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Abstract

The use of Fourier transforms for deriving probability densities of sums
and differences of random variables is well known. The use of Mellin
transforms to derive densities for products and quotients of random vari-
ables is less well known. We present the relationship between the Fourier
and Mellin transform, and discuss the use of these transforms in deriv-
ing densities for algebraic combinations of random variables. Results are
illustrated with examples from reliability analysis.

1 Introduction

For the purposes of this paper, we may loosely define a random variable (RV)
as a value in some domain, say R, representing the outcome of a process based
on a probability law. An example would be a real number representing the
height in inches of a male chosen at random from a population in which height
is distributed according to a Gaussian (normal) law with mean 71 and variance
25. Then we can say, for example, that the probability of the height of an
individual from the population being between 66 and 76 inches is about .68.
For deriving such information about “nice” probability distributions (e.g.,
the height distribution above), we integrate the probability density function

(pdf); in the case of the Gaussian the pdfis f(z) = a\}ﬁ GXp[_% (125)2]7 where
1

1 is the mean and o2 is the variance.

A question that frequently arises in applications is, given RVs XY with
densities f(z),g(y), what is the density of the random variable X + Y7 (The
answer is not f(x) + g(y).) A less frequent but sometimes important question
is, what is the density of the product XY? In this paper, after some brief
background on probability theory, we provide specific examples of these ques-
tions and show how they can be answered with convolutions, using the Fourier
and Mellin integral transforms. In fact (though we will not go into this level

n this paper “nice” means RVs whose range is R™, with finite moments of all orders,
and which are absolutely continuous with respect to Lebesgue measure, which implies that
their pdfs are smooth almost everywhere and Riemann integrable. We will only deal with nice
distributions.



of detail), using these transforms one can, in principle, compute densities for
arbitrary rational functions of random variables [15].

1.1 Terminology

To avoid confusion, it is necessary to mention a few cases in which the termi-
nology used in probability theory may be confusing:

e “Distribution” (or “law”) in probability theory means a function that as-
signs a probability 0 < p < 1 to every Borel subset of R; not a “generalized
function” as in the Schwartz theory of distributions.

e For historical reasons going back to Henri Poincaré, the term “characteris-
tic function” in probability theory refers to an integral transform of a pdf,
not to what mathematicians usually refer to as the characteristic function.
For that concept, probability theory uses “indicator function”, symbolized
I; e.g., Ijpq)(x) is 1 for z € [0,1] and 0 elsewhere. In this paper we will
not use the term “characteristic function” at all.

e We will be talking about pdfs being in L!(R), and this should be taken
in the ordinary mathematical sense of a function on R which is absolutely
integrable. More commonly, probabilists talk about random variables be-
ing in L', L?, etc., which is quite different—in terms of a pdf f, it means
that {|z|f(z)dz, {|z|*f(z)dz, etc. exist and are finite. It would require
an excursion into measure theory to explain why this makes sense; suf-
fice it to say that in the latter case we should really say something like
“LY(Q, F, P)”, which is not at all the same as L'(R).

2 Probability background

For those with no exposure to probability and statistics, we provide a brief
intuitive overview of a few concepts. Feel free to skip to the end if you are
already familiar with this material (but do look at the two examples at the end
of the section).

Probability theory starts with the idea of the outcome of some process, which
is mapped to a domain (e.g., R) by a random variable, say X. We will ignore
the underlying process and just think of x € R as a “realization” of X, with a
probability law or distribution which tells us how much probability is associated
with any interval [a,b] ¢ R. “How much” is given by a number 0 < p < 1.

Formally, probabilities are implicitly defined by their role in the axioms
of probability theory; informally, one can think of them as degrees of belief
(varying from 0, complete disbelief, to 1, complete belief), or as ratios of the
number of times a certain outcome occurs to the total number of outcomes (e.g.,
the proportion of coin tosses that come up heads).

A probability law on R can be represented by its density, or pdf, which is
a continuous function f(x) with the property that the probability of finding x



in [a,b] is P(z € [a,b]) = SZ f(z)dz. The pdf is just like a physical density—it
gives the probability “mass” per unit length, which is integrated to measure
the total mass in an interval. Note the defining characteristics of a probability
measure on R:

1. For any [a,b], 0 < P(z € [a,b]) < 1.
2. Plz € (—o0,0)] = 1.
3. if [a,b]n[c,d] = &, then P(x € [a,b]u[c,d]) = P(x € [a,b])+P(x € [¢,d]).

