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1 Uniform probability spaces

1.1 Probability encoded as sets and functions

Consider the following experiment: a box has 4 red balls, 6 blue balls and 10
green balls. We pick a ball at random. What is the probability of that ball being
red? We are taught in school that this should be the number of red balls over the
total number of balls, so % = 0.2 = 20% and this is indeed true under certain
assumptions. To understand the assumptions we are implicitly making when

doing this computation, we ask the following questions:

o What is a probability as a mathematical object?
e What other questions could we ask without changing the experiment?
o Would the answer be the same if some balls are harder to grasp (e.g. they

are of difference sizes)?

Note that when we ask about a probability, we need to determine the event
whose probability we are interested in — while the probability of a specific event
(e.g. ‘the ball is red’) is a number in [0, 1], the probability on its own, is a map

that attaches to each event a number.

There are three possible outcomes for this experiment: red, blue and green. We
call the set of all possible outcomes sample space, usually denoted by €. As a

mathematical object, ) is any non-empty set — in this case, Q = {red, blue, green}

We can, however, ask other questions as well. For example, we can ask for
the probability that ‘the ball is either blue or green’ (which would have been
equivalent to ‘ball is not red’). In words, an event is a statement that you can
tell whether it is true or not, after seeing the outcome of the experiment. In this

case, all possible events are

e ‘The ball is none of the three colours or any other colour’ — mathematically,
this will be denoted by the empty set (), since it contains none of the
possible outcomes.

o ‘The ball is red’ — denoted by {red}

o ‘The ball is blue’ — denoted by {blue}

e ‘The ball is green’ — denoted by {green}

o ‘The ball is either red or blue’ — denoted by {red, blue}

o ‘The ball is either red or green’ — denoted by {red, green}



e ‘The ball is either blue or green’ — denoted by {blue, green}
o ‘The ball is any of red, blue or green’ — denoted by {red, blue, green} = Q.

From this exhaustive list, it is clear that all events are subset of Q2 and in fact,
in this case at least, all subsets of € are events. We call the collection of all
events the event space (or, more formally, o-algebra), usually denoted by F. As
a mathematical object, this is a collection of subsets of the sample space — we
will later see that this collection has to satisfy certain properties but for now, we
assume that it includes all subsets, so F = P(Q), where P denotes the power-set

(collection of all subsets).

We have already argued that the probability, usually denoted by P, is a map
from the event space to numbers [0, 1] — we denote it by P : F — [0, 1]. Using

our intuition, however, we expect that

.
~

) =

. ]P’({red}) =0.2

o P({blue}) =0.3
o P({green})=0.5
o P({red,blue}) =0.5

o P({red,green}) =0.7

o P({blue,green}) =0.8

o P({red,blue, green}) = 1.

What implicit assumptions are we making when doing these computations, based

on our intuition?

o The probability of the event () that includes no outcomes should be 0.

o The probability of the event {2 that includes all outcomes should be 1.

e When an event can be broken down to the union of two disjoint events,
then its probability should be the sum of the two probabilities, e.g.
P({red,blue}) = P({red}) + P({blue}).

These are fundamental properties that a probability map should have.

In conclusion, the triplet (2, F,P) of sample space €, event space F and
probability P form what is called a probability space.
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1.2 Uniform probability space

In the previous example, the way we postulated the probability of each colour
had an implicit assumption: that all balls have the same chance to be chosen.

This is a correct assumption if the balls have the same weight, size, texture, etc.

What if instead coloured red, green or blue, the balls were numbered from 1 to 207
Under the same assumption (that the balls have the same weight, size, texture,
etc.), we would have Q = {reds,...,redy,bluey, ..., blues, greeny, ..., greenip}
and P would be so that every ball has the same chance to be picked, that is,
every element w € 2 would have the same chance. Then, the event ‘ball is red’

would correspond to the event A = {red;,...,reds} and we would intuitively

4
20

the number of elements in A (and red balls) and 20 is the number of all possible

expect that the probability of getting a red ball would be equal to where 4 is

outcomes.
When each outcome is equally likely, we have a uniform probability space.

Definition 1.1. A uniform probability space is defined as the triplet (Q2, F,P),

where

o Q (the sample space) is a non-empty finite set of all possible outcomes of
the experiment;

o F (the event space) is the collection of all events, given by the power-set
P(Q) of Q;

e P: F —[0,1] is a map from the event space to [0, 1], satisfying

- P(0)=0,P(Q) =1, (1.1a)
— P(AUB) =P(A) +P(B), for every A, B € F such that ANB =

(finite additivity) (1.1b)
— P({w}) =P{®}) for all w,& € Q (uniform) (1.1c)

As a result of the uniform assumption, computing the probability of any event
comes down to computing the cardinality of the event. Remember that an event
is a set (a subset of the sample space 1) — the cardinality of a set is the number

of its elements. For a set A C €, it is denoted by |A|.

To formally define cardinality, we first need to define one-to-one correspondence

between two sets: given two sets A, B we say that they are in a one-to-one

11



correspondence if there exists a bijective map between them i.e. a function

f: A — B that is both injective and surjective.

Definition 1.2. A set A has cardinality n € N if it is in a one-to-one

correspondence with {1,2,...,n} and A has cardinality 0 if A = (.

Proposition 1.1. Let (Q,F,P) be a uniform probability space. Then for all
weN

1
P{w}) = T (1.2)
and for all ACQ (A€ F)
P(A) = :é: (1.3)

Proof. Since Vwy,ws € Q, P({w1}) = P({wa}), let p € [0,1] s.t.
p:=P{w}) Ywen.
Since P is a probability measure

1=B(@) = Y B({w})] by (L)

weN
=Y p=pY 1=p|Q.
weN weN
Therefore
1
P=15-
12

showing (1.2). We see that (1.3) follows from (1.1b), as

P(A) =) P{w}), by (L1b)

weA
A
SN BEFIE =
w€eA w€EA

Ezercise 1.1. Consider an urn with 50 balls numbered 1 to 50. Assume that
they are drawn uniformly at random. After defining a suitable probability space,
determine the probability that the first ball drawn shows a number divisible by
12.

12



Solution: Define (Q, F,P) as follows: Q = {1,2,3,...,50}, F = P(2) and P the

uniform probability measure. Then the event in question is
E ={12,24,36,48} .

By Proposition 1.1 (1.3)

2 How to count

2.1 Basics of combinatorics

In general, formula (1.3) says that, in order to compute probabilities, we need

to count. This section digs deeper into the problem of counting.

FEzxzample 2.1. If there are 30 people in a room, what is the probability of at
least two of them to have the same birthday? (Assume that no one is born on

February 29 and that any day has the same chance of being anyone’s birthday).

To answer the question in Example 2.1, we need to compute the cardinality
of the set of all possible combinations of birthdays as well as the cardinality
of the set of all possible combination of birthdays where at least two are the
same. How do we do that? We will need to use the the fundamental counting
principle, which allows us to compute cardinalities of large and complex sets,

where explicit counting is not possible.
First we start by identifying the fundamental rules of counting:

Correspondence Rule If A and B are in a one-to-one correspondence then
Al = |B].

Addition Rule If Aq,..., A, are pairwise disjoint subsets of some set then

n

Ja

i=1

n

:Z|Ai|-

i=1

Fundamental Counting Principle Suppose that the elements of a finite set

E can be determined in k successive steps, with ny possible choices for
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step 1, ng possible choices for step 2, ..., ng possible choices for step k.

Suppose also that different choices lead to different elements. Then
‘E| :nl.nz.....nk.

The set of all combinations of birthdays of 30 people appearing in Example 2.1 is
an example of a set of ordered k-tuples of elements of a given set. More generally,

this is defined as follows:

Definition 2.1. Let A be a finite set of cardinality n € N. A sequence of length
k € N of elements of A is an ordered k-tuple (as,...,ar)s.t.a; € A,i=1,2,...k.
We denote by Sy, ,(A) the set of all sequences of length k of elements of A.

By “ordered" we mean that the order of the sequence matters, for example:
(a1, az2) # (az,a1). Note also that repetitions of elements are allowed, for example

(1,1) is a sequence of length 2 of elements of {1}.

Proposition 2.1. Let A be a finite set of cardinality n € N. The set Sy, 1(A) of
all sequences of length k € N of elements of A has cardinality n*, i.e.

S (A)] =n*

Proof. To construct an arbitrary element (a1, az,...,ax) of S, 1(A), we perform

the following steps

(a) choose the first value ay. There are ny = |A| = n ways to do this.

(b) choose the second value ay. There are ny = |A| = n ways to do this.

k. I choose the k** value aj. There are ny = |A] = n ways to do this.

Thus we find

|Sn,k(A)|:n1n2nk:nn ..... n:nk.

k times

O
To complete the Example 2.1, we also need to compute the cardinality of the
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set of all possible birthdays where at least two are the same. It is easier and
equivalent (why?) to compute the cardinality of the set where no two birthdays
are the same. As there cannot be any repetition, this is an example of an ‘ordering
of length 30 of elements of {1,...,365}. More generally, we define orderings of
length £ as follows:

Definition 2.2. Let A be a finite set of cardinality n € N and let £ € N such
that k < n. An ordering of length k of elements of A is a sequence of length k of
elements of A with no repetitions. We denote the set of orderings of length k of
elements of A by Oy, 1(A). Thus we have

Oni(A) ={(a1,...,a1): a; € AVi=1,... .k, a;#a; Yi#j}.
Proposition 2.2. Let A be a finite set of cardinality n € N and k < n. Then
O k(A =n(n—-1)...(n—k+1).

Proof. We determine an element of O,, (A) by the following steps:

—~
&

) We choose a;. There are n; = |A| = n choices for this.

(b) We choose ag such that as # a1. There are ng = n — 1 choices for this.

—
o

) We choose ag such that as # as and as # a;. There are ng = n — 2 choices
for this.

k. We choose aj such that ap # a; Vi = 1,2,...,k — 1. There are n; =
n — (k — 1) choices for this.

By the fundamental counting principle

|Onk(A) =ning...ny=nn—1)...(n—k+1).

Ezample 2.2 (continued). We can now answer the question of Example 2.1.
First, we compute the probability that no two people have the same birthday,

corresponding to event B. As discussed above, B is an ordering of length 30

15



(k =30 from a set of cardinality 365 (n = 365), so

Bl 365 %  x (365 —30+1)

= = ~ 0.2
|2 36530 0-29

P(B)

The event that at least two people have the same birthday is the complement of
event B, so the probability that at least two out of the 30 people have the same
birthday will be close to 71%.

Remarks. We read n! as n factorial. The following hold:

e nlis the product of the first n natural numbers and by assumption 0! = 1.
e n!is the number of ways in which we can order the elements of a set of
cardinality n or equivalently the number of ways to put the elements of a
set of cardinality n in a row.
n!

enn—1)...(n—k+1) = Tty Is the number of ways to put k& elements

of a set of cardinality n in a row.

Ezample 2.3. Now we consider a slightly different question to that of Example 2.1:
what is the probability that ezactly two people in the room with the same

birthday? To construct such an example, we would need to

1. Choose the two people that have the same birthday.
2. Choose a day for their birthday.
3. Choose a day for everyone else’s birthday, so that no other birthdays are

the same.

In how many ways can we choose the two people that have the same birthday?
We need to choose two numbers from C' = {1,...,30} — this will be a sequence
of length 2 with no repetition, but what is different to what we had before is
that the order doesn’t matter. Whether it is (1,2) or (2, 1), it is still the same
pair of people with the same birthday! To correct for that, we need to divide
by all possible ways we can order the two elements — each such way will be a
sequence of length 2 with no repetition, but now we are choosing from a set of

just two points, so the set of all possibilities is O3 2. This gives

|03072| - 30 x 29 _ 30!
000 — 20 28121

We denote this by (320). Now, back to our question: we have computed the

number of ways we can pick the two people with the same birthday. There are

16



are 365 ways to choose their birthday. For their remaining 28 people, there will
be 364 x --- x (365 — 28) ways of picking their birthdays since they all need to
be different. So, the total number of ways of selecting an outcome in the event

‘exactly two people have the same birthday’ is

30!

Finally, to compute the probability of exactly two people having the same
birthday, we need to divide by the cardinality of all possible birthday combinations
given by 36530, which gives approximately 0.38 or 38%.

Choosing two people from a set of 30 is an example of a combination of 2 elemnts
of {1,...,30}. More generally, we can ask for the number of combinations of k

elements of a finite set A.

Definition 2.3. Let A be a finite set of cardinality n € N. A combination of k
elements of A is a subset of A with k elements. We denote by Cj, x(A) the set of

combinations of k elements of A.

Proposition 2.3. Let A be a finite set of cardinality n € N and k < n. Then

sl = (1) = i

Proof. Notice that an ordering of length k of elements of A can be obtained
uniquely by the following steps

(a) Choose a combination of k elements of A. There are ny = |C), 1, (A)| choices
for this.
(b) Choose a permutation of these elements. By Corollary 2.1 there are ny = k!

choices for this.

By the fundamental counting principle,

The above equation can be solved for the only unknown term, giving

[Oni(A)] n "
|Cr i (A)| = ,f! CED T (k)

17



This concludes the proof. O

The number of orderings of length n when the cardinality of the set is also n is

an important spacial case or orderings:

Definition 2.4. Let A be a finite set of cardinality n € N. An ordering of length

n of elements of A is called a permutation of A.

Corollary 2.1. Let A be a finite set of cardinality n € N. Then the number of

permutations of the elements of A is n(n—1)(n—2)...1 =nl

Proof. 1t suffices to take k = n in Proposition 2.2. O

Exercise 2.1. A fair die is tossed 8 times. How many different outcomes can we
have that contain the outcome 2 exactly three times and the outcome 3 exactly

five?

Solution. Each possible outcome is completely determined by specifying
which tosses result to a 2 — the remaining will be 3. For example, outcome
(2,3,2,2,3,3,3,3) is determined by the subset {1,3,4} of set {1,2,3,4,5,6,7, 8},
with the first corresponding to the positions of 2 and the second being the
numbering of all tosses. Thus, to compute the number of possible outcomes, it is
sufficient to compute the number of subsets of size 3 from a set of cardinality 8.

This is exactly Cs 3, which is equal to 56. O

Ezxzample 2.4. Let’s take exercise 2.1 a bit further: how would we compute the
number of outcomes of 8 tosses of a die that contain exactly three 2’s, three 4’s
and two 5’s? As before, an outcome will be completely determined by specifying
the positions of two out of the three possibilities, e.g. 2 and 4. For example,
outcome (2,4,5,2,2,5,4,4) corresponds to sets Ay = {1,4,5} and A4 = {2,7,8}
where As is the set of positions of outcome 2 and similarly for Ay. It follows

that As = {3,6}, as these are the only two positions left.

So, to answer the question, we need to count in how many ways we can pick
a subset of {1,2,3,4,5,6,7,8} of length 3 and then another subset of length
3 from the remaining 5 elements. We have (2) choices for the first set and (g)

choices for the second. Applying the fundamental counting principle, we get

S\(sy_ 8 8 _ 8
3/\3/) 51313120 313121°
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The above is an example of counting the ways we can split a set into a fixed

number of subsets. To define this formally, we first need to define a partition:

Definition 2.5. Let A be a set of cardinality n € N and r» € N such that r < n.
A partition of A into r subsets is a family {A,..., A, } of subsets of A such that

(a) Every subset in the family is non-empty: A; # 0 Vi=1,2,...,7.

(b) The subsets in the family are pairwise disjoint: A; N A; = 0 Vi # j,
i i=1,2,.. .7

(c) The union of all the subsets in the family is equal to A: |J_; 4; = A.

Proposition 2.4. Let A be a finite set with |A] =n. Let r € N, r < n. Then
the number of partitions of A into r subsets {A1,..., A} such that |A1| = k1,
|[Ao| =ko..., |Ax| =k (k1 +ka+ -+ k. =n, 1 <k <n)is given by

n!
Eilko! .. k!

Proof. Every partition of A satisfying the assumptions can be uniquely

determined via the following steps:

(a) Choose A; C A such that |A;] = k;. There are (,?1) choices for this step.

(b) Choose Az C A such that |Az| = ko and A3 N A = () (which implies that
As C A\ Ay). There are (";2’“) choices for this step.

