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Let K be field, K* group of inv. ele-ts, Mat,, K mult.
semigrp. of V n X n-matrices over K.

Define equivalence A on Mat, K : for A, B € Mat, K

ANB <— A =¢B, some c€ K",

Remark: A is congruence of Mat,, K.

Define

PMat, K = Mat, K/

semigroup of projective n X n-matrices.



Definition 1 K-semigroup is a semigrp T with 0
and with

KxT —T
such that

a(fz) = (af)z, alzy) = (ax)y = z(ay),
lx =x,0x =0,
Va,6e€ K,x,yeT. Call T _K-cancellative if:

ar =0r = a=/[0
Va, e K,0#£zxzeT.
Observe: Mat, K is K-cancellative, PMat,, K is not.

For a K-cancel. monoid M define congruence A as
above: for x,y € M

TA\Y < r = ay some a € K",

Set
Proj M = M/ .

Let & the natural &€ : M — Proj M.



Let G grp., S mond. Amap ¢ : G — Sis a (unital)
partial homomorphism it Vx,y € G
p(1) =1,
oz p@)ely) = plz™)play),
p(@)ey)e(y™) = wlay)ey™).

Definition 2 Let M K-cancel. mond., G grp. A
partial projective representation of G in M 1is

I'-G—- M

such that
&G — Proj M

18 a partial homomorphism.

Theorem 1 Let M a K-cancel. mond. IfI' : G —
M is a par. proj. repr. of G then there is a (unique)
partially defined map o : G X G — K* such that

domo = {(z,y) | [(x)I'(y) # 0}
and ¥ (x,y) € domo



Definition 3 A partial action 60 of G on semigrp S
consists of S, <.S (x € G) and iso-s 0, : S,-1 — S,
such thatVzx,y € G :

(i) S1 =S5, 61 = Idg;

(11) 0,(S,~1 N Sy) = Sy N Syy;

(i) 0, 0 0y(a) = 0yy(a) Va € S,-1 N S, -1,-1.
Definition 4 Let S a K-mond., 60 a par. action
of G on S such that Vx € G 1, € 5, and V0,

s K-map. A K-valued twisting of 0 is a function
oc:.GxG— K

(i) o(z,y) =0<= S, NS, =0 (z,y € G);
(i1) o(x,1) =0o(l,2) =1 Vz € G,
(i1i) Sy N Syy N Syys 7 0 =

7@, )o (39, 2) = oy, 2)o(z,y2)

x,y,z € G.



Given (0,0) of G on S, define the crossed product
S *p, G as follows. Let

L={au,: a€S,,zeqG}

Multiplication on L given by
aty - buy, = ‘99:(99:_1(@)[7>0<377 Y)Uzy,
which is associative. Set

S*g)OG:L/I,

where

I={0u,: x € G}

Observe:

S is K-cancelative = S xg, G is K -cancelative.

Let G grp., K field, M K-cancel. mond. and I :
G — M a par. proj. repr. with factorset ¢ : G x G —
K. Set

I
) 0 if ['(z) = 0.

Then the e,’s are pairwise commuting idempotents.



Let
['G)={(al'(zx) |ae K,x € G) C M,

S ={ae,,a € K,z € G) CT'(G).
Set S, = Se,.

Recall
Theorem 2 2| The maps 0, :S,-1 — S, (v € G)

[ I(@)al(z YHo(x™ )™t if S, #0,
Oala) = { 0 if S, 1 =0,

form a par. action 0 = 0" of G on S, the factor set
o s tuisting for 6 and

Vv S*p, G au, — al'(v) € I'(G)
1$ an epimorphism.
Let 6 be a twisted par. ac. of G on a K-cancel.

mond. 1" with twisting o. Thus each ideal V T, = T'1,.
Have:

Theorem 3 2] The map 'y : G — T ¢, G, defined
by Ug(x) = 1,uy, is a proj. par. repr. whose factor
set 15 O.



Theorem 2, Theorem 3 = V I' : G — M the fol-

lowing triangle is commutative:

A

M S *970 G

where 6 = 9.

Definition 5 Let I' : G — M and I : G — M’ be
par. proj. repr-s. A morphism from I to IV is a
homomorphism of K-monoids ¢ : M — M’ with

G
[/ T
M’/ 9"\M

commutative.
Observe:

o(x,y)=0oc'(x,y) V(z,y) € domd’, (1)

in particular dom ¢’ C dom o.



Consider the category Ppr GG of par. proj. repr.-s of
G into K-cancel. monoids and their morphisms.

A par. proj. repr. I' : G — M shall be called ad-
qusted if M = ['(M). They (and morphisms) form a
full subcategory AdjPpr G.

The par. proj. repr. I'y : G — T %9, G from
Theorem 3 satisfies:

S:(z)N S, I'(y) =0 forany z,y € G,z #y.

Such par. proj. repr-s called strongly injective. They
(with morhisms) form a full subcategory SiPpr G.

Also denote

AdjSiPpr G = {adj. str. inj. par. proj. repr-s and
morphisms }.

Similarly define the category Pag of the partial ac-
tions of G on K-cancel. monoids and their morphisms:



Definition 6 Let 0 ={0,: T, 1 — T, (x € G)} and
0 ={0,:T _, — T, (x € G)} be par. ac.-s of G on
T and T respectively. A morphism from 6 — @ is
a homomorphism of K-monoids

o: T —T
such that
@(Tx) C T:;;
Vel and
Tx—ﬂL T,
| ¢
CZ’Y/_1 932/ /

18 commutative.

Also consider the category TwPag of twisted par-
tial actions of grps on K-cancel. monoids in which the
morphisms are defined as follows:



Definition 7 A morphism of tw. par. actions
0:(0,0) — (0,0,

with 0 = {0, : T,.1. — T, (x € G)} and 0 = {0, :
T — T, (v €G)}, is a morphism of par. ac.-s

w:0—0
such that ¥ restriction
p: T, =T, (z€G)
1s homom. of monds and

o(T,NTyy) #0 = o(x,y) =0'(z,y) (Vz,y € G).

A tw. par. action of G on T is called adjusted it T
is generated by al, (a € K,x € G). They (and mor-
phisms) form a subcategory AdjTwPa..

Describe the interaction:
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Theorem 4 (i) 3 a functor Ppr G — AdjTwPa,
which takes I' +— 6%,

(i) 3 a functor TwPas — SiPpr G which takes
0 — T'y. Moreover, I'y is adjusted if 0 1s adjusted.

(11i) ¥V I' € Ob Ppr G 3 morphism
F@F — I
which is = if I' € Ob AdjSiPpr G.

(iv) V 8 € Ob TwPags 3 mono.
0' — 0,

which is = if 0 is adjusted.

(v) Functors from (i) and (ii) give
AdjSiPpr G ~ AdjTwPa,.

(vi) The restriction
AdjPprG — AdjTwPa,
1s right adjoint to restriction
AdjTwPa, — AdjPprG.
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