From these properties and general properties of the integral it follows that if f
is a continuous pdf, then f(z) > 0 and wa flx)dx = 1.

Though we don’t need them here, there are also discrete random variables,
which take values in a countable set as opposed to a continuous domain. For
example, a random variable representing the outcome of a process that counts
the number of students in the classroom at any given moment takes values only
in the nonnegative integers. There is much more to probability, and in particular
a great deal of measure-theoretic apparatus has been ignored here, but it is not
necessary for understanding the remainder of the paper.

The Gaussian or normal density was mentioned in section 1. We say that
X ~ N(u,o?)ifit is distributed according to a normal law with mean or average
w and variance 0. The mean u determines the center of the normal pdf, which
is symmetric; p is also the median (the point such that half the probability mass
is above it, half below), and the mode (the unique local maximum of the pdf). If
the pdf represented a physical mass distribution over a long rod, the mean p is
the point at which it would balance. The variance is a measure of the variability
or “spread” of the distribution. The square root of the variance, o, is called the
standard deviation, and is often used because it has the same unit of measure
as X.

Formally, given any RV X with pdf f, its mean is p = wa xf(x)dx (the
average of x over the support of the distribution, weighted by the probability
density). This is usually designated by F(X), the expectation or expected value
of X. The variance of X is E[(X — pu)?] = So_ow(x — )% f(x)dx (the weighted
average of the squared deviation of x from its mean value).

Figure 1 plots the N(71,25) density for heights mentioned in Section 1. The
central vertical line marks the mean, and the two outer lines are at a distance
of one standard deviation from the mean. The definite integral of the normal
pdf can’t be solved in closed form; an approximation is often found as follows:
It is easy to show that if X ~ N(u,c?), then % ~ N(0,1); also from the
properties of a probability measure, for any random variable X,

Pla< X <b)=P(-w0 < X <b) - P(—0 < X <a).

It therefore suffices to have a table of values for P(—oo < X < b) for the
N(0,1) distribution. (Viewed as a function of b, P(b) is called the cumulative
distribution function.) Such tables are found in all elementary statistics books,
and give, e.g., P(66 < X < 76) ~ .682.
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Figure 1: N(71,25) pdf for the distribution of heights

Many applications use random variables that take values only on [0, ), for
example to represent incomes, life expectancies, etc. A frequently used model
for such RVs is the gamma distribution with pdf

2 e P if x > 0, 0 otherwise.

(Notice that aside from the constant W, which normalizes f so it integrates
to 1, and the extra parameter 3, this is the kernel of the gamma function I'(a) =
Sga " le=®dx, which accounts for the name.) Figure 2 shows a gamma(4, 2)
pdf (o = 4, 8 = 2). Because a gamma density is never symmetric, but skewed to
the right, the mode, median and mean occur in that order and are not identical.
For an incomes distribution this means that the typical (most likely) income is
smaller than the “middle” income which is smaller than the average income (the
latter is pulled up by the small number of people who have very large incomes).

Independence is profoundly important in probability theory, and is mainly
what saves probability from being “merely” an application of measure theory.
For the purposes of this paper, an intuitive definition suffices: two random
variables X, Y are independent if the occurrence or nonoccurrence of an event
X € [a, b] does not affect the probability of an event Y € [¢, d], and vice versa.
Computationally, the implication is that “independence means multiply”. E.g.,
if X, Y are independent,

P(Xela, ] &Y €[c, d]) = P(X € [a, b])P(Y € [c, d]).

In this paper, we will only consider independent random variables.



