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Double 
Bubble



SINGLE BUBBLE

Enclose given area with 
minimum perimeter.

IN R2

Round 
circle



   

SINGLE BUBBLE IN Rn:         
ROUND SPHERE by SYMMETRY

SIMILARLY 
Sn and Hn

Conj CP2



GAUSS PLANE G2

 =  exp(r2/2) 

G2

Diana Davis ‘07

Brownian motion                Stock 
option pricing  Perelman’s proof of 
Poincaré

R2 with Gaussian density

Total 
weighted 
area one



Single Bubble in G2

Enclose given (weighted) 
area with minimum 

(weighted) perimeter.



Bubble in G2

BETTER

WORSE



Bubble in G2

BETTER

WORSE

“Bubbles prefer low density.”

BEST?



Bubble in G2

BETTER

WORSE

STRAIGHT 
LINE  BEST

Sudakov-Tsirel’son, C Borell, ’75 Carlen-
Kerce, ’01



IN Gm, BUBBLE IS

Gm

Sudakov-Tsirel’son, 
Borell ‘75

Carlen-Kerce ‘01

HYPERPLANE

Used in Perelman’s proof of Poincaré



Sn(√n+1)

Gm

Sudakov-Tsirel’son, 
Borell ’75

~exp(x2/2)
as n∞Mehler 1856,    

not Poincaré

ORIGINAL PROOF: Gm 

is limit of projections 
of   high-dim’l     
spheres.



Gauss Space Gn 
replaces Sn as the 

model



...



Emanuel Milman
Technion

Robert McCann 
U Toronto



Emanuel Milman
Technion

Robert McCann 
U Toronto

“Limits of 
manifolds”



Robert McCann 
U Toronto

Emanuel Milman
Technion

“Projection
…
Gaussian”



  Log-convex Density Theorem 
(Gregory Chambers 2018? Brakke conj 2004).   

   Log(r) convex (e.g. exp +r2)

   => Spheres about 0 optimal in Rn  
             

Pisa, June, 2014



Greg Chambers



Greg Chambers

“...symmetry...spiral
...very delicate 
estimates...”



DOUBLE BUBBLE
IN Rn

Enclose and separate two 
given volumes with 
minimum perimeter.



DOUBLE BUBBLE CONJECTURE
(Joel Foisy undergraduate thesis ‘91)

THE STANDARD 
DOUBLE BUBBLE IS 
THE MOST 
EFFICIENT SHAPE.

120o120o

120o



DOUBLE BUBBLE CONJECTURE
(Joel Foisy undergraduate thesis ‘91)

THE STANDARD 
DOUBLE BUBBLE IS 
THE MOST 
EFFICIENT SHAPE.

120o120o

120o



John M Sullivan

TWO SEPARATE BUBBLES 
ARE WASTEFUL:

More efficient 
to share 

common wall



BUBBLE IN A BUBBLE 
EVEN WORSE:



BUBBLE IN A BUBBLE 
EVEN WORSE:







NONSTANDARD DOUBLE BUBBLE

Computer 
simulation by 
John M 
Sullivan

(UNSTABLE—MORE AREA)



NONSTANDARD DOUBLE BUBBLE

John M 
Sullivan

(UNSTABLE—MORE AREA)



NONSTANDARD DOUBLE BUBBLE

Yuan Y Lai



NONSTANDARD DOUBLE BUBBLE

Yuan Y Lai



NONSTANDARD DOUBLE BUBBLES

Jason Canterella and John M. Sullivan



NONSTANDARD DOUBLE BUBBLES

Jason Canterella
mathoverflow.net/questions/70888/shortestpathsonlinked

tori

John M. Sullivan



NONSTANDARD DOUBLE BUBBLE

F. Goro

EMPTY SPACE INSIDE??

FRAGMENTED



Prop. Surface of 
revolution:



LEMMA. Some vertical plane 
splits both volumes in half.

