)z|| — 0
as h — 07, so that a) is true. The final assertion is shown similarly. U

REMARK 1.8. In the above lemma the implication ‘c) = a)’ can fail if one
omits the boundedness assumption, cf. Exercise 1.5.9(4) in [EN]. O

We now examine translation semigroups, which are easy to grasp and still
illustrate many of the basic features of Cy-semigroups. Another important class
of simple examples are multiplication semigroups as discussed in the exercises.

We recall that supp f is the support of a function f : M — Y on a metric
space M; i.e., the closure in M of the set {s € M| f(s) # 0},

EXAMPLE 1.9. a) Let X = Cy(R) := {f € C(R)| f(s) — 0as |s| — oo},
f e X, and t,r,s € R. We define the translations

(T()f)(s) = f(s +1).
They shift the graph of f to the left if ¢ > 0, since (T'(¢) f)(s) is equals the value
of fat s+t > s. Clearly, T(0) = I and T'(¢) is a linear isometry on X so that
|T(t)|| = 1. We further obtain T'(¢t)T'(r) = T'(t + r) noting
(TOT(r)f)(s) = (T(r)f)(s+t)=flr+s+1t)=(Tt+r)f)(s).
We claim that C.(R) = {f € C(R)| supp(f) is compact} is dense in Cp(R).

Indeed, let f € Cp(R) and choose cut-off functions ¢,, € C.(R) satisfying ¢,, =1
on [—n,n| and 0 < ¢, < 1. Then the maps ¢, f belong to C.(R) and

1f = enflloo < sup [(1 = n(s))f(s)| < sup [f(s)

|s [s|=n
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tends to 0 as n — oo.

Take f € C;(R) and a number a > 0 such that supp f C [—a,al. If |s| > a+1
and [t|] < 1, we have |s +t| > a and thus f(s +t) = 0; i.e., suppT'(t)f is
contained in [—a — 1,a + 1] for all ¢ € [-1,1]. It follows

IT(#)f = fllo < sup |f(s+1) = f(s)] — 0
Is|<a+1
as t — 0, since f is uniformly continuous on [—a — 1,a + 1]. Lemma 1.7 then
implies that 7'(-) is a Cp-group.

Similarly, one shows that T'(-) is an (isometric) Cp-group on X = LP(R) with
1 <p < o0, see Example 4.12 in [FA].

In contrast to these results, 7'(+) is not strongly continuous on X = L*°(R).
Indeed, consider f = 1 and observe that

T(t)f(s) = Lpy(s+1t) = {(1] s+tel0,1] } =11 q(s)
, else
for s,t € R. Thus, | T(t)f — flloc = 1 for every t # 0.

In addition, 7°(+) is not continuous as a B(X)-valued function for X = Cy(R)
(and neither for X = LP(R) by Example 4.12 in [FA]). In fact, pick functions
fn € Ce(R) with 0 < f,, <1, fn(n) =1, and supp f,, C (n—%,n—i—%) for n € N.
Then the suppurt of T(%) fn is contained in (n - %, n— l), implying

n

IT(2) =1 > IT(2) fo = fallo =1  forall neN.

b) For an interval that is bounded from above, one has to prescribe the
behavior of the left translation at the right boundary point. Here we simply
prescribe the value 0. Let X = Cy([0,1)) := {f € C(]0,1)) | lims—1 f(s) = 0}
be endowed with the supremum norm, which is a Banach space by Example 1.14
in [FA]. Let t,7 >0, f € X, and s € [0,1). We define

fls+1), s+t<1,
0, s+t>1.

(T(t)f)(s) = {

Since f(s+t) - 0as s — 1 —tif t < 1, the function T'(¢)f belongs to X.
Clearly, T'(t) is linear on X and | T'(¢)|| < 1. We stress that T'(t) = 0 whenever
t > 1. (One says that T'(-) is nilpotent.) As a consequence, wy(1") = —oo and
T'(-) cannot be extended a group in view of Remark 1.2. We next compute

(T'(r)f)(s+1), s<1-—t,
0, s>1—1t,

(THT(r)f)(s) = {

) fls+t+r), s<l—t, s+t<l-—m,
o, else,
= (T(t+r)f)(s).
Hence, T'(+) is a semigroup.
As in part a) or in Example 1.19 of [FA], one sees that

C.([0,1)) := {f € C([0,1)) | 3bs € (0,1) : supp f C [0,bf]}
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is a dense subspace of X. For f € C.([0,1)) and t € (0,1 — bs) we compute

fls+1t)—f(s), ifse€[0,1—1),

T(t)f(s) = f(s) = {07 if se1—1t1)C[bs,1),

and deduce lim;_o ||T(t)f — flloco = 0 using the uniform continuity of f. Ac-
cording to Lemma 1.7, T'(+) is a Cp-semigroup on X. O

We now introduce a solution concept for the problem (EE). Different ones
will be discussed in Section 2.2.

DEFINITION 1.10. Let A be a linear operator on X with domain D(A) and let
z € D(A). A function u: R>9 — X solves the homogeneous evolution equation
(or Cauchy problem)

u'(t) = Au(t), t>0, u(0) = =z, (1.1)

if u belongs to C*(R>q, X) and satisfies u(t) € D(A) and (1.1) for all t > 0.
The next result provides the fundamental regularity properties of Clp-
semigroups. Recall the domain D(A) was ‘maximally’ defined as the set of
all initial values for which the orbit is differentiable at ¢ = 0. We now use the

semigroup law to transfer this property to later times. The crucial invariance
of the domain under the semigroup then directly follows from its definition.

PROPOSITION 1.11. Let A generate the Cy-semigroup T(-) and x € D(A).
Then T(t)z belongs to D(A), T(-)x to C*(R>q, X), and we have

ATt)z = AT(t)(z) = T(t)Az  for all t > 0.
Moreover, the function uw =T (-)z is the only solution of (1.1).

PROOF. 1) Let t >0, h > 0 and x € D(A). Remark 1.2 and the continuity
of T'(t) then imply the convergence

H(T(h) = DNT#t)x=T(t)+(T(h)x —z) — T(t)Az
as h — 0. By Definition 1.1 of the generator, the vector T'(¢)x thus belongs to
D(A) and satisfies AT (t)x = T'(t)Az. Next, let 0 < h < t. We then compute
(Tt —h)z—T(t)x) =T(t—h)3(T(h)z —z) — T(t)Ax

as h — 0, by means of Lemma 1.13 below (with S(7,0) = T'(7 — ¢)). Together
we have shown that the orbit u = T'(-)z has the derivative AT'(-)x. Since T'(-)Ax
is continuous, u is contained in C'!(Rxp, X). Summing up, u solves (1.1).

2) Let v be another solution of (1.1). Take ¢ > 0 and set w(s) = T'(t — s)v(s)
for s € [0,t]. Let h € [—s,t — s] \ {0}. We write

%(w(s—l—h)—w(s)) = T(t—s—h)%(v(s—i—h)—v(s))—%h(T(t—s—h)—T(t—s))v(s).

Using v € C!, Lemma 1.13, v(s) € D(A) and the first step, we infer that w is
differentiable with derivative

w'(s) =T (t — s)v'(s) = T(t — s)Av(s) = 0,
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where the last equality follows from (1.1) for v. Hence, for each z* € X* the
scalar function (w(-),z*) is differentiable with vanishing derivative and thus
constant, which leads to the equality

(T(t)z,2") = (w(0),2") = (w(t),2") = (v(t),z")

for all ¢ > 0. The Hahn-Banach theorem (Corollary 5.10 of [FA]) now yields
T(-)x = v as asserted. O

REMARK 1.12. Let f € Co(R) \ C'(R). Then the orbit T'(:)f = f(- +t) of
the translation semigroup on Cp(R) is not differentiable (cf. Example 1.9). ¢

The following simple lemma is used in the above proof and also later on.

LEMMA 1.13. Let D = {(1,0)|a < o < 7 < b} for some a < b in R,
S : D — B(X) be strongly continuous, and f be contained in C([a,b], X). Then
the function g : D — X; g(1,0) = S(7,0)f(0), is also continuous.

PROOF. Observe that sup; ,)cp [|5(7,0)z| < oo for every z € X by con-
tinuity. The uniform boundedness principle thus says that ¢ := supp, ||S(7,0)||
is finite. For (¢,s),(7,0) € D we then obtain

15(t,5)f(s) = S(m,0) f ()| < [I(S(t,5) = S(7,0)) f(s)| + ¢l f(s) = fo)]l
The right-hand side of this inequality tends to 0 as (7,0) — (¢, s). O

REMARK 1.14. Let , — x in X and T,, — T strongly in B(X,Y’). Asin the
proof of Lemma 1.13 one then shows that T,,z,, — Tx in Y as n — oc. O

Intermezzo 1: Closed operators, spectrum, and X-valued Rie-
mann integrals. As noted above, generators of Cp-semigroups are unbounded
unless the semigroup is continuous in B(X). However, we will see in Proposi-
tion 1.20 that they still respect limits to some extent. We introduce the relevant
concepts here. See Chapter 1 in [ST] for more details

Let D(A) C X be a linear subspace and A : D(A) — X be linear. We often
endow D(A) with the graph norm ||z||a := ||z|| + ||Az||. We write [D(A)], X,
or X; for (D(A),]| - ||a) and also ||z||; instead of ||z|| 4. Observe that [D(A)] is
a normed vector space and that A is an element of B([D(A)], X). Moreover, a
function f € C([a,b], X') belongs to C([a, b], [D(A)]) if and only if f takes values
in D(A) and Af : [a,b] — X is continuous.

The operator A is called closed if for every sequence (z,,) in D(A) possessing
the limits

lim x, = and lim Az, =y in X
n—o0 n—oo

we obtain

re€D(A) and Axr=y.
We start with prototypical examples.

EXAMPLE 1.15. a) Every operator A € B(X) with D(A) = X is closed, since
here Az, — Ax if x,, - x in X as n — oc.

b) Let X = C([0,1]) and Af = f" with D(4) = C([0,1]). Let (f,) be a
sequence in D(A) such that (f,,) and (f]) converge in X to f and g, respectively.
By Analysis 1, the limit f then belongs to C1([0, 1]) and satisfies f' = g; i.e., A is
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closed. Next, consider the map Agf = f’ with D(Ag) = {f € C'([0,1])| f'(0) =
0}. Let (fn) be a sequence in D(A) such that f, — f and f), — ¢g in X
as n — oo. We again obtain f € C([0,1]) and f' = g. It further follows
1/(0) = g(0) = lim,, 0 f;,(0) = 0, so that also Ay is closed. O

Before we discuss basic properties of closed operators, we define the Riemann
integral for X-valued functions. Let a < b be real numbers. A (tagged) partition
Z of the interval [a,b] is a finite set of numbers a =ty < t; < ... <t = b
together with a finite sequence (73);", satisfying t;—1 < 7, < ¢, for all k& €
{1,...,m}. Set §(Z) = maxyeq1,...m) (tk —tk—1). For a function f € C([a,b], X)
and a partition Z we define the Riemann sum by

Z):Zf(Tk)(tk_tk‘—l) c X.

As for real valued functions it can be shown that for any sequence (Z,) of
(tagged) partitions with lim,_,~ 6(Z,) = 0 the sequence (S(f, Zy))n converges
in X and that the limit J does not depend on the choice of such (Z,). In this
sense, we say that S(f,Z) converges in X to J as 6(Z) — 0. The Riemann
integral is now defined as

We also set [," f(t)dt = — f f(t)dt. As in the real-valued case, one shows
the basic propertles the integral (except for monotony), e.g.,linearity, additivity
and validity of the standard estimate. Moreover, the same definition and results
work for piecewise continuous functions. The fundamental theorem of calculus
and a result on dominated convergence are shown in the next remark.

REMARK 1.16. For a linear operator A in X the following assertions hold.

a) The operator A is closed if and only if its graph Gr(A) = {(z, Az) |z €

(A)} is closed in X x X (endowed with the product metric) if and only if
D(A) is a Banach space with respect to the graph norm || - || 4.

b) If A is closed with D(A) = X, then A is continuous (closed graph theorem).

c) Let A be injective. Set D(A™1) := R(A) = {Az |z € D(A)}. Then A is
closed if and only if A=! is closed.

d) Let A be closed and f € C([a,b],[D(A)]). We then have

/bf(t)dt € D(4) and A/bf(t)dt:/bAf(t)dt_

An analogous result is valid for piecewise continuous f and Af. Moreover,
[D(A)] is just X (with an equivalent norm) if A € B(X) so that we can inter-
change the Riemann-integral and bounded linear operators.

e) Let fn, f € C([a,b],X) for n € N such that f,(s) = f(s) in X as n — o
for each s € [a,b] and || f,,(*)|| < ¢ for a map ¢ € L'(a,b) and all n € N. Then
there exists the limit

lim fn ds—/ f(s
n—oo
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The assumptions are satisfied if f,, — f uniformly as n — oo, of course.
f) For f € C([a,b],X), the function

[a,b] = X; /tf(s)ds,

is continuously differentiable with derivative

< | #eas = s (1.2)

for each t € [a,b]. For g € C'([a,b], X), we have
b
[ s =) - gla) (1.3)

g) Let J C R be an interval. Take a sequence (f,) in C'(J, X) and maps
f,9 € C(J,X) such that f,, — f and f/ — g uniformly on J as n — oco. We
then obtain f € C*(J, X) and f' = g.

PROOF. Parts a) and ¢) are shown in Lemma 1.4 of [ST], and b) is estab-
lished in Theorem 1.5 of [ST].
To prove d), let f be as in the statement. Note that for each partition Z of
[a,b] the Riemann sum S(f, Z) belongs to D(A). We further obtain

m

b
AS(£.2) = Y (ANt~ ter) = S(AF.2) — [ Af(oar
k=1 @
as (Z) — 0, because Af is continuous. Assertion d) now follows from the
closedness of A.
Dominated convergence with majorant || f||s1 + ¢ yields claim e) since

H/abf(s)ds—/abfn(S)dsH g/ab 1£(s) = fu(s)|| ds.

For f), take ¢ € [a,b] and h # 0 such that ¢t +h € [a,b]. We can then estimate

([ swas— [Csas) sl =[5 [T v - e a

< sup [f(s) = f@OI — 0
|s—t|<h

as h — 0. So we have shown (1.2). In the proof of Proposition 1.11 we have seen
that a function in C([a, b]) is constant if its derivative vanishes. Equation (1.3)
can thus be deduced from (1.2) as in Analysis 2.
Let fn, f, and g be as in part g). Take a € J. Formula (1.3) yields the
identity .
ORTAORY WACLE
a

for all t € J. Letting n — 0, from e) we deduce

t
f= 1@+ [ g(s)ds
for all t € J. Due to (1.2), the map f belongs C''(J, X) and satisfies f' = g. O
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For a closed operator A we define its resolvent set
p(A)={A e C|A — A:D(A) — X is bijective}.
If A € p(A), we write R(\, A) for (A\I — A)~! and call it resolvent. The spectrum
of A is the set
o(4) = C\ p(A).

The point spectrum
op(A) ={A e C|3v e D(A)\ {0} with Av = v}

is a subset of o(A) which can be empty if dim X = oo, see Example 1.25 in
[ST]. We discuss basic properties of spectrum and resolvent which will be used
throughout these lectures.

REMARK 1.17. a) Let A be closed and A € p(A). It is easy to check that also
the operator \I — A is closed (see Corollary 1.8 in [ST]), and hence R(\, A) is
closed by Remark 1.16c¢). Assertion d) of this remark then shows the bound-
edness of R(\, A).

b) Let A be a linear operator and A € C such that A\l — A : D(A) — X is bi-
jective with bounded inverse. Then (A — A)~! is closed, so that Remark 1.16 ¢)
implies the closedness of A. In particular, A belongs to p(A).

c) We list several important statements of Theorem 1.13 in [ST]. The set
p(A) is open and so o(A) is closed. More precisely, for A € p(A) all p with
| — Al < 1/[|R(A, A)|| are also contained in p(A) and we have the power series

[e.e]

Riz, 4) = (A = p)" RO\, AL (L5)

n=0

This series converges absolutely in B(X,[D(A)]) and uniformly for p with
lw— A < 6/[|R(N\,A)|| and § € (0,1), where one also obtains the inequality
|R(u, A)|| < [|R(A, A)||/(1 = 9). The resolvent has the derivatives

(%) "R\, A) = (=1)"nIR(, A" (1.6)
for all A € p(A) and n € Ny. It further fulfills the resolvent equation

d) Let T € B(X). By Theorem 1.16 of [ST], the spectrum o(7') is even
compact and always non-empty, and the spectral radius of T is given by

r(T) == max{|A|| A € 0(A)} = inf |T"|* = lim |T7|x.
neN n—00
e) Example 1.22 provides closed operators A with o(4) =0 or oc(A) =C. ¢

This ends the intermezzo, and we come back to the investigation of Cp-
semigroups. We first note a simple rescaling lemma which is often used to
simplify the reasoning.

LEMMA 1.18. Let T(-) be a Cy-semigroup with generator A, X € C, and
a>0. Set S(t) = eMNT(at) fort > 0. Then S(-) is a Cy-semigroup and has the
generator B = X + aA with D(B) = D(A).
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Proor. For t,s > 0 we compute S(t + s) = e Me*T(at)T(as) = S(t)S(s).
The strong continuity of S(-) and the identity S(0) = I are clear. Let B be the
generator of S(-). Because of

1 At 1 1 At
- —x) = —(T — - -1
7 (S(t)x —x) = ae at( (at)x —x) + . (e )z,
x belongs to D(B) if and only if z € D(A), and we then have Bx = aAz+Ax. O

Below we will derive key features of generators, which are consequences of
the next fundamental lemma.

LEMMA 1.19. Let T(-) be a Cy-semigroup with generator A, A € C, t > 0,
and x € X. Then the integral fot e T (s)x ds belongs to D(A) and satisfies

t
e MT(t)z —z = (A— ) / e T (s)x ds. (1.8)
0
Furthermore, for x € D(A) we have
t
e NT(t)x —x = / e T (s)(A — M)z ds. (1.9)
0

PROOF. We only consider A = 0 since the general case then follows by
means of Lemma 1.18. For A > 0 and ¢ > 0 we compute

L) -1 /OtT(s)xds - i(/OtT(s T hyrds — /OtT(s)wds)

_ ;L(/ht% T(r)adr — /OtT(s)mds)

1 t+h 1 h
= / T(s)xds — / T(s)xds, (1.10)
h Ji h Jo
where we substituted 7 = s + h. The last line tends to T'(t)x — x as h — 0 due
to the continuity of the orbits and (1.4). By the definition of the generator, this
means that fot T(s)x ds is an element of D(A) and (1.8) holds. Let = € D(A).
Proposition 1.11 then shows that T'(-)z belongs to C'(Rxo, X) with derivative
%T(Jx = T'(-)Az. Hence, formula (1.9) follows from (1.3). O

We can now show basic properties of generators. Recall that they commute
with their semigroup by Proposition 1.11.

PROPOSITION 1.20. Let A generate a Cy-semigroup T(-). Then A is closed
and densely defined. Moreover, T(-) is the only Cy-semigroup generated by A.
If A € p(A), then we have R(\, A)T(t) = T(t)R(\, A) for allt > 0.

PRrROOF. 1) To show closedness, we take a sequence () in D(A) with limit
x in X such that (Az,) converges to some y in X. Equation (1.9) yields

1 I

—(T(t)xy — ) = / T(s)Ax,ds
t t /s

for all n € N and ¢ > 0. Letting n — oo, we infer

%(T(t)::: Ca) = 1/0 T(s)yds
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by means of Remark 1.16 ). Because of (1.4), the right-hand side tends to y as
t — 0. This exactly means that x belongs D(A) and Az = y; i.e., A is closed.

2) Let z € X. For n € N, we define the vector

1

Ty = n/n T(s)xds
0

which belongs to D(A) by Lemma 1.19. Formula (1.4) shows that (x,) tends
to z, and hence the domain D(A) is dense in X.

3) Let A generate another Cp-semigroup S(-). The function S(-)x then solves
(1.1) for each z € D(A) by Proposition 1.11. The uniqueness statement in this
result thus implies that T'(¢)z = S(t)x for all ¢ > 0 and x € D(A). Since these
operators are bounded, step 2) leads to T'(-) = S(-) as desired.

4) Let A € p(A), t > 0, and =z € X. Set y = R(\,A)x € D(A). Proposi-
tion 1.11 implies the identity T'(t)(A\y — Ay) = (Al —A)T'(t)y. Applying R(\, A),
we conclude that R(A\, A)T(t)x = T(t)R(\, A)z. O

We next derive important information about spectrum and resolvent of gen-
erators. Actually we show a bit more than needed later on.

PROPOSITION 1.21. Let A generate the Cy-semigroup T(-) and A € C. Then
the following assertions hold.
a) If the improper integral
o] t
R(MN)x :—/ e T (s)xds == lim [ e MT(s)zds
0 t—00 0
exists in X for all z € X, then A € p(A) and R(\) = R(\, A).
b) The integral in a) exists even absolutely for all x € X if Re X > wo(T).
Hence, the spectral bound (of A)

s(A) :=sup{ReA | X € 0(A)} (1.11)

is less than or equal than wo(T).
¢) Let M > 1 and w € R with |T(t)|| < Me*! for allt > 0. Take n € N and
A e C, (ie., ReX > w). We then have

M

We recall from Definition 1.5 and Lemma 1.4 that the exponent w in part c)
has to satisfy w > wo(7T) and that any number w € (wo(T),00) fulfills the
conditions in c).

The integral in part a) is called the Laplace transform of T(-)z. It can
be used for alternative approaches to the theory of Cy-semigroups (and their
generalizations), cf. [ABHN]. In Section 4.1 we will study whether the equality
s(A) = wo(T) can be shown in b). This property would allow to control the
growth (or decay) of the semigroup in terms of the given object A.

PROOF OF PROPOSITION 1.21. a) Let h > 0 and x € X. By Lemma 1.18,
we have the Co-semigroup Th () = (e **T'(s))s>0 with generator A — AI on the
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domain D(A). Equation (1.10) yields

1

E(T)‘<h) — I)R(\)x = lim %(TA(h) - I)/O T)\(s)xds

t+h 1 h
:t—gloh/ T)( ):cds—h/o Th(s)xds

1 h
:_h/o Tx(s)x ds,

due to the convergence of [ Th(s)zds. The right-hand side tends to —z as
h — 0 by (1.4), so that R(\)z belongs to D(A — AI) = D(A) and satisfies
(M —ARN)x = =z.

Let x € D(A). Proposition 1.11 says that T'(s)Az = AT'(s)x for s > 0, and
A is closed due to Proposition 1.20. Using also Remark 1.16d), we deduce

t t
RN — Az = lim [ e™T(s)(\ — A)zds = lim (A — A) / e T (s)zds
t—00 0 t—o00 0
t
=\ —A) lim [ e T(s)zds = (M — A)R(\)z.

t—o00 0

Hence, part a) is shown.

b) Let z € X. Fix a number w € (wo(T),Re\). It follows [|e=*T(s)z| <
Me@W—ReNs for some M >1and all s > 0. For 0 < a < b we can thus estimate

H/TA Y ds— /T,\ Jeds|| < /HT,\ des<MHa;H/ “ReN)s g, ()

as a,b — oo. Consequently, fo T\ (s)x ds converges (absolutely) in X as t — oo
for all x € X, and thus assertion b) follows from a).

c)Letn e N,z € X, and ¢t > 0. Arguing as in Analysis 2, one can differentiate

<i>n71 /t e T (s)xds = /t(l)"_lsn_le_)‘sT(s)J: ds.

As in part b), the integrals converge as t — oo uniformly for Re A > w + € and
any £ > 0. Hence, (1.6) and a variant of Remark 1.16 g) imply

t

n,, __ (_1)71,—1 d \n-1 .
R()\,A) xr = m(a) tll)Iglo 0 T/\(S)xds

1
= lim

. 1 t ne1l L
Pt (TL _ 1)' /O S T)\(S):E ds = (n—l)'/o S e T(S).’,If ds.

Computing an elementary integral, one can now estimate

n z n— w—he S
IROAY] < o Jl‘;!/o g~ lola—Re) ds-mﬂ z

for all Re A > w since ¢ is arbitrary. O

We calculate the generators of the translation semigroups from Example 1.9
and discuss their spectra. They turn our to be the first derivative endowed with
appropriate domains. We also use the above necessary conditions to show that
on certain domains the first derivative fails to be a generator.



1.1. Basic concepts and properties 14

ExXAMPLE 1.22. a) Let T'(t)f = f(- + t) be the translation group on X =
Co(R). We compute the generator A and its spectrum.
1) Below we use that a function g € X is uniformly continuous since C.(R)
is dense in X and uniform continuity is preserved by uniform limits.
For f € D(A), t # 0 and s € R, there exist the pointwise limits
Af(s) = lim ~(T(8) f(s) — () = lim ~(f(s + 1) — £(s)) = £'(5)

t—0 t t—0 ¢

so that f is differentiable with f' = Af € Cy(R). We have shown the inclusion
D(4) CCy(R) := {f e C'(R) | [, " € X}.
Conversely, let f € C}(R). For s € R, we compute
1
ST f(s) - 7)| = |50 1) = 1(s)]

/ (f/(s+7) = f(s) dr]

-I;
< sup |f'(s+71)—f(s)
0<|r|<[¢]
The right-hand side tends to 0 as ¢ — 0 uniformly in s G R since f' € Co( ) is
uniformly continuous. Asaresult, f € D(A) andso A = &L with D(A4) = C}(R).
2) In Theorem 1.30 we will see that A generates the Co —semigroup (7'(t))+>0
and —A is the generator of (S(t))i>0 = (T'(—t))t>0. Proposition 1.21 yields the
inqualities s(A) < wp(A) = 0 and s(—A) < 0 Observing that —(A] — (—A)) =
—AI — A, we conclude o(—A) = —o(A) as well as —R(\,—A) = R(—X, A). So
we have proven the inclusion o(A4) C iR.
To show the converse, let A € C4, f € X, and s € R. Since all of the following
limits exist with respect to the supremum norm in s, Proposition 1.21 yields

b b
(R(A,A)f)(s)z(lim / e”\tT(t)fdt)() lim e”\t(T(t)f)(s)dt

b—oo Jo b—oo
b b+s
= lim e Mf(t+s) hm / =) £(7)
b—o0 0

- / T A () dr

We pick functions ¢,, € C.(R) with 0 < ¢, <1 and ¢, =1 on [0,n] for n € N,
and set a = Re A > 0, B = Im ), as well as f,,(7) = €7, (7). Since || fulloo = 1,
the above formula leads to the lower bound

IROAN > (RO Al > RO A0 =] [ e fr)ar

00 n 1 — e—an
= / e Ton(r)dr > / e dr= ——.
0 0 @

Letting n — oo, we arrive at |IR(A\, A)|| > L5. Proposition 1.21 then yields
the equality ||[R(\, A)|| = Re)\ (take M = 1, w = 0 and n = 1 there). If i
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belonged to p(A) for some € R, then we would infer
1 . .
- = [Rla+i8, A)l| — [|RGS, A)l|
as o — 0, which is impossible. We thus obtain o(A) = iR.
b) We treat the nilpotent left translation semigroup on X = Cy([0,1)); i.e.,

fls+1t), s+t<l,
0, s+t>1,

(T(@)f)(s) = {

for f e X,t>0and s € [0,1). Let A be its generator. Take f € D(A).
As in part a), one shows that the right derivative % f exists and % f=Af.

(Here we can only consider ¢t — 0%.) However, since f and Af are continuous,
Corollary 2.1.2 of [Pa] says that f € C1([0,1)), and so we have the inclusion

D(4) € Cy([0,1)) == {f € C'([0,1))| f, ' € X}
as well as Af = f’. Let f € C}(]0,1)) and note that its 0-extension f to R>g
belongs to C}(Rxp) and has compact support. As in part a), it follows

1 B _{1<f<s+t>—f<s>>, 0<s<1-t,

—11(s), 1-t<s<1,

[u—y

= —(f(s+t)—f(s) — f'(s)=f'(s)

as t — 07 uniformly in s € [0,1), since f’ is uniformly continuous. Hence,
D(A) = C}([0,1)) and Af = f’. Because of wy(A) = —oo, Proposition 1.20
yields 0(A) =0 and p(A) = C.

¢) The operator Af = f’ with D(A) = C'([0,1]) on X = C([0,1]) has the
spectrum o(A) = C. In fact, for each A € C the function t — ey(t) := e
belongs to D(A) with Aey = Aey so that even A € 0,(A). Hence, A is not a
generator in view of Proposition 1.21.

d) Let X = Cy(R<p) :={f € C((—00,0])| f(s) > 0as s - —oo}and A = &
with D(A) = C}(R<o) := {f € C*(R<o) | f, f' € X}. Then A is not a generator.
Indeed, for all A € C; we have ey € D(A) and Aey = Xey so that A € o(A),

violating s(A) < oo in Proposition 1.21.
e) On X = C([0,1]) the map A = & with D(4) = {f € C*([0,1]) | f(1) = 0}

is not a generator as D(A) = {f € X | f(1) =0} # X, cf. Proposition 1.20. ¢

~+

We stress that in parts ¢) and d) one does not impose conditions at the upper
bound of the spatial domain, in contrast to a) and b). This lack of boundary
conditions leads to spectral properties of A ruling out that it is a generator.
We will come back to this point in Example 1.37.

1.2. Characterization of generators

Proposition 1.20 and 1.21 contain necessary conditions to be a generator. In
this section we want to show their sufficiency. This is the content of Hille—
Yosida Theorem 1.27 which is the core of the theory of Cp-semigroups. Our
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approach is based on the so called Yosida approrimations which are defined by

Ay = AMAR(M\ A) = N R(\, A) — M € B(X). (1.12)
for A € p(A). Here we note the basic identities
AR(N, A) =AR(M\A)—1 and AR\ A)z=R(\A)Ax (1.13)

for x € D(A). The next lemma is stated in somewhat greater generality than
needed later on. In view of Proposition 1.20 and 1.21, for a generator A it says
that the bounded operators Ay approximate A strongly on D(A) as A — oc.

LEMMA 1.23. Let A be a closed operator satisfying (w,00) C p(A) and
IR(A,A)|| < )\% for some M > 1 and w € R and all X\ > w. We then

have AR\, A)x — x as A\ — oo for all z € D(A) and NAR(\, A)y — Ay as

A — oo for all y € D(A) with Ay € D(A).

PROOF. Let x € D(A) and A > w + 1. Equation (1.13) and the assumption
yield that

IARA, Az — 2| = [[R(A, A)Az|| <

Az|| — O
s
as A — 0o. Since AR(\, A) is uniformly bounded for A > w+1, the first assertion
follows. Taking z = Ay and using (1.13), one then deduces the second assertion
from the first one. U

For linear operators A, B on X we write A C B if Gr(A) C Gr(B); i.e.,
if D(A) € D(B) and Az = Bz for all z € D(A). In this case we call B an
extension of A. Equality of A and B is then often shown by means of the next
observation, requiring that D(A) is not ‘too small’ and D(B) is not ‘too large.’

LEMMA 1.24. Let A and B be linear operators with A C B such that A is
surjective and B is injective. We then have A = B. In particular, A and B are
equal if they satisfy A C B and p(A) N p(B) # 0.

PROOF. We have to prove the inclusion D(B) C D(A). Let x € D(B). By
the assumptions, there is a vector y € D(A) with Bx = Ay = By. Since B is
injective, we obtain x = y so that = belongs to D(A).

Let A € p(A)Np(B). The first part then shows the equality A\l — A = A\l — B,
and hence A = B. O

We introduce a class of Cp-semigroups which is easier to handle in many
respects, cf. Theorem 1.40.

DEFINITION 1.25. Letw € R. An w-contraction semigroup is a Cy-semigroup
T(-) satisfying [|T(t)|| < et for all t > 0. Such a semigroup is also said to be
quasi-contractive. If w =0, we call T'(-) a contraction semigroup.

This concept depends on the choice of the norm on X as described below.

REMARK 1.26. a) Let T'() be a contraction semigroup. Then the norm of
the orbit ¢ — T'(z)z is non-increasing since

1Tz = Tt = 8)T(s)x|| < [T (s)z]|
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forx € X andt > s > 0. This fact is important since ||z|| is related to important
quantities in many applications, e.g., the energy of the state x.

b) Let A € B(X). Estimating the power series in Example 1.3, we derive
let4]| < el so that A generates a || A||-contractive semigroup. However,

its growth bound wy(A) is possibly much smaller, as can be seen from Re-
mark 1.6d).

¢) There are unbounded generators A of a Cp-semigroup having norms
|T(t)|| > M for all ¢ > 0 and some M > 1. Hence, they cannot be w-contractive
for any w € R. As an example, let X = Cy(R) be endowed with the norm

/1] = max { supq | f(5)], M sup,q [/ (s)]}

for some M > 1, which is equivalent to the supremum norm. The translations
T(t)f = f(-+1) thus yield a Cp-semigroup on (X, ||-||). Take any ¢ > 0. Choose
a function f € Cy(R) such that || f||cc = 1 and supp f C (0,¢). We then obtain
I/ =1, suppT(t)f < (—t,0), and so

TN = T@)fl| =M sup [f(s+1)] = M.
—t<s<0

Since | T'(t)|| < M, we actually have ||T(¢)|| = M for all ¢t > 0.

d) However, for each Cp-semigroup 7'(-) on a Banach space X one can find
an equivalent norm on X for which 7'(-) becomes w-contractive. Indeed, take
numbers M > 1 and w € R such that | T(¢)|| < Me“! for all t > 0. We set

[l = supe™*||T'(s)z|
s>0

for z € X, which defines an equivalent norm since ||z| < [|z||| < M ||z|. We
further obtain

lle™ T (w)al| = supe O T(s + )] < ]
S22

so that T'(+) is w-contractive for this norm. However, this renorming can destroy
additional properties as the Hilbert space structure, and in general one cannot
do it for two Cp-semigroups at the same time. See Remark 1.2.19 in [Go]. ¢

The following major theorem characterizes the generators of Cy-semigroups.
It was shown in the contraction case independently by Hille and Yosida in
1948. Yosida’s proof extends very easily to the general case and is presented
below. As we see in Theorem 2.2, the generator property of A is equivalent to
‘wellposedness’ of (1.1). In other words, the Hille-Yosida Theorem describes
the class of operators for which (1.1) is solvable in a reasonable sense. It is thus
the fundament of the theory of linear evolutions equations, which is actually
concerned with many topics beyond wellposedness — below we treat regularity,
perturbation, approximation, and long-time behavior, for instance.

THEOREM 1.27. Let M > 1 and w € R. A linear operator A generates a
Co-semigroup on X satisfying ||T(t)|| < Me*t for all t > 0 if and only if

A is closed, D(A) =X, (w,00) C p(A),
M

N N, A : RNAY < ——.
neN A>w: IROAN < oo

(1.14)
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In this case one even has C, = {\ € C| ReA > w} C p(A) and
M

N, AeC,: MAY| < —r——. 1.1
VneN AeCu: [ROLA < ot (1.15)
The operator A generates an w-contraction semigroup if and only if
—_ 1
A closed, D(A)=X, (w,00) Cp(A), YA>w: ||[R(N,A)] < 0w (1.16)
—w

In this case (1.15) is true with M = 1.

In applications it is of course much easier check the assumptions in the quasi-
contractive case. Based on the above result, Theorem 1.40 will provide another,
even more convenient characterization of generators in this case.

PROOF OF THEOREM 1.27. It is clear (1.16) implies (1.14) for M =
Propositions 1.20 and 1.21 imply (1.15) and the necessity of (1.14) respec-
tively (1.16). If (1.14) is true, then the shifted operator A — wI satisfies (1.14)
with ‘w = 0. Below we show that A — wl generates a bounded semigroup.
Lemma 1.18 then yields the assertion.

We establish the sufficiency of (1.14) in two steps. We first use the semigroups
et4n generated by the (bounded) Yosida approximations A,, = n?R(n, A) —nl
for n € N and prove that they converge to a Cy-semigroup 7'(-) as n — oco. In
a second step we show that it is generated by A.