0.12

0.10

0.08

0.06

0.04

0.02

Figure 2: gamma(4, 2) pdf

Extending the example with which we began, suppose we consider heights
of pairs of people from a given population, where each member of the pair is
chosen at random, so we can assume that their heights are independent RVs
X, Y. Then for any given pair (x, y) we can ask, for example, about the
probability that both 66 < z < 76 and 66 < y < 76. This requires a joint or
bivariate density f(z,y) of X and Y. Using the “independence means multiply”
rule above and taking limits as the interval sizes go to 0, it should be fairly
obvious that f(x,y) = fx(z)fy(y), where fx and fy are the densities of X and
Y. It follows that

71 71 71 (71

POX €66, T &Y €66, T1) = [ x(e)ds [ fedy= | [ fGgpdods
66 66 66 J66

By substituting [—oo, o] for either of the intervals of integration, it is also

readily seen that

Lb fx(x)dx fy; fy (y)dy = Lb fi f(x,y)dzdy = Lb Fx(z)dz.

And it follows that by “integrating out” one of the variables from the joint
density f(z,y), we recover the marginal density of the other variable:

0

[l y)de = fy(y).
o
This is true whether or not X and Y are independent.
Figure 3 illustrates this. The 3-D plot is a bivariate standard normal density,
the product of two N(0,1) densities. On the right is the marginal density of Y,



fy (y) ,which results from aggregating the density from all points x correspond-
ing to a given y—i.e., integrating the joint density along the line Y = y parallel
to the z-axis. (The marginal density fy (y) is N(0,1), as expected.) Later, in
discussing convolution, we will see that it is also useful to integrate the joint
density along a line that is not parallel to one of the coordinate axes.

Figure 3: Bivariate normal pdf f(x,y), with marginal density fy (y)

2.1 Examples

With this background, here are two examples illustrating the need to compute
densities for sums and products of RVs.

Example 1 (Sum of random variables): Suppose you carry a backup
battery for a cellphone. Both the backup and the battery in the phone, when
fully charged, have a lifetime that is distributed according to a gamma law
f(x) ~ gamma(a, 8), « = 25, 8 = .2, where z is in hours; a8 = 5 hours is the
mean (average) life and /3% = 1 is the variance. This density is shown in Figure
4; it looks similar to a bell-shaped Gaussian, but it takes on only positive values.?
What is the probability that both batteries run down in less than 10 hours? To
answer questions like this we need the distribution of the sum of the random
variables representing the lifetimes of the two batteries. E.g., if the lifetimes of

2 Another difference: The Gaussian, as we know, is in the Schwartz class; the gamma pdf
is not, since it is not C® at the origin.



the two batteries are represented by X ~ gamma(25,.2), Y ~ gamma(25,.2),
integrating the density of X +Y from 0 to 10 will give the probablity that both
batteries die in 10 hours or less.
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Figure 4: gamma(25, .2) pdf for Battery life

Example 2 (Product of random variables): The drive ratio of a pair of
pulleys connected by a drive belt is (roughly) the ratio of the pulley diameters,
S0, e.g., if the drive ratio is 2, the speed is doubled and the torque is halved from
the first pulley to the second. In practice, the drive ratio is not exact, but is
a random variable which varies slightly due to errors in determining the pulley
dimensions, slippage of the belt, etc.

Figure 5 shows an example: suppose a motor is turning the left-hand drive-
shaft at 800 rpm, which is connected to another shaft using a sequence of two
belt and pulley arrangements. The nominal drive ratios are 2 and 1.5; thus
the shaft connected to the pulley on the right is expected to turn at 2400 rpm
(2 x 1.5 x 800).

Suppose the motor speed is taken to be constant, and we are told in the
manufacturer’s specifications that the first drive ratio is 2 + .05 and the second
is 1.5 + .05. Given only this information, we might model the drive ratios
as uniform random variables, which distribute probability evenly over a finite
interval; if the interval is [a, b], the uniform(a,b) pdf is f(z) = ﬁf[a,b] (z). So
the two drive ratios in this case are given by RVs X ~ uniform(1.95,2.05) and
Y ~ uniform(1.45,1.55). If the reliability of the system requires that the speed
of the driven shaft be within a certain tolerance, then we need to know the
probability distribution describing the actual speed of the driven shaft. This
will be answered by computing the probability density for the product XY'.