PROOF. Consider vertical 
planes P splitting 1st volume 
in half,                 0  180o

By the 
“Intermediate Value 
Theorem,” one 
splits the 2nd 
volume in half.

PROOF SURF OF REVOLUTION



ONE PLANE SPLITS BOTH VOLS 
IN HALF

Cor. May 
assume x-z 
and y-z planes 
split volumes 
in half.
Then z-axis turns 
out to be axis of 
revolution.

z-axis



Cor 2. May 
assume 
symmetry 
under       
x→x,  y→y,      
  180o 

rotation.

AXIS PLANES SPLIT BOTH VOLS 
IN HALF



180o SYMMETRY =>

1. Every vertical plane 
splits the volumes in 
half.                 2. Bubble 
perpendicular to vertical 
planes.                            3. 
Bubble tangent to rotation 
vectorfield.                           
        4. Bubble is a surface 
of revolution.



DBL BUB 
CONJ 
PROVED

Annals Math. 
March 2002

by 
Hutchings, 
Morgan, 
Ritoré, and 
Ros

SCIENCE

STANDARD 
DOUBLE 

BUBBLE BEST

NOT:

with regions 
disconnected



IDEA OF PROOF IF EACH REGION 
CONNECTED (“INSTABILITY”)

ROTATE TWO “HALVES” OF BUBBLE IN DIFFERENT 
DIRECTIONS ABOUT CAREFULLY CHOSEN AXIS A 
TO PRESERVE VOLUMES

A

A



IDEA OF PROOF IF EACH REGION 
CONNECTED (“INSTABILITY”)

SMOOTH KINKS TO REDUCE 
PERIMETER:

Technically, stability => 
unique continuation; 2nd varn 

formula



Thm (Hutchings). Region 
of volume fraction v 
connected if Hutchings 
function positive:

F(v) =                                     
2A(v/2) + A(1v) + A(1)  2A(v,1
v)     > 0.

True for v > .2…  in R3.

Michael Hutchings 
SMALL ‘92



“SMALL” UND RES 
GEOM GROUP 1999 

PROVED DBL BUB 
CONJ IN R4 

Ben Reichardt 
Cory Heilmann 
Yuan Lai     
Anita Spielman

& Rn for certain volumes for which 
larger bubble is connected

Cory Yuan Anita

Ben



GEOM GPS 2001-2003 

EXTNS TO S3 & H3 when both 
regions known connected

For S3, all ≥ 10%.                        
For H3, smaller at least           
85% of larger.

(Ensuring each region 
connected.) 



GEOM GPS 2001-2003 
EXTNS TO S3 & H3

Verify Hutchings 
inequality 
numerically to 
show each region 
connected.

For S3, all ≥ 10%.                        
For H3, smaller at least           
85% of larger. 



Regions connected if h > 0

S3 10
%



120o 120o

120o

Sn
Sn

Difficulty: how to verify 
crucial Hutchings 
inequality in all Sn ?



GEOMETRY GROUPS 2004-5 
DOUBLE BUBBLES IN GAUSS SPACE

Stephanie, FM, Vojislav
Ivan, Ya

VERSAILLES PALACE OF LOUIS XIV
Diana, Regina, FM, Eliz, 
Michelle

2005

2004



GEOMETRY GROUPS 2004-5 
DOUBLE BUBBLES IN GAUSS SPACE

Gm

Not 2 hyperplanes.



GEOMETRY GROUPS 2004-5 
DOUBLE BUBBLES IN GAUSS SPACE

Gm
120o120o

120o

Conj.                         
3 half-hyperplanes 
meeting at 120o.



Good news: suffices to 
check Hutchings 
inequality in G2.

Gm
J. Corneli           
SMALL ‘01 
PlanetMath.org

120o120o

120o



Bad news: methods do 
not apply in Gm for 
lack of translational 
symmetry.

