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ABSTRACT. In this paper we analyze the asymptotic behavior of a family of solutions of a semilinear elliptic
equation, with homogeneous Neumann boundary condition, posed in a two-dimensional oscillating region
with reaction terms concentrated in a neighborhood of the oscillatory boundary 6. C Q. C R2 when a small
parameter € > 0 goes to zero. Our main result is concerned with the upper and lower semicontinuity of the
set of solutions in H'. We show that the solutions of our perturbed equation can be approximated with
one defined in a fixed limit domain, which also captures the effects of reaction terms that take place in the
original problem as a flux condition on the boundary of the limit domain.

1. INTRODUCTION

In this paper we analyze the asymptotic behavior of a family of steady state solutions of a semilinear
reaction-diffusion equation with homogeneous Neumann boundary conditions on an oscillating domain Q. C
R?2, with reaction terms concentrated in an extremely thin region 6, close to the border 92, which can also
present oscillatory structure. In Figure 1 we illustrate the oscillating domain ()., as well as, the narrow
oscillating neighborhood 6. where some reactions of the model take place.

Under our assumptions, the two-dimensional family of oscillating regions (). approaches a bounded domain
Q C R?, and the narrow strip 6., that may also have an oscillatory behavior, degenerates into a fixed set
I' C 09 as the positive parameter € goes to zero. We assume that the reactions of our model occur in the
interior of . C R? as well as in the narrow strip ..

FIGURE 1. The oscillatory domain 2. and strip 6. where reactions take place.

We show that the family of solutions is upper semicontinuous at € = 0, and under the additional condition
on hyperbolicity at the limit problem, we provide the lower semicontinuity. Also, we show that the perturbed
equation has one and only one solution nearby to the limit equation as ¢ — 0. Indeed, we show that the
starting singular equation defined in the perturbed two-dimensional region can be approximated with one
which is defined in the limit fixed domain Q and captures all relevant effects of the processes that take
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place in the original problem. Moreover, we will see that the nonlinear concentrating term of the perturbed
equation will became a nonlinear boundary condition in the limit case, according to pioneering works as
11, 21, 22].

Indeed, we consider such kind of domains that satisfy 2. — Q and 092, — 9Q as € — 0 in the sense of
Hausdorff. We take dist(€Q, Q) 4 dist(9Q¢, Q) — 0 when € — 0, with dist being the symmetric Hausdorff
distance of two sets. Notice that there is no condition on the intersection of the sets ). and €2 improving some
results from [1, 2] with respect to the class of domain perturbation. In Section 2, we set our assumptions
and introduce our main result precisely.

As we will see, in order to show our results, we need to estimate and analyze the asymptotic behavior of
concentrating integrals such as

1 q
5/95 ()| 1d (1.1)

for different values of ¢ > 1 and open sets 6. C Q. C R%. Notice the factor 1/¢ in (1.1). The arrangement of
this one with the narrow strip can be thought as a model to measure the concentration of v on 6. at ¢ = 0. In
fact, a suitable control of this integral is useful to analyze models set in regions of R? which present singular
behavior. For instance, we mention our recent work [12] where an oscillating thin domain is studied.

Here, we are in agreement with pioneering papers [11, 21, 22] calling (1.1) as concentrating or concentrated
integral. Indeed, this kind of problem was initially proposal in [11] where linear elliptic equations were
considered with reaction and potential terms concentrated on the boundary. There, the neighborhood 6. has
been set as a strip without oscillatory behavior in a fixed domain 2. Later, the dynamical system given by a
semilinear parabolic problem in the same situation was analyzed in [21, 22] where the upper semicontinuity
of attractors at ¢ = 0 has been shown. In [3, 4] the results of [11, 21] were extended to a reaction-diffusion
problem with delay. In these works, the boundary of the domain is always assumed to be smooth.

Subsequently some results of [11] were adapted in [5] to be considered in a semilinear elliptic problem
posed on a Lipschitz fixed domain 2 with the e-neighborhood presenting highly oscillatory behavior. The
upper and lower semicontinuity of the attractor to the associated parabolic problem in smooth fixed domains
were shown in [6].

Recently, some results from [11, 5] have been adapted in [1, 2] to a class of narrow strips 6. and bounded
oscillatory domains .. Under the restricted assumption Q C Q. and 6. C Q. \ Q for all £ > 0, the authors
have been able to estimate concentrating integrals and analyze the asymptotic behavior of semilinear elliptic
equations as Q. — Q and 99, — 9 when € — 0 in the sense of Hausdorff.

This paper is organized as follows: in Section 2 we introduce the assumptions, notations and the main
result. In Section 3, we show some technical results concerning to extension operators, Lebesgue-Bochner
and Sobolev-Bochner generalized spaces needed to get our estimates. Following by Section 4, we prove some
properties to concentrating integrals which are used in Section 5 to study the nonlinearities of our problem.
Finally, in Section 6, we pass to the limit in a semilinear elliptic problem getting the upper semicontinuity
of the solutions. Moreover, assuming hyperbolicity to the solutions of the limit equation, we also obtain
the lower semicontinuity at e = 0, and we will exclude the possibility that, near an equilibrium point of the
limiting equation, may exist several different equilibrium points of the perturbed problem, and therefore, we
will also prove some sort of uniqueness of the equilibrium points.

2. ASSUMPTIONS, NOTATIONS AND MAIN RESULT

We study a family of solutions of the following semilinear elliptic equation with homogeneous Neumann
boundary condition,
1
— AU 4 uf = D(uf) + —x% f(uf) in Q,,
€

R (2.1)
Ou =0 on 0f),,
ove

where
Q. = {(21,72) € R% 21 € (0,1), 0 < 2 < G(21)}  and

, (2.2)
0 = {(z1,72) € R% 21 € (0,1), Ge(w1) — eHe (1) < w2 < Go(21)}



NONLINEAR ELLIPTIC EQUATIONS WITH REACTIONS TERMS ON THE BOUNDARY 3

are set by functions G, H. : (0,1) — R satisfying conditions:

H(i) Ge(z1) = m(z1) +eg(x1/e®) with 0 < o < 1, where
(a) m:(0,1) — R is O, bounded, with bounded derivative,
(b) g:(0,1) = R is a C* bounded function, Lg-periodic with bounded derivative.
(¢) Ge — m as € — 0 uniformly in (0, 1).

(d) there are constants Go, G; > 0 such that Gy < G.(z) < G; for all z € (0,1).
H(ii) H.(z1) = h(x1/€”), B > 0, where the function h is bounded, ie there are Hy, H; > 0 such that
Hy < H.(z) < Hy for all € (0,1), and Lj,-periodic.

The vector v© = (v§,15) is the unit outward normal vector to the boundary 9., 9/0v° is the derivative
in the direction of v*, and x% is the characteristic function of the neighborhood #.. The nonlinearities
®:R = Rand f: R — R are bounded functions of class C? with bounded derivatives.

Under assumptions H, it is not difficult to associate to (2.2) with the following limit sets

Q= {(z1,72) € R*jz; € (0,1), 0 < 23 < m(z1)} and

) (2.3)
I'={(z1,22) € R%; 21 € (0,1), 22 = m(x1)}.
We may pass to the limit in the solutions of the equation (2.1) getting the following limit equation
—Au+u=o(u) in £,
0 2.4
a—z = if(u) on T, 24)
with i € L*°(T") given by
i= e (D), (2.5)

V14 m'?
where pp € L°°(T) is the weak™ limit of H.. In fact, due to H(ii), it follows from [17, Teorema 2.6] that
It
~In Jo
The coefficient i captures the influence of the small neighborhood 6., as well as the geometry of the limit
domain Q. It also suggests with nonlinearity f a flux condition on the boundary, giving a qualitative idea
on the effect of the concentrating reaction terms on the original problem.

Notice that, to obtain the convergence results, we have to compare functions defined in different functional
spaces as € — 0. In order to do that, we consider the following family of operators

E.:HY(Q) — HY(Q.) : u~ E.u:= R.Pu (2.6)

where R. : H(R?) — H'(€.) is the restriction operator to the open set Q. and P : H'(Q) — H'(R?) is
a continuous extension operator from functions defined in 2 to the whole plane R%. The existence of P is
guaranteed by [20, Theorem 1.4.3.1].

