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Let K be field, K∗ group of inv. ele-ts, MatnK mult.
semigrp. of ∀ n× n-matrices over K.

Define equivalence λ on MatnK : for A,B ∈ MatnK

AλB ⇐⇒ A = cB, some c ∈ K∗.

Remark: λ is congruence of MatnK.

Define

PMatnK = MatnK/λ

semigroup of projective n× n-matrices.
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Definition 1 K-semigroup is a semigrp T with 0
and with

K × T → T

such that

α(βx) = (αβ)x, α(xy) = (αx)y = x(αy),

1x = x, 0x = 0,

∀ α, β ∈ K, x, y ∈ T. Call T K-cancellative if:

αx = βx =⇒ α = β

∀ α, β ∈ K, 0 6= x ∈ T.

Observe: MatnK is K-cancellative, PMatnK is not.

For a K-cancel. monoid M define congruence λ as
above: for x, y ∈M

xλy ⇐⇒ x = αy some α ∈ K∗.

Set
ProjM = M/λ.

Let ξ the natural ξ : M → ProjM.
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Let G grp., S mond. A map ϕ : G→ S is a (unital)
partial homomorphism if ∀x, y ∈ G

ϕ(1) = 1,

ϕ(x−1)ϕ(x)ϕ(y) = ϕ(x−1)ϕ(xy),

ϕ(x)ϕ(y)ϕ(y−1) = ϕ(xy)ϕ(y−1).

Definition 2 Let M K-cancel. mond., G grp. A
partial projective representation of G in M is

Γ : G→M

such that
ξΓ : G→ ProjM

is a partial homomorphism.

Theorem 1 Let M a K-cancel. mond. If Γ : G →
M is a par. proj. repr. of G then there is a (unique)
partially defined map σ : G×G→ K∗ such that

dom σ = {(x, y) | Γ(x)Γ(y) 6= 0}
and ∀ (x, y) ∈ dom σ

Γ(x−1)Γ(x)Γ(y) = Γ(x−1)Γ(xy)σ(x, y),

Γ(x)Γ(y)Γ(y−1) = Γ(xy)Γ(y−1)σ(x, y).
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Definition 3 A partial action θ of G on semigrp S
consists of Sx / S (x ∈ G) and iso-s θx : Sx−1 → Sx
such that ∀x, y ∈ G :

(i) S1 = S, θ1 = IdS;

(ii) θx(Sx−1 ∩ Sy) = Sx ∩ Sxy;

(iii) θx ◦ θy(a) = θxy(a) ∀a ∈ Sy−1 ∩ Sy−1x−1.

Definition 4 Let S a K-mond., θ a par. action
of G on S such that ∀x ∈ G ∃ 1x ∈ Sx and ∀θx
is K-map. A K-valued twisting of θ is a function
σ : G×G→ K :

(i) σ(x, y) = 0 ⇐⇒ Sx ∩ Sxy = 0 (x, y ∈ G);

(ii) σ(x, 1) = σ(1, x) = 1 ∀x ∈ G;

(iii) Sx ∩ Sxy ∩ Sxyz 6= 0 =⇒

σ(x, y)σ(xy, z) = σ(y, z)σ(x, yz)

x, y, z ∈ G.
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Given (θ, σ) of G on S, define the crossed product
S ∗θ,σ G as follows. Let

L = {a ux : a ∈ Sx, x ∈ G}.

Multiplication on L given by

a ux · b uy = θx(θx
−1(a)b)σ(x, y)uxy,

which is associative. Set

S ∗θ,σ G = L/I,

where
I = {0ux : x ∈ G}.

Observe:

S is K-cancelative =⇒ S ∗θ,σ G is K -cancelative.

Let G grp., K field, M K-cancel. mond. and Γ :
G→M a par. proj. repr. with factor set σ : G×G→
K. Set

ex =

{
Γ(x)Γ(x−1)σ(x−1, x)−1 if Γ(x) 6= 0,
0 if Γ(x) = 0.

Then the ex’s are pairwise commuting idempotents.
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Let

Γ(G) = 〈αΓ(x) | α ∈ K, x ∈ G〉 ⊆M,

S = 〈αex, α ∈ K, x ∈ G〉 ⊆ Γ(G).

Set Sx = Sex.

Recall

Theorem 2 [2] The maps θx : Sx−1 → Sx (x ∈ G)

θx(a) =

{
Γ(x)aΓ(x−1)σ(x−1, x)−1 if Sx−1 6= 0,
0 if Sx−1 = 0,

form a par. action θ = θΓ of G on S, the factor set
σ is twisting for θ and

ψ : S ∗θ,σ G 3 aux 7→ aΓ(x) ∈ Γ(G)

is an epimorphism.

