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� An analogue of K. McCrimmon's Coor-

dinatization Theorem

� Simplicity of the symmetrized Jordan

superalgebra of capacity n > 1 � an ana-

log of R. Oehmke's theorem

� The problem of classi�cation of the sim-

ple �nite dimensional nonsupercommuta-

tive Jordan superalgebras



Noncomm. J. a.: 1948: A. A. Albert;

Noncomm. J. a. � = 0: R.D.Schafer;

Flexible p.-a. a. � 6= 2: R.H.Oehmke;

Noncom. J.a. cap. > 2: K.McCrimmon;

capacity two: K.C.Smith;

positive characteristic: L.Kokoris.



The f.d. simple J. s.a. (F = �F0):

V. G. Kac; I. Kantor;

J. s.a. � > 0: I. Kaplansky;

f.d. simple J. s.a. � 6= 2, s.s. even part:

M. Racine and E. Zelmanov;

the even part is not semisimple:

C. Martinez and E. Zelmanov.



Noncomm. J.a.

(x2y)x = x2(yx); (xy)x = x(yx)

Examples: alternative; anticommutative

a �� b = �ab+ (1� �)ba

A(�1; : : : ; �n) � Cayley-Dickson

Quadratic �exible

� F.d. nil-s.s. possesses the unity, and it

is the direct sum of simple

� an analog of the Wedderburn theorem

on nil-radical does not hold



1. Coordinatization Theorem

1. De�ning identities. U = U�0�U�1; Lx; Rx;

(�1)xy := (�1)p(x)p(y); (�1)x;y;z := (�1)xy+xz+yz;

[x; y] = xy� (�1)xyyx; x � y = xy+(�1)xyyx.

Nonsupercomm. Jordan superalgebra:

[Rx�y; Lz] + (�1)x(y+z) [Ry�z; Lx]

+ (�1)z(x+y) [Rz�x; Ly] = 0;

[Rx; Ly] = [Lx; Ry] :



The �exibility may be written as:

(�1)xyLxy � LyLx = Ryx �RyRx;

(x; y; z) = �(�1)x;y;z(z; y; x);

From the de�nition, we have in NJSA:

[Ex�y; Fz] + (�1)x(y+z)[Ey�z; Fx]

+(�1)z(x+y)[Ez�x; Fy] = 0;

[Ex; Fy] + (�1)xy[Ey; Fx] = 0;

where fE;Fg = fR;Lg.



Lemma. In an arbitrary �exible s.a. A

the following operator identities hold:

1) Lx�y � Lx � Ly = Rx�y �Rx �Ry;

2) [Rx �Ry; Rz]� [Rx; Ry �Rz] + (�1)yz[Rx �Rz; Ry] = 0;

3) [Lx � Ly; Rz]� [Rx; Ly � Lz] + (�1)yz[Lx � Lz; Ry] = 0;

4) [Lx � Ly; Lz]� [Lx; Ly � Lz] + (�1)yz[Lx � Lz; Ly] = 0;

5) [Rx �Ry; Lz]� [Lx; Ry �Rz] + (�1)yz[Rx �Rz; Ly] = 0.

Moreover, 2) and 4) hold in every superalgebra.



Lemma. In an arbitrary NJSA U the fol-

lowing hold:

1) [Rx�y; Rz]� [Rx; Ry�z] + (�1)yz[Rx�z; Ry] = 0;

2) [Lx�y; Lz]� [Lx; Ly�z] + (�1)yz[Lx�z; Ly] = 0.

Denote by � the Grassman superalgebra

on generators 1; �i; i 2 I; we admit I = �:



Lemma. U is a nonsupercommutative

Jordan superalgebra i� U is a �exible su-

peralgebra such that U(+) is a Jordan su-

peralgebra.