From [7], we have

H,. — py h(s)ds.

|Eeullgrony — lullaro), ase—0,

and then, we can compare solutions from (2.1) and (2.4) using the notion of E-convergence as in [14].
In general, consider a family of Banach spaces H. and a limit Banach space Hy. Besides, let E. : Hy — H-.
a family of operators such that ||E.ul|g, — ||ullm, when e — 0.

Definition 2.1. We say that a sequence of u® € H, E-converges to ug € Hy, if ||u® — Ecullg, — 0 ase — 0.

We denote this convergence by u. By
If H. and H, are Hilbert spaces, we can define a weak E-convergence.

Definition 2.2. A sequence of {u®}, with u® € H., E-converges weakly to uw € Hy if for any sequence E-

B
convergent to w we have (W, u®) . — (u,w)py, when e — 0. We may denote such convergence by u® = u.
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We also need a notion of compactness for sequences, and convergence for operators which are defined in
different spaces. We recall the exposition from [14]. See also [7] and [12].

Definition 2.3. A sequence {u,}, u, € He, with e, — 0, is E-precompact if for all subsequence {u, } there

are a subsequence {un,~} and an element w € Hy such that w, Eou A family is said to be E-precompact is
all sequence {u,}, un, € He, with e, — 0, is E-precompact.

Definition 2.4. We say that a family of operators {T.}, with T. : H. — H., E-converges to T : Hy — Hy
when € — 0 if T u® s T for any u® Ly w. We denote this convergence by T EE T
Furthermore we may define a notion of compact convergence for operators.

Definition 2.5. A family of compact operators {T.}, with T, : H. — H., converges compactly to T : Hy —
Hy when € — 0 if, for any family {u®} with ||u®|| g, uniformly bounded, we have that {T.u®} is E-precompact
and T, EE 7. We denote this compact convergence by T, <.

This notion of convergence can be extended to sets in the following manner: let J. be a family of sets in

some Banach spaces Z.. We say that J. is
e—0

(i) upper semicontinuous at e = 0, if dist g (J., E.Jo) — 0;
(ii) lower semicontinuous at ¢ = 0, if disty (E.Jo, J2) <20, .

Here, disty (A, B) denotes the Hausdorff semi-distance given by
disty (A4, B) = sup inf ||z — y||z..
z€AYEB
Remark 2.6. In order to show the upper or lower semicontinuity of sets, the following characterizations

are useful:

(i) The family {J.} is upper semicontinuous at € = 0, if every sequence {u.}, with u. € J. and e — 0, has
a subsequence E-convergent to an element of Jy;
(i) The family {J.} is lower semicontinuous at € = 0, if Jo is compact and for all u € Jy exists a sequence

{uc}, with ue € J. and € — 0, such that u. LN
Finally, for € > 0, let us consider
E. = {uf € H'(Q.); v is a solution of (2.1)}
and
& = {u € H(Q); u is a solution of (2.4)}.
The main goal of this work is to prove the upper and lower semicontinuity of the set & at € = 0:
Theorem 2.7. If we consider the semilinear elliptic problem (2.1) then:
(i) for any sequence u® € &, with ¢ — 0, there is a subsequence (also denoted by u®) and uy € & such
that u* 2 Uug.
(ii) for any hyperbolic equilibrium point u* € &, there is sequence u® € & such that u® Ly w* when £ — 0.
Moreover, there are n > 0 and €y > 0 such that exists an unique u® € E. which satisfies
lu® — Ecu® ||y <, forall 0<e < e.

Remark 2.8. Recall that u* is a hyperbolic equilibrium point of (2.4), if A = 0 is not an eigenvalue of the
linearized problem of (2.4) around u*. For instance, if u* is solution of (2.4) and is hyperbolic, then X\ =0
18 mot an eigenvalue of

—Av+v=%(u)v+ v in £,
ov ,

— =/ * T.
oy = Af (W) on

Furthermore, we notice that item (ii) of the Theorem 2.7 also give us a kind of uniqueness result to the
solutions near a hyperbolic equilibrium point of the limit equation for sufficiently small .
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3. FUNCTIONAL SPACES AND TECHNICAL RESULTS

In this section, we introduce the main functional spaces used throughout this paper and work with some
of their properties. Then we set some technical results that will be useful in next sections. First, we define
fractional Sobolev spaces.

Definition 3.1. For s > 0, 1 < p < co and O C R"™, we denote by W*P(0) and call fractional Sobolev
space, the functional set given by the space of distributions defined in O such that

(i) 0%u € LP(O), for |a] < m, when s =m € N;

(i1) w e W™P(O) and
« e D
// |0%u Zg(y)I drdy < oo,
0x0 |93* y|ntor

for |a| =m, when s =m+ o with o € (0,1).
The norm in W*P(0), that makes it Banach, is:

[l m, 2(0) = Z / |0%u(z)|Pdx in the case (i)

la|]<m

Filynio) = [ulBymnioy + 32 //

la|= Ox0O

and

« e P
[0%u |:r — 0%uly)| dxdy in the case (i7).

_ |n+0p

Besides if p =2 we denote it by H*(O), which is a Hilbert space.

Now let us introduce the Lebesgue and Sobolev-Bochner generalized spaces. Here, they are given in a
similar way to [24], as a natural generalization to the Lebesgue and Sobolev spaces using Bochner integrals.
The usual Lebesgue and Sobolev-Bochner spaces may be found, for instance, in [15, 17].

Definition 3.2. Let us consider a function G : (0,1) — R satisfying 0 < Go < G(z) < G1, Yz € (0,1),
for some constants 0 < Gog < Gy. Let 1 <p < oo el <q<oo. The Lebesque-Bochner generalized spaces,
denoted by LP(0,1; L1(0,G(x1))), are defined by

LP(0,1; LY(0,G(x1))) == {u : Qe — R measurable ;u(z1,-) € LI(0,G(x1)) for almost every 1 € (0,1)}.
They are Banach spaces with the norm

1/p

1
(o T, Moo gy dan) o p< o,

ess sup |[u(z1,)|lLe(0,G(x1))» p=00.
2€(0,1)

lullLe(0,1;09(0,G(21))) =

When p = q = 2 such space is Hilbert with the inner product

1
(4 V) £2(0,1;02(0,G(21))) :/ (w(z1,-),v(@1, 7)) L2(0,G (1)) 21 -
0
Remark 3.3. Since ¢ < oo, the function x1 — |[u(x1,)||La(0,G(zy)) i measurable by Fubini’s Theorem.
Then the space LP(0,1; L1(0,G(x1))) is well defined.

Analogously, the Sobolev-Bochner generalized spaces, denoted by LP(0,1; W*2(0,G(x1))) for s > 0, are
defined by

LP(0,1; W*4(0,G(z1))) := {u € L*(0,1; LY(0, G(x1))); u(x1,-) € W*9(0,G(x1))}.

Such spaces are Banach with the norm

1 p 1/p
(o I Mo gy den )+ p< o0,

ess sup |[u(x1,)lwsa0,G@)), P =09,
m1€(0,1)

lullzeo,1;w59(0,G21))) =
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and, again, they are Hilbert spaces if p = ¢ = 2.
In general, it follows from [17, Proposition 3.59] that, if H is a Hilbert space and 1 < p < oo, then the
dual space of LP(0,1; H) is given by

[LP(0,1; H))" = L*(0,1; H'),

where H' is the dual space of H and p, ¢ are conjugates.

In our case we will consider the family of Lebesgue and Sobolev-Bochner generalized spaces for the func-
tion Ge(z1) = m(xz1) + eg(x1 /%) defined in hypothesis H(i) from (2.2).

Now we set important and nontrivial results that will help us to work with different definitions of Sobolev
fractional spaces making their norms equivalent. The proofs are analogous to [12, Proposition 3.4, 3.5 and
3.6].

Lemma 3.4. Fized € > 0 and z1 € (0,1), if we call I. = (0,G(x1)), there is a continuous linear exten-
sion operator P : L*(I.) — L*(R) such that Pu = u in I., with |[Pul 2wy < Xollullr2y, [Pullmsm) <
Asllull g1y and || Pul| gy < Mllwl|gir), for 0 < s <1, where the constants Ao, As, \1 > 1 are independent
of € >0 and z1 € (0,1).