1) Let (1.14) be true with w = 0. Take n,m € N and ¢ > 0. Employing
Lemma 1.18, the powers series representation of e'4» in Example 1.3 and (1.14),

we estimate
oo

g R o (k]| Rin, A) [
et = [l RO < min S

i
j=0 J: j=0
= M. (1.17)
We further have A, A,, = A, A, and hence

= A, Zi' Z AJA =etdm A,

Take t9 > 0, y € D(A), and t € [0, ¢o]. Usmg (1.3), we next compute

t d t
ety _ otAmy _ / A =) Amgsany g — / o= AmesAn (4 A Y ds.
o ds 0
Estimate (1.17) and Lemma 1.23 then lead to the limit
le*ry — e"Amy|| < toM? || Any — Apyll — 0 (1.18)

as n,m — oo. Because of the density of D(A) and the bound (1.17), we can
apply Lemma 4.10 of [FA]. Since ¢ty > 0 is arbitrary, it yields operators T'(¢) in
B(X) such that ez — T(t)x as n — oo and | T(t)|| < M for all ¢ > 0 and
x € X. Clearly, T'(0) = I and
T(t+s)x = lim ey = lim etresng = T(H)T(s)x
n— o0

n—oo
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for all ¢,s > 0 (use Remark 1.14). Letting m — oo in (1.18), we further deduce
"4y — T()yl| < toM? || Any — Ayl

for all t € [0,%p]. This means that e*4»y converges to T(t)y uniformly for
t € [0, o], and hence T'(-)y is continuous for all y € D(A). Lemma 1.7 and the
density of D(A) now imply that 7'(-) is a (bounded) Cp-semigroup.

2) Let B be the generator of T'(-). Observe that (0,00) C p(A) N p(B) due to
Proposition 1.21 and the assumptions. In view of Lemma 1.24 it thus remains
to show A C B. For t > 0 and y € D(A), Lemma 1.19 and Remarks 1.14 and
1.16e) yield

1 1 I [t
—(Tt)y—vy) = ILm —(eMry —y) = lim = [ enA,yds = t/ T(s)Ayds.
n 0

t oo t n—oo t 0

Ast — 0, from (1.4) we conclude that y € D(B) and By = Ay; ie., ACB. O

We illustrate the above theorem by some examples. Applications to partial
differential operators will be discussed in Section 1.4.

ExXAMPLE 1.28. a) Let X = Cy(R<g) and A = — L with D(A) = C3(R<o),
cf. Example 1.22. Then A generates the Cy semigroup given by T'(t)f = f(-—t)
for t > 0 and f € X. It has the spectrum o(A) = C_.

PrOOF. We first check in several steps the conditions (1.16).

1) Let f € X and € > 0. We extend f to a function f € Co(R). As in
Example 1.9 one finds a map § € C.(R) with ||/ — §llec < e. By the proof of
Proposition 4.13 in [FA] there is function h € C°(R) with ||§ — hllec < £. As a
result the restriction h of h to R<g belongs to D(A) and satisfies ||f —hl|oo < 2,
so that A is densely defined.

2) Let the sequence (u,) in D(A) tend in X to a function u, and (Au,) to
some f in X. The map u is thus differentiable with —u’ = f € X. As a result
u € D(A) and Au = f; i.e., A is closed.

3) Let f € X and A\ > 0. To show the bijectivity of AI — A, we note that a
function u belongs to D(A) and satisfies A\u — Au = f if and only if

u’:—)\u—i—f, uECl(Rgo)ﬂX
(using that then v’ = —A\u + f € X). This condition is equivalent to

ue CHRe)NX, Vig<s<0: u(s)=e )y (ty) +/ e A7) f () dr
to
Since u and f are bounded and A > 0, here one can let tg — —oo and derive

u(s) = / e AT f(7)dr = R(\) f(s) for all s <0, Sgr_noou(s) =0.

Conversely, the same reasoning yields that if the function v := R(\)f belongs
to X, then it is an element of D(A) and satisfies Av — Av = f.

We show R(\)f € X, where the continuity is clear. Let £ > 0. There is a
number s. < 0 such that |f(7)] <e for all 7 < s.. For s < s, we then estimate

ROV f(s)] < /

—00

8 €

e*’\(s*T)|f(T)| dr < 5/ e Mdr = %
0
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substituting r = s — 7. As a result, R(\)f(s) — 0 as s - —oo so that A € p(A)
and R(\) = R(\ A).
4) Employing the above formula for the resolvent, we calculate

IR\ A) floe < sup /
s<0

—00

S

o0
O flowdr = e [ e var = L
0
for all f € X and A > 0. Theorem 1.27 now implies that A generates a
contraction semigroup T'(). In particular, o(A) is contained in C_. For A € C_,
the function e_y belongs to D(A) and satisfies Ae_y = —€’ , = Xe_) so that
C_ C o(A). The closedness of o(A) then implies the second assertion.
5) To determine T'(-), we take ¢ € D(A). We set u(t,s) = (u(t))(s) =
(T'(t)p)(s) and for ¢ > 0 and s < 0. By Proposition 1.11, the function «
belongs to C(Rxp, X) N C(R>q, [D(A)]) and solves the problem

dwu(t,s) = —0su(t,s), t>0, s<0,
u(0,8) = p(s), s<0.

(Note that D(A) includes the ‘boundary condition’ u(t,s) — 0 as s — —o0.) It
is straighforward to see that via v(¢, s) = ¢(s—t) one defines another solution in
the same function spaces. The uniqueness statement in Proposition 1.11 then
yields w = v and hence T'(t)p = ¢(-—t) for all t > 0. The last claim now follows
from the density of D(A). O

b) We provide an operator A which fulfills (1.14) for n = 1 and some M > 1,
but which is not generator. So one cannot omit the powers n in (1.14).
Let X = Co(R) x Co(R) with [[(f, 9)[| = max{]|flloo; [lglloc}, m(s) = is, and

A p— =
v mu 0 m) \v
for (u,v) € D(A) = {(u,v) € X | (mu,mv) € X}.
Since C(R) x C.(R) € D(A), the domain D(A) is dense in X. Take (up,vy)
in D(A) such that (uy,v,) = (u,v) and A(upn,vy) — (f,g) in X as n — oco. By
pointwise limits, we infer that mu + mv = f and mv = g € Cy(R), so that also

mu € Cp(R). As a result, the vector (u,v) belongs to D(A) and A is closed.
Let A € C4. Since 1/(A —m) and m/(A —m) are bounded, the operator

1 __m _
R(A)z(kom “‘W)

A—m

maps X into D(A). We further compute

(M — A)R(\) = (Agm -m > <A(1)m (A?n)Q) =1,

A—m

A—m

and similarly R(A\)(Aw — Aw) = w for w € D(A). So we have shown that
Ct+ C p(A) and R(N\) = R(\ A).
For A > 0 and ||(f,g)| <1 we next estimate

o () < max {52l # 2l I 2L
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<sup( ! + il )<l+supi
Toser MA—ds| A =P T A ser A2+ 82
3/2
:7A.

On the other hand, for a > 0 and n € N we choose g, € Cp(R) such that
gn(n) =1 and ||gn|lco = 1. It then follows

IR(a +in, A)|| > HR(a +in, A) (g‘i) H > H(a+mmm)29” .
> [ =

The resolvent R(\, A) is thus unbounded on every imaginary line Re A\ = a,

violating Proposition 1.21¢); i.e., A does not generate a Cy-semigroup.

There are operators satisfying even ||R(A, A)|| < #()\) for some ¢ > 1 and all

A € C4 which fail to be a generator (see Example 2 in § 12.4 of [HP]). O

We now turn our attention to the generation of groups. We will reduce this
question to the semigroup case, using the following simple fact.

LEMMA 1.29. Let T(-) be a Cy-semigroup and to > 0 such that T(to) is
invertible. Then T'(-) can be extended to a Cy-group (T (t))ier-

PROOF. Take constants M > 1 and w € R such that ||T(¢)|| < Me*! for all
t>0. Set c = ||T(to) || Let 0 <t <tg. We then compute

T(to) =T(to — )T (t) =T )T (to — 1),
I'="T(t) ' T(to — )T (t) = T(t)T(to — )T (to) "
The operator T'(t) thus has the inverse T'(tg) ~'T'(ty —t) with norm less than or
equal to M := cMe“+%, Next, let t = ntg + 7 for some n € N and 7 € [0, ).
In this case T(t) = T(7)T(to)" has the inverse T(to)~"T(7)~ L.
We now define T'(t) := T'(—t)~! for t < 0. This definition gives a group, since
for t,s > 0 we can calculate

T(—t)T(~s) =Tt)"'T(s) " = (T(5)T(A) " =T(s + 1) =T(=s — 1),
T(=)T(s) = (T(s)T(t — 5)) "' T(s) = T(t — 5)"'T(s) "' T(s)
=T(t—s) ' =T(s—1) for t > s,
T(—t)T(s) =T(t) ' THT(s—t) =T(s—t)  for s>t
and similarly for T'(s)T'(—t). Let t € [0,to] and z € X. We then obtain
IT(=t)z — x| = [[T(=t)(x = T(t)z)| < M [z = T(t)x]| = 0
as t — 0. So (T(t))ier is a Cp-group by Lemma 1.7. O

The next theorem characterizes generators of Cp-groups in the same way as
in the Hille—Yosida Theorem 1.27, but now requiring resolvent bounds also for
negative A. Moreover, A generates the Cy-group (7'(t)).er if and only if A and
—A generate the Cp-semigroups (7'(t))¢>0 and (T'(—t))>0, respectively.
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THEOREM 1.30. Let A be a linear operator, M > 1, andw > 0. The following
assertions are equivalent.

a) A generates a Co-group (T(t))ier with |T(t)|| < Me“lYl for all t € R.

b) A generates a Co-semigroup (T4 (t))i>0, and —A with D(—A) = D(A)
generates a Cy-semigroup (T—(t))i>0 with | T4 (t)|| < Me*t for all t > 0.

c) A is closed, D(A) = X, and for all A € R with |A\| > w we have \ € p(A)
and [[(|]A| —w)"R(\, A)™|| < M for allm € N.

If one (and thus all) of these conditions is (are) fulfilled, one has Ty (t) = T(t)
and T_(t) = T(—t) for every t > 0. Moreover, in part c) one can then replace
ANeR by ‘A€ C’and A’ by ReA|”.

ProoF. 1) We first deduce statement b) from a). Assuming a), we set
T, (t) =T(t) and T_(t) = T(—t) for each ¢ > 0. Recall from Remark 1.2 that
T(—t) = T(t)~!. Tt is easy to check that one thus obtains two Cp-semigroups.
We denote their generators by A.y.

For x € D(A), there exists %T(O)m = Az implying A C A, and A C —A_.
To show the inverse inclusion, let x € D(A_) and ¢ > 0. We then compute

LTt — ) = ~T() (T (t)a —2) — ~A

as t — 0, so that z € D(A) and hence A = —A_. One proves A = A, similarly.
Therefore, property b) and the first adddendum are true.

2) Let b) be valid. For A > w, assertion c¢) follows from Theorem 1.27.For
A < —w, we use that o(—A) = —0(A) with R(—\,—A) = —R(\, A), cf. Exam-
ple 1.22a). Theorem 1.27 thus also yields the estimate in part c) for A < —w
since here —\ = |\|. The second addendum is shown in the same way.

3) We assume claim c¢) and derive statement a). Theorem 1.27 implies
that A generates a Cp-semigroup (77 (¢))r>0 and —A generates a Cp-semigroup
(T—(t))t>0 (arguing for —A as in the previous step). Let z € D(A) = D(—A)
and t > s > 0. Proposition 1.11 and its proof imply

LT, ()T (s) = Ty () AT (s)z + T4 (s) (— A)T_(s) = 0,

and thus T4 (t)T-(t)x = x. Analogously, one obtains T_ ()T (t)x = x. It
follows that I = T4 (¢t)T_(t) = T_(¢)T'4(t) since D(A) is dense. By Lemma 1.29,
T4 (+) can thus be extended to a Cyp-group. Let B be its generator.We have B C
A by definition and s(B) < oo by step 1) and Proposition 1.21. Condition c)
and Lemma 1.24 then yield A = B and hence assertion a). O

1.3. Dissipative operators

Even in the contraction case, the Hille-Yosida Theorem 1.27 poses the diffi-
cult task to show a resolvent estimate for all A > 0. In this section we prove
the Lumer-Phillips Theorem 1.40 which reduces this task to checking the dis-
sipativity and a certain range condition of A. The former property can often



1.3. Dissipative operators 23

be verified by direct computations, and for the latter there are powerful func-
tional analytic tools to solve the occuring equations. Below these matters will
be illustrated by the first derivative again, more involved applications will be
treated in the following section.

We start with an auxiliary notion. The duality set J(x) of a vector x € X is
defined by

J(@) = {a" € X*|(z,2") = [l«l*, [l = ll="|I},

where (z,z*) = 2*(z) for all x € X and z* € X*. The Hahn-Banach theorem
ensures that J(x) # 0, cf. Corollary 5.10 in [FA]. In standard function spaces
one can compute elements in the duality set explicitely.

ExAMPLE 1.31. a) Let X be a Hilbert space with scalar product (:|-). By
Riesz’ Theorem 3.10 in [FA], for each functional y* € X* there is a unique
vector y € X satisfying (z,y*) = (z|y) for all z € X, and one has ||y|| = [|y*]|.
As a result, y* € J(x) is equivalent to ||z|| = |ly| and (z|y) = ||z||?, or to
lz|| = |lyll and (z|y) = ||z| |ly]|. These conditions are valid if and only if
y = ax for some o € C with |a| =1 (due to the characterization of equality in
the Cauchy-Schwarz inequality). Inserting this expression in (z|y) = ||z, we
see that z = y. The converse implication is clear. Consequently, J(z) = {5}
for the functional given by ¢ (2) = (z|z).

b) Let X = LP(u) for an exponent p € [1,00) and a measure space (S, A, ()
which has to be o-finite if p = 1. We identify X* with L?' (1) via the usual
duality pairing, where p’ = % for p > 1 and 1/ = oo, see Theorem 5.4 in [FA].
Take f € X \ {0}. We set

g=fI57" FIF1P~2

writing 3 := 0. For p = 1, we have ||g|lc = || f|l1. For p > 1, we compute

p=1

lolle = 151372 ([ 1F97075 ) ™ = LA 1S = 1
Since also
(o) = W1 [ £TIAP 2= NI 10 = 1112,

we obtain g € J(f). It follows from an exercise that J(f) = {g} if p € (1, 00).
Note that g = f for p = 2 which corresponds to part a).

c) Let 0 # U C R™ be open and E = Cy(U) with
Co(U) :={feCU)| f(x) = 0as x — JU and as || — oo for unbounded U},

which is a Banach space for the supremum norm. For f € E there is a point x¢ €

U with |f(z0)| = || flleo- Set ¢(g) = f(z0)g(zo) for g € E; ie., ¢ = f(x0)0z,-
As in Example 2.8 of [FA] one checks that ¢ € E*, ||¢|| = |f(z0)| = || f]|co, and
o(f) = |f(z0)]? = ||f||%- Hence, ¢ belongs to J(f). The same construction
works on E = C'(K) for a compact metric space K. O

We now state the core concept of this section.
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DEFINITION 1.32. A linear operator A is called dissipative if for each vector
x € D(A) there is a functional z* € J(x) such that Re(Azx,z*) < 0. The
operator A is called accretive if —A is dissipative.

The next fundamental characterization provides the link between dissipativ-
ity and the resolvent condition (1.16) in the Hille-Yosida theorem. We also
show that a generator of a contraction semigroup is dissipative in a somewhat
stronger sense, which will be used in Theorem 3.8.

PROPOSITION 1.33. A linear operator A is dissipative if and only if it satisfies
| Az — Az|| > A|z|| for all X > 0 and x € D(A). If A generates a contraction
semigroup, then we have Re(Ax,x*) <0 for every x € D(A) and all x* € J(x).

PROOF. 1) Let A generate the contraction semigroup 7'(-). Take z € D(A)
and z* € J(z). Using z* € J(x) and the contractivity, we estimate

Re(Ax,z*) = tl_i,%lJr Re (3(T(t)x — z),2*) = tl_i)r(% 1(Re(T(t)z, z*) — ||z]|?)

< limsup ¢ (||| [|«*[| - [[«]*) = 0.
t—0t

2) Let A be dissipative. Take z € D(A) and A > 0. There thus exists a
functional z* € J(x) with Re(Az, 2*) < 0. These facts imply the inequalities

Azl < Re(Mz, z*)) — Re(Aw, z*) < [(Ax — Az, z*)| < | Az — Az| ||z*].
Since ||z|| = [|z*]|, it follows A||z| < [[Az — Ax||.

3) Conversely, let [[Az — Az|| > A||z|| be true for all A > 0 and = € D(A).
If x = 0 we can take * = 0 in the definition of dissipativity. Otherwise, we

replace = by ||z||~! z, and will thus assume that ||z|| = 1.

Take y§ € J(Ax — Ax). This functional is not zero since ||y}|| = ||z — Az|| >
A|z]| = A > 0 by the assumptions. We now set % = [|y5[| ! y% and note that
|z}l = 1. Using the assumptions again, we deduce

A < ||Ax — Az|| = —(\x — Az, y}) = Re(\x — Az, x})

193]
= ARe(z, x}) — Re(Az, z}) < min{\ — Re(Az,z}), ARe(z,z}) + ||Azx|}.

This inequality implies the core bounds
Re(Az,z}) <0 and 1— }[|Az|| < Re(z, z3}).

Let Z3 be the restriction of 23 to the space E = lin{z, Az} equipped with the
norm of X. Because of ||Z3|| < [|z}]| = 1, the Bolzano-Weierstral theorem
yields a sequence (A;) in Ry and a vector y* € E* such that A\; — oo and
;ijj — y* as j — oco. Applying these limits to the above estimates, we derive

lly*| <1, Re(Az,y*) <0 and 1 < Re(z,y").

The Hahn-Banach theorem allows us to extend y* to a functional z* € X* with
lz*|| = [ly*|| < 1. It then satisfies Re(Az,2*) < 0 and

1 < Re(z,2) < [(z,2")] < [lz"]| <1

as ||z|| = 1. So we have equalities in the above formula, which means that
|lz*|| = 1 = ||z]| and (z,2*) = 1 = ||z||?; i.e., z* € J(z) and A is dissipative. [
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The dissipativity of differential operators A heavily depends on the boundary
conditions, as we now discuss for first-order operators on an interval.

EXAMPLE 1.34. a) Let X = Cy(R), b,c € Cp(R) be real-valued, and Au =
bu' + cu with D(A) = C}(R). Take u € D(A) and some sy € R with |u(sg)| =
|tu)|oo- Then ¢ =u(sp)ds, belongs to J(u) by Example 1.31. We then compute

r = Re(Au — [[e4[|oou, ) = b(so) Re(w(s0)u(s0)) + (c(s0) — et [loc) [u(s0)[?
< b(s0) Re(u’(so)ﬂ(so)).
We set h(s) = Re(u(sp)u(s)) for s € R. Clearly, h € C}(R) is real-valued and

[u(s0)|* = h(s0) < [hllse < lu(s0)| [[ulloc = lu(so)[?
so that h attains its maximum at sg. Therefore, h'(sp) = 0 and r < 0. This
means that A — ||c4 ||l is dissipative.

b) Let X = C([0,1]), b,c € X be real-valued, b(0) > 0 for simplicity, and
A; = bu' + cu with D(A ) = {u € CY(|0, 1])|u( j) = 0} for j € {0,1}. Then

A1 — et ||ood is d1581pat1ve If b(1) <0, also Ag— ||c4||oo! is dissipative. On the
other hand, if b(1) > 0 the operator Ay —wl does not generate a contraction
semigroup for any w € R. (Using more measure theory, one can show that it is
not dissipative.)

Proor. For u € D(A;), we use the functional p(v) = (so)v( 0) on X,
where |u(sp)| = ||ul|eo for some sg € [0, 1]. We also set h(s) = Re(u(so)u(s)) for

€ [0,1]. As in a), one sees that ¢ belongs to J(u), h € Cl([ ,1]) attains its
maximum at sg, and

r = Re(Aju — ||cx|loou, p) < b(so) Re(u'(so)u(so)) = b(so)h (so).
If sp € (0,1), this inequality again yields r < 0. Similarly, for sy = 0 we obtain
K (0) = lim L(h(s)—h(0)) <0
s—0t

since h(0) is a maximum of h. Using b(0) > 0, we infer r < 0.

Finally, let s = 1. In this case the above argument yields h'(1) > 0. We first
look at 7 = 0. For b(1) < 0, we derive r < b(1)h/(1) < 0 so that Ay — [|c|loc!
is dissipative in this case. Next, let (1) > 0. Fix w € R. Choose a real-valued
function u € D(Ap) with maximum u(1) = 1 and «/(1) > (w—¢(1))/b(1). Since
then ¢ = §1, we obtain the inequality

Re(Agu — wu, @) = b(1)u'(1) + ¢(1) — w > 0.
Hence, Ag — wl cannot generate a contraction semigroup by Proposition 1.33.
(Note that we did not show that Re(Apu — wu, ) > 0 for all ¢ € J(u).)
For j = 1 we have the boundary condition «/(1) = 0 and thus /(1) = 0. It
follows that » < b(1)h/(1) = 0 and so Ay — ||cy || is dissipative. O
c¢) Let X = L?(R) and A = &L with D(A) = C}(R). For u € D(A) we have
u € J(u) by Example 1.31. Integration by parts yields

2Re(Au,u) = (Au,u) + (Au,u) = / uw'uds + / wuds = 0;
R R

i.e., A is dissipative (but not closed by Example 1.43). In the same way one
checks the dissipativity of —A.
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d) Let X = L?(0,1), A; = &, and D(4;) = {u € C([0,1]) |u(j) = 0} for
j € {0,1}. For u € D(A;) we take again u € J(u) and obtain

1 1
2Re<Au,u>:/ u'uds—i—/ Tuds = ]} = [u(1)? — [u(0) %
0 0

It follows that A; is dissipative. However, Ag — wl is not dissipative for any
w € R, since we can find a map u in D(Ay) satisfying |u(1)|? > 2w]|u||3 and so

1
Re(Apu — wu,w) = 5\u(1)\2 — w||ulj3 > 0. O

Examples ¢) and d) can be extended to LP with p € [1,00), cf. Example 1.49.
Above we have encountered rather natural dissipative, but nonclosed operators.
To treat such operators, we introduce a concept extending closedeness.

Intermezzo 2: Closable operators.

DEFINITION 1.35. A linear operator A is called closable if it possesses a closed
extension B.

Note that a closed operator is closible since A C A. We first characterize
closability and construct the closure A of a closable operator A, which is the
smallest closed extension of A.

LEMMA 1.36. For a linear operator A, the following statements are equivalent.

a) The operator A is closable.

b) Let (x,,) be a sequence in D(A) such that x,, — 0 and Az, — y in X as
n — o0o. Then y = 0.

c) In the set D(A)={x€ X|3 (x,) in D(A), ye X : z,, >z, Az)y —y, n—00}
the vector y is uniquely determined by x. Letting A : D(A) — X; Ax =y, one
thus defines a map. The operator A is linear, closed, and extends A.

If one and hence all of the properties a)—c) are valid, then Gr(A) = Gr(A4),
D(A) is dense in [D(A)], and we have A C B for every closed operator B D A.

PRrOOF. Clearly, part c¢) implies a). Let a) be true and B be a closed
extension of A. Take (x,) as in statement b). Then the vectors Az, = Bz,
tend to y = B0 = 0 since B is closed.

We assume that property b) holds. Let (zy,), and (z,), be sequences in D(A)
with limit = in X such that (Axzy,), converges to y and (Az,), to w in X. Then
(xn, — 2p) is a null sequence in X with A(z,, — z,) = Az, — Az, — y — w as
n — oo. Part b) thus implies y = w, so that A is a mapping. One easily verifies
that A is linear and that Gr(A) = Gr(A), which shows the first part of the
addendum. Hence, A is closed due to Remark 1.16 and A extends A. Therefore
assertion c) is shown.

Let B be another closed extension of A. We then have Gr(A) C Gr(B) and
so Gr(4) = Gr(A) C Gr(B) because of the closedness of B. In particular,
B extends A. The density assertion is an immediate consequence of Gr(A) =
Gr(A) and the definition of the graph norm. O

As consequence of this lemma, a linear operator is closed if and only if it is
its own closure. We illustrate the concepts of extension and closure by the first
derivative, again stressing the role of the boundary conditions.
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EXAMPLE 1.37. a) Let X = L'(0,1) and Af = f(0)1 with D(A) = C([0, 1]).
This operator is not closable. In fact, the functions f,, € D(A) given by f,(s) =
max{1—ns, 0} satisfy || fn|i =1/2n — 0asn — oo, but Af, = 1 foralln e N,
contradicting Lemma 1.36b).

b) Let X = C([0,1]) and Agu = v’ with D(4g) = C1(0,1) := CL((0,1)), as
well as Au = v’ with D(A) = C}(0,1) := C§((0,1)). As in Example 1.15 we
see that A is closed. Hence, Ay is closable and Ay C A since Ay C A. To check
equality, let u € C}(0,1). Take ¢, € C1(0,1) such that ¢ = 1 on [1/n,1—1/n],
0 <y, <1and |¢)|le < cn for some ¢ > 0 and all n € N with n > 2. (For
instance, one can take

(0, 0<s< =
(s — &) R <s<a

on(s) = 1—8n2(% —8)2, 21n <s< 43;“
1, B <s<i,
L pn(1 =), T<s<1,

where ¢ = 4.) Then the function u,, = @, u belongs to D(Ay), and we have

lun —ulloo = sup — [(pn(s) =Duls) < sup — Juls)] — 0,
0. 21011 -4.1] 0. 21ul1—£.1]

lonu' —u'llc < sup  [(pn(s) = )u'(s)] — 0
(0,5 ]U[1—7 1]

as n — oo since u, u’ € Cy(0,1). We further obtain

lopullos < sup [l (s)u(s)|+  sup ¢, (s)u(s)]
s€[0,1] se1-1 1)

1
< sup cn’/ dT’—i— Sup cn’/ o' (7)dr
s€[o, 1] 1] s
1
Scn/ |u/ (7‘)|d7‘—|—cn/ ) |/ (7)][dT — 0
0 1-1

as n — 00, because of (1.4) and v’ € Cp(0, 1). Hence, Ag(pnu) = @ju + pp/
converges to Au = u'.This means that A C Ag and thus Ay = A. In particular
Ap is not closed and thus fails to be a generator.

We discuss further closed extensions of Ay given by Aju =« for j € {1,2,3}.

1) Let D(A;) = {u € C1([0,1])|«/(1) = 0}. By an exercise, A; generates a
Co-semigroup on X and o(A;) = {0}. Observe that A; is a strict extension of
A. Lemma 1.24 thus implies that p(A) N p(A1) = 0 and hence C\ {0} C o(A).
(Actually, we have 0(A) = C since 1 ¢ AD(A).) As a result, A is not generator
— it has too many boundary conditions, namely four instead of one as in D(A;).

2) Let D(A3) = C*([0,1]). Example 1.22 says that o(A3) = C. So Aj3 is not
a generator because it has not enough boundary conditions, namely none. We
have A g A1 g Ag.
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3) Let D(As) = {u € C*([0,1]) | u(1) = 0}. Also Aj is ‘sandwiched’ between
A and As;ie., AC Ay C As, but Ay and Ay are not comparable. The operator
A, is not a generator as its domain is not dense, see Example 1.22.

Summing up, the ‘minimal’ operator A and the ‘maximal’ operator Az do
not generate Cp-semigroups. Between them there are various, partly noncom-
parable operators (so—called ‘realizations’ of %) which may or may not be
generators. Their domains are often determined by boundary conditions. %

We come back to the investigation of semigroups. Below we use closures in a
generation result, but at first we establish sufficient conditions for a subspace
D to be dense in D(A) in the graph norm. Such a subspace is called core of a
closed operator A, since one can often extend properties from cores to the full
domain. (Observe that A[p = A if and only if D is a core.) In Example 1.37b)
the set C1(0,1) is a core for A.

It is often difficult to decide whether a subspace D is a core of an operator A.
The next result gives a convenient sufficient condition involving the semigroup.

PROPOSITION 1.38. Let A generate the Cy-semigroup T(-) on X. Let D be a

linear subspace of D(A) which is dense in X and invariant under the semigroup;
i.e., T(t)D C D for allt > 0. Then D is dense in [D(A)].

PROOF. Set C = supg<;<; [|T(t)]|. Let x € D(A). The map T'(-)x : R>o —
[D(A)] is continuous by Proposition 1.11. Take £ > 0. There is a time 7 =
T(e,z) € (0,1] with [|T(t)x — z||a < ¢ for all ¢t € [0, 7]. It follows

1 /(7 1 /7
H/ T(t)edi —af| | < / IT(0)z — 2|4 dt < e.
0 A TJo

J
Using the density of D in X, we find a vector y € D with
C+1\"1
le—yll < (C+=—=) =

Let D be the closure of D in [D(A)]. We want to replace y by a vector z in D

that is close to = for || - || 4. To this aim, we set
1 T
z= / T(t)ydt.
T Jo

The integrand T'(t)y takes values in D by assumption, and as above it is con-
tinuous in [D(A)]. In view of the definition of the integral, z thus belongs to
D. The previous inequalities and Lemma 1.19 imply the bound

|z — 2|4 < Hx—i/OTT(t)xdtHA+iH/OTT(t)(x—y) dtH
—l—j_HA/OTT(t)(x—y)dtH

<t S [Me—ylat+ 2 1Te) - D - )

C+1
§5+<O+i)llx—y\| < 2e.
T

Finally, there is a vector w € D with ||z—wl|4 < €, and hence ||[z—wl|[4 < 3e. O
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The next result shows further important properties of dissipative operators
following from the characterization in Proposition 1.33. In particular, the Hille—
Yosida estimate (1.16) is reduced to a range condition, anda densely defined,
dissipative operator has a dissipative closure.

PRrROPOSITION 1.39. Let A be dissipative. The following assertions hold.

a) Let X\ > 0. Then the operator \XI — A is injective and fory € RN — A) :=
(AT — A)(D(4)) we have (AT — Ay < L]l

b) Let \oI — A be surjective for some \g > 0. Then A is closed, (0,00) C p(A),
and [|R(A, A)|| < % for all X > 0.

c) Let D(A) be dense in X. Then A is closable and A is also dissipative.

PROOF. Assertion a) immediately follows from Proposition 1.33 where y =
Az — Az for some z € D(A).

Let the assumptions in b) hold. Part a) then implies that Ao/ — A has
an inverse with norm less than or equal to )\io In particular, A is closed by
Remark 1.17b). Let A € (0,2\g). Since |A — Ag| < Ao < [|[R(No, 4)||7!, Re-
mark 1.17c¢) shows that A belongs to p(A). Step a) also yields the estimate
IR(A, A)]| <1/X. We can now iterate this argument, deriving assertion b).

c¢) Assume that D(A) is dense in X. To check the closability of A, we choose
a sequence (z,,) in D(A) with limit 0 in X such that (Az,) converges in X to
some y € X. By density, there are vectors y, in D(A) tending to y in X as
k — oo. Take A > 0 and n, k € N. Proposition 1.33 implies the lower bound

N2z, — ANz, + Ay — Ayill = [|(M — A) Az 4+ 32) || > M|[Azy + i
Letting n — oo, we deduce
=y + Ayr — Ayell > Mlyell,
=y + ye — A Aygll > [|ywl]-

As A — oo, it follows that |-y + yx|| > |lykl|. Taking the limit £ — oo,
we conclude y = 0. Due to Lemma 1.36, the operator A is closable and for
x € D(A) there are vectors z, € D(A) such that z, — = and Az, — Az in X
as n — oo. Using Proposition 1.33, we now infer the estimate

|A\x — Az|| = lim |[Az, — Az,|| > lim Az, = M|z]|,
n—oo n—oo
and thus the dissipativity of A. ]

The following theorem by Lumer and Phillips from 1961 is the most im-
portant tool to verify the generator property in concrete cases (besides The-
orem 2.25 below). To show that an operator A (or its closure) generates a
contraction semigroup, one only has to establish the density of D(A), the dis-
sipativity of A, and that A\gI — A is surjective (or has dense range) for some
Ao > 0. The first two properties can often be checked by direct computations
using the given information on A. The final range conditions are usually harder
to show. One has to solve the ‘stationary problem’

JueD(A): Iu—Au=f
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at least for f from a dense set of ‘good’ vectors. Fortunately, there are various
tools to solve this problem which we partly discuss in the next section.

Based on our preparations, the Lumer—Phillips theorem can easily be deduced
from the contraction case of the Hille-Yosida Theorem 1.27. In Example 1.50
we will see that one cannot omit the range conditions in parts a) or b).

THEOREM 1.40. Let A be a linear and densely defined operator. The following
assertions hold.

B a) Let A be dissipative and Ao > 0 such that \oI — A has dense range. Then
A generates a contraction semigroup.

b) Let A be dissipative and Ao > 0 such that \gI — A is surjective. Then A
generates a contraction semigroup.

¢) Let A generate a contraction semigroup. Then A is dissipative, Cy C p(A),
and [|R(X, A)|| < 1/Re(N) for A € Cy.

One can replace ‘contraction’ by ‘w-contraction’ and A by A —wl for w € R.

Operators satisfying the assumptions in assertion b) are called mazimally
dissipative or m-dissipative. (Such maps cannot have non-trivial dissipative
extensions because of Lemma 1.24 and Proposition 1.39.) If a closed operator
A satisfies the hypotheses of part a), then A generates a contraction semigroup
since A = A. This variant of the result is often very useful in applications.
Concerning the addendum, one can easily check that the closure of A — wI is
equal to A — wl.

PrROOF OF THEOREM 1.40. Let the conditions in a) be true. Proposi-
tion 1.39 then tells us that A possesses a dissipative closure A. Let y € X. By
assumption, there are vectors z;,, € D(A) such that the images y,, = Aoz, — Az,
tend to y in X as n — oo. The dissipativity of A yields the inequality

1 1
[0 = 2mll < =[1(Ao = A)(@n = zm)l| = = [|Yyn = yml
)\0 )\O

for all n,m € N thanks to Proposition 1.33. This means that (z,) has a limit z
in X, and hence the vectors Ax,, = Az, = Aoz, — yn tend to Aoz —y as n — oo.
Since A is closed, x belongs to D(A) and satisfies Az = Aoz —y so that \gI — A
is surjective. Proposition 1.39 and Theorem 1.27 now imply the assertion.

By Proposition 1.39, A is closed if Ao — A is surjective, and then part a) shows
that A = A generates a contraction semigroup. Assertion c) is a consequence
of Propositions 1.33 and 1.21. The addendum follows by a rescaling argument
based on Lemma 1.18. O

We will reformulate the range condition in the Lumer—Phillips theorem using
duality. To this aim, we recall the following concept from the lecture Spectral
Theory. For a densely defined linear operator A, we define its adjoint A* by

A*x* = y* for all z* € D(A*), where (1.19)
DA") ={2z" e X" |Ty € X" Ve e D(A): (Ax,z") = (z,y")}.

This means that (Az,z*) = (z, A*z*) for all x € D(A) and z* € D(A*). Recall
from Remark 1.23 in [ST] that A* is a closed linear operator. The domain D(A*)
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in (1.19) is defined in a ‘maximal way’ which is convenient for the theory, but
for concrete operators it is often very difficult to calculate D(A*) explicitly. The
next result replaces the range condition by the injectivity of \gI — A* (or the
dissipativity of A*), cf. Theorem 1.24 in [ST|. In Example 1.50 we present a
closed and densely defined dissipative operator having a non-dissipative adjoint.

COROLLARY 1.41. Let A be dissipative and densely defined, and let \oI — A*
be injective for some Ao > 0. Then A generates a contraction semigroup. If A*
is dissipative, then A\l — A* is injective for all X > 0.

PRrROOF. The addendum follows from Proposition 1.39. Let Aol — A* be
injective. Take a functional z* € X* such that (\gz — Az,z*) = 0 for all z €
D(A). From (1.19) we then deduce that z* belongs to D(A*) and A*z* = Agz*.
Hence, * = 0. The Hahn-Banach theorem now implies the density of R(Agl —
A), see Corollary 5.13 in [FA]. Theorem 1.40 thus yields the assertion. O

Examples 1.34 ¢) and d) indicate that integration by parts is a very convenient
tool to check dissipativity for differential operators in an L?-context. To tackle
such problems, we briefly discuss concepts and basic facts from Section 4.2 of
[FA] and also from Chapter 3 of [ST], where the topic is treated in much greater
detail. The material below is needed in many of our examples.