(¢) Choose A3 C A such that |A3| = k3, A3 N Ay = 0 and A3N Ay = () (which

implies that A5 C A\ (A; UA5)). There are ("_’?3_’“2) choices for this step.

r. Finally choose the remaining set A, C A such that |A,| = k, and A;,NA; =
fforalli=1,2,...,7 —1 (we see that A, C A\ (A1 U---UA,)). There

(n*(k1+k2k+-~+kr71))

are choices for this step.

Thus, by the fundamental counting principle the number of partitions of A into r
subsets {Ay, As, ..., A, } such that |A;| = ky,...,|Ar| =k, with kg + ko +--- +

k. =nis

() (7))
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- n! (n—kl)' (ﬂ—(k‘l—f——f—kr,l))'
T Bl — k) kal(n— k1 — ko)l ko d(n— (k1 + o + Ky))!

n!
kR kD

where the last equality comes by cancellation of the fractions and noticing that
n—(ki+--+k)N)=mn-n)!=0=1 O

2.2 Sampling

Picking a subset out of a larger set is also called sampling. Sampling allows us
to use information about a small group in order to make an inference on the
properties or preferences of a larger group. It is a fundamental tool in statistics.
When the population is ‘homogeneous’ (every person in the group is likely to
have the same properties or preferences), any sample picked at random (with a
uniform probability) will be representative of the group - we still need to use
advanced mathematical tools to quantify the uncertainty in our inference about
a population, given the size of the sample, but this is the subject for a different
module. What we would like to understand now is how the probability structure
on the samples varies when the population is mixed. To understand the question,

consider the following.

Ezample 2.5. The lecturer of ST120 wants to know to what extend students
have understood the concept of a probability space. Given the size of the class,
it is not possible to ask every single student. Instead, they want to sample a

small group of students and ask them. How should they pick the students?

A practical solution is to talk to some of the students in the lecture hall. However,
there is a bias - students that come to lectures are more likely to understand
the concepts! So, the lecturer decides to pick at random a number of student ID
numbers and email them and let’s assume that all students reply. This would be
a representative group, if the class was homogeneous. However, we know that the
class consists of two groups of n; Mathematics students and n, Computer Science
students. To understand the bias, the lecturer needs to compute the probability
that the group ends up with k1 Mathematics students and ke Computer Science
students. What would that be?

20



There are (le) ways to choose k1 Mathematics students and (Zi) to choose ks
Computer Science students. So, the cardinality of the set of all groups of k;

Mathematics students and ko Computer Science students will be

(i) ()

The cardinality of the set of all groups of k1 + ko students will be (Ziiﬁj) So, the

probability of picking a group with k; Mathematics students and k; Computer

() ()
(i)

Science students is

The next step would be to use this probability in order to remove the bias, but
they will need to consult the lecturers of more advanced statistics modules on
how to do this!

The above is an example of sampling from a population of size n € N, which has
n1 € N (n; < n) individuals of type 1 and ny = n — n; individuals of type 2.
We draw a sample of size k < N from the whole population ’'at random’ without
replacement (i.e. an individual cannot be picked twice). Then, the probability of

the sample containing k; individuals of type 1 and ky = k — k1 individuals of
() (2)
(x)

Exercise 2.2. Construct the uniform probability space corresponding to sampling

type 2 is given by
(2.1)

without replacement from a population with two types of individuals and prove
(2.1). In other words, give the triplet (£2, F,P) such that, by proposition 1.1, all
the events w € ) have the same probability. The event of interest w is the set
of all the combinations containing k; numbers from 1 to n; and ko = k — Kk

numbers from n; + 1 to n.

Example 2.6. Now consider the following problem: an environmental biologist is
studying the weight of a specific species of fish. To do that, they sample from
that fish population, weigh the fish and then release them back to the wild.
Assume that there is no way of knowing that a fish has already been sampled.
Also, assume that the population consists of only two types of fish - male and
female - which have slightly different average weights and this needs to be taken

into consideration when de-biasing.
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If the whole population of fish is n, with n; male and ny = n — n; females and
the sample size is k, what is the probability of having k1 males and ko females

in the sample?

The difference with this example and example 2.5 is that now individuals can be
picked more than once. As a result, it is no more sufficient to only determine
the positions of type 1 individuals in the sample but we also need to specify
the individuals so that we keep track of the ones chosen repeatedly. So, we go

through the following process:

e Choose the position of males (the remaining positions will be taken by
females) — there are (kkl) choices.
e Choose the males that are picked — there are nlfl choices.

+ Choose the females that are picked — there are ns? choices.

So, the number of different samples with k; males and ko females will be

Given that the total number of possible samples are n¥, the probability of picking

k1 males and ko females will be given by
kY, ki, ks
(kl)nl n2 B k‘ E kl _ ﬂ k*kl
nk o <k1 ( n ) (1 n ) ’ (2.2)

The above is an example of sampling from a population of size n € N, which has
ny € N (n; < n) individuals of type 1 and ny = n — n; individuals of type 2.
We draw a sample of size k < N from the whole population ’at random’ with
replacement (i.e. an individual can be picked twice). Then, the probability of the
sample containing k1 individuals of type 1 and ko = k — k; individuals of type 2
is given by (2.2).

Ezxercise 2.3. Construct the uniform probability space corresponding to sampling
with replacement from a population with two types of individuals and prove
(2.2). Now the event of interest w is the set of all the sequences containing k4

numbers from 1 to n; and ky = k — k1 numbers from n; + 1 to n.

Ezercise 2.4. The sampling probabilities should not be sensitive to what type
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was deemed ‘1’ and that type was deemed ‘2’. Indeed,

() G703 = ()G 65

Assuming that k1 + ko = k and nq + ny = n, check the above identity.

3 Probability spaces

In section 1, we defined a uniform probability space as the triplet (Q, F,P),
where  is a finite set, F = P(Q) and P : F — [0, 1] satisfies properties (1.1a) -

(1.1c). We will now generalise the concept of a probability space, to allow for

e Arbitrary sample spaces (2.
o Event spaces that reflect partial information — it is not necessary or indeed
sometimes possible that F = P(Q).

o Probability defined on a general event space.

3.1 Sample space and event space

Definition 3.1. A sample space §2 is the set of all possible outcomes of a random
process (or experiment), i.e. a process whose outcome cannot be determined in

advance. It can be any set.

Ezample 3.1. What is the sample space corresponding to the following processes?

e The flip of a coin: Q = {H,T}.

o The roll of a die: Q = {1,2,3,4,5,6}.

e The number of emails send by a @google.com address in a year: 2 = N.

o The weight of an apple: © = [0, 1].

o The position of a dart thrown onto a square board of size 1: Q = [0, 1] x[0, 1].

e The price of a Twitter stock in a year: Q = R.

e The temperature fluctuations at Coventry in 2023: in this case, the sample
space is a whole function, mapping time ¢ to a number in [—50, 50].

e The state of the world in a year! In this case, the sample space cannot
be described, but it exists as a concept and it can be partially observed

through its interaction with processes that can be measured (e.g. it will
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affect interest rates or number of hospital admissions in a certain day in

the future, frequency of extreme weather events etc).

Remark 1. While €2 can be any set in theory, in ST120 we will only consider the
cases where the cardinality of € is equal to n, for some n € N (finite state space),
|Q2] = |N| (countable state space) or |2] = |R| (uncountable or continuous state

space — to include intervals or Cartesian products of R and its intervals).

As we have already seen in the case of the uniform probability space, events are
subsets of 2. More generally, an event is a subset of €2 when it is possible to
say whether any given outcome belongs to the set (i.e. ‘the event happened’)
or not, given the information we have about the outcome — note that we don’t
always have full information about the outcome and the event space reflects the
information that we do have. The following example demonstrates exactly this

property of the event space.

Ezample 3.2. Suppose that I roll a die (2 = {1,2,3,4,5,6}) and I report the
following information to two students: I tell James if the outcome is an even
number or not and I tell Lily the quotient of (w — 1) divided by two (i.e., I report
0 for {1,2}, 1 for {3,4} and 2 for {5,6}). What are the corresponding event

spaces?

James only knows whether the outcome is odd or even, so he can only tell whether
it belongs to {1,3,5} or {2,4,6}. Since, by construction of €2, all outcomes are in
Q, he can also tell that the outcome is in  and not in () — note that both () and
are subsets of . So, the collection of events (i.e. the event space) corresponding

to the information that James has is
F;=1{0,{1,3,5},{2,4,6},Q}.

(Think about why James cannot tell with certainty whether the outcome is in

any other subset).

Based on the information given to her, Lily will be able to tell whether the
outcome is in {1, 2}, {3,4} or {5, 6}. She can also tell whether the outcome will be
in {1,2,3,4},{1,2,5,6} or {3,4,5,6} (e.g. {1,2,3,4} corresponds to the number
reported to Lily being 0 or 1) and she can tell, by default that the outcome will
be in  and not in § (the @ is defined as the complement of Q) with respect to

Q, so all points in 2 that are not in 2, which is of course none! It is easier to
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think about it as the event where the outcome is not in the sample space rather
than the event when nothing happens). So, the event space corresponding to

information given to Lily is
Fr = {(D’ {1’ 2}’ {3’ 4}’ {57 6}7 {17 2,3, 4}v {1, 2,5, 6}7 {37 4,5, 6}7 Q} .

Note that there is redundancy in the way information is encoded in the event
space — information corresponds to knowing simultaneously the answer to ‘event
happened or not’ for all events in the event space but knowing, for example, that
both {1,2} and {1,2, 3,4} have happened allows us to deduce the answer for

everything else. What assumption are we making that allows us to say this?

If A and B are events, then according to out intuition we expect the following

to be events as well:

o« AN B (Both A and B have happened).

o AU B (Either A or B has happened).

o A° (A has not happened).

e A\ B= AN B¢ (A has happened but B has not).

Notation. When we write A¢, it is implicit that we are taking complement

with a given sample space 2. A more explicit notation is to write 2\ A.

So, we would like the event space to be closed under the operations of union,
intersection, complement and difference (when we say that a set is closed under
an operation, we mean that if we apply the operation to any elements in the set,

the outcome is still in the set). Is that sufficient? Let us consider the following

Ezample 3.3. Consider the case where 2 = N (i.e. any natural number can be
the outcome of the random process that we consider) and suppose that we have
sufficient information to say whether event {n} happened or not, for any n € N.
According to our intuition, if we can tell whether any outcome w belongs to any
set {n} or not (what can you tell for w when w € {n}?), then we should also be
able to tell whether w € {2n|n € N} or not, i.e. we should be able to tell whether

w is even. So, we would expect

U {2n} = {2n|n € N}

n=0

25



to be in the event space. We are now making the assumption that the event
space is not just closed to unions but also to unions of countably (i.e infinite but

with cardinality equal to |N|) many sets.

Following our intuition, we define the event space as follows
Definition 3.2. Let ) be the sample space and F be a collection of subsets of
0. F is an event space (also called o-algebra) if it satisfies

(1) Qe F.

(#79) it ACQ, Ae F = A° € F (F is closed under compliments).
(i70) if {A,, : n € N} is such that 4, € F Vn then

GAneJ—'.
n=1

(F is closed under countable unions.)
Exercise 3.1. Let  be a non-empty set and F = P(Q) i.e. the set of all subsets
of . Then F is an event space on ).
Solution. We need to show that F = P(2) satisfies the three properties in 3.2.

(1) © C Qand thus Q € P(Q) = F.
(17) Let ACQ, A€ F. Then, A°=Q\ ACQ. Thus, A° € P(Q) = F.
(7i1) Let A, be such that 4, C Q, Vn € N. Then

(oo} oo oo
Ua.clJo=a=J4a eP)=r.
n=1 n=1
Exercise 3.2. Let A C Q be a non-empty subset of Q. Then
{0, A, A°,Q}

is an event space on {).
Solution. We need to show that {0}, A, A°, Q} satisfies the three properties in 3.2.

(i) Q € F by definition.
(1) We check that the property holds for each event: ¢ = Q € F, A¢ € F,
(A =AeF,Q=0eF.
(791) Let {By, : n € N} be a sequence of subsets of ) such that B, € F Vn. We
go through all possibilities:
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o If all the sets B,, are identical and equal B (so B € F), or there is a
subsequence B,,, of sets that are identical to B with the rest being
all @, then | J7—, B, = B € F.

o If at least one of the sets is the sample space (e.g. B; = 2, for some
i € N) then

550
n=1

and thus |Jo—, B,, € F.

o if there is at least one set A and one set A°, then
o0
Q=AuA°C|JB.c9,
n=1

where the last relationship follows from the fact that all events are
subsets of Q. It follows that ()2, B, = Q and thus |J,2, B,, € F.

Proposition 3.1. Let F be a event space on 2. Then

(a) F is closed under finite unions.
(b) F is closed under finite intersections.

(¢) F is closed under countable intersections.

Proof.

(a) Let Ay,..., A, € F.Set A; =0 € FVY j>n, thus A, € F¥n > 1. Since

the empty sets will not contribute to the union, we can show that

LTLJAJ' = DAJ e F,
j=1 j=1

as F is closed under countable unions.
(b) Let Ayq,..., A, € F. We want to show that ﬂ?zl A; € F. By De Morgan’s
law (show that every element of one set needs to belong to the other set

as well)

4=
j=1

Since the event space F is closed under taking complemets, A € F, for

C
Aj
=1

every j = 1,...,n. Since it is closed under finite unions (statement 1 of

27



the proposition, shown above),

LnJ AS e F
j=1

By taking complement once more, it follows that ();_, A; € F.
(¢) The proof is similar to that of statement 2 above, noting that De Morgan’s

law also holds for countable unions and intersections. That is, we can write

(&
o0

N A4=1{ U4
j=1

3.2 Probability

The last element of the probability space triplet is the probability measure P.
In definition 1.1 of the uniform probability space, we defined the probability
measure as a map from the event space to [0, 1], such that the probability of
the event Q (‘the outcome is in the sample space) is 1 and for two disjoint
events A, B, P(AU B) = P(A) 4+ P(B) — the later property can be generalised by

induction to finite additivity: if Ay,..., A, are disjoint events, then
n n
P(JAr) =) P4
i=1 k=1

Is this sufficient for infinite probability spaces? Let us consider the following
Ezample 3.4. Let Q = N* = {1,2,...} be the positive natural numbers and
F =P(Q). Suppose that P({n}) =

the event {2n|n > 1} (‘the outcome is an even number’) to be?

2n , for every n > 1. What would we expect

Intuitively, what we would do is to sum up the probabilities corresponding to

the outcome being even, i.e.

P({2n|n > 1 Z]P’ (2n)) = Z Z 4i _1

n=1

(Note that the event {n} corresponds to ‘the outcome is n’). The computation
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above cannot be justified, unless we extend the property of finite additivity to

also hold for countable unions of disjoint events. Indeed, this is what we do!

Definition 3.3 (Probability measure). Given a sample space € and an event

space F, a function P : F — R is called a probability measure if it satisfies

(1) P(B) € [0,1] for every B € F;
(i1) P(Q2) =1
(#41) (Countable additivity) For every A,, € F, n > 1 disjoint events (i.e. for all
m,n > such that m #n, A,, N A, =0,

P <U An> => P(Ay).
n=1 n=1

We now give the definition of an abstract probability space.

Definition 3.4. A probability space is defined as the triplet (2, F,P), where

o  (the sample space) is the set of all possible outcomes of the experiment
(we always assume that it is not empty);
e F is an event space of subsets of (2.

e P is a probability measure on F.

Proposition 3.2. Let (2, F,P) be a probability space. Then, P has the following

properties

(a) If A,B € F such that A C B, then
P(B — A) =P(B) — P(A).

Note that B— A = BN A€ and is to be interpreted as ‘all elements of B
that are not in A.
(b) For every A € F,
P(A°) =1 —-P(A).

(c) P(§) =0.

Proof.

(a) We write B as the union of the set will those elements in B that are not
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in A and those that are, so B = (B — A) U A. By finite additivity
P(B)=P((B—A)UA)=P(B-A)+P(A),

which proves the claim.

(b) Using the above property,
P(A%) =P(Q2— A) =P(Q) —P(A) =1 - P(A).
(c) PO)=PQ)=1-P(Q)=1—-1=0.
L]

We can use countable additivity to compute the probability of a union of disjoint
events. How can we compute the probability of any union of events? The following

proposition gives us a way to do this.