Theorem 3.5. Let I, = (0,Ge(21)), withe >0, 1 € (0,1) and 0 < s < 1 fized. Then there are C1,Cy >0
independent of € such that

Cillullzs ey < llullgg oy < Collullae .y, Yue H (L),
where Hﬁ([a) 18 the complex interpolation space
H{(I.) = [L3(1.), H'(I.)]s, for0<s<1.

Proposition 3.6. For ecach ¢ > 0, H'(Q.) C L?*(0,1; H5(0,G.(x1))) for all 0 < s < 1, with constant of
inclusion independent of €. Besides H'(Q2.) C L%(0,1; H*(0,G.(z1))) with compact immersion if 0 < s < 1.

According to the properties of our domains 2. defined in (2.2), we also have the important result.

Proposition 3.7. The family Q. admits a continuous extension operator P. : L*(Q.) — L?(U), where the
open set U = Uy x Uy C R? is such that the closure of Q. is contained in U for all € > 0, and

[ Peu || 1oy < Collu® [ 1),
[ Peu || 2 (v 10 (v2)) < Csllu®ll22(0,185(0,62 (2))
[ Peuf |2y < Cullu®|r2(0.),
where the constants Cy, Cys,Cy > 0 are independent of € > 0 and 0 < s < 1.

Proof. By hypothesis H(i), we have |GL(x)| < C for all z € (0,1), with C > 0 independent of € > 0. Thus,
the proof follows from the extension operator defined in [10, Lemma 3.1]. O

Our next step is to prove some inclusions involving Sobolev fractional spaces and Sobolev-Bochner gen-
eralized spaces that will be useful in the further analysis of concentrating integrals.

Proposition 3.8. For ¢ > 0 and considering the domains defined in (2.2), the following inclusions hold
with immersion constants independent of €.

(a) H'(Q:) C L>(0,1; L*(0, G<(x)));
(b) if ¢ > 2 then HY(Q.) C L9(0,1; H*(0,Gc(x))), where s = 2/q;
(¢) HY(Q.) C LI(Q.), for2 < q<6.

Proof. (a) For each x1 € (0,1), we can use the extension operator given by Proposition 3.7 to get

lu(@1, )z200,6. (@) < N1Pw(1, ) 2200,61)-
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Hence,
1wl oo 0,1;2(0,G. (21))) < Pt oo (0,1502(0,64))- (3.1)
From [15, Corollary 1.4.36] follows that
| Peullzo<0,1;02(0,61)) < CllPeullmr(0,1522(0,60)) < CllPeull vy (3.2)

Thus, using (3.2) in (3.1), and the continuity of P. with constant Cy = || P.||z(m1(q.),m1(vy) uniformly
bounded for each e, we have

|l oo (0,1;2(0,G. (1)) < CllPeull gy < CCL||ullmr(a.),

which concludes the proof.
First of all, let ¢ > 2 and define s = 2/¢, 0 < s < 1. For each z1 € (0,1) fixed, we have by Theorem 3.5
and properties of interpolation spaces that there exists C' > 0, independent of € and 1, such that

@y, e 0,62 20y < Cllul@r, Mg ©,6.0) < Clu@s, Mz, 6. @@ M o.c. @)-
Since by the item (a) H*(Q.) € L>(0,1; L*(0,G<(z1))), we have that
[[u(z1, )||Hs(oc; (1)) = CHUHHl(Q [z, ')Hf‘[l(&Ge(am))'

On the other hand, Proposition 3.6 implies H'(Q.) C L?(0,1; H*(0,G.(z1))), and then,
Hu”Lq(o 1;H#(0,Ge(21)) / |y, HHs 0,Ge (21))#T1
2/s
< / (Cllullyiton o Wi 06, oy ) s

s 2(1—s)/s
< C¥uli / (@1, ) 0,6 (a0)yd21

< |l o lull3n ) = Cllullaf g, = CUllulld q.)-

Thus, H' () C LI(0, 1; H/1(0, G- (11))) for g > 2.

Since L1(€2.) = L9(0,1; LI(0, Ge(x1))) isometrically, we conclude the proof by item (b) if we show
H?/9(0,Ge (1)) € L9(0, Ge (1))

with constant of inclusion independent of z; € (0,1) and € > 0.
If ¢ = 2, it follows from the definition of the spaces. If 2 < ¢ < 4, then 1/2 < 2/q < 1. Hence, by [27,
Theorem 1.36] we get

H?9(R) € HY?(R) C L"(R), Vr > 2.
In particular, it holds for r = ¢ with 2 < ¢ < 4. Besides, by the operator P : H*(0,G.(x1)) — H*(R)
from Lemma 3.4, whose norm is independent of € > 0 and x; € (0,1) for any 1/2 < s < 1, we have
lu(z1, )Lao,c.(21)) < 1Pu(z1,)lLa) < CllPu(x1, )| gi2w)
< Cl|[Pu(zy, )l gzrawy < ClIPIu(z, ) g2/ (0,62 (21))-
Finally, if 4 < ¢ <6, then 1/3 <2/q < 1/2. Again by [27, Theorem 1.36], we get

H?9(R) C L"(R), V2 < r <

In particular, since ¢ = — <

, we obtain that

@ | N
()

1—2s
H*1(R) C LI(R).

Hence, we conclude the proof arguing as in the previous case 2 < ¢ < 4.
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4. CONCENTRATING INTEGRALS AND ITS BEHAVIOR AT THE LIMIT

Our first results are about concentrating integrals. Notice that some estimates are given in different
functional spaces. Under the conditions of Proposition 3.8, we may improve [12, Theorem 3.7] estimating

the concentrated integrals with the H'(£.) norm.

Theorem 4.1. For ¢y > 0 sufficiently small, there is a constant C > 0, independent of € € (0,e9) and

u® € HY(Q.), such that, for all 1/2 < s <1, 0 < & < &g, we have

/ |7 < C”“EHLq O LH(0,Ge(21)))? Vg > 1,

out 2
WP <o () +H .
/ H2(©) axQ L2(Q.)

/|fﬁ<cmﬂm””72§q<4

and

In particular,

Proof. Take u € H' (). In a.e. z1 € (0,1), we have u(z1,-) € H*(0,G.(z1)). Define
2" =Gy —eoHy and 2° := G.(x1) — eH(x1)
for €9 > 0 sufficiently small in such way that, for all € < ¢, we have
[2° — 2%, 2°] C [0,G.(x1)].

See Figure 2 for a representation:

Gg(xl)
X2
25 :=G.(x1) —eH
( 1) ( ) = G0—€0H1
332—2*
0

FIGURE 2. Fixed z; € (0,1) and € > 0, we get this fiber to the oscillatory domain for € < gg.

(4.1)

(4.2)

(4.3)

Since (Ge(x1) —eH:(21)) < 22 < Ge(z1) and 1/2 < s < 1, it follows from [20, Theorem 1.5.1.3] for n =1

that there exists K > 0 independent of £ > 0 such that

[u(w1, 22)| < Kflu(@1, ) ms@ey—2v20) < Kllu(@, )| m2 0,60 (21))-

Indeed, the interval where we are applying the result is fixed and independent of the parameters € > 0 and

xr € (O7 1)
Hence,

Ge(z1)
/ |u‘q_/ / |u($17$2)|qdﬂf2d$1
0 €

G (ﬂil)
/0 a/ CeH. (1) KqHu(xl")H%I%o,c;g(zl))dx?df”l

Smmémmﬁhmmmmzawhmmwmw
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where C5 is independent of ¢, proving (4.1).
Consequently, taking ¢ = 2/s, since by Proposition 3.8(b) we have H'(Q.) C L%(0,1; H*(0,G.(z1))) for
1/2 < s < 1 with constant independent of &, it follows that

1/ !
= Jul? SKq/ (s, ). 2 dT
e Jo. 0 H#(0,G< (1))

= Kq”u”%‘l(OJ;HS(O,G (z1))) = CHUHHl Q)

proving (4.3).
Now, let us prove (4.2). Here we use that C°°(€).) is dense in H*(€.) (see [20, Theorem 1.4.2.2]). Let
u € C*®(£,) and fixed 1 € (0,1). By Fundamental Theorem of Calculus, we have

2 du

u(z1,x2) = u(x,0) +/ a—(zl,s)ds.