(Pass to �(U); use �(U(+)) = �(U)(+))



2. Peirce decompositions. We have

Ry(z�t)+ (�1)t(y+z)(Rt+ Lt)LyLz
+(�1)yz(Rz + Lz)LyLt =

RyRz�t+ (�1)t;y;z(Rt+ Lt)Lzy
+(�1)y(z+t)(Rz + Lz)Lty:

If e 2 U: e2 = e, e is homog. ) e 2 U�0, and

Re+ (Re+ Le)L
2
e = (Re+ Le)Le+R2

e :

Also, Le � L2e = Re �R2
e . Therefore,

(Re+ Le)(Le � L2e) = (Le � L2e):



Put Ui = fx : ex+ xe = ixg for i = 0;1;2.

U = U0 � U1 � U2

The spaces U0; U1 and U2 satisfy:

U2
i � Ui; UiU1+ U1Ui � U1; U0U2 = 0;

x 2 Ui ) xe = ex =
1

2
ix; i = 0;2;

x; y 2 U1 ) x � y 2 U0+ U2:



If e =
Pn
i=1 ei is the sum of orthogonal

idempotents then we have the following

Peirce decomposition:

U = �n
i;j=0Uij;

where

U00 = fx 2 U : eix = xei = 0 for all ig;

Uii = fx 2 U : eix = xei = x; ejx = xej = 0; j 6= ig;

Ui0 = fx 2 U : eix+ xei = x; ejx+ xej = 0; j 6= ig = U0i;

Uij = fx 2 U : eix+ xei = ejx+ xej = xg = Uji;

x 2 Uij ) eix = xej (even if i = j 6= 0):



As before, we have the associated pro-

jections Pij on Uij and the inclusions:

U2
ii � Uii; UiiUij + UijUii � Uij;

UijUjk + UjkUij � Uik; U2
ij � Uii+ Uij + Ujj

for the pairwise di�erent indices (non-

mentioned products are zero).

Note that U00 = Ui0 = 0 if e = 1.



Lemma. x; y 2 U0; u 2 U2; ui 2 Ui; i = 0;2; z; w 2 U1)

e(z � y) = ez � y = zy; (y � z)e = y � ze = yz;

e(u � z) = u � ez = uz; (z � u)e = ze � u = zu;

P2(ez � w) = P2(z � we) = P2(zw);

P0(w � ez) = P0(we � z) = P0(wz);

P1(zw) � ui = P1(z(w � ui))

= (�1)wuiP1((z � ui)w)



Lemma. For x; y 2 Ui; i = 0;2, the follow-

ing operator equalities hold on U1 :

1) Lxy = (�1)xyLyLx+RxLy;

2) Rxy = RxRy + (�1)xyLyRx;

3) Lxy = (�1)xyLyLx+ LxRy;

4) Rxy = RxRy + (�1)xyRyLx;

5) LxRy = RxLy; 6) (Rx+ Lx)Re = Rx;

7) (Rx+ Lx)Le = Lx:



Lemma. If N1 � U1 is such that UiN1 +

N1Ui � N1 with i = 0;2 then

Ni = Pi(U1N1+N1U1)� Ui:

Corollary. N1 = U1 ) B = N0+N1+N2�U .

� 2 � : U
[�]
1 = fx 2 U1 : Lex = �xg

Lemma. UiU
[�]
1 + U

[�]
1 Ui � U

[�]
1 for i = 0;2.



3. Algebras with connected idempotents.

� 2 �, e 2 U: S
[�]
1 (e) = U

[�]
1 (e) + U

[1��]
1 (e):

S
[�]
ij = S

[�]
1 (ei) \ S

[�]
1 (ej)

ei and ej: (9� 2 �; vij; vji 2 S
[�]
ij )

even-connected: vijvji = vjivij = ei+ ej;

odd-connected: vijvji = �vjivij = ei � ej;

connected; �: indicator of Uij.