Figure 5: Product of random variables: Belt and pulley drive

3 Transforms for sums of random variables

Suppose that the RV X has pdf fx(z) and Y has pdf fy(y), and X and YV
are independent. What is the pdf fz(z) of the sum Z = X +Y? Consider
the transformation v : R? — R? given by v(z,y) = (z,2 +y) = (z,2). If we
can determine the joint density fxz(z,z), then the marginal density fz(z) =
§g fxz(x,z)dz. The transformation 1 is injective with ¢ ~'(z, z) = (z,2z — x)
and has Jacobian identically equal to 1, so we can use the multivariate change
of variable theorem to conclude that

fz(z) = J’R fxz(z, 2)dx
- | ror @ e
= f fxy(x,z —x)dx
R
= f fx(x)fy(z —x)dx by the independence of X and YV
R

= fx* fr(2).

The next-to-last line above is intuitive: it says that we find the density
for Z = X + Y by integrating the joint density of X,Y over all points where



X+Y = Z i.e., where Y = Z— X. Figure 6 illustrates this for z = 1: fxg(1)

So f(L—2)g )dz is the integral of the joint density fxy (z,y) = fx(z)fy(y)
over the hne y=1-—x.
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Figure 6: Integration path for fxg(1) = §; f( g(2)dz along the liney = 1—x

In general, computation of the convolution integral is difficult, and may be

intractable. It is often simplified by using transforms, e.g., the Fourier trans-
form:

Fx* (@) = Fx(©F(©)
The transform is then inverted to get fz(z).

As an example, consider the gamma(c, 3) pdf, whose Fourier transform is
given by:

1 1 -2 o 1 J 1 _gle2mics
—— % e Be Ty = e F dx
JR (a)Be ()8 Jr

- o (m)



_
(1 +2miép)°

There is a trick here in passing from the first to the second line. Recall that
the kernel of the gamma(a, 3) pdf integrates to T'(a)3%; Then notice that the
integrand is the kernel of a gamma(« pdf, which therefore integrates

5 «
to I'(ax) (1+27ri§ﬁ)
Thus the Fourier transform of the convolution of two independent gamma(c, 3)

RVs is

i)
) 142mwiES

1
fxxfy(§) = (1 + 272

which by inspection is the Fourier transform of a gamma(2c, 3) random variable.

This answers the question posed in Example 1: If X, Y ~ gamma(25,.2),
then X +Y ~ gamma(50,.2). By integrating this numerically (using Mathe-
matica) the probability that both batteries die in 10 hours or less is found to
be about .519.

In practice, we don’t require the Fourier transform; we can use any integral
transform 7" with the convolution property Tf., = T¢T,. In particular, since
densities representing lifetimes are supported on [0, 00), the Laplace transform
L(s) = 80 exp(—st) f(t)dt, s € R, is often used in reliability analysis.

Note that the convolution result is extensible; it can be shown by induction
that the Fourier transform of the pdf of a sum of n independent RVs X7 +---+ X,
with pdfs fi,..., f, is given by>

(fr %% fu)(€) = Fi(€) -+ Tul©)

4 Transforms for products of random variables

We now motivate a convolution for products, derive the Mellin transform from
the Fourier transform, and show its use to compute products of random vari-
ables. This requires a digression into algebras on spaces of functions.

4.1 Convolution algebra on L'(R)

The general notion of an algebra is a collection of entities closed under opera-
tions that “look like” addition and multiplication of numbers. In the context of
function spaces (in particular L!(R), which is where probability density func-
tions live) functions are the entities, addition and multiplication by scalars have
the obvious definitions, and we add an operation that multiplies functions.

For linear function spaces that are complete with respect to a norm (Banach
spaces?) the most important flavor of algebra is a Banach algebra [2, 12], with

3An application of this result is the famous central limit theorem, which says that under
very general conditions, the average of n independent and identically distributed random vari-
ables with any distribution whatsoever converges to a Gaussian distributed random variable
as n — . See [8], p. 114 fI., for a proof.

