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Abstract

Through this paper we deal with the asymptotic behaviour as t — +o0 of the solutions for
the nonlocal diffusion problem with impulsive actions and Dirichlet condition. We establish
a decay rate for the solutions assuming appropriate hypotheses on the impulsive functions
and the nonlinear reaction.

1 Introduction

Our main purpose in this paper is to study the asymptotic behaviour of the solutions of the
following nonlinear problem with impulsive actions

w(at) = [ o= g)uly. Ody — u(w,0) + fou@ ), (o.1) €T,

Q
u(x,O) - UO({E% T € (), (11)
u(z, ty) = gr(u(z,t,)), =€, k=1,2,...

exploring the properties of the integral operator

Ky (u) (1) = /Q J(x — y)uly. dy.

Along the whole paper we assume
H1. Q C R" is an open bounded domain;
H2. 0=ty <t; <ty <--- <t <... are fixed instant of times with limy_, o, tx = +00;
H3. T' = Jpo Tk where Iy, = {(z,t) € R"" 1 t € (tg,tp1), € Q} for k=0,1,...;

H4. The impulsive functions gx : R — R are continuous satisfying |gi(z)| < Mj|x| for positive
constants My, for k = 1,2, ... . We still set My = 1 for convenience;
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HS5. The local reaction f : 2 xR — R is locally Lipschitz in the second variable s € R uniformly
in . Also, we assume there exist constants C > 0 and D > 0 such that

f(-,8)s < Cs?>+ D.

H6. The kernel J of the integral operator K is supposed to be non-singular. It satisfies

J € C(R™,R) is a non-negative function with J(0) > 0,
J(—z) = J(x) for every x € R" and [p, J(x)dx = 1.

It is worth noticing that according to the pioneering works [2] 5] [7, [10] the nonlocal problem
considered here can be seen as a nonlocal analogous to a reaction-diffusion problem given by the
Laplacian with homogeneous Dirichlet boundary condition and impulsive actions

ug(x,t) = Au(w t)+ f(z,u(z,t), (x,t) €T,
u(z,t) = on 012,

u(z, )—UO() z €9,

u(z,ty) = ge(u(z,ty)), =€, k=1,2,...

Notice that, if u(z,t) sets the population density of a species at the position z and time ¢,
and J(x — ) is treated of as the probability distribution of jumping from spot y to spot x, then
Jpnd (@ — y)uly, t)dy = (J * u)(z,t) is the rate at Which individuals are arriving at position x
from all other positions y € R" and —u(x,t) = — fRn Ju(x,t)dy is the rate at which they
are leaving location x to move to all other posmons As consequence, the density u satisfies the
integral equation u; = J * u — u, in the absence of external or internal sources.

Additionally, one may notice situations in nature where abrupt changes such as droughts,
tropical storms or many other environmental accidents may appear. Thus, the need to consider
models with some kind of impulse becomes essential. Our proposal mix both situations. We
combine a nonlocal reaction-diffusion equation with impulsive actions in fixed times.

The literature [4, [1T], 12}, 13} 16, 17, 19, 20] is recommended for more knowledge on nonlocal
diffusion equations and applications. In [I8], examples of integral equations whose solutions
blow-up in finite time are considered. On the other side, the classical literature [14] 2I] deals
with the impulsive differential equations in fixed times. For recent works, we refer to [1l [0, O]
and references therein.

To the best of our knowledge, the corresponding theory for partial differential equations with
impulses for the operator K; has not been investigated yet. In this paper, we intend to make
some contributions in this class of problems. Our goal is to secure the existence of global solutions
taking estimates for the impulsive solutions as ¢t — +oc.

In our analysis, the first eigenvalue A; of the operator Dg : L?(2) — L?(Q) given by

Da(u)(z) = u(x) — Kj(u)(z), =z €, (1.2)

plays an important role. Its existence is guaranteed by [8, Theorem 2.1] and hypotheses H1 and
H6. It can be taken by the following expression

At = inf { Jo JoJ(@ = fz)g((g)) ;x“(x) ey 2o withu e LQ(Q)} . (1.3)

We also mention [3] where recent results concerning to the eigenvalues of the operator Dg
has been considered. The main result of the paper is the following.