Lemma. For all i; j; k such that i 6= j:

UjkS
[�]
ik � S

[�]
ij

Lemma IT . Assume that 1 =
Pn
i=1 ei is

the sum of n � 3 connected orthogonal

idempotents. Then all indicators have

a common value � and the following are

valid:



1) Uij = S
[�]
ij (i 6= j);

2) Uij = UikUkj + UkjUik ( 6= i; j; k );

3) Uii = Pii(U
2
ik) (i 6= k);

4) U2
ik � Uii+ Ukk (i 6= k):

If e = ek then we have

5) U1 = S
[�]
1 ;

6) Ui = Pi(U
2
1)(i = 0;2);

7) U2
1 � U0+ U2:



The element � 2 �, which is uniquely de-

termined by U, will be called the indica-

tor of U. We say U is of indicator type

� if there is a � 2 � such that 1)�7) of

Lemma IT hold for U. We say that a

nonsupercomm. J. s.a. is of capacity k if

it possesses k pairwise orthogonal idem-

potents, and U with unity of capacity k if

this unity is decomposed into a sum of k

primitive orthogonal idempotents.



Lemma. If U is of indicator type � = 1
4 and

U possesses unity of capacity � 3 then U
is supercommutative.

Lemma. If U is of indicator type � = 0

and of capacity � 3 then U is associative.

3. Mutations. If U = (U; �) is a superalge-

bra and � 2 � then the �-mutation of U
is the superalgebra U(�) = (U; ��), where

x �� y = �x � y+ (�1)xy(1� �)y � x:



Note that U(1=2) is just the symmetrized

superalgebra U+.

The mapping � : � 7! (� + 1)=2 is a 1-1

mapping of � onto itself with inverse ��1 :

� 7! 2� � 1, so in a natural way it carries

the �eld � = (�;+; �) isomorphically onto

a �eld ~� = (�;�;�), where

�� � = �+ �� 1

2
;

�� � = 2��� �� �+1:



Consider the double mutation (U(�))(�);

(U(�))(�) = U(���):

If � 6= 1
2 then � has an inverse � in ~�, so

we can recover U from U(�): U = U(1) =

U(���) = (U(�))(�). However, if � = 1
2 we

cannot easily recover U because all muta-

tions have the same U(+). Thus we can-

not so easily recover an associative s.a.

U from the special J. s.a. U(+).



Note that an ideal in U remains an ideal

in U(�), so if � 6= 1
2 ideals in U and U(�) co-

incide. Since L
(�)
x = �Lx+(1��)Rx; R

(�)
x =

�Rx+(1��)Lx, it is clear that a mutation

of a nonsupercommutative Jordan super-

algebra is again a nonsupercommutative

Jordan superalgebra.



As an example, a split quasi-associative

s.a. is a mutation D(�) of an associative

s.a. D. Then U is quasi-associative if

there is 
 � �: U
 is a split quasi-assoc.

s.a. over 
: U
 = D(�) for � 2 
.

We say that a Jordan s.a. U is strictly

nonsupercomm. if there are some homo-

geneous x; y 2 U: xy 6= (�1)xyyx.



Theorem. (Coordinatization Theorem) If U

is a strictly nonsupercommutative J. s.a.

with n � 3 connected orthogonal idem-

potents then U = D
(�)
n is a split quasi-

associative s.a. determined by the s.a.

Dn of n � n matrices with entries in D,

where D is associative.



2. Simple superalgebras

In what follows: x � y = 1
2(xy+ (�1)xyyx).

Lemma. Let (A; �) be a �exible superal-

gebra. If A(+) possesses the unity 1 =Pn
i=1 ei for some orthogonal even idem-

potents ei then the same holds for A.

Lemma. The mapping d = [�; x] is a su-

perderivation in U(+) for every x 2 U.



Lemma. If U is simple then U(+) is dif-

ferentially simple.

Theorem. A f.d. central simple non-

supercomm. J. s.a. � = 0 is either

(a) of capacity 1,

(b) of capacity 2,

(c) a quasi-associative superalgebra,

(d) a Jordan superalgebra.



Proof. Since U is central ) U
 is also

simple for 
 = ��. It su�ces to prove U

is of type (a)�(d), so we assume � = ��.

Since U+ is a di�. simple J. s.a., by Kac-

Cheng's Theorem, U+ is the tensor prod-

uct of a simple J. s.a. and a Grassman

s.a. Classi�cation of the simple f.d. J.

s.a. �0 implies e 2 U.