Intermezzo 3: Weak derivatives and Sobolev spaces. Let ) # G C
R™ be open, k € N, j € {1,...,m}, and p € [1,00]. A function u € LP(G) has
a weak derivative in LP(G) with respect to the jth coordinate if there is amap

v € LP(G) satisfying
/ udjpdr = —/ vpdx
G G

for all ¢ € C°(G). (Hence, by definition weak derivatives can be integrated
by parts against ‘test functions’ ¢ € C°(G).) The function v is (up to a null
function) uniquely determined by Lemma 4.15 in [FA]. We set J;u := v in the
above situation and define the Sobolev space

W (G) = {u e LP(G)|VYj € {1,...,m} F0;u € LP(G)}.

It is a Banach space when endowed with the norm
1

(lallp + 27 logullp)”, < oc,
maxje 1, m {ulloe, [Oulc}, P = o0,

see Proposition 4.19 of [FA]. (As usual we identify functions which are equal
almost everywhere.) This norm is equivalent to the norm given by

m
lallp + > 185ull,
j=1

lullp =

due to Remark 4.16 in [FA]. Analogously one defines the Sobolov spaces
WkP(G) and higher-order weak derivatives 0% = 9" ...9%m for a € NI* and
la| = a1 + -+ ay < k. We put u = 9%. One often writes H* instead of W2
which is a Hilbert space. We summarize some properties of Sobolev spaces and
weak derivatives.
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REMARK 1.42. a) Let u € C*(G) such that v and all its derivatives up to
order k belong to LP(G). Then u belongs to WP (G) and its classical and weak
derivatives coincide by Remark 4.16 of [FA].

b) Let u,u,,v € LP(G) and o € N such that u, — w and 0%, — v in
LP(G) as n — oo. Then u possesses the weak derivative 0%u = v as shown in
the proofs of Lemma 4.17 in [FA] or Lemma 3.16 in [ST]. In other words, the
operator 0% with domain {u € LP(G) |3 0% € LP(G)} is closed in LP(G).

¢) Let p < 0co. Theorem 3.27 of [ST] says that C°(R™) is dense in WP (R™)
and that C>®°(G)NWHkP(G) is dense in WFP(G). (See also Theorem 4.21 of [FA]
for the first result.)

d) Let —o00 < a < b < 0o and u € LP(a,b). Then the function u belongs
to WP(a,b) := WiP((a, )) if and only if (a representative of) u is continuous
and there is a map v € Lp (a,b) satisfying

u(t) = u(s) + /t v(T)dr for all ¢,s € (a,b). (1.20)

We then have v = du := dju = v and u has a continuous extension to a (or
b) if @ > —oco (or b < 00). See Theoren 3.22 in [ST]. Actually, WP (a,b) is
continuously embedded into Cy(J) for J = (a,b).!

We show the last claim first for the case a = —oo. In (1.20) we take s €
[t —2,t — 1]. Integrating over s and using Holder’s inequality, we derive

t—1
|u(t)|§/ lu(s |ds+/ /|u )| d7ds
t—2
t—1
< ([ wepas)y s [ plar < fuly + 27 ol
t—2 t—2

which yields the claim. The case (a,00) is treated in the same way using
se€t+1,t+2]. If (a,b) is bounded, we set ¢ = (a+b)/2 and § = (b — a)/2.
Let ¢ € [¢,b]. Taking the integral over s € [t — d,t] we derive

5 lu(t)| S/t;\u(s)ds—i—/t;/st ()| dr ds.

We can now estimate as above. If t € [a, c), we use s = t+J. The claim follows.

As an example for a weak derivative take a function u € C.(R) whose restric-
tions u™ and u~ to R>¢ and R<(, respectively, are continuously differentiable.
The map u then belongs to WP(R) for all p € [1,00] and its derivative is given
by (u*)" on Ry due Example 4.18 of [FA] where one also finds a multidimen-
sional example.

e) Let u € W'P(G) and v € W' (@) with % + % = 1. Proposition 4.20
of [FA] yields that the product uv is an element of WH1(G) and satisfies the

product rule 0;(uv) = ud;v + vOju. Analogous results hold for higher-order
derivatives.

f) Let G have a compact boundary 9G of class C L. By the Trace Theorem 3.38
in [ST], the map W'?(G) N C(G) — LP(0G,do); u — ulsq, has a continuous

IThe following proof was omitted in the lectures.
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extension tr : WHP(G) — LP(OG, do) called the trace operator. Its kernel is the
closure Wol’p(G) of the test functions C°(G) in WP(G). If tru = 0, one says
that u vanishes on 0G ‘in the sense of trace.’

Let f € WH(G)™ and u € W' (@). The Divergence Theorem 3.41 in [ST]
then yields

/udivfda::—/ f'Vuda:-i-/ tr(u) v - tr(f) do. (1.21)
G G oG

Here v is the unit outer normal and the dot denotes the scalar product in R™.
We usually omit the trace operator in the boundary integral. If G = R™ the
formula is true without the boundary integral. %

Coming back to semigroups, we illustrate the above concepts by a simple
example concerning generation properties of % in L2(R).

EXAMPLE 1.43. Let X = L*(R) and A = L with D(4) = C}(R).

1) The operators +A are densely defined and dissipative by Example 1.34.
Proposition 1.39 then yields their closability and the dissipativity of their clo-
sures, where —A has the closure —A. We next show that A = (9, WH2(R)).

For each u € D(A) there are functions u,, € C}(R) such that u,, — u and
ul, = Au, — Au in L*(R) as n — oco. In view of Remark 1.42b), the map u
thus belongs to W2?(R) and Au = u’; i.e., A C (0, W2(R)). For the converse,
take u € W12(R)). Remark 1.42c) then provides a sequence (u,) in Cl(R)
with limit « in WH2(R). Hence, u, — u and u/, — ' in L?(R) so that u is an

element of D(A).
2) We compute A". Let u,v € W'2(R). Formula (1.21) then yields

(Au,v) = / wvds = —/ wv' ds = (u, —0v),
R R

so that (—9, WY2(R)) is a restriction of A", see (1.19). Conversely, let v €
D(A"). The functions v and A" v thus belong to L*(R) and satisfy

/ uA vds = (u, Av) = (Au,v) = / vw'vds
R R
for all u € CX(R) C D(A) C D(A), which means that v € W12(R) and
Aw=—v' = —Av. As aresult, A" = —A. Corollary 1.41 now shows that +A
generate contraction semigroups.

3) To determine these semigroups, we recall from Example 1.9 that the trans-
lation group T'(t)f = f(- +t) on X has a generator B. For f € D(A) the

1

functions w(t) = (T'(t)f — f) converge uniformly to f" as t — 0F. Moreover,

the supports supp w(t) are contained in the bounded set supp f + [—1, 0] for all

0 < ¢ <1, so that w(t) tends to f’ in X. This means A C B and so A C B.
Lemma 1.24 now yields A = B and hence A generates T'(-). O

We conclude this section with a discussion of isometric groups.

COROLLARY 1.44. Let A be linear. The following statements are equivalent.
a) The operator A generates an isometric Co-group T(-); i.e., | T(t)z| = ||=]|
forallxz € X andt € R.
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b) The operator A is closed, densely defined, £A are dissipative, and Aol £ A
are surjective for some \g > 0.
¢) The operator A is closed, densely defined, R\ {0} belongs to p(A), and

RN, A)| < ﬁ for all X € R\ {0}.

In this case, one can replace in c) the set R\ {0} by C\ iR and |A| by |Re Al.

PROOF. The Lumer-Phillips Theorem 1.40 says that b) holds if and only
if A and —A generate contraction semigroups. Theorem 1.30 thus implies the
equivalence of assertions b) and c), the addendum, and that b) is true if and
only if A generates a contractive Co-group 7'(-). It remains to show that a
contractive Cy-group T'(+) is already isometric. Indeed, in this case we have

IT@)x]| < lzll = I1T(=)T@)z| < [[T(=OIT@)] < |TE)z|
for all z € X and t € R, so that T'(¢) is isometric. O

We want to show an important variant of the above corollary on Hilbert
spaces which requires a few more concepts from [ST]. Let X be a Hilbert
space. For a linear operator on X with dense domain we define the Hilbert
space adjoint A" of A as in (1.19) replacing the duality pairing (z,z*) by the
inner product (x|y). A linear operator A on X is called symmetric if

Va,y e D(A) - (Azly) = (z[Ay),

which means that A C A" if D(A) is dense. If A is densely defined, we say that
it is selfadjoint if A = A’; i.e., if A is symmetric and

DA)={ye X |3z X VzeD(A): (Azly) = (z|2)}
={ye X|(DA),| ) = C; x— (Azx|y), is continuous}.

(The last equality is a consequence Riesz’ representation Theorem 3.10 in [FA].)
A densely defined, linear operator A is called skewadjoint if A = —A’ which is
equivalent to the selfadjointness of 1A.Finally, T' € B(X) is unitary if it has the
inverse T-1 =1T".

We recall a very useful criterion from Theorem 4.7 of [ST|. A symmetric,
densely defined, closed operator A is selfadjoint if and only if its spectrum o (A)
belongs to R, which in turn follows from the condition p(4) NR # (.

As in Remark 1.23 in [ST] one can check that A’ is a closed linear map.
Hence, every densely defined, symmetric operator is closable with A C A’ (cf.
Lemma 1.36) and each selfadjoint operator is closed. Let A be symmetric and
densely defined. Take u,v € D(A). There are sequences (u,) and (v,) in D(A)
with limits u and v in X, respectively, such that Au,, — Au and Av, — Av in
X as n — oco. We then compute

(Aulv) = nh_)rglo(Aqun) = nlgr;o(un\Avn) = (u|Av),

so that also the closure A is symmetric.

There are densely defined, symmetric, closed operators that are not selfad-
joint. (By Example 4.8 of [ST] this is the case for A = i0 with D(A) = {u €
Wh2(0,00) |u(0) = 0} on X = L%(0,00). Here one has D(A4’) = W12(0,x).)

The next result due to Stone from 1930 belongs to the mathematical foun-
dations of quantum mechanics.
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THEOREM 1.45. Let X be a Hilbert space and A be a linear operator on X
with a dense domain. Then A generates a Cy-group of unitary operators if and
only if A is skewadjoint.

PRrROOF. 1) Let A’ = —A. Hence, A is closed. For z € D(A), we have
J(z) = {¢g} with ¢, = (-|z) by Example 1.31. We thus obtain

(Az, pz) = (Az|z) = —(2]Ar) = —(Az|2) = — (A, pz)

and so Re(Ax, ¢,) = 0. Therefore A, A’ = —A, and (—A)’ = A are dissipative
From Corollary 1.41 we then deduce that A and A" generate contraction semi-
groups. Corollary 1.44 now shows that A generates a Cp-group 7'(+) of invertible
isometries, implying that each T'(¢) is unitary by Proposition 5.52 in [FA].

2) Let A generate a unitary Cop-group T'(-). We infer T'(t) = T(t)~! = T(—t)
for all t € R by Remark 1.2, and hence T'(-) is a unitary Cy-group with the
generator —A. For z,y € D(A) we thus obtain

(Azly) = lim (+(T()x — 2)|y) = lim (2| $(T(1)'y - y)) = (z|-Ay).

=1
t—0
This means that —A C A’. We further know from Theorem 1.30 that o(A) and

o(—A) are contained in iR. Equation (4.3) in [ST] then yields o(A’) = o(A) C
iR. The assertion —A = A’ now follows from Lemma 1.24. O

1.4. Examples with the Laplacian
In this section we discuss generation and related properties of the Laplacian
A=0]+ 402 =divV

in various settings. To apply the Lumer—Phillips Theorem 1.40, we have to
check three conditions. The density of the domain often follows from standard
results on function spaces. With the right tools one can usually verify dissi-
pativity in a straightforward way (imposing appropriate boundary conditions).
For the range condition one has to solve the ‘elliptic problem’ © — Au = f plus
boundary conditions for given f. Using differing methods, this will be done
first on R™, then on intervals, and finally with Dirichlet boundary conditions
on bounded domains. As we will see in the next chapter, these results will
allow us to solve diffusion equations, actually with improved regularity. We
will further use the Dirichlet-Laplacian in the wave equation, cf. Example 1.53.
We strive for a self-contained presentation (employing the lectures Functional
Analysis and Spectral Theory), but for certain additional facts we have to cite
deeper results from the theory of partial differential equations.

A) The Laplacian on R™. Since the Laplacian has constant coefficients,
on the full space R™ the Fourier transform is a very powerful tool to deal with it,
for instance, to check the range condition. We first recall relevant results from
Spectral Theory, taken from Sections 3.1 of [ST]. For a function f € L'(R™)
we define its Fourier transform

_F i 1 e—i§~z ) dz m
FHO =1 = g [ TS, em
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where we put £ -z = 27:1 &jxj. This formula clearly defines a function Ff :

R™ — R™ which is bounded by (27)~™/2||f||1. Actually, F f belongs to Co(R™)
by Corollary 3.8 in [ST]. For further investigations the Schwartz space

Sm={feC®R™)|VEkeNy, a e Ng': ppo(f):= s%p \$|112c 0% f(z)] < co}.
l-e m

turns out to be very useful.

By Remark 3.6 of [ST] the family of seminorms {p; .|k € Ny, a € N{'}
yields a complete metric on S,,. The space C2°(R™) and also the Gaussian
v(z) = ¢ 172 are contained in S,,. Proposition 3.10 and Lemma 3.7 of [ST)]
show that the restriction F : S,, — S, is bijective and continuous with the
continuous inverse given by
F () = (Fo)(—) = —

(2m)
for g € S;,. The crucial fact in our context is Plancherel’s theorem which says
that one can extend F : S, — S, to a unitary map Fo : L2(R™) — L2(R™)
satisfying Fof = Ff for f € L?(R™) N LY(R™), see Theorem 3.11 in [ST]. We
stress that Fof is not given by the above integral formula if f € L?(R™) is not
integrable; but we still write F instead of F» and f instead of Faf.

We recall some of the facts proved in Theorem 3.11 and Proposition 3.10 of
[ST]. Let f € L2(R™), h € LY(R™), and ,9 € S,,. First, we again have the
inversion formula F~!f(y) = Ff(—y) for y € R™. We define the convolution

(s D)@ = [ he-y)iwdy.  ser
The function h * f belongs to L?(R™) and satisfies

F(hxf) = (2n) 2 hf, F(F YR )= @2r) " Zhxf. (1.22)

Moreover, the convolution ¢ x % is an element of S,,.
To apply the Fourier transform to differential operators, one needs the fol-
lowing properties. Lemma 3.7 of [ST] yields the differentiation formulas

F(0%u) =i Fu  and  8°Fu = (=)l F(z%u) (1.23)

for u € S, and a € N, where we write £&* for the map & — &~ = £, . . &5
and so on. Plancherel’s theorem and (1.23) imply the inequalities

lulft, = 3 1F0ulg = 3 vl = [ 3 I e
lal<k lal<k o<k

{S e ([lull3 + Il 1€15 @l13),

> e ([[ull3 + 1 [&15 @l13)

. / dveg(e)de,  yeR™,
2 m

for u € &y, and constants ¢; > 0. Taking into account the density of S,, in
wk.2 (R™), see Remark 1.42, one can then deduce the crucial description

WE2R™) = {u € L*(R™)| |¢f3a € L*(R™)},

) (1.24)
ullr,2 = flullz + (1[5 @l
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for k € Ng and also that first part of (1.23) is true for u € WI2(R™). Actually,
the inclusion ‘D’ requires another argument, see Theorem 3.25 in [ST].
To check the range condition for the Laplacian on R™, we take f € S, and

A € C\ Rcg. We look for a function u € S, satisfying Au — Au = f. (Observe
that Au belongs to Sy, in u € S;,.) Because of formula (1.23), it is equivalent
to solve the problem

m

f=xa=> Pga=N+[¢pa

k=1
for u € S,,. The unique solution of this equation is given by @ = (A + |¢]3)71 f,
which is an element of S,;, by Lemma 3.7 of [ST]|. We now set

- f
=R\ f=F" 1.25
wi= BN =7 () (1.25)
Since F is bijective on Sy, this function belongs to S,, € W22(R™). From
(1.23) and the formula for F~! we thus deduce

Aol
e ) 120

(Here we need f € S, unless we extend the second part (1.23) to a suitable
larger class of functions.) Based on these observations we can now establish our
first generation result for the Laplacian.

EXAMPLE 1.46. Let E = L?(R™), A = A, and D(A4) = W22(R™). The oper-
ator A generates a contraction semigroup on F and it is selfadjoint. Moreover,
its graph norm is equivalent to that of W22(R™).

/\u—Au:}"_l(

PROOF. The asserted norm equivalence follows from (1.24) and Plancherel’s
theorem since F(Au) = —|¢|3 4 by (1.23) for u € W22(R™). The domain D(A)
is dense in E since it contains C2°(R™), see Proposition 4.13 of [FA].

Let f € E and A € C\ R<q. To check the range condition, we estimate

Re ) > 0,

1
< ca |f’7 with ¢y := {P\l, ReA <0

e
A+ €13 MmAD
Because of Plancherel’s theorem, the term in parentheses in (1.25) thus belongs
to E, so that we can define u = R(\)f € E as in (1.25). Using Plancherel once

more, we also obtain
lull2 = llallz < ex[[fllzs e, [RON)lsE) < e (1.27)

We further compute [¢3|a] = |€3|(X + [€3)7Y|f] < ¢ |f] for some con-
stants ). Formula (1.24) thus implies that u belongs to W%?(R™) with norm
lull22 < ce(Jullz + [[|€134ll2) < éxllfll2- As a result, R(A) maps E continously
into W22(R™).

To use (1.26), we take functions f, € S,, tending to f in F as n — oo.
The maps u, = R(\)f, € S, then converge to u in W22(R™) and satisfy
Ay, —Auy, = f by (1.26). Letting n — oo, we derive the equation A\u—Au = f
so that AI — A is bijective with the bounded inverse R(\). Hence, A is closed by
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Remark 1.17 and so the spectrum o (A) is thus contained in R<p,? and inequality
(1.27) implies the Hille-Yosida estimate for A > 0. As a result, E generates a
contraction semigroup on A by Theorem 1.27.

Let u,v € W%2(R™). Formulas (1.21) and A = div V yield

(Aulv) = / div(Vu)vdz = — Vu-Vodr = / udiv(Vo) de = (u|Av),

m

an

so that A is symmetric. Since 0(A) C R<g, the selfadjointness of A now follows
from Theorem 4.7 of [ST]. O

We stress that the above norm equivalence says that one can bound in L?(R™)
each derivative of u € D(A) up to order 2 just by u and the sum Awu of unmixed
second derivatives. In particular, if m > 2 the possible cancellations in Au do
not play a role! On Cy(R™) the situation is quite different. Here we use of the
version of the Lumer—Phillips theorem involving the closure. With the available
tools we can compute its domain only for m = 1, see the comments below.

EXAMPLE 1.47. Let E = Co(R™), D(4) = {u € C*(R™)|u,Au € E},
and Ay = A. The operator Ag has a closure A that generates a contraction
semigroup on E. If m = 1, we have Au = v” and D(A) = D(Ap) = C2(R) :=
{u e C*(R) |u,u,u" € E}.

PrOOF. The domain of Ay is dense in E because of C2°(R"™) C D(Ay),
cf. the proof of Proposition 4.13 in [FA]. Let u € D(Ap). Example 1.31 says
that the functional ¢ = wu(z¢)d, belongs to J(u), where zp € R™ satisfies
|u(xo)| = ||u/loo- Setting h = Re(u(xg)u) € D(Ap), we obtain

Re(Aou, ¢) = Re(u(zo) Au(zo)) = Ah(zo).
As in Example 1.34 we see that h(z¢) is a maximum of h. By Analysis 2, the ma-
trix D2h(z0) is thus negative semidefinite and hence Ah(zg) = tr(D?h(z¢)) < 0;
i.e., Ag is dissipative. Equation (1.26) next shows that the range of I — Ay con-
tains the dense subspace S,,. The first assertion now follows from the Lumer—
Phillips Theorem 1.40.

Let m = 1 and u € D(A). Since A = Ay there are functions u,, € D(4g) such
that u, — u and v/, = Au in E as n — oco. We further need to control the
first derivative. To achieve this aim, we look at an interval J of length |J| > 0,
a function v € C?%(J) with bounded v and v”, § € (0,|J|), and points r, s € J
with 0 < s —r < 2§. Taylor’s theorem provides a number o € (r, s) such that

v(s) = v(r) +0'(r)(s — ) + 20" (o (s — 1)?,

v/ (r) = v(s) = vlr) 20" (0) (s — 7).

s—r
The last equation yields

|v'(r)|§% max |v(7)|+d max [v"(7)], (1.28)
TE[r,r+4) TEr,r+4]

1 lloe < % [0lloo + 6 0"l oo -

2Actually we have the equality o(A) = R<o by Example 3.47 in [ST].
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Inserting v = u,, we infer that u/, € E. With v = u,, — u,, it also follows that
u!, converges in F to a function f in E. As a result, u belongs to C1(R) with
u' = f € E. Using u!, — Au, we then conclude u € CZ(R) and Au = u". O

For m > 2 the domain D(A) is not C3(R™) in Example 1.47. To make this
fact plausible, we look at the function

i(.g) = {(aﬁ —yA) I + 42, (2,y) #(0,0),
0, (z,y) = (0,0).
By a straightforward computation, the second derivative
42 (622 — 2y?) (2% + y?) — 4a? (2% — y?)
22 92 (22 + y2)2

Opali(m,y) = 2In(2” + y*) +

is unbounded on B(0,1), but the functions @, Va, and Au(x,y) = 8?13; are
bounded on B(0,2). We take a smooth map ¢ with supp ¢ C B(0,2) which is

equal to 1 on B(0,1). Then the maps u = @@ and
u—Au=p(u— Au) —2Vy - Vi —ulyp

are bounded and have compact support on R™, but v does not belong to
W?2°°(R™). One can construct an analogous example in Co(R™) instead of
L*>*(R™) using InIn.

With much more effort and deeper tools, Corollary 3.1.9 in [Lu] shows that
the operator A; = A with domain

D(A;) = {u € Co(R™)|Vp € (1,00),7 > 0:uec WHP(B(0,r)), Au € Co(R™)}

is closed in F and that p(A;) contains a halfline (w, c0). Since D(A4p) C D(4,),
we first obtain A = Ay C Ay, and then A = A; by Lemma 1.24.

B) The second derivative on an interval. In the one-dimensional case
the equation Au — Au = f with boundary conditions becomes an ordinary
boundary value problem, which we can solve explicitly and thus obtain a con-
crete (a bit lenghty) formula for the resolvent. We only look at Dirichlet con-
ditions, others can be treated similarly. We start with the sup-norm case.

EXAMPLE 1.48. Let E = Cy(0,1), D(A) = {u € C?(0,1)|u,v” € E}, and
Au = u”. The operator A generates a contraction semigroup on E, and its
graph norm is equivalent to that of C2([0, 1]).

PRrROOF. The equivalence of the norms can be deduced from (1.28). Let
f € E. Take ¢ > 0. As in Example 1.9 we find a map f € C.(0,1) with
I/ = flloo < e. Moreover, proceeding as in the proof of Proposition 4.13 in
[FA] one constructs a function g € C2°(0,1) C D(A) satisfying ||f — gleo < €.
Hence, A is densely defined. The dissipativity of A is shown as in Example 1.47,
where the argument xy of the maximum of |u| belongs to (0,1) since the cases
xo € {0,1} are excluded by the boundary conditions.
Let f € E. We extend it by 0 to a function f in C.(R) C L?(R). Let A > 0
and set = v/A > 0. We then define

v=RONf =F (@?+&)7'f) = @) 2 F(12+€) e f =t kef € WA(R)
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as in (1.25) and Example 1.46, where we also use (1.22). (To apply (1.22), we
need that & is integrable but this is checked in the next formula in display.)
Using the transformation n = ¢/ and Example 3.15 of [A4], we compute

1 elsé 1 elsé 1 elHsn e sl
k(s) = — d¢ = d¢ = dn =
() 27 /R p? + &2 $ 27 2 /R 14 &2u—2 § 2mp /R 14 n? g 24

for s € [0,1]. We thus obtain

1
v(s) = ;M /0 e M=l r () dr, s e [0,1],

recalling that supp f C [0,1]. As in Example 1.49 it is easy to check that this
function belongs to C2([0,1]) and solves the equation A\v — v” = f even for
A € C\ Rcp, but it does not satisfy the boundary conditions v(0) = 0 = v(1)
except for special f. To fulfill them, we make the ansatz

u(s) = alf, m)e + b(f, p)e ™ + v(s)

for s € [0, 1] and unknown coefficients a(f, i), b(f, ) € C. Observe that we still
have u € C?([0,1]) and Au—u" = f even for A € C\R<j. We now want to choose

a(f,u) and b(f, 1) such that u € D(A) which means that u(0) = 0 = u(1). This
condition is equivalent to the linear system

_ 1
a(f, 1) +b(f.p) = 2; /0 e f(r) dr,

. 1
a(f,p)e! +b(f, e ™ = !

= — e“(Tfl)f T)dr,
2 o (1)

which has the unique solution
(a(ﬁ m) _ 1 e [y (M7 — eI f(r) dr
o(f,m)) [ (etemnm —emHerT) f(r)dr |

2u(e™H —et)
As a result, A\ — A is bijective even for A € C\ R<g. The Lumer—Phillips The-
orem 1.40 now implies that A is closed and generates a contraction semigroup
on E. We also obtain the formula

1
RONAVF () = al e + bl e + 5 /0 e f(rydr (129)

for s € [0, 1], fe C()(O, 1), and \ € C\RSO. ]

We next show the analogous result for LP(0,1). Here we check dissipativity
on LP now also for p # 2.

EXAMPLE 1.49. Let E = LP(0,1), 1 < p < o0, Au =", and
D(A) = {u € W?P(0,1) | u(0) = u(1) = 0} = W2P(0,1) N W, (0, 1).

(Remark 1.42 yields W1?(0,1) < C([0,1]).) The operator A generates a con-
traction semigroup on E and its graph norm is equivalent to || - ||2,p.
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PROOF. The last assertion follows from Proposition 3.37 of [ST], cf. (1.28).
The domain D(A) is dense due to Proposition 4.13 in [FA] since it contains
C2°(0,1). One can extend the operator R(\, A) from (1.29) to a map R(\) on
E =1L7(0,1) for A € C\ R<p. We rewrite

o(s) = /01 e_“|5_7|f(7) dr =e™# /OS e f(r)dr + et /1 e M f(r)dr

for f € E and s € [0, 1]. Using (1.20), we can now differentiate

s 1
(s) = = [ o) dr g0 e [ (m) ar = p(s)

Since the summands +f(s) cancel, ¥ = 2uv belongs to C1([0,1]). Analogously
one checks that v € LP(0,1) satisfies A\v —v” = f. As in the previous example
one then shows that u = R(\)f is an element of D(A) and fulfills Au —v” = f.

To apply the Lumer Phillips theorem it remains to check the dissipativity.
To avoid certain technical problems we restrict ourselves to p € [2,00), see
Example 2.29 for the case p € [1,2). Let u € D(A). We set w = |u|P~2u which
belongs to J(u) by Example 1.31. Note that w(0) = 0 = w(1) by the boundary
conditions. Remark 1.42 yields the embedding W?2?(0,1) — C([0,1]) so that
w is contained in C1([0,1]). Since p > 2, we can now compute

W = ()T @) = [P P+ g () (W a)a
= |ufP~* (Ja*7’ + (p — 2) Re(uu')u.)

Formula (1.21) and w(0) = 0 = w(1) now imply

1 1
Re(Au,w) = Re/ w'wds = — Re/ w'w' ds + u/w|(1]
0 0
1
_ _/ [l = ([ 2 + (p — 2)(Re(@))2) ds
0

1
_ _/ [P~ (Tm(@'))? + (p — 1) (Re(au'))?) ds < 0.
0
Theorem 1.40 now implies the assertion, and R(A) is the resolvent of A. u

We add an example where A is dissipative but not a generator and A* is
not dissipative, cf. Corollary 1.41. This can happen since we impose too many
(four) boundary conditions instead of two (for two derivatives) as above.

EXAMPLE 1.50. Let E = L?(0,1), Au =", and
D(A) = {u € W?2(0,1) | u(0) = «'(0) = u(1) = /(1) = 0} = W*(0,1).

(The last space is the closure of C2°(0,1) in W22(0,1); the final equality fol-
lows from Remark 1.42.) Then A is closed, densely defined, dissipative, and
symmetric, but not a generator and not selfadjoint, and A* is not dissipative.

PROOF. The density of D(A) follows again from Proposition 4.13 in [FA].
To check closedness, take maps u,, € D(A) such that u,, — u and ] — v in
E as n — oco. Proposition 3.37 in [ST] then shows that also (u],) converges in
E, cf. (1.28). From Remark 1.42 we now deduce that u belongs to W22(0,1)
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and u, — u in W22(0,1). The boundary conditions for u, transfer to u via the
limits of (uy,) and (u},) since W12(0,1) — C([0, 1]) by Remark 1.42. Hence, u
belongs to D(A) and A is closed.

Let u € D(A) and v € W%2(0,1). Using integration by parts (1.21) and the
boundary conditions of u, we compute

1 1 1
(Au]v):/o u"vds:—/o u'v/ds—i—u’v‘é:/o u@”ds—i—uﬁ"é:(u]Av).

Hence, A is symmetric (take v € D(A)) and dissipative (take v = u). Moreover,
the operator 8% with domain W?22(0,1) is a restriction of A’ and also of A*.

Let v € D(A*). As in Example 1.43 one can see that A*v € E is the second
weak derivative of v € E. Lemma 3.16 in [ST] yields smooth functions v, such
that v, — v and v/ — v" in L?(a,b) for all 0 < @ < b < 1. Then v/, tends in the
same sense to a function g € E by Proposition 3.37 in [ST]. From Lemma 3.16
in [ST] we deduce that g is the weak derivative of v, and thus v belongs to
W22(0,1). Tt follows A* = §? with D(A*) = W?2(0,1) # D(A). Hence, A is
not selfadjoint.

Since §%eMs = et for p = /X and A € C \ R<p, the operator A\I — A* is not
injective. As a result, A* is not dissipative in view of Proposition 1.39 and the
spectrum of A contains C \ R<o by Theorem 1.24 of [ST]. In particular, A is
not a generator. ]

C) The Dirichlet—Laplacian and the wave equation. In many appli-
cations one looks at the Laplacian on a domain in R3. In an L? context we can
show generation properties of this operator, though it is not possible to describe
its domain precisely by our means. (This point is discussed below.) We restrict
ourselves again to Dirichlet boundary conditions, others are treated in the ex-
ercises. The main tool is the Laz—Milgram lemma which is a core consequence
of Riesz’ representation of Hilbert space duals.?

THEOREM 1.51. Let Y be a Hilbert space and a : Y? — C be sesquilinear map
which is bounded and strictly accretive; i.e.,

la(@,y)l < cllelllyll  and  Rea(y,y) = |lyl”

for all x,y € Y and some constants ¢,6 > 0. Then for each functional i) € Y*
there is a unique vector z € Y satisfying a(y,z) = ¥(y) for ally € Y. The
map Y — z is antilinear and bounded.

PrOOF. Let y € Y. The map ¢, := a(-,y) belongs to Y* with [j¢,|| <
¢|ly||. Riesz” Theorem 3.10 in [FA] yields a unique element Sy of Y satisfying
1Syl = lleyll < cllyll and (-|Sy) = ¢y. Moreover, S : Y — Y is linear. We
next estimate

5 lyll* < Rea(y,y) = Re(y|Sy) < |(y|Sy)| < clly|l |Syl],
Syl < 1Syl < ellyl

3The next proof was not given in the lectures.
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for every y € Y. As a consequence, S is bounded, injective and has a closed
range R(S) by Corollary 4.31 in [FA]. For a vector y L R(S) we also obtain

0 = (y|Sy) = Re(y|Sy) = Rea(y,y) > y|* (1.30)

so that y = 0. It follows that R(S) = R(S) =Y by Theorem 3.8 in [FA] and
so S is invertible with [|S71]| < &.

Let ¢ € Y*. There is a unique vector v € Y such that ¢ = (-|v) thanks to
Riesz’ theorem. The above construction implies the identity

aly, S~1v) = (y[SS™M) = (ylv) = ¥(y) (1.31)
forall y € Y. Weset 2 = S~'v = S71T%, where T : Y* — Y denotes the
antilinear isomorphism from Riesz’ theorem. O

We can now construct the Dirichlet—Laplacian Ap and show its main prop-
erties. Here will need Poincaré’s inequality. For any bounded open nonempty
set G C R™ and any p € [1,00), there is a constant ¢ = ¢(G, p) > 0 such that

[ullp < cll[Vallly (1.32)

for all u € Wol’p(G), see Theorem 3.36 in [ST]. We set Wol’2(G)* = W1(Q).
Since VVO1 2(@) is densely embedded into L2(G) via the inclusion I, Proposi-
tion 5.46 in [FA] shows that L?(G) is densely embedded into W~12(G) with
the emdding I*. Here we identify as usual L?(G) with L?(G)* by means of the
Riesz’ isomorphism, but we do not identify WO1 2(G) with W=52(G) (which
would require a different Riesz’ isomorphism).

ExXAMPLE 1.52. Let G C R™ be open and bounded with boundary 9G of
class C1, E = L?(G), and Ay = A with D(4g) = W223(G) N Wol’Q(G). Then
Ap is densely defined, symmetric, and dissipative. The operator Ay has an
extension Ap which is selfadjoint, invertible and generates a —d-contraction
semigroup, where 6 = 1/¢(G,2) > 0 is given by (1.32). Moreover, [D(Ap)] is
densely embedded in W, ?(G).

The domain D(Ap) contains all maps u € WO1 (@) for which there is a
function f =: Apu in L?(G) such that

Vv e Wol’2(G) : (v|Apu) = (v|Apu) 2 = —/ Vv - Vudz.
G

The operator Ap has a bounded invertible extension Ap : VVO1 2(@) —
W~12(Q) (the weak Dirichlet-Laplacian) which acts as

Vu,ve W01’2(G) : (v,ADu>W&,2(G) = —/GVU -Vudz.

PRrROOF. The density of D(Ag) in E again is a consequence of Proposi-
tion 4.13 in [FA]. Let u,v € D(Ap). Using formula (1.21) and v,u € WOLQ(G),
we deduce

(Agulv) = / div(Vu)odz = —/ Vu - Vode +/ (v-Vu)vdo
G G oG

= / uAUd:E—/ u(v - Vo) do = (u|Agv).
G oG
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Estimate (1.32) similarly yields
(Aaulu) = = [ [V do < =5 Jul}} <0
G

for § =1/¢(G,2) > 0. Hence, Ag and Ag + §I are symmetric and dissipative.
In order to construct the extension, we introduce the sesquilinear form

a(u,v):/ Vu-Vudx
G

for u,v € WOI’Q(G). The form a is bounded with the constant ¢ = 1 by Holder’s
inequality and strictly accretive by (1.32). Let f € L?(G). The map g +
Jo 9f da defines an element in L*(G)* < W~12(G). Theorem 1.51 now yields
a unique function uy in Wol’2(G) such that a(v,uf) = [jvfdz for all v €
Wol’2(G). We introduce

D(A) = {u e Wy *(G)|3e>0Vve Wy(@) : |a(v,u)] < ¢z}

Note that the function us belongs to D(A) with ¢ = || f||2 and that D(A) is the
set of all u € Wol’2(G) such that the map v — a(v,u) can be extended to an
element of L?(G)*. Take u € D(A). By Riesz’ Theorem 3.10 in [FA], there
then exists a unique function g € L?(G) such that a(-,u) = (-|g) on W01’2(G).
We then define Au = g. Observe that Au ¢ = fand so A is surjective.

Let v € Wol’2(G’) and u € D(Ap). Using (1.21) and trv = 0, we compute

a(v,u):/Vv-Vudx:—/vAud:U+/ v(v - Vu)do = (v| — Au);
G G oG

ie., A extends —Ag. Let u,v € D(A). Our definitions imply

(v\flu) =a(v,u) = a(u,v) = (u|/~lv) = (flv|u),
(—Aulu) = —(u|Au) = —a(u,u) < =6 ||ull3 = =6 (u|u),

so that A is symmetric and 61 — A is dissipative. Moreover, 61 — (01 — A) =
A is surjective. Thanks to the Lumer-Phillips Theorem 1.40, the operator
61 — A generates a contraction semigroup which means that —A generates a
—J§—contraction semigroup by Lemma 1.18. In particular, A is invertible, and
hence selfadjoint due to Theorem 4.7 in [ST]. We set Ap = —A.