Theorem 1.1. Let u be the global solution of the impulsive nonlocal equation with initial
condition ug € L?(). Set a = 2(\; — C) and B = 2D|Q)| where C and D are the non-negative
constants given by assumption H5, A1 is the first eigenvalue introduced by , and |Q] is the
Lesbegue measure of the open bounded set ). Suppose there exists Ly > 0 such that

k
max ¢ [[ M7, [[M7,... M7 1) < Ly

where My, are the constants given by condition H4.
Then, we have the following estimate

k k
—a I} o )
It DlEey < € || TEMT | HuoO)lzaq) + L Doe™® | Vi<t < tupn if a0,
| Z

and
k

(- )1 720 < H luo(-) 72 + LrBt Vi <t <tpyr if a=0.

Furthermore, assume that there exist positive constants L and ~y such that Le’* > L; for all
t € [0,tg+1) and k € N, and there exists 6 > 0 such that |t; —t;| > & for any i,j where ts are
the impulsive instants. Then, if o < 0, we have

o 15} 1
e Oy < 260 [l + 5 (122 )| ¥e> 0 (14
and, when o > 0, we get
—o ﬁ «
-, 1) 72(q) < L™ [HUO(')H%%Q) t5.2 (e 1 —1)| Yt € [0,tpr1). (1.5)

For instance, let us assume D = 0 at condition H5. Then, § = 0 at Theorem [I.1] and
f(z,0) = 0 in © which implies that u(z,?) = 0 is an equlhbrlum solution of (L.1)). Now, let us
suppose there exist positive constants K and ¢ such that H] o M; 2 < Ket for all t € [0,tx11)
and k € N. Hence, it follows from Theorem [L.I] that

/u2(x,t)dx < Ke(ca)t/ ud(z)dr V0 <t < +oo.
Q Q

Thus, if ( — a < 0, we can conclude that u(x,t) = 0 is an asymptotically stable equilibrium
solution for , and then, the dynamic sets by equation is trivial. In this way, conditions
on the impulsive functions can set the null equilibrium as asymptotically stable.

Next, let us mention our last result concerning to the estimates for the solutions with initial
conditions in L*>(€2). Here, we take D = 0 at assumption H5 in order to obtain a workable
estimate.

Theorem 1.2. Let u be the global solution of the impulsive nonlocal equation (1.1)) with initial
condition ug € L>®(Q2). Also, let us assume D = 0 at assumption H5.

Then, for all € > 0, there exists Cy > 0 such that
(s )l ooy < HCOM ol oo gy €T for all ty <t < tgi

where C' is the constant given by condition H5 and Ay > 0 is the first eigenvalue of the operator
Dq which is set by (1.3).



As we will see at the proof of Theorem the positive constant Cy comes from the estimate
of the linear semigroup of the bounded linear operator Dg. It depends on the spectral set of Dgq,
and is needed since we are using the variation of constant formula to estimate the solutions of
(L.1). Moreover, if there exist K > 0 and ¢ € R such that H?:o CoM; < KeSt for all t € [0,t541)
and k € N, then, we can proceed as in Theorem [I.1] obtaining from Theorem [I.2] that

(s Dl ey < K Mol ey €€FEOCHADE for all ¢ > 0.

Hence, the null equilibrium is asymptotically stable if one can get ( + CoC + € — A\ < 0.

Finally, it is worth mentioning that one may combine Theorem and Theorem in order
to obtain estimates in LP(2) for any p € (2, +00) by interpolation. Indeed, since we are working
in bounded domains, it is a direct consequence of the Riesz-Thorin Theorem, and then, it will
be left to the interested reader.

The organization of this article is as follows. In Section 2, we briefly discuss the existence of
global solutions for the nonlocal equation without impulses getting estimates which guarantee
the existence of solutions for problem with impulsive actions. In Section 3 we prove the
main results of the paper establishing estimates for the impulsive solutions with initial conditions

in L2(Q) and L>(Q).

2 Existence of solutions

In this section, we give some condition in order to guarantee the existence of solutions for the
nonlocal problem with impulsive actions (|1.1)). First let us notice that the impulsive linear case

u(z,t) = (Ky — Du(z,t), (x,t) €T,
u(z,0) =ug(z), x €9, (2.1)
w(z, ty) = gr(u(z, b)), =€, k=1,2,...,

where u(z,t, ) = lim,_, - u(x,t) is well defined since the solutions of the non impulsive equation

u(x,t) = (Kj— Du(z,t), x€Q and t >0,
u(z,t) =0, =¢Q, t>0
u(z,0) = up(z), =€ .

are globally defined for any uy € LP(Q2) with p € (1, 00| (see for instance [20]).
Thus, for each k, we have thr? u(z,t) = u(z,t), and then, the solution for the impulsive
—lk

equation ([2.1)) is a piecewise continuous function u such that in each interval [t,txy1) satisfies

{ut(:n,t) = (Ky — Du(z,t), (z,t) €Ty,
u(x, ty) = gr(u(z,t,)), z€.