0 L2
Then
2 | oy 2 2 1/2]7
a1, 20) 2 < 2lu(zs, 0)% + 2 / O s ds / 1245
0 |0z 0
2 2| Ou 2
< 2lu(z1,0)|* + 2Gc(x1) —(z1,s)| ds.
0 |0T2
Consequently,
Ge(w1) Ge (1)
/ luler, 29) P < 2/ (s, 0)2da
Ge(z1)—eHe(21) Ge(z1)—eHe(21)
Gs(zl) To a 2
+2G5(x1)/ / u(xl,s) ds | dzo
G:(z1)—eH:(z1) \JO O
Gel@1) | gy 2
§25H1|u(m1,0)|2+2G15Hl/ — (21, x2)| dxa.
0 0w
Hence, if y(u) is the trace of u given by [20, Theorem 1.5.1.3], we get
2 Gele) 2
/|U| // |u(w1, 22)| drodry
—eH.(z1)
Ge(21) 2
<2H1/ lu(zq,0)| d$1+2G1H1/ / xl,mg) dzodxy

ou
81'2

L2(Q. )> '

On the other hand, if Q5 = (0,1) x (0, Gy), we have Qy C ., and there exists a constant ¢ > 0 such that
||’y(u)||L2(0’1) < cllull geaq) forall 1/2 < s < 1. Then7 due to the previous inequality,

2 2 ou ||*
|U‘ < 2H1 CHU”H (Q0) + G] S Cl HU’”HS(QE) + 87
L2(Q.) T21lL2(q.)

with Cy independent of e. (]

<2H; (”V( )HL2(O 1+ G

ou
aIL’Q

Notice that the above theorem is important because give us a better range of estimates with the H*(£2.)
norm. However, the space may still varies with respect to the parameter .

Now we may study the behavior of the integrals which set the problem. We start analyzing the terms
without concentration.
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Proposition 4.2. Let U C R? an open set such that Q. C U for alle > 0. If u,ip € H'(U) then
/ u(xy, v2)p(r1, v2)drodr, — / u(wy, v2) (w1, v2)drodry, ase — 0.
Q. Q

Proof. Using [20, Theorem 1.4.2.1], we know that
C(U) == {u e C™({U); u=ry,, comv e CZ(R?)}

is dense in H'(U). Hence, we can assume u, € C°(U). Then, since G.(z1) = m(z1) + £g-(x1), where
ge(x1) = g(21/e%) with 0 < a < 1, performing the change of variables

9 — m(x1)

Y=, Y=~
£ge(21)

we get

m(z1)+ege(z1)
/ u(xy, x2)p(x1, xo)drodr; = / / u(xy, x2)p(x1, 2)drodry

m(z1) m(z1)+ege (1)
// u(zy, 2)p(x1, 22) dwgdm1+// w(z1, x2)@(r1, r2)drodr,

m(z1)
= / u(z1, x2) (w1, 22)dradry + €/ / u(yr, m(y1) + y2ege (Y1) (y1, m(y1) + y2e9:(y1)) ge (Y1) dyady
Q 0 0

= [ u(zy,x2)p(x1, x2)drodry,
Q

since u, p € C°(U) and g.(z;) is bounded by Hypothesis H(i) from the domain (2.2). Thus the result is
valid through density properties. O

We can also prove results concerning to the behavior of the trace operator at e = 0. Notice that, at the
limit, a coefficient term appears capturing the geometry of the oscillating domain 2. and the oscillatory
strip 6.

Proposition 4.3. Let U C R? an open set such that Q. C U for all e > 0. If u,o € HY(U) then
1 N
g/ u(zy, x2)p(r1, x2)dradr; — //w(u)'y(go)ds, as e — 0,
0. r

where vy is the trace operator given by [20, Theorem 1.5.1.3] and fi given by (2.5).
Proof. Again, due to [20, Theorem 1.4.2.1], we know that
C2(U) :={ue C™({U); u=ny,, comv e C>(R?)}
is dense in H!(U) and we can assume u, p € C°(U). Then, performing the change of variables

29 — Ge(x1) +eH (1)
EHE(Il) ’

Yyir =21, Y2 =

we get

Ge(z1)
w(zy, x2)p(x1, v2)drodr; = / / u(xy, x2)p(x1, x2)dradry
Ge(z1)—eH:(z1)

yGe(y1) — eHe(y1)(1 = y2)) — u(yr, m(y1)))

(1, Ge(y1) — eHe(y1)(1 — y2)) He (y1)dy2dy

1

-,

/ / wlyr, Gelyn) — eHe(n)(1 — 12))p(wn, Geltn) — eHein)(1 — y2) He (32 )dyadiy
// Y1
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T / / w(yr, m () (e, Ge(n) — eHo(32)(1 — y2)) — @ (yn, m(y2))) He (1) dyodys
0 0
+ / / w(ys, m(yn)) e, m(n)) (He (1) — pn)dyadin + o / w(yr, m(n))o(yn, my1))dyn

1
— uh/ u(yr, m(y1))e(y1, m(y1)) pndyr, ase—0,
0

since G- — m when € — 0 by Hypothesis H(i) from the domain (2.2). Finally, we obtain

1
/ sy, m(gn) o (@1, m(er))dy = / i (u)(9)dS
0 I

changing variables on the line integral, where [i is given by (2.5), proving the result using density and trace
operator properties. |

Remark 4.4. The function i given by (2.5) is independent of the parametrization chosen inT' and, therefore,
18 unique.

We also have similar results to nonlinearities @, f.

Corollary 4.5. Let U C R? an open set such that Q. C U for alle > 0. Ifu,o € H'(U) and ®,f : R — R
bounded functions of class C', then

/ ‘I’(U(xla302))90(3317332)6196261331—>/‘I’(U(xhxz))@(xl,xz)dﬂﬂﬂm
Q. Q
and

i/es flu(z, z2))(x1, x2)dxrodr — /Fﬂy(f(u))v(@)d‘g’

as € — 0, where v is the trace operator given by [20, Theorem 1.5.1.3] and i € L>°(T") is the coefficient given
by (2.5).

Proof. Arguing as in the proof of Propositions 4.2 and 4.3, we can assume u, ¢ € C°(U). Then, using the
same change of variables as before and noting that f is C'', we have, for instance,

1 1 1 Gg(a:l)
g/ fw)edredr, = g/ / fu(zr, 22)) (21, 22)dradry
0. 0 )

Ge(z1)—eH: (21

N /0 /o Fulyr, Ge(yr) = eHe(yn) (1 = 92)))(y1, Ge (1) — eHe(y1) (1 = y2)) He (1) dy2dy

5 / i (f)1(2)dS,  ase— 0.

The other convergence is analogous. O

The following corollaries possess similar proofs.

Corollary 4.6. Let U C R? an open set such that Q. C U for all e > 0. If u, ¢, € HY(U), then

/ u(zl,xg)gp(xl,asg)v,/}(:cl,xg)dxgdxl—>/u(zl,xg)gp(:cl,3:2)1/1(561,x2)d332dx1
Q. Q

and

1/95 u(z1, x2) (1, 22) Y (21, 22)drodn, a/rm(umo)v(wds,

e

as € — 0, where 7 is the trace operator given by [20, Theorem 1.5.1.3] and ji € L°°(T") is the coefficient given
by (2.5).
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Corollary 4.7. Let U C R? an open set such that Q. C U for alle > 0. Ifu,p,) € H*(U) and f,® : R — R
bounded functions of class C', then

/ D (u(zy, 22))p(21, 22)h(21, 22)d2ody 4)/(I)(u(xla12))90(5817$2)w($17x2)d£€2d$1
Q. 0
and

:3/95 f(u(w1, 22)) (21, 22)Y (21, T2 )dT2dT1 — /Fﬂ'y(f(“))'Y(‘P)’Y(w)dS,

as € — 0, where v is the trace operator given by [20, Theorem 1.5.1.3] and i € L>°(T") is the coefficient given
by (2.5).

5. NONLINEAR MAPS

In this section we discuss the main properties of the maps used to describe the reaction terms on the
nonlinearities of the elliptic problems (2.1) and (2.4). For 1/2 < s < 1, consider the Sobolev-Bochner spaces

X. = L*0,1; H5(0,G.(x1))) and X! = L(0,1; {H*(0, G (x1))}).
Then define
F.:HY(Q.) — X!
ur— Fo(u): X, - R (5.1)

v s (Fa(u),0) = /Q B(u) + i/e Fw,

where ®, f € C*(R) are bounded functions with bounded derivatives.