Proposition 3.3 (Inclusion-Exclusion Formula). Let (2, F,P) be a probability

space. Then, for any finite collection Ay, ..., A, of events in F, we have
]P’(U Ak> =YD YT P4 NN Ay
k=1 k=1 1< < <ip<n

Remark 2. Formula 3.3 above uses concise notation and is not straight forward

to interpret. To understand it better, let us consider some specific cases.

n=2
2 2
P (U Ak> => (=D YT PN N Ay)
k=1 k=1 1<y < <ip <2
= Z P(4;) — Z P(Ail N Azz)
1<i<2 1<i1 <i2<2
=P(A;) + P(43) —P(A1 N Ay).
n=3

P (O Ak> = ZS:(—1)’<—1 > P(AIN--NAy)
k=1

k=1 1< <-<ip<3
= > P(A) - Y P4, NA)
1<i<3 1<i1<i2<3
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+ ) P4, NALNA)

1<i1 <i2<i3<3
= P(A;) + P(As) + P(A3) — P(A; N As) — P(A; N As)
—P(Ay N A3) + P(A; N Ay N A3) .

So, the sum >, ; . _; <o I8 to be interpreted as the sum going through
all k-tiples (i1,...,%x) of numbers {1,...,n} with no repetition (inqualities
are strict). As we have seen in section 2, there are (Z) such k-tiples, so the

sum will have (Z) summands.

Proof. We will prove the result only for n = 2 (the proof of the induction step

in the general case is similar, but messier!). We write
A1 UAs = (A1 — B)UBU (A2 — B),

where B = A; N As. The sets A; — B, B, A; — B are all disjoint, so we can write
P(A;UAy) =P((A; —B)UBU (A — B)) =P(A; — B) + P(B) + P(A; — B)
using finite additivity. We know by proposition 3.2 that P((4; — B) = P(A;) —
P(B) and similarly P(As — B) = P(Ay) — P(B). Replacing these to the formula
above, we get

P(A1UAs) = (P(A1) —P(B))+P(B)+ (P(A2) —P(B)) = P(A;) +P(A2) —P(B),

which proces the claim. O

Proposition 3.4. Let (2, F,P) be a probability space. If A,B € F and A C B,
then
P(A) < P(B).

Proof. Since A C B, it follows that P(B — A) = P(B) — P(A) or, equivalently,
P(A) = P(B) — P(B — A) < P(B), where the inequality follows from the fact

that probabilities are always non-negative. O
Proposition 3.5 (Boole’s inequality). Let (2, F,P) be a probability space. If
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Ai,..., A, €F, then

]P’(O Ai> <3 P(A;) (x)
i=1 i=1

Proof. We proceed by induction. For n = 2, notice that

P(A; U As) = P(A1) + P(A2) — P(A; N As) < P(A;) + P(Ay).
>0

so that (*) holds for n = 2. Assume now (*) holds V j < n, then we need to prove

it holds for n + 1 events. Let Aq,..., A, 41 € F, then arguing as above we have

n+1 n
Pl U4 |=P| U4 |vdnna
j=1 j=1

=P JA4 | +P(A)-P | (U4 ]| ndun

j=1
n n+1
< STB(A) + B(Au) = SO B(A)) 0
j=1 j=1

4 Conditional probability and independence

4.1 Conditional probability

FEzample 4.1. Suppose that before rolling a fair die, you bet one pound that the
outcome is 3. Your friend sees the result before you and tells you that the die
shows an even number. Would you continue your bet or withdraw from it? What
about if you are told that the outcome is odd? How does this partial information

about the outcome changes the probability?

We model the probability space corresponding to rolling a fair die by taking
0 ={1,2,...,6}, F to be the power set and P as the uniform probability on it.
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Then, the event our friend tells us happened is

B ={2,4,6}, and its probability is P(B) = 63 >0
The favourable event for us is
. e 1
A = {3} and its probability is P(A) = 5

Knowing that the outcome is even can be interpreted as changing the sample
space from €2 to B. Intuitively, we would assume that the probability on the new
sample space remains uniform, but the probability of each outcome changes from
% to % since there are now only 3 outcomes. Given that our preferred outcome
3 is not in the new sample space, we would expect the probability of getting
3 to be 0 and thus it would make sense to withdraw from the bet. If, in the
other hand, we were told that the outcome is odd, then we could reformalise the
probability space as one with sample space B¢ = {1,3,5} and we would expect

the probability of winning the bet to be %, as it is one of 3 possible outcomes.

What about if we bet on {2,3}? Then we would be looking at the number of
ways we can still win, divided by the number of outcomes still possible. So,
according to our intuition, we would expect the updated probability given that

event B happened to be

_lanB] _ (g
Bl {2y P(B)

Pp(A)

But is this a well-defined probability?

Proposition 4.1. Let (Q, F,P) be a probability space and B € F s.t. P(B) > 0.
Let Pp : F — R such that

P(AN B)

Then Pp is a probability measure.

Proof. We need to check that all properties of probability measures are satisfied.

(7) First, we need to show that the Pp is defined for every A € F and it takes

values on [0, 1], i.e. Pp is a map from F to [0, 1] as it should.

33



e Let A € F. We have assumed that B € F and thus AN B € F as the
event space is closed under intersections. So P(A N B) is well defined
and since P(B) > 0, their ratio Pg(A) = P(P’?E?) is well defined.

e AN B C B and thus P(AN B) < P(B) (proposition 3.4). It follows
that Pg(A) < 1. Similarly, since P(AN B) > 0 and P(B) > 0, it

follows that Pg(A4) > 0. So, Pg(A) € [0,1].

) PQNB) _P(B) _,

PO =T Em)

as required.
(#4i) (countable additivity) Let A, € F for every n > 1, such that 4, N A,, =0
for all n # m (disjoint events). Then

PB (nE:Jl A") - ﬁB)P <<n0=01 A") i B)

Now, since A, € F and B € F for all n > 1, it follows that A, N B € F for all
n > 1. Moreover, the events A, N B are disjoint. Indeed, for n # m

(A,NB)N(AnNB)C A, NA,=0.

Since P is a probability measure, it is countably additive, which implies

oo

IR > IP’A mB -
(F¥) = M;P nNDB) Z g (A,|B) = ;PB(A

n=1

Definition 4.1. Let (2, F,P) be a probability space and B € F such that
P(B) > 0. For A € F, the conditional probability of A given B is denoted by
P(A|B) and is defined as

PAlB) = T )

Ezercise 4.1. An experiment consists of tossing a fair coin 7 times.
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(a) Describe the probability space associated to it.

(b) Let E be the event corresponding to getting a prime number of heads.
What is P(E)?

(c) Let B be the event “H occurs at least 6 times”. What is P(F|B)?

Solution.

(a) Q@ = {(a1,...,a7) 1 a; € {H,T}} = So7({H,T}), F the power set of Q
and P the uniform probability, i.e. P is such that

_ A

VAEF P(A) =g

Recall that |Q| = |S27({H,T})| = 27.
(b) Fori=1,...,7 let A; be the event “we get exactly 7 heads”. The elements
of A; can be uniquely characterised via the position H appearing in the

sequence. Hence by the fundamental counting principle |A4;| = (Z) Thus

n=5()

Now, notice that A, N A; = () for ¢ # j (no outcome has both ¢ and j
heads) and
E=AUA3UA5UA7.

Then, by finite additivity

P(E) = P(Ay) + P(A3) + P(A5) + P(A7)
()7 ()7 )z (e

(c) B is the event “H appears at least 6 times”, so B = Ag U A7. Notice that,

P(B) =P(Ag) + P(A7) = (g) % n (;) %

_ro1 ., 1 T+l 7418 1
AR A A A A

Now, we can compute P(E|B). By definition,

P(EN B)

P(EIB) = =55
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Since ENB = (A2 U A3 U A5 @] A7) n (A6 U A7) = A7, we have

P(A7) 3 2% 1

FEzample 4.2. A student buys 2 apples, 3 bananas and 5 coconuts. Every day

the student chooses a fruit uniformly at random and eats it.

The sample space is the set of all triplets that can be constructed with the
available fruits, with each outcome corresponding to the fruit eaten on each day.
Since by the end of the three days we have full information, so the event space is
the power set of the sample space. We define the events A; = {the student eats
an apple on day i}, B; = {the student eats a banana on day i} and C; = {the

student eats a coconut on day i}.

(a) What is the probability that the student eats a coconut in day 1 and a
banana in day 27 The event ‘the student eats a coconut in day 1 and
a banana in day 2’ corresponds to the event C7 N Bs. Note that the
way information about the probability is encoded is through conditional
probabilities: the statement ‘every day the student chooses a fruit
uniformly at random and eats it’ can be interpreted as the conditional
probability of choosing any of the remaining fruits uniformly at random,
so we know that 3

P(B;|Cy) = 9

It follows from the definition of conditional probability that

P(Cy N By) = P(B3|C1)P(CY)

910 6
Writing the probability of an intersection of two events as a product of
a conditional probability and a probability is called the ‘multiplication
rule’ and can be extended to intersections of more than two events. For
example, let us consider the following question.

(b) What is the probability that on the third day the student will eat the last
apple? Since there are exactly two apples, that means that the student will
it the first apple on either day 1 or day 2. So, if A is the event ‘student

eats last apple on the third day’, we can write
A= (A1 NASNA3)U (AN AN A3).
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Notice that the events A1 N ASN A3 and AN Ay N Ajg are disjoint, therefore

P(A) = P(A; N A5 N Ag) + P(AS N Ay N Ag)
ADNP(AS|A)P(A3| AL N AS) + P(AS)P(Az|A)P(A3]AS N Ap)

8 21 1 1

—~

pac)

098 BT 1

S

8.1
98

by using the multiplication rule twice.

Proposition 4.2 (Multiplication Rule). Let (2, F,P) be a probability space and
Ay, .. A, e Fst. P(AiN---NA,_1) > 0. Then,

P(A1 NN Ay) = P(A)P(Ag| A1)P(A3] A1 N Az) ... P(Ap] AN -0 Ap_1).

Proof. Notice that for k=1,...,n—1, A;N---NA; D Ai1N---NA,_1. Hence,
by Proposition 3.4 and by assumption

P(A1NAsN---NA) >2PAN---NA,_1) >0.

This ensures that all the conditional probabilities at the right hand side are well-
defined. The result follows by a direct application of the definition of conditional
probability on the right-hand-side:

P(A;)P(As|A1)P(A3]A1 N Ag) .. .P(Ap]A1 NN Apq)

_ (4 )]P(Al NA)P(AsNA NAy)  P(AN---NA)
TV TPAY) P(A,NAy) P(AN-NA,y)
=P(A; N---NA,). O

4.2 Law of Total Probability

Ezample 4.3 (4.2 continued). Suppose that we are now asked to compute the
probability that the student eats a coconut on day 2. To compute the probability,
we need to condition on what happened in day 1, but going through all possible
options. In this case, there are two options that affect the computation of the

conditional probability: whether the student also had a coconut on day 1 (event
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C4) or not (event C¥). So
P(C2) = P(C2|Ch) - P(Ch) + P(C2|CY) - P(CY) =
Where is this formula coming from? We write
Cy=(CanCh)U(CanCY).
so, from finite additivity, it follows that
P(Cy) =P(C2NCh) + P(Ca N CY).

By applying the multiplication rule to the conditional probabilities above, we

get the formula which is a specific example of the law of total probabilities.

The law of total probabilities allows us to compute the probability of an event,
by conditioning on all possible instances of a ‘different event’, or, more formally,

on every set in a partition of the sample space.

Definition 4.2. Let (2, F,P) be a probability space. Let B, € F for all
n=1,...,N} (where N is either finite or infinite). Then, the collection of all
B, {B,:n=1,...,N}, is called a partition of ) if

« B,#0 Yn=1,...,N.
e« B,NB, =10 Yn #m
* Ufj:anzQ.

So, a partition is a collection of non-empty, disjoint events that span the whole

space.

Proposition 4.3 (Law of Total Probability). Let (Q, F,P) be a probability space
and {B, :n=1,...,N} with N is either finite or infinite, be a partition of
such that P(B,) >0, VYn=1,...,N. Then, for all A€ F

N

B(A) = 3 P(A[B,)P(B,).

n=1
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Proof. Notice that since {B,, : n =1,..., N} forms a partition of {2, we have

N N
A=AnQ=AnJB.=JANB,).
n=1 n=1
Further, since B,,’s are disjoint so are {A N B, : n = 1... N}, therefore by

finite/countable additivity, we have

N N N
P(A) =P <U AN Bn> =Y P(ANB,) =Y P(A|B,)P(B,).
n=1 n=1 n=1
In the last equality we use the definition of conditional probability with the
assumption that P(B,,) >0 Vn=1,...,N. O

Example 4.4. A student is faced with a multiple choice question, with 4 choices.
The student either knows the answer or chooses one of the answers uniformly at
2

random. The probability that the student knows the answer is %.

(a) The student would like to compute the probability that they answer

correctly. Let us start by defining the events of interest:

A = {student answers correctly}

B = {student knows the answer}

The information we are given about the probability are that ‘the student
either knows the answer (and thus answers correctly’ or ‘chooses one of
the answers uniformly at random’ These can be expressed as P(A|B) =1
and P(A|B¢) = 1. We are also told that the probability that the student
knows the answer is 2. so P(B) = 2. Given this information, we are asked
to find P(A).

Since B and B¢ form a partition of the sample space, by applying the law
of total probability we get

P(A) = P(A|B)P(B) + P(A|BS)P(B°) =1 = +

W =
I

U\
=~ =

(b) The teacher would like to know the probability that the student knows

the answer if they have answered correctly, so P(B|A). How can we use the
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information we have to derive this? We write

_P(ANB) _P(AB)P(B) _2/3 8
P(B|4) = P(A) ~—  P(A)  3/4 9

This is a particular example of what is known as Bayes’ formula.

4.3 Bayes’ Theorem

Theorem 4.1 (Bayes’ Theorem). Let (Q, F,P) be a probability space and {B,, :

n=1,...,N} with N is either finite or infinite, be a partition of  such that

P(B,) >0 Vn=1,...,N. Then for A € F such that P(A) >0
P(A|B,)P(By)

Proof. By definition of conditional probability and since A is such that P(A) > 0
then by the definition of conditional probability and the law of total probability:
P(BuNA) P(AB.P(B.)  P(A|B.)P(B.)

PBalA) == =~ B@) N PAB)R(B))

Ezample 4.5 (False Positives). A disease has incidence of 1 in 100 over the
population. The available diagnostic test is such that

¢ if you have the disease, the test is positive with probability %

o if you don’t have the disease, the test is positive with probability ﬁ.

A person gets a positive result. What is the probability they actually have the

disease?

The two events of interest are D = {the person has the disease} and P = {the
person tests positive}. We are interested in P(D|P). The information we are
given is P(D) = 1=, P(P|D) = #2 and P(P|D°) = —>-. By Bayes’ Theorem

100° 100 1000
_ P(P|D)P(D) -
P(DIP) = P(P|D)P(D) + P(P|D)P(D¢) 0.59.

Bayes’ theorem allows us to compute the conditional probability of one event,
given another in terms of the reverse conditional probabilities. It is particularly

useful in Statistics, leading to a whole area called Bayesian Statistics: while in
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probability, we are interested in computing probabilities given a ‘model’ (i.e.
sufficient information that determine the probabilities), in statistics, we are
interested in choosing a model, given the events that we observe. Bayes’ theorem

allows us to connect the two.

4.4 Independence

Definition 4.3. Let (2, F,P) be a probability space. We say that events A and
B are independent if P(AN B) = P(A) - P(B).

One way to think of independence is that knowledge about occurrence of one of
the events will neither increase nor decrease the chance that the other occurs.
Indeed, assuming that P(B) > 0, you can check that A and B are independent if
and only if P(A|B) = P(A) (exercise!). In particular, if A and B are independent,

then A° and B are also independent.

Remark 3. The notions of “independent” and “disjoint” events are very different.
In fact, these notions are normally incompatible: two disjoint events are

independent if and only if the probability of one of them is 0 (exercise!).

Definition 4.4. Let (2, F,P) be a probability space and Aj, As,..., A, be
events. We say that the events A;,..., A, are pairwise independent if A; and
Ay are independent for every choice of j and k£ distinct. We say that the events

Aq,..., A, are mutually independent, if
P(Aj, N Aj, 0 NAj ) =P(A;,)P(A),) - P(A,)

for every k = 2,...,n and every choice of 1 < j1 < jo < -+ < jp < n.