Let θ be a twisted par. ac. of G on a K-cancel.
mond. T with twisting σ. Thus each ideal ∀ Tx = T1x.
Have:

Theorem 3 [2] The map Γθ : G→ T ∗θ,σG, defined
by Γθ(x) = 1xux, is a proj. par. repr. whose factor
set is σ.
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Theorem 2, Theorem 3 =⇒ ∀ Γ : G → M the fol-
lowing triangle is commutative:

G

M S ∗θ,σ G

ΓθΓ
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�

�
�	

where θ = θΓ.

Definition 5 Let Γ : G → M and Γ′ : G → M ′ be
par. proj. repr-s. A morphism from Γ to Γ′ is a
homomorphism of K-monoids ϕ : M →M ′ with

G

M ′ M

ΓΓ′

ϕ�

@
@

@
@R

�
�

�
�	

commutative.

Observe:

σ(x, y) = σ′(x, y) ∀(x, y) ∈ dom σ′, (1)

in particular dom σ′ ⊆ dom σ.
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Consider the category PprG of par. proj. repr.-s of
G into K-cancel. monoids and their morphisms.

A par. proj. repr. Γ : G → M shall be called ad-
justed if M = Γ(M). They (and morphisms) form a
full subcategory AdjPprG.

The par. proj. repr. Γθ : G → T ∗θ,σ G from
Theorem 3 satisfies:

SxΓ(x) ∩ SyΓ(y) = 0 for any x, y ∈ G, x 6= y.

Such par. proj. repr-s called strongly injective. They
(with morhisms) form a full subcategory SiPprG.

Also denote

AdjSiPprG = {adj. str. inj. par. proj. repr-s and
morphisms }.

Similarly define the category PaG of the partial ac-
tions of G on K-cancel. monoids and their morphisms:
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Definition 6 Let θ = {θx : Tx−1 → Tx (x ∈ G)} and
θ′ = {θ′x : T ′

x−1 → T ′
x (x ∈ G)} be par. ac.-s of G on

T and T ′ respectively. A morphism from θ → θ′ is
a homomorphism of K-monoids

ϕ : T → T ′

such that
ϕ(Tx) ⊆ T ′

x

∀ x ∈ G and

Tx−1 Tx

? ?

T ′
x−1 T ′

x

ϕϕ

θ′x

θx

-

-

is commutative.

Also consider the category TwPaG of twisted par-
tial actions of grps on K-cancel. monoids in which the
morphisms are defined as follows:
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Definition 7 A morphism of tw. par. actions

ϕ : (θ, σ) → (θ′, σ′),

with θ = {θx : Tx−1 → Tx (x ∈ G)} and θ′ = {θ′x :
T ′
x−1 → T ′

x (x ∈ G)}, is a morphism of par. ac.-s

ϕ : θ → θ′

such that ∀ restriction

ϕ : Tx → T ′
x (x ∈ G)

is homom. of monds and

ϕ(Tx ∩ Txy) 6= 0 =⇒ σ(x, y) = σ′(x, y) (∀x, y ∈ G).

A tw. par. action of G on T is called adjusted if T
is generated by α1x (α ∈ K, x ∈ G). They (and mor-
phisms) form a subcategory AdjTwPaG.

Describe the interaction:
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Theorem 4 (i) ∃ a functor PprG → AdjTwPaG
which takes Γ 7→ θΓ.

(ii) ∃ a functor TwPaG → SiPprG which takes
θ 7→ Γθ. Moreover, Γθ is adjusted if θ is adjusted.

(iii) ∀ Γ ∈ ObPprG ∃ morphism

ΓθΓ → Γ

which is ∼= if Γ ∈ ObAdjSiPprG.

(iv) ∀ θ ∈ ObTwPaG ∃ mono.

θΓθ → θ,

which is ∼= if θ is adjusted.

(v) Functors from (i) and (ii) give

AdjSiPprG ∼ AdjTwPaG.

(vi) The restriction

AdjPprG→ AdjTwPaG

is right adjoint to restriction

AdjTwPaG → AdjPprG.

12



References

[1] M. Dokuchaev, R. Exel, Associativity of crossed
products by partial actions, enveloping actions and
partial representations, Trans. Amer. Math. Soc.,
357, (5), (2005), 1931-1952.

[2] M. Dokuchaev, B. Novikov, Partial projective rep-
resentations and partial actions, J. Pure Appl. Al-
gebra (to appear).

[3] R. Exel, Partial actions of groups and actions of
semigroups, Proc. Amer. Math. Soc., 126, (12),
(1998), 3481-3494.

[4] B. V. Novikov, On projective representations of
semigroups, Dopovidi AN USSR, 1979, N6, 472-
475 (in Russian). [MR 80i:20041]

13