Remark 5.1. Notice that the assumption ®, f € C*(R) bounded with bounded derivatives it is not a big
restriction since we are interested in analyze f(u) when u is uniformly bounded in L*>°(Q.). More details
can be found in [9, Remark 2.2] or [7, Remark 2.2].

Remark 5.2. Notice that L?>(Q.) C X. with constant independent of €. Indeed, it follows from [25, Propo-
sition 2.1] that, if u € X,

9 1 Gs(zl) 9 1 9
luls ) = / / uiy, 02) Pdirsdary = / e, )2 0,6, o1y

1
< [ Clltar, W . edar = Clul.
where C' > 0 is independent of the domain and, furthermore, of €.
Now we prove an analogous result to [6, Lemma 3.6] and [26, Lemma 3.1].
Proposition 5.3. The function F; defined in (5.1) satisfies for constants independent of e:

(a) there exists K > 0 such that

sup [|[Fe(uf)][x; < K
useH(Q,)

(b) F. is globally Lipschitz continuous, that is, there exists L > 0 such that
IF () — Fe(uf)llx: < Lius — ullan oy, Vas,uf € HY(S),
(c) F. is Frechet differentiable, with
F!: HY(Q.) — L(H'(20), X1)
uf v FL(u®) : HY(Q.) — X!
w® = FL(u®)(w®): Xe - R
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(d) fired u® € HY(Q.), there is C > 0 such that

1FL(u®) (ws — wi) | x, < Cllws = willma.), Yoi,ws € H'(Q);
(e) there are ¥ € (0,1) and M > 0 such that

IFL(u®) = FL () e 0),x0) < Mllu® —o%[%,, Vus,0° € Xe;
(f) there is k > 0 such that

1F= (uf + 0%) = Fe(u®) — FL(u®)o® | x; < Kl 300,y V0 € (0,1), Yu©,v° € H' ().
Proof. (a) For u® € H'(1,),
[Fe(u)llx, = sup  [(Fe(u®),v%)].

llvellxe =1

Hence, if v € X,, it follows from Theorem 4.1 and Remark 5.2 that

|<Fa<u6>,v€>|s/ u )| + 2 /|f |
< ([ ) (/Qf”) w (2 f peoe)” 2 f )

N

< (sgﬁ |<I><z>|) G20 ey + (sgg If(x)|> HY20)|x. < K|lo* .

Therefore

sup [ Fe(uf)]|lx, < K.
us€H(Q.)

(b) Indeed, for any u§,u§ € H(£2.), we have
[Fe(ui) — Fe(ug)llx, = sup  [(Fe(u]), v%) = (Fe(ug),v%)]-

lvellx. =1

Using Mean Value Theorem, with Theorem 4.1 and Remark 5.2 again, we get
[(Fe(ug), v%) = (Fe(u), v%)| = [(Fe(u]) — Fe(ug), v)]
< [ @) - o0E)e + / (7 — F(u5))e]

(] wer-oar)" ()" ¢ - )" )

< (supl@'@)1) g ~ wlran oz + (50017 ) 21t = willan o lle?lx,

< Lfjui — 3 g ) [v°| x. -
Thus
[Fe(ui) — Fe(ug)llx; < Llui — w5l a.)
and, therefore, F. is globally Lipschitz with constant independent of «.
) i ) € € >8] i )
(c) In fact, if u®, h® € H'(Q.) and v* € X, applying Mean Value Theorem
[(Fe(u® + h%) = Fe(u®) — FL(u®)h%,v%)] <

< /Q |®(u® + h%) — &(u7) —@’(ua)h5||v€|+i/95 [f(u 4 1) = f(u) = f/(u)RE o7

< </Q B (uF + he) — B(uf) — <I>’(u5)h5|2> v (/Q |v€|2> v n

13
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1/2 1/2
# (2 [ 1o e s - pamr) (2 [ )
1/2

<( JRCGE ‘I”<u5>)hgl2)1/2 ol + € (3 [ 1€ - PER) el (62

where u®(z) < £(z), (% (x) < (u® + he)(z).
We will analyze the second part of (5.2). Notice that, applying Mean Value Theorem again, we get

(F(6) — PR < 17" ()l — wPIReP < (sggu/'(zn) et (5.3)

for &5 (x) < n°(z) < uf(x), for all z € Q..
On the other side,

2
(F(6%) = F DR = |£/(6°) — F/(uf) IR P2 < 2 <81€1§|f’(x)l) P, (5.4)
Then putting (5.3) and (5.4) together, we have
(F(6) — P (w)REP < K min{ 1P, 1|2 (5.5)

However, for all § € [0,1],
min{|h¢|%,1} = min{|Ar%[%, 1}° min{|h¢|?, 1}17° < |hE|®
and, thus, (5.5) became
|(F(€5) = f/(w)]? < Kol PO+, 5 € [0, 1],
Analogously, using the properties of ® we may say that, for the first part of (5.2),
(@) — @ (w)h*|* < K[+, W5 € [0, 1],

Then it follows from (5.2) and using Remark 5.2 that
1/2

1/2
1
|(F.(uf + h) — F.(uf) — F!(u)h¢,v%)| < K (/ |h6|2(1+5)> 0% || x. + K2 (s/ |h62(1+5)> | vf | x. -
QE 05

Furthermore, if 6 € (0,1), we can use Theorem 4.1 to get

1/2 1/2
1
||F€(u6 +h5) st(us) 7Fg’(u5)h€||xé < Kl (/ |h6|2(1+5)) +K2 (E/ |h6|2(1+5)> < OHhEH};?Q
Qe 0.

Consequently,

1Fe(u® + h%) — Fe(u®) — F{(u )R lx;
175 21 20y =0 172 122 (020 T hE 1 o =0
and thus F} is Frechet differentiable.

C?|1p* |31y = 0

(d) Indeed, since ®, ®’, " f, f', f" are bounded, if w5, w§ € H*(.) and v® € X., we have by Theorem 4.1
L g~ P o) < 10 s = e puier 2 [ 1005 - p e

€

1/2 1/2 1 2 o 1/2
g(sup@'(wn) (/ |w5wi|2) (/ W) +(sup|f'<x>|) ( / |w;wi2) ( / W)
zER Q. Q. z€R € Jo. € Jo.

< Cllwi — willm oo llvl x.
It follows that
1FL (uf) (w3 — wi)llx; < Cllwg — willma.),
proving the result.



NONLINEAR ELLIPTIC EQUATIONS WITH REACTIONS TERMS ON THE BOUNDARY 15

(e) If uf,v® € HY(Q.) and w® € X_,
I1FL(u®) — FL(v) |l cemrqan),x;) = sup sup  ((FZ(u") — F.(v))w®, 2%).

lwoll g1 oy =1 1zl x.=1

Hence, if w® € H'(.) and 2¢ € X, it follows from Theorem 4.1 and Hélder Inequality Generalized
with 3 < ¢ <4 and 4 < p <6 (since 1/p+1/q = 1/2) that

(P2 = Pl =) < [ 1@ ) =00+ 2 [ 1) = 1

Qe

< (f, 1w~ @'(vf)l”)l/p (], W)l/q (L, W)UQ n
s erson) (L) ()

0.
1/P 1 1/17
(/ |<1>’<u5>—<1>'<v6>|?) +( / f’<u€>—f’<v6>|p) ]nwsnmgnzsm.
Q. € Je.
Thus,

1/p 1 1/p
||Fé(u5) — F;(UE)H[,(Hl(Qs),Xé) S </ |(I)/(u5) — @/(vE)p) + <EA ‘f’(UE) o f’(y€)|P> .
Q. e
Now, for all z € )., we have

[f' (s (@) = f'(v"(2))] < 2 (Sup f’(l”)) :

z€R

<C

On the other hand, by Mean Value Theorem,
@) = @) < (sl @) 1)~ o)
xE
Thus, if ¥ € (0, 1),
| (u®) — f'(v%)|P < Ky min{1, [u® — v°|P}
= Ky min{1, |u® — v*[P}’ min{1, [u® — v°|P}1 77
< Ky |uf —of|"P.