In case n = 2, pairwise independence is obviously the same as mutual

independence. In case n = 3, pairwise independence means

P(A; N Ag) = P(A;)P(Ay)
P(A; N As) = P(A;)P(As)
P(As N As) = P(A5)P(A;).



whereas mutual independence means

This illustrates that mutual independence is stronger than pairwise independence.

It is hard to write down the list for larger values of n. For instance, if n = 5,

pairwise independence involves (‘;’) = 10 conditions to be checked, and mutual

independence involves 2° — 5 — 1 = 26 conditions to be checked.

Ezxample 4.6. Two dice are rolled. Let

Ay = {the first die is even}
Ag = {the second die is odd}
As = {sum of the dice is 7}.

These events are pairwise independent, since

P(A; N Ap) = i = P(A1)P(A,)

P(A; N Ag) = % — P(A;)P(4s)
P(As N Ag) = %2 — P(4,)P(As).

That means, for each pair of events in this family, knowledge about occurrence
of one of them will not affect the odds that any of the other two occurs. In
particular, neither A; or A, alone will affect the odds of A3. However, knowing

that A; and As both occur will in fact increase the chance that Az occurs, as

P(A3|A; N Ap) = = P(A3).

| =

#

Wl =

More formally,

1 1
P(A1 N A2 N Ag) = — # 52 = P(A1 N Ay N Ag) = P(A1)P(4,)P(4s).
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Ezample 4.7. Toss three fair coins. Consider the events:

A, = First coin comes up Heads
Ay = Second coin gives the same as the first coin
Az = Second coin gives the same as the third coin

A4 = Third coms up Tails

Then:
These events are pairwise independent.
Aq, A and As are mutually independent.

Ay, Ay, A3 and A4 are not mutually independent.

5 Random variables

5.1 Definition

Very often, we are interested in a quantity that is determined as the result of a

given experiment.

For example, consider a game of chance where two dice are rolled and you get
a monetary reward given by the maximum value obtained among the two dice.
How do you model this situation? As usual, each outcome is a pair w = (w1, w2)
where both w; and wy are in {1,2,3,4,5,6}. That is, Q = {1,2,3,4,5,6}> =
{1,2,3,4,5,6} x {1,2,3,4,5,6}. The reward is determined by the values of w;
and ws through the following table:

1 2 3 4 5 6
£1 £2 £3 £4 £5 £6
£2 £2 £3 £4 £5 £6
£3 £3 £3 £4 L5 £6
£4 £4 £4 £4 L5 £6
£5 £5 £5 £5 £5 £6
£6 £6 £6 £6 £6 £6

S O e W N =

The key word here is ‘determined’: even though the outcome is random, it is

only random because the outcome w is random.
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Mathematically, this means that the prize X can be written as a function of the

outcome w. In general, a random variable is a function
X: Q=R

from the sample space to the set of real numbers. More formally, we require that
conditions specified in terms of X be random events, that is, events that the

observer can determine whether they occur or not.

Definition 5.1 (Random variable). Let (2, F,P) be a probability space. A
random variable is a function X : Q@ — R such that {w € Q: X(w) < a} € F for
every a € R.

In the above example, we can write X explicitly as the function that assigns to

each pair (wy,ws) their maximum value, that is X ((x,y)) = max{x, y}.

Using this tool, we can make statements such as

Notation. For convenience, we will use the shorthand notation

{X=5}={weQ: X(w)=5}, and P(X =5)=P({X =5}), etc.

It is very useful to consider the probability measure on the set of real numbers
induced by a random variable. If we are only interested in the value of X, we
can leave (2, F,P) behind, and take the sample space to be R.

Definition 5.2 (Distribution). The distribution of a random variable X is the
probability measure on R denoted Px and given by

Px(B) =P({w e Q: X(w) € B})
for subsets B in some event space on the set of real numbers.

In the previous example, Px (B) is determined by its values

2k -1
Px({k}) = 36 k=1,2,3,4,5,6, Px(R\{1,2,3,4,5,6})=0.
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Notation. The event space on R, denoted B(R), is an event space that contains
sets such as {z} and (a, b]. We will not worry about describing B(R) in details.
You can think about this being the collection of all sets that you can obtain by
applying a countable number of set operations (union, intersection, complement)

to intervals.

Remark 4. The space  could be more complicated than R. In general,
(R, B(R),Px) can be simpler than (Q, F,P). Note that Px was built from P and

X. However, it is not possible to reconstruct (2, F,P) nor X from Px.

Proposition 5.1. The function Px is a probability measure on R.

Proof. Recall Definition 3.3. We check the three conditions:
(i) Px(B)=P(X € B) € [0,1].
(#1) Px(R) =P{w e Q: X(w) € R}) =P(Q) = 1.

(#i1) If By, Bo, Bs,--- € B(R) are disjoint, then

Px(UnZiBn) = P({w: X (w) € UpZ 1 Bn})
=P(UpZi{w: X(w) € Ba})

=31 Pw: X(w) € By})
= 2211 Px (Bn)

In the above inequalities we used: definition of Px; that pre-image of the
union is the union of the pre-image; that pre-image of disjoint sets are

disjoint, combined with countable additivity of IP; definition of Px.

This proves the proposition. O

5.2 Discrete random variables

Definition 5.3 (Discrete random variable). Let (€2, F,P) be a probability space
and X be a random variable. We say that X and Px are discrete if there is a
finite or countably infinite set S C R such that P(X € R\ S) = 0.

Definition 5.4 (Probability mass function). Let (Q2, F,P) be a probability space

and X be a discrete random variable. We define the probability mass function of
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X as the function px : R — [0, 1] given by
px () =Px({z}).

Note that px is built from Py, and px is simpler than Py, because px takes as
input a number and Px takes as input a set of numbers. We will see below that

it is possible to reconstruct Px from px in case Px is discrete.

Definition 5.5 (Discrete support). Let (€2, F,P) be a probability space and X
be a discrete random variable. We define the discrete support of X, or, more

precisely, the discrete support of its distribution Px, as the set

{zx eR:px(z) > 0}.

As claimed above, in order to study Py, it is enough to know px.

Proposition 5.2. Let X be a discrete random variable. Then

Px(B)= 3 px(@)

rx€BNDx
for every B € B(R), where Dx denotes the discrete support of X.

Notation. Before writing down the proof, we need to explain the meaning of
> wepnp- Since the set BN D is countable, we can write BND = {x1,x2,23,... },
and we can take Y pp Px () to be Y27 | px (). We need to be careful here,
because we used an an arbitrary “enumeration” of B N D. However, since the
terms in the sum are non-negative, another enumeration would mean reordering

the terms, and it does not affect the value of the sum.

Proof. By definition of Px being discrete, there is a countable set S C R such
that Px (S¢) = 0. We can decompose

Px(B) =Px(BNS)+Px(BNSY.
The second term is zero, because, since B NS¢ C S¢,
0< Px(B n SC) < ]Px(sb) =0.
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Hence,

Px(B) =Px(BNS) =Px(Usenns{z}) = Y. Px({z}).
rzeBNS

If we substitute D¢ instead of B in the above formula, we get Px(D¢) =
> wepens Px({x}) = 0, because Px ({z}) = px (x) = 0 for every x € D°.

By the same argument,

Px(B) =Px(BND)+Px(BND°)=Px(BND)= Z px (),
rxeBND

which is what we wanted to prove. O

It is convenient to specify the distribution of a random variable by saying what
px is. When we say “let X be a discrete random variable with probability mass
function such and such,” what do we mean? Does this really describe a random

variable? The next definition and proposition answer this question.

Definition 5.6 (Probability mass function). A function f : R — [0,1] is a
probability mass function if the set D given by D = {x : f(x) > 0} is countable

and ) . p f(z) =1

Proposition 5.3. Let f : R — [0,1] be a probability mass function. Then there
exist a probability space (2, F,P) and a discrete random variable X such that

px(x) = f(x) for every x € R.

Proof. Take D = {x : g(z) > 0}. Take Q@ =R, F = B(R) and

BB = 3 fl).

rxeBND

Finally, take X (x) = z. Then X is a random variable. Moreover,

Px(D)= Y fla)=0,

zeDNDe

because the sum over an empty set always equals zero. So X is a discrete random

variable. Let us check that px = p.
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For x € D, we have

px(z) =Px({z}) =P({z}) = Y flz)= D f(z)=f(a)

z€{z}ND ze{x}

because the sum of a single factor is that factor.

On the other hand, for x € D¢, we have f(z) = 0 and

px(@)= Y [f(z)=) f(z)=0=f(x).

ze{z}ND z€0

Hence, px = p as claimed, and this completes the proof of the proposition. [

5.3 The most common discrete distributions

Definition 5.7 (Bernoulli distribution). We say that a discrete random
variable X has Bernoulli distribution with parameter p € [0,1], denoted

X ~ Bernoulli(p), if its probability mass function is

2 r=1,
px(x)=41—p, =0,

0, otherwise.

Ezample 5.1. Let Q = {H,T} (heads or tails for a coin toss) with P(H) = p
and P(T) =1 —p, and let X(H) =1 and X(T) = 0. Then, X ~ Bernoulli(p).

Definition 5.8 (Geometric distribution). We say that a discrete random
variable X has geometric distribution with parameter p € (0,1], denoted

X ~ Geom(p), if its probability mass function is

p'(l_p)x_lv Z'EN,
px(z) =
0, otherwise.

To see that px is indeed a probability mass function, note that
oo

> px(k) =p-§:(1 —-p)t=p-

k=0 1 £=0

- 1
~ (1—p)ezp'm=p'
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Random variables having the geometric distribution arise in the following
situation. Suppose that we repeatedly perform trials, each of which can be
a success or a failure. Assume that the trials are independent, and the probability
of success is the same in each of them, equal to p. Then, the number of trials
performed until the first success is obtained has a geometric distribution with

parameter p.

Remark 5. Some rare references use a different definition for the geometric
distribution with parameter p: they take the distribution on Ny (instead of N)
and probability mass function px (k) = p- (1 —p)*¥, for k € Ny. A random variable
with probability mass function px counts the number of failed trials performed
before the first success is obtained. So, in case a success is obtained already in

the first trial, then the number of failed trials is zero.

Ezample 5.2. We roll a die repeatedly until we roll a 6 for the first time. Let X

be the total number of times we roll the die. Then, X ~ Geom(%).

Definition 5.9 (Binomial distribution). We say that a discrete random
variable X has binomial distribution with parameters n € Ny and p € [0, 1],

denoted X ~ Binom(n, p), if its probability mass function is

Mp* (1 —p)»~*, x€{0,1,...,n},

0, otherwise.

px(z) =

Note that px is indeed a probability mass function since

1= =) =3 (7)ot 0

k=0

Ezxample 5.3. Roll a die ten times, and let X the number of times a 5 or a 6 is
rolled. Then, X ~ Binom(10, §).

Recall that 0° =1 and 0! = 1.

Definition 5.10 (Poisson distribution). We say that a discrete random

variable X has Poisson distribution with parameter A > 0, denoted by
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X ~ Poisson(n, p), if its probability mass function is

e M\"
z!

z € Np,
px(z) =
0, otherwise.

To show that px is indeed a probability mass function, we compute

pr(k)z ﬁ-e*’\:e*’\Z—:e*)‘-e’\:l.
k=0 k=0 k=0

Random variables that count rare occurrences among many trials (such as:
number of accidents in a road throughout a year, number of typos in a book
page) typically follow the Poisson distribution. More precisely, a Poisson random
variable can be used to approximate a Binomial(n, p) when n is large, p is small,
and np = A is fixed. Indeed, if X ~ Binom(n, p) for p = 2, then

n

P(X = k) = (Z)p’%l _pnt

s (3) (-2)

M1 (n—k+1) <1—>\)n <1_)\>_k

TR nk n
)\k A\
— ﬁe 5

for n large

where the approximation follows from the following approximations for large n:

AN\ A
n(n—1)..(n—k+1)/n* =1, (1—> —et, = —0.
n n

Brief review

Probability spaces

Q — sample space: elements w € ) are outcomes, €2 is a non-empty set.
F — event space: elements A € ) are events (A C Q)

Must satisfy three conditions:
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« F£0
e A¢ € F for every A € F

o (U2, A4,) € F for every sequence of events Aq, Ag, As, ...
Consequences of these conditions:

o Q€ F (indeed, take A € F, AU A =Q)

o € F (indeed, Q° = 0)

o (NP2, A4,,) € F for every sequence of events Ay, As, Az, ...
(indeed, N2, A, = (U2, A%))

P — probability measure: P : F — R.
Must satisfy three conditions:

o P(A)>0forall Ac F
« P(Y)=1
o P is countably additive: (U2, A,) =Y o0 P(A4,)

for every sequence of disjoint events Ay, Ao, Az, . ..
The triple (Q, F,P) is called a probability space.

Ezample 5.4 (Uniform probability spaces). € a finite set, F = P(2), P(4) = %.

Ezxzample 5.5. There is no probability space to model the experiment “pick an
integer at random”. Much as we would like to say that an integer X chosen at
random will be even with probability % and the last digit in its representation
in decimal will be 7 with probability %, there is no probability space that
can model that. More precisely, for Q = Z, F = P(Z), there is no probability
measure P : F — R such that P({j}) = P({k}) for every j,k € Z. Indeed,
if P({j}) > 0 then P(Z) = >z € ZP({z}) = 400, and if P({j}) = 0 then
P(Z) ="z € ZP({z}) = 0, and in either case P violates the requirements to be
a probability measure, that P(Z) = 1.

Combinatorics

Finite set 4, n = |A].

Sequences of length k of elements of A:
|Sne(A)] =",
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because in order to specify an element of Sy, 1,(A) we need to make k choices, in

each choice we have n options.

Permutations (or reordering) of elements of A:
nl,

because we need to make n choices, and each time the number of options

decreases. (read “n factorial”)
Ordering of length & of elements of A:

0. (A n!
| n,k( )| = m7

because we can obtain any element of O,, (A) by permuting the elements of A,
keeping the first m elements, and forgetting about the ordering of the n —m

remaining ones.

Subsets of A having cardinality k:

Cna = (}) = ws i

because we can obtain any element of C, ;(A) by taking the first m elements
in a permutation of A, then keeping the first m elements, and then forgetting
about the ordering of these m elements as well as the n — m remaining ones.

(read “n choose k”)

Decompose of A into labelled sets A1, ..., A, such that |A;| =k; for j =1,...,7r,

where k1 + -+ + k. = n.
n!

kilko!- - K1
because we can obtain partition by first permuting all elements of A, taking A;
to be the first k1 elements of this permutation, A, to be the next ko elements and
so on, and then forgetting about the ordering of each block. This is the number
of ways in which n labelled balls can be distributed into r labelled buckets under
the constraint that, for every j =1,...,r, bucket number j gets k; balls. The
combinations C,, ;(A) are just a particular case of two buckets labelled “in” and

“Out 7"

To give a more rigorous justification for the terms in the denominator (which
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we called “forget about the ordering”), we can obtain the number by reasoning
backwards, as follows. We will produce a permutation of A = {1,...,n} in two

ways. The first way has three steps:

(a) Choose k elements of A to go first, and let the remaining n — k go after.
There are x possibilities.
(b) Permute the first k elements. There are k! possibilities.

(¢) Permute the remaining n — k elements. There are (n — k)! possibilities.

In total, there are x - k! - (n — k)! possibilities. The second way is straightforward:
just permute the n elements already, there are n! possibilities. Hence, n! =

x - k! (n—k)!, so we have just found what x is! Therefore, |C,, 1 (A)| = ﬁlk)’

Sampling

Population with n = ny + no individuals, where n; are individuals of Type 1

and ny are individuals of Type 2.

If we take a sample of k individuals, without replacement, then the chance of

picking ki elements of Type 1 (and thus ks = k — k individuals of Type 2) is

(ir) - (i)
(&)
This can be obtained by assuming that the individuals were sampled
simultancously (so Q| = (})) or one after the other (so |Q = (”%'k),), and

both approaches give the same probability (as expected!). Indeed, the second

approach gives

(k) ny! na!
]Cl (’nl*k}l)'(nq*kz)'
n!

(n—k)!

which simplifies to the first formula if we expand the first term.

