NONLOCAL PROBLEMS IN THIN DOMAINS
MARCONE C. PEREIRAT AND JULIO D. ROSSI

ABSTRACT. In this paper we consider nonlocal problems in thin domains. First, we deal
with a nonlocal Neumann problem, that is, we study the behavior of the solutions to f(z) =
fﬂ1xﬂ2 Je(z — y)(u(y) — us(x))dy with J.(2) = J(21, €22) and Q1 x Q2 C RY = RM x RM2
a bounded domain. We find that there is a limit problem, that is, we show that u* — wuo as
€ — 0 in Q and this limit function verifies sz f(z1, z2) dzo = || fﬂl J(z1—y1,0)(Uo(y1) —
Uo(z1))dyr, with Ug(z1) = fQ2 uo (1, z2) dxs. In addition, we deal with a double limit when
we add to this model a rescale in the kernel with a parameter that controls the size of the
support of J. We show that this double limit exhibits some interesting features.

We also study a nonlocal Dirichlet problem f(z) = [on Je(z—y)(u(y) —u®(z)) dy, = € Q,
with u¢(z) = 0, z € R™ \ Q, and deal with similar issues. In this case the limit as ¢ — 0 is
uo = 0 and the double limit problem commutes and also gives v = 0 at the end.

1. INTRODUCTION

Our main goal in this paper is to study nonlocal problems with non-singular kernels in thin
domains. We deal with Neumann or Dirichlet conditions.

The Neumann problem. We consider
(11) f@ = [ =) - @)y
Q1 xQo
where
JE(Z) = J(Zl, 62’2),
€ > 0 is a parameter, and Q = Q1 x Qy € RY = RM x R is a bounded Lipschitz domain.

We denote by © = (x1,x2) a point in Q1 x Qq, that is, 1 € Qq, z2 € Qo.
Here, and along the whole paper, the function J satisfies the following hypotheses

J € C(RY,R) is non-negative with J(0) > 0, J(—z) = J(x) for every z € R, and

/RN J(z)dz = 1.

On the other hand we only assume that f € L?(€).
It is worth noting that we are calling ([1.1]) as a nonlocal thin domain problem due to its
equivalence with the equation

(H)

(1.2) he(z1, 29) = Ejlv/Q I w)w) - o) de
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2 M. C. PEREIRA AND J. D. ROSSI

with he(z1, 22) = f(21, 22/€). This equivalence between (1.2]) and (|1.1)) is a direct consequence
of the change of variable

Q1 x Q9> (.%‘1,1‘2) — (1'1,61‘2) € Q1 x €.

Furthermore, we can see that , and then , are nonlocal singular problems since the
bounded domain € x € Q9 degenerates to 1 x {0} when the positive parameter e approaches
to zero. We also are in agreement with references [8, [17, [14] using the factor 1/e™2 in
to preserve the relative capacity of the open set 1 x €€y for small e. The convenience of
dealing with is clear since its solutions u¢ are defined in the fixed domain = Q7 x Q5.

Solutions to (|I.1]) are understood in a weak sense, that is,
[ t@e@da= [ [ ) - w@) dyels) do
Q1 %82 Q1 xNQo JQ1 x0s

—-1 /Q . /Q o, @ =) v @)() - o(a) dyda

for every ¢ € L?(9). Note that taking ¢ = 1 we obtain that the condition

/ f(z)dx =0
Q1 xQ9

is necessary to have a solution. Also note that solutions are defined up to an additive constant
and hence we will normalize them and look for solutions with zero mean value

/ u(z)dr = 0.
Ql XQQ

Now we are ready to state our first result. It says that there is a limit as € — 0 of the
solutions to our problem and that this limit, when we take its mean value in the y-direction,
is a solution to a limit nonlocal problem in 2 with a forcing term given by the mean value
of f. Even when we consider the averages of solutions in )9 we obtain strong convergence in

L2().

Theorem 1.1. Let {u‘}cso be a family of solutions of problem . Then, exists ug € L*(9)
such that

u® — ug strongly in L*(Q)
and

U — Uy strongly in L*()

where the functions U¢ and Uy are given by

(1.4) Ue(xl):/ u®(z1, r2) dxa, and Uo(xl):/ uo(z1, x2) dre,
Qz QZ

respectively. Furthermore, we have that Uy satisfies the following nonlocal problem in €2y

(1.5) f(x1) = ; f(w1, ) dzo = |Q2] ; J(r1 —y1,0)(Uo(y1) — Uo(z1))dy:.

Note that, since the kernel is smooth, there is no regularizing effect for this problem and
therefore to obtain strong convergence in L?—norm is not straightforward.
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We call equation (|1.5)) as the limit equation of problem (1.1). Note its dependence on the
open set {2 given by the coefficient |Q9| in the right side of the limit problem. If we denote
by no(p) the average of ¢ on a set O, that is,

: /
po(p) = ©(§) d¢,
0] Jo P
we obtain from Theorem [[.1] that

pe, (u) = pg, (uo) — in L2 ()

where pq, (ug) € L?(€21) is the unique solution of the nonlocal limit equation
pe, (f) = |92|/Q J (w1 = y1,0)(pe, (wo) (Y1) — pe, (uo) (21))dy:.-
1

As a final remark concerning Theorem [I.1] we point out that the limit ug in general depends
on x9. This can be seen just by computing the derivative with respect to x5 (that exists
assuming that f is smooth) and showing that this derivative does not go to zero as € — 0.
We provide some details concerning this fact in Section 3] This fact has to be contrasted with
what happens in parabolic and elliptic local problems posed in thin domains [8, [15], where
the limit function ug does not depend on variable zo € {29. Thus, the average convergence of
the solutions u¢ becomes a nice way to describe the asymptotic behavior of problem as
e — 0 (note that since in general the limit depends on x9 we cannot avoid the use of averages
to obtain solutions of the limit problem).