Taking ¢ such that Jp = 2 (ie, for some 1/3 < ¢ < 1/2), it follows that

1 1/p 1 9 1/p 9
(2 [ rer-rer) "< (2] g =) " < anl - ol

In a similar way,

1/p B 1/p B
(/Q @'(uf)—@'(vf)p) s(/Q K2|us_f|2) < Mo luf — s

Furthermore, for some ¥ € (0,1),
| FL(u®) = FL(0) |l oo (any,xr) < Mlu® — UEHIZ{I(QE)
(f) If u®,v° € HY(Q),
(Fe(u® +0%) = Fe(uf) = F(u)v%, w®) =

= [ @+ o) = ) = ¥yt + 2 [ (1 o) = ) = o

95
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Hence, we can argue as in the proof of item (c¢) to obtain, for any § € (0, 1), that

2/95 ‘f(ue —|—v5) _ f(us) _ f’(us)vs||w5| <

< (/ ®(uF + 07) — B(u) — O () 8|2>1/2 (/Q |wg|2)1/2+

€

(2 [ e o) 7 (¢ [ o)

=G </ lv”“*‘”) . +C2( / lvsf“*‘”) e,
< Ko 0
Therefore,
1F=(u + %) = Fu(u®) = FL(u®)of||x; < k[lo°|l3i0q, ) V6 € (0,1),

which concludes the proof.

Remark 5.4. The results from Proposition 5.3 are also valid if
F.:HY(Q.) — H ()
s Fo(u): HY(Q.) — R

v (Fo(u),v) = /QE <I>(u)v+i/05 fu)v

or
F.:X.— H Q)
ws Fo(u): H(Q.) = R

v (Fo(u),v) = /QE (ID(u)eri/aE flu)v

This is a consequence of Proposition 3.6 and Theorem 4.1.

6. UPPER AND LOWER SEMICONTINUITY OF SOLUTIONS

Our main goal in this section is to prove Theorem 2.7, passing to the limit in problem (2.1). First of all, we
write equations (2.1) and (2.4) in an abstract way. Next, we combine the results from the previous sections
with those ones from [7, 9] concerned with compact convergence to obtain upper and lower semicontinuity
to & at e = 0.

6.1. Abstract setting and existence of solutions. In order to write problem (2.1) in an abstract way,
we consider the linear operator
A D(AL) C L*(0) — L*(5%)
u® = Aqu® = —Au® +u°

with D(A.) = {uf € H2(Q.); 24 = 0}.

Let Z0 = L*(Q.), Z! = D(A.) and consider the scale of Hilbert spaces constructed by complex inter-
polation between Z° and Z!. In our context, such spaces isometrically coincide with the fractional power
space of the operator A, (see [27, Theorem 16.1]). Such scale can be extended to negative exponents such
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as Z;“ = (Z2) for a > 0. Notice that 7 = H'(Q,.) and Z71? = (H'(.))". Hence, if we consider the
realizations of A. in this scale, we have A, /5 € L(Z: 1/2 5_1/2) with

(Ac—1/2 u®, %) :/ VutVe© +uf e, Yo© € HY(Q.).
Qe

With some abuse of notation we identify all different realizations of this operator writing as A.. Then
the problem (2.1) can be rewrite as

Acu® = F.(uf), (6.1)
where the map F; is given by
F.:HY(Q.) — X!
u® = Fo(u®) : L*(0,1; H*(0, G(21))) = R

0" = (Fo(u®),v%) :/ O (u®)v® + 1/ fwHv
Q. € Jo.
with 1/2 < s < 1.

Thus, u® € H'(.) is a solution of (6.1) if, and only if, u® = AZ'F.(u®). Then, u® € H'(Q.) must be a
fixed point of AZ1F. : HY(Q.) — H'(Q.). The existence of such solutions follows from Schaefer Fixed Point
Theorem [18, Section 9.2.2, Theorem 4].

Indeed, as we will see in Proposition 6.8, we have that the operator AZ!F. is compact. Hence, to conclude
the existence, we just need to prove that

0. = {¢° € H'(Q); ° = AT Fe(¢7)}

is a bounded set. Now, it is a direct consequence from Holder Inequality and Theorem 4.1 since

1
I W < [ 1061+ 2 [ 17
: Lo ’ 1/2 Lo 1 1/2
<(sup|<1>(x>|)G/ ( / s08|2> +(supf<x>|) i ( / W) < Ol lrony,
z€R Q. zeR € Jo.

for any ¢° € O..
In a similar way, we can analyze the limit problem given in (2.4). We first consider the linear operator
Ag € L(HY(Q), HY(Q)") with

(Ap u, @) = / VuVp + up, Yo € Hl(Q)7
Q

and then, we set the nonlinearity
Fo: HY(Q) — L?(0,1; {H*(0,m(x1))})
u— Fy(u) : L*(0,1; H5(0,m(x1))) — R
v (Bl = [ B+ [ i @nds.

Then the limit problem (2.4) can be rewritten as
Agu = Fy(u) (6.2)

and, with this notation, u € H'(Q) is a solution of (6.2) if, and only if, u = Ay Fy(u). In other words,
u € HY(Q) is a fixed point of Ag'Fy : H'(Q) — H'(Q). Again, the existence of a solution follows from
Schauder’s Fixed Point Theorem.
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6.2. Extension Operator. A particular continuous linear extension operator is useful here. For the proof
see [7, Proposition 4.1].

Proposition 6.1. Let Q. be the family of domains defined in (2.2). Then, for each 1 < p < oo, there

are g > 0 and a continuous extension operator Po_ : L'(Q:) — LY(R?) such that, with the notation

X(V)=LP(V) or WHP(V) for an open set V.C R?, Pqo_ transforms functions of X (Q.) in X (R?) with
|Po.llz(x(0.),x @2y < K, for0<e <eo,

for some K > 0 independent of e.
Moreover, Pq_ is constructed in such way that Po u = 0 outside an open set U, where U contain the
closure of Q¢ for all € > 0.

Remark 6.2. The construction of operators Pq_ allows us to introduce a new family of operator Pq_ v :
X(Q) = X (V) given by Po_ v = Ry Pq_, where Ry is the restriction to the open set V. Using this notation,
Po, = Pq_gr>. We also have || Pa, v cix(.),x vy < C independent of ¢ (see [T, Remark 4.2]).

The next lemma is convenient to get E-convergence results in Q. (see [7, Lemma 4.3]).
Lemma 6.3. Let {u} be a family in H' () with ||[u®||grq.) < M. Then

(i) there is a subsequence of u, denoted by u*, and ug € H'(Q) such that u* K ug;
(i) there is a subsequence of uf, denoted by u", and u € H'(U) such that Po, yu® — u in H'(U) and

usn & ulgq.
6.3. Continuity of the equilibria set. We first show that the solutions are uniformly bounded in L>°(€2.).

Proposition 6.4. If u® € H'(Q.) is a solution of (6.1), then there is C' > 0 independent of € > 0 such that
[uf g 0.y < C.
Proof. If u* € H*(€,.) is solution of (6.1), we have for all * € H(£2.) that
ou® Op® ou® 0p° / c e / 1 /
+ + u®p® = D(uf)p® + — u®)p®.
Q. 8&31 8&31 Q. 61'2 6$2 Q. g Q. ( )SD e 0. f( )SO
Now, for k > 0 take ¢ = (u® — k)™ € H*(£2.), where

(u® = k)* (21, 22) = {

Then we have that
ouf O(uf — k)™ Ouf O(u — k)™

1
e S S 5 e _ +: 5 g _ + - 5 € _ +
B e e A e e GO AE R COTC Ay AU T

= €

uf(z1,m2) — k, if (x1,22) € Ac g := {(z1,22) € Qe v (21, 22) > kY,
0, otherwise.

Thus using Holder Inequality, Theorem 4.1 and the definition of A, j, we get

2 € € 1 £ £ €
1 = k) 2 = / (u)(uF — k)t 4 - /H F ) (F — k) — / B(u® — k)t

QeNAc i € Q.NAcp
1/2

1/2
s(/ |¢><u€>|2> (/ |u€—k|2> 4
QEﬁAE)k QsmAs,k
1/2 1/2
1 1
(L / AR / u® — K2
€ Jo.nA. € Jo.nAL i

o 01146\ L
< (sup |B(@)| ) [Ac k|2 |[uf = Kll g o) + (sup [f(@)] ) [ Z2==20)  uf = kg o)
z€ER z€R 3

Since the set 6. has order e, we obtain that
[u = Ell ey < CrlAzil'? (6.3)
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where C > 0 is independent of € > 0.
Otherwise, notice that for p, ¢ conjugates (in other words, 1/p+ 1/¢ = 1) we have

105 1) rca = [, k< </A 1p> ’ </A(u : k)q> l/q

<Ak P (W = B) || Logon)- (6.4)

From Proposition 3.8(c), we have that H'(Q.) C L4(Q.) for 2 < ¢ < 4. Thus, taking 2 < ¢ < 4 and its
conjugate 1 < p < 2, we obtain from (6.3) in (6.4) that

(= k) llrrca ) < ColAcilVPIl(u® = k)| < K| Ackl/2TP = K|A k'

for some ¢ > 0 since 1/2 < 1/p < 1.
Therefore, applying [23, Lemma 5.1] we obtain ||u®|| - (q.) uniformly bounded, proving the result. d

We also need the following lemma.