To show the other claims, we take u € D(Ap). Our construction first yields

lull? o = llull3 + a(u, w) = |lull3 = (ulApu) < |Jull3 + 3llull3 + 3 | Apull3

so that [D(Ap)] = Wy *(G). Since C°(G) € D(Ag) € D(Ap), the set D(Ap)
is dense in WO1 2(@). We further compute

[Apullw-1.2(c) = sup |(v|Apu)| = sup la(v, u)|
veW,?(G),|lv]l1,2<1 vEW, 2 (G),|lv]|1,2<1
< sup [vll12 [[ulli2 = [lull12-

vEW, *(G),||v]l1,2<1
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We can thus extend Ap to a bounded map Ap : Wol’z(G) — W~L2(G) given
as in the statement, using the density of D(Ap). Its range is dense because it
contains L?(G). Employing also (1.32), we finally infer

1ADullw-126) lullie > [{u, Apubyie | = la(u, w)] > 595 Jullf

for u € VVO1 ’Q(G). This means that Ap is injective and has closed range in
W~12(@) by Remark 2.11 in [FA]; i.e., it is invertible. O

So far we only know that Ay C Ap; i.e., Apu = Au for u € W?2(G) N
W(}’Q(G) C D(Ap). The equality Ag = Ap is not true in the above example,
in general. If OG € C?, however, Theorem 6.2.4 of [Ev] implies that Ag is
surjective, and hence Ay = Ap in this case by Lemma 1.24. We clearly have
llull2 + |Aull2 < c|lull22 for u € D(Ap). Since Ay is closed in this case, the
space [D(Ap)] is complete. The graph norm of Ay = Ap is thus equivalent to
that of W22(G) by the open mapping theorem, see Corollary 4.29 in [FA].

The next operator will be used to solve the wave equation as explained in
Example 2.4. Because of (1.32), we can endow VVO1 (@) with the equivalent
scalar product

(uv)y = / Vu-Vudx (1.33)
G
for u,v € Wol’Q(G). We write Y for W01’2(G) with this scalar product.

ExaMPLE 1.53. Let G C R™ be open and bounded with boundary 0G of
class C' and Ap be given on L?(G) by Example 1.52. Set E = Y x L*(G),

D(A) =D(Ap) x Y, and
0 I
a=(a) o)

Then A is skewadjoint, and thus generates a unitary Cpy-group on E due to
Stone’s Theorem 1.45. Note that D(A) and D(Ap) x Y have equivalent norms.

PROOF. Let (uy,v1) and (ug,vs) belong to D(A). We compute
(A1) = (ap)I ) = [ (Tor- T+ Apurma) de

= —/G (U1ADU2 + Vuy - V@) dz = —((,)](a2,) 5

using the scalar product of Y and the definition of Ap. We thus arrive at

(), = () (=),

Hence, —A C A" and so iA C (1A)". We define

I 0

where ABI exists thanks to Example 1.52. It is easy to see that AR = I and
RAw = w for every w € D(A). Hence, A is invertible so that 0 € p(iA) and i4
is selfadjoint by Theorem 4.7 in [ST]; i.e., A is skewadjoint. O

R= (0 ABl) . E — D(Ap) x Y = D(A),



CHAPTER 2

The evolution equation and regularity

In the first two sections we discuss the solvability properties of (also inhomo-
geneous) evolution equations. A class of more regular Cy-semigroups and the
corresponding Cauchy problems will be investigated in the last section.

2.1. Wellposedness and the inhomogeneous problem

In this section we come back to the relationship between generation properties
of A and the solvability of the corresponding differential equation. In a second
part we treat inhomogeneous problems in which one adds a given input function
to the evolution equation.

Let A be a closed operator on X and x € D(A). We study the Cauchy
problem or evolution equation

u'(t) = Au(t), t>0, u(0) = x. (2.1)

Recall from Definition 1.10 that a (classical) solution of (2.1) is a function
u € CY(Rxg, X) taking values in D(A) and satisfying (2.1) for all ¢ > 0. Observe
that then Au belongs to C(R>¢, X) and thus u to C(Rx>g, [D(A4)]).

Let the states u(t) € X describe a physical system whose properties are
encoded in the operator A and its domain. We then want to predict the future
behaviour of the system by means of (2.1). To this aim, we need solutions for
‘many’ initial values x. Moreover, the solutions have to be uniquely determined
by x since otherwise we do not really predict the behavior. In addition, one will
know the initial value only approximately, so that for a reasonable prediction
the solutions should not vary too much under small changes of the data.! In
the next definition we make these requirements precise.

DEFINITION 2.1. Let A be closed. The Cauchy problem (2.1) is called well-
posed if D(A) is dense in X, if for each x € D(A) there is a unique solution
u=u(-;x) of (2.1), and if the solutions depend continuously on the data; i.e.,

Vb>0: (D(A),]"|x)— C(0,0],X); = u(-;z), is continuous. (2.2)

The next theorem says that for closed A the wellposedness of (2.1) and the
generation property of A are equivalent. This fact justifies the definitions made
at the beginning of Chapter 1.

THEOREM 2.2. Let A be a closed operator. It generates a Cy-semigroup T'(-)
if and only if (2.1) is wellposed. In this case, the function u = T(-)x solves
(2.1) for each given x € D(A).

1Actually7 the same applies to the dependence on the operator A, but this will be discussed
in Section 3.2.

46
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PRrOOF. 1) If A generates T'(-), then T'(-)z is the unique solution of (2.1)
according to Proposition 1.11. The solution continuously depends on the initial
data since ||T'(¢)]| is bounded for ¢ € [0,b] and any fixed b > 0 by Lemma 1.4.

2) Conversely, let (2.1) be wellposed. i) We define the operator T'(t) by
T(t)xr = u(t;x) € D(A) for z € D(A) and ¢ > 0 using uniqueness. Clearly,
T(0) = I and T(-)z : R>9 — X is continuous. For z,y € D(A) and «, 5 €
C, the function au(-;x) + Bu(-;y) solves the problem (2.1) with initial value
ax + Py since A is linear. Hence, T'(t) : D(A) — D(A) is linear for every
t > 0. Let t,s > 0 and x € D(A). Then u(s;z) belongs to D(A) so that
v(t) == T(t)u(s;x) = T(t)T(s)x for t > 0 is the unique solution of (2.1) with
initial value u(s;x). On the other hand, u(t + s;z) = T'(t 4+ s)x for t > 0 also
solves this problem. Uniqueness then shows that T'(¢)T(s)x = T'(t + s)z.

ii) For each b > 0 there is a constant ¢(b) > 0 such that ||T'(¢)z| < c(b) ||z]]
for all z € D(A) and ¢ € [0,b]. In fact, if this assertion was wrong, there would
exist a time b > 0, a sequence (z,,) in D(A), and times ¢, € [0,b] such that

|lzn]] = 1 and 0 < [|T'(tn)2n|| =: ¢cn — 00 as n — oco. Set y, = éxn € D(A)
for every n € N. The initial values y, then tend to 0 as n — oo, but the
norms |[u(tn; yn)|| = éHT(tn)mnH = 1 do not converge to 0. This contradicts

assumption (2.2), and thus 7'(+) is locally uniformly bounded.

Lemma 2.13 of [FA] now allows us to extend each single map 7'(t) to a
bounded linear operator on D(A) = X (also denoted by T'(¢)) having the same
operator norm. Lemma 4.10 in [FA] yields the strong continuity of the family
(T'(t))t>0. By approximation, the semigroup law extends from D(A) to X so
that T'(+) is a Cp-semigroup.

iii) Let B be the generator of T'(-). We have A C B since T'(-) solves (2.1).
Because D(A) is dense in X and T'(t)D(A) C D(A) for all t > 0, Proposition 1.38
shows that D(A) is dense in [D(B)]. So for each # € D(B) there are vectors
Zn in D(A) such that z,, — = and Az, = Bx, — Bz in X as n — oco. The
closedness of A now implies that © € D(A) and A = B. 0

We discuss variants of the above result.

REMARK 2.3. a) One cannot drop condition (2.2) in Theorem 2.2: Let B
be a closed, densely defined, unbounded operator in a Banach space Y. Set
X=YxY and A= (35) with D(A) =Y x D(B). Observe that A is closed
and D(A) is dense in X. For (z,y) € D(A) one has the unique solution u(t) =
(z + tBy,y) of (2.1) with u(0) = (x,y). But for ¢ > 0 one cannot continuously
extend T'(¢) : (x,y) — u(t) to a map on X since T'(¢)(0,y) = (tBy,y).

b) By Proposition 11.6.6 in [EN], problem (2.1) has a unique solution for
a closed operator A and each z € D(A) if and only if the operator A; on
X1 = [D(A)] given by A1z = Ax with D(A;) = {z € X; | Az € X1} generates
a Cp-semigroup on X;. Moreover, if p(A) # 0 and (2.1) has a unique solution
for each x € D(A), then A is a generator on X, see Theorem I1.6.7 in [EN]. ¢

We now use Example 1.53 to solve the wave equation. For simplicity, we
restrict ourselves to the time interval R>q though one could treat R, thus solving
the problem backward in time starting from ¢ = 0.
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EXAMPLE 2.4. Let G C R™ be open and bounded with boundary 0G of class
C'. We study the wave equation

Opu(t,x) = Au(t, ), t>0, x €Gq,
u(t,z) =0, t>0, x € 0G, (2.3)
u(0,2) = up(z), Ou(0,z) = ui(x), reGqG,

with Dirichlet boundary conditions and given functions (ug,u1). Let Ap on
L?(G) be given by Example 1.52. We take ug € D(Ap) anduy € Y = Wol’z(G),
where Y is endowed with the scalar product from (1.33).

We interpret the partial differential equation (2.3) as the second order evo-
lution equation

u’(t) = Apu(t), t>0, uw(0) = ug, ' (0) = uq, (2.4)
in L?(G). Here we look for solutions u € C?(Rso, L?(G)) N C*(R>p,Y) N
C(R>0, [D(Ap)]). In particular, the boundary condition in (2.3) is understood

in the sense of trace u(t) € W& (@) and the Laplacian in the form sense of
Example 1.52. To obtain a first order evolution equation, we set £ =Y x L?(G),

D(A) =D(Ap) x Y, and
0 I
A= <AD O) )

From Example 1.53 we know that A generates a unitary Cop-group 7'(-) on E.

We claim that (2.4) has a solution w if and only if the problem (2.1) on F
for the above A and wy = (up,u;) € D(A) has a solution w = (wy,ws2), which
is then given by w = (u,u’).

To show the claim, let w solve (2.1) for A. The function u := w; then belongs
to Cl(RZO, Y)n C(Rzo, [D(AD)]) with 4(0) = up and ws to Cl(RZO, LQ(G)) N
C(R>0,Y). Equation (2.1) for A also yields that v’ = w] = wy so that u is an
element of C%(Rxq, L?(G)) with u/(0) = uy and it satisfies u” = w) = Apw; =
Apu as required. Conversely, let u solve (2.4). We then set w = (u,w’). This
map is contained in C(Rx, [D(4)]) N C*(Rxp, E), fulfills w(0) = wy and

o o
w' = (u”> = <ADu) = Aw.
For each (ug,u1) € D(Ap) x Y we thus have a unique solution u of (2.4). ¢

Inhomogeneous evolution equations. To the problem (1.1) we now add
a given function f : J — X on a time interval J with inf J = 0. In view of
applications to nonlinear problems, cf. [Lu] or [NE], we allow here for general .J.
In our linear problem, f can model a force in a wave equation or a source-sink
term in a diffusion problem. We require that f € C(J, X) satisfies

1)
/0 |f(s)[|ds < oo  for some § € J\ {0}. (2.5)

Observe that in this case f satisfies (2.5) for all 6 € J \ {0} and that (2.5) is
true if 0 € J by continuity. Let A generate the Cy-semigroup 7'(-) and ug € X.
We study the inhomogeneous evolution equation

u'(t) = Au(t) + f(t), teJ, u(0) = ug. (2.6)
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Our first solution concept is similar to the homogeneous case in Defini-
tion 1.10, where we set J' = J U {0} and require continuity of u at ¢t = 0
in view of the initial condition.

DEFINITION 2.5. A map u: J' — X is a (classical) solution of (2.6) on J if
u belongs to CH(J, X)NC(J', X), u(t) € D(A) fort € J, and u satisfies (2.6).

Again a solution is contained in C(J, [D(A)]). We first show uniqueness of
such solutions and that they are given by Duhamel’s formula (2.7). If 0 ¢ J,
in (2.7) one uses an X-valued improper Riemann integral which is defined as
in Analysis 2 and which exists if the norm of the integrand is integrable.

PROPOSITION 2.6. Let A generate the Cy-semigroup T(-), up € X, and f €
C(J,X) satisfy (2.5). If u solves (2.6) on J, then u is given by

t
u(t) = T(t)up + / T(t—s)f(s)ds, teJ'. (2.7)
0
In particular, solutions of (2.6) are unique.

PROOF. Let t € J\ {0} and set v(s) = T(t — s)u(s) for 0 < s < t, where
u solves (2.6) on J. As in the proof of Proposition 1.11 and using (2.6), one
shows that v is continuously differentiable with derivative

V'(s) =Tt — s)u'(s) — T(t — s)Au(s) = T(t — 5)f(s)
for all 0 < s <t. Let € € (0,t). By integration we deduce

/ T(t—s)f(s)ds=v(t) —v(e) =u(t) — T(t — e)u(e).

Lemma 1.4 yields the bound [|T(t — s)f(s)|| < Me“+!||f(s)|| whose right
hand side is integrable by (2.5). So we can let ¢ — 0 in the above integral.
Lemma 1.13 and (2.6) further imply that T'(t — )u(e) — T'(t)uo. O

Note that Duhamel’s formula (2.7) defines a function u for all z € X and
f € C(J,X) with (2.5). One can thus ask whether u still solves the equation
(2.6) for such data. In the present setting, this is not true in general as the next
example shows, but we continue to discuss this point in the following section.

EXAMPLE 2.7. Let X = Cyp(R), A = L with D(A) = C}(R), and ¢ €
X\ CY(R). The operator A generates the Co-group T'(-) on X given by T'(t)g =
g(- +1t), see Example 1.22. The function T'(t)¢ then does not belong to D(A)
for each t > 0 and at some ty € R the map ¢t — (T(t)p)(0) = ¢(t) is not
differentiable. Define f € C(R, X) by f(t) = T(t)p and let ug = 0. Formula
(2.7) then yields

u(t) = /0 T(t—nr)T(r)pdr =tT(t)e, t>0.

So u does not solve (2.6) as u(t) ¢ D(A) and wu is not differentiable for ¢t > 0. ¢

We now show criteria on f implying that Duhamel’s formula (2.7) provides
a solution of (2.6). We start with the core step that says that time and ‘space’
regularity are equivalent. As in Proposition 1.11, for instance, we heavily rely
on the Definition 1.1 of generators.
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LEMMA 2.8. Let A generate the Co-semigroup T(-), up € D(A), and f €
C(J,X) satisfy (2.5). Define v(t) = f(f T(t—s)f(s)ds fort € J and v(0) =0
if 0 ¢ J. Then the following assertions are equivalent.

a)veCH]X).

b) v(t) € D(A) for allt € J and Av € C(J, X).

In this case, (2.7) gives the unique solution of (2.6) on J. If (2.6) has a
solution on J, then properties a) and b) are true.

PROOF. 1) By Proposition 1.11, the orbit T'(-)ug belongs to C(Rx>q, X) N
C(R>¢, [D(A)]) with derivative ST (t)ug = AT (t)ug for all t € J, since uy €
D(A). Let u solve (2.6). We then deduce v = u — T'(-)z from Proposition 2.6,
so that v satisfies properties a) and b). Proposition 2.6 yields uniqueness.

2) Let a) or b) be valid. It remains to show that v solves (2.6) with ug = 0,
since then u defined by (2.7) is a solution of (2.6) for the given initial value
ug. We first note that [[v(t)] < Me“+! fot | f(s)|lds tends to 0 as ¢ — 0 since
s — || f(s)]| is integrable near 0 by (2.5). It is then easy to check that v : J' — X
is continuous, for instance using dominated convergence.

We next fix t € J and take h # 0 such that t + h € J. We compute

t+h
Di(h) = %(T(h) ~ D(t) = %(v(t +h) —o(t)) — 2/t T(t+h—s)f(s)ds
—: Dy(h) — I(h).

Since f € C(J, X), it follows

=i =[5 [ (re =956 - 1) o

< max ||[T(t+h—s)f(s)—f@)|] — O
ls—t|<|h|
as h — 0, thanks to Lemma 1.13. As a result, D;(h) converges if and only if
Dy (h) converges as h — 0. The convergence of D1 means that v(t) € D(A) and
Dy(h) — Av(t) as h — 0, and that of Dy is equivalent to the differentiability of
v at t with Da(h) — v'(t) as h — 0. We further obtain that Av(t) = v'(t)— f(t);
i.e., v satisfies the differential equation in (2.6) for this ¢. For each t € J the
properties a) and b) imply the convergence of Dy and Dq, respectively, and
hence the function v solves (2.6) with ug = 0. O

The next theorem is the fundamental existence result for the inhomogeneous
evolution equation (2.6). For simplicity, we restrict ourselves to closed J.

THEOREM 2.9. Let A generate the Cy-semigroup T(-), ug € D(A), and J be

closed. Assume either that f € CY(J, X) or that f € C(J,[D(A)]). Then the
function u given by (2.7) is the unique solution of (2.6) on J.

PROOF. Since J is closed, f satisfies condition (2.5) and so uniqueness
follows from Proposition 2.6. Let f € C(J, X). Writing v(t) = fot T(s)f(t —
s)ds for t € J, we see that v has the continuous derivative

V() = T()f(0) + /O T(s)f' (t —s)ds
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as in Analysis 2 or Remark 1.16f). Hence, property a) in Lemma 2.8 is satisfied.

Let f € C(J,[D(A)]). Proposition 1.11 and Lemma 1.13 imply that the vector
T(t—s)f(s) belongs to D(A) and the map (t,s) — AT (t—s)f(s) = T(t—s)Af(s)
is continuous in X for s <t in J. Remark 1.16 d) now yields that v(¢) belongs
to D(A) and Av(t) = fot T(t — s)Af(s)ds. As in Analysis 2 one then checks
that Av is an element of C'(.J, X), and so statement b) of Lemma 2.8 is fulfilled.
The theorem is now follows from Lemma 2.8. O

Variants for more regular solutions are discussed in the exercises. We apply
the above result to the wave equation with a given force.?

ExaMPLE 2.10. In the setting of Example 2.4, we consider the inhomogeneous
wave equation

,x) = Aul(t,z) + g(t, z), t>0, z €@,

,x) =0, t>0, ze€0G, (2.8)
u(0,z) =uo(z), Owu(0,2) =wui(z), =T€G,

for given uy € D(Ap), u1 € Y = W01’2(G) and g € C(R>o, L*(GQ)), where we

set g(t,x) = (g(t))(z) for all £ > 0 and almost every x € G. As in Example 2.4
we write these equations as

u”(t) = Apu(t) + g(t), t>0, w(0) = ug, u'(0) = uy, (2.9)

and look for solutions u € C?(Rxo, L*(G)) N CY(Rxp,Y) N C(R>o, [D(AD))).
Again the second order problem is equivalent to the first order problem

w'(t) = A@W)w(t) + f(t), t>0, wo = (ug, u1),
on E =Y x L?(G) with w = (u,u),

A:<AOD é) on D(A) =D(Ap) x Y,  and f:<2>.

In view of Theorem 2.9 and Example 1.53, we obtain a unique solution u of
(2.9) if either g belongs to C'(Rxg, L2(G)) and so f to C1(Rxg, E)), or g is
contained in C(R>¢,Y’) and so f in C'(Rx>g, [D(A4)]). O

2.2. Mild solution and extrapolation

So far we have considered solutions of (2.1) or (2.6) taking values in D(A),
which is surely a natural choice. However, in many situations one wants to
admit solutions and initial values in X. For instance, in the wave equation
from Examples 2.4 and 2.10 the squared norm of the state space E is (up to
factors) equal to the physical energy, and it is often desirable only to require that
the solutions have finite energy. We first introduce a concept that is motivated
by Proposition 2.6 and which plays an important role for certain nonlinear
evolution equations. Let J be an interval with inf J =0 and J' = J U {0}.

2The function g in (2.8) corresponds to a force if the mass density of the vibrating object
is equal to 1.
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DEFINITION 2.11. Let A generate the Cy-semigroup T(-), up € X, and f €
C(J,X) satisfy (2.5). The function uw € C(J', X) given by

u(t) = T(t)up + /Ot T(t—s)f(s)ds, telJ,

is called mild solution (on J') of (2.6).

The continuity of the mild solution and %(0) = ug were shown in the proof of
Lemma 2.8. The above definition has the obvious draw-back that one does not
directly see the connection to A and to (2.6). For f =0, Lemma 1.19 suggests
the following notion which involves A explicitly.

DEFINITION 2.12. Let A be a closed operator, ug € X, 0 € J, and f €
C(J,X). A function v € C(J,X) is called an integrated solution (on J) of

(2.6) if the integral fg u(s)ds belongs to D(A) and satisfies

t ¢
u(t) =u A | u(s)ds s)ds 2.10
0 =w+a [ usds+ [ ) (2.10)
for all € J.

The questions arise whether integrated solutions are unique, how they relate
to mild ones, and whether they solve a differential equation. At least, the func-
tion ¢ — f(f u(s) ds is differentiable though in X instead of [D(A)]. Moreover,
for mild solutions it is not clear at all how to differentiate ¢ — T'(t — s)f(s).
The key idea to solve these problems is to enlarge the state space X suitably.

DEFINITION 2.13. Let A be a closed operator with u € p(A). We define the
extrapolated norm ||z||—1 = ||R(u, A)z|| for x € X and the extrapolation space
X_1 = X4, as the completion of (X, || - ||-1)-

Here is || - ||-1 a coarser norm on X than the original one (which is not
complete if A is unbounded). We recall from Section 2.2D) of [FA] that for
a normed vector space Y there exists the completion Y. It is a Banach space
such that there is an isometry J : Y — Y with dense range which is unique up
to isometric isomorphisms. We thus identify X with a dense subspace of X_1.

The norm || - ||-1 does not depend on the choice of u € p(A) (up to equiva-
lence): Let A € p(A) \ {p}. Using the resolvent equation (1.7), we compute

IR, A)z|| < [[B(p, Azl + | = AR, A)R(p, A
< (Ll = AR A R, Al (2.11)

and one can interchange A and p here.

By means of Lemma 2.13 in [FA] and density, one can extend an operator
S € B(X) to X4, if (and only if) it satisfies |R(u, A)Sz|x < ¢|R(p, Azl x
for some ¢ > 0 and all z € X.

In Example 2.17 we compute X_; in one case. But actually one can quite
often use X_; to ‘legalize illegal computations’ without knowing a precise de-
scription of it. The next result shows that we can extend the Cpy-semigroup
generated by A to X4, keeping many of its properties.
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PROPOSITION 2.14. Let A generate the Cy-semigroup T(-) on X. Fort >0,
the operators T(t) have a bounded extension T_1(t) to X_1 = X4, which form
a Co-semigroup on X_1. It is generated by the extension A_; € B(X,X_1)
of A, where D(A_1) = X, and || - ||x is equivalent to the graph norm of A_;.
Moreover, for all A € p(A) the resolvent R(\, A) has an extension in B(X_1,X)
which is the resolvent of A_1. The maps R := R(u, A_1): X 1 = X and R~ =
ul —A_y : X — X_1 are isometric isomorphisms satisfying A= RA_{R™ on
D(A), and thus 0(A) = o(A_1). Analogous facts are true for R(\, A) and T(t).

PrOOF. 1) Let A € p(A) and z € X. By estimate (2.11) we have
|IR(A, A)z|| < ex||x||-1 for a constant cy. Because X is dense in X_;, we
can extend R(A, A) to a map Ry in B(X_;, X) using Lemma 2.13 in [FA]. We
note that R, is an isometry. For x € D(A) we have

[Az|| -1 = [[(A — pd + pl)R(p, A)zllx < (1 + |pl [R(w, A))]=|

so that A has an extension A_; € B(X,X_1). The identity Ix = (Mx, —
A)R(A, A) on X can thus be extended to Ix_, = (AMlx — A_1)Ry on X_;,
and analogously one obtains Iy = Ry(Ax — A_1) on X. This means that
A€ p(A_q) and Ry = R(N, A_1). (Note that A_; is closed in X_; as Ry €
B(X_1).) We next compute

R(p, A1) A (pl — A)z = A R(p, A)(pl — A)z = A
for x € D(A), obtaining that A and A_; are similar. It follows that o(A4) =
o(A_1) since RQAT — A_1)R™! = A\ — A on D(4). Using X — X_1, we show
the asserted norm equivalence by
lzllazy = [lofl-1 + [Az] 1 < cllellx + Al llzlx
lzllx = [|IRR™ || x = ||uz — A_yz| -1 < max{|p|, 1} |[e]la_, .
2) It is easy to see that A1 = R~'AR with D(A_;) = X generates the Cp-

semigroup on X_; given by T_1(t) := R™IT(t)R for t > 0, cf. Paragraph I1.2.1
in [EN]. This semigroup extends 7'(-) since we have

Ty (t)e = (u — AYT()R(u, A)w = T(t)a
for x € X. The other assertions are shown similarly. O

Part 1) of the proof also works if one only assumes that A is closed with
u € p(A). Using these concepts and results, we can now easily show that mild
and integrated solutions coincide and that they are just the unique (classical)
solutions in X _1 of the extrapolated problem

u'(t) = A_qu(t) + f(t), ted, uw(0) = up € X. (2.12)

PROPOSITION 2.15. Let A generate the Cy-semigroup T(-) on X, up € X,
0€J, and f € C(J,X). Then the mild solution u € C(J,X) given by (2.7)
also belongs to C1(J, X _1) and u is the (classical) solution of (2.12) in X 1.
It is also the unique integrated solution of (2.6) in the sense of (2.10).

PROOF. The first assertion follows from Theorem 2.9 and Proposition 2.14
employing that X = D(A_;) and T_1(¢)|x = T'(t).
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Let uw € C(J, X) be the (unique) solution of (2.12). Integrating this differen-
tial equation, we derive the identity

u(t) — up = /Ot A quls) ds+/0tf(s) ds

for t € J. We can take A_; € B(X, X_;) out of the integral, resulting in

(A — ul) /Otu(s) ds = u(t) — ug — u/ot u(s)ds — /Ot £(s)ds.

Since the right hand side belongs to X and R(u, A_1) extends R(u,A), the
integral fg u(s) ds thus belongs to D(A) and u is an integrated solution of (2.1).

Let u € C(J,X) be an integrated solution of (2.12). As A_; € B(X,X_1),
we can differentiate ¢ — A fg u(s)ds in X_; with derivative A_ju(t). Equation
(2.10) then implies that u is contained in C*(J, X_1) and solves (2.12). O

For any Banach space X we have the isometry
Jx : X = X™ 0 Jx(x) = (2, ) xxx*s

see Proposition 5.24 of [FA|. The space X is called reflexive if Jx is surjective.
By Example 5.27 in [FA], a Hilbert space X is reflexive with Jx = ®x-®x for
the Riesz isomorphisms. In the reflexive case one can describe the extrapolation
by duality in a convenient way. We write X*, instead of (X_1)*.

PROPOSITION 2.16. Let A be closed with p € p(A) and dense domain. Then
there is an isomorphism ¥ : [D(A*)] — X* satisfying (Va*)(x) = (z,2*) x x x
forx € X — X_1 and * € D(A*). Let also X be reflexive. We then have an
isomorphism ® : X_1 — [D(A*)]* extending Jx : X — X**.

PROOF. Replacing® A—ul by A we can restrict ourselves to the case = 0.
Let z* € D(A*). For z_1 € X_1 we set

(Va*)(z-1) = <A:%x—17A*x*>X><X*-
We first observe that
((Wz*) ()| < AT {za|lx A% 2| x+ < llz_allx_, [[2¥]ax

so that Uz* belongs to X*; with norm less or equal ||z*||4+ and hence ¥ :
[D(A*)] — X*, is a linear contraction. Since A~1 extends A~! on X, this map
acts as (Vz*)(x) = (z,2*) x xx+ for z € X.

To show surjectivity, we take ¢ € X*,. Let x € X. We then estimate

[p(Arz)| < lllx-, [[Aazlx = llellx, zllx

and hence ¢ o A_; is contained in X*. There thus exists an element y* of X*
such that p(A_17) = (z,y")x for all z € X and [y*[[x- < [¢llx=,. We set

x* = (A")7ly* € D(A4%) recalling that o(A*) = o(A) by Theorem 1.24 of [ST].
It follows A*x* = y* and

e[l = (A T A% x+ + A% ||x+ < clly”llx- < cllellxe, -

3This proof was omitted in the lectures.
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Moreover, the definitions of ¥ and y* yield
(Wa*)(z-1) = (Ajz_1, A"0*)x = p(A1AZ{w 1) = p(z-1)

for all z_; € X_1; ie., ¢ = Wz*. We have shown the surjectivity of ¥. It is
also injective with a bounded inverse by the above lower estimate, and thus ¥
is invertible.

Let X be reflexive so that also the isomorphic space X_7 is reflexive, see
Corollary 5.51 in [FA]. We then define the isomorphism ® = ¥*Jx | : X_; —
[D(A*)]*. For x € X and z* € D(A*) we compute

(%, @x)p(ary = (V' Ix_ 2)x+ | = (z, V2" )x_, = (z,2")x = (27, Jx¥)x~,
using the above properties. This shows the last assertion. ]

By extrapolation we now obtain solutions u of the wave equation (2.9) such
that (u(t),u/(t)) only take values in the space Wol’z(G) x L*(G) of finite energy.

EXAMPLE 2.17. As in Examples 2.4 and 2.10 we study the wave equation
(2.9), now with data wo=(ug, u1) EWOI’Q(G) x L*(G) and g € C(J, L*(G)). We
look for solutions u in Z := C(J,W,*(G)) N C1(J, LA(G)) N C2(J, W~ 12(@))
using the weak Dirichlet-Laplacian Ap : I/VO1 (@) - W 12(G) from Exam-
ple 1.52, where we include a tilde for a moment.

Again we look at the first order formulation of (2.9) on F = W01’2(G) x L*(@G)
with w = (u,u’),

A= <A0D é) on D(A) = D(Ap) x Wi3(@), and  f = (2)

Example 1.53 provides the inverse
1 (0 ARM .

A = (I 0 ) : E— D(A).
From Example 1.52 we obtain the invertible extension Ap : VVO1 2(@) —
W=L2(G) of Ap. To see that A extends Ap', take ¢ € L2(G) — W—12(G).
The maps o = Aj'p € Wol’Q(G) and v = A5l € D(Ap) both satisfy Apt = ¢
and Apv = Apv = ®, so that o = v as Ap is injective.

Set F' = L?(G) x W~=12(Q). For (u,v) € E we conclude that

1w, 0)]lp_y = 1A (w, )|[E = [(Ap v, W)l = [|(w,v)l|F -
Composing the isometry J : (E, || - ||g_,) — E_1 from Proposition 2.21 of [FA]
with the identity, we obtain an isomorphism J% : (E,||-||r) = (JE,||-||g_,) By
density it can be extended to an isomorphism Jr : FF — E_;. We now identify
F and E_; omitting Jp. The extension of A to F is then given by

Ap 0

It generates a Cop-semigroup on E_; = L*(G) x W~12(G) by Proposition 2.14.
Theorem 2.9 thus yields a unique solution w of (2.12) in E_; for our data. As
in Examples 2.4 and 2.10, one now obtains a unique solution u € Z of (2.9)
given by w = (u,u’). O

A= ( 0 I) L E— L2(G) x W2(Q).
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2.3. Analytic semigroups and sectorial operators

So far we have treated Cp-semigroups and groups without requiring further
properties of them. However, both from the view point of applications and from
a more theoretical perspective, it is natural and rewarding to study classes of
Co-semigroups with specific properties. (In [EN] such questions are treated in
detail.) For instance, compact semigroup or resolvent operators often occur in
concrete problems, and they have special properties, of course. If the Banach
space X carries an order structure (e.g., X = LP(u) or X = Cy(G)), then
‘positive’ semigroups preserving the order are important, and they are used to
describe diffusion or transport phenomena. Compactness does not play a role
below, but occasionally we will come back to positivity later in the course.

Another possible property of Cp-semigroups 7'(-) is the improved regularity of
the map R >t — T'(t) beyond strong continuity. In this section we study the
strongest case in this context, namely analyticity of the map Ry — B(X); t —
T'(t). This class turns out to be of great importance in applications to diffusion
problems, for instance. We first introduce and discuss a class of operators which
is crucial to determine the generators of such ‘analytic semigroups.’

Let ¢ € (0,m]. We write 3y = {A € C\ {0}||argA| < ¢} for the open
sector with (half) opening angle ¢. Observe that X5 = C, is the open right
halfplane and ¥, = C\ R<g is the plane with cut R<g.

DEFINITION 2.18. A closed operator A is called sectorial of type (K, ¢) if for
some constants ¢ € (0,m] and K > 0 the sector ¥4 belongs to p(A) and the
resolvent satisfies the inequality

K
|R(NA)| < o for all X € 3. (2.13)

The supremum p(A) = ¢ € (0, 7] of all such ¢ is called the angle of A.

Often we will look at maps A such that the shifted operator A—w/ is sectorial
for some w € R, which can be treated by rescaling arguments. Clearly, if A is
sectorial with angle ¢, then it has type (K4, ¢) for all ¢ € (0,¢). Typically,
K4 explodes as ¢ — ¢ as we will see below in several examples. One can check
that o(A) C {0} if (2.13) is true for ¢ = 7, using Theorem 1.13d) of [ST].
We also note that several variants of the above concepts are used in literature;
in particular many authors consider operators whose resolvent set contains a
sector opening to the left.

We first discuss several relatively simple examples which are typical never-
theless, starting with the arguably ‘nicest’ class of operators.

ExaMpPLE 2.19. Let X be a Hilbert space and A be closed, densely defined,
and selfadjoint on X satisfying o(A) C R<o. Then A is sectorial of angle .

PROOF. Let ¢ € (5,7) and A € £, C p(A). Since R(A\, A)' = R(X, A) by
(4.3) in [ST], the operator R(\, A) is normal. Propositions 4.3 and 1.20 of [ST]

“4Recall from the exercises that the generator A is bounded if T(t) — I in B(X) as t — 0.



2.3. Analytic semigroups and sectorial operators 57

and the assumption then yield

RN, A)|| = r(R(A, A)) =

1 - 1 _ i‘, Re X > 0,
d(\,0(4)) — d(\,R<g) ﬁ Re ) < 0.

IfRe A < 0, we can write A = |A| et for some 0 € (%, ¢). Elementary properties
ImA] _

B =sinf > sin¢ > 0, and hence

of sine thus imply

1

Ky
R(M\ A =: for all A € 2. O

ExXAMPLE 2.20. Let X =C([0,1]), A= dsQ, and D(A) ={ueC?([0,1]) | u(0) =
u(1) = 0}. The closure of D(A) is Xy = Cp(0,1). We set Agu = u” for u €
D(Ap) = {u € D(A)|u" € Xp}. The operators A in X and Ay in Xy are
sectorial of angle .

PRrOOF. The closure of D(A) can be determined as in Example 1.48. We
only treat A, as Ag is handled similarly. Let f € X and A € ¥ so that A = p?
for some p € C4. Formula (1.29) in Example 1.48 implies that A € p(A) and

RO, A)f(s) = a(f, e +b(f, e + ;M /0 Lt dr
for s € [0,1] and the coefficients
(a(f,u)) 1 e [ (et — e f(7) dr
b(f, 1)) 2uer —er) \ [ (ete™ ™ —eHerT) f(r)dr )

Fix ¢ € (5,m). Take A = p? € X4 and hence ,u € Yy/o. Let 0 = argp. It
follows 0 < |0] < % and Re u = |p| cos € > |u| cos . So we can estimate

MQAM@SM%MWW%MMMHWN“ﬂm/ e e irldr
2 |pl s€[0,1] Js—1

1
Il.f lloo </ (eReur —i—e_Re’”) dr
0

~ 2plfer —emH]

1
+/ (eReMefReuT_'_efReueReuT) d7_>+ Hf”oo
0

lu|Re p
||f||00 Re,LL —R
= 14+1—e Ren
M Repler e\ 1L
Rep —Rep —Rep( Rep ||f||00
+eH(1l—e )+e (e™F —1)
) i Ren

g (T e e
‘ ‘2 o0 Q(GReu _ e—Rep)

| /\

:”W”Hﬂ| 0
B
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ExaMpPLE 2.21. Let X = Cp(R) and Au = u' for D(A) = C}(R). Then
A is sectorial of angle §. (The analogous result for X = LP(R) is shown in

Example 5.9 of [ST].)