Concerning references for nonlocal problems with smooth kernels we refer to the book [I]
and references therein. Let us point out that since we are integrating in € this problem is
a nonlocal analogous to the classical elliptic problem for the Laplacian with homogeneous
Neumann boundary conditions, that is,

{ Au = f, in £,
ou
ain = 07 on 89

In fact, in [6] is proved that solutions to the nonlocal problem (|I.1)) converge as a rescaling
parameter that controls the size of the support of J goes to zero to the solution to the local
problem (here we normalize as before and consider the unique solution that has zero mean
value).

This relation between nonlocal and local problems gives rise to the following issue: we can
rescale the kernel (with a parameter that we call § and controls the size of the support of the
kernel) and study this rescaled problems in a thin domain. That is, let us consider

C(e T —y T2 — Yo ¢ .
ro) =g [ (5 L) ey s way
1 2
Here C(e) is the normalizing constant given by
~1
(1.6) C(e) = (1/ J (21, €x0) 27 da;)
2 RN

where z1, is the first coordinate of z1 € 2;. As we can see in Remark
(1.7) 21_1% C(e) =0.

If we take first the limit as § — 0 and then as € — 0 we get
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Theorem 1.2. Under the additional assumptions that f € C*(Q2) and that 2 has a boundary
C*_regular, 0 < a < 1, as § — 0 there exists a strong limit in L?(S2) to a solution to a local
problem, that is,

lim u®® = v
—0

where v¢ is the solution to
1 .
Ay, v+ 6—2Aw2v6 = f, in Q,

ove 1 ov¢
— =0 o0
6n1 62 8712 ’ on ’

with fQ v¢ = 0. Moreover, there is a limit as € — 0 of v¢ that we call v that is the solution to

1
Ay v=—— f(x1, xo)dza, in Q,
Q2| Ja,
v
- Q
anl 0, on 0 1,

also satisfying le v = 0. Hence, we conclude that

lim (lim u5’6> =v in L*(Q).

e—0 \ 6—0

Note that here A;, denotes the Laplacian differential operator in the open set €;, i =1, 2.

On the other hand, when we reverse the order in which we take limits, that is we take first
the limit as € — 0 and then as § — 0 we get

Theorem 1.3. As e — 0 there exists a strong limit in L*(QQ), that is,

lim C(e) u® =’
e—0
where u® is the solution to
1 (1 — 1) > 5 5
1.8 fa::/ J(,O u’(y) —u’(x))dy.
(18) @=gvm [ 7 (TF0) 00— @)

Then, if we take Cy given by

1 -1
Ci = ( J(21,0) 27, dm) ,
2 RN

where x1, is the first coordinate of x1 € Q1, there is a limit as § — 0 of

5
5 u’ (71, T9)
= — " qd
U°(z1) /Q2 oM T

that we call v, and can be characterized as the solution to

1
Apv=—— f(x1,x2) dza, in Q1,
Q02| Ja,

v 0, on 08y,

o1
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with le v = 0. Hence, we conclude that

. . C(G) 8,€ ; 2
%1_1}(1) (/02 21_1)% e SN U (1, x2) dm2> =v in L*(Q).

Due to Theorems and we obtain that the limits of u>¢ depend on the order in
which they are taken. Indeed, for any f # 0 in L?(2), we get from (L.8)) that u® is not the
null function. Hence, from (|1.7)) and Theorem [1.3[ we get

3 57 —
lim a2 (g) = o0

for any o > 0. Thus,

e—0 \ 6—0 0—0 \e—0

v = lim (lim u6’€> # lim (lim u5’5> in L?(Q)
and we can not pass to the double limit in the solutions u®€.
The Dirichlet problem. Now, let us consider

(1.9) fa) = /R =) )~ @)y, wen
with
(1.10) u () =0, zeRV\Q,

where, as before,

Je(2) = J (21, €22),
€ > 0 is a parameter, and Q = Q1 x Qy € RY = RM x RM is a bounded Lipschitz domain.
As in the Neumann problem , equations ((1.9)) and are called nonlocal Dirichlet
problem in thin domains due to their equivalence to the problems

hE(Zl,ZQ) = ]];IQ/RN J(Z — w)(ye(w) — Uf(z)) dw

€
with v(2) =0, 2 € RV \ (Q1 x €Qy), and he(z1,22) = f(21, 22/€).

For this problem, we have the following result, which is in agreement with the local Dirichlet
problem in thin domains [, [15]:

Theorem 1.4. Let {u}eso be a family of solutions of problem (1.9)) satisfying (1.10). Then,
u® — 0 strongly in L*(Q).