Lemma 6.5. Let u®,w® € H'(Q.) given by w® = AZ'F.(u®). Then ||w®| g (o.y < C for some C > 0
independent of €.

Proof. Since w® = AZ1F.u®, it follows that, for any ¢ € H(€.),

ow® 0y Ow* 0p° / / 1/
+ + [ Wt = | R(ut)pt + - et
Q. 0xy1 0xy Q. 0o O 9610 4 Qe (u )¢ € Jo. f(u )@

Therefore, taking ¢* = w®, we have from Hélder Inequality, the limitation of ®, f and Theorem 4.1 that

. . 1/2 . 1/2 1 . 12 /4 . 1/2
I o < ([ 1062) ([ wR) " (2 [ weor) (2 ) wer)

< (sgg |<I><x>|) G2 iy + (sgﬁ If(x)l) HY o 10y < Cllull e,
which shows the result. O

Next, we analyze the asymptotic behavior of the nonlinear terms of the problem.

Proposition 6.6. Let w®,u® € H' () and w,u € H'(U) such that Po_ v (u) = u and Po_ y(w®) = w in
HY(U), where Pq_ 1 is the extension operator given by Proposition 6.1. Then

[ vt [ ot ana L s o [a(os

where fi is given by (2.5).

Proof. To prove the first convergence, notice that using the Main Value Theorem we obtain
/ B(uf )t —/ B(u)w / B(uf) (wF — w) / (®(uF) — B(u))w / B(u)w — / @(u)w‘
Qe Q Q. Q. Q. Q

(L) o) o), )
[ atww = [ #w)

< (sup 91 ) 62" = wilsn + (sup '@ ) 147 . ol
zER zeR

/QE B(u)w — /Q @(u)w‘ i 4 i i

< + +

+

+
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Since Po_p(uf) — u and Pq_ y(w®) = w in HY(U), we have that Po_y(u®) — u and Po_y(w) — w

in L?(U). Using that ® and ® are uniformly bounded and properties from the extension operator given by
Proposition 6.1, we obtain

i— (sug |<1><x>|> G2k — wllgaqa,y < (su% If(:r)|> HY2| P, g — w2y — 0
e S

and
i = (Su§|¢’($)|) [u® —ull L2 llwllL2(0.) < (Supf (z )> | Pa.,vu® — ull L2y l[|wll 2y — 0.
S

Since it — 0 by Corollary 4.5, we obtain the first result.

On the other side, to prove the second convergence we have

: /9 fluyo = [inrw)as| <| - /0 f<u€><w€w>\+
+|2 s = [ s
) (o) o ) ()
w2 [ = [intrenas)

< (sup|f<x>|) HY?|ju® — wlx, + (sup|f’<x>|) = ullx. ol s )+
TxER zeR

+ i/g f(u)w—/FﬂV(f(U))v(w)dS‘ =T+ IT+1II,

with X. = L?(0,1; H*(0,Gc(x1))) for 1/2 < s < 1.

Notice that, since we are working on R?, U C U; x Uy, with U;,Us C R open sets, (0,1) C U; and
(0,G-(z1)) C Uy for all z; € (0,1) and 0 < € < gg. Therefore H'(U) ¢ HY(Uy x Us) C L?>(Uy; H*(Us)) =:
Xy, where the last inclusion is compact by Proposition 3.6. Thus

/- (sup |f<:c>|) HY2|jwf — wllx, < (sup f<x>|) HY2| Py, — w]xy =0
xER x€eR

and
11— <sug|f’(:r)l> e — ullx. ol sy < <sug|f’(w)l> 1P — ullxe lwl sy — 0.
xEe xTe
Finally 111 — 0 again by Corollary 4.5 and we conclude the proof. O

Proposition 6.7. Let u®,v° € H' () and u,v € H'(U) such that Po_y(u®) = u and Po_y(v¥) = v in
HY(U), where Pqo_y is the extension operator given by Proposition 6.1. Then, for all o € H*(U),

i 1> £ A 1 / IS) £ ~ !
/QE ' (u)vp — /QCP (wvp and 5/95 flu e — /F/w(f (u))y(v)y(p)dS,

where [ s given by (2.5).

Proof. Indeed, to prove the first result we have

[ oo [ o] <|[ w000 ] o] [ @) - ot
|, e [ @

< +

+ =4+ 411
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Remembering that ®,®’ are uniformly bounded and that Po_p(u®) — u and Pq_p(v¢) — v in HY(U)
implies Pq,_ 17 (uf) — u and Pqo_ y(v¥) — v in L*(U), we can analyze each term on the right:

/QE ' (u) (v — v)so’ < (i‘é§¢/(x)|) (/Q o — U|2>1/2 (/Q (p|2)1/2

< (sgg@%xn) o = oll oo ¢l 2o

7::

< (sup /)] ) 1Po.0” = vllzzar ol 0
Te

and using the Sobolev inclusion [27, Theorem 1.36] we have, for some C' > 0 independent of ¢ that

| @) = e @] < [ @) - )l

€

L) (o) () ()

<l = ull 2o vl o llellnany < I1Pasou® — ull 2@y llvll L@ 1ol Ly
< O||Pa. vu® —ull 2@yl gy @y lell g2 oy — 0.

/ P’ (u)vep / P (u)vep
Qe
proving the first result.

To prove the second convergence, we have

2 peente = [ ranet e L [ 0w - s +

1=

For 4ii, using Corollary 4.7,

11 = — 0,

Jr*/ f(wyop=TI+II+1I1.
13 0.

Analyzing each term separately and using the definition of Xy given in the proof of Proposition 6.6:

=2 [ e —ve < (swlr@l) (2 [ - T )
0 E

< Ofv° =vllx el . < CHPQE,UU - vllxullwllHl(U — 0.
Since f’ is C*, applying Corollary 4.7, we get

111 = i/e [ (wve — /Fﬂv(f’(U))v(w)v(w)dS-

Finally, notice that we can rewrite I1 as
U, : HY(U)

ot / ().

It follows that W is a bounded linear operator in H'(U) since, using Theorem 4.1,

1 12 g 1/2
\Ifs(so)<2<sup|f’(w)l> ( / |v|2) ( / |<P|2> < Clloll s ol s -
z€R € 0. € 0.

Besides, for all ¢ € C*(U),

u0) = 2 [ (/) = fe < (sl @1) (3 ] 1o - ) (L E )l
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< K|[Po_,vu® — ullxy [vllmrw)llellmr @) — 0
and then, by density, we have I = ¥_(p) — 0, for all ¢ € H*(U). This concludes the proof. O

For now on, consider the spaces H. = H*(f).) and Hy = H*(f) in the context of Definition 2.1. We prove
the result which guarantee the upper and lower semicontinuity of the set of solutions from (6.1) at e = 0.

Proposition 6.8. Using the notations from (6.1) and (6.2), we have that AZ'F, <, Ayt Fy.

Proof. To prove the compact convergence, we verify separately each item.

(a) AZ1F. is a compact operator, for each ¢ > 0.
Since by Proposition 3.6 H'(€).) < X, with compact immersion, we have X! < H~1(Q.) compactly.
Also, F. is a Lipschitz function by Proposition 5.3(b). Thus, we get the result from

HY(Q) B X! 5 B4 2 HY(QL).

(b) If [uf| g1 (0.y < K, then {AZVF.(uf)} is E-precompact.
Let {u®} such that |[u®|g1(o.) < K. By Lemma 6.3 we obtain a subsequence, that we still call u®,

such that Po_ pu® — u in H(U) and u® X ulg for some u € HY(U). Consider w® = AZ'F.(uf). By
Lemma 6.5, ||w®||f1(q.) < C and, thus, again by Lemma 6.3, there exists a subsequence, also called w*,

and w € H'(U) such that Py, yw® — w in H(U) and w® A wlq.