Thus, we may assume that U is of capac-

ity n > 2. Then the same argument and

Lemma above say that U contains the

unity, which is a sum of n orth. idemp.:

1 =
Pn
i=1 ei. We see B = N0 + U1 + N2

is an ideal; by simplicity B = U. Thus,

P0(U
2
1) = U0; P2(U

2
1) = U2, which gives 6)

and 2)�3) of Lemma IT . 4) and 7) of

Lemma IT are proved as in Lemma IT .



Let � 2 �. For i 6= j set

Bij = S
[�]
ij ; Sij = UijBij +BijUij;

Bii =
X
i6=j

Pii(Sij); B = �Bij:

B is an ideal. Since � = ��, Lei has a

nonzero eigenvector in Uik, so we may

�nd �: S
[�]
ik 6= 0, and B 6= 0. By simplicity,

B = U, and Uij = Bij = S
[�]
ij .



Thus, U is of indicator type � and with

unity of capacity � 3. We may assume

that � 6= 1
4 and pass to the �-mutation

of U, where � is the inverse for � in ~�.

Moreover, U(�) is a central simple non-

supercomm. J. s.a. (�0) with unity of

capacity � 3. The same argument gives:

U(�) is of indicator type 0. Then U(�) is

associative, and we arrive at (c).



Corollary. Let U be a f.d. simple cen-

tral nonsupercomm. J. s.a. over �0 and

of capacity � 3. Then the symmetrized

Jordan superalgebra U(+) is simple.

Proof. We assume U quasi-associative.

Then U = A(�) for an associative A. It

is easy to see that (A(�))(+) = A(+). We

may assume � = ��. Since A is simple f.d.

associative s.a., A(+) is simple J. s.a.



3. An analog of R. Oehmke's Theorem

Let U be a nonsupercomm. J. s.a., e be

an idempotent in U, and U = �Ui be the

Peirce decomposition of U. Fix i 2 f0;2g.

De�ne �(x) = �Rx + �Lx for x 2 Ui, where
�Rx; �Lx are the restr. of Rx; Lx on U1. Then

�(xy) = �(x)�(y) �Re+ (�1)xy�(y)�(x)�Le:



Denote by �1 the subalgebra in � gen-

erated by �i; i 2 I. Let (x; y; z)+ be the

associator in U(+).

Proposition. Let U be a nonsupercomm.

J. s.a., U �= J
� for some J. s.a. J, and let
U = �2

i=0Ui be the Peirce decomposition

of U relative to an idempotent e. Assume

that for every x 2 U1 the mapping y 7! x�y
is injective on Ui and (Ui; U1; Ui)

+ = 0 for

i = 0;2. Then I := �2
i=0(Ji 
 �1)� U.



J(V; f): Let V = V0 + V1 be a Z2-graded

vector space with a nondeg. superform

f, which is symm. on V0 and skew-symm.

on V1, f(V1; V0) = f(V0; V1) = 0. Consider

J = ��V . Let 1 be the unity in �. De�ne:

(�+ v)(�+w) = (��+ f(v; w))+ (�w+ �v).

Then J0 = �+ V0, J1 = V1. We may as-

sume J(V; f) has capacity two: 1 = e1+e2.



Lemma. Let U be a simple nonsuper-

comm. J. s.a., J be a J. s.a.: U(+) �= J
�.

If J �= J(V; f);K3;K10; Dt then U is under

condition of Proposition. In particular,

U(+) is a simple J. s.a.

Remark. Note that the unity in K10 is

the sum of three orthogonal idempotents.

Since K10 is not special, Theorem says

that U �= K10 if U
(+) �= K10.



Consider the associative superalgebra Q(n),

which is a subsuperalgebra in M2n(�):

Q(n)�0 =

* 
A 0
0 A

!
; A 2Mn(�)

+
;

Q(n)�1 =

* 
0 B
B 0

!
; B 2Mn(�)

+
:



Lemma. Let J = Q(2)(+) and U = J 
 �.

Then for all a 2 U1; �x = x
f; �y = y
g; x; y 2

Ji; f; g 2 �; i = 0;2, holds

(a�x)�y = (�1)xy+�x�y(a�y)�x;

and � : Ui 7! End (U1; U1) is injective.