Now we just observe that if we introduce an extra parameter 0 that controls the size of the
support of the kernel, as we did for the Neumann case, we are lead to consider the following
problem:

1) =g [ (P52 ) ) - wanan, e,

with u®? satisfying (T.10)) and C(e) given by (1.6)). For this problem we have

Theorem 1.5. Under the additional conditions f € CY() and Q with boundary C*T-regular,
0<a<l,asd — 0 there erists a strong limit in L*(Q), that is,
1) €

lim u®° =wv
6—0
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where v¢ is the solution to

1
Ay v + 5 A0 = f, in Q,
€
v =0, on 0f).

Moreover, the limit as € — 0 of v¢ is v = 0. Hence, we conclude that

e—0 \ 6—0

lim <lim u5’6> =0 in L*(Q).

If we reverse the order in which we take limits we obtain the same limit.

Theorem 1.6. As e — 0 and then § — 0, v = 0 is the strong limit in L*(Q), that is,

. : o\ __ . 2
%L)r%(lg%u )-0 in L*(Q).

Remark 1.1. Note that, in contrast with Theorems and we get that the limit as
5 — 0 and € — 0 of u® commutes.

With the same methods and ideas we can handle the case of §2 being a general domain in
RM+N2 (not necessarily a product domain) getting different limit problems. In forthcoming
papers we will discuss this problem in its full generality. Here, we prefer to present our results
for a product domain to simplify the notation and the arguments involved.

We remark that here we deal nonlocal problems with a non-singular and compactly sup-
ported kernel. The main difficulty that this fact introduces in the problem is the lack of
regularizing effect in the solutions. In fact, for example, solutions to are as smooth
as the forcing term f is. We leave the case of singular kernels (like the ones that appear
considering the fractional Laplacian) for a future paper.

Let us end this introduction with a brief description of related references. Thin domains
occur in applications and they can be found in mathematical models from many applied areas.
For example, in ocean dynamics, one is dealing with fluid regions which are thin compared
to the horizontal length scales. Other examples include lubrication, nanotechnology, blood
circulation, material engineering, meteorology, etc; they are a part of a broader study of the
behavior of various PDEs on thin N—dimensional domains, where N > 2. Many techniques
and methods have been developed in order to understand the effect of the geometry and
thickness of the domain on the solutions of such singular problems. From pioneering works
to recent ones we can still mention [I8, 13} 10, [5, B] concerned with elliptic and parabolic
equations, as well as [2], 9, [4 [1T], 12] where the authors considered Stokes and Navier-Stokes
equations from fluid mechanics.

The paper is organized as follows: in Section [2| we include the proof of our result concerning
the limit as € — 0 for the Neumann problem, Theorem[I.1} in Section[3|we show that in general
the obtained limit ug depends on x9; in Section 4| we deal with the double limit as ¢ — 0 and
6 — 0 for the Neumann problem and prove Theorems and in Section 5| we start the
analysis of the Dirichlet case and prove Theorem finally, in Section [6] we deal with the
rescales of the kernel for the Dirichlet case proving Theorems and
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2. THE NEUMANN PROBLEM. PROOF OF THEOREM [L.1]
First, we just observe that existence and uniqueness of a solution u¢ to our problem
f@ = [ e - y)a) - u(@)dy
Ql XQQ
in the space

W:{u€L2(91 X Q) : /
Q

follows easily considering the variational problem

iré%// (x—y )—u(:v))2dydx—/gf(:c)u(:v)dx

In fact, from Lemma [2.1] - (see below) we have that in W

fulls= [ [ o= ) (uty) =~ u(e)dy da

is a norm equivalent to the usual L?—norm. From this fact, it is immediate that the functional
involved in the minimization problem is lower semicontinuous, coercive and convex in W, and
hence there is a unique minimizer in W. This unique minimizer (that we call u¢) is a weak
solution to our problem, that is, it verifies ,

/QlXQZ f(z)o(z)dx = /leQQ /leng T(z — y) (u(y) — u())dyep() dz
1 . )
- _5 /leﬂz /leflz JE(x a y)(u (y) —u (33))(<P(y) - (p(.l‘)) dydx

for every o € L?(2).
Taking ¢ = u® we get

€ 1 € €
[ @@=y [ e ) - @) dyds
Q1 %09 Q1 xQ2 J Q21 %02
> [ )P
Ql XQQ
Here A{ is the first eigenvalue associated with this operator in the space W. This first
eigenvalue is given by
/ / (x — (y) — u(zx))?*dy dx
= inf .

wew / u?(z) da
Q

For a proof that A{ is strictly positive we refer to [I].
Therefore, using that A{ > ¢ > 0 with ¢ independent of € (see Lemma , we get that

/lem(ue(a;))2 dx

is bounded by a constant that depends only on f but is independent of €. Hence, along a
subsequence if necessary,

(2.1) u — ug

u(z) do = o},

1 X2
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weakly in L2(Q1 x Qo) as € — 0.
Now, let us take a test function that depends only on the first variable, that is ¢ = ¢(x1)

in (1.3)). We obtain

/Ql o(x1) ( Q2f(x1,x2)d:v2> dzy = /QIXQ2 F(@)p(z1) do
B /91 #e) /92 /9le2 Je(z = y)(u(y) — u(2))dy dzz dz;.