Proor. By Example 1.22, we have o(A) = iR and ||R(), A)|| =1/ Re A for
A e Cy. Take ¢ € (0,7/2). Let A € Xy. We obtain Re A > || cos ¢ and hence
1
IR A < 7
R
which shows sectoriality of angle greater or equal 7/2. Since iR C o(A) the
angle cannot be greater that /2. O

To study analytic semigroups we need a bit of complex analysis in Banach
spaces. (See also Section 5.1 of [ST].)

Let Y be a Banach space, J C R be a closed interval, and v : J — Y be
piecewise C1. If J = [a,b] and y(a) = v(b), the curve v is called closed. We set
I' =~(J). For f € C(J,Y) we introduce the complex contour integral

A fdz = /J F(($)7 () ds.

If J is not compact, above it is assumed that the right-hand side exists as an
improper Riemann integral in Y. As in the proof of Proposition 1.21, one sees
that this improper integral exists if the function || f o || || is integrable on J.

Let U C C be open and starshaped, f : U — Y be complex differentiable,
I’ C U be closed, and z € U \T'. We then have Cauchy’s theorem

/ f(w)dw =0, (2.14)
ol

and Cauchy’s formula
1 [ fw) _ !
n(1,2)f() = 5 / T g, where n(y,2) = o /

In fact, by Theorems 2.6 and 2.8 in [A4] these equations are true with f replaced
by (f,x*) for each z* € X*. We hence obtain <frfdz,x*> = 0 for every
x* € X*, implying (2.14) due to the Hahn-Banach theorem. Formula (2.15) is
shown similiarly. If Y = C, identity (2.15) yields

1
e = — (A —a)"tdA for a € C and z € C.

27 Jopan)

dw

w—z

(2.15)

We want to imitate this formula for sectorial A. To this aim, we need a
curve I' encircling the (typically unbounded) spectrum of A counter clockwise.
This curve has to be contained in g4 for some ¢ < ¢(A) in order to use
the resolvent estimate (2.13), so that it has to be unbounded. In view of the
occuring exponential function, the real part of A € I" has to tend to —oo to
guarantee the convergence of the integral. We thus assume that A is sectorial
with angle ¢ larger than 7/2. For given numbers R > r > 0 and 0 € (7/2, ¢)
we define the paths

Iy =T1(r,0) = {A=(s) = —se | s € (—o0, -]},
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[y =Ty(r,0) = {\=(s) = rel® |a € [-0,60]},
I3 =T3(r,0) = {A=3(s) = sel? |s € [r,00)},
[ =D(r,§) =1 UT,UT3, T'p=TnB(0,R). (2.16)

We write [;. instead of fy since the maps 7; are injective. We first show that
the relevant integral exists in B(X).

LEMMA 2.22. Let A be sectorial of type (K, ¢) with ¢ > 5, t >0, 0y € (5, ¢),
0 € [0o,0), >0, and T =T(r,0) be defined by (2.16). Then the integral

1 1
o= L / P R(\, A)dA = lim / e R(), A) dA (2.17)
T T'r

2mi R—o0 271

converges absolutely in B(X). The resulting operator ¢4 € B(X) does not
depend on the choice of r > 0 and 0 € (%,¢). Moreover, ||e!d|| < M for all
t >0 and a constant M = M (K, 6y) > 0.

(
PROOF. Since |[R(\, A)|| < & on T by (2.13), we can estimate

R
)/FR e R(), A)| ydA( < K/ P EGRI‘ZT 10)\ 0] 4s
+K/ P f:eiTe ) lirel®| do
+K/ &b fjﬁee expltsRect) )y

00 tscosé'
< QK/ ds+K/ el s qoy
r S —6

< K(Q/ i(—tcos 0) tda + 29e”>

rt|cosd| O —tcosd

0o e 0
< K<2 / ¢ _do+ 27re“") —: Kec(t,r,60),
rtlcosfp| O
for all R > r and t > 0, where we substituted ¢ = —stcosf and used that
cosf < cosfy < 0. The limit in (2.17) thus exists absolutely in B(X) by
the majorant criterium, and ||| < Kec(t,7,6p). If we take = 1/t, then
c(t,t71,6p) =: c¢(fp) does not depend on t > 0.
So it remains to check that the integral in (2.17) is independent of r > 0 and
6 € (5, ). To this aim, we define I'" = T'(+,6) for some 7' > 0 and ¢’ € (5, ¢),
where we may assume that 6 > . We further set I'; = I'NB(0, R) and choose
R > max{r,r'}. Let C}, and Cp be the circle arcs from the endpoints of T'g
to that of I'; in {A € C|Im A > 0} and {\ € C|Im X < 0}, respectively. (If
0 = ¢', then C% contain just one point.) Then Sk = TrUCH U (~T%)U(~CR)
is a closed curve in the starshaped domain 4. So (2.14) shows that

/ ePR(\, A)d\ = 0.
Sgr
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We further estimate

9/
ia K ; 5
H/ et’\R()\,A)d)\H</ R 2 liRel®| da < K (6 — 0)e %0 0,
ot 0 | Rel|

as R — oo since cosa < cosf < 0, and analogously for Cy. So we conclude

/ AR\, A)d)\ = lim R\, A)d)\ = lim RN, A)dX
r

R—o0 Tr R—o0 FIR
= / M R(N, A) d). O
We next establish some of the fundamental properties of the operators e,
We stress that we do not assume that A is densely defined here. In part c) one
sees the impact of a dense domain. A typical example for a sectorial operator
with non-dense domain is the Dirichlet—Laplacian in supremum norm, unless

one includes the Dirichlet boundary condition in the space. See Example 2.20
and also Chapter 3 of [Lul].

THEOREM 2.23. Let A be sectorial of angle o > 5. Define et as in (2.17)
fort >0, and set "4 = I. Then the following assertions hold.

a) ehesd = esdetd = (A for gllt, s > 0.

b) The map t — et belongs to C*(Ry,B(X)). Moreover, e!AX C D(A),
%em = Ae! and ||Aetd|| < C/t for a constant C > 0 and all t > 0. We also
have Aetdz = !4 Az for all x € D(A) and t > 0.

¢) Let x € X. Then et4x converges ast — 0 in X if and only if x is contained
in D(A). In this case, ¢tz tends to x ast — 0.

d) Let D(A) be dense. Then (e!4)>q is a Cy-semigroup generated by A.

PROOF. a) We proceed as in the holomorphic functional calculus in Theo-
rem 5.1 of [ST]. Let ¢,s > 0. We use that e’* does not depend on the choice
of r and § by Lemma 2.22. Take 0 < r <7’ and § < 60 <0 < ¢ < ¢. Set
' =T(r,0) and I' = T'(+',0’) as in (2.16). Using the resolvent equation (1.7)
and Fubini’s theorem, we compute

1
etesA = ,/et)‘/ e’ R(\, A)R(p, A) dp dX
(27['1)2 T /

1 [ . 1 oS
— [ PR\ A)— dpdA
27ri/Fe A, )27ri/p,u—)\ a

- 1
il Rlu. A)—
* o ), ¢ B )27ri/p

et)\

py— dAdu.
(One shows Fubini in this context by inserting the parametrizations and ap-
plying a functional y* € B(X)*. The integrability in (A, u) is checked as in
Lemma 2.22 or below.)

Fix A € T and take R > max{r,7’,|\|}. We set CF, = {z = R'e®|a €
0,2 — ']} and Sy, =T, U Cf. Cauchy’s formula (2.15) yields

1 sp
€ dp = es)\

277Ti S;%,ILL—)\
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since n(S%/,A) = 1. As in Lemma 2.22, we further compute

et et
/ dp — / du and
I A N i

e’ Rep

eSH / ’ 27TR/
d,u‘ < 2R’ sup < f cos?
’/QM—A pecr, [ —=Al R — |
as R’ — oo, using that cosa < cos#’ < 0. It follows
65)\ = L e dM
27 M — A
Next, fix 4 € T and take R > 7. Set Cr = {z = Re!*|a € [0,27 — 0]} and
Sr =T'rUCR. We now have n(Sg, 1) = 0 and derive as above

tA
/ ¢ dr=o.
rA—p

The above equalities imply that

etAesA — L / et)\es)\R()\ A) d) = e(15—1—3)14 — e(s+t)A — esAetA‘
27Ti T ’

b) Let z € X, t > 0, and R > r. Since A — R(\ A) is continuous in
B(X,[D(A)]), also the integral

Ta(t) = /F P R(A, A) dA

belongs to B(X, [D(A)]). Recall from (2.17) that Tr(t) tends to 2mie!4 in B(X)
as R — oo. We further compute

ATg(t) = /F Re”AR(A,A) d\ = /F

Take again Cp = {u = Re!®|a € [0,27 — 0]}. Using Cauchy’s theorem (2.14),
one shows as in step a) that

M AR(N, A)dX — / AN T.

R g

’/ et/\d)\) = ‘—/ et’\d)\’ <27rR sup ef1ose < opRetfcst g
I'r Cr 016[9,2#—6]

as R — oo. As in the proof of Lemma 2.22 (with » = 1/t and [|AR(), 4)|| < K),
we then estimate

o 0
’/ ”)\GMR()\,A)”CU\’ < 2K/1 etscosgd3+[(/ reoSa 4o
br T —0

2K 2¢K0 '
< + = —.
= t]cos t t

Hence, ATR(t) converges to the integral

/ AeAR(A, A) d,
Iy
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in B(X) as R — co. Since A is closed, it follows that ¢4 X C D(A),
1
Aett = — / AP R(N, A)d, (2.18)
271 Jr

and [|Ae™|| < & for all t > 0.
Observe that TR( ) belongs to C*(R>q, B(X,[D(A)])) with derivative

LTR(t) = /F A R(A, A) dX
R
fort > 0. Let ¢ > 0 and t > €. In a similar way as above, one sees that

H/ AR, ) dA| <2K/ fseost gs < 2B _oRecost
M\l € |cos 0]

as R — oo for t > €. As a result,

d
/ MeAR(N A)dh = — [ PR(), A)d)
I'n dt

converges in B(X) to Ae4 uniformly for ¢ 2 e, see (2.18). We infer that

t — e € B(X) is continuously differentiable for ¢ > 0 with $e!4 = Ae!4. For
x € D(A), we further obtain

R—o0 271

1
Aettz = lim — / P R(\, A) Az d) = e Az
I'r
c) Let z € D(A), R > r, and t > 0. As in part a), Cauchy’s formula (2.15)

yields
1 tA
/d)\_ lim / € _an=1
2 R—o0 21 Jp, A —0

Observing that AR(\, A)x — x = R(\, A) Az, we conclude

e%—x—l/ (R(A A)——) P ﬁR(A A) Az dA
_27rip VA 27 Jp A ’ Lo

Since the right integrand is bounded by c|A|72||Az|| on T for all ¢ € (0,1],
Lebesgue’s convergence theorem implies the existence of the limit

lim ez — 2z = / —R(\, A)Azd\ =: 2.
t—0 2mi

Let Kr = {Re'| — 0 < o < 6}. Cauchy’s theorem (2.14) shows that

/ 1RO\ A) Az dr = 0.
I'rU(—KR) A

Since also

H/ RO, A)AzdA| < %RK Az —> 0

as R — oo, we arrive at z = 0. Because of the uniform boundedness of €4, it
follows that €4z — z as t — 0 for all z € D(A).

Conversely, if etz — yast — 0, then y € m by part b). Moreover,
R(1, A)ez = e R(1, A)x tends to R(1, A)z as t — 0, since R(1, A)x € D(A).
We thus obtain R(1, A)y = R(1, A)z, and so x =y € D(A).
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d) Let D(A) be dense. The above results then imply that (e'4)>q is a Co-
semigroup. Let B be its generator. To check that A = B, take x € D(A). For
t > s> 0, part b) yields that

t
ety — ey = / e™ Az dr.
S

Since the semigroup is strongly continuous, we can let s — 0 resulting in

Lo a L[4
f(e x—x):f e Ax dr.
t t Jo

The right-hand side tends to Az as ¢ — 0 by strong continuity; i.e., A C B. As
the spectra of A and B are contained in C_, Lemma 1.24 yields A = B. 0

We next establish a converse to the above theorem and study further reg-
ularity properties of et4, assuming that D(A) is dense for simplicity. There
are variants of the following results without the density of the domain, see
Section 2.1 of [Lu]. We first introduce a basic concept.

DEFINITION 2.24. Let 9 € (0,7/2]. An analytic Cp-semigroup on Xy is a
family of operators {T(z)|z € Xy U{0}} such that
(a) T(0) =1 and T(w)T(z) =T(w+z) forall z,w € Xy;
(b) the map T :%y — B(X); z— T(z), is (complex) differentiable;
(c) T(z)r = x in X as z — 0 in Xy for all x € X and each V' € (0,9).
The generator of T'(-) is defined as the generator of the Co-semigroup (T'(t))>0,
and its angle 1 € (0,7/2] is the supremum of possible .
If |T(2)| is bounded for all z € Xy and each ' € (0,v), the analytic Cy-
semigroup is called bounded.

We now establish the fundamental characterization theorem of bounded an-
alytic Cy-semigroups which goes back to Hille in 1948. Basically it says that a
densely defined operator A generates such a semigroup if and only if A is sec-
torial of angle gerater than 7/2. Moreover, it gives two useful characterizations
of sectoriality and describes the class of bounded analytic Cy-semigroups in a
different, very convenient way. For n € N with n > 2 we inductively define the
powers of linear operator

D(A") = {z € D(A" Y| A" 'z € D(A)} and A"z = A(A"lz).
THEOREM 2.25. Let A be a closed linear operator on X. Then the following
assertions are equivalent.
a) A is densely defined and sectorial of angle ¢ > 7/2.

b) A is densely defined, Cy C p(A), and there is a constant C' > 0 such that
IR\, A)|| < C/IN| for all X € Cy.

¢) For some 9 € (0,7/2), the maps eV A generate bounded Co-semigroups.

d) A generates a bounded Cy-semigroup (T(t))i>0 such that T'(t)X C D(A)
and [|AT(t)|| < My/t for allt >0 and a constant My > 0.

e) A generates a bounded analytic Cy-semigroup with angle ¢ € (0,7/2].
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If this is the case, T(t) is given by (2.17) and we have T(t)X C D(A"),
AT (t)|| < Mut™™, T(-) € C®°(Ry,B(X)), and $=T(t) = A"T(t) for all
t >0, n €N, and some constants M, > 0.

PRrOOF. We prove the chain of implications €) = ¢) = b) = a) = d) = ¢)
going from analyticity to sectoriality and back via claim d) using Theorem 2.23.

1) Let statement e) be true. Take ¥ € (0,1). The operators T'(e*V¢) for
t > 0 then yield two bounded Cp-semigroups. As in Lemma 1.18 one sees that
they are generated by e*™ A, and so c) has been established.

2) We assume property c) and that the semigroups generated by etV A are
bounded by M. Proposition 1.20 shows the density of D(A). Because of
Proposition 1.20 in [ST] and Proposition 1.21, condition c¢) first yields that
p(A) = eTp(etWA) D eFWC, and hence p(A) D Yz1y 2 C4. To check the
resolvent estimate in b), we write eV = a +1b for a,b > 0 and take r > 0 and
s > 0. We set ¢ = min{a,b} > 0. Employing again Proposition 1.20 in [ST],
assumption c¢) and Proposition 1.21, we estimate

M
Re((a —ib)(r +1is))

|R(r +is, A)|| = e R (r +is),e P A)|| <

M M/c _M/e
< < .
ar+bs —r+s = |\l

The case s < 0 can similarly be treated using e’ A. Hence, b) is valid.

3) Let statement b) be true. If a point is with s € R\ {0} belonged to
o(A), then ||R(is + 7, A)|| would explode as r — 0" by Theorem 1.13 in [ST],
contradicting the assumption. This means that iR \ {0} C p(A), and we infer
the bound ||R(is, A)|| < C/|s| for s € R\ {0} by continuity. Take ¢ € (0,1) and
A =r+is with s # 0 and |r| < ¢|s|/C. Set 6 = arctan(q/C). Remark 1.17
then shows that A € p(A) and the inequality

C
C/(1—q) _ T=gcosd
< <
IR\, A)|| < SS T

Condition b) also yields the bound ||R(A, A)|| < ¢()/|A| for A € £, and « €
(0,7/2). These two resolvent estimates show the sectoriality of A with angle
greater than /2.

4) The implication ‘a) =>d)’ was shown in Theorem 2.23 together with 7'(-) €
CYR,B(X)) and $T(t) = AT(t) for t > 0, where T(t) is given by (2.17).

5) Let property d) be valid. Let ¢ > 0 and n € N. Since AT(t) =
T(t — t/n)AT(t/n), we obtain that T(t)X C D(A?). Iteratively, it follows
that T'(t)X C D(A™) and A"T(t) = (AT(%))™. Condition d) then implies the
bound ||A™T'(¢)|| < (Myn)"t™".

Observe that e =37 %],C > 0. Let g € (0,1). We take z € C. with

[Im z| q
VAl e 2
Rez = eM;

tan |arg z| =
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Set t = Re z. The power series

Tz =Y E D gy

n!
n=0

around ¢ converges absolutely in B(X) and uniformly for the above z, since

i |z —t|™ M{n" < i( qt )anne" 1
n! - elM, tn 1—gq
n=0 n=0

We have thus extended 7T'(-) to a bounded differentiable map 7" : ¥y — B(X)
for ¥ = arctan - and every ¢ € (0,1), where [|[T'(2)|| < 1/(1 — g) for z € Zy.

Let x € X and 2* € X*. For fixed ¢ > 0, we note that the holomorphic
functions (T'(2)T'(t)x, z*) and (T'(z+t)x, z*) coincide for z € R,;. Consequently,
they are the same for all z € ¥y thanks to the Identity Theorem 2.21 of [A4].
The Hahn-Banach theorem now yields that T'(2)T(t) = T'(z + t) for all z € 3y.
In the same way one can replace here ¢ > 0 by any w € Xy.

It remains to check the strong continuity as z — 0. Let z € ¥y, x € X, and
e > 0. We fix h > 0 such that | T'(h)z — z|| < e. Using the boundedness and
the continuity of T'(-) on Xy, we estimate

1T () — x| < [[T(2)[| llx = T(R)z| + IT(z + h)x = T(h)z|| + | T(h)x — x|

S
T IT(z +h) = TR ||=]] + e,

IN

— 1
. e |
T || 7(2)z — 2| < (1 2 _q)s

As a result, T'(z)x — x as z — 0 in Xy and claim e) is proved.

6) The first three assertions in the addenddum were shown in steps 4) and 5).
In step 4) we have also seen that 7'(:) € C*(R, B(X)) and $7'(t) = AT(t) for
t > 0. Writing A" 'T(t) = T(t — §) A" 1T(8) for some 6 € (0,t) and n € N, an
induction yields that T'(-) belongs to C"(R4, B(X)) with %T(t) =A"T(t). O

We collect additional information concerning the above theorem.

REMARK 2.26. a) Let w € R and A be closed. By rescaling one sees that A
generates an analytic Co-semigroup (7'(z)).ex,ufoy for some ¢ > 0 such that
e “*T(z) is bounded on all smaller sectors if and only if A is densely defined
and A — wl is sectorial of angle greater than /2, cf. Section 2.1 in [Lul].

b) Let A be sectorial of angle ¢ > 7/2. In (2.17) one can then replace t > 0
by z € X, _/2 obtaining an analytic semigroup on X, /5, see Proposition 2.1.1
of [Lu] or Proposition 11.4.3 in [EN]. This means that in Theorem 2.25 the
angle ¢ of the semigroup is at least ¢ — 7/2. On the other hand, a variant of
step 2) in the above proof shows that ¢ > 1)+ 7/2. We thus obtain the equality
© =1+ 7/2 for the angles. In a similar way can check that v is the supremum
of all ¥ for which statement c) of Theorem 2.25 is true.

c¢) In view of property a) or d) in Theorem 2.25, the shift T'(t)f = f(- +t)
cannot be extended to an analytic semigroup on Cy(R), cf. Example 2.21. The
same is true for every Cy-group T'(¢t) with an unbounded generator since T'(t) :
X — X is then a bijection. O
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In the next result we combine Theorem 2.25 ¢) with the Lumer—Phillips The-
orem 1.40 to obtain a very convenient sufficient condition for the generation of
a bounded analytic Cy-semigroup. In this case it is actually contractive on a
sector. We note that the corresponding angle can be smaller than the angle
1 of analyticity, and that there are analytic semigroups which are contractive
only on R or not even there.

COROLLARY 2.27. Let A be closed, densely defined and dissipative. Assume
that there are numbers Ao > 0 such that Aol — A is surjective and ¥ € (0,7/2)
such that also the operators e* A are dissipative. Then A generates a bounded
analytic Co-semigroup T'(-) of angle v > ¥ with ||T(z)|| <1 for |arg(z)| < 9.

PrOOF. Theorem 1.40 implies that C, C p(A). The operators I —eTV A =
eV (eTWT — A) are thus surjective, and so et A generate contraction semi-
groups again by Theorem 1.40. Hence, A generates a bounded analytic Cy-
semigroup of angle ¢ > 1 due to Theorem 2.25 and Remark 2.26.

We show the contractivity of T'(z) with |argz| = « € (0,¢). Take = € D(A)
and z* € J(x). Set ¢ = (Azx,2*). By assumption, the numbers e*"V¢ belong to
C_ so that ¢ is an element of C\ Ly /2. It follows that Re(e**¢) < 0, thus
the contractivity of T'(z) follows as above. O

We now show a somewhat improved version of Example 2.19 combined with
Theorem 2.25.

COROLLARY 2.28. Let X be a Hilbert space and A be densely defined and
selfadjoint with (Az|z) < 0 for all x € D(A). (In this case one writes A =
A" <0 and says that A is non-positive (definite)). Then o(A) C R<g and A
generates a contractive analytic Co-semigroup of angle 5.

PROOF. Let x€D(A) and A>0. Using the non-positivity of A, we compute
Nz|? < Re(Ax — Az|z) < [|Az — Az|| ||,

and infer the lower bound || Az — Azx|| > Al|z||. Since A is symmetric, this bound
shows that A € p(A) due to Theorem 4.7 of [ST]. The spectrum of A = A’ is
real by the same theorem, and hence o(A) is contained in R<g.

We already know that the operator A is dissipative. For J € (0,7/2) the
number (et Az|z) belongs to C_ as (Az|z) is real. The operators et A are
thus dissipative. Taking the supremum over ¢ < 7/2, the second assertion
follows from Corollary 2.27. O

We now discuss the prototypical example for analytic semigroups, the
Dirichlet-Laplacian on LP(G).

EXAMPLE 2.29. Let p € (1,00) and A = A for £ = LP(R™) and D(A) =
W?2P(R™) or for E = LP(G) and D(A) = W2P(G) N Wol’p(G), assuming that
G C R™ is open and bounded with G € C2. Then A generates a bounded
analytic Cp-semigroup on E which is contractive on ¥, for

™ lp — 2| lp— 2| ™
Ky, = — — arctan (7> = arccot <7> € (O —}.
L 2Vp — 1 2Vp—1 "2
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Moreover, the graph norm of A and || - ||z, are equivalent. In particular, for
p = 2 the semigroup has angle /2. Here one can allow for open and bounded
G C R™ with 0G € C' where one replaces A by Ap from Example 1.52.

PROOF. 1) The norm equivalence can be shown as after Example 1.52 once
the generator property has been proven. For p = 2 the result follows from
Corollary 2.28 since then A is selfadjoint and dissipative by Examples 1.46 and
1.52. For p # 2 we use Corollary 2.27, also allowing for G = R". The domain
D(A) is dense by Proposition 4.13 in [FA]. Theorems 9.9 and 9.15 in [GT]
show that I — A is surjective.” Below we check that the operators etV A are
dissipative for ¥ € [0, ).

2) Let u € D(A) \ {0}. First, take p > 2. We define u* = |u[P~2%. Recall
that ||u|2 u* € J(u) by Example 1.31. Assume for a moment that v € C(G)
so that u* € Cl( ). Using u* = (uw)? %, we compute

Opu* = |uP~205u + 252 (ww) > 2 (wdhu + udyu)u
= |u[P~* (@udya + (p — 2)u Re(udyu))
for k € {1,...,m}. The functions on the right are bounded in L* by
c)|8kullp||u]|b 2 due to Holder’s inequality with 1% = % + 171.%2. (Here and below
it is crucial that p > 2.) To pass to a general u € T/VO1 P(@), we approximate
it in Wol’p(G) by u, € C(G) using Remark 1.42. Passing to a subsequence,
we can assume that wu, tends to u a.e. and that |u,| < ¢ for a fixed function
¢ € LP(G). Dominated convergence then implies that |u,|[P~2 converges to
|u[P=2 in LP/(P=2)(@), and analogously for the other factors without derivatives.
We can thus extend the above formula for dyu* to u € VVO1 (@), showing that

u* belongs to W&’p/(G). It follows

Opudpu* = |ulP~*([adkul® + (p — 2)(Re(@dyu))? +i(p — 2) Im(udxu) Re(udyu))
= [ulP~*((p—1)(Re(@dyu))? + (Im(udu))* + i(p — 2) Im(wW0xu) Re(u@dxu)).

Formula (1.21) and u € D(A) then yield

(Au,u*) = _/G Vu-Vu*de = _/G [P~ ((p — 1)|Re(@Vu)|?* + |Im(aVu)|?)

+i(p — 2)[ufP~* Im(aVu) Re(aVu)) dz,
and A = A is dissipative. The inequalities of Holder and Young further imply

| Tm{Au, u*)| < |p— 2| / ul 52| Re(@Vu)| [ul3 2 [Im(@Vu)| dz
G

1
<lp=2[Vo=1 [ P~ Re(@vu) o] [
G
|p—2!vp—1/ —4 = 2 lp — 2’ / 4 2
< p p—
< 5 G|u| |Re(uVu)| dx+2\/7 |ulP™" Im(aVu)|* dx

1
~4 Im(aVu)|? dm] ’

5These are a deeper results based on harmonic analysis for G = R™ and p # 2 (the
so-called Calderén—Zygmund theory) and also on PDE methods for bounded G.
6In the lectures the following arguments were presented only for m = 1 and p > 2.
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_p=2
2y/p—1

We set 2 = —(Au,u*) € C,, where we may assume that z # 0. We have shown
the inequality

Re(Au,u*).

I -2
\mz| < arctan p ’ *E—np.

Rez 2p—1 2

:I:iﬁz)

larg z| = arctan

For 9 € [0, kp) it follows |arg(e | < 5 and the dissipativity of the operators
et A. Corollary 2.27 thus implies the assertion for p > 2.

3) Next, let p € (1,2). We have to approximate u € D(A)\ {0} in W?P?(G) by
more regular functions. If G = R™, we know from Remark 1.42 that C'°(R™)
is dense in W2P(R™). For bounded G, we look at f = u — Au € LP(G). Take
q € (m,00). Using Proposition 4.13 of [FA], we find functions f,, € L4(G) that
tend to f in LY(G) as n — oo. By step 2), the maps u, = (I — A)~1f, belong
to W24(GQ) N Wol’q(G) for all n € N. Moreover, u, is an element of C1(G)
due to Sobolev’s embedding Theorem 3.31 of [ST]. We further deduce that u,
converges to u in W2P(G) from Lemma 9.17 of [GT], where we put L = A — 1.
We now drop the index n for a moment and assume that u is contained in
C(R™), respectively in C1(G) N W2P(G) N Wol’p(G).

To avoid singularities at zeros of u, we further replace v* by u} = vz “w with
Ve < g = /e + |ul? for e > 0. We note that u* is an element of C2°(R™),
respectively of W' (@) N C'(G). As above, we calculate

p—2

Ol = ul = (00T + WU + (p — 2) Re(udyu)u),
Opu Out = ul™* (e|Opul® + (p — 1)(Re(@dxu))? + (Im(wdxu))?
+i(p — 2) Im(udpu) Re(ﬂ@ku)).

Formula (1.21) thus yields the inequalities

— Re(Au, ul) :/ u?~* (e |[Vul? + (p — 1)|Re(@Vu) [ + [Im(aVu)|?) dz
G

> / @ H((p — D[Re(@Va)? + [Im(@Vu)[?) de,
G

|p 2| —4 — 2 — 2
Im AU,U* < — ’LLp — 1)|Re(uVu —I—ImuCu dx

p—2|
< BN Re(Au, ul).
Observe that |uf| < |u*| € L”(G) and that u. converges pointwise to u as

e — 0. So u? tends to u* in L¥ (G) by dominated convergence. (Here we set
u*(x) =0 if u(z) = 0.) It follows

-2
| Tm(Au, u*)| < —2”’ —— Re{Au,u).
So far we have assumed that u = wu, belongs to C>°(R™), respectively to
ok (é)ﬂWz’p(G)ﬁWOl P(G). As observe above, these sets are dense in W?2P(R™),
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respectively in I/VQ’p(G)OVVO1 P(@). Asin step 2 we also see that the functions u}
converge to u* in L? . Hence, the inequality in display is true for all u € D(A).
We can now proceed as for p > 2 and conclude that e’ A are dissipative for
0 <9 < Kkp. The assertion for p < 2 then also follows from Corollary 2.27. [

For more general generation result we refer to [Pa], [Tal] and Chapter 3
of [Lu], where the latter focusses on the sup-norm setting. The case p =
1 is treated in [Ta2]. These works make heavy use of results from partial
differential equations. In Example 1.52 we have studied the Dirichlet-Laplacian
on L?(G) in a self-contained way using functional analytic methods, though
without computing the domain explicitly. This approach can be extended to
more general operators and with more effort to LP(G), see [Oul].

Inhomogeneous evolution equations. If A generates an analytic semi-
group, then the inhomogeneous problem (2.6) exhibits better regularity prop-
erties than in the general case. The mild solution is ‘almost’ differentiable in
X for continuous inhomogeneities f, and one needs very little extra regularity
of f to obtain the differentiability of the solution.

Letx € X,b>0, f € C([0,b], X) and A—wI be densely defined and sectorial
of angle ¢ > & for some w € R. We study the inhomogeneous evolution equation

u'(t) = Au(t) + f(t), te(0,b]=:J, u(0) = x. (2.19)
It has the mild solution

u(t) = T(D)z +/0 T(t—8)f(s)ds = T(H)z +v(t),  te[0,8],  (2.20)

where A generates the analytic Cy-semigroup 7'(+). By Definition 2.5, a solution
of (2.19) on J is a map u € C(J, X) N CY(J, X) with u(t) € D(A) for all t € J
which satisfies (2.19). We need the Hélder space C*([a,b], X) with exponent
a € (0,1). It contains all functions u € C([a,b], X) fulfilling

=y OO
[U]a o a<s<t<b (t - 5)a =0

and it becomes a Banach space when endowed with the norm
[l = [lulloo + [u]a-
For 0 < oo < 8 < 1 we have the embeddings
Y (a, b, X) = CF([a,b], X) = C*([a.b], X) = C([a,B, X).  (2.21)
We now show the results indicated above.

THEOREM 2.30. Let x € X, b >0, f € C([0,b],X), and A — wI be densely
defined sectorial of angle ¢ > 5 for some w € R. Then the mild solution u of
(2.19) satisfies the following assertions.

a) We haveu € CP([e,b], X) for all B € (0,1) and e € (0,b). If also x € D(A),
we can even take € = 0 here.

b) If f € C*(]0,b],X) for some a € (0,1), then u solves (2.19) on (0,b]. If
also x € D(A), then u solves (2.19) on [0,b].
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REMARK 2.31. For a = 0, Theorem 2.30b) is wrong due to Example 4.1.7
in [Lu]. One thus needs a bit of extra regularity of f. Much more detailed
and deeper information on the regularity of w can be found in Chapter 4 of
[Lu], where also ‘spatial regularity’ is studied (and not only time regularity as
above), see also the exercises and Chapter 4 of [NE]. O

PrROOF. Due to Theorem 2.25 and Remark 2.26, the function 7'(-)x solves
(2.19) on Ry with f =0if z € X and on R>q if x € D(A). In particular, T'(-)x
belongs to the space C'([g,b], X) for all ¢ > 0 (and for ¢ = 0 if z € D(A)). In
view of (2.21), thus we only have to consider the function v from (2.20).

To show assertion a), let 0 < s < ¢ < b. Theorem 2.25 and Remark 2.26 yield
constants ¢; = ¢;(b) with j € {0,1} such that ||T'(t)|| < co and [[tAT(t)]| < 1.
We first note that ||v||c < cobl|f]loo- The increment of v is split into the terms

v(t)—v(s):/ T(t—T)f(T)dT—l—/OS(T(t—T)—T(S—T))f(T)dT Lt D

It follows
11| < colt — 8| || fllso < cob™ P |t — 57| flloo-

For t > s > 7 > 0, we further compute
t—s
Tt—71)—T(s—71)=(T({t—s)—0)T(s—71) = / T(0)AT (s — 1) do,
0

using that 7'(s — 7)X C D(A) by Theorem 2.25. This formula leads to the
inequality

coc1|t — s
T

1Tt —7)=T(s=7)|l <

|s = 7]

which is not good enough since the denomimator is not integrable in 7 < s.
Since it also gives more than the needed factor |t — 3\5, we only apply the above
bound to a fraction of the integrand in I3, obtaining

12| < /OS 1Tt —7) = T(s = DIPIT(t = 7) = T(s = 7)|I"" 7 || f(7) | d7

It —s|? _ 21-Bocp1=P
< [T L2 oy ar il = 20 e o

(s e
Hence, v belongs to C?([0,b], X) and there is a constant ¢ = ¢(83, b, c, ¢1) such
that ||v||cs < ¢||flloo- (Observe that ¢ explodes as 5 — 1.)

We next treat part b). In view of Lemma 2.8 (with ug = 0), we have to show
that v € C([0,b], [D(A)]). Let ¢t € [0,b]. Inserting the constant vector f(t) and
substituting 7 =t — s, we obtain

MﬂjAHFMU®—NW®+ATMﬂWham®+ww

As in Lemma 2.8, one checks the continuity of the maps vi,ve : [0,b] — X.
By Lemmas 1.19 and 1.13, the function ve takes values in D(A) and Ave =
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T()f(-)— f(-) is continous in X. For 0 < € < g9 <t < b, Theorem 2.25 further
implies that the truncated integral

o1 (t) = /0 T 5)(f(s) — £()ds = T(e) /0 Tt — e~ s)(f(s) — £(1))ds

is an element of D(A) and that Av, . € C([e,b], X). Moreover, v1.(t) tends to
v1(t) as € = 0, and from AT(e) € B(X) we infer

t—e t—e

Avio(t) = AT(e) / T(t—c—s)(f(s)—f(0)ds = | AT(t—s)(f(s)— (1)) ds.

0 0
Next, let 0 < e <n <egg < t. It follows
t—e
Avi((t) — Aviy(t) = AT(t — s)(f(s) — f(t))ds.
t—n
From Theorem 2.25 we then deduce that

t—e

Avae0) = v <er [ (=57 e =9 fluds

= “{flalt = )72 = Tl — ).

Hence, Av; . converges in C([eg, b], X) as € — 0. Since A is closed, the vector
v1(t) is contained in D(A) and (Avi ¢)e has the limit Av; in C([eg, b], X) for all
g0 > 0, so that v; € C((0,b],[D(A)]). Finally, v1(0) =0 € D(A) and

t—e
—1; <1 _ o1 o\ <ﬂ a
JAvs (O] = Tim | Avn ()] < T [ cale = o] 11t = 5)" ds < {flut

tends to 0 as t — 0. We conclude that Av € C([0,b], X) as required. O
The following example is a straighforward consequence of our results.