Gm
J. Corneli 
SMALL ‘01 
PlanetMath.org

120o120o

120o



120o 120o

120oIDEA OF PROOF:

PROVE FOR           
Sn AND Gm 

SIMULTANEOUSLY

J. Corneli           
SMALL ‘01 
PlanetMath.org



120o 120o

120oGm is limit of 
projections of 
high-dim’l 
spheres.

Sn(√n)

Gm

as nMehler 1856,   
 not Poincare

J. Corneli           
SMALL ‘01 
PlanetMath.org



120o 120o

120oIDEA OF PROOF: 

1. Verify Hutchings 
inequality in G2.

2. Carry out proof in Sn.

3. Transfer result back to 
Gm.

J. Corneli           
SMALL ‘01 
PlanetMath.org

Gm



Gm

Proof.                             
Hutchings function h pos in G2  
 => h pos in Sn for large and hence all 

n                            => Best dbl 
bub in Sn standard => Best dbl 
bub in Gm is     hyperplanes 
at 120o



Gm
THREE 
VOLUMES IN 

GAUSSIAN Gm

STEPHANIE
IVAN

VOJISLAV
YA

2004/5 Geom Groups

120o

120o

120o

Proved for 
nearly 
equal 
volumes 
(each .3 
to .37).



Gm
THREE 
VOLUMES IN 

GAUSSIAN Gm
120o

120o

120o

Proved for 
nearly 
equal 
volumes 
(each .3 
to .37).

Proofs for all 
volumes require 
a different 
approach.



“SMALL” UND RES 
GEOM GROUP 1999 

PROVED DBL BUB 
CONJ IN R4 

Ben Reichardt 
Cory Heilmann 
Yuan Lai     
Anita Spielman

& Rn for certain volumes for which 
larger bubble is connected

Cory Yuan Anita

Ben

2008: 
BEN PROVED

FOR Rn



Ben

2008: 
BEN PROVED

FOR Rn

Neither 
region 
connected

Never extended 
to other spaces.



Gaussian Dbl Bub Thm.     
                      (Milman-
Neeman, arXiv Jan’18). For 
any 3 volumes in Gm best 
partition is3 HYPERPLANES AT 120o

Gm
120o120o

120o

Milman-Neeman



Gm
120o120o

120o

Gm
120o120o

120o

P0(v1,v2,v3) ≤ 

PT(v1,v2,v3) 

Prop. P0” ≤ PT”
Contradiction.



Milman-Neeman

cone over  
reg simplex.

Gaussian Multi-Bub Thm.  
                         (Milman-
Neeman, May ’18). For any q 
volumes in Gm  (q ≤ m+1) 
best partition is



Conjecture in G2

Best partition for 4 areas (q = 
m+2)

2004/5 Geometry Groups

120o
120o

120o120o

120o

120o



OPEN QUESTION IN Rn

John M 
Sullivan

IS THE STANDARD TRIPLE BUBBLE 
THE ABSOLUTE LEAST AREA 
SHAPE?

V1

V2

V3

V1
V2

V3

Jeremy Ackerman



BEST PLANAR 
TRIPLE BUBBLE

Wacharin Wichiramala      
PhD thesis, 2002       
Hundreds of cases.



DO SOAP BUBBLE CLUSTERS FIND THE 
ABSOLUTE LEAST AREA SHAPE?

A. Yes, always.                         
B. No,  not always.                    
C. No one knows for sure.

V1

V2 V3



DO SOAP BUBBLE CLUSTERS FIND THE 
ABSOLUTE LEAST AREA SHAPE?

B. NO, NOT ALWAYS:

less area more area



DO SOAP BUBBLE CLUSTERS FIND THE 
ABSOLUTE LEAST AREA SHAPE?

least area ?

No, better to 
put tiny fifth 
region in back, 
with three 
largest 
bubbles.Best?                 
I think so, but 
it’s hard to 
know for sure.