If we take a sample of k individuals, with replacement, then the chance of picking

k1 elements of Type 1 (and thus ke = k — k; individuals of Type 2) is

G-
ki) \n n '
This can be only be achieved by assuming that the individuals were sampled one
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after the other, so that we can put them back into the population (so || = n*).

The above formula is obtained after rewriting

in a more convenient (or meaningful) form.

Observe that, if X denotes the number of individuals of Type 1 in the sample
with replacement, then
X ~ Binom(k, 21),

which can be checked by matching the above formula with the probability mass

function of a binomial random variable.

Random variables

Random variable:
X: Q=R

with the requirement that {w: X(w) < a} € F for every a € R.

The distribution of X is Px : B — R, given by
Px(B) =P({w: X(w) € B})

is a probability measure on R, where B is the event space on R.
A random variable X is discrete if there is a countable set S such that Px (5°¢) = 0.

For discrete X, we define the probability mass function of X as the function
px : R — R given by
px(z) =Px({z}).

and the discrete support of X as the set {z € R: px(z) > 0}.

If X is discrete, then

Px(B)= Y px(@)

r€EBNDx

for all B € B, where Dx denotes the discrete support of X.

We say that a function f: R — R is a probability mass function if f(xz) > 0 for
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all x € R, the set {x € R: f(x) > 0} is countable and

> fl@)=1

x: f(x)>0

Given a probability mass function f, it is possible to construct a probability
space (2, F,P) and a random variable X such that f is the probability mass

function of X.

6 Expectation

If we roll a fair die many times, we expect that each of the six possible outcomes
will appear about one-sixth of the time, and thus the average of the numbers

obtained would be approximately

We call this number % the expectation of X.

6.1 Definition and examples

Definition 6.1 (Expectation). Let X be a discrete random variable. We define
the expectation of X, denoted E[X], as the real number given by

EX]= Y  2-PX=a),
z:P(X=2)>0

as long as this sum converges absolutely, otherwise E[X] is not defined.

Terminology. To say that > a, converges absolutely means that > |a,|

converges.

Definition 6.2 (Integrable). We say that a discrete random variable X is

integrable if is expectation is defined, that is, if the sum

> ol P(X =2)

z:P(X=2)>0

is convergent.
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Notation. The fact that E[X] depends on X is made obvious by the fact that
“X7” appears in “E[X]” and the fact that that it depends on P is made somewhat
apparent by the fact that “E” and “P” use the same font.

Ezample 6.1. Toss a fair coin 4 times and count the number of Heads.

E[X]=0-P(X=0)+1-P(X =1)+2-P(X =2) +

+3-P(X =3)+4-P(X =4)

=0 i+1 i+2 E+3 i+4 L
16 16 16 16 16

=2.
Ezample 6.2 (Indicator function). Let A € F and take X given by

1, weA,
0, we A°.

X(w) =

Such a function is called indicator function of the set A and is denoted 1 4. In
this case, E[X] =0 x P(A¢) + 1 x P(A) = P(A). That is,

E[14] = P(A).

Ezample 6.3. Roll a fair die twice and add the observed values.

1 2 3 4 5 6
E[X]=2X — 43X — 44X — 45X —+6X — +7X —
[X] ><36+ ><36+ ><36+ ><36+ ><36+ ><36+
+8><i—|—9><i+10x3+11><3+12><i—7
36 36 36 36 36

FEzample 6.4. Take 3 cards from a deck of 52, one after the other and without

replacement, and count how many are queens.

4847 46 3.48.47 -4
E[X] = 0
KT =0x 50t 525150
g, 34843 432 3
52-51-50 52-51-50 13’

FEzample 6.5 (Poisson). If X ~ Poisson(A), then

L Ame A = N
]E[X]:Z:O" nl :Z(n—l)!:

n=1
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o0

Ae N Z AT = e i )\—k = e et =\
— (n—1)! prs k!

Therefore, the expectation of a random variable distributed as Poisson(\) is A.

Ezample 6.6 (Binomial). If X ~ Binom(n,p), then

k=0 k=1
n—1 n—1
=ny (P A-p) T =mp ) ()P -p)
=0 =0

Ezample 6.7 (Geometric). Suppose X ~ Geom(p). We will compute

E[X]=) n(l-p)"'p

by differentiating a power series. Writing z = 1 — p, to develop as follows:

EX] =Y n p.(l,p)na:pin e
n=1 n=0
=r Sl =r g[S =0 g [
=p-(-(1-2)72) (—1):%.

Therefore, the expectation of a random variable distributed as Geom(p) is %.
We know that the power series ) 2™ converges if |z| < 1, and we are accepting

a property which says that the power series can be differentiated term by term

within that range.

6.2 Properties of the expectation

Intheaboveexamples,22%-&—%—!-%4—%,7:%—!-%,%:%+%+%3,and

np =p+ ---+ p. This is not a coincidence. It comes from the fact that
E[X +Y] =E[X]+E[Y]
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for integrable discrete random variables X and Y.

Theorem 6.1. Let X and Y be integrable discrete random variables defined on
the same probability space (2, F,P). Then:

(1) E[L4] =P(A) for every A€ F,
(2) If0< Z < X for allw € Q) then 0 < E[Z] < E[X],
(3) E[aX + bY] = aE[X] + VE[Y].

We say that the expectation is unitary, monotone, and linear.

We will see a proof further down the road.

FEzample 6.8. In Example 6.1, we can define X1, X5, X3 and X, as the indicator
function of the events that the first, second, third and forth tosses of the coin
came up Heads, respectively. Since X = X; + X5 + X35 + X4 we can obtain the

expectation using linearity, as in
E[X] =E[X1] +E[Xo] +E[X3] +E[X4] =3+ 2 +1 4+ 1 =2

instead of computing the probability mass function of X.

FErample 6.9. In Example 6.3, observe that X =Y 4 Z, where Y and Z represent
the result of the first and second dice. Thus
EX]|=E[Y]+E[Z] =

+o=T

(IR

7
2

Ezxzample 6.10. In Example 6.4, observe that X = X; + X5 + X3, where X}, is

the indicator of whether the k-th card is a queen. Unlike the previous examples,

notice that here X;, X5 and X3 are not “independent” (a precise notion of

independence will be introduced further down the road). Nevertheless, each one
1

of them individually satisfies E[X}] = 75, and we can compute

E[X] = E[X4] + E[X,] + E[X3] = 133

FEzample 6.11. In Example 6.6, observe that X has the same distribution as
X1+ -+ X, where each X}, is distributed as Bernoulli(p), and therefore

EX]=EX ]+ ---+E[X,|=(p+---+p) =np.

58



In the previous examples, it was easier to compute the expectation using linearity
than using the distribution of X directly. In many other cases, describing the
distribution of X in a way that allows us to compute the expectation can be very
hard or even impractical, but it may still be possible to compute the expectation

using linearity.

Example 6.12. A drawer contains 10 pairs of socks, all different from each other.
Someone opens the drawer in the dark and takes 6 socks from it. What is the
expectation of X, the number of pairs formed by the socks taken? It is more
convenient to suppose that the socks are drawn in order, from 1-st to 6-th. We
will count how many of them has a pair that was also drawn This will give a
number N which is twice the number of pairs, because each pair will be counted
twice, so N = 2X. Now observe that N = X; + --- 4+ X4, where X, = 14,
and Ay is the event that pair of the k-th sock taken has also been taken. Then

P(Ay) = & (exercise!) and thus E[N] = E[X1] + - - - + E[X¢] = 6 - ;. Therefore,

E[X] = E[4] = 12. The combinatorics involved in showing that P(Ay) = % may

not be very easy, but it is much easier than describing the distribution of N.

6.3 Function of a random variable

Proposition 6.1. Let X be a discrete random variable, and let g : R — R be

any function. Then

Elg(X) = > g(z)-P(X = a),

rze€Dx

if this sum converges absolutely, and E[g(X)] s undefined if not. In the sum,
Dx denotes the discrete support of X.

Example 6.13. Suppose px(x) = % for z = 1,2, 3. Let us compute E[(X — 2)?]
in two ways. For the function g(z) = (z — 2)?, we want to compute E[g(X)].

The first way goes as follows. Define the random variable Z = g(X) = (X — 2)2,
and compute E[Z] from the definition. We start by computing pz(0) = P(X €
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{2}) = 1 and pz(1) = P(X € {1,3}) = 2, obtaining the table

z | pz(2)
0
1

WIN Wl

and finally E[Z] =0- 1 + 12 = 2. For the second way, just write down

x| (@) | px(o
1] 1 3
21 0 3
301 3

and compute E[g(X)]=1-3+0-3+1-3=2.

Ezample 6.14. If X ~ Poisson(\), then

o n! — (n—1)!
L A\ > Ae—?
— (n—1)! — (n—1)!
= A\ = Ne A

_; n—1) +n§::2 (n—2)!

—A 2 _—A
k=0 m=0
=2+ N

Although a lot of algebraic computation was involved, the alternative would be
worse: define Z = X2, describe the discrete support of Z, find an expression for

pz(z), write E[Z] =", z - pz(2) and then try to evaluate the sum.

Ezample 6.15. Suppose X ~ Geom(p). As before, we will compute
E[X?] =) n’(1-p)" 'p
n=1
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by differentiating two power series. To do that, we write x = 1 — p and develop
o0
E[X?] = ZnQ p-a™t
n=1
o0 oo
:pZn-x”_l +pZn- (n—1)-z"*
n=1 n=1
o0 oo
zpz:n-x"_l +pa:Zn~ (n—1)-2"2
n=0 n=0
o0 o0
d. , .,
:pz @[I ]erxz @[l’ ]
n=0 n=0

“p LS e B[S
2

n=0

P T A s
1 1-—
=42 2p
P p
_2-p
e

As before, we know that the power series ) | ™ converges if |z| < 1, and we are
accepting a property which says that the power series can be differentiated term

by term within that range.

Example 6.16. Suppose X ~ Geom(p). For which values of t is !X integrable,

and what is the value of E[e!X]? We can write
EX] =Y e p (1=p)" =pe Yl (L-p)" T =
n=1 k=0

This can be rewritten as

E tX — p
)= =L

and it is defined if €' - (1 — p) < 1, or alternatively ¢ < In ﬁ and is undefined

otherwise.
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6.4 Variance

Here we introduce another fundamental quantity that describes the distribution
of a random variable. While E[X] gives the mean number of X, we now define a

quantity that quantifies the degree of dispersion of X from its mean value.

Definition 6.3 (square-integrable random variables). We say that a discrete
random variable X is square-integrable if X? is integrable, which means that the

sum

Z 2 P(X =)

z:P(X=2)>0

is convergent. Note that square-integrable random variables are automatically

integrable, because |z| < 1+ 22.

Definition 6.4 (Variance). Let X be a square-integrable discrete random

variable and denote p = E[X]. We define the variance of X as

Var(X) = E[(X — p)?].

Even though this formula may be the best definition to understand the properties

of variance, very often there is a more convenient way to compute it:
Var(X) = E[X?] - (E[X])?,

which we get by expanding E[(X — u)?] = E[X? — 2uX + p?] = E[X?] — p2.

Ezample 6.17 (Poisson). Suppose X ~ Poisson(\). Then
Var(X) = E[X?] — (B[X])2 = A+ A2 = A =),

so the variance of a Poisson random variable equals its expectation.

Ezample 6.18 (Geometric). Suppose X ~ Geom(p). Then

Var(X) = E[X?] — (E[X])® = - =

Ezample 6.19 (Bernoulli). Suppose X ~ Bernoulli(p). Then
Var(X) = E[X?] — (E[X])* =p—p* =p- (1 -p).
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Note that
Var(aX) = a* - Var(X)

which means that Var(X) is not in the same unit of measure as X. For instance,
if X is measured in meters, then E[X] is also measured in meters but Var(X) is

measured in squared meters.

To quantify the dispersion of X in the same units as X, we need to take the

square root.

Definition 6.5 (Standard deviation). Let X be a square-integrable discrete

random variable. We define the standard deviation of X as

o(X) =/ Var(X).

Unlike the variance, the standard deviation satisfies o(aX) = |a| - 0(X).

The standard deviation of a Poisson random variable is v/, of a Bernoulli random
variable is y/p(1 — p), and of a geometric random variable is \/p~2 —p~1.

7 Multivariate discrete distributions

7.1 Joint probability mass function of two variables

Definition 7.1 (Joint probability mass function). Given two discrete random
variables X and Y, we define the joint probability mass function of X and Y,
denoted px y : R? — R, and given by

pX,Y(xvy) = IP(X =, Y = y)v
or, more formally, P({w € Q: X (w) = z,Y(w) = y}).

Ezample 7.1. Roll two dice, let X denote the large value and Y denote the
smaller value. Then px y(z,y) forx =1,...,6 and y = 1,...,6 is given by the
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table

12 3 4 5 6
1 2 2 2
36 36 36 36 36 3
210 L 2 2 2 2
36 36 36 36 36 36
3/0 0o 1 2 2 2
36 36 36 36 36 36’
44 0o o 1 2 2
36 36 36 36 36 3
5l 0o 0 o0 1 2
36 36 36 36 36 36
glL o o0 o0 o0 1
36 36 36 36 36 36

and p(z,y) =0 if z or y is not in {1,2,3,4,5,6}.
Observe that

px(z) =P(X =z)
= Y P(X=2Y=y)+P(X =2,Y ¢ Dy)

yEDy

= ) P(X=2Y=y)
yEDy

= > pxy(zy)
yEDy

for every z € R, where Dy denotes the discrete support of Y.

Terminology (Marginal probability mass function). The above formula to
compute the probability mas function of X from the joint probability mass

function of X and Y is called marginal probability mass function.

Example 7.2. A bag contains 1 red, 2 greens and 2 blue balls. We pick 2 balls from
the bag, without replacement. Let X be the number of green balls picked, and
Y be the number of red balls picked. Then the joint probability mass function
of X and Y is given by the central cell of the table below:

yY\e| 0 1 2] total
0(0.1 04 0.1 0.6
1102 0.2 0 0.4
total | 0.3 0.6 0.1 1

By adding each column we find the marginal probability mass function of X,
which is given by px(0) = 0.3, px(1) = 0.6, and px(2) = 0.1. By adding each
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row we find the marginal probability mass function of Y, which is given by
px(0) = 0.6 and px (1) = 0.4.

7.2 Expectation in the discrete bivariate case

Proposition 7.1 (Expectation in the bivariate case). Let X and Y be discrete

random variables, and let g : R2 — R be any function. Then

EgX, V)= > Y glz.y) PX=2Y =y),

xe€Dx yeDy

if this sum converges absolutely, and E[g(X,Y)] is undefined if not. The sets Dx
and Dy in the formula denote the discrete supports of X and Y .

Proof. Let Z = g(X,Y). We first observe that, for each z € R,

P(Z =2)=P(g(X,Y) = 2)
=P((X,Y) €g7'(»))
= >  PX=zY=y),
(z.y)€g=1(2)ND

where D = {(z,y) : P(X = z,Y = y) > 0}. The support of Z is given by the
image Dz = g(D), which is countable. Finally,

E[Z]= > z-P(Z=2z)

2z€Dyz

> > 2 P(X =2,Y =y)

€Dz (z,y)g—" (:)ND

Yo Y gy P(X=2Y=y)

2€Dz (z,y)€g—1(z)ND

(z,y)eD

= > ) glay) P(X =Y =y),

rx€Dx yeDy

and the sum converges absolutely if and only if Z is integrable. This concludes
the proof. O
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Proof of Proposition 6.1. If we take Y = 0 and apply Proposition 7.1 with
9(z,y) = g(x), we get

E[X] = E[g(X, Y)]

Z

€Dx yE{O}
Z

€Dx

and the sums converge absolutely if and only if E[X] is defined. This concludes

the proof of Proposition 6.1. O

Corollary 7.1. The expectation is linear.

Proof. Suppose X and Y are integrable, and let a,b € R. Using Proposition 7.1
with g(z,y) = ax + by, g(z,y) = = and g(z,y) =y, we get

ElaX +bY] = Z Z (ax +by) - P(X =z,Y =y)
ze€Dx yeEDy
=a Z Z - P(X=2,Y=y)+b Z Z y-PX=2Y=y)
r€Dx yeDy r€Dx yeDy
=aE[X]+bE[Y],
which is what we wanted to prove. O

7.3 Independent discrete random variables

Definition 7.2 (Independence). Two discrete random variables X and Y are

independent if
pxy(z,y) = px () py(y)

for every =,y € R.