Consequently, a enough condition to define the solution to the impulsive equation (|1.1)) is to
ensure that the associated problem

{ut(m,t) = (Ky — Dulz,t) + f(z,u(z,t)), z€Q,t>0, 22)

u(z,0) = up(z), x€Q,

possesses solution globally defined for appropriated initial conditions.



The local existence and uniqueness is proved using a fixed point argument with the variation
of constants formula on the right side of

() = et + /0 e~ EI[(K u) (-, 5) + £ ul-, 8))] ds. (2.3)

Considering the formula on the right side of as an operator defined from L!([0, T], L?(12))
into C([0,T], L*(f2)), one can get a T > 0 in such way that a contraction is established since
function f is locally Lipschitz in the second variable. Hence, local existence and uniqueness to
is obtained applying abstract theorems from [I5], p. 109]. Indeed, a strong solution is gotten
in C1([0,T7], L*(Q)).

Analogously, one can show local existence and uniqueness to in C([0,T], L>(R)) for
initial conditions in L*°(£2). The next estimates ensure that the solutions are upper bounded for
a function defined for all ¢ > 0 which also guarantees that they are globally defined in [0, 400).

Proposition 2.1. Let u : [0,T) + L*(Q) be the solution of [2.2)) with initial condition ug €
L?(QY) and nonlinearity f satisfying hypothesis H5. Then

[ull720) < () Vte[0,T)
where ¥(t) = (B/a)(l — e %) + e~ ||u0]|%2(9) with 8 = 2D|Q| and a« = 2(\y — C) # 0 or

~y(t) = HU/OHQLQ(Q) + Bt if a = 0. Consequently, the solution w with initial condition uy can be
extended to a global solution of (2.2)) in [0, +00).

Proof. First, let us assume \; # C. Then,
0 [1 1 3}
En [2 /Qu2(1:,t)dx] = 2/92u(x,t)atu(x,t)dx = /Qu(x,t) (Ky— Du(x,t) + f(x,u(x,t))] dx
= —/u(x,t)([ — Kj)u(z, t)dx + /u(w,t)f(x,u(a:,t))dx
Q Q

2 2
—)\1/Qu (x,t)dx—i—/Q(Cu (x,t) + D)dx

IN

by condition H5. Hence,

a

0 9 —— 9 —~
— | [ v(z,t)dx| + (2\1 — 2C) [ u(z,t)dz <2 | Ddx =2D|Q|.
ot o 0 Q

Thus,

t o t
/ — [eo‘s/u2(x,s)dx] ds < / Be**ds
0 Os Q 0

= e“t/u2(a:,t)dx — /u%(m)dm < éeo‘lt _f
Q

Q o o
= /QUQ(CIZ,t)d.Z‘ < g(l — e*at) + eat/Qu%(l’)dl’ = (t).

In particular, we have that

/u2(ac,t)d1‘ < e_o‘t/ug(m)d:v + A if >0 (2.4)
Q Q o



and

/Qu2(:1:,t)d:r <e [/Qu%(:v)dx — 6} if a<0. (2.5)

(67

Finally, let us suppose A\ = C. Arguing as before, one has

a=0

B

3} 9 — o

A (x,t)dx| + (2A1 — 2C) | v*(z,t)dx < 2 Ddx =2D|Q)|
Q Q

= |5 o] <5 [eaow- [ )dw</6ds—ﬂt

which completes the proof. ]

It follows from hypothesis H5 that f(-,s) < Cs+D/s whenever s > 0 and f(-,s) > Cs+D/s
if s <0 for all z € Q. Also, we have that f is locally Lipschitz in the second variable uniformly
in €. Thus, there exist D; > 0 such that

lf(,8)] < C|s|+ Dy forall s eR. (2.6)

Hence, we can estimate the solutions with initial conditions in L*°(2) in the following way.