Recall for Rn with radial log-
convex density single bubble is 
sphere about origin.

precisionballs.com

er
2

er2



R2 with density

Double bubble problem: 
enclose and separate given 
weighted areas with 
minimum weighted 
perimeter.

er
2

er
2



small areas 

Diana Davis ‘07

R2 with density er
2



larger areas? 

R2 with density er
2



larger areas? 

R2 with density er
2



 Who’s 
right?



“You 
were 
right”



“You 
were 
right”



“You 
were 
right”



“You 
were 
right”

Leo Di Giosia



Some 
large 

unequal 
areas



Proved in 
1D for log-
convex 
densities.



V2

V1

Triple

100

10

V2=10V1 Double



Proved in 
1D

Dylanger 
Pittman





math.williams.edu

Students 
from around 
the world. 
Apply by 
early Feb.



AMS.org



   

Bubbles
in a Torus



BUBBLES IN FLAT 
2D TORUS



BEST SINGLE BUBBLE 
IN TORUS T2:

H. Howards ‘92



BEST DOUBLE BUBBLE 
IN TORUS T2 ?



MASTERS’ CONJ (1994)

CHAIN



MASTERS’ CONJ (1994)

STUDIED BY GEOM GPS 2001-2002
Ben 

Steinhurst

Joe 
Corneli

Nick 
Leger Eric 

Schoenfel
d



MASTERS’ CONJ (1994)

YES

STUDIED BY GEOM GPS 2001-2002
Ben 

Steinhurst

Joe 
Corneli

Nick 
Leger Eric 

Schoenfel
d

Joe 
Corneli



NOT OCTAGON-SQUARE

Geom Gp ’01/’02

Geom Gp ‘01

Geom Gp ‘02



NOT OCTAGON-SQUARE



Geom Gp ’01/’02

Which type 
for which 

areas?



BAND LENS

STAN D BUB



BUBBLES ON 3D TORUS



BEST SINGLE BUBBLE ON 3D 
CUBIC TORUS

ball cylinder

slab

CONJECTURE (Ritoré and Ros)



Ros
p. 183

CONJ:

CLOSE:

within .03%



Ros
p. 183

CONJ:

CLOSE:

within .03%

In skewed cube, 
beats conjecture 
by .02% (Romon).

visualfunhouse.com



BEST DOUBLE BUBBLE           
ON 3D TORUS



DBL BUBBLES ON 3D TORUS

Q. HOW MANY OF THESE 
ARE WINNERS? ALL 6



ALL 
CANDs 
WIN 
EXCEPT 
SCARY 
GARY



“DOUBLE 
BUBBLES 
IN THE      
3-TORUS”

 BY... JOE CORNELI GENEVIEVE WALSH

MIGUEL CARRIÓN SHAB BEHESHTI

Exp 
Math 
2003



DOUBLE 
BUBBLES 
IN THE      
3-TORUS

TEN 
WINNING 

TYPES



Millersville Student Research 
Team

Dan 
Kravatz

Sherry 
Linn

Nick 
Brubaker

Steve 
Peurifoy

Steve 
Carter

Alden 
Stowe Sean 

Evans



CHAIN



DOUBLE 
BUBBLES 
IN THE      
3-TORUS

TEN 
WINNING 

TYPES



CYLINDER SLAB



CENTER BUBBLE



JOE CORNELI GENEVIEVE WALSH

MIGUEL CARRIÓN SHAB BEHESHTI

“Those are 
awesome.”



WHICH 
TYPE 
FOR 

WHICH 
VOLs?



PHASE 
PORTRAIT 
FOR 
VARYING  
VOLUMES





DOUBLE 
BUBBLES 
IN THE      
3- TORUS

LOSING CANDIDATES



DOUBLE 
BUBBLES 
IN THE      
3-TORUS

TEN 
WINNING 

TYPES 
(CONJ)



DOUBLE 
BUBBLES 
IN THE      
3-TORUS

TEN 
WINNING 

TYPES 
(CONJ)
THANK 

YOU
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