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Introduction

m Numerical simulation of urban floods using the shallow water
equations (SWE);

m Accurate results: high computational cost;

Boundary type
=

e

w2

Levee failure

breach
area

[Guinot et al. (2017)]
[Guinot et al. (2017)]
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Introduction

m Alternative: coarser models

m Coarser SWE
| PorOSity—based SWE [Defina (2000); Guinot and Soares-Frazdo (2006), ...]

m Coarser mesh, larger time step = smaller computational cost (2-3

orders of magnitude);
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Introduction

odified ROM-based parareal method for urban floods

m Alternative: coarser models

m Coarser SWE

| PorOSity—based SWE [Defina (2000); Guinot and Soares-Frazdo (2006), ...]
m Coarser mesh, larger time step = smaller computational cost (2-3

orders of magnitude);

m Good global approximations, but less accurate inside the urban zone

(zones of interest)
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Objectives and methodology

m Objective: coupled model between the SWE at different scales:

m More accurate results inside the urban zone;
m Reduced computational cost compared to SWE.

m Parareal method:

m Objective: reduce the computational cost of a fine model;
Simultaneous use of a fine and a coarse model;

Parallelize the fine simulation in time;

Adaptations for solving hyperbolic problems: use of reduced-order
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Objectives and methodology

m Objective: coupled model between the SWE at different scales:

m More accurate results inside the urban zone;
m Reduced computational cost compared to SWE.

m Parareal method:

m Objective: reduce the computational cost of a fine model;
Simultaneous use of a fine and a coarse model;

Parallelize the fine simulation in time;

Adaptations for solving hyperbolic problems: use of reduced-order
models (ROMs);

Further improvements
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The parareal method: definitions

[Lions et al. (2001)]

m A simple problem:
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The parareal method: definitions

[Lions et al. (2001)]

m A simple problem:
¥t + Ay(H) =0, in [0, T)
¥(0) = yo

m Fs:: A fine discretization (propagator) of (1)
m Time step dt
m Accurate but too expensive

0 T
B
5t

14 January 2021 8 /41



The parareal method: definitions

[Lions et al. (2001)]

m A simple problem:

{jty(t) +Ay(t) =0, in [0, 7]
¥(0) =¥

m Fs:: A fine discretization (propagator) of (1)
m Time step dt
m Accurate but too expensive
m Gay: A coarser discretization (propagator) of (1)

m Time step At > 6t
m Much cheaper but inaccurate

0 T 0 T
o o . . S ¢
ot AL
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m Predictor-corrector iterative
method; 0 t 15 i3 T
= y*: solution at instant ¢, and
iteration k. ot
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The parareal method: construction

m Predictor-corrector iterative
method; 0 t 15 i3 T
= y*: solution at instant ¢, and
iteration k. ot

= Initial prediction (k= 0):

Yor1 = Gauyy)  (seq.)

Gai¥)  9ai0%)  Gar(3®) G
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The parareal method: construction

m lteration k + 1:

= y* available for all
n= 0, ooy NAt
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The parareal method: construction

: : k1 k1
n Iterat;on If-l— 1 Yoi1 = Galyn )
m y, available for all erceitestn ()
n=20,...,Nas
. 0 t t2 t3 T
m Coarse prediction RO— =000 00— —0—0—0—)
(sequentially): Gavd)  Iah)  9ai)  Gaurh)
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The parareal method: construction

i 0 k k
] |terat;€0n k + 1: yf[:?l _ gAt(ny+1) +F§t(yn) _ gAt(yn)
= YVn available for all prediction (seq.) correction (par.)
n= 0, ooy NAt
- 0 1 b2 t3 T
m Coarse predlctlon L S S s ]
(sequentially): Gallr)  Gah)  GailE)  Gaih)
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i 0 o1 k k
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n= 0, ooy NAt
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The parareal method: construction

i 0 ot kA1 k k
| Iteratllcon k =+ 1: -ynill _ gm(y,f ) +Fét(yn) o gAt(yn)
. N——— ~—_—————
= JYn available for all prediction (seq.) correction (par.)
n= 0, ooy NAt
- 0 t b2 t3 T
m Coarse predlctlon L S S s ]
(sequentially): Gallr)  Gah)  GailE)  Gaih)
O] steeeir
° -
Yo DN Fst(¥o)
FsiFstFstF st
Cl kGt F5,(1%)
— L AN A e
. X X FstFstFstF st
m Fine correction (in parallel): 5 3
k ) k
D J’Q"‘_‘_‘_*UUUU Fst(y3)
FstFstFstF st
Q| ¢ $ Folsh
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Parareal method: performance