4If the norm is given by an inner product, the Banach space is a Hilbert space.
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the following properties (o is the multiplication operator, which is undefined for
the moment, A is a scalar, and || is the norm on the space):

i) fo(goh)=(fog)oh
i) folg+h)=(fog)+(foh)
iii) (f+g)oh=(fog)+(foh)
)
)

1

ii

Afeog)=QAf)eg=fo(rg)
I fegli<lflllgl

We can’t use the obvious definition of multiplication to define an algebra
over LY(R), because f,g € LY(R) does not imply fg € L'(R). For example,
one can verify that f(z) = —=—e~1*l is in L'(R) (in fact, it is a pdf), but

24/7|z|
SR |f(x)|2d:E = 0.
Since L' is not closed under ordinary multiplication of functions, we need a
different multiplication operation, and convolution is the most useful possibility.
To verify closure, if f,g € L'(R),

L‘&f@—xMMMx

IR fR |f(y — 2)llg(x)|dxdy

= f J’ |fly — w)|dy] |g(z)|dx by Fubini’s theorem
r LR

—-

iv

\

I fxgll dy

N

= f |f(z)|dz] |g(x)|dz by the substitution z =y — z
r LJRr

fufmamm
R

A1l

This also verifies property (v), the norm condition, and is sometimes called
Young’s inequality.” The remainder of the properties are easily verified, as well
as the fact that the convolution algebra is commutative: f* g =g f.

4.2 A product convolution algebra

Consider the operator T : f(x) — f(e®) for f € L'(R). Define a norm for
T-transformed functions by

Hﬂh=Llﬂﬁwm=Llﬂw%@

5This is one of two different results that are called Young’s inequality—see
http://en.wikipedia.org/wiki/Young’s_inequality.
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where the last expression follows from the substitution y = e®. Note that
f e LY(R) does not imply finiteness of the T-norm; for example, the pdf e™ is
in L'(R), but So le” y| dx does not converge. This is also true for many other
pdfs, including the Gausswn

In order to salvage the T-norm for a function space that includes pdfs, we
use a modified version, the M norm defined by

| £l = j |F ()~ da

where c is chosen to insure convergence for the class of functions we are interested
in. All pdfs f(x) satisfy SSO | f(z)|dx < oo, and nice ones decay rapidly at infinity
S0 Sgoxp|f( )|dz < oo for p = 1; therefore || f [|m,< o0 if ¢ = 1 for f in the
class of “nice” pdfs.

We can define a convolution for 7T- transformed functions by transforming
the functions in the standard convolution f * g(z) = {* o [ —u)g(u)du:

foglz) = )*x(Tg)(e®)  where z = ¢e”

Tf
L f(elonglogw)g(elogw)%dw
= [1(E)stwrt

(The next-to-last line follows from the substitutions z = e®,w = e*). This is
called the Mellin convolution. It is, like the Fourier convolution, commutative:
feg=gof.

Now for fixed ¢ € R let M (R;) be the space of functions on (0,00) with
finite M -norm. Using the obvious definitions of addition and multiplication by
scalars and the ¢ convolution for multiplication of functions, it can be shown
that {M.(R, ), +,¢} is a Banach algebra. Verifying closure under addition and
scalar multiplication, and properties (i)—(iv), involves simple computations. The
proof of property (v) and closure under ¢ is lengthy, and we also need to prove
that M.(R) is a Banach space relative to the M -norm, i.e., that any Cauchy
sequence of functions with finite M -norms converges to a function with finite
M -norm. We omit these here; for detailed proofs, see [5].

4.3 The Mellin transform, and its relation to the Fourier
transform

If f € M (R) for all c € [a,b], we will say that f € M, (Ry) (our “nice” pdfs
are in Mpy )(Ry)). Then we define the Mellin transform of f with argument

12



seC as

F@=me=f3wwwu

where a < Re(s) < b. (It is easy to show that if the integral converges for
s = c € R, it converges for s = ¢+ it,t € R). The subscript on M is usually
omitted, with the assumption that the integral converges for the given s.
For F(s) = M[f](s), the inverse Mellin transform is
1 c+100

f@) = MTHM[f (@) = 5 F(s)z—"ds

2w ) e
The condition that the inverse exists is that F'(s)z~* is analytic in a strip

(a,b) x (—i00,i00) such that c € (a,b) [5].
The Mellin transform can be derived from the Fourier transform

ﬂa=Lﬂmfw&m

using the transformation 7" and the substitution { = —1—= for real ¢ > 0:

0

Tf(g) — f(ex)e—Zﬂigzdx
-0
Tf (— - ) = f(e®)em = dy forec =0
21 o
* 1
= fy)e (1=1°8v_ gy with the substitution y = e”
0 Y
* 1
= fWyy"—dy
0 Y
0
= )y dy for f*(y) = f(y)y~°.
0
(An aside on the substitution { = —%1=: The factor of 27 is a consequence

of the way we define the Fourier transform. In statistics, and in many engineer-
ing texts, the Fourier transform is defined as f(&) = |~ o, f(x)e’*"dz (essentially
measuring frequency in radians per time unit instead of cycles per time unit),
which simplifies the derivation of the Mellin transform from the Fourier trans-
form. For a summary of the different ways the Fourier transform and its inverse
are represented, see [13], Appendix D.)

The same technique is used to derive the Mellin inversion formula from the
Fourier inversion:

~—

fy) = TFOI)
= Jv f(€)e2miloeW)E ge

—0

13



c+100 _
= J' f (_7] ‘C) e~ (=) 1osW) gy with the substitution £ = —
c—100

211
c+zOO
— -n
ami |, 7 (cam) vy
1 c+100 ,'7
e _ I/
f)y o) f( 2m.)y dn
= f*(y).

In some cases the transformation 7' provides an easier way to invert Mellin
transforms, through the use of Fourier inversion techniques.

For computing the pdf of a product of random variables, the key result will
be that the Mellin transform of a Mellin convolution is the product of the Mellin
transforms of the convolved functions:

0 2 .
Mifogle) = | f FEa(w) | s
0 w
. Z s—l 1 DY)
= f = dz| g(w)—dw by Fubini’s theorem
w w
s—l 1 . . z
= f wdy| g(w)—dw  substituting y = —
o w w
o0
- f fw 51@4 oy~ du
0
= M[fI(s)M[g](s)
As with the Fourier convolution, this result is extensible; it can be shown by
induction that the Mellin transform of the Mellin convolution of of f,..., f, is
given by
MLfro---o fu](s) = M[f1](s) - - - M[fn](s) (1)

4.4 Products of random variables

Suppose we have random variables X,Y with pdfs fx, fy, and the product
Z = XY is to be determined. Consider the transformation v : R? — R?
given by ¥(x,y) = (z,2y) = (v,2). Except at x = 0, ¢ is injective with
(z,y) = v~ 1(z, 2) = (z,2/z) and the Jacobian of 1)~! i

Wt ogy! L L
J= ox ox - 2 | = l
0z 0z T

6This can be handled gracefully using Lebesgue integration theory, but here we ignore the
problem.
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Then using the multivariate change of variable theorem, the marginal density
of Z is computed from the joint density of X and Z as

fz(2)

I
~
>
N
—~~
&
N
SN—r
U
8

Il
~
»
~
—~~
<

L
—~
&R

I
~—
~~—

\

U
8

R
= Ixv (z, =) —dz
o (=)
zy\ 1 .
= fx(@)fy (f) —dz by the independence of X and Y
R X
= fxo fr(2).

This is precisely the Mellin convolution of fx and fy. In principle, this
plus the extensibility result (1) provides a way of finding product densities for
arbitrary numbers of random variables.

Note that the Mellin transform is defined only for functions supported on the
positive half-line R, whereas many pdfs (e.g., the Gaussian) do not satisfy this
requirement. For such cases, the problem can be worked around by separating
the positive and negative parts of the pdf; see [15] for details.

4.5 An example

As a simple illustration of the use of the Mellin transform, we use the belt and
pulley example (Example 2, p. 7). Recall that X ~ uniform(1.95,2.05), ¥ ~
uniform(1.45,1.55) and we seek the pdf of the product XY.

The problem can be simplified by using the fact that a uniform(«, 8) random
variable can be expressed as a + (o — 3)U, where U is a uniform(0, 1) random
variable with pdf Ifg 17(z). In this case, X = 1.95+.1U, Y = 1.45+.1U. Then
XY = 2.8275+.34U +.01U?. Since we already know how to compute sums, the
problem reduces to finding the pdf for the product of two uniform(0, 1) random
variables.