EXAMPLE 2.32. Let G C R™ be bounded and open with a C' bound-
ary, ug € L*(G), and f € C([0,b], L*(G))for some a € (0,1). Theo-
rem 2.30 and Example 2.29 then yield a unique solution u in C*((0,b], L2(G))N
C((0,b], [D(Ap)]) N C([0,b], L*(G)) of the inhomogeneous diffusion equation

u'(t) = Apu(t)+ f(t), 0<t<b, u(0) = up, (2.22)

where Ap is the Dirichlet-Laplacian from Example 1.52 with D(A) — I/VO1 2(@).

Next, we also assume that dG € C? so that D(A) = W22(G) N W(}’Q(G) as
noted after this example. Set f(t,z) = (f(t))(z) for all 0 < ¢ < b and almost
every * € (G. Then we can interpret (2.22) more concretely as the partial
differential equation

Ou(t,x) = Au(t, z) + f(t, x), te (0,0, z €@,
u(t,z) =0, t € (0,b], = € 0G,
u(0,z) = up(z), zeG.

In general, here the first and third equality hold almost everywhere and the
second one in the sense of trace. The solutions become more regular if we
improve the regularity of ug, f or G, see Section 5 of [Lul]. O



CHAPTER 3

Perturbation and approximation

So far we have only looked at one given generator A. In this chapter we
add another operator to A or we approximate it. Both procedures are of great
importance both from a theoretical perspective and for applications.

3.1. Perturbation of generators

Let A generate a Cy-semigroup 7'(-) and B be linear. We study the question
whether ‘A 4+ B’ generates a Cp-semigroup S(-), and then also whether S(-)
inherits properties of T'(-). Positive results in this direction will allow us to
transfer our knowledge about A to larger classes of operators. In this setting
one faces two basic problems.

First, how one defines ‘A + B’ if D(A) ND(B) is ‘small’ (e.g., equal to {0} as
in Example I11.5.10 in [EN])? In this section we only treat the basic case that
D(A) C D(B). Unless something else is said, we then put D(A + B) = D(A).

Second, if B with D(B) 2 D(A) is ‘too large’, it can happen that A + B
fails to be a generator. For instance, let A be a generator whose spectrum is
unbounded to the left (e.g., d/ds on Co(R<p) with D(A) = C}(R<p) or A on
L?(R™) as in Example 1.28, resp. 1.46), and B = —(1+6)A for any § > 0. The
sum A + B = —0A thus has the spectral bound s(A + B) = oo and so A+ B
is not a generator by Proposition 1.21. Below we restrict ourselves to ‘small’
perturbations B employing the following concept.

DEFINITION 3.1. Let A and B be linear operators with D(A) C D(B). The
map B is called A-bounded (or relatively bounded) if

VyeD(4): Byl <allAyll +bllyl- (3.1)

for some constants a,b > 0. In this case we set D(A + B) = D(A) (unless
something else is specified). The A-bound of B is the infimum of the numbers
a >0 for which (3.1) is valid with some b = b(a) > 0.

We note that B is A-bounded if and only B belongs to B([D(A)], X). We
derive a quantitative version of this equivalence involving the resolvent.

Let A be closed with A € p(A) and B be linear with D(A) C D(B). First
assume that v := || BR(\, A)|| is finite. Let y € D(A). We compute

|Byll = [IBR(A, A)(Ay — Ay)|| < v[[Ayll +~[Al[yll, (3-2)

which is (3.1) with a = . Conversely, let B be A-bounded and z € X. Using
(3.1) and AR\, A) = AR(\, A) — I, we see that BR(\, A) € B(X) estimating

IBR(X, A)z|| < al[AR(A, A)x|| + bl R(A, A)]|
< (@A RO A+ a+ bR, A)) 1] (3-3)

72
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The next result says that B is A-bounded if it is of ‘lower order’.
LEMMA 3.2. Let A and B be linear operators satisfying D(A) C D(B) and
1Byl < el Ayl* llylI'—

for ally € D(A) and some constants ¢ > 0 and o € [0,1). Then the map B has
the A-bound 0. In the assumption one can replace || Ayl by ||y||a-

PROOF. As the case o = 0 is clear, we let a € (0,1). Recall Young’s
inequality ab < a?/p + b’ /p/ from Analysis 1, where a,b > 0, p € (1,00) and
p = z%' Taking p = 2 > 1 and p/ = -1, for y € D(A) and € > 0 we compute

1—-a
_ _ 1 1 1
1Byl < el Ay||* e lyl' ™ < aea [|Ay|| + cT== (1 — a)e” == [ly||.
If one replaces || Ay|| by ||y|| 4, one only obtains an extra summand aca llyl]. O
Our arguments are based on the next perturbation result for the resolvent.

LEMMA 3.3. Let A be closed with A\ € p(A) and B be A-bounded with
|BR(\, A)|| < 1. Then the sum A+ B with D(A+ B) = D(A) is closed, X
is contained in p(A+ B), and the resolvent satisfies

[e.9]

R(A\, A+ B) = R()\A) Y (BR(N\A)" = R(\, A)(I - BR()\, A)),
n=0
IR A)
1A+ PN TR0, A

Moreover, the graph norms of A and A+ B on D(A) are equivalent.

PRrROOF. In view of Theorem 1.27 in [ST], we only have to show the last
assertion. Note that ||(I — BR(A, A))7| < 1/(1 — q) with ¢ = || BR(), A)|| by
Proposition 4.24 in [FA]. For y € D(A) we estimate

lylla = [lyll + |AR(X, A+ B)(AI — A — B)y|
= |lyll + AR, A)(I = BR(X, 4)) "' (Ay — (A + B)y)||
< llyll + (AR, A+ 1) 755 (Al + 1A+ Byl < cllyllass
for a constant ¢ > 0. The converse inequality is shown similarly. (|

We start with the bounded perturbation theorem which is the prototype for the
desired results. It also characterizes the perturbed semigroup S(-) in terms of
an integral equation and describes it by a series expansion, both only involving
T(-) and B. These formulas allow us to transfer certain properties from 7'(-) to
S(+), cf. Example 3.6, the exercises or Section III.1 in [EN].

THEOREM 3.4. Let A generate a Cy-semigroup T(-) satisfying || T ()| < Me*!
for allt > 0 and constants M > 1 and w € R. Let B € B(X). Then the sum
A+ B with D(A+ B) = D(A) generates the Cy-semigroup S(-) which fulfills

1S(@)]| < MeltMIEDE (3.4)

St)x =T (t)xr + /Ot T(t —s)BS(s)xds, (3.5)
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St)r =T(t)x + /t S(t — s)BT'(s)xds, (3.6)
0
S(t) :ZSn(t), So(t) :=T(t), Spt1(t)x:= /OT(t — s)BS,(s)zds, (3.7)
n=0

for allt >0, n € Ny, and t > 0. The Dyson-Phillips series in (3.7) converges
in B(X) uniformly on compact subsets of R>o. The operator family (S(t))e>0 is
the only strongly continuous family of operators solving (3.5). The graph norms
of A and A+ B on D(A) are equivalent.

PROOF. 1) Observe that ~A + B is densely defined. The operator A — wl
generates the Cyp-semigroup T'(-) = (e “!'T'(t));>0 by Lemma 1.18. As in Re-
mark 1.26 we define the norm

Izl = sups>o [le™*T(s)z|

on X satisfying |z|| < [|z]| < M||z| for 2 € X and for which 7(-) becomes
contractive. (We also denote the induced operator norm by triple bars.) For
r € X, we estimate

1Bl < M| Bz|| < MBI ||=[| < M| B {fj] -

Take A > M||B|| > |||BJ||. The Hille-Yosida estimate (1.16) thus implies the
inequality ||BR(A, A—wI)||| < [[|B||| /A < 1. From Lemma 3.3 we then deduce
that X\ belongs to p(A + B — wI), the bound

A1 1
L=A"HIBIE - A= (IBII
and the equivalence of the graph norms. The Hille-Yosida Theorem 1.27 now
shows that A+B—wl generates a Cp-semigroup S(-) on (X, |||-]]|) with ||| S(®)||| <

ellBllt < MBIt for all ¢ > 0. Finally, by Lemma 1.18 the sum A + B generates
the semigroup given by S(t) = e“!S(t) fulfilling

IS@)z]l < ISzl < e eMIPI || ]| < MeHMIBD |z

for all t > 0 and = € X, as asserted.

2) We next prove (3.5), (3.6), and uniqueness. For every x € D(A), the
function u = S(-)x solves the problem

' (t) = (A+ B)u(t) = Au(t) + f(t), t>0, u(0) =z,

where f := BS(-)z : R>9g — X is continuous. Proposition 2.6 then shows that
u is given by

IBR(X\, A+ B —w)l| <

St)r =u(t) =T(t)r + /0 T(t—s)f(s)ds=T(t)x + /0 T(t—s)BS(s)rds

for t > 0. We derive (3.5) for all z € X by approximation since D(A) is dense
in X and all operators (in particular B) are bounded uniformly in s € [0,¢].
Equation (3.6) is established in the same way, using that v = T'(-)z solves

V'(t) = (A+ B)v(t) — Bu(t), t>0, v(0) = x € D(A).



3.1. Perturbation of generators 75

Let U(-) be another strongly continuous solution of (3.5). For x € X, ¢ > 0,
to > 0 and t € [0, o], we estimate

1Stz — Ut)z| = H /OtT(t — $)B(S(s)x — U(s)z) dsH

t
< Me“+0|B| / 1S(s)a — U(s)a]| ds.
0

Gronwall’s inequality from Satz 5.9 in Analysis 2 now yields that S(t)z —
U(t)x =0, and hence U(-) = S(-).

3) Let t > 0 and all z € X. Concerning (3.7), we note that Si(-) is strongly
continuous and satisfies

t
1S1(t)z] < / M=) || Bl Me*|| | ds = Mt || B ]
0

By induction one further deduces the strong continuity S, (-) and the inequality

Mt HBHTL
(e < LI s
for all n € N. The series in (3.7) thus converges in B(X) to some R(t) uniformly

on compact subsets of R>g. Hence, R(-) is strongly continuous and fulfills
t ot o0
/ T(t— 5)BR(s)rds = 3 / T(t - 5)BSa(s)rds = 3 8;(t)
0 n=0"0 j=1

= R(t)x — T(t)z.
The uniqueness of (3.5) says that R(t) = S(t). O
Using also —A, we extend the above result to the group case.

COROLLARY 3.5. Let A generate the Co-group T(-) satisfying | T (t)|] < Me*!!
for all t € R and constants M > 1 and w > 0. Let B € B(X). Then the
sum A+ B with D(A+ B) = D(A) generates the Co-group S(-) which fulfills
1S(#)|| < MeWHMIBDIL gnd (3.5)~(3.7) for all t € R.

PRrOOF. Theorem 1.30 says that the operators £ A generate Cp-semigroups
with | T4 (¢)]] < Me*t for t > 0. From Theorem 3.4 we then deduce that
A+ B and —(A + B) are generators of Cp-semigroups Sy (-) with ||SL(t)]| <
Mew MBI By Theorem 1.30, A+ B thus generates a Co-group S(-) with the
asserted bound. One shows (3.5)—(3.7) for t € R as in the previous proof. [

If a model involves the mass density of a substance, it is natural to require
that a non-negative initial function leads to a non-negative solution. We will
come back to this issue at the end the chapter. Here we first discuss whether
such a behavior is inherited under perturbations.

EXAMPLE 3.6. Let £ = Cy(U) or E = LP(u) for an open set U C R™,
respectively for a measure space (S, A4, 1) and 1 <p < oo. Weset EL = {f €
E|f > 0}.' Let T(-) be a Co-semigroup on E with generator A such that

L1We note that these concepts do not fit to our usual notation such as Ry = (0, 00) for
the set of positive real numbers. A function f > 0 is still called non-negative.
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T(t)f >0 for all f € E4 and t > 0. We call such operators or semigroups
positive. We look at two classes of perturbations.

a) Let B € B(E) be also positive. Take f € E;. The function T'(t—s)BT(s) f
is then non-negative for each s € [0,¢]. Since E is closed in E, we infer that
S1(t)f > 0 and, by induction, that all terms Sy, () f in the Dyson-Phillips series
(3.7) belong to Ey. So the semigroup S(-) generated by A + B is positive and
satisfies S(t) > T'(t) = So(t); i.e., S(t)f > T(t)f for all f € E.

b) Let Bf = bf for a real-valued function b € Cy(U) if E = Cy(U), resp.
be L>®(u)if E = LP(u). For all f € E; we then have (B+||b_||ocl) > by f >0
so that By := B + ||b_||oo! is positive. By part a), A + By generates a positive
Co-semigroup S(-) > T(-) and so A+ B = A+ By — ||b_||oo] generates the
positive Cg-semigroup S(-) given by S(t) = e~ Ib-ll=t§(t) > e~ lIb-llct (1),

As a simple example, we take U = S =R and A = % with D(A) = C¢(R)
if E = Cy(U), resp. D(A) = WP(R) if E = LP(u). Because A generates the
positive translation semigroup on E, the operator Cu = v’ + bu with D(C) =
D(A) also generates a positive Cp-semigroup. O

We next use Corollary 3.5 to treat a damped or excited wave equation.

EXAMPLE 3.7. Let G C R™ be bounded and open with a C'-boundary and
Ap be the Dirichlet-Laplacian on L?(G) given by Example 1.52. We set E =
Y x L*(G), where Y = W,*(G) is endowed with the norm |jv|y = [||Vola]l
from (1.33). As in Example 1.53 we define the operator

A= (2 {)  with D(A)=D(Ap) x Y

on E. Tt is skewadjoint and thus generates a unitary Cy-group T'().

We further let b € L*°(G) and introduce the bounded operator B = (8 g) on
X. Corollary 3.5 now yields that A+ B with D(A+ B) = D(A) is the generator
of a Co-group S(-) on E which is bounded by ellblleclt,

Let (ugp,u1) € D(A). Following Example 2.4, we can show that (u,u’) =
S(-)(up,u1) yields the unique solution u € C?%(Rso, L%(G)) N CY(Rxp,Y) N
C(R>0, [D(Ap)]) of the perturbed wave equation

u”’(t) = Apu(t) + bu'(t), t>0, w(0) = ug, u'(0) =uy. (3.8)

The term bu’ acts as a damping if b < 0, and as an excitation if b > 0.

As in Example 2.17 we also want to allow for data in E. To determine the
extrapolation space E*8 for A + B, we fix some A\ > 3|b||oo. Lemma 3.3
then yields the bound ||R(\, A+ B)w||gp < 3||[R(\, A)w||g. On the other hand,
from the Hille-Yosida estimate (1.16) we obtain ||BR(A, A+ B)|| < [|b]|oc/(A —
[blc) < 3. Writing R(\, A) = R(\, A+ B — B), Lemma 3.3 also leads to the
ineqality [|[R(\, A)w|g < 2||R(A\, A+ B)w||g. These expressions thus define
equivalent norms on E, which are also equivalent to w ~ ||A™ w||g by (2.11).
From Example 2.17 we now infer that EffB is isomorphic to F = L?*(G) x
W~12(G) = E4, where the isomorphisms extend the identity on E. Moreover,
by approximation we obtain

(A+B)1= (2 1) .E—» F~FEAB
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for the extension Ap : Y = W01’2(G) — W=L2(G) from Example 1.52.

Let (up,u1) € E. As in Example 2.4 and Example 2.17, we finally obtain a
unique solution u of (3.8) with Ap : Y — W~L2(GQ) in C?(Rx, W 12(G)) N
Cl(Rzo,LZ(G)) ﬂC(Rzo,Y). %

We now turn our attention to unbounded perturbations B of a generator A.
As noted above, we should impose a smallness assumption on B. We restrict
ourselves to two very useful theorems for contraction and analytic semigroups,
employing the simpler characterizations of the generation properties available
here.? We start with the dissipative perturbation theorem.

THEOREM 3.8. Let A generate the contraction semigroup T(-) and B be dis-
sipative. Assume that B is A-bounded with a constant a < 1 in (3.1). Then
A+ B with D(A 4+ B) = D(A) generates a contraction semigroup S(-) which
also satisfies formulas (3.5) and (3.6) for all x € D(A). The graph norms of A
and A+ B on D(A) are equivalent.

PROOF. 1) Observe that A + B is densely defined and that we have
Re(Az,z*) <0 for all z € D(A) and z* € J(x) due to Proposition 1.33. Since
B is dissipative, for each € D(A) there is a functional y* € J(z) such that
Re(Bz,y*) < 0. Hence, Re(Az + Bx,y*) <0 and A + B is dissipative. By the
assumption there are constants a € [0,1) and b > 0 with || Bz|| < a|Az|| + b|z||
for all 2 € D(A). First, assume that a < 3. Fix Ao > ﬁ > 0. Inequality
(3.3) and the Hille-Yosida estimate (1.16) yield

IBR(Ao, A)|| < aXol|R(Ao, A)|| +a+b||R(Mo, A)|| <a+a —|—b)\51 < 1.

Lemma 3.3 now implies that A + B is closed, its graph norm is equivalent
to || - |4, and Ao € p(A+ B). The sum A + B thus generates a contraction
semigroup by the Lumer—Phillips Theorem 1.40.

2) Let a € [3,1). We take k € N with k > 4. Then +B is dissipative and
A-bounded with a constant a’ = ¢ < 152 < 1. Step 1) yields that Cy := A+%B
generates a contraction semigroup and that || - ||a = || - ||c,- We inductively
assume that Cj := A + %B is a generator of a contraction semigroup and that
|- lla=|-|lc; for some j € {1,...,k —1}. It follows

aj
1Byl < allAyll + bllyll < allCyyll + =11 Byl + bllyl,

aj
(=)l Byl < (1= ) 1Byll < allCyyll + bl

b
(1-a
for all y € D(A). Since a := ﬁ < %, by step 1) the sum C; 4+ +B = Cj4
generates a contraction semigroup and its graph norm is equivalent to || - [|c;,

and thus to || - || 4 by the induction hypothesis. By iteration, C, = A+ B is a
generator of a contraction semigroup and || - ||4 = || - [[a+5- The last assertion

1 a .
I8yl < gr—ay 1Ol + gy 1ol

2In Section I11.3 of [EN] one can find results for general generators A based on the fixed
point equation (3.5) for S(-).
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can be shown as in Theorem 3.4. But note that it is not clear that (3.5) and
(3.6) hold for all x € X by approximation since B may be unbounded. O

If X is reflexive and one has a = 1 in the above theorem, the closure of A+ B
generates a contraction semigroup by Corollary I11.2.9 in [EN].

We now use Theorem 3.8 to solve the Schrédinger equation for the Coulomb
potential, see also Example 4.20 in [ST].

EXAMPLE 3.9. Let £ = L?(R3?) and A = iA with D(4) = W?2(R3). Ex-
ample 1.46 implies that A is skewadjoint, and so it generates a unitary Cj-
group T(-) by Stone’s Theorem 1.45. We further set Buv(z) = iblz|; ‘v (z) =:
—iV(z)v(x) for some b € R, where V(0) := 0.

Sobolev’s Theorem 3.31 in [ST] yields the embedding W?22(R3) — Cp(R3).
Let € > 0 and v € W22(R3). Using also polar coordinates, we then estimate

2 2
B(0g) 17l R3\B(0,e) |7

o [ v ’c2>o 2 b? 2
S 47b Tr dr + ) |’U(.’E)‘ dx
o T €% JR3\B(0,¢)

< 4mb?Csove [[0]13 5 + b7 v]3.

Since the graph norm of A is equivalent to || - |22 by Example 1.46, we conclude
that B has the A-bound 0. Further, B is dissipative since

CICIIR

Re(Bv,v) = Reib o T2

dx = 0.

Theorem 3.8 thus says that A + B and —(A + B) generate a contraction semi-
group. In view of Corollary 1.44, these semigroups yield an isometric group
S(-) which is unitary by Proposition 5.52 of [FA]. The function u = S(-)ug
then solves the Schrodinger equation

ib

o' (t) = iAu(t) + Wu(t), t € R, (<= W/(t)=—(A—=V)u(t),)

u(0) = up.
Let |lug|l2 = 1 so that |Ju(t)||2 = 1. For a suitable constant b > 0 and appropri-

ate units, then the integral [, |u(¢,2)|* dz is the probability that the electron
in the hydrogen atom belongs to the (Borel) set G C R3 at time ¢ € R. O

We now come to the core sectorial perturbation theorem. We note that in the
result we keep the angle ¢ from Definition 2.18, but increase the shift w.?

THEOREM 3.10. Let A be closed. Assume there are constants w > 0, K >0
and ¢ € (0,7) such that w+ X4 C p(A) and

VAET,: ||R(A+w,A)|\g|£.

Let B be A-bounded with constant a € [0, ﬁ) in (3.1). Then there is a number

w > 0 such that A+ B —wl is sectorial of type (K',¢) for some K' > K, and
we have [D(A + B)| = [D(A)] with equivalent norms.

3In the lectures a slightly weaker version of the theorem was presented.
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Let ¢ > w/2 and D(A) be dense. Then the sum A+ B generates an analytic
Co-semigroup, which also satisfies formulas (3.5) and (3.6) for all x € D(A).

PROOF. Let @ > 0 and b > 0 as in (3.1). Take ¢ € (a(K + 1),1) and set
roa= % > 0. Let A € ¥4\ B(0,7) and x € X. Using (3.1), the assumption
and || > r, we estimate

IBR(\, A — wl)z| < al| AR\ + w, A)z|| + b| R(A + w, A)z|
bK
< al|(A +w)ROA +w, )zl + allz|| + =[]

A
KA +w)
< a(T
< a(K + 1)z + (¢ — a(K + 1)) [lz]| = qll=].

bK
+1) ol + 75l
A

Lemma 3.3 thus implies that A € p(A+ B —wI), || - ||la+B = || - |4, and

IBA+w, Al _ K/(1-q)
1—gq - A

for all A € ¥4\ B(0,r). Taking v = r if ¢ < 7/2 and v = r/sin¢ > r if
¢ > /2, we obtain the inclusion v + X4 C X4 \ B(0,7) and the inequality

K/(1-q) _ K
w7 ul
for all 1 € By, with K’ = £ if ¢ < 7/2 and K’ = 57— 5s if ¢ > 7/2. Here
we use that |14~ ~1| is larger than the distance between —1 and 24 which is 1,
resp. sin ¢. Setting W = v + w, we arrive at the first assertion. The second one
follows from Theorem 2.25 and Remark 2.26, and the proof of Theorem 3.4. [

|IRIA, A+ B —wi)| <

1R, A+ B = (w+ D = [[R(p+7,A+ B -wi)|| <

The following example contains several important techniques which often
occur in applications to partial differential equations. It says that first-order
perturbations B have the Ap-bound 0 if the coefficients are not too bad.

EXAMPLE 3.11. Let G C R™ be bounded and open with a C?-boundary,
p e (1,00), E = LP(G), A = Ap with D(A) = W2?(G) N Wy*(G). By
Example 2.29, the operator A is sectorial with angle ¢ > 7/2 and its graph norm
is equivalent to || - ||2p. Theorem 3.31 of [ST| yields the Sobolev embedding
W2P(G) — W (G) N L®(G) for any qx € (p,00) if p=m/(2 — k) and

Joo, P> 57,
qr = mp < m
m—(2—k)p’ p 2—k>

where k£ € {0,1}. (One has W2P(GQ) — Wk4(G) if ¢ > p, 2 — % ¢ Z, and
2—" > k—") Note that g > p. We take a number 6 € (0,1) close to 1 and
introduce the exponents g € (p, qx) and r; € (p,c0) by

1 1-46 0 1 1 1
_— = —|— —_— and - = - = =
dk p dk T D 4k
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Let v € W2P(G). For given coefficients b € L™ (G)™ and by € L™(G), the
operator B is defined by

m
Bv=0b-Vv+ byv =byv + ijﬁjv.
j=1
Using the above definitions and twice Holder’s inequality, we first derive
[1Bvllp < ([0l ll 1V 0lg g + 0ol 0]l
< (1Bl 10l 11011 g, + NBollro 1011, 0115,
Proposition 3.37 of [ST] yields constants ¢,ep > 0 such that

2p+ s |ullp

[oll1p < eflo

for all € € (0,e0]. Sobolev’s embedding, the equivalence of || - |4 and || - [|2,,
and the elementary Young inequality then imply

_ ] — — _ _
1Bully < e(b) ("ol 0N, + & lelly e llolg,, + =~ oy ellulf, )
-1
< &(b) (" lfolla + 21 = 0)e 5 Joll, + Oellolla + 0P o]l 1)

for constants ¢(b), é(b) > 0 depending on ||b||,, and ||bgl|r,- The operator B :
D(A) — LP(G) thus has A-bound 0. Theorem 3.10 now shows that A+ B with
domain D(A) generates an analytic semigroup on LP(G). O

3.2. The Trotter-Kato theorems

In applications one often knows the parameters in a problem only approxi-
mately since the rely on measurements. As in the case of inital values one can
then argue that the solution should depend continuously on the parameters. In
other words, let A, and A generate Cy—semigroups T),(-) and T'(-) for n € N.
Assume that ‘A,, — A’ as n — oo in some sense. Do we obtain ‘T},(t) — T'(t)’?

This question also occurs if one wants to regularize a problem in order to
‘legalize’ certain calculations, and also in numerical analysis where the operators
A,, are matrices on subspaces of finite dimensions m,, — oo (if dim X = 00).

In the easiest case one has D(A,,) = D(A) and each difference A,, — A has a
bounded extension B,, tending to 0 in operator norm as n — co. (For instance,
take A = Ap +V and A, = Ap +V, on L*G) with V,, — V in L®(G).)
We have ¢ := sup,cy ||Bnl| < oo and ||T(t)|| < Me*! for all t > 0 and some
contstants M > 0 and w € R. Duhamel’s formula (3.5) and estimate (3.4) yield

I T(t)z — T(t)z|| = H /OtT(t - S)BnTn(s)xdsH

t
< 1\42\|Bn||/0 e M| ds < e(to) || Ball Il

for all x € X, t € [0,tp], to > 0, and a constant depending on ty3. This means
that 7}, (t) tends to 7'(¢) in B(X) locally uniformly in ¢ if | A, — Al — 0, n — oo.

We give a typical example for which the question cannot be settled just by
the bounded perturbation Theorem 3.4.



3.2. The Trotter-Kato theorems 81

EXAMPLE 3.12. Let G C R™ be open and bounded with a C'-boundary,
E = L*(G), Ap is the Dirichlet-Laplacian in E from Example 1.52, and n €
Ny. Recall that Ap is invertible and generates contraction semigroup. Let
an € L>(G) satisfy 3 > an(z) > 6 > 0 and ap(z) = ao(z) as n — oo for a.e.
x € G and a constant ¢ € (0, 1].

We define A,, = a,Ap on D(A4,) = D(Ap) and note that this domain is
dense in F. To treat A,, we use the weighted scalar products

(o= [ —-rgdo

n

for f,g € E. The induced norm satisfies 6|/ f||2, < [[f|2 < 6| f|[%.. For
v € D(A,) we obtain

(Apv|v), = a—"ADv@dx = (Apv|v)r2 <0,
G On
so that A, is dissipative with respect to || - ||,. The same arguments works

for the operators e A,, and all ¥ € (0, 5] To check the range condition, take
f € Eand v € D(Ap). Since a,Apv = f is equivalent to v = A (a; ' f), the
operator A, is invertible in F and hence in (E,| - ||n). As p(4,) is open, also
Aol — A, is invertible for small A\g > 0. By Corollary 2.27, each A, generates
an analytic Cp-semigroup T),(-) which is contractive for z € C with respect to
| - ln. For z € C4, f € E and n € Ny, we then obtain the uniform bound

IT(2) fllz < 8 2ITu(2) fll < 521 F e < 67 IF N e

Observe that A,v tends to Agv pointwise a.e. as n — oo and moreover
|A,v] < 671 Av|. Dominated convergence then yields the limit A,v — Agv in
E for each v € D(Ap). Does T, (T) tends to Ty(t) strongly? O

The next example indicates that one needs a uniform bound on the semi-
groups T),(+) to obtain a general result.

EXAMPLE 3.13. Let X = (2, n € N, A((xy)r) = (ikxy) with D(A) = {x €
0 | (kxk)i € 52} and Ay, ((zg)r) = (ikzk + 5k,nk'33k)k with D(A,) = D(A) for
the Kronecker delta d;,,. As in the exercises, one sees that the multiplication
operators A and A,, generate the Cy-semigroup on X given by T'(t)x = (el*tzy)y,
and T, (t)x = (e*eF%ntz, ), respectively. For z € D(A) the distance ||Apz —
Az||2 = |nxy| = |(Az),| tends to 0 as n — oo; i.e.; A, converges on the common
domain strongly to A. On the other hand, we have

ITa(t)]| > | Ta(t)enllz = [€e™] = €™ — oo

as n — oo for all t > 0. So T,(t) cannot converge strongly, since strong
convergence would imply uniform boundedness of {T,,(t) |n € N}. O

The first Trotter—Kato theorem from 1958/59 shows that the convergence of
resolvents and semigroups are equivalent and that it follows from the conver-
gence of the generators, provided that the Cy-semigroups T),(+) are exponentially
bounded uniformly in n.
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THEOREM 3.14. Let A,, and A generate Cy-semigroups T,,(-) and T(-), re-
spectively, which satisfy || T ()], || T(t)]| < Me*t for allt > 0 and n € N and
some M > 1 and w € R. Let D be a core of D(A). Then the implications
a)=b)s c)< d) hold among the following claims, where we always let n — oco.

a) D CD(Ay,) foralln € N and Any — Ay for ally € D.

b) For allye D and n€N there are y, € D(A,,) with y, — y and Apy, — Ay.
¢) For some \ € C,,, we have R(\, An)x — R\, A)x forallxz € X.

d) For each t > 0 we have T,(t)x — T(t)x for allx € X.

If ¢) or d) are true, then c) is valid for all A € w+ Cy = C,, and the limit in
d) is uniform on all compact subsets of R>g.

PROOF. The implication from a) to b) is trivial (take y, = y). Let state-
ment b) be true. Take any A € C,,. Since A\ — A : [D(A)] — X is an isomor-
phism, the set (Al — A)D is dense in X. The Hille-Yosida estimate (1.14) and
the assumption yield the uniform bound ||R(A, Ay)|| < % for all n € N. By
Lemma 4.10 of [FA] we thus have to show property c¢) only for all z = Ay — Ay
with y € D. Let y € D. Due to condition b), there are vectors y, € D(A,)
such that y,, = y and A,y, — Ay in X as n — oo. These limits imply

T = ANYp — Apyn — =y — Ay
as n — oo. Estimating

[R(A, An)z — R(A, A)xl| < [[R(A, Ap) (2 — )| + [ R(A, An)zn — R(A, A)z|
< e —aall + g — 3l — 0, n oo
~ Rel—w ’ ’

we conclude assertion ¢) for all A € C,,.

Next, let property c) be valid for some A € C,,. Let y € D. Weset z = A\y— Ay
and y, = R(\, An)z € D(4,,). It follows that y, — y and
Apyn = AR(N Ap)z —2 — AR\ Az —az =Xy —a = Ay

as n — oo; i.e., claim b) holds.

We assume condition d). Take z € X and A € C,,. Proposition 1.21 yields
|IR(A, A)x — R(\, Ap)x|| < / |e= BeA(T ()2 — T, (t)z) | dt.
0

The integrand is bounded by 2M ||z||e“ RVt and tends to 0 for each t > 0 as
n — oco. Part ¢) now results from dominated convergence, for all A € C,,,.

Finally, let again c¢) be true for some A € C,,. Take z € X, ty > 0, t € [0, to],
and € > 0. Since D(A) is dense, there is a vector y € D(A) with ||z — y| < e.
Set z = Ay — Ay € X. We then compute

[Tn () = T(t)a|| < 1Tz —yll + 1Tu()y = T @yl + 1T @) ly — =]
< 2Me e 4 ||(T(t) — T(t))R(N, A)z||.
Commuting resolvents and semigroups, the last term is split in three terms
I(Tn(t) = T(@)R(A, A)z[| < [|T0(t)(R(X, A)z — R(A, An)2)|
+ [[R(A, An)(Tn(t)z = T'(t)2)]|
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+[(R(A, An) — R(X, A)T ()]
=: dl,n(t) + d27n(t) —+ d37n(t).
Because of c), the summand d ,(t) < Me“+"||R(\, A)z — R(\, A,)z|| tends 0
uniformly for ¢ € [0,tg] as n — oco. Since the set {T'(t)y |t € [0, o]} is compact,
the same holds for ds,, by an exercise in Functional Analysis.

It remains to show this convergence for da,. As above we find an element
w € X satisfying ||z — R(\, A)w|| < e. Inserting v = R(\, A)w, we compute

dan(t) < IR, An)(Ta(t) = T(0) (= = RO AYw)]| + | RO 4n) (T (8) = T(0)e]
< Ron 5 2M e e + [(Ta( RO\ An) = RO\ AT (6) R(A, A)w]|

We denote the last summand by Cigm(t). To dominate also this term, we write

don(t) = ||- /0 COMT(t — $)R(N A)T(5)RON, A as|

- H /0 t (To(t — 5)AnR(\, Ap)T(s)R(A, A)w
— T (t — 5)R(A\, Ap)T(s)AR(A, A)w) dsH

- | /Ot To(t — $)[R(N Ar) — RO, AT () ds|

< Me“+ty sup [[R(X, An) — R(X, A)]T(s)w]].
SE[O,to}
The right-hand side converges to 0 uniformly for ¢ € [0, o] as n — oo, again due
to ¢) and the compactness of {T'(s)w|s € [0,t9]}. Combining these estimates,
we derive assertion d) with local uniform convergence. O

ExaMpPLE 3.15. In the setting of Example 3.13, the above theorem implies
that the semigroup generated by A, = a,Ap converges strongly on L?(G) to
the Cp-semigroup generated by A = aAp. Here we have D(Ap) = D =D(4) =
D(A,), w=0,and M =51 O

In Theorem 3.14 we have assumed that the limit operator A is a generator.
We want to replace this assumption by a range condition as in the Lumer—
Phillips theorem. In the main step of our argument we start with strongly
converging resolvents and have to show that the limit operators form again
the resolvent of a map (which then turns out to be a generator thanks to the
Hille-Yosida theorem). In this step we employ the next concept.

DEFINITION 3.16. Let ) # A C C. A set {R(\) |\ € A} in B(X) is called
pseudo-resolvent if it satisfies
R(A) — R(pn) = (u—ANR(NR(p) for all \ju e A. (3.9)

We first show that pseudo-resolvents occur as strong limits of resolvents,
which only have to converge for one point Ag.

LEMMA 3.17. Let R(X, Ay) be resolvents satisfying ||R(X\, Ayn)| < % for
alln € N and \ € C,, and some w € R and M > 0. If R(\o, An) strongly tends
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to an operator R(Xo) in B(X) for some Ao € C,, then all operators R(\, Ay)
strongly converge to a pseudo-resolvent {R(\) | X € C,} for A € C,, as n — oc.

PROOF. We show the strong convergence for all A € C, below. Then the
resolvent equation (1.7) for R(A, A,) implies (3.9) in the strong limit. Let
u € Cy,. Remark 1.17 yields the expansion

RO\ Ap) = (=N R, An)™
k=0
for all A € C,, with | — A| < R‘;’fvjw < ZIIR(p, An)|| 7t If R(p, Ay) converges
strongly as n — oo, then also the partial sums of the above series have strong

limits. The norms of the remainder terms
o

D (= NR(u, A
k=K+1
are bounded by ¢ 3% ;. 27% = 275 with ¢ = M/(Re pu — w), which tends to
0 as K — oo independently of n. As a result, the operator R(\, A,,) converges
strongly as n — oo for A € B(u, ﬁ(Reu —w)). The radii of these balls are
greater than a number r(§) > 0 for all u € C,45 and each 6 > 0. Starting
from Ao and § € (0,Re A\g — w), for each p € Cy45 we can thus show the strong
convergence of (R(u, Ap))n by a finite iteration. The result follows since 6 > 0
is arbitrary. ]

We note that in Lemma 3.17 the limits R(\) do not need to form a resolvent.
For instance, the bounded generators A, = —nl satisfy ||et4n| = e < 1 for
all £ > 0 and n € N, and their resolvent R(\, A,,) = )\J%nl tends to 0 = R(\) as
n — oo for all A € C,;. Before we deal with this problem, we derive important
properties of pseudo-resolvents.

LEMMA 3.18. For a pseudo-resolvent {R(\) | A€ A} and all \, p € A, we have
o) ROVR(x) = R() ROV,

b) N(R(\) = N(R(1)),

¢) RAN)X = R(u)X.