Taking limit as € — 0 we get

/91 (1) (/QQ f(xl,a;Q)d@) dy

(2.2 ::/21@($1)/£1J($1——y1,0)[/QQJQQ(Uan,yz)—‘U0($1,$2» dyzde}dyldml

= |QZ|/ 90(501)/ J(z1 —y1,0) [/ uo (Y1, y2)dy2 —/ Uo(fﬁl,l’z)dm] dy, dxy.
Ql Ql QQ Q2
Then,
Uo(azl):/ uo(z1,x2) dre
Qo

is a solution to

fz1) = ; f(z1,22) dzg = [Qa] ; J(x1 —y1,0)(Uo(y1) — Uo(z1))dy:.

/ </ u(z1, z2) dx2> dry = / u(z)der =0
Q1 Q2 legz

/ Up(x1) dxy = / up(x) dz =0,
o1 Q1 xQ2

and then, Up is the unique solution of (|1.5)) since J(-, 0) also satisfies assumption (H). In fact,
we have from [I] that ug € L?(Q1 x ) is the unique solution of

Note that since

we get

(2.3) ﬂ@ZAXQﬂm—wﬂmmw—wwﬂwm

in the space W. In this way, we conclude that the sequence u¢ is weakly convergent in L?(£2)
with limit ug as e — 0.

Consequently, if we denote

Uﬁ(nvl):/Q u(x1, x2) dxe,
2

it follows that
(2.4) U — Uy, ase—D0,
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weakly in L?(Q1). Indeed, for all ¢ € L?(€y),
/ pU dr, = / o(z1) u(x1, x2) drrdrsy
Ql Ql XQQ

— gp(xl)uo(xl,xg)dxld:cgz/ pUydxy.
QlXQQ Q1

Now we are ready to proceed with the proof of Theorem

Proof of Theorem[1.1. The existence of ug € L*(Q) such that u¢ — ug and U¢ — Uy weakly
in L?(Q2) and L?(£2;) respectively has been proved in (2.1)-(2.4). Thus, since we are working
in Hilbert spaces, we will complete the proof showing the convergence of the norm.

First, we show that
w2y = llwollL2(e)-

Taking ¢ = u in (L.3), we get
[ ([ =) wwras= [ [ s vt - [ s

From weak convergence, it is clear that

(2.5) /Qf(x)ue(x)d:v — /Qf(x)uo(x)dzb as € — 0.
Moreover, we have

(2.6) Ac(x) = /Q Je(z —y)dy — /QJ(.T}l —y1,0)dy = Ap(x) in L™(Q)
with

Q| T]loe = Ao(z) >m >0  Vzel.
Indeed, since we assume J(0) > 0, there exit g > 0 and m > 0 such that

(2.7) 12|00 = / Je(x —y)dy > m > 0, whenever € € [0, ¢].
Q

Also, J is a continuous function in RY, and then, for any compact set K C RY, given § > 0,
there exists €1 > 0 such that

[Ac() = Ao(z)] < /Q [T (21 = y1, €(z2 = y2)) = J(21 — 41, 0)[dz < 5[0

whenever €|zy — y2| <€ and (z — y) € K. In this way we get ([2.6]).
Now let us show that

(2.8) / / Je(x — y)u(y)u(z) dydr — / / J(x1 —y1,0)up(y)uo(z) dydz, ase— 0.
QJQ QJQ
In order to do so, let us consider
O(@) = [ Jlo -y, we .
Q

Since u¢ — ug weakly in L%(Q) and J.(x —-) — J(z1 — -, 0) in L?(Q) for all x € Q, it is not
difficult to see that O°(x) — Og(z) for all z € Q where

Oo(z) = /Q J(21 — g1, 0)uoly) dy.
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Hence, since |O°(z)| < || J]|ool|u]|L2(q) With [|uf]|z2(q) uniformly bounded in e, it follows from
the Dominated Convergence Theorem that

(2.9) O — 0Oy
weakly in L2(Q) as € — 0.
Moreover, we have {O(z)}? — {Op(z)}? and |O¢(z)]* < HJH%OHUGH%Q(Q) for all x € Q.
Thus, arguing as in (2.9) we get
(2.10) 10 L2y = 100l z2(0)

We conclude from (2.9) and (2.10) that O¢ — Oq strongly in L?(£2), which implies

/Q/QJe(l’—y)ue(y)uG(x) dydw:/QOE(a:)u (z) da

— / Oo(z)up(z) de = / / J(x1 —y1,0)up(y)uo(z) dyde, ase— 0.
Q aJa
Then, from (2.5) and (2.8, we obtain

/Q </Q Jo(z —v) dy) w(2)? do — /Q/Qj(xl — 1, 0)uo(y)uo(x) dy da

—/Qf(:x)uo(:c)da:
Now, observe that

/Q </Q J(z1 —41,0) dy) up(z)? dz = /Q/Qj(g;l — 41, 0)uo(y)uo(z) dy da
- [ Fapuo(w)is

since ug € L?(f2) satisfies the limit equation (2.3). Then, it follows from (2.11)) that