Lemma. Let U be a nonsupercommuta-

tive J. s.a.: U(+) �= Q(2)(+) 
 �. Then

U(+) is simple.



Theorem. Let U be a simple �nite di-

mensional nonsupercommutative Jordan

superalgebra of characteristic 0 and ca-

pacity > 1. Then U(+) is simple.



4. Simple nonsupercommutative Jordan

superalgebras of capacity 2

Lemma. For every �xed i 2 f0;2g and for

all x; y; z 2 U1, the following relations hold:

Pi(x � P1(yz)) = Pi(P1(xy) � z)

= (�1)x(y+z)Pi(y � P1(zx)):



The case Dt. �; t 2 �. De�ne U = Dt(�):

U = U�0 � U�1; U�0 = he1; e2i; U�1 = hx; yi;

e2i = ei; e1e2 = 0; e1x = �x = xe2;

xe1 = (1� �)x = e2x; e1y = (1� �)y = ye2;

e2y = �y = ye1; xy = 2(�e1+ (1� �)te2);

yx = �2((1� �)e1+ �te2); x2 = y2 = 0:



Lemma. The superalgebra Dt(�) is �exible;

Dt(�) is simple , t 6= 0.

Lemma. Let U be a nonsupercommuta-

tive Jordan superalgebra such that U(+) �=
Dt; t 6= 0. Then U �= Dt(�) for some � 2 �

(after a possible quadratic ext. of �).

Remark. Note: Dt(�) is not quasi-associative,

since otherwise Dt
�= A(+) for some asso-

ciative A, which is impossible.



The case Q(2)(+).

Lemma. Let U be a nonsupercommuta-

tive Jordan superalgebra such that U(+) �=

Q(2)(+). Then U is a split quasiassocia-

tive superalgebra.



The case J(V; f). Here U is a nonsuper-

comm J. s.a. J := U(+) �= J(V; f). Then

J = � + V ; �x u: f(u; u) = 1
4. Then

e1 = (12; u) and e2 = (12;�u) are orthog.:

1 = e1+ e2. W.r.t. e1:

J0 = he2i = U0; J2 = he1i = U2;

J1 = h(0; w) : f(u;w) = 0i = U1:

The s.a. J induces a multiplication on V :

x� y = P1((0; x)(0; y)):



Lemma. If U is a nonsupercomm. J. s.a.:

J := U(+) = �� V is a J. s.a. J(V; f) then

the multiplication in U is given by

(�; x)(�; y) = (��+ f(x; y); �y+ �x+ x ? y);

where ? is an antisupercomm. product on

V and f: f(x ? y; z) = f(x; y ? z).



The case K3. U(+) �= K3 (K3 of cap. 1).

De�ne s.a. K3(�; �; 
). Put K3(�; �; 
) :=

U�0 � U�1, U�0 = hei; U�1 = hz; wi. Product:

e z w
e e �z+ �w 
z+ (1� �)w
z (1� �)z � �w �2�e 2�e
w �w � 
z �2(1� �)e 2
e



Lemma. K3(�; �; 
) is a simple �exible s.a.

Lemma. Let U be a nonsupercomm. J.

s.a.: U(+) �= K3. Then U �= K3(�; �; 
).

�(n) stands for the simple J. s.a. of Pois-

son Grassmann brackets.



Theorem. Let U be a f.d. central simple

nonsupercomm. J. s.a. over �0, which is

neither quasi-associative nor supercomm.

Then, either U is isomorphic to one of:

i) U �= K3(�; �; 
);

ii) U(+) �= �(n)
 �;

or 9P � � (deg 1 or 2): U 
� P �= as a

s.a. over P to one of:

iii) Dt(�);

iv) U(V; f; ?).



K. McCrimmon, Structure and repr. of

noncomm. J.a., Trans. Amer. Math.

Soc. 121 (1966), 187�199.

R. H. Oehmke, On �exible algebras, Ann.

of Math. (2) 68 (1958), 221�230.

S-J. Cheng, Di�. simple Lie s.a. and

repr. of semisimple Lie s.a, J. of Alg.

173 (1995), 1�43.