If we call up = ulg and wy = w|q, we have that wy = Ay Fy(up). Indeed, w® X wp implies for any
v e H'(U) that (w®,v)g1(q.) — (wo, ) g1 (0. On other hand, by Proposition 6.6 we have

W 0y = [ e [ oo [ et [ m s

Thus, since the limit is unique, we get
(Aqwo,v) = (wo,v) g1 () = / D (ugp)v + / iy (f(ug))y(v)dS = (Fo(ug),v), Vv e HY(U),
Q r

and, therefore, wo = Ay ' Fy(uo). Now, let us prove ||[w®| g1(a.) — [|wollm1 (o), implying w® L, wo by [7,
Proposition 3.2]. As a matter of fact, using Proposition 6.6 again, we have

' g g — £ g 1> g 1 £ (>
o B0y = (00 )y = (A2 Pl 0y = | B + 2 [ putyu

— /Q‘I’(Uo)wo +/Fﬂ7(f(uo))7(wo)d5 = (Ag ' Fo(uo), wo) () = (wo, wo) () = llwollF oy

(c) If u® Ly u, then AZYF (uf) RN Ayt Fy(u).

Indeed, if we assume that u® N u, we get |[u®]|g1(q.) < C, for some C' > 0 independent of ¢.

In particular, for any subsequence of u®, we can find another subsequence, denoting all by u®, such
that, using the same argument of the previous item, we have Po_y(u®) — u, with uy = u|q and, for

this subsequence, A1 F.(uf) B, Ay 'Fy(ug). As we can prove this for any subsequence, we obtain the
E-convergence of all family, that is, AZ1F. (uf) N AglFo(uo).
O
Finally, we can conclude the upper and lower semicontinuity of the equilibrium set at ¢ = 0 proving
Theorem 2.7. Indeed, from Proposition 6.8 and [9, Proposition 5.6], we have:
Proposition 6.9. For any family {u¢}, u® € H'(Q.) solution of (6.1), there is u. € H(Q) solution of
(6.2) and a subsequence still denoted by u®, such that u® L u,.

Moreover, with the assumption that the limit solution is hyperbolic, we can get lower semicontinuity of
the equilibrium set. More precisely, from Proposition 6.8 and [9, Proposition 5.7] we have
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Proposition 6.10. Ifu. € H'(Q) solution of (6.2) is hyperbolic, then there is a sequence {us}, us € H ()
solution of (6.1), such that us s,

Remark 6.11. In the case when all equilibria points of the limit equation (6.2) are hyperbolic, we have that
all of them are isolated and there is only a finite number of them (see [9, Corollary 5.4 or Proposition 5.5] ).

Notice that the continuity above does not exclude the possibility that near an equilibrium point of the
limiting equation may exist several different equilibrium points of the perturbed problem. We show that is
possible to obtain some sort of uniqueness of the equilibrium points concluding the proof of Theorem 2.7.

First we will prove an important result about the compact convergence of AZ1F!(u) if us € H(,) is a
sequence of solutions from (6.1) that is E-convergent.

Proposition 6.12. If {u®} is a sequence of solutions of (6.1), u® € HY(Q.), and ug € H*(Q) is solution of
(6.2) then AZ1F!(u) <, Ayt (ug) whenever uf s .
Proof. We prove by steps, as in Proposition 6.8.

(i) AZ'F!(u®) is compact, for each € > 0.
Since H'(Q.) — X. with compact immersion by Proposition 3.6, we have

’ ut i -1
() = x4 m o) A B (L),
where F/(u®) is continuous by Proposition 5.3(d), proving the affirmation.
(ii) AZ'F!(uf)v® is E-precompact whenever [|v%|| g1,y < C.
Let {v°} family in H*(Q.) such that [|[v°||g1(q.) < C and define w® = AZ'F!(u)v°. Then for any
908 € Hl(QE)v

ow® 0p° Ow® Jp° / / , 1 / ,
+ + weof = & (uS)vf + = wS)vEos.
Q. 61’1 6%‘1 Q. 8332 8@‘2 Q. v Q ( ) ¥ g Jo f ( ) ¥

€ €

If p® = w® follows by Theorem 4.1
g g g g 1 g g g
o oy = [ e+ [ e

< (sugvb'(xn) o s o e s sy + (su§|f'<x>|) O o sy 1
xTE Te

and, thus, |w®| g1,y < K, for some K > 0 independent of . Therefore, by Lemma 6.3 we obtain
subsequences, also denoted by v¥, w®, and v,w € H*(U) such that Pq_y(v¥) = v and Pq_ y(w) = w

both in HY(U), with v° 2 v|g and w® 2 w|g.
Now if we call vy = v|q and wy = w|g, we may prove that wy = Ay F}(ug)vo. Indeed, for p € H'(U)

1
(w®, ) H1(0.) :/ O (u)vp + g/e f (u)vsep. (6.5)
On one hand, using Proposition 6.7, we have
1 N
| @rror 2 [ e [ @ wmet [ w)ens

= (Ay " F}(u0)vo, ©) 1 (-

€

However, since w® LN wlq,
(0, p) (. — (wo, ) H1(0)-
Thus wo = Ay F})(uo)vo.
Finally, we show that w® = wy. By [7, Proposition 3.2], it is enough to prove [[w®||g1(q.) —

lwoll 1) But, if we take ¢ = w® in (6.5) we obtain arguing as in the proof of Proposition 6.8, the
norm convergence.
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(iii) AZ1F! (uf)of 5 AV FY(ug)vo se v° 25 vp.
To prove that w® N wq for the whole sequence it is enough to use an analogous proof of this step
in Proposition 6.8.

O

The following lemma is the last one that we need to conclude the uniqueness of equilibrium points near
a hyperbolic limit solution.

Lemma 6.13. Ifu € HY(Q.) is a solution of (6.1) then there is K > 0 such that, for all v¢ € H*(.) with
v |z < 1, we have

IAZH(Fe (s + 0%) = Fu(uf) = FL(uS)o") o, < Kol hlg,), for some 8 € (0,1).

Proof. Let w® = AZY(F.(uS +v°) — F.(uS) — F!(u$)v). This implies that, for all o° € H'(Q,),
ow® Oy® Ow® 0p°
/ sﬁ+/ws0+/wesps:
Q. 8%‘1 8%‘1 Q. 81‘2 81‘2 Q.

— [ (@ %) = @)~ ¥ (o) T [ (k) = () = )N
Qe

05

Taking ¢° = w®, the left side of the equation becomes ||w€|\§{1(96). For the right side, with a fixed
1 < p < 2in a way that its conjugate ¢ is 2 < ¢ < 4, follows by Theorem 4.1 that

[ @ 0%) = @) — @yt + 2 [ (g4 o) - ) - ()t
Qc

€

< ([ s+ -0 - winer) ([ o)

€

e 1 1/p ) »
# (2 [ 1) - s = raser) (2 [ )

1/p
s(/lﬂ@+wﬂ—¢wa—¢Wéwwj I
Q.

1 £ 5 e , e . 1/17 5
+ (5~/95 |f(u*—|—v )_f(u*)_f(u*)’l} |p) ||w HHl(Qs)'

By Proposition 5.3(f) we obtain, for § € (0,1) such that p(1 4 ¢) = 2 or, in other words, 2/p = (1 + J),

12 12
2p 1 2p
o < ([ 1) lolmean 4+ (2 [ 10B) " 1ollncas

2 é
< CIof I3t o Il o) = K 01300, llos s o)

and, thus,
|1+
I (0.

proving the result. O

w1y < Kllv

Now we can conclude the uniqueness of the equilibrium as ¢ is close to zero.

Proposition 6.14. If uj is a hyperbolic equilibrium of (6.2), then there exist n > 0 and €9 > 0 such that,
for 0 < e < eo, there exists one, and only one, ui solution of (6.1) such that ||ui — Ecujllgi.y < 0.

Furthermore u N ug-
Proof. This is a consequence of [7, Proposition 5.5] or [9, Theorem 5.8]. O

Finally, we can prove the main result of this section.
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Proof of Theorem 2.7. The item (a) follows from Theorem 6.9. On the other hand, (b) follows from Theorem
6.10 and Proposition 6.14. O
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