Ezample 7.3. Toss a fair coin 5 times. Let X be the number of Heads in the first

three tosses, and Y be the number of Heads in the last two tosses. Then the
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joint probability mass function is shown in the table

y\x 0 1 2 3 | total
0 |1/32 3/32 3/32 1/32| 1/4
1 |2/32 6/32 6/32 2/32| 1/2
2 |1/32 3/32 3/32 1/32| 1/4
total | 1/8 3/8 3/8 1/8 | 1

Notice how each entry in the middle of the table is given by the product of its

column total and row total, which means exactly px y(z,y) = px(x) - py (y)-

Definition 7.3 (Pairwise independence). We say that a collection of discrete
random variables Xy, X, X3,... is pairwise independent if X; and X are

independent for every j # k.

Definition 7.4 (Mutual independence). We say that a collection of discrete
random variables X, Xs, X3,... is mutually independent if, for every k and

every ri,xs,..., T, we have

]P(X1:£U17X2:.’L'2,...7Xk l'k)

Theorem 7.1 (Expectation of independent random variables). If X and Y are

independent integrable discrete random variables, then XY is integrable and
E[XY] =E[X]-E[Y].

Proof. Using Proposition 7.1,

EXY]= > > ay-P(X=1Y =y)

z€Dx yEDy

= > o (X yPX =0p(y =)
zeDx yEDy

=> x~]P’(X=fE)'< > y~P(Y=y))
z€Dx yEDy

(Y vrv=y) (X zPx=0)

yEDy x€Dx
= E[X]-E[Y].

In order to use Proposition 7.1 we should have known that XY was integrable
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in the first place. This can be checked using exactly the same development with

|z| instead of x and |y| instead of y. This proves the theorem. O

Ezample 7.4. Roll a fair die twice and multiply the values observed.

1
E[X] =5 (1-14+2:243- 2443452464+

+8:-2+9-1+10-2412-44+15-2+16-1+

49
+18-2+20-2+24-2+25-1+30-2+36-1):Z.

A simpler solution is to observe that X = Y Z, where Y and Z represent the

first and second rolling of the die. Using the above theorem,

7T 7T 49
EX]|=E[Y]-EZ] == == —
X =E[Y]-BlZ] =5 7 ="
Notice how the computation was simplified.
Proposition 7.2. Let Xi,..., X, be pairwise independent square-integrable

discrete random variables. Then

Var( 2": Xi> = Zn: Var(X;) .

Proof. Let p; :==E[X;], i = 1,2,...,n and set p:= > . u; = E[> 1, X;] by

linearity of expectation. Then,
n n 2
w($x) <2[($x)]
i=1 i=1
B[(06 ) ]

= E{zn: zn:(Xi — i) (X5 — lij)]
i=1 j=1

= E[zn:(Xi - m)ﬂ + ]E[Z(Xi - (X — Mj)]
i=1 i#j

n

= ZE[(Xi — )] + Z]E[(Xi = ) (X — )],

i=1 i£]
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8 The law of averages

One of the main topics of Probability is the “law of averages.” It says that the
sum of a large number of pairwise independent variables tends to be close to the

Xyt Xy,
n

expectation. More precisely, the observed average , which is random,

Xitt Xy
n

will approximate the theoretical average E[ , which is deterministic!

The simplest manifestation of this phenomenon concerns relative frequencies.
Imagine we run an experiment many times, under the same condition, and count
how many resulted in success and how many resulted in failure. Taking X, to
be the indicator that the n-th trial resulted in success, the relative frequency of
success is given exactly by While writing this preamble, the lecturers simulated
tossing a fair coin a million times, and obtained Heads 499,947 times. Repeating
the same procedure, they obtained Heads 499.508 times, then 500.318 times,
then 500.512 times. Obviously, something is happening here. As predicted by the
law of averages, the relative frequency was always very close to the probability
of obtaining Heads in each toss of the coin, which is exactly % Intuitively, we
tend to associate probability of success to relative frequency of successes, and

this association is almost ingrained in our thinking.

More generally, the relevant result of each experiment does not need to be 0 or 1
to represent failure or success. It can be any random variable. Before writing
this paragraph, the lecturers rolled a die 10 times, and the sum of the values
obtained as 38. Repeating the same procedure, they obtained 33, 28, 37 and
finally 43. It doesn’t quite look like this sum is very well concentrated near any
deterministic value. However, the lectures proceeded to simulating 10,000 rolls
of the die, and the sum of the results was 35,082. Repeating this procedure, they
obtained as sum 34.769, then 35.419, and finally 34.691. As predicted by the law
of averages, when the number of rolls of the dice was large, the observed average

was always close to the theoretical average, given by E[X;] = %

In the theory of Probability, the law of averages is not just a tale or a mysterious
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phenomenon, it is a theorem that can have many different formulations. Here

we will consider the simplest possible version.

Theorem 8.1 (Law of averages). Let X1, X2, X3,... be pairwise independent
square-integrable discrete random wvariables with the same mean p and same

variance 2. Then, for every a > 0, and n € N,

X1+ + X, o?

P<uia< n <qua)>1iazn'

The law of averages is commonly known as the Law of Large Numbers.

We draw the attention to the fact that, no matter how small a is, this probability
can be made as close to 1 as we wish by taking n large enough (of course, if a is

too small, we will need n to be really very large).

Our next goal is now to understand how such an estimate for probabilities even
came about. So far we used probabilities to compute expectations and standard
deviations, and now suddenly we are using the standard deviation to make

extremely interesting estimates about probabilities!

This endeavour will have two parts: understanding what is the variance of the
sum of many random variables, and understanding how the variance of a random

variable provides estimates on the probability that it deviates from its mean.

9 Covariance

9.1 Definition

What happens to the variance when we add variables?

Example 9.1. Toss five fair coins. Let X be the number of Heads among the
first two coin tosses, and Y be the number of Heads among the last three coin
tosses. Let Z = X +Y the the total number of Heads among all five tosses. After
computations (that we omit), we get Var(X) = %, Var(Y) = 3 and Var(2) = 2.
In this case, the relation Var(X +Y) = Var(X + Y') has been verified. Is this a

coincidence? Under which conditions is this relation verified?

Ezxample 9.2. Suppose X ~ Bernoulli(%) and let Y = X. In this case, we have
Var(X) =1, Var(Y) =1, Var(X +Y) =1, so Var(X +Y) # Var(X +Y).
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To better understand what happens to Var(X +Y), we expand:

Var(X +Y) = E[(X —E[X]) + (Y = E[Y])?
= Var(X) 4 Var(Y) + 2 - E[(X — E[X])(Y — E[Y])].

Definition 9.1 (Covariance). Suppose X and Y are square-integrable discrete

random variables. We define the covariance of X and Y as

Cov(X,Y) = E[(X — E[X])(Y — E[Y])].

From the previous calculations, we see that Var(X +Y) = Var(X) + Var(Y) if
and only if Cov(X,Y) = 0. When this condition is satisfied, we say that X and

Y are uncorrelated.

9.2 Properties
Let us see the main properties of covariance. By switching X and Y,

Cov(X,Y) = Cov(Y, X)

By substituting X in the place of Y, we get
Cov(X,X) = Var(X)

Proposition 9.1. Suppose X, Y and Z are square-integrable discrete random

variables. Then

Cov(aX +0b0Y,Z) =aCov(X,Z)+bCov(Y, Z)
for every a,b € R.
Proof. Just expand and group:

Cov(aX +bY, Z) = E[((aX +bY) — E[aX + bY])(Z — E[Z))]
E[(aX — ElaX] + bY — E[bY])(Z — E[Z])]
E((aX — E[aX])(Z — E[Z]) + (bY — E[bY])(Z — E[Z))]
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= aE[(X - E[X])(Z - E[Z])] + bE[(Y - E[Y])(Z - E[Z])]
=aCov(X,Z)+bCov(Y, Z),

proving the identity. O

Corollary 9.1. Suppose X1,...,Xn,Y1,..., Yy are square-integrable discrete

random variables. Then

COV(iCLjAXj7 ibkyk) zn:ia bkCOV Yk)
j=1

k=1 j=1k=1

for every ay, ..., an,b1,...,bp € R.

Proof. Using the previous proposition repeatedly and symmetry,

Cov Zn: a; X, i bY;) = zn: a;Cov (X, Zm: biY;)
Jj=1 k=1 j=1

k=1
=Y aCov(Do %5, ;)
j=1 k=1
=> > a;bCov(¥;, X))
j=1k=1
= Z Z ajbjCov(Xj, }/J),
j=1k=1
which proves the stated identity. O
Corollary 9.2. Let Xi,...,X, be square-integrable discrete random variables.
Then .
Var(ZXk) ZVar Xik) + Z Cov(X;, Xk)
k=1 1<j<k<n

Proof. Using the previous properties,

Var(léXk) - cov(ixj,g:lxk)

=1

= iiCOV(X Xk

j=1k=1
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= Cov(Xk, Xi) + Y _ Cov(X;, Xp)
k=1

i#k
= Var(Xg)+2 > Cov(X;, Xg). O
k=1 1<j<k<n

Definition 9.2. We say that a collection of square-integrable discrete random
variables X1, Xo, X3,... is uncorrelated if Cov(X;, X) = 0 for every j # k.

Corollary 9.3. If X1,...,X,, are uncorrelated discrete random variables, then

Var( E”: Xk) = Zn:\/'ar(Xk).
k=1 k=1

Proof. Apply the previous formula and note that the covariance of different

terms is zero. O
This gives us the “square root law”: if X7,..., X, are uncorrelated discrete
random variables with the same mean p and variance o2, then

B[ Xt X o(ZttXn) — o

= =u and - Jn

This starts to explain why the law of averages emerges when we add many

random variables.

9.3 Sums of pairwise independent variables

Perhaps a more convenient expression for covariance:
Cov(X,Y) =E[XY] — E[X] - E[Y].

If X and Y are independent, then, by Theorem 7.1, Cov(X,Y’) = 0.
Corollary 9.4. If X4,..., X, are pairwise independent square-integrable discrete
random variables, then

n

Var(ZXk) = kzi:l\/ar(Xk).

k=1
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By the previous observation, a family of pairwise independent discrete random

variables is also uncorrelated.

10 Chebyshev’s inequality

We will now see how the mean and standard deviation of a random variable

allow us to make some estimates on probabilities involving the random variable.

10.1 Markov’s inequality

In order to get there, we start with something more modest: Markov’s inequality.
It allows us to say something about the distribution of a random variable using

knowledge of its expectation.

Theorem 10.1 (Markov’s inequality). Let X be an integrable non-negative

discrete random variable. Then,

E[X]

P(X >z) <

for every x > 0.

Proof. Fix x > 0. Define the random variable

r X >u
Y =
0 otherwise.

We have that X > Y, because:

e if X >z, thenY =2z,50 X > Y;
e if X €[0,2),thenY =0,80 X > Y.

This also gives E[X] > E[Y]. Next, note that Y is a discrete random variable (it

only attains the values 0 and ) with
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Hence,
EX]>E[Y]=0-py(0) +z-py(z) =2 -py(z) =2 -P(X > ).

Rearranging this, we obtain the desired inequality. O

Ezample 10.1. Suppose a company produces an average of 50 items per week.
Can you estimate the probability that a particular week’s production exceeds
75 items? Let X be the number of items the company produces each week. By
the statement, we know that X > 0 and E[X] = 50. Hence the assumptions of
Markov’s inequality are satisfied and we can deduce an estimate on the requested
probability, which is P(X > 75). Hence,
E[X] 50 2
PX>2Th) S —=—=-.
X2 S =5 =773
It is interesting to note that Markov’s inequality does not always give a useful
bound. Indeed, if X is a non-negative random variable with expectation equal
to p, and x € (0, p], then in the inequality
P(X >2) <

)

] |=

the right-hand side is larger than 1, so the bound only tells us that the probability

is smaller than or equal to 1, but we knew that already!

10.2 Chebyshev’s inequality

While Markov’s inequality gives a bound on the probability that a random
variable is large, Chebyshev’s inequality gives a bound on the probability that a

random variable is far from its expectation.
Theorem 10.2 (Chebyshev’s inequality). Let X be a square-integrable discrete
random variable. Then,

Var(X)

P(|X - E[X]| > q) 5

N

a

for every a > 0.

We emphasize that here no assumption is made concerning the sign of X.
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Proof. Let a > 0. Define Y := (X — E[X])*. Then, Y is non-negative and
E[Y]=E [(X - E[X])Q} = Var(X).
In particular, Y is integrable. Next, note that the following events are the same:
{IX —E[X]| > a} = {(X - E[X])* > o’} = {Y > o’}
Hence, by Markov’s inequality we have

P(|X —E[X]| > a) =P(Y >d”) < =

This concludes the proof of the theorem. O

Ezample 10.2. Suppose E[X] = 10 and o(X) = 2. Let us find an estimate on
the probability that 6 < X < 14. Taking = = 4 in Chebyshev’s inequality,

22
]P’(6§X§14)ZP(6<X<14):1—IP(|X—IE[X]\24)21—4—2:%
10.3 Proof of the law of averages
Recall that X7, X5, X3,... are pairwise independent square-integrable discrete

random variables with the same mean p and same variance o2.

We want to show that, for every a > 0, and n € N,

X4+ X, 2
<—1+ + <M+a)>1——z )
a=n

P(u—a

n

Using linearity of expectation and the fact that all X} have the same mean p,

Xi4-+Xp7 1 1
E{%} ZEE[Xl‘F"'_"Xn} :E(E[Xl]-i-“']E[Xn]) = Q-

Using Corollary 9.4 and the fact that all X; have the same variance o2,
X+ + X,
Var(L)

n

1
= ﬁVar(Xl +o+ Xn)

% (Var(Xy) + - - - + Var(X,,))
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Using Chebyshev’s inequality,

X, 4+ X,
P(u—a< REESEES o §u+a> :1—113(‘—1+ tAn —u’ >a>
n
_— VaI‘(XlJr;L'JrX”)

which concludes the proof.

11 Correlation coefficient

The covariance is a useful quantity that describes how two random variables
vary together. However, it has one disadvantage: it is not scale invariant. To
explain what this means, suppose that X and Y are two random variables, both
measuring lengths in meters. Assume that U and V give the same measurements
as X and Y, respectively, but in centimetres, that is, U = 100X and V = 100Y.
Then,

Cov(U, V) = Cov(100X, 100Y) = 100 - 100 - Cov(X,Y) = 10* - Cov(U, V).

This means that changing the scale also changes the covariance. To obtain a

scale-invariant quantity, we make the following definition.

Definition (Correlation coefficient). Let X and Y be square-integrable discrete
random variables with positive variance. The correlation coefficient between X

and Y is defined as
Cov(X,Y)

PXY) = ey

As promised, the correlation coefficient does not change when we rescale or shift

the random variables.

Proposition. Let X and Y be square-integrable random variables with positive

7



variance. For every a,b,c,d € R with a,c > 0, we have
p(aX 4+ b, cY +d) = p(X,Y).

Proof. We first note that the covariance between a constant and any other

random variable is equal to zero. Indeed,
Cov(b,Y)=E[PpY]|—Ep]-E[Y]=b-E[Y]-b-E[Y] =0.

Therefore,
Cov(aX +b, ¢¥Y +d) = ac- Cov(X,Y).

Substituting this into the formula for the correlation coefficient,

Cov(aX + b, cY +d)
o(aX +0b) - o(cY +d)
_ac-Cov(X,Y)

S a-0(X)-c-o(Y)

_ Cov(X,Y)
ToX) oY)’

plaX +b, Y +d) =

(X,Y). 0

Also, since o(=Y) = o(Y) and Cov(X,Y) = Cov(Y,X), the correlation

coefficient also satisfies.

p(X,Y) = p(Y, X) and p(X,~Y) = —p(X,Y).

The next proposition further describes in what sense the correlation coefficient
p(X,Y) is a dimensionless index that quantifies how well X and Y are aligned,

see Figure 11.1 for a very visual description.

Proposition. Let X and Y be square-integrable random variables with positive
variance. Then

-1<p(X,)Y)< L

In the extreme cases, p(X,X) =1 and p(X,—X) = —1.