PROOF. Interchanging A and p, equation (3.9) implies assertion a). These
facts further yield the formulas

RQA) = R(p)(I + (p = NRA)) = (I + (1 = M R(A)R(p),
which lead to the inclusions R(A)X C R(u)X and N(R(p)) € N(R(N)). The

converse inclusions are shown analogously. O
We now establish sufficient conditions for a pseudo-resolvent to be a resolvent.

LEMMA 3.19. Let {R(\)| A € A} be a pseudo-resolvent.

a) Let R(\o) be injective for some A\g € A. Then there is a closed operator A
domain D(A) = R(X\g)X such that A C p(A) and R(\) = R(A\, A) for all \ € A.
Hnence, A is densely defined if R(X\g) has dense range.

b) Let R(p) have dense range for some p € A and let there be \j € A with
|Aj| = 00 as j — oo such that || N\;R(\;)|| < M for all j € N and some constant
M > 0. Then R(\) is injective for all A € A (and thus a resolvent by part a)).
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PROOF. a) The assumption allows us to define the closed operator A =
Mol — R(X\g)~! with dense domain D(A) = R()\g)X. It satisfies the equations

(Mol —A)R(No) = R(Ao) "R(No) =1, R(Xo)(Moy—Ay) = R(A\g)R(N) 'y =1y

for all y € D(A), so that A\g € p(A4) and R(\g) = R(\g, A). Lemma 3.18 shows
that R(A)X = D(A) for all A € A. Using this fact and (3.9), we further compute

(AL = A)R(A) = [(A = X)L + (Aol — A)JR(Mo)[I — (A = Ao) R(N)]
=14+ (A= 20)(R(A)l = (A= A)RA)] = R(A) =1,
and similarly R(A\)(Ay — Ay) =y for y € D(A). Assertion a) is thus proved.

b) We have \; # p for all sufficiently large j € N. Equation (3.9) and the
assumptions then yield the limit

I05505) = DEG = |25 (R0y) = Rw) = R
= |2 R - R
M+ B,
Y]

as j — oo. Since the set R(p)X is dense and the operators A\;R(\;) are uni-
formly bounded, it follows that A\jR(\;j)z — = as j — oo for all z € X. Now,
let R(A\)x = 0 for some x € X and A € A. From Lemma 3.18 deduce that
0= XjR(\j)z — x as j — oo and hence z = 0. O

With these preparations we can now show the second Trotter—Kato theorem,
which adds a generation result to the first one.

THEOREM 3.20. Let A, generate Cy-semigroups T, (-) such that | T, ()| <
Me*t for allt > 0 and n € N and some constants M > 1 and w € R. We then
obtain the implications a)=-b)< ¢) among the following statements.

a) There ezists a densely defined operator Ay such that D(Ap) C D(A,) for
all n € N and Ay — Aoy as n — oo for all y € D(Ay), and the range
(Mol — Ag)D(Ayp) is dense in X for some Ay € C,,.

b) For some \g € C, the operators R(\g, Ay) converge strongly to a map
R € B(X) with dense range.

¢) There is a Co-semigroup T'(-) with generator A such that T,,(t) converges
strongly to T'(t) for allt >0 as n — oo.

If property b) is true, then R = R(\o, A). If part a) holds, then A = Ag. The
semigroups Ty, (-) and T(-) satisfy the assertions of Theorem 3.1} if we assume
conditions a), b) or c).

PRrOOF. The implication ‘c)=b)’ is a consequence of Theorem 3.14 with
R = R()\g, A) since ||T(t)|| < Me** follows from the assumptions.
Let statement a) be true. Take any y € D(Ap) and set x = A\gy — Agy. Using
the assumption and the Hille-Yosida estimate (1.14), we compute

IR0, An)z — yl| = [[R(Xo, An) ((Aoy — Aoy) — (Aol — An)y) ||



3.3. Approximation formulas 86

M

< mHAOy —Anyll — 0
as n — 00. Since the range (Aol —Ap)D(Ap) is dense and R(\g, Ay,) is uniformly
bounded, the resolvents R(\g, A,) thus converge strongly to a map R € B(X).
The range of R contains the dense set D(Ap); so that claim b) is shown.

Assume condition b). Due to Lemma 3.17, the operators R(\, A;) converge
strongly to a pseudo-resolvent {R(\)|A € Cy} as n — oo, where R(\g) = R
has dense range by b). Therefore also the terms (A — w)*R(\, A,)* tend to
(A—w)¥R(\)* strongly for all £ € N and all A € C, as n — co. By assumption,
the resolvents satisfy the Hille-Yosida estimate (1.14) with uniform constants
and hence the pseudo-resolvent inherits it. Lemma 3.19 now provides a closed
operator A with dense domain R(Ao)X such that R(\) = R(A, A). From the
Hille-Yosida Theorem 1.27 we also infer that A generates a Cp-semigroup 7°(-).
Theorem 3.14 now yields statement c¢) and the last addendum.

Finally, we have to show that Ay has the closure A if property a) is true. Let
y € D(Ap). Assertions a) and b) yield

y = lim R(Xo, An)(Aoy — Any) = R(Xo, A)(Aoy — Aoy),

so that Ay = Agy and Ay C A. Therefore, Ay possesses the closure Ay C A.
On the other hand, the range (Aol — Ag)D(Ap) is dense in X since it contains
the set (Aol — Ag)D(Ap). Let y € D(Ap). There exist vectors yi € D(Ag) such
that y, — y and Aoy, — Agy in X as k — co. Above we have checked the
equality yr = R(X\o, A)(Aoyr — Aoyx) which tends to y = R(Ag, A)( Moy — Aoy).
Hence, ||y|| is bounded by a constant times |[Aoy — Aoy||. Proposition 1.19 of
[ST] then implies that the range (Aol — Ag)D(Ap) is closed and so Aol — Ay is
surjective. Because of g € p(A), Lemma 1.24 yields the quality A4g = A. O

3.3. Approximation formulas

Based on the Trotter—Kato theorems, we now discuss further approximation
results for Cp-semigroups. We start with an auxiliary fact.

LEMMA 3.21. Let S € B(X) satisfy ||S™|| < M for all n € N and some
M > 0. We then obtain

||e”(5—])g;—5”;p|| < M+/n||Sx — z|| forall neN, z e X.

Proor. For n,m,l € N with m > [ and x € X, we compute

enS=h _gn — gn i ifsj —~ i i?e’”S” =e " i n,—?(Sj — 5™y,
j=0 J: j=0 J: j=0 J:
m—1
1Sz — Slz|| = H 3 §i(s - I)xH < M(m —1)||Sz — z|.
j=l

Calculating an elementary series, we then estimate

oo
le™ 517 — Sha|| < Me™"|| Sz — || Y /By Brln — i
j=0
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<t (35)' (7).

j=0"" Jj=0
< Me™||Sz — x| e2v/nez = My/n||Sz — z|. O

We next show the Laxz—Chernoff product formula which is the core of this
section. It was proved by Lax and Richtmyer in 1957 without its generation
part, which was added by Chernoff in 1972 (who also discussed further variants
of the result). The theorem says that

consistency and stability imply convergence,

which is a fundamental principle in numerical analysis. In this context one has
to combine it with finite dimensional approximations, cf. Section 3.6 of [Pa].
In the exercises we treat convergence rates for vectors = in suitable subspaces.

THEOREM 3.22. Let V : R>og — B(X) be a function such that V(0) = I and
|V (@&)k|| < Me*t for allt > 0 and k € N and some w € R and M > 1. Assume
that the limit Aoy := limy_o 2(V(t)z — x) exists for all y in a dense subspace
D(Ap). Let the range (A — Ag)D(Ag) be dense in X for some \ € C,,. Then
Ay is closable and its closure A generates the Cy-semigroup T'(-). The products
V(%)" strongly converge to T(t) locally uniformly int >0 as n — co.

PROOF. By rescaling, we may assume that w = 0. For s > 0 we define
the bounded operator A, = 1(V(s) — I) on X. The assumption says that
Asy — Aoy for all y € D(Ag) as s — 0 and that

o0 Lk

et = 3 eFV O < 3 3 SV < eF et M = M

k=0 °
for all ¢ > 0. Theorem 3.20 thus shows that Ag has a closure A which gener-
ates the Cy-semigroup 7'(-) and for any null sequence (s,) the operators ef4sn
strongly tend to T'(t) as n — oo, uniformly for ¢ € [0, o] and each ¢y > 0.

We claim that also e4t/n strongly converges to T'(t) locally uniformly in ¢ as

n — oo. If the claim was wrong, there would exist a vector x € X and times
tn € [0, tp] for some to > 0 such that

inf |t Atn/ng — T(t,)z| > 0.
neN

Since s, := t,/n — 0 as n — 0o, we obtain a contradiction.
Let z € X, e >0, tg >0, and t € [0, ). Choose y € D(Ap) with ||z —y|| < e.
Lemma 3.21 then yields

le"4e/mz — V(¢ /n)"x|
< letern || o =yl + [l VM= Dy — V(e /n) yl + IV (/n)" || |z — y]
< 2Me + M|V (t/n)y —y|| = 2Me + Y2 || Ayl

<2Me + M gup || Ayl
v 0<s<to/n °

The right hand side tends to 2Me as n — oo, so that V(t/n)* = eu/n +
V(t/n)" — et4t/n strongly converges to T(t) locally uniformly in . O
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We add two special cases of the above general approximation result. (More
examples are discussed in the exercises.) The first one is the Lie-Trotter product
formula, shown by Trotter 1959 in a more direct way. It is of great importance
in numerical analysis for problems where one can compute approximations of
T(-) and S(-) in an efficient way, cf.8 the exercises. Note that the assumptions
after (3.10) are satisfied if we know that (a closure of) C' is a generator.

COROLLARY 3.23. Assume that A and B generate Cy-semigroups T(-) and
S(+), respectively, subject to the stability bound

(TGS < dre” (3.10)
for allm € N and t > 0 and some M > 1 and w € R. Let D := D(A) N D(B)
and (A —(A+B))D be dense in X for some X\ € C,,. Then the sum C := A+ B
on D(C) := D has a closure C which generates a Cy-semigroup U(-) given by
— i t 2)\"
Ut)r = lim (T(3)S(3))"

n n

uniformly on all compact subsets of R>o and for all x € X.
PROOF. Define V (t) =T(t)S(t) for t > 0. For x € D, the vectors

LV (t)z —z) = TStz — ) + L(T(t)z — z)

converge to Bx+ Az as t — 0. The result now follows from Theorem 3.22. [

The stability condition (3.10) holds if both semigroups are w/2-contractive.
In general, one cannot find an equivalent norm for which both semigroups be-
come quasi-contractive, cf. Remark 1.26. In fact, there are generators A and
B such that A + B exists and generates a Cy-semigroup, but (3.10) is violated,
and thus the Lie-Trotter product formula fails, see [KW].

The Lie-Trotter formula can be used to give an alternative proof of the posi-
tivity assertion in Example 3.6. It also yields a rigorous mathematical interpre-
tation for the ‘Feynman path integral formula’ in quantum mechanics for the
Schrodinger group e“2~Y) | see Paragraph 8.13 in [Gol.

By Proposition 1.21, the resolvent of the generator is the Laplace transform

[e.e]
L(T()z)(N) = / e_)‘tT(t)a: dt = R(\, A)zx, Re A > wy(A). (3.11)
0

of the semigroup. In the next corollary we invert this transformation (for semi-
group orbits) and thus approximate 7'(t) by powers of the resolvent. In numerics
the resulting formula is called ‘implicit Euler scheme.” By these formulas one
can often transfer properties from the resolvent to the semigroup and back,
see e.g. Corollary 3.25. This is an important fact since the resolvent is closely
related to the generator, which is usually the given object in applications. We
use this link in Example 3.26.

COROLLARY 3.24. Let A generate the Cy-semigroup T(-). We then have
. n . i 1
T(t)x = nh_{glo (2R(%,A)) "z = nh_)rgo (I—tA4) "z

uniformly on all compact subsets of R>o and for all v € X.
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PrROOF. Take M,w > 0 with |T(t)|] < Me“! for all t > 0. Set § = m
We then define V(0) = I, V() = 1R(3,A) for 0 < t < §, and V(t) = 0 for
t > 0. The Hille-Yosida estimate (1.14) yields

M M
V) | =t R, A" < = < MenUFw)t
V"= R AV S e = [y < M
for 0 < t < § by our choice of §. From Lemma 1.23 we deduce the limit

Vi) —2)=1(3R(L Az —2) =1R(},A) Az — Az

¢ AR
as t — 0 for all z € D(A). Theorem 3.22 implies the assertion. O

We note that one can show the resolvent approximation directly without
involving Chernoff’s product formula, see Theorem 1.8.3 in [Pa]. In the next
result we use notions introduced in Example 3.6.

COROLLARY 3.25. Let U C R™ be open and E = Cy(U) or let (S, A, u) be
a measure space and E = LP(u) for some 1 < p < oco. We assume that A
generates a Co-semigroup T'(-) on E. Then T(t) is positive for all t > 0 if and
only if R(\, A) is positive for all A > w and some w > wy(A).

PROOF. Let the resolvent be positive and ¢t > 0. For all f € F, and large
n € N, the functions (? R(%, A))" f are non-negative and hence their limit 7°() f
also belongs to E. (Here we use Corollary 3.24.) For A > wy(A), the converse
follows in a similiar way from formula (3.11). O

Employing the above result and the ‘weak maximum principle’, we show that
the Dirichlet—Laplacian generates a positive semigroup.

EXAMPLE 3.26. Let G C R™ be open and bounded with a C? boundary,
1 <p<oo B, =LP(G), and A, = A with D(4,) = W2P(G) n Wy*(Q).
These operators generate bounded analytic Cp-semigroups T (-) on E,, see Ex-
ample 2.29. We want to prove their positivity.

Let A >0,1<p<q<oo,and f € Cy(G). Note that Cy(G) C E, is dense
for all 1 <r < oo. Set u = R(X Ay)f € D(Ay). Then u also belongs to D(A,)
and A\u — Au = f on G so that u = R(\, A,)f as A € p(Ap). This means that
u belongs to ﬂ1<p<oo D(A,) and that, by density, R(\, A,) is the restriction of
R(A, Ay). Hence, u and Au = f — Au are contained in Cp(G) by the Sobolev
embedding D(A,) — Co(G) for p > %, see Theorem 3.31 in [ST].

Let also f > 0. We show that u > 0. First, v = Imw is contained in D(A,)
and Av — Av =Im f = 0. It follows that v = 0 and so u is real-valued.

Suppose there was a point 2y € G such that u(zp) < 0. Since u = 0 on 9G,
the function v has a minimum u(x;) < 0 for some z; € G. Proposition 3.1.10
in [Lu] thus yields Au(z;) > 0, implying f(z1) = Au(z1) — Au(zi) < 0 which
is impossible. Hence, u = R(X, Ap)f is non-negative.

Since Cy(G) is dense in E, and the map v — vy is Lipschitz on E,, we
obtain the positivity of R(X, Ap) by approximation. Corollary 3.25 then shows
the positivity of T,,(t) for all ¢ > 0 and p € (1, c0). O

Similarly one can treat the case £ = Cy(G) starting from the sectoriality
result Corollary 3.1.21 in [Lul].



CHAPTER 4

Long-term behavior

This chapter is devoted to the long-term behavior of Cy-semigroups focusing
on exponential stability and dichotomy. We want to derive these basic proper-
ties from conditions on the spectrum and the resolvent of the (given) generator.

4.1. Exponential stability and dichotomy
We first introduce the most basic property concerning the long-time behavior.

DEFINITION 4.1. A Cy-semigroup T(-) is called (uniformly) exponentially
stable if there exist constants M,e > 0 such that

IT#)|| < Me™*  forall t>0.

The above concept can be reformulated as wo(T) < 0 or equivalently as
|T(t)x|| < Me ¢||z|| for all z € X and ¢ > 0.

Let A generate T(-) and € > 0. Observe that we have ||T(¢t)|] < e~ for all
t > 0 if and only if A — e[ is dissipative by the Lumer—Phillips Theorem 1.40.
Though this is a rather special situation, it covers the important case of the
Dirichlet-Laplacian Ap on L?(G) for a bounded domain, see Example 1.52.

We first characterize exponential stability by properties of the semigroup
itself. To this aim, we recall from Theorem 1.16 in [ST] that an operator
T € B(X) satisfies

. anl . anl
(T) = max{|A[| A € o(T)} = lim [T7|% = inf T+ < |T].  (4.1)

By the next result, a Cp-semigroup automatically decays exponentially if it
tends to 0 in operator norm as t — 0.

PROPOSITION 4.2. Let T(-) be a Cy-semigroup with generator A. Then the
following assertions are equivalent.

a) T(-) is exponentially stable.

b) |T(to)|]| <1 for somety> 0.

c)r(T(t1)) <1 for somet; > 0.

d) wo(A) < 0.

If this is the case, then statement b) is valid for all sufficiently large ty > 0,
assertion c) is true for all t; > 0, and we have s(A) <0, cf. (1.11). Moreover,
ets(A) < etwo(A) _ I‘(T(t))

for allt >0 and (with In0 := —o0).
— Iim 1 —infl
wo(4) = lim Hn[T(0)] = inf L1n | 70)].

90
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PROOF. Since In||T'(t + s)|| < Wn||T(¢)|| + In||T(s)||, the elementary
Lemma IV.2.3 in [EN] shows that the limit limy_ + In || T(¢)| exists and equals
w = inf;50  In ||T°(¢)[|. This equality yields e < ||T(t)|| for all ¢ > 0 and thus
w < wp(A). Take any wy > w. By the description via the limit, there is a time
7 > 0 such that ||T(t)|| < e*'! for all t > 7 so that || T(¢)|| < Me“1t for all t > 0
and the number M := sup{e “1!||T(¢)|||0 <t < 7} € [1,00). This means that
w1 > wo(A) and so w = wp(A). Using (4.1), we infer the identities

L 1 B .1 __two(A)
H(T(1) = lim exp (t—In[[T(nt)]) = exp (¢ lim — In(|T(nt)])) = e

for all t > 0. All other assertions about 7'(-) now follow. Proposition 1.21 says
that s(A) < wo(A), which yields the remaining inequality e/5(4) < efwo(4) ]

For bounded A, Example 5.4 of [ST] implies the equality s(A) = wo(A).
The next example due to Arendt (1993) shows that s(A) < wp(A) is possible
for unbounded generators. See also Examples 1V.2.7 and 1V.3.4 as well as
Exercises IV.2.13 and IV.3.5 in [EN].

EXAMPLE 4.3. Let X = LP(1,00) N L%(1,00) for 1 < p < ¢ < oo which is a
reflexive Banach space for the norm || f|| = || f||, +1| fllq- We look at the positive
operators (T(t)f)(s) = f(se!) for t > 0, f € X and s > 1. Let also 7 > 0.
Computing

(TOT(7)f)(s) = (T(r)f)(se’) = f(se'e™) = (T(t+7)f)(s),
we see that T'(+) is a semigroup. Let r € (1,00) and f € L"(1,00). We estimate

HT(t)fH?:/1 \f(set)l’"dSZ/ [f(r)]"e™"dr < e7||£II7,

t

where we substituted 7 = sef. For f € X it follows

TS = ITOfllp + IT DO Flg < €PN fllp + e~ fllg < eI 1]

so that T'(t) belongs to B(X) with growth bound wy(T") < —1/q.

Let f € C.(1,00) and t € (0,1]. There is a number sg > 1 such that f(se') =0
for all s > sg. By uniform continuity, the maps 7'(t)f tend to f uniformly as
t — 0, and thus in X due to the bounded support. Lemma 1.7 now yields that
T(-) is Cyp-semigroup. Let A be its generator. Let r € (1,00). Takingp = q =r,
we also obtain a Cy-semigroup 7,.(-) on L"(1,00) with generator A,.

Let fi = Ljet et 41) for > 0. Observe that || f¢|l- = 1 and so || f¢|| = 2. Since

T(t)fils) = IL[o'f,c'erl](Set) = 1p1,14e-1)(s)
for s > 1, we have ||T(t) fi|» = e~ t/T. Tt follows that

IT@) fell = I1T(t) fellg = ™4 = g™ || 1]

and hence wy(T) = wo(4) = —1/q.
To determine s(A), we look at the functions go(s) = s for s > 1 and
a > 1/r. Then g, belongs to L"(1, 00) and

HT(1)ga — 9o) + ga = (1(e = 1) + @) ga-
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These maps clearly tend to 0 in L"(1,00) as t — 0 so that g, belongs to D(A;)
with A,go = —age. This means that —« is an eigenvalue of A, and so s(4,) >
—1/r. Aswy(A,) = —1/r, Proposition 1.21 shows that s(4,) = wo(A4,) = —1/7.

We now pass to X. Since X < LP(1,00) and T'(t) = T,(t)|x, A is the ‘part
of Ay in X’ (ie.,, Af = Ap,f and D(A) = {f € D(4p,) N X |A,f € X}) by
Proposition I1.2.3 in [EN]. Proposition 1.21 yields R(0, Ap)f = [;° T,(t)f dt.
We first take f € C.(1,00) with f(s) =0 for s > so. Observe that T, ( )f=0
for all ¢t > In sp and that ¢ — T),(¢) f is also continuous in supremum norm. The
integral thus converges both in LP(1, oo) and in Cp(1,00). We infer

RO.4)76) = ([ m0ra)e = [ feeyae= [T T

substituting 7 = se!. Holder’s 1nequahty now 1mphes
1 -1

IRO.4:)£5)| < 171 ( [ T ar) =171 /)*” - @,5’_1/;/,,,||f||p-

We finally take ¢ > p. Then [ s79/Pds is finite, so that R(0, A,) contin-
uously maps (C¢(1,00),] - ||p) into X and hence LP(1,00) into X by density.
This means that [D(A,)] < X < LP(1,00). Proposition IV.2.17 of [EN] thus
shows that o(A) = 0(Ap), and so

s(A) = —1/p < —1/q = wo(4)
in view of the above results. Rescaling with a number w € (1/¢,1/p), we then

obtain a generator A + wl of an exponentially growing Cp-semigroup with the
negative spectral bound w — 1/p. ¢

As the best possible identity s(A) = wo(A) fails in general, one can try to
show exponential stability under stronger assumptions. We will first establish
it assuming an additional bound of the resolvent. In the next section we actu-
ally prove s(A) = wp(A) (and more) for a class of Cyp-semigroups with better
regularity properties including analytic ones. We will also comment on results
about weaker convergence properties.

In infinite dimensions it is often more approriate to complement spectral con-
ditions by resolvent estimates. To establish a corresponding stability theorem,
we need some properties of the Bochner integral and the Fourier transform,

Let J C R be an interval. Simple functions f : J — X and their integral
are defined as in the case X = R. A function f : J — X is called strongly
measurable if there are simple functions f, : J — X converging to f pointwise
almost everywhere. Observe that then the function ¢ — || f(¢)| x is measurable.
By Theorem X.1.4 in [AE], the map f is strongly measurable if and only if f is
Borel measurable and there is a null set N C J such that f(J\ N) is separable.
(The latter is true for separable X, of course.) We then define the space

LP(J, X)={f:J — X|f is strongly measurable, |f(-)||lx € L*(J)},

1l = £ o = ( /J LF@I% at)”

for p € [1,00) and analogously for p = co. Here we identify functions that
coincide almost everywhere. One can show that f belongs to L'(J, X) if and
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only if there are simple functions converging to f pointwise a.e. such that the
sequence (fy)y is Cauchy for || - |1, see p.87 and Theorem X.3.14 in [AE]. This
fact implies that the integrals [, fn(t)dt converge in X and that their limit is
independent of the choice of such a sequence (fy,),. This limit is denoted by
[; f(t)dt and called the (Bochner) integral of f.

It can be shown that (LP(J, X), ||-||,) is a Banach space and that the Bochner
integral satisfies the analogues of Holder’s inequality and the theorems of Riesz-
Fischer, Lebesgue and Fubini, see Chapter X of [AE]. We note that the dual
of LP(J, X) for p € [1,00) coincides with LP (.J, X*) only for a certain class of
Banach spaces X, including reflexive ones. Otherwise the dual is larger. (See
Theorem 1.3.10 and Corollary 1.3.22 of [ HNVW].)

Let A be closed and f € L!(J, X) take values in D(A) a.e. and Af be inte-
grable. The integral [ ; fdt then belongs to D(A) and fulfills

A/Jf(t) dt:/JAf(t)dt,

by Theorem C.4 of [EN].
For f € L'(R, X) we define the Fourier transform

f(T):ff(T):\/%/Re_mf(t)dt, TeR.

As in the scalar case one shows that f\ € Co(R, X) and the convolution and
inversion theorems, see Theorem 1.8.1 of [ABHN]. Let X be Hilbert space.
By Plancherel’s Theorem 1.8.2 of [ABHN], the Fourier transform then extends
from L'(R, X) N L?(R, X) to a unitary operator

F:L*(R,X) — L*(R, X)
where L?(R, X) is a Hilbert space with the inner product

(o) = [ GOlat)xdt.  fig € FRX),
In the theorem below we also need the next auxiliary result by Datko (1970).

LEMMA 4.4. Let T(-) be a Cy-semigroup and 1 < p < oo. If T()z €
LP(R>0, X) for all x € X, then T'(-) is exponentially stable.

PROOF. Define the bounded operator
P,: X — LP(RZ(),X); X — ]l[Om]T(-)x,

for each n € N. The assumption shows that sup,cy ||®n| is finite for all
xz € X, and hence C' := sup,¢y ||®n]| < oo thanks to the principle of uniform
boundedness. As a result, f(f |T(s)z||Pds < CP||z|P for all ¢t > 0 and z € X.
Fix constants M > 1 and w > 0 such that | T(t)|| < Me*! for all t > 0. Let
t>1and z € X. We calculate
1—e™ 1—e?

pw
1T(t)=]|” <
bw bw

wi t
17(t)|” 2/ e POT(s)T(t — s)al|” ds
0

t
< / MPe=sPe=wP||T(t — s)z|[P ds
0
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t
=27 [Tl dr < (CMPalp.
0

so that ||T'(t)|] < N for all t > 0, where N := max{Me®, (pw)'/?CM(1 —
e P)~1/P} Tt follows

t t
T (@) |” =/ 1T (t = 8)T(s)x||” ds < Np/ [T (s)z[Pds < (CN)"||z|”,
0 0
and hence [|T(¢t)]] < g—% Proposition 4.2 now implies the assertion. O

We first give a heuristic argument for the following stability theorem. Let A
generate the Cp-semigroup 7'(-) on a Hilbert space X. Assume that s(A) < 0.
Pick a number w > wp(A). We set

e T (t), t>0,
T.(t) = -
«(t) {o, t<0.

Then there are constants M > 1 and € > 0 such that ||T,,(¢)|| < Me™¢" for all
t > 0. Take z € X and 7 € R. The map T,(-)x belongs to L' (R, X) N L%(R, X)

with 2-norm less or equal M (2¢)~1/2||z|. Using Proposition 1.21, we compute

F(Tu()z)(r) = \/12? /0 h e e () dt = \/1277}%(@0 tir, Az, (4.2)

Plancherel’s theorem then yields

[R(w + i Azl 2r,x) = V2| To ()2l 2@ x) < My/m/elx]. (4.3)

We want to transform this inequality to the imaginary axis. From the resolvent
equation (1.7) we infer

R(it,A)z = R(w +ir, A)x + wR(ir, A)R(w + i, A)z. (4.4)

Assuming the boundedness ||R(i-, A)|| on R, from the above results we infer
that R(i-, A)x is an element of L?(R, X). It is now tempting to use Plancherel’s
theorem once more and to conclude

0o > ||R(i+ Azl g2 x) = IF(To()2)| Lo x) = V27| T ()2l L2 (m . x)-

Datko’s lemma would then yield wg(A) < 0. However, above we need the
assertion wp(A) < 0 to employ (4.2) for w = 0 and to apply F to Tp(-)x.

These problems can actually be settled by means of a refined version of (4.2)
and an approximation argument, see the proof of Theorem V.1.11 of [EN].
Below we instead use a shorter argument taken from Theorem 5.2.1 of [ABHIN].
The resulting stability theorem of Gearhart is special case of Theorem 4.17,
which has a much more involved proof not given in these lectures.

THEOREM 4.5. Let X be a Hilbert space. A Cy-semigroup T () with generator
A is exponentially stable if and only if

s(A) <0 and C = sup)cc, [[R(A, A)]| < oo.
If this is the case, s(A) is negative.
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PROOF. The necessity of the conditions and the addendum follow from
Proposition 1.21. Let the conditions in display be true. We set wy =
max{0,wg(A)}. Take w > w4, o > 0, z € X, and define T,(-) as above.
For 7 € R, we also abbreviate ro(7) = R(a +ir, A)z.

Fix w > wy. There exist constants M > 1 and € > 0 such that ||T(t)] <
Me®@=2) for all t > 0 and so Ti(-)x is an element LY(R, X) N L*(R, X) with
2-norm less or equal M (2¢)~'/2||z||. As in (4.2)~(4.4) we thus obtain

&l 2®,x) < My/m/el|z]],
Irallz@x) < lIrallzex) + 1@ = af sup [ Rla+i7, A 7z 22 x)
< My/m/e(l+ |w = alC)|lz]| =: vV2me(a) ]|,
1T ()2l 2, x) = o= 7wl 2, x) < ew) 2.

Note that we can only estimate T, () with w > wy but not T,(-). Fatou’s
lemma then yields

oo
1T, (Yol 22, ) = /0 lim ™7 (t)e* df < lim inf | T ()l 72, x)

W—rW4
M?(1+wC)?
< liminf e(w)?|a]f? < MEFEC" e
w—rwy 2¢e
Dakto’s Lemma 4.4 now implies that (7., (t));>0 is exponentially stable. This
is impossible if wy = wp(A) so that wp(A) has to be negative. O

In a general Banach space X the boundedness of the resolvent R(-, A) on C,
only implies the existence of some constants M, > 0 such that we have

IT @)zl < Me™||z]|4 (4.5)

for all t > 0 and € D(A) by a result due to Weis and Wrobel, see Proposi-
tion 5.1.6 and Theorem 5.1.7 in [ABHN]. We thus obtain exponential decay
of classical solutions only. In Example 4.3, the resolvent of A + wl is bounded
on C; by Theorem 5.3. There are generators A with s(A) < 0 such that (4.5)
fails, see Remark 5.5.

We add a typical example for Theorem 4.5, concerned with wave equations
having a strictly positive damping.'

EXAMPLE 4.6. We first recall the setting and the results of Example 3.7.
Let G C R? be bounded and open with a C'-boundary, Ap be the Dirichlet—
Laplacian on L?(G), and b € L>(G) satisfy b(z) > S for almost every = € G
and some 3 > 0. We set £ =Y x L?(G), where Y = W01’2(G) is endowed with
the norm ||v||y = [||Vv|2]|2 from (1.33), and define the operator

A= (2 5)=A4+(9%)  with D(A)=D(Ap) xY
on E. It generates a Cyp-group T'(+) solving the damped wave equation

u”(t) = Apu(t) — bu'(t), t>0, w(0) = up, ' (0) = uy. (4.6)

Hn the lectures we presented a different version of the proof.
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More precisely, for (ug,u;) € E the orbit w(t) = T(t)(ug,u;) has the
form w = (u,u’) for the unique solution u of (4.6) in C%(R>o, W ~12(G)) N
CY(R>0, L*(G)) NC(R>p,Y). Here we consider the operator Ap also as a map
from Y = W01’2(G) to W=12(Q).

We first check that A is dissipative. The summand Ag is skewadjoint by
Example 1.53. For w = (¢, 1) € D(A) we can thus compute

Re(Aw|w) g = Re(Aqw|w) — / blep|? doz = —/ bly|? dz < 0.
G G

as desired. Hence, the semigroups (7(t)):>0 is contractive. We assert that it is
exponentially stable, and thus the ‘energy’

I1T(t) (w0, un) | = [V ul23 + [ 9ru(®) |3

of the solution decays as ce™¢||(ug,u1)||% for some c,e > 0. This claim is
proved by means of Theorem 4.5.
To this end, we first we first note that A is invertible with bounded inverse

A @ _ (Aﬁl(l}erg))  (f.g) € E.
We next show that

iR C p(A) and supirer || R, A)|| =: k < o0. (4.7)

In view of Remark 1.17, by inequality (4.7) each number A € C with |[Re \| €
0, 5] is an element of p(A) and the resolvent is bounded by [|R(X, A)|| <
2C'. Due this bound and the Hille-Yosida estimate (1.14), the assumptions of
Theorem 4.5 are fulfilled and the assertion follows.

We establish (4.7). Since s(A) < 0, any point it € o(A) would belong to
do(A) so that Proposition 1.19 of [ST] (or (4.14) below) would yield

m(7) = inf{||irw — Aw||g|w € D(A), |w|g =1} =0.
Note that ||R(it, A)|] < 1/m(7) if m(7) > 0. Therefore the lower bound
inf,er m(7) =: mp > 0 will imply our claim (4.7) with x = 1/my.
Since 0 € p(A) and p(A) is open, there is a number 79 > 0 such that
[—i70,1im0] C p(A). For 7 € [—719,70] and w € D(A) with ||w|g = 1, we set
iTw — Aw = z and obtain the first bound

lirw — Awlp = ||2llg > | R(7, A)I7" | R(ir, A)zlle = | RGT, A7

-1

inf m(r) > (max |RGr, A)]) >0,
ITI<7o ITI<70

Fix € € (0, g) with 0 < 53_558 < 7p. Suppose there are 7| > 79 and w = (p, ) €

D(A) such that |[w||% = |[|[Vel||2 + ||]|3 = 1 and [litTw — Aw||g < . We infer

e > |(ar1-2)(7)[(7))]

— /V(iTgp—lb)-Vgodx—F/ (—AD@ +(i7+b)¢)@)dx‘
G G

= [l + 118) - | Vo Ve + [ Vo Viar+ [ bufas
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i

i(r + 2Im/ Vi - Vipdz) + / bly|? da
G G
using the definition of Ap. The imaginary and real parts thus satisfy
e> ‘T+21m/ w.vadx’ and ¢ > / blop)? da > B2,
G G

The second estimate yields |||[Vel[[|2 =1 —[|¢]2 > 1 - 5, and hence

2e
1-2[[|Vyl|3 < 3—1 <0

because of € < g We conclude that
2 -
7] <1 — ;) < |7 |1 -2 H|Vc,0|H%} = ‘T—{—le/ V- iTVg@dx‘
G

< ’T+21m/ V¢~Vzpdx)+‘21m/ Vo (Ve — Vi) da;’
G G
<e+2[[Velllz [[V(ire —¥)lllz < e +2[|(ir] — Aw||p < 3¢

by the choice of w = (p,1) and the definition of A. It follows || < /33555 < Tp.
This contradiction yields m(7) > e > 0 for all |7| > 79, as needed. O

We next introduce a more sophisticated concept for the long-time behavior.

DEFINITION 4.7. A Cy-semigroup T(-) has an exponential dichotomy if there
are constants N,§ > 0 and a projection P = P? € B(X) such that T(t)P =
PT(t), T(t) : N(P) — N(P) has an inverse denoted by T,,(—t), and we have
the estimates ||T(t)P|| < Ne™% and ||T,,(—t)(I — P)|| < Ne™® for all t > 0.

Setting @ = I — P, we recall from Lema 2.16 in [FA] that N(P) = QX
and Q = Q%. Observe that exponential dichotomy coincides with exponential
stability if P = I. Moreover, exponential dichotomy means that T'(t)X; C X;
for all t > 0 where j = {s,u}, Xs:= PX and X, := QX, that Ts(-) :=T(-)|x.
is an exponentially stable Cy-semigroup on X, and that 7'(-) induces a Cy-group
T (-) on X,, which is exponentially stable in backwards time. (Use Lemma 1.29
for the group property.)

We first characterize this notion in terms of the spectrum of T'(¢).

PROPOSITION 4.8. A Cy-semigroup T'(-) has an exponential dichotomy if and
only if St := {\ € C||\| = 1} C p(T'(t)) for some (and hence all) t > 0.