For Z = U?, the Mellin convolution evaluates to

[ s B) 1o

1
1
J‘fdx

L

= log(x)|}
= —log(z), 0<z<1.

fz(2)

The bounds for the integration come fromzrz < land y< 1=z > 2.
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This result can also be obtained as M™{M[f/](s)?}(x), where fy is the

pdf of U. We have
1

Mfu(s) = f r*~td = =

0 S

c+i0 _—s
M_l{l}(z) 1 © s

= = _—
s 2mt Jo—ip S

so we need

which evaluates to the same result after an exercise in using the residue theorem
of complex analysis.

In this simple case of the product of two uniform(0,1) RVs it is easier to
compute the Mellin convolution directly; but the use of Mellin transforms allows
computation of the pdf for a product of n uniform(0,1) RVs almost as easily,

n—1
yielding M
n—1)!

The difficulty of either directly integrating the Mellin convolution or invert-
ing a product of Mellin transforms escalates quickly for less simple distributions
such as the gamma or normal. In particular, whereas the transforms of Fourier
convolutions of pdfs can often be evaluated by inspection (possibly using tables),
this is not the case for Mellin transforms, though extensive tables do exist [3].
This seems to be a consequence of the fact that sums of RVs often have pdfs
with mathematical forms similar to the individual RVs (e.g., a sum of normal
RVs is normal), unlike products of RVs (e.g., the uniform example above).

The reader is referred to [15] for realistic examples, which are too lengthy
to reproduce here.

(another exercise in residue calculus).

5 Summary

We have presented some background on probability theory, and two examples
motivating the need to compute probability density functions for sums and
products of random variables. The use of the Fourier or Laplace transform to
evaluate the convolution integral for the pdf of a sum is relatively straightfor-
ward. The use of the Mellin transform to evaluate the convolution integral for
the pdf of a product is less well-known, but equally straightforward, at least in
theory.

In practice, though the use of Fourier or Laplace transforms for sums of
random variables is widely used and explained in every advanced statistics text,
the Mellin transform remains obscure. Aside from Epstein’s seminal paper of
1948 [9], there was a brief flurry of activity in the 1960s and 70s by Springer
and Thompson (e.g., [16]) culminating in Springer’s book [15]. Current texts in
probability and statistics, however, do not mention the Mellin transform, and
its appearance in current literature is rare.

To some extent the relative lack of interest in products of random variables
is due to the lesser importance of products in applications. It probably also is
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a consequence of the greater difficulty of working with the integrals involved—
particularly the fact that inverting the Mellin transform requires a strong knowl-
edge of complex variable methods, which are not part of the standard graduate
curriculum in statistics. Nevertheless, it seems worthwhile for any statistician to
develop at least a nodding acquaintance with Mellin transform methods. Math-
ematicians and engineers will also find interesting applications (see the further
reading below).

5.1 Further reading

[11] is a nice summary of all the transform techniques used in probability theory.
[15] is the ultimate reference on transform techniques for algebraic combinations
of random variables.

For the use of integral transforms to compute sums of random variables, see
any graduate textbook on probability and statistics, e.g., [4, 6].

(1], [19], [11], and [15] all cover the Mellin transform, the last two in the
probability context. [3] contains an extensive table of Mellin transforms (as
well as Fourier, Laplace, and other transforms). [5] contains a very complete
treatment of properties of the Mellin transform, with proofs.

[1] and [19] provide considerable depth on integral transforms generally, ori-
ented towards applied mathematics. A more abstract view is provided by [20],
which includes a treatment of integral transforms of (Schwartz) distributions.

The algebraic properties of Fourier and Mellin transforms are (briefly) worked
out in a series of exercises in [8] (ex. 9-15, pp. 41-43; ex. 2, p. 88; ex. 3, p.
103). For the more algebraically inclined, one can develop an abstract theory of
convolution and Fourier analysis on groups. See [7], “Appendix: functions on
groups” for an elementary introduction, or [14] for a full treatment.

Probability and statistics is only one application area for the Mellin trans-
form, and it is not the most important. The Mellin transform is used in com-
puter science for analysis of algorithms (see, for example, [17, ch. 9-10]); it has
applications to analytic number theory [10]; and Mellin himself developed it in
connection with his researches in the theory of functions, number theory, and
partial differential equations [18].
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