Proposition 2.2. Let u : [0,T) — L>®(2) be the solution of (2.2) with initial condition uy €
L>(Q) and assume nonlinearity f satisfies hypothesis H5.
Then, for all e > 0, there exists Cy > 0 such that

D —€ e—
[ D)l o) < Co | luo()ll o (o) + o _16) (e(/\l 2 1)] o(CoCHe=A1)t

where C' and Dy are the constants given by Remark (2.6) and A1 > 0 is the first eigenvalue of
the linear operator Dq given by (|1.3)).

Proof. Let us consider the linear semigroup e~P2t := 3 k>0 Gl DQ of the problem ([2.2)). Since
Dq set in (1.2)) is a bounded linear operator in LOO(Q), it follows from [I5] that e‘Dﬂt is well
defined and we can rewrite u as

u(z,t) = e Polygy(x) + /t e Pol=3) £ (g u(x, 5)) ds
0

for all t € [0,T) and x € €.

Notice that Re(o(—Dgq)) < —A1 where \; is the first eigenvalue of Dg set in (1.3]). Hence,
by [20} Section 4.3] we get that for all € > 0 there exists Cy > 0 such that

lle™ P2 ug ()| ooy < Coe™ MV |ug(-) || ooy VE > 0.

Then, due to condition H5 and Remark [2.6] we have

IN

t
[u(, t)ll Lo () Coe™ M7 Jluo ()| L= (e +/O Coe™ MmN £ ul,5)) | Lo (@) ds

IN

t
Coe™ M1 lug(-)]| ooy + /0 Coe™ M= [Clu(:, )| =@ + D1] ds.



Consequently,

—€ D —€
€O ) ey < Co [|ruo<->||mm+(h_le)(e“l ”—1)}

t
4G C [N ()]
0

and then, by Gronwall’s Lemma, we obtain that

B D —c
e()\l ) ||u(’t)||Loo(Q) S CO |:||UO()HLOO(Q) + m (e(Al )t — ]_>:| eCO Ct

which proves the result. O
It follows from Propositions and that the solutions of our nonlocal problem with

impulsive actions in fixed times (1.1]) there exist and are unique for initial conditions in L?(Q)
and L>°(Q). Indeed, the solutions are piecewise continuous functions u satisfying

ut(w7t) = (KJ - I)u(x7t) + f(x,u(:):,t)), te (tkatk+1)
u(z,0) = ug(z) € L2(Q) U L>®(Q), z € Q.
u(z, ty) = gre(u(z, b)), k=1,2,...

3 Proof of Theorems [I.1] and 1.2.

Next, we show Theorems and

Proof of Theorem[I.1l Case « < 0: From (2.5)) in 0 <t < ¢, we get

/u2(z,t1)dx <e o [/ ud(z)dx — B} .
Q [¢) [e%
Using (2.5 again, we have by H4 that

/UQ(I‘,t)dl‘ < emalt-t) /g%(u(fv,tf))dx— fj for t1 <t <ty
Q Q

= /uQ(xjt)dx < emolt=t) Mf/u2(x,t1)d:c— ﬁ}
Q Q

L a

(e (fon-3)-

e [Mlz (/ ud(x)dz — ﬁ) - 56‘”1] for t1 <t <ts.
Q

« «

/QUQ(x,tz)dx < gm0t [Mf </Qu(2)(x)dx - i) - ieatl} .

Working as before, we obtain

IN

IN

and then,

/uQ(aj,t)dm < eolt—ta) /g%(u(:r:,t2))d:n - i] for to <t <ts
Q Q

:>/u2(x,t)dx < emolt=t2) M;/u2(:c,t2)d:z—6]
Q Q «

< e—olt—t2) M22 (eat? <M12 (/ u%(m)dw — g) — ieat1>> — fé}
L Q

e [MSM% </ ud(z)dx — 5) — M%éeo‘t1 - 560"52] for ty <t < ts.
0 a a a

IN

7



Arguing analogously, for ¢ <t < tyy1, we conclude that

é B\ 17 1s28 B 8
2 —at 2 2 2 at 2 at at
/Qu(x,t)d:c < e ||MJ </Qu0(x)dx—a>—||Mjae 1_||MJE€ 2—...—56 k

j=1 j=2 j=3
Thus,

k

/u2(x,t)dm <e ot H M2 / x)dx — Lkﬁz it for ty <t < tpil. (3.5)
Q Q

j:0

Case a > 0: From ([2.4), we get

/u2(x, ty )dx < e_atl/u%(ac)dx + s
0 a

Q

which implies

o < o e [+ 5] 2
Q Q o

(07

< e_ath/ug(a:)dx + A [Mlze_a(t_tl) + 1} for t1 <t <t.
0 «
Analogously, one can get