PROOF. Let T'(-) have an exponential dichotomy. Take ¢ > 0 and \ € S'.
Then the series

Ry=XA"") AT"T(nt)P = A1) AT, (—nt)Q
n=0 n=1

converges in B(X). We then compute

(=T () Ry = (1= 2\7'T(1)) (i (A‘lT(t))nP - i (A‘lTu(t)>_nQ>

n=0 n=1
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- i (\rr) P - i <)\_1T(t))kP

n=0 k=1

- i (xlTu(t))_nQ + i (x\’lTu(t))_kQ
=P +751: I. k:0

Similarly one sees that Ry(A —T'(t)) = I, and hence T is contained in p(7'(t))
for all t > 0.
Conversely, let T C p(T'(t)) for some ¢t > 0. We define the ‘spectral projection’

1
P = o TR()\,T(t))d)\.
Theorem 5.5 in [ST] implies that P? = P € B(X) commutes with T'(t),
o(Ts(t)) = o(T(t)) N B(0,1), and o(T,(t)) = o(T(t)) \ B(0,1) for all t > 0.
Since r(7Ts(t)) < 1, Proposition 4.2 yields the exponential stability of Ts(-) on
PX. Moreover, T,(t) is invertible and o(T,(t)™!) = o(Tu(t))"! € B(0,1) by
Proposition 1.20 in [ST]. As for Ts(-), we infer that (T, (t)"!):>0 is exponen-
tially stable on QX . Consequently, 7'(-) has an exponential dichotomy. O

In Corollary 4.16 and Theorem 4.17 we characterize exponential dichotomy
in terms of A in certain situations. Here we give a typical implication of this
property on the long-time behavior of inhomogeneous problems.

PROPOSITION 4.9. Let A generate the Cy-semigoup T(-) having an exponen-
tial dichotomy with projections P and QQ = I — P. Assume that ug € X and
[ € Co(Rx0, X) satisfy

@m:—Amn@ﬁQﬂwa

Then the mild solution w of the inhomogeneous problem (2.6) on R>o also be-
longs to Co(R>0, X) and fulfills

t 00
u(t) = T(t)Pug +/ T(t—s)Pf(s)ds —/ T.(t—s)Qf(s)ds, t>0. (4.8)
0 t
Proor. Let t > 0. We first note that the integrals in the displayed equa-
tions above and those below exist because of the exponential dichotomy. Using

Duhamel’s formula (2.7) and P 4+ @ = I, we compute

o0

u(t) :T(t)u0+/otT(ts)Pf(s) ds+/0 To(t — $)Qf(s)ds
- [ e eseas
:T(t)uo—l—/OtT(t—s)Pf(s) ds + T(t) /OOOTU(—s)Qf(s)ds
- [ e - 9080 as

so that the assumption yields the second assertion.
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Let £ > 0. There is a time s, such that ||f(s)|| < e for all s > so. Let t > sp.
Formula (4.8) and the exponential dichotomy lead to the estimate

S0 t
lu(®)] < Ne™ugl| + /0 Ne™0=9) | £l ds + / Ne—50-3)c 4
S0

+ / Ne 96eqs
t

< Ne (Jluo|l + 67" (e™° = 1) flloc) + 2N

which easily implies that u(t) — 0 as t — oc. O

4.2. Spectral mapping theorems
Let A generate the Cy-semigroup T'(-). We say that T'(-) or A satisfy the

spectral mapping theorem if

a(T)\ {0} =™ forall ¢t>0, (4.9)

where we put e := () for t > 0 and €% := {1}. Observe that we have to exclude
0 on the left-hand side since 0 does not belong to e'(4). Theorem 5.3 of [ST]
shows even the identity o(T'(t)) = (4 for A € B(X).

Assume for a moment that spectral mapping theorem is true. It then implies

H(T(8)) = max{le™]| 1 € 7(A)} = max{e!FeH | 1 € o (A)} = 54,
wo(A) =s(A), wp(A4) <0 <= s(4) <0,

for all ¢ > 0, where we employ Proposition 4.2 in the second line. Using also
Proposition 4.8, we also deduce from (4.9) the equivalence

T(-) has exp. dichotomy <= S! C ¢(T(1)) < iR C p(A). (4.11)

(4.10)

Example 4.3 thus tells us that the spectral mapping theorem is not valid for
all Cy-semigroups. We first explore which partial results are still true. For this
purpose, we recall the following concepts and results from spectral theory for a
closed operator A. We define by

op(A) ={A € C| A — A is not injective},
oap(A) ={A e C|VneN Iz, € D(A) : ||lz,|| =1, Az, — Az, = 0 (n — 00)},
or(A) ={A e C|(AI — A)D(A) is not dense}
the point spectrum, the approrimate point spectrum and the residual spectrum
of A, respectively. We call the elements of 0,,(A) approzimate eigenvalues and

the corresponding vectors approzimate eigenvectors. Proposition 1.19 of [ST]
shows that

ap(A) = 0p(A)U{A € C| (M — A)D(A) is not closed}, (4.12)
0(A) = 0ap(A) Uor(A), (4.13)
0o (A) C o4p(A). (4.14)

Let A be also densely defined. Theorem 1.24 of [ST] then says that
or(A) = op(A"), o(A) =o(AY), and R(ANA)* = R(N\A) (4.15)
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for A € p(A). The following spectral inclusion theorem provides the easy inclu-
sion in (4.9) and in related formulas for the parts of the spectrum.

PROPOSITION 4.10. Let A generate the Cy-semigroup T(-). We then have
() C o(T(t)) and o7 C a;(T(t))

for all t > 0 and j € {p,ap,r}. (Approxzimate) Eigenvectors of A for the
(approximate) eigenvalue X are (approzimate) eigenvectors of T(t) for the (ap-
prozimate) eigenvalue e

PROOF. Let A € C and ¢ > 0. In view of (4.13), we only have to treat the
parts oj. Recall from Lemma 1.19 that

t
eMe —T(t)x = (M — A)/ AMN=IT(s)zds  for z € X,
0

t
= / AT (s) Az — Az)ds  for € D(A).
0

Hence, if Az = Ax for some x € D(A) \ {0}, then ez = T(t)z and z is an
eigenvector of T'(t) for the eigenvalue e € o,(T(t)). If (A — A)D(A) is not
dense or not equal to X, then R(eMI — T'(t)) has the same property. Finally,
let x,, be approximate eigenvectors of A for A € o,,(A). It follows that

Mz, — T(t)zn| < c||Azy — Azy|| — 0
as m — oo so that z,, are approximate eigenvectors for e* € o,,(T(t)). U

We have thus shown the inequality s(A) < wg(A) from Proposition 4.2 again.
We also obtain the analogous implication for exponential dichotomy.

COROLLARY 4.11. Let A generate the Cy-semigroup T(-) having an exponen-
tial dichotomy. We then have iR C p(A) since S' C p(T(1)) C C\ e by
Propositions 4.8 and 4.10.

In the following example we use the spectral inclusion to compute the spectra
of the translation semigroup on 1-periodic functions. Here the spectral mapping
theorem fails for irrational ¢, but a variant with an additional closure holds.

EXAMPLE 4.12. Let X = {f € C(R) |Vt € R: f(t) = f(t + 1)} be endowed
with the supremum norm and T'(¢)f = f(- +¢) fort € R and f € X. It is easy
to see that X is a Banach space and that T'(-) is an isometric Cy-group on X
(since each f € X is uniformly continuous). As in Example 1.22 one can verify
that the generator A of T'(+) is given by Af = f’ with D(A) = C}(R) N X. Let
Iy ={\e€C|\ =1} for k € N. We claim that

o(A) = o0,(A) = 27iZ,

Sl = exp(ta(A)), t e RZO \ Q,
U(T(t)) = _ to(A) . . . ..
I'n=¢e , t=j/k, j,k €N, without common divisors.

PROOF. Clearly, eari, belongs to D(A) and Aegrin, = 2mineaqiy for alln € Z.
Note that T'(n) = I for all n € Ny. Proposition 4.10 thus yields e”(4) C
o(T(1)) = {1} so that o(A) C 27miZ. The first assertion is proved.
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Since T'(t) is isometric and invertible, Proposition 4.2 implies that
r(T(t) =1 =x(Tt)"") = min{|A| | X € o(T(1))},

where we also use Proposition 1.20 of [ST|. This means that o(7'(¢)) is included
inS' fort>0. Ift € R>0 \ Q, it is known that elo(4) — t2mZ ig dense in S!.
The second claim now follows from Proposition 4.10 and the closedness of the
spectra because of

St =ete(A) C o(T(t)) C St
Let t = j/k for some j,k € N without common divisors. The spectral map-
ping theorem for bounded operators from Theorem 5.3 of [ST] then yields

o(T(t)* = o(T(1)") = o(T()) = {1}

i.e., o(T(t)) C I'y. On the other hand, the set e!*(4) = exp(27ri%Z) is equal to I'y,
and contained in o (7'(t)) by Proposition 4.10, establishing the last assertion. [

In order to use spectral information on A to show exponential stability or
dichotomy, we need the converse inclusions in Proposition 4.10. As we have
seen they fail in general for the spectrum itself. We next show them for the
point and residual spectrum, starting with the spectral mapping theorem for the
point spectrum.

THEOREM 4.13. Let A generate the Cy-semigroup T(-). We then have
op(T()\ {0} = '@ forall t>0.

PrROOF. We have to prove o,(T(t))\ {0} C et»(4) since the other inclusion
was shown in Proposition 4.10. Let ¢ > 0, A € C and « € X \ {0} such that
eMx = T(t)x. Hence, the function u(s) = e T (s)z has period t > 0. Suppose

that all Fourier coefficients

1 t 2min
— [ et fu(s)ds, n € Z,
il

would vanish. Therefore all Fourier coefficients of the scalar function ¢(t) =
(u(t),z*) are 0 for any x* € X*. Parseval’s formula (see Example 3.17 of [FA])
then yields ¢ = 0, and so u = 0 by the Hahn-Banach theorem. This is wrong
and thus there exists an index m € Z with

¢ ,
Y= / e e T (s)x ds # 0.
0

Lemma 1.19 shows that y € D(A) and

2m

(A— (A + @)I)y = Mo timtT(t)a: —z=0.

Therefore the number p := A+ 2T helongs to 0,(A) and so e = e/ to etor(4),
We have shown o,(T'(t)) C e??(4) | as needed. O

Formula (4.15) now suggests to use duality and derive a spectral mapping
theorem for the residual spectrum from Theorem 4.13. Unfortunately, in general
T'(-)* fails to be strongly continuous. (For instance, the adjoint 7'(-)* of the left
translations 7'(-) on L'(R) are the right translations on L>°(R) which are not
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strongly continuous by Example 1.9.) To deal with this problem, we introduce
a new concept.
Let A generate the Cp-semigroup T'(-) and set C = supg<;< [|T(t)[. We
define the sun dual
XO = {o* € X*|T(t)*s* — 2* as t — 0}.

We first check that X @ is a closed subspace of X* being invariant under 7'(-)*.

Let x} € X© with ) — 2* in X* as n — oo. Take € > 0. There is an index
k € Nwith ||z} —2*|| <e. We fix a time ¢, € (0, 1] such that || T'(¢)*z; —af| < e
for all t € [0,¢t.]. Since ||T'(¢)|| = || T(¢)*|| by Proposition 5.42 of [FA], it follows

IT() " — 2™ < [[T@)7| 2" = 2l + 1T @) 2 = wpll + |2 — 27| < 2+ C)e,

so that z* € X® and X® is closed. Clearly, T'(-)* is a semigroup on X*. Let
t,7 >0 and z* € X®. We then obtain the invariance of X® by computing

T(t)*T(r)*z* — T(r)*z* = T(r)" (T(t)*z* —z*) — 0, t—0,

By Lemma 1.7, the operators T'(t)® = T(t)*|xe for ¢ > 0 thus form a Cp-
semigroup on X, endowed with || - || x+. Its generator is denoted by A®.

We have to show that the point spectra of the duals and sun duals are the
same. Let z* € D(A®). Take x € D(A). We derive

(x, APx*) = }gr(l) (2, (T ()" — I)z*) = %gr(l) ($(T(t) = Dz, 2*) = (Az, 2"),
A® C A*, (4.16)
As restrictions, the operators A® and T'(t)® satisfy the inclusions
0p(A%) Cop(A)  and o, (T(1)°) C op(T (1))
for t > 0. Let * € D(A*) and ¢ € [0,1]. Lemma 1.19 yields

IT(#)*z" —2*| = sup [z, T()"2" —2%)| = sup [(T(t)x —z,z7)]
z€X,||z] <1 2l <1
¢ t
= sup ‘<A/ T(s)xds,:):*>‘ = sup ‘</ T(s):cds,A*:):*>
llzll<1 0 Jef<1'Jo
< Cl|A*z™||¢.

This means that z* belongs to X© and hence
D(A*) C X©. (4.17)

Let T(t)*z* = eMa* for some z* € X*\ {0} and ¢t > 0. Take u € p(A*) =
p(A), cf. (4.15). Note that R(u,A)* = R(u, A*) is injective and maps X*
into D(A*) C X® and that it commutes with T'(¢)*. Hence, R(u, A*)z* is an
eigenvector for T(t)® and the eigenvalue e,

Let z* € D(A*) \ {0} with A*z* = Az*. As above, we obtain the limit

H%(T(t)%* —z*) — )\x*H = xe)?,l\l\fngl )<A% /OtT(s)x ds,a:*> — {z, \x™)

= sup ‘<x, % /OtT(s)*A*x* ds — )\x*>

[lzf|<1
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1 t
< Ht/ T(s)A\x*ds — Az*|| — 0
0

as t — 0, using A*z* = Az* and (4.17). We have thus shown
0p(A®) = 0, (A") and  op,(T(t)®) =0,(T(t)*) forall t>0. (4.18)

These equalities also hold for the full spectra. For this and further information
we refer to Proposition IV.2.18 and §I11.2.6 of [EN].
We now easily obtain the spectral mapping theorem for the residual spectrum.

THEOREM 4.14. Let A generate the Cy-semigroup T'(-). We then have
o (T()\ {0} = e forall > 0.
PROOF. Let t > 0. Combining (4.15), (4.18) and Theorem 4.13, we obtain

o (T()\ {0} = o, (T(t)*) \ {0} = 0, (T(1)®) \ {0} = otop(A®) _ top(A%)
— otor(4) 0

As a result, the spectral mapping theorem can only fail if we are not able
to transport approximate eigenvectors from 7'(t) to A. This can be done if
the semigroup has some additional regularity, as stated in the spectral map-
ping theorem for eventually norm continuous semigroups. Besides analytic Cop-
semigroups, this class includes various generators arising in mathematical biol-
ogy, see e.g. Example 5.6 and the comments before Theorem 5.8.

THEOREM 4.15. Let A generate the Cy-semigroup T(-) and let the map
(to,00) = B(X); tw— T(t), (4.19)

be continuous (in operator norm) for some to > 0. Then T(-) satisfies the
spectral mapping theorem

o(TE)\ {0} =™ forall t>0.

Assumption (4.19) is true if T'(-) is analytic (then to = 0) orif T'(to) is compact
for some tg > 0.

PROOF. Let T'(tg) be compact. Then the closure of T'(to)Bx(0,1) is com-
pact. By an exercise in Functional Analysis, the map

[to,00) = X; t = T(t)x =T(t —to)T(to)x,

thus is uniformly continuous for z € Bx(0,1) and so (4.19) is true.

In view of Proposition 4.10, Theorem 4.14 and formula (4.13), it remains to
show that o4, (T(t)) \ {0} C e'?ar(4) for all ¢t > 0. To this aim, let A € C, 7 > 0
and z, € X satisfy ||z,|| =1 for all n € N and Az, — T'(7)z,, — 0 as n — oo.
We look for a number p € 0q,(A) with A = €. Considering the Cy-semigroup
(e7V*T'(s7))s>0 with A = €” and its generator B = 7A — v, see Lemma 1.18,
we can assume that A =1, 7 =1 and p € 27iZ.

Fix some k € N with k£ > to. Let n € N. By (4.19), the map [0,1] — X;
s+ T(s)T(k)xy, is continuous uniformly for n; i.e., equi-continuous. Moreover,

IT(k)zn — znll < Tk =1D(TDzn —zn)l 4+ + [[T(1)2n — 24
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tends to 0 as n — oo. This fact implies that also the functions [0,1] — X
s+ T(s)(T(k)x, — x,), are equi-continuous. Hence, the same is true for the
differences [0,1] = X; s — T'(s)zp

Choose x}, € X* such that ||z|| < 1 and (z,, ) > 1 for all n € N, using the
Hahn-Banach theorem. Since the functions ¢, : [0,1] — C; s — (T'(s)zp, x}),
are equi-continuous and uniformly bounded, the Arzela-Ascoli theorem (see
Theorem 1.47 in [FA]) says that a subsequence (¢,;); converges in C([0,1]) to
a function . Observe that

1

2

showing that ¢ # 0. Example 3.17 of [FA] thus implies that ¢ has a nonzero
Fourier coefficient; i.e., there exists an index m € Z such that for u := 27im
we have fol e " p(s)ds # 0. We now set z, = fol e " T (s)ryds. Lemma 1.19
leads to z, € D(A) and

(ul —A)zy =T —e*T(1))xy =2 — T, — 0

lelloo = @(O) = lim oy, (0)] = lim (@, 3, )] =
J—00 Jj=

as n — oo. We further compute

lim inf ||z, || > hmlnf\(zn , Ty )| = hmlnf‘ e M(T(s)xp,;,x )ds
j—o0 g j—o0 J J
= ‘ / “Hp ds > 0
so that p € o,4y(A), completing the proof. O

The above theorem yields the desired characterizations (4.10) and (4.11).

COROLLARY 4.16. Let A generate the Cy-semigroup T(-) satisfying (4.19).
Then the following equivalences hold.

a) The semigroup T'(-) is exponentially stable if and only if s(A) < 0.

b) The semigroup T(-) has an exponential dichotomy if and only if iR C p(A).

We add three other important results on the long-time behavior of semigroups
without proof, starting with Gearhart’s spectral mapping theorem. It was shown
by Gearhart in 1978 for quasi-contraction semigroups and independently by
Herbst (1983), Howland (1984), and Priiss (1984) for general Cy-semigroups.
It says that spectral information on A combined with resolvent estimates yield
the corresponding spectra for the semigroup, provided that X is Hilbert space.
For a proof we refer to Theorem 2.5.4 in [VIN].

THEOREM 4.17. Let A generate the Cy-semigroup T(-) on a Hilbert space X .
Lett >0 and A € C. Then

2mik

Meo(T(t) <= YkeEZ: N\ =+ € o(A), sup||R(\g, A)| < oo.
kEZ
We add two results on weaker decay properties, assuming that the semigroup
is bounded. As in (4.5), the first one deals with classical solutions; i.e., initial
values in D(A). Since one looks at estimates of T'(t) in B(X1, X ), one can obtain
decay rates which are not exponential in contrast to convergence in B(X), cf.
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Proposition 4.2. To obtain polynomial decay, one can allow for a corresponding
increase of the resolvent along iR.

THEOREM 4.18. Let A generate the bounded Cy-semigroup T(-) on a Hilbert
space X and let « > 0. The follwing two assertions are equivalent.

a) | T(t)z|| < Nt=V||z|a for some N >0 and all t > 1 and x € D(A).

b) o(A) C C_ and |R(iT, A)|| < C|7|* for some C' > 0 and all T € R\ [-1,1].

Property b) and Remark 1.17 imply that [Tm A| > ¢|Re A=Y/ for all \ €
o(A) with ReA < —¢ for some ¢,d > 0. The implication ‘b) = a)’ is due to
Borichev and Tomilov (see [BT] from 2010), who also constructed an example
saying that it fails in an L'-space. The converse implication was shown by
Batty and Duyckaerts in [BD] from 2008 even for general X and other rates.
In this more general framework they also proved a variant of ‘b) = a)’ with
logarithmic corrections.

In the setting of the above theorem, by density one obtains strong stability
of T'(+); i.e., T(t)x tends to 0 as t — oo for all z € X. But this fact is true in
much greater generality, as established already in 1988 by Arendt and Batty as
well as, with a different proof, by Lyubich and V.

THEOREM 4.19. Let A generate the bounded Cy-semigroup T'(-) on a Banach
space X. Assume that o(A) NiR is countable and that o(A*) ViR = (. (The
latter is true if o(A) NiR = (.) Then T(-) strongly stable.

The proof by Lyubich and Vu can be found in Theorem V.2.21 of [EN], and
we refer to Lemma V.2.20 in [EN] for the addendum. A variety of related
results are discussed in [ABHN].



CHAPTER 5
Stability of positive semigroups

Evolution' equations often describe the behavior of positive quantities, such
as the concentration of a species or the distribution of mass or temperature. It
is then a crucial property of the system that non-negative initial functions lead
to non-negative solutions. This property of positivity has to be verified in the
applications, of course, and we will see below that it implies many additional
useful features of the semigroup solving the equation. To deal with positivity, we
consider as state spaces only the following classes of Banach spaces E consisting
of scalar-valued functions.

STANDING HYPOTHESIS. In this chapter, E denotes a function space of the
type LP(u), Co(U) or C(K), where p € [1,00), (S, A, p) is a o—finite measure
space, U is a locally compact metric space (e.g., an open subset of R™), or K
18 a compact metric space, respectively.

We stress that we still take C as the scalar field in order to use spectral theory.
Actually, we could work in the more general class of (complex) Banach lattices
E, but for simplicity we restrict ourselves to the above indicated setting. It
suffices for the typical applications; however for certain deeper investigations
one actually needs the more abstract framework. We refer to the monograph
[Na-Ed| for a thorough discussion of positive Cy—semigroups in Banach lattices.

In the spaces F given by the standing hypothesis, we have the usual concept of
non-negative functions f > 0, of positive and negative parts fi and domination
f < g of real-valued functions, and of the absolute value |f|. We write E, =
{f € E|f > 0} for the cone of non-negative functions, which is closed in FE.
For all f,g € E, it holds ||| f||| = || f]|, and 0 < f < g implies that || f]| < ||g]|-

Recall from Example 3.6 that an operator 7" € B(F) is called positive if
Tf > 0 for every f € Ey. One then writes 7' > 0. A Cpy—semigroup 7(+)
is positive if each operator T'(t), t > 0, is positive. We discuss a few basic
properties of positive operators T, S € B(FE) which are used below without
further notice. First, products of positive operators are positive. Next,

for all f,g€ E with f > g wehave T(f—¢g)>0 < Tf>Tyg.

For real-valued f, also the image T'f = T fy — T f_ has real values. Moreover,
Tf<I|Tfl<Tf++Tf- =T|f|. For complex-valued f, we take a point x in
Q € {S,U, K}. Choose a number « such that || = 1 and |Tf(z)| = T f(z),
where we fix a representative of T'f if £ = LP. It follows that

Tf(x)] = aT f(z) = T(Re(af))(x) +iT(Im(af))(z) = T(Re(af))(x)

IThis chapter was not part of the lectures.
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< T(|Re(af))(z) < T(lef|) (@) = T(|f) ().
Consequently,
ITf| <T|f| holds for all fc E.

We further write 0 < T < Sif0<Tf < Sfforall fe Fy. Let 0 <T < S.
Then |Tf| < T|f| < S|f| is true for all f € E, and hence

) = sup [Tf]| = sup [T/ < sup [SIf1] < S]]
1<t IflI<1 i<t

We recall from Corollary 3.25 that the semigroup is positive if and only
if there exists a number w > wy(A) such that R(A\,A) > 0 for all A > w.
In Example 3.26 we have seen that the Dirichlet—Laplacian Ap with domain
W2P(G) N Wol’p(G) generates a positive Cy-semigroup on LP(G) for p € (1,00),
where G = R™ or G C R™ is bounded and open with G € C2.

To discuss the Neumann Laplacian we need Hopf’s lemma. For w € C?(B)N
CY(B), it is a special case of the lemma in Section 6.4.2 in [Ev]. Our result can
be shown in the same way using Proposition 3.1.10 of [Lul].

LEMMA 5.1. Let B = B(y,p) C R™ be an open ball and w belong to W?P(B)
for allp € (1,00) and satisfy 0 < Aw € C(B). Assume that there is an xo € OB
such that w(zg) > w(z) for all x € B. Then d,w(xo) > 0 for the outer normal
v(z) = p~(z —y) of IB.

ExaMpPLE 5.2. Let G € R™ be open and bounded with boundary of class
C? orlet G = R™. Set E = LP(G) for p € (1,00). The Neumann Laplacian
on E is given by Ayu = Au on D(Ay) = {u € WZ(G)|du = 0}. One
sees as in Example 2.29 that the operator e Ay is dissipative on LP(G), if

0<16 < arccot(Jf}%) € (0,7/2]. Theorem 9.3.5 in [Kr] further implies that
that I — Ay is surjective. Consequently, Ax generates a contractive analytic
Co—semigroup on E by Corollary 2.27.

To show positivity, let A > 0 and 0 < f € Cy(G). Set u = R\, An)f.
Corollary 3.1.24 in [Lu] implies that u belongs to D(Ay) for all p € (1,00) and
Auto C(G). Asin Example 3.26, we see that u takes real values. Suppose there
was a point xzg € G such that u(zg) < 0. The function u thus has a minimum
u(x1) < 0 for some z1 € G. We then have Au(x1) = Au(x1) — f(21) < 0 and so
Au(x) < 0 for all z in a neighborhood of 1 in G. If 21 € G, Proposition 3.1.10
in [Lu] then yields Au(z1) > 0 which is impossible.

So all such minimina occur on OG. Since G is C?, we can find an open
ball B C G with BN dG = {z1} on which —u satisfies the assumptions of
Lemma 5.1. Hence, 0,v(z1) < 0 contradicting v € D(Ay). We have shown
that R(\, Ax)f > 0 and by density the resolvent is positive. The positivity of
the semigroup then follows from Corollary 3.25. O

The next result collects the basic features of the spectral theory of positive
semigroups. For a gerenerator A we define two more quantities

s0(A) = inf{r > s(A) [ sup,ec, [[R(p; Al < oo},
wi(A) =inf{w €eR|IM, > 1Vt >0, z € D(A) : |[T(t)x| < Myue“"||x|a}-
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THEOREM b5.3. Let A generate the positive Co—semigroup T(-) on E. Then
the following assertions hold.
a) Let ReA > s(A) and f € E. Then the improper Riemann integral

/ h e MT(t)fdt = R(\, A) f (5.1)

0

exists. Moreover, ||R(\, A)|| < |[R(Re X, A)||.

b) s(A) =sp(A).

c) If o(A) # 0, then s(A) € o(A).

d) For X\ € p(A), the resolvent R(\, A) is positive if and only if A > s(A).

e) s(A) = wi(A). In particular, if s(A) < 0, then there are N, > 0 such that
|T(t)z|| < Ne=®||x||4 for all x € D(A) and t > 0.

PRrROOF. a) For A > wy(A), Corollary 3.25 yields that R(A\,A) > 0. If
p € (s(A),\) with 0 < A — u < ||R(A\, A)|| !, the Neumann series gives
R, A) = SO0 — )" RO, A > 0,
n=0

Since ||R(r, A)|| is bounded for r > s(A) + ¢ and any fixed ¢ > 0, we deduce

the positivity of R(u, A) for all u > s(A) (establishing one implication of asser-
tion d)). Let > s(A), Rea >0, f € E and t > 0. We set

t
|4 = BT ds.
0 = [ erT(oras
From Lemma 1.19 we deduce that
0<V(t)f=R(uA)f - R(/%A)eﬂutT(t)f < R, A)f

for all f € E,. Hence, ||V (¢)| < |[R(u, A)|| for all ¢ > 0, and thus the function
Ry >t e ®V(t)f is integrable. Integrating by parts, we deduce

/ t ae~ SV (s)fds + etV (t)f = / t e~ T (s) f ds
0 0

for all f € E. We can now let t — o0, obtaining the integral in (5.1) with
A = p + « on the right-hand side. Proposition 1.21 then yields A € p(A) and
(5.1). Since we can vary p > s(A), these results also hold for all Rea > 0. It
further follows that

R(j+ o, A)f| < / e Reat (1) £l df < / T e (o) £ dt = R, A)f].
0 0

This inequality implies that |R(p + «, A)|| < ||R(i, A)||, and thus the second
assertion in a) is true.

b) It is clear that s(A) < syg(A). The converse inequality follows from a) and
the fact that ||R(r, A)|| is bounded for r > s(A) + ¢ and any fixed € > 0.

c¢) Assume that o(A) # (). We can find )\, € p(A) tending to o(A) with
Re A\, > s(A) > —oo. Assertion a) and Theorem 1.13 in [ST] imply that

IR(Re An, A)|| 2 | R(An, A)[| = d(An, 0(4)) ™ — o0
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as n — oo. If s(A) € p(A), then R(Re\,, A) would converge to R(s(A), A)
leading to a contradiction. The spectral bound thus belongs to o(A).

d) Let R()A, A) be positive for some X\ € p(A). Take 0 # f € E,. The
function 0 # u := R(\, A) f is also non-negative and Au = limy_,o 1(T(t)f — f)
is real-valued. Hence, A\u = f+Au isreal, so that A € R. Let u > max{\,s(A)}.
Part a) of the proof shows that R(u, A) > 0, and thus

R(A,A) = R(p, A) + (0 — M) R(p, A)R(A, A) > R(p, A) > 0.
Using s(A) € 0(A) and Theorem 1.13 in [ST], we deduce that
1 1
<
p—s(A) = d(pu,a(A))
If A <s(A), the limit g — s(A) would give a contradiction. Hence, d) holds.
e) Let A > s(A) and f € D(A). Assertion a) then implies that

< [[R(s, DI < R, A

t
e NT()Vf = f +/ e MT(s)(A—=AN)fds — f+RNA(A-N)f=0
0
as t — oo. Hence, e ™T'(t) is bounded in B([D(A)], X) uniformly for ¢ > 0
by the principle of uniform boundedness. This fact implies that wi(A4) < s(A).
Conversely, let Re A > wi(A) and f € D(A). Then the integral

/ t e MT(t)f dt =: Ryf
0

converges in E. As in the proof of Proposition 1.21, it follows that Ry f € D(A)
and (M — A)Ryf = f. Moreover, R\(AM — A)f = f if f € D(A?). We denote
by A the restriction of A to X; = [D(A)] with domain D(A;) = D(A?%). We
have shown that A € p(A;). Since A and A; are similar via the ismorphism
R(M\ A) : D(A) — D(A2%), we arrive at A € p(A); i.e., s(A) = w1 (A). O

The next corollary immediately follows from part b) of the above theorem
and Gearhart’s stability Theorem 4.5.

COROLLARY 5.4. Every generator A of a positive semigroup on E = L*(u)
satisfies s(A) = wp(A).

REMARK 5.5. The above corollary actually holds for all our spaces F, see
Section 5.3 in [ABHN], but it fails already on LP N LY by Example 4.3. For
any generator A, one has s(A) < wi(A4) < sp(A) < wp(A). (These inequalities
follow from the proof of Theorem 5.3 ), Proposition 5.1.6 and Theorem 5.1.7
in [ABHN], and Proposition 1.21.) Hence, in Theorem 5.3 assertion e) follows
directly from b) thanks to the (more difficult) general result in [ABHN], which
is due to Weis and Wrobel. The positive semigroup in Example 4.3 satisfies
s0(A) < wo(A), see Example 5.1.11 in [ABHN]. Moreover, there are (non
positive) semigroups on Banach spaces X such that s(A4) < wi(A) < so(A), see
Example 5.1.10 in [ABHN]. O

As an application we look at a cell division problem.

EXAMPLE 5.6. Let ff u(t, s) ds be the number of cells of a certain species at
time ¢ > 0 of size s € [a, b]. We make the following assumptions on this species.
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Each cell grows linearly with time at (normalized) velocity 1.

Cells of size s > a > 0 divide with per capita rate b(s) > 0 in two
daughter cells of equal size, where b = 0 on [1,00) and on [a/2, a].
Cells of size s die with per capita rate p(s) > 0.

The functions b # 0 and p are continuous, and a > 1/2.

There are no cells at size /2.

It is just a normalization that the cells divide up size s = 1. The assumptions
of linear growth and that o > 1/2 are made for simplicity, see [GIN] for the
general case. The assumptions on b indicate that the interesting cell sizes
belong to J = [a/2,1] (for others one only has growth and death), so that we
choose as state space E = L'(J). Hence, the norm ||u(t)||; equals the number
of (relevant) cells at time ¢, if w > 0. It can be shown that under the above
assumptions smooth cell size distributions u satisfy the equations

Owu(t,s) = —0su(t,s) — p(s)u(t,s) — b(s)u(t,s) +4b(2s)u(t,2s), t>0, s € J,
u(t,5) =0, t>0, (5.2)
u(0,s) = ug(s), se..

Note that b(2s) = 0 for s > 1/2. For such s we put v(2s) := 0 for any function
von J. We take 0 < ug € D(A) := {v € Whi(J)|v(a/2) = 0} and define

Av=—v" — pv — bv + B, Bu(s) = 4b(2s)v(2s), (5.3)

for v € D(A), respectively v € E and s € J. Observe that B is a bounded (and
positive) operator on E because

1/2
[Bully < 4Hb!oo/ [0(2s)] ds < 2|b]|oo|v]l1-
a/2
Since —% with domain D(A) generates a positive Cy—semigroup on E (the

nilpotent translations), Example 3.6 shows that also A generates a positive Cp—
semigroup 7'(-) on E. It is clear that the non-negative map u(t, s) = (T'(t)uo)(s)
with ¢+ > 0 and s € J belongs to C*(R,, E) N C(R,, WhH1(J)) and satisfies the
system (5.2), where the first line holds for a.e. s € J. On the other hand, each
solution u € CH(Ry, E) N C(Ry, WHL(J)) of (5.2) is given by T'(-). O

In the above example the embedding D(A) — FE is compact due to Theo-
rem 3.34 in [ST]. Therefore the resolvent of A is compact and o(A) consists
of eigenvalues only, see Remark 2.13 and Theorem 2.15 of [ST]. We can even
determine the eigenvalues by the zeros of a holomorphic function £. (The as-
sumption o > % is only needed to obtain the simple formula of £ below.)

LEMMA 5.7. Let A be given by (5.3). Then a number A € C belongs to o(A)
if and only if
1/2 20

0=¢&(\):=—-1+ /04/2 4b(20) exp ( — / (A +p(r) + (7)) dT)dO’.

g

PROOF. As noted above, we have o(A) = 0,(A). Hence, A € C belongs to
o(A) if and only if there is a map 0 # v € D(A) with \v = v’. Equivalently,
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0 # v € Whi(J) satisfies
v'(8) = —(A+b(s) + p(s))v(s), 1/2<s<1,
V'(8) = —(A+b(s) + p(s))v(s) + 4b(2s)v(2s), a/2 <s<1/2,
v(a/2) = 0.
The differential equations are only fulfilled by the function given by

v(s):cexp(/sl()\+b(0)+u(0))da), $<s<1,
v(s) = cexp (/Sl()\ +b(o) + p(o)) da)
: [1 — /81/24()(20) exp (—/ja()\ +u(T) + b(T))dT)dO’:|, §<s<

for any constant ¢ # 0. Clearly, this map v belongs to W1(J), and it satisfies
v(a/2) = 0 if and only if £(A) = 0. O

Theorem 5.3 shows that wy(A4) = s(A), and Remark 5.5 even yields wy(A) =
s(A). In Proposition VI.1.4 of [EN] it is further shown that ¢ — T'(¢) is con-
tinuous in operator norm for ¢ > 1 — §. (Here one uses the nilpotency of the
semigroup generated by Ay := A — B and the Dyson—Phillips series (3.7) for
A = Ay + B.) Therefore the spectral mapping theorem o(7T'(t)) = e\ {0}
is true implying again wo(A) = s(A), see Theorem 4.9 and Corollary 4.16.
Positivity even yields a very simple criterion for wg(A) = s(A) < 0.

9

D=

THEOREM 5.8. The semigroup generated by A from (5.3) is exponentially
stable on E if and only if

1/2 20

£0)=-1+ / 4b(20) exp ( - / (u(7) +b(r))dr>da < 0.
a/2 o

In particular, there are constants N,§ > 0 such that ||u(t)||y < Ne %||ugl|1 for

all t > 0 and all solutions u € C*(Ry, B) NC(R., WHL(J)) of (5.2).

PRrROOF. In view of Lemma 5.7 and the discussion above the statement of
the theorem, we have to show that all zeros of £ have strictly negative real
parts. To characterize this property, we use the positivity of the semigroup in a
crucial way. Theorem 5.3 says that s(4) € o0(A). Thus wy(A) < 0 if and only if
all real zeros of € are strictly negative. On R, the function £ is continuous and
strictly decreasing from oo to —1. Consequently, £ has exactly one real zero,
which is strictly negative if and only if £(0) < 0. O
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