/Q </Q Tz =y) dy) *d — / </ —1,0) dy) uo(x)? da,

as € — 0, that is,
(2.12) /Q A (2) u(2) dz — /Q Ao(w) uo()” dz.
On the other hand, notice that
/QAO(x) {ue(x)Q - uo(:ﬂ)Q} dz = /Q {Ae(z) ws(z)? — Ao(z) uo(x)Q} dz
_/Q {4c(@) — Ao(a) bt (@) d

(2.11)

which implies from ([2.6)) and ( - ) that
/ Ap(z) ue(az) - uo(x)Q} dr —0, ase—0.
Q
Hence, since Ay is strictly positive, we get

[ullz2() = lluollz2(o)
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and we conclude that u¢ — ug strongly in L2(Q).
We finish our proof showing that
U 22(01) = 10ollz2(0y)
as € — 0. Again, this is a consequence of the Dominated Convergence Theorem since U¢ — Uy
weakly in L2(Qq) with
2
U < ([ wlonm)dn) <Ol g, ae o
951
and

/Q [u (21, )2y do1 = U172y = luolZ2q) ase—0.
1

Remark 2.1. Let us point out that for the more general situation
Fi@) = [ Jida =) = @) dy

with f¢ — f strongly in L?(£2) we can reach the same results described in Theorem since
[ f€|l2(q) remains uniformly bounded in € > 0 and

| @@= [ @)

even when u€ — ug weakly in L?(Q).

Now, let us show that the first eigenvalue associated to this nonlocal problem also converges
as € — 0 to the first eigenvalue of the associated limit operator. The fact that this limit
eigenvalue is positive implies that A{ (with e small) is bounded below by a positive constant
that is independent of e.

Lemma 2.1. Let {\{}es0 be the family of first eigenvalues introduced in (1.3)).
Then, there exists A1 > 0, the first eigenvalue of the operator Ty : Wy — Wy given by

<%www:—m44Jurwmmwmwmum@h e,
with
Wy = {u € L) : /Ql u(zy)dry = 0} ,

and it holds that
Al =\ as € — 0.

Consequently, there exists ¢ > 0 independent of € such that A} > ¢ for all € > 0.

Proof. First, we note that, due to [I, Lemma 3.5]
0 <\ < min [ Jufe = p)dy < 90 ]s Ve 0.
ze€Q JO

Thus, we can extract a subsequence, still denoted by A{, such that A{ — A\; > 0. Furthermore,
we can take a sequence of eigenfunctions ¢¢ € L*(Q) with [|¢¢||12(q) = 1 and

¢ — o
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weakly in L2(Q) as € — 0. Note that, for all ¢ € L?(9),
(213 i [eorto= [ o) | [ e - e - i) i

Moreover, we can assume that ¢g € L?(f2) is not the null function. In fact, if we take

¢ = ¢ in [2.13), we get by [2.6) and [|¢|| 2() = 1 that
/QAE(ZE) ¢ (x)? d — \§ = /Q /QJE(;L' — ) ¢°(z) ¢ (y) dydx.

Hence, if we have ¢g = 0 in €2, we can pass to the limit obtaining
Al —= A1 >m >0,

since the function A, satisfies (2.7). Thus, we have A\; > 0 and nothing more to prove.
Then, let us assume ¢g # 0 in L?(§2). Passing to the limit in ([2.13)), we obtain

(214) -\ /Q o dodz = /Q o(2) [ /Q J(1 — 1,0) (do(y) — ¢o<x>>dy] dr, Yy e I*(Q).
Arguing as in , we get from that

—)\1/ (p(I)o dl‘l = |Q2|/ 2] [/ J(:L’l — yl,O)(CI)O(yl) — <I>0(x1))dy1} d."El, Vﬁp S LQ(Ql),
Q1 (91 Q1

where
Po(z1) = [ dolz1,22)d22.
Q2
Since J(-,0) satisfies hypothesis (H), it follows from [I, Proposition 3.4] that A; is the
first eigenvalue of Ty which is positive. We complete the proof observing that A{ — A; is an
arbitrary subsequence. O

3. REMARKS ON THE LIMIT SOLUTION

Here we discuss the dependence of the limit function ug given by Theorem on the
second variable x5 € 5. In order to do so, we will assume that the forcing term f is a
smooth function, and the kernel J is of class C' with bounded derivatives. Under these
assumptions, u€ is also smooth and we can differentiate expression with respect to xo
obtaining

ous

of 0J. . .
—¢ | G =) @)y~ [ Ja =G @) d,

—(Xx) =¢€
8902 985(,‘2

which implies

B grw=(f J€<x—y>dy>_1(e oo = )0 (0) D)y - 5L @)

0x9 Q 0x2 Oxo

Then, since ||J¢||c and ||0J¢/0z2||s are uniformly bounded by a constant independent of
e and u€ — ug in L?(Q), we get