/u2(x,t)dx < emaltrt2) g2 [eatsz/ ud(x)dx + p (Mfe*a(tftl) + 1)} + h

9] o) « (0%

eatM22M12/ ud(z)dx + b [
0 «

IN

M2M2e—o(t=t) 4 pf2e—olt=t2) 4 1}

whenever to <t < t3. Hence, for any t; <t < tx11 we have

k
/uQ(a:,t)daz < e HMf/ug(x)dm
Q =1 Q

2 —at t1) +HM2 —a(t—ta2) +. M,ge_a(t_tk) +1
Jj=1 Jj=2

/ x)dr + Lip— Ze a(t—t;)

Case a = 0: Using Proposition (2.1)) again, we have that

IN
= :“

/u2(x,t)dx < /ug(m)daj—l—ﬁt for 0 <t <t; and /u2(m,t1)d:c < /uﬁ(m)dm—i—ﬁtl.
Q Q Q Q

Hence, for t; <t < to, we get

/Qu2(a:,t)d:c

IN

/ng(U(% t7))dz + B (t —t1)
e / WB(e)de + M2B 1+ B (¢ — )
Q

IN

8



which also implies for t9 <t < t3 that
/uZ(x, t)yde < /g%(u(aﬁ, t5))dx + B (t —t2)
Q Q

M3 [Mf/gu%(:r)dx—i—Mfﬁ ti 4B (t2 —t1)| + B (t —t2)

IN

< M22M12/U(2)($)d$ + MIMPB (t1 — to) + M3B (ta — t1) + B (t — ta).
Q

Thus, for all ¢, <t < tx41 one can get

k
/uQ(x,t)dx < HMf/ug(x)dm
Q i Q

k k
+ [ MP8(t —to) + [ M7B(t2 — ta) + ... + MZB(t — te—1) + B (t — tr)
j=1 J=2

HMQ/uO )dz + LBt

IN

Now let us see the last two estimate. Assume a < 0 and set [t;] = max{n € Z:n <t;}
the integer part of the impulsive instant ¢;. Define n; for the cardinality of {t; : ¢ <t; < i+ 1}
setting Ny = max;c(o [¢,]] 7i- Then,

[t] [tr]

el < Z altj] < Zn e < Nkz @ <

Thus, it follows from (3.5 that

B[ Nk
t)da < | | M )dx — Li—
/Q (x,t)dxr < e~ /uo e-Lim |\
As |t; — t;] > & for some & > 0 and all 4, j, we ensure Nj, < 6! for all k . Hence

/u2(a:,t)da: < Lebr—ab) {/ ud(x)dx — ééfl < ! )] for t >0 (3.16)
0 0 « 1— e

since Ly < Le for all t € [0,#41) and for all k¥ € N proving (1.4).
On the other side, if a > 0, we have

k tet+1 1
Zeo‘tﬂ' < 51/ e ds = — e+t — 1),
- 0 oo

J=0

M=

7=0

Hence, we can argue as in ([3.16]) to obtain (1.5 completing the proof.

Finally, let us show Theorem



Proof of Theorem[1.2. From Proposition (2.2) taking D; = 0 we get

HU(,t;)HLw(Q) < COHUO(')HLoo(Q)e(CCO+5_>‘1)t1_

Hence, from H4 and Proposition (2.2)) again, we obtain
Hu('vt)HLOO(Q) < Co Hgl(u(7t1_))”Loo(Q) e(CC’g—i—e—/\l)(t—tl) for t1 <t <t
which implies

[Ju(-, t)HLOO(Q) < CoMy Hu(,tf )e(CCO+€—>\1)(t—t1) < CyM; ||U0(')||Loo(9) e(CCote=A1)t

Mo

for all t; <t < to. Consequently,
H“('vtz_me(Q) < CoM [luo ()|l poe () elCCoteAntz,
Arguing in a similar way for ¢, <t < tx11, one can have
e, )] oo ) < (Co)* MyMsy .. My [[tg(-)|| oo gy €01
which completes the proof. O
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