Proof. Observe that




Taking expectation and expanding,

E(X - EX)])?  E[Y -E[}])?* E[X -EX)Y —E[Y])]

-2 >0,
AX) oY) o(X)o(¥)
which means
2p(X,Y) <2,

so p(X,Y) < 1. The same argument with —Y instead of YV gives p(X,Y) =
—p(X,-Y) <1, whence p(X,Y) > —1. Finally,

Cov(X,Y)

X, X)=——+"2 =1

and p(X,—X) = —p(X,X) = —1. O

12 Central Limit Theorem

Theorem 12.1 (Central Limit Theorem). Let X1, Xo, X3,... be mutually in-
dependent square-integrable discrete random variables with the same distribution.

Denote their mean by p and variance by o > 0. Then, for every a < b

Xi4t- o+ X —n- b
]P’(a§ LR e et Ngb)%/G\/%e’ﬁ/zdx.

o-\/n

Figure 11.1: Hlustration of p(X,Y’) assuming the pair (X,Y’) has the same
probability to be each point in the depicted cloud. (taken form Wikipedia)
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The approximation “~” means that the probability gets as close to the integral

(shown in Figure 12.1) as we wish if we pick n large enough.

This remarkable phenomenon is in the heart of statistics and most natural
sciences. It says that, regardless of the distribution of X, if we add enough many

samples of X together, we only see its mean p and variance o2.

We will not prove the Central Limit Theorem in this module as some more

advanced tools are needed.

In case X ~ Bernoulh(%), which corresponds to tossing a fair coin, we can

see visually how the distribution of X; + --- + X, approximates this function
1 —7;2/2

Y= 75:¢ , it is illustrated in Figure 12.2.

Ezample 12.1. When counting the votes in a very close election, 25,301 votes
have been counted: 12,636 for Candidate A and 12,665 for Candidate B. There
are still 400 votes to be counted. What is the probability that Candidate B wins
the election? Assuming each vote is a fair coin toss, the question are are asking
is about

P(X1 + - + Xaoo = 215),

where X7, ..., X, are independent with distribution Bernoulli(%). By symmetry,
this is the same as P(X; + - - - + X400 < 185), and therefore it equals

~{1719)(185<X1+~-+X400<215)]

N |

, we conveniently rewrite the event to get

(SIS

Since p = % and o =

1 1 — 400 -
S -IP’(—l.5 <Kt Xao 400 1.5)
2 2 /400
Ir.l’
/
/" |probability
— a ib -
Figure 12.1: Graph of y = \/%e*mz/z and the probability that Z € [a,b]

represented by the greenish area between points a and b.
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and, using the Central Limit Theorem, we approximate it by

1 1 /1 2
f—f/ ——e " /24 ~ 0.07.
2 2 ) 452

You should not try to compute this integral at home, the only way to get this
value is by looking at a table, we will see more about this later. So the answer is
0.07, or 7%. Note that we only gave a rough answer with one significant figure.
In order to get more precision than that, some more careful considerations would

be necessary and would be the topic of more advanced modules.

We can also use “one-sided versions” of the Central Limit Theorem. This way,

the previous example is simplified:

Xy 4 -+ Xy00 — 400 -
IP(X1+---+X400>215)=JP( 1t Adoo ”21.5)

0/400

+oo 5
~ 1 —z%/2
~ /1 Vora dz

.5

~ 0.07.

If we rewrite the Central Limit Theorem as

o X1+ + X, o b 1 2?2
P(H+\/ﬁa<ngﬂ+\/ﬁb)w/a ﬁ@ dl’,

we get a good description of the statistical behaviour of the observed average

Figure 12.2: The first two graphs are the probability mass functions of
Binom(n, %) rescaled so as to show 4+3c. The third graph is the graph of

y = \/%6_382/ 2. The fourth graph displays the relative frequencies in a random

sample of 200 independent random variables with distribution Binom(16, 3).
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Xt 4+ Xp
n

concentrated around p, but now we can say something more precise. The observed

. As predicted by the law of averages, the observed average is

average fluctuates as u + aﬁZ , where Z is this “thing” described by

b
Pla < Z <b) = / e g

Random variables described in terms of integrals are called continuous random

variables, the topic of the next section.

13 Continuous random variables

13.1 Probability density function

Consider the random variable X informally defined by: “Let X be a number
chosen in the interval (0, 1) uniformly at random.” Upon careful thought, we see
that this description is a bit puzzling. The word “uniformly” should mean that
any number z € (0,1) is equally likely to be picked, that is, P(X = ) should
be the same for each z. However, there are infinitely many = € (0,1), so this
would force P(X = z) to be zero. This will indeed be the case for all random

variables with continuous distributions, which we now define.

Definition 13.1. We say that a random variable X is continuous with probability
density function fx : R — R if

b
]P’(angb)z/ fx(z)dz

for every a < b € R.

A density fx specifies the “probability per unit length.” It is somewhat analogous
to the probability mass function, but not exactly. The probability that X is in
a small interval of length Ax is given by fx(z)Az rather than fx(z) and fx
itself may take very large values on small intervals. So it is “ fx (x)Az” which is

the analogous to px(x).
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A density function necessarily satisfies

/+mﬁdﬂdx:L

13.2 Uniform variables

Let a,b € R with @ < b. A random variable X has the (continuous) uniform
distribution on (a, b) if it has

L ifa<z<b,
fX (1,) _ b—a
0 otherwise.

We write X ~ U(a,b).

Observe that, for any interval [c, d] C [a, b], we have

d
1 d—c
P(Xe[c,d]):/ b—adm:b—a’

that is, the interval [c, d] is assigned a probability given by the proportion of
length that it has inside the interval [a,b]. On the other hand, if ¢ < a and

d € [a,b], then
d—a
b—a

because the part of the interval [c, d] that is not overlapping with [a, b] does not

P(X € [e,d]) =

count.

13.3 Normal distribution

Let p € Rand 0 > 0. A random variable X has normal (or Gaussian) distribution

with parameters p and o2 if it has probability density function given by

() 1 _(z=p)?
X €Tr) = - e 252
V2mo?

for every z € R. We write X ~ N(u,0?).

The parameter p gives the centre of the density function, and the parameter
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o? specifies the scale of how this density is being stretched. Through a change
of variables in the integral, we can see that X ~ N(u,0?) is equivalent to
X =p+o-Z with Z ~N(0,1). Indeed, defining Z = %,

Remark 6. It is not easy to see that fjooj fx(z)dz = 1. By substituting,

+oo 1 _ (x—p)? +oo 1 2
/ -e” 22 dax = / — e % du.
—oo V2mwo? oo VT

So it is enough to check that fjooj e = /7. In most textbooks, this is done
using polar coordinates for integrals on R2, but we don’t want to use that.

Instead, we use a different trick: switch the iterated integrals in

400 +o0 +oo +oo
/ (/ ye—(1+x2)y2dy> de = / (/ ye—x2y2€—y2dx) dy’
0 0 0 0

which we can do because the integrand is non-negative. The first integral can be

computed by

z -1 2 277 1
I _(1+I2)y2d — [ —(14xz)%y :| - -
oo Jy U6 LY o 2(1+2?)

and

+oo +oo z
1 t
/ / ye*(HmQ)dey dz = lim / ——dz = lim arctanz _ z.
0 0 z=to00 fo 2(1 4 22?) z—+o0 2 4

The second integral can be rewritten as

+oo “+o0
/ (/ e‘“Zdu) e_yzdy.
0 0

This way we conclude that f0+°° et = ? By symmetry, fjoo e = \/m,

oo

which is what we were after.
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13.4 Exponential lifetimes

Let A > 0. A random variable X has the exponential distribution with
parameter A if
Ae ™ if >0,

fx(z) =

0 if x <0.
We write X ~ Exp(A).

Note that
P(X >t) =e M.

The exponential distribution is commonly used to model the lifetime of entities
that have a lack of memory property, normally inanimate objects that experience
no ageing effect. To explain what this means, let us think of light bulbs. Suppose
that the lifetime of light bulbs of a particular brand has an Exponential()\)
distribution (assume that we turn on the light and don’t turn it off until the bulb
burns out). Then, the memoryless property means that: regardless of whether
the bulb has just been activated, or it has been active for a certain amount of
time, the distribution of the remaining lifetime is the same. Mathematically, this

is expressed by the following identity, which holds for all s,¢ > 0:

PX >t+s|X >t)=P(X > s).

13.5 Expectation

Definition 13.2 (Expectation). Let X be a continuous random variable with
density fx. We define the exzpectation of X, denoted E[X], as the real number

given by
“+o0

Bx) = [ o fx(dn

as long as this integral converges absolutely. If the integral is absolutely

convergent, we say that X is integrable, otherwise E[X] is not defined.

Ezample 13.1 (Uniform). If X ~ U]a,b], then




That is, the expectation of a random variable with uniform distribution on [a, b]

is the middle point of the interval.

Ezample 13.2 (Exponential). If X ~ Exp(\), then, integrating by parts,

+oo u 1
EX] = e Mdr = lim |—ze ™ — LeTA =
0 A A

u—+00 0

Ezample 13.3 (Normal). Suppose X ~ N(0,1), Then, by substitution v = 22/2,

+oo e—r2/2 _e—z2/2 z 1
/ T dz = lim { } = .
0 V2 z—+00 V2r 1o 27

By symmetry,
0 e—:c2/2 1

T dx =
oo V2m V2T

and, therefore E[X] = 0.

Ezample 13.4 (Cauchy). Suppose X is a random variable with density

1

fx(x) = 1)

Then

—+oo —+o00 T “+o0 T
da = S VS T 4
/o #fx(@) dz / R / e

and thus
+o0 +o0 1 1
/ xf;d:c)dx}/ ——dz = — lim lnz = 4o0.
0 1

2mx 2T z—o0

In this case E[X] is not defined, despite the symmetry. We finally have an example

of a random variable that is not integrable!

13.6 Variance

Proposition 13.1. Let X be a continuous random variable with density fx.

Let g : R — R be a piecewise continuous function. Then

+oo
E[g(X)] = / o(@) fx (@) de

— 00
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if the integral is absolutely convergent, and E[g(X)] is undefined if not.

The analogy with probability mass function is summarised in Table 1.

Ezample 13.5 (Uniform). If X ~ Ua,b], then

/b x? a® + ab+ b2
dx = .
o b—a 3

Ezample 13.6 (Exponential). If X ~ Exp(\), then, integrating by parts twice,

lim 27167>‘$ —
z—+o0

+oo z
E[X?] = / e M dx = |:793267/\I - %e*)“’”}
0

0o A%
Ezample 13.7 (Normal). If X ~ A(0,1), then, integrating by parts,

+oo —z2/2

2€

——d
V2T v

fx
fle—)R

Px

px R—R
px(z)20Vz eR
P(X =2) =px(x)

Pla< X <b) =3, <., Px(2)

fx(l‘) >0VxeR

P(X =2)=0

Pla < X <b) = [° fx(z)da

px(z) =P(X =)
> px(z) =1
px(xz) <1Va

E[g(X)] =>_, 9(z)px (x)

defined implicitly by above
[ fx(@)de =1
fx(x) may be > 1

Elg(X)] = [ g(x) fx(x)dz

Table 1: Probability mass function and probability density function.
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Definition 13.3 (Square-integrable). Like for discrete random variables, we say

that a continuous random variable is square-integrable if X? is integrable.

As in the discrete case, if a random variable is square-integrable, then it is

automatically integrable (because |x| < 1+ 22).

Definition 13.4 (Variance). Let X be a square-integrable continuous random

variable with density fx and mean p = E[X]. We define the variance of X as

Var(X) = E[(X — )?].

As we did for discrete random variables, we can expand the definition of variance

to get an alternative formula:
Var(X) = E[X?] - (E[X))"

which we use in the following examples.

Ezample 13.8 (Uniform). If X ~ U[a,b], then

a®>+ab+b?  a®+2ab+b*  (b—a)?
Var(X) = 3 = 1 =15

Ezample 13.9 (Exponential). If X ~ Exp(\), then
2 1\2 1
varX) = 55 - (3) =5
Example 13.10 (Normal). If X ~ A(0,1), then

Var(X) =1-0% = 1.

14 A single theory for discrete and continuous

14.1 Cumulative distribution function

One way to specify a probability distribution on R is to say how much probability
is to the left of each point z. In terms of a random variable X with the given

distribution, this probability is a function of x.
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Definition 14.1. Let X be a random variable. The cumulative distribution
function of X is the function Fx : R — [0, 00) defined by

for every z € R.

Other probabilities from Fx

We now observe that, although Fx (x) is defined as P(X < x), it is possible to

use F'x to obtain other probabilities involving X. Important formulas are
PX>2)=1-P(X <z)=1-Fx(z)
and, for x < y,

Pz < X <y) = P(X <y) - P(X <) = Fx(y) — Fx(a).

Observe also that
P(X =2) >0 ifandonlyif Fx hasa jump at z

and in that case, the size of the jump is the probability that X = x.

Fx determines Py

Proposition 14.1. If X and Y are two random variables with Fx = Fy, then X

and Y have the same distribution.

This proposition tells us that the cumulative distribution function indeed encodes
the distribution of a random variable (in the sense that given the cumulative

distribution function, there is only one distribution corresponding to it).

We have already seen that Fx determines Px ({z}) for each x € R and Px((a, b))
for every a < b € R.

We lack the tools needed to prove that it determines Px(B) for every B € B.
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14.2 Discrete and continuous cases

To get a first idea of what a cumulative distribution function looks like, let us
consider the case where X is discrete and has discrete support contained in Ny,
so that

ip(x k) =1
k=0

Then, first observe that Fx(z) = P(X < z) = 0 for all © < 0. Next, and for
every z € [0,1),

Fyx(z) = P(X < 2) = P(X < 0)+P(X = 0)+P(0 < X < z) = 0+px (0)40 = px (0).

By arguing similarly, we conclude that

0 if z <0,
px (0) if x €[0,1),
Fx(z) = { px(0) + px (1) if 2 € [1,2),

px(0) +px (1) +px(2) ifze(2,3)

The graph of F'x looks like the one in Figure 14.1.

Fx
1
px(0) +px(1) +px(2)|
px(0) +px(1)| —o
px(0) $—o

-0
8

Figure 14.1: Cumulative distribution function of a discrete random variable.
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Figure 14.2: Cumulative distribution function of a uniform random variable.

If X is continuous, then
Fi() = P(X <) =B(X € (~oc,a) = [ frlo)dy.

The fundamental theorem of Calculus then implies that, at points where fx is

continuous,

that is, the cumulative distribution function is differentiable and its derivative
is the probability density function. The graph of Fx looks like the one in
Figures 14.2 and 14.3.

14.3 Expectation and variance

It is possible to give a unified definition of expectation of a random variable,
without assuming that it is discrete or that it has a density. There a magic
formula using F'x that works simultaneously for any type of random variable. We

will not bother giving such a formula, but it is important to keep in mind that

slope= A

T-----15 area fX
} x
Zo

Figure 14.3: Cumulative distribution function of an exponential random variable.
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expectation is something that can be defined for any bounded random variable
(and, provided some sums or integrals are convergent, can also be defined for
unbounded random variables). Again we say that X is integrable if E[X] is
defined and finite.

This general definition of expectation still satisfies the three properties:

o Unitary: E[14] =P(A4),
o Monotone: If 0 < Z < X for all w € Q then 0 < E[Z] < E[X],
o Linear: E[aX + bY] = aE[X] + DE[Y]

as long as X and Y are integrable.

We will not prove these properties. Of course, we could not possibly prove them
since we have not even given the general definition of expectation. But even
if we had written down the formula, with the current tools we would not be
able to prove that the expectation is linear in general. The idea of the proof is
the following: any random variables X and Y can be approximated by discrete
random variables X’ and Y’ and, since E[X’ +Y'] = E[X'] + E[Y”], we conclude
that E[X + Y] =E[X]| +E[Y].

Again, and X is square-integrable if E[X?] is finite, and note that if X is square-

integrable then it is automatically integrable (because |z| < 1+ 2?).

Definition 14.2 (Variance). The wvariance of a square-integrable random

variable X is defined as

Var(X) = E[(X — E[X])?.

We remark that Chebyshev’s inequality holds for any square-integrable random
variable. Indeed, in the proof given in Section 10.2, we only used the above

properties of expectation and nothing else.