¢ —1
(3.2) gzz () = — ( /Q J(z1 —y1,0) dy> ggi(x) ae. Q
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as € — 0. Moreover, it follows from

aJ, 0J,
€ _ € € dul < € . € 4 91/2 €
[ e 00w vy < |G| (e + 00 )
that
dJ. 9Je
- “(y) —uf d <2|Q € .
[ v ey <oFE] Wi
Consequently, we can get from (3.1)) that
du _1 Of 2
8:1;‘2 — —A 87552 nlL (Q)
where A € L*>°(Q) is the positive function given by
(3.3) A=lim [ J(-—y)dy in L=(Q),

e—0 (o)

that is,
Alz) = / J(x1 —11,0)dy, for x € Q1 x Qo.
Q

Note that (3.3]) is a consequence of the smoothness of J and the boundedness of €2 since

/Q{Je(x—y)—J(xl—yl,O)}dySe 8852”00 <|Q| \x2|+/Q|y2|dy>,

On the other hand, the function ug satisfies the limit problem (2.3]), and under the assump-
tion that f and J are smooth, we can also differentiate this expression obtaining

8f o auo
S == [ T =0 @
that is,
(3.4) 8—562(:1:) =-A Dy () in Q.
Then, it follows from and that
aue 8’LLO . 2
as € — 0.

Therefore, dug/dre will vanish almost everywhere in , if and only if df/0xs does since
A € L*(9Q) is strictly positive.

Remark 3.1. Note that and show a contrast between the elliptic local problems
and nonlocal ones posed in thin domains. Indeed, as we can see in [8, 17, 14, [I5], the
limit solutions of homogeneous Neumann local problems necessarily does not depend on the
shrinking variable. Here this happens only with the additional assumption

that is, just when we take forcing terms f independent of the second variable xs.



14 M. C. PEREIRA AND J. D. ROSSI

Finally, let us analyze the convergence of the function du¢/9dz; in order to get convergence
in H'(Q) of u¢. Arguing as in (3.1]), we obtain

3 2w =([ae-va) ([ 2w -wena- L),

Q 8371
Thus, to pass to the limit in (3.6)), we just need to consider

(/Q oo —y) dy) - ( OJe ) — (@) dy)

[¢) 83:1

since, due to (3.3), we have
-1
of 1 0f o
Je(x —y)d — 5 AT L7 (0
(/Q (z—y) y) 0r A WLUQ)

as e — 0.
Now, using that ||0.J./021]|c is uniformly bounded and u¢ — ug in L?(2), we can proceed

as in (2.9) and (2.10) to show that

aJ. . aJ
[ Sy = [ 5 =0 uoly) dy

0J, . o.J .
(/Q axl(x—y)dy>u — (/anl(l'l—yl’())dy> U in L2(Q)
Consequently, we obtain from (3.6) that

and

ous _ 0J of

. Al — (11— — up(- - — in L2(Q).
a0 g ([ 2 0w - wod - 21w e

On the other hand, we can differentiate (2.3 to get

auo -1 (9J 8f .

. —=A ——(x1 — — - = Q.
39 50— aw ([ 2L -0 vy - 51 )
Hence, due to (3.7) and (3.8)), we can also conclude that

. — L*(Q
(3.9) . — . in L*(Q)

as € — 0 obtaining the following result:

Proposition 3.1. Let f € H'(Q) and J € CY (RN, R) satisfying hypothesis (H). Then, if uf
is the solution of (1.1)), there exists ug € H*(Q) such that the functions U¢ and Uy introduced
in (L.4) satisfy

Us = Uy in H().

Proof. 1t is a direct consequence of Theorem (3.5) and (3.9)) since

oU¢ ouc
8x1 (xl) = 0, aixl(xl,xg) dIL’Q.
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4. RESCALING THE KERNEL. THE NEUMANN CASE.

For a given J satisfying assumption (H), we consider the following rescaled thin domain
kernel

Jse(z) = C— J(3) weq

oN+2 )
where
Jg(x) = J(]Il,G:L’Q), (:Cl,l‘g) S Ql X QQ
and
1 -1
(4.1) C=C(e) = (/ J(x1,€x9) x%l dac) .
2 RN

Here, x1, is the first coordinate of z; € 1, and N = N; + Ny with N; = dim Q;, ¢ = 1, 2.
Performing the change of variable

(x1 — 1)
)

and using Taylor expansion, we obtain
| sl = u)(utw) ~ uta))dy
RN

_ 052% /RN ; (:m ;y17 e(m26y2)) (uly) — u(x)) dy

6(362 - y2)
6 )

z1 = and 29 =

C
(4.2) =M /RN J(2) (u(zy — 621,22 — d22/€) — u(z)) dz
c | & 1 Qe
= 5Ns Z azu(:v) + =2 Z Ofu(x) /RN J(z)zfldz +0(6)
i=1 i=14+Ny

= Apu(z) + G%Amu(a:) +0(5)

since

1 2 1 2
2N /RN J(z) 21, dz = 2/[RN J(z1,€22) 21, dz,
the constant C' = C(¢), depending on € > 0, is given by (4.1]), and, for all i =1,2,..., N,

/ J(2)zidz=0 and / J(z)zizdz:/ J(2) 22 dz < o0.
RN RN RN
Remark 4.1. Observe that

lim C(e) =0

e—0

since
1

/RNJ(ﬁ,exg)x%lda::GNQ/RNJ(x)xidx%oo, as € — 0.

Expression (4.2)) makes a connection between the non-local problem set by the kernel Js
and the following boundary value problem

1
Ay v (z) + ?AIQUE(CC) = f(x), z €

ov® 1 Ov¢
R o0
om T ony 7 re

(4.3)
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where n = (n1,72) is the unit forward normal vector of 9. As we can see in [8, [16] [17],
problem is that one used to study homogenous Neumann boundary conditions to the
Laplacian operator in thin domains.

From Lax-Milgram Theorem, we obtain for each € > 0 and f € L?(Q) with [, f(z)dz =0
that possesses unique solution in the Hilbert space

H:{veHl(Q):/dexzo}.

Moreover, it is known from [I16] that there exists v € H, independent of the second variable
xo, (that is, v(x1, z2) = v(x1) a.e. (x1,22) € Q1 X Q2), weak solution of the Nj-dimensional
equation

1
A:cl?)(l'1) |QQ| o f(l'l, ) S, 1 EQl
2
. 0 _ 21 € 00
anl - 1 1
satisfying

v = v|lg1i) =0, ase—0.

Proposition 4.1. Let Q C RN be an open, bounded and C**t*-regular region, and f € C*(2)
forsomeO<a<1wztth da:—O

Then, if v¢, v € H are given by and (4.4)) respectively, we have

||'U€—U||L2(Q) —0, ase—0.
Proof. We refer to [16]. O

Now, under the assumptions of Proposition we can argue as in [I Section 3.2.2] to
obtain from (4.2)) that the solutions u®€ given by the non-local problem

(4.5) /Q Jse( — )W (y) — w0 (2))dy = f(z), € Q

satisfies

[u¥€ — v 2y =0, asé—0
for each € > 0 fixed. We sate this result as follows:

Proposition 4.2. Let Q) C ]RN be an open, bounded and C***-regular region, and f € C*(£2)
for some 0 < a < 1 with [, f(x)dz = 0.

Then, if u®<, v¢ are given by [@.5) and (4.3) respectively, we have

|| u® —v6H 2) > 0, asd—0.

Now, we just observe that Theorem [T.2] follows from the previous two propositions.

Proof of Theorem[1.3. Tt follows from Propositions [4.1] and [4.2] that we have

lim <lim u6’€> =v in L*(Q),

e—0 \ 6—0

as we wanted to show. O



NONLOCAL PROBLEMS IN THIN DOMAINS 17

On the other hand, it is not clear that there exists

lim <lim u5’6>
6—0 \e—0
since

C(e) =0, ase—0,

and the functions u%€ satisfies

[ f@rprde = 5 [t [ (M50 AR (5egy) — (o)) dy

for all p € H, d and € > 0, and some f € H fixed. Therefore, we are lead to look for the limit

lim C'(€) u®?.
e—0

Note that

verifies
[ f@rowras = g [t [ (M50 AR (0de(y) - b dya

Hence, arguing exactly as in Section [2| we obtain the following result:

Proposition 4.3. There is a strong limit in L?(Q), that is,

lim C(e) u®® = u’
e—0

as € — 0. Here ud is the unique solution to

(1.6 f@) =g [, (1 5200) 60 - @y
with [ u® dz = 0.

Now, our aim is to take the limit as 6 — 0 in problem (4.6)). To this end, we first recall
that the power of § that appear in front of the integral term is not §—(N1+2) put §—(N1+N2+2)
(note that ©; is a Nj—dimensional domain). Therefore, we are naturally lead to consider

Je - u’
TCoN2

1 —1
Cy = ( / J(z1,0) 2, dx)
2 RN

is just a normalizing constant to obtain the Laplacian in the limit.
1

Here

The functions z° are solutions to

1) = [ 9 (520) ) - ey

Hence, if we integrate in )y we get

f(x1, x2) dzo

Qo
C1 (z1 — 1) 5 5
= |QQ|6N1+2/Ql J((S’O /sz (y1,y2) dy2 —/sz (x1,m2) dzo | dy.
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Therefore, using again [I, Section 3.2.2] we obtain,
Proposition 4.4. There is a strong limit in L*(Q1),

0
i [ 01 72)
=0 Jq, Cy oMz
This limit v is the unique solution to
1

dzxy = v(z1).

Ay v=—— f(x1, xo)dxo, in 1,
5 Q2| Ja,

v
— =0 o0
6711 ) on 1,

with [, v =0.
This fact ends the proof of Theorem

Proof of Theorem[1.3. We just use Propositions [£.3] and [£.4] to obtain
lim </ lim Clo) u’ ($1,[L‘2)d1)2) =v in L*(Q).
Q,

5—0 e—0 C1 5N

as we wanted to show.

5. THE DIRICHLET PROBLEM. PROOF OF THEOREM [.4]

In this case existence and uniqueness of a solution u¢ to our problem

f@) = [ I - n)w) - u @)y, sen
RN
with
u(z) =0, zreRV\Q,
in the space
W = {U S L2<Ql X Qg)} s

follows easily considering the variational problem

lILlélVI[}/RN /RN (x —y)(u(y) —u(m))Qdydx—/ﬂfu.