Definition 14.3 (Covariance). We also define the covariance of two square-

integrable random variables as
Cov(X,Y) = E[(X — E[X])(Y - E[Y])]
and say that they are uncorrelated if their covariance is zero.
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Note that the covariance has all the properties stated in Section 9.2. Indeed, the
proof of those properties only used the above three properties of expectation

and nothing else. In particular Corollary 9.3 holds in general, that is,
Var(X; 4+ ---+ X,,) = Var(Xy) + - - - + Var(X,,)

provided that Xi,..., X, are uncorrelated.

Independence is discussed in the next section.

15 Joint distributions and independence

15.1 Joint density

We now explain what it means for two random variables to follow a jointly

continuous distribution.

Definition 15.1 (Joint density). Two random variables X and Y defined in
the same probability space are called jointly continuous with joint probability

density function fxy : R? — Ry if
a bg
Pla1 < X <ag, i <Y <) = / ( fxy(z,y) dy)dx
al b1

for every a; < ag and by < bs.

The marginal density functions are given by:

fx(ﬁ):[ Ixy(z,y)dy and fY(y):[ Ixy(z,y)dz.

Shortly put, marginal densities are obtained from the joint density by “integrating

out” the other variable.
Ezample 15.1. Consider the square Q = {(z,y) € R? : |x|+|y| < 1}, and suppose
a joint probability density function of X and Y is fx y(z,y) = %]IQ(x, y). We
can determine the marginal density function of X by integrating:

+oo

fx(z) = / Yooy dy = (1 — |2 1f1.1().

— 00
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If we integrate with respect to x, we obtain fy (y) = (1 — |y[)1j—1,1(¥)-

15.2 Joint cumulative distribution function

Definition 15.2. Let X,Y be random variables. The joint cumulative
distribution function of (X,Y) is the function Fx y : R? — [0, 1] given by

Fxy(z,y) =P(X <z, Y <y)
for every z,y € R.

For discrete, random variables, this definition reduces to

Fxy(z,y) = Z X:IUQY(S7 t)

s<x ty

for every z,y € R. For jointly continuous random variables, the joint cumulative

distribution function is given by

z y
FX,Y(I»?J) = [ [ fxy(s,t) dt ds.

In either case, it is possible to recover the joint probability mass function and the
joint probability density function from the joint cumulative distribution function,

but we will not dig into that.

15.3 Independence

Definition 15.3 (Independence of two random variables). Given any two

random variables X and Y we say that X and Y are independent if
P(X € A, Y € B)=P(X € A)P(Y € B)
for all A,B € B.
For discrete random variables, this definition is equivalent to
pxy(z,y) =px(x)  py(y)
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for every z,y € R, that we gave in Section 7.3.

Amazingly enough, the joint cumulative distribution function is able to capture

whether two random variables are independent or not.

Proposition 15.1. Two random variables X and Y are independent if and only
if
Fxy(z,y) = Fx(x)Fy(y)

for every x,y € R.

Fragment of proof. For A = (a,b] and B = (¢, d], we expand to get

Pla< X <be<Y<d)=Pla< X <bY<d-Pla<X<bY<c
=PX <bY<d)—-P(X<a,Y<d)—Pla< X <bY <)

=Fxy(b,d)— Fxy(a,d) — [Fxy(bc)— Fxy(a,c)]

= Fx(b)Fy (d) — Fx(a)Fy(d) — [Fx (b)Fy (c) = Fx(a)Fy(c)]

= [Fx(b) — Fx(a)] - [Fy(d) — Fy(c)]

=Pla< X <HPc<Y < d).

Therefore, P(X € A,Y € B) = P(X € A)P(Y € B) when both A and B are
given by a union of finitely many intervals of this form (open on the left and
closed on the right). The case of more general sets A and B requires tools that

we currently lack. O

For jointly continuous random variables, the situation is a bit trickier. Suppose
X and Y have fx and fy as density functions. Then they are independent if

and only if they jointly continuous with a joint density function given by

fxy(z,y) = fx()fy(y)

for every z,y € R. However, if we are given a joint density function fx y and
want to show that X and Y are not independent, it is not enough to find
a single point (z,y) such that fxy(z,y) # fx(z)fy(y). We need to check
that fxy(x,y) # fx(z)fy(y) for all z € [a,b] and all y € [¢,d] for some non-

degenerate intervals [a, b] and [c, d]. This is because, unlike the probability mass
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function, probability density functions are not unique, and we can modify them

on a single point causing the identity displayed above to break down.

Theorem 15.1. If X and Y are independent integrable random variables, then
XY is integrable and
E[XY] =E[X]-E[Y].

In particular, independent square-integrable random variables are uncorrelated.

We have given a proof assuming X and Y are discrete. A proof that works in the
general case requires tools that we currently lack. As for linearity of expectation,
it is based on the fact that any random variable can be approximated by discrete

random variables, reducing the problem to the case that we already know.

Definition 15.4 (Pairwise independence). We say that a collection of random
variables X1, X, X3,... is pasrwise independent if X; and X}, are independent

for every j # k.

Definition 15.5 (Mutual independence). We say that a collection of discrete
random variables X, Xo, X3,... is mutually independent if, for every k and

every Aq,...,Ax € B, we have

P(X1 S Al,...,Xk S Ak) :]P(Xl € Al)P(Xk S Ak)

There are analogous conditions for mutual independence when the random
variables are continuous or discrete, and also an equivalent condition in terms of
joint cumulative distribution functions. But we will not dig into this.

15.4 Covariance and the law of averages

As mentioned in the previous section, if Xy, ..., X, are uncorrelated random

variables, then

Var(X; + -+ X,,) = Var(Xy) + - - - + Var(X,,).

Using this and Chebyshev’s inequality, we can again prove the law of averages

for any sequence of uncorrelated random variables with same mean p and same

96



variance o2, without assuming that they are discrete. The proof is identical to

the one seen in Section 10.3.

The Central Limit Theorem also holds for any sequence of mutually independent
square-integrable random variables with the same distribution, without assuming

that they are discrete.

16 Sums of independent random variables
Sums of independent random variables show up in many different contexts. Given
two independent random variables X and Y, what is the distribution of X + Y7

If X and Y are both discrete, X +Y is discrete and its probability mass function
can be computed using the Law of Total Probability:

px+v(2) :ZIE”(X:x,Y:z—x) :Z]P’(X:J:)P(Y:z—x)

=Y px(@)py(z —2).

Ezample 16.1. Suppose X ~ Binom(n,p) and Y ~ Binom(m, p) The probability

mass function of X + Y can be obtained as
pxiv (k) =Y P(X =j)P(Y =k — j)
§=0
k

> (P =p)" ()t (=)

k
= pk(l - p)m+n_k Z (?) (ij)

_ (nzm)pk(l _ p)m+n—k.

When the variables X and Y are independent and have densities fx and fy, we

have the analogous relation

“+oo
Ixqv(z) = / fx(@)fy(z —x)da.

— 00
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Ezample 16.2 (Exponentials and Gamma). Let X and Y be independent, both
with the Exponential distribution with parameter A > 0, that is,

Ae ™ if > 0;
fx(@) = fy(z) =

0 otherwise.

Let Z := X +Y. We want to compute
fz(z) = / fx(@) - fy(z—2) da.

Now, note that the product inside the integral is equal to zero when x < 0
(since fx(z) =0 then) and when z > z (since fy(z — ) = 0 then). The integral

is then equal to
/ Ae M e AETE) g = 22 / e M dr =Mz M
0 0

The above distribution corresponds do a Gamma distribution with parameters 2

and A. In general, Z has Gamma distribution with parameters n and A if it has

n

density given by fz(z) = (n);l)! Sl em AT for 2 > 0.

The case when X and Y are normal is so important that we state it as a

proposition.

Proposition 16.1. Let X1 ~ N(u1,0%) e Xo ~ N(u2,03) be independent.
Then X1+ Xo ~ N (1 + p2, 02 + 03).

Proof. Since X1 — pu1 ~ N(0,02) and X5 — pz ~ N(0,03), we can suppose that
1 = p2 = 0. After long and laborious algebraic manipulations, it is possible to
obtain

1 2

z—x)? 22 z
fxv(2) = o e_( 2(’5) e ldz == ——t—.¢ it
+ 2mo109 2n(02402) :

— 00

Therefore, fx v is the density corresponding to the distribution N(0, 07 + 03),

which is what we wanted to show. O
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17 Moments and moment generating functions

Definition 17.1. Given a random variable X, we define the moment generating

function of X as the function Mx given by
My (t) = E[e"¥]

for the values of ¢ for which e*¥ is integrable.

Ezample 17.1 (Geometric). If X ~ Geom(p), then

> %, t < ].HL7
Mx(t) =) emp(l—p)" ' =4 o
n—1 ~+00, t>In L.
P
Ezample 17.2 (Poisson). If X ~ Poisson(\), then
0 —A\n 0 t\n
_ I A (Ae)™  xaet _ aet-1)
Me() =3 e =e™ ) S s et =,

Example 17.3 (Normal). Let X be a normal random variable with parameters p

and o2, that is, ,
1 (@—p)
fx(z) = e, zeR

V2mo? .

The moment-generating function of X can be computed as follows:

Mx(t) == /OO e - fx(x) da

o0 1 2
_(@—p)
= / ete . -e 202 dw

—00 \V2ro?

/o;\/2;7~exp{%i2[(:cu)2202tz]} de  (17.1)

We now complete the square:

(x —p)? =202t = 2 — 2(u+o?t) -z + p?

22 = 2(u+ o?t) -z + p? £ (2uo’t + o*t?)

(x — p—o?t)? = 2uo’t — ot
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This gives

(x — p—o%t)? o*t?
— +1t —_—
252 Tt

1

sl — ) — 20%ta] = -

The integral in (17.1) then becomes

o2t? > 1 (x — p— o%t?)?
exp {tu + 5 } -[m 727“;2 - exp {—202 } dx.

Now note that the function being integrated is the density function of A (u -+

o?t, 02), so the integral equals 1. In conclusion,

o2t?
MX(t):exp{t,u—i—2}, t e R.

Definition 17.2 (Moments). We define the k-th moment of a random variable
X as E[X*] if X* is integrable.

The name “moment generating function” comes from the following fact.

Proposition 17.1. If Mx(t) is defined on (—a,a) for some a > 0 then X has

all moments and they are given by
E[X"] = My (0).
where M)((k) denotes the k-th derivative of the function Mx .

We lack the tools to prove this proposition, but if we are willing to be cheeky,

we can do:

L0 (1) = g BIe] = B [ g o] = Blx¥e

and, evaluating at ¢ = 0 gives the proposition.

Ezample 17.4 (Geometric). If X ~ Geom(p), then

E[X] = M%(0) = ;1], E[X?] = M%(0) = 2—1, Var[X] = E[X?]—(E[X])? = 1p.

p2 p

Ezample 17.5 (Poisson). If X ~ Poisson(A), then
E[X] = M5 (0) = A\, E[X?] = M%(0) = A+ )\, Var[X] = E[X?] — (E[X])? = \.
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Ezample 17.6 (Normal). Let X ~ N(p,0?). Let us compute its mean (i.e. its
expectation) and variance. In the previous example, we proved that My (t) is
defined for all ¢t € R, with

t2 2
Mx(t) zexp{g —l—,ut}.

We then use the above theorem to compute

d 9 t202
E[X]= —Mx(t)| = |(to”+p) expq—— +nut = p
dt t=0 2 t=0
and
2 d? 2 2
(X7 2 Mx () i ot +p
Hence,

Var(X) = E[X?] — (E[X])? = 0% + p? — p® = o2

This is the reason why X is said to be a normal random variable with mean p

and variance o2.

Proposition 17.2. For every a,b € R,
MaX+b(t) = €tb . MX (at)

for every t such that Mx (t) is defined.

Proof. We compute
M, x4p(t) = E[e!@XF0)] = ¢ . E[e(0)X] = ® . My (at). O
Proposition 17.3. When X and Y are independent,
Mx 1y (t) = Mx(t) - My ()
for every t such that the moment generating functions are defined.
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Proof. If X and Y are independent, then so are !X and e'¥. Therefore,
My (t) = E[¢"X] = E[e"Y - ] = E[e"Y] - E[e"] = Mx(¢) - My (t). O

Ezample 17.7 (Sum of independent Poisson variables). Let X ~ Poisson(\) and
Y ~ Poisson(u) be independent. Then

My iy (t) = Mx(t) - My (t) = e =Derle'=1) = (Qtme=1) — pp)(4),

where Z ~ Poisson(A + p). Does it imply that X +Y ~ Poisson(A + p)?

Th example above makes us wonder whether knowing the moment generating
function of a random variable tells us what the distribution of the random

variable is. This is indeed the case.

Theorem 17.1 (Moment generating function determines the distribution).
Given two random variables X and Y, if there exists a > 0 such that Mx(t)
and My (t) are finite and coincide for every x € [—a,al, then X andY have the

same distribution.

We also omit the proof of this theorem, and note that it requires tools that are

even harder to build up than other proofs omitted in these notes.

Ezample 17.8 (Sum of independent Poisson variables). If X ~ Poisson(\) and
Y ~ Poisson(u) are independent, then X + Y ~ Poisson(A + ).

Ezample 17.9 (Sum of independent normal variables). Let X and Y be
two independent normal variables, with means px, 4y and variances 03(7032,7
respectively. Also let a,b € R with a # 0. Let us determine the distributions
of aX + b and of X 4+ Y. In the last lecture we showed that

t?0% t?0%
Mx (t) = exp 5 TUhx s My (t) = exp 5 iy -

We have that

2 2 t2 2 2 t2
Max 1(t) = My (at) = eexp {am T+ vox } — exp {(m +h)t+ UQX} '

2

Hence, aX + b has the same moment-generating function as a N'(ayu + b, a?c?)

random variable. Since this moment-generating function is defined in a
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neighbourhood of the origin (in fact, in the whole real line), we conclude
that aX + b ~ N(aux +b,a*c%).

Next, since X and Y are independent, we have

o312 o3 t?
Mx 1y (t) = Mx(t) - My (t) = exp { pxt + 5 [ XP MYt 5

(0% +o)t? }

= exp {(ux + py )t + 3

This shows that X 4+ Y has the same moment-generating function as an N (ux +

Wy, 0% +0%) random variable. Since this moment-generating function is defined in

an open interval containing zero, we conclude that X +Y ~ N (ux +py, 0% +0%).
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A Useful sums

(a+b)" = (n) alp" I a,b € R,n € Ny
=0\
— n 1
Zx =1-2 O<z<l
n=0
i 1
n—1 __

n=0
oo o 9
n=0
= . 3!
n=0
x Lk

€z T
> H:e zeR
=0
- 1
Zk:m neN
k=1 2
- D2n+1
k=1

The first five are: binomial theorem, geometric series, derivative of geometric
series, second derivative of geometric series, third derivative of geometric series.
It turns out, it is legitimate to differentiate a series of the form }_  a,z™ term

by term, but we are not concerned about the details of why this is true.

The fifth is the so-called “Taylor series” of the exponential function. To check
the formula makes sense, observe that both sides give 1 for x = 0 and each side
is equal to its own derivative. These two facts imply that both sides are equal

for every x, but we are not concerned about the details of this either.

The last two formulas, once written down, can be proved by induction (suppose
they are correct for a certain n, show that they are correct for n + 1). If you are
curious about how such formulas came about, they can be derived first making
the educated guess that they should be given by polynomials one degree higher
than the summand, and then using the first two or three terms to write down a

system of equations for the coefficients.
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B Exponentials beat polynomials

Forallz > 0and n € N,

P
e/ x — — PRI —_—
2 3! n!

Proof. For n =0, we already know that e > 1. For n =1,

ez:1—|—/ erdx>1—|—/ lde =142

0 0
For n =2,
61:1—1—/ ezdx21+/ (1—|—x)dx:1+x—|—§
0 0
For n =3,
ele—i—/ e‘””dx}l—l—/ (1+$—|—I2—2)dx:1+x+%2—|—§—?.

0 0

The pattern is clear. O

This implies that
ap + arx + -+ apa"”

eaz

tends to 0 as  — 400, for every a > 0.

. n+1 .
Proof. Indeed, since e®* > hx”“, each term in
n
ap a1 And
eaz eaz eax
is approaching zero as x increases. L]

This is useful when computing improper integrals that include polynomials and

exponential functions.
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