In fact, what we obtain is a weak solution, that is, u¢ verifies
[ t@e@de= [ [ 5= ) - w@)dypo) do
Q RN JRN

-3 /R /R Tl = y)(u(y) — (@) (p(y) — (x)) dyda

for every ¢ € L(Q).
Taking, as we did for the Neumann case, ¢ = u*, we get

/f z)dz = = /RN/RN (2 — y)(u(y) — u(2))? dyda
>ﬂ1/< “(@))?d

(5.1)
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Here ff is given by

(5.2) _ Jéﬁﬁ/ /RN /RN 7u2(x) Z— u(x))*dy da:.
Q

For a proof that f§ is strictly positive we refer to [I].

Since
x)dx

<Nz 1wl 2 @)
it follows from (/5.1]) that
[u] p2(@)yde < *Hfllm
Bi
Consequently, if we show

(5.3) B — 00 ase—0,

we prove Theorem that is,
u¢ — 0 in L3(Q).
Thus, let us show (5.3). From (5.2)), we can take ¢¢ € L*(€2) with [|¢||2(q) = 1 such that,
for all p € L?(),

(5.4 i [oortr= [ o) | [ a6 -6 W) -6 @] do

with
¢¢ =0, zeRY\ Q.
We can rewrite (5.4)) obtaining

_5;/Q¢¢€dx:/ﬂso:c QJe(x—y)cﬁe(y)dy) dz

(
(5:5) - [ew @ ([ =)
= [e@ ([ st nowar) o 5 [ oo i

since by hypothesis (H) we have

Hence, if we set w® in L?(Q2) by

we obtain from (5.5 that

(5.6) —eM g /Q put do = e /Q () ( /Q Tz — yue(y) dy) da - /Q ot ds

for any ¢ € L?(€).
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Now, let us consider the following linear operator S, : L?(Q2) — L?(f) given by

Sw)la) = [ - pu)dy-w(@), e
0
Therefore, since

< [ lloo [ [[wl 20

’/QJE('—y)w(y)dy o)

for any w, it is not difficult to see that the operator S, strongly converges to —Id in the space
of the bounded linear operators in L?(£2), that is,

(57) Se — —Id in BL2(Q)>

as € = 0. Observe that here we are denoting by Id the identity operator, and by Br2(q) the
space of bounded linear operators in L?(£2).
Due to (5.6)), we have that

X = —ee s
is an eigenvalue of S.. Then, there exists 1¢ € L?(2) with 1%l 2() = 1 such that
Se(¥°) = A9°.
It follows from that
A= —1, ase—0,
and then, there exist ¢ > 0 and K > 0 such that
|eM265| > K for all € € (0, ).

In this way, we obtain (5.3|), proving Theorem

6. RESCALING THE KERNEL. THE DIRICHLET CASE.

Now let us introduce an extra parameter § that controls the size of the support of the
kernel. As we did for the Neumann case, we consider here the following problem:

(6.1) f(l‘) _ (SC];[(_T_Z /RN J (ml gyl’e(fiﬁ ; y2)) (ue,d(y) _ U6’5($))dy, z € Q,

with

u(z) =0, zeRV\Q,
and C'(e) given by

Cle) = (; /R e en) dx) -

where z1, is the first coordinate of z1 € ;.
Here J is supposed to satisfy assumption (H).

Existence and uniqueness of the solutions u“% of (6.1)) are guaranteed in Section [5| for any
f € L*R), e and § > 0. Thus, we can proceed as in Section 4| to analyze the behavior of u©%
as € and d goes to zero.
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First, let us argue as in (5.6 rewriting (6.1)) as

10 = e | [ (5 e w@ ([ (55 a)]
_ gv(i [ /Q J. (”35_y> e (y) dy—ivj\;ue"s(x)}

6N2 r—y . 1 .
- 5N+2/QJ6< 5 )w’(s(y)dy—azw";(x), z €,

where

we,5 _ 0(6) us,é

and
Je(z) = J(z1,€x2), (x1,22) € Y X Q.

Then, we obtain
Tsw) = f in LX)
for all € and § where T¢ s : L2(Q) — L?(Q) is given by

T, 5(w)(z) = Cﬁivﬁ/QJ (”“’5‘”) w(y) dy—(;% ().

Observe that the bounded linear operator T 5 converges strongly to —1/ 62 1Id as € — 0 for

any 0 > 0 fixed since
x [e—
(557 wtndy
Q

Remember that Id is the identity operator in the space of bounded linear operator in L?(2).
Thus, for € small enough and any 6 > 0, T s is an invertible operator, with

T.s7' — —0°Id ase— 0.

< [[Jloo 12| 1wl £2(0)-
L)

Therefore, we can pass to the limit in w®® getting
w =T, s f - —6°f in L*(Q).
Hence, we can conclude that

(6.2) lim <lim wfvé) —0 in L%(9).

6—0 \e—=0

Cle) 1 -1

€0 __ ed _ [ = 2 €,0

wh = Ut = <2/RN J(a:)a:hdx> u

with 0 < [pn J(2)27, dz < oo independent on € and §, we obtain from (6.2) that

Moreover, since

lim (hm u575> =0 in L*(Q)
6—0 \e—0
proving Theorem

Finally, we observe that the proof of Theorem is analogous to the one of Theorem
using [7] instead of [6]. We leave the details to the reader.
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