m Fast convergence for many problems;
m Parabolic, diffusive problems
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m Fast convergence for many problems;
m Parabolic, diffusive problems

m In the case of hyperbolic problems:

m Slow convergence
m Instabilities
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Parareal method: performance

m Fast convergence for many problems;
m Parabolic, diffusive problems
m In the case of hyperbolic problems:

m Slow convergence
m Instabilities

m Causes [Ruprecht (2018)]:

m Mismatch of discrete phase speeds between Fs; and Ga:
m Mainly on high wave numbers (damped in parabolic problems);

Ut + Ugy = f u+ Uy =0
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Parareal methods for nonlinear hyperbolic problems

[Barrault et al. (2004); Chaturantabut and Sorensen (2010); Chen et al. (2014)]

m The coarser model is replaced by a reduced-order model (ROM),
constructed from snapshots of the solution.
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Parareal methods for nonlinear hyperbolic problems

[Barrault et al. (2004); Chaturantabut and Sorensen (2010); Chen et al. (2014)]

m The coarser model is replaced by a reduced-order model (ROM),
constructed from snapshots of the solution.

dy1

— = Ay + F(y

p v1 (y1)
dyz

— = Ayz + F(y2)
dt

dyn

— = Ayn + F(yn
p YN (yn)
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Parareal methods for nonlinear hyperbolic problems

[Barrault et al. (2004); Chaturantabut and Sorensen (2010); Chen et al. (2014)]

m The coarser model is replaced by a reduced-order model (ROM),
constructed from snapshots of the solution.

%1 = Ay1 + F(y1)
%2 = Ay2 + F(y2)
Snapshots
u(t), (). oyt
(%\ = Ayy + F(yn)
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Parareal methods for nonlinear hyperbolic problems

[Barrault et al. (2004); Chaturantabut and Sorensen (2010); Chen et al. (2014)]

m The coarser model is replaced by a reduced-order model (ROM),
constructed from snapshots of the solution.

dyy
— = Ay + F(y
p v1 (y1)
dyo dy1 - .
22— A F = A7 + F(y1)
e y2 + F(y2) 7 1 U1
Snapshots
_—
y(t), y(t2),. .., y(ts)
dyn g N
— = Ayn + F(yn
p YN (yn)
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Parareal methods for nonlinear hyperbolic problems

[Barrault et al. (2004); Chaturantabut and Sorensen (2010); Chen et al. (2014)]

m The coarser model is replaced by a reduced-order model (ROM),
constructed from snapshots of the solution.
m POD: proper orthogonal decomposition (reduction of linear term)
m Approximation in a space S, with dimension ¢ < N (SVD);

dy1
— = Ay + F(y
p Y1 (y1)
dyo dy1 - .
2 = =A + F(y1)
e Ay + F(y2) 2t Y1 (Y1
Snapshots
—
y(t), y(ta),-- ., y(ts) e )
L = Ay, + F(3q)
, q y
dyn q N
— = Ayn + F(yn
p YN (yn),
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Adaptations for nonlinear hyperbolic problems

A modified ROM-based parareal method for urban floods

Parareal methods for nonlinear hyperbolic problems

[Barrault et al. (2004); Chaturantabut and Sorensen (2010); Chen et al. (2014)]

m The coarser model is replaced by a reduced-order model (ROM),
constructed from snapshots of the solution.

m POD: proper orthogonal decomposition (reduction of linear term)
m Approximation in a space S, with dimension ¢ < N (SVD);

m EIM/POD-DEIM: (discrete) empirical interpolation method

(reduction of nonlinear term)

m Approximation in a space gm with dimension m < N,
m Interpolation from m points in space.

dy1
v = Ay1 + F(y1)
dyz
— = Aya + F(y2)
dt
Snapshots
=
y(t), y(ta),-- ., y(ts) e )
= = A%y + F(¥,)
dt : :
dyy g < N
—— = Ayy + F(yn
p YN (yn),
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The ROM-based parareal method

m How is the ROM introduced in the parareal method?
m Ga, is replaced by the ROM ]-'ft,r, solved with a fine time step dt:

yoby = F5 (PEyRth) + Fa(yh) — Fi (PRyE)

m The coarse model Ga; is still used for the initial prediction (k= 0).
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A modified ROM-based parareal method for urban floods Adaptations for nonlinear hyperbolic problems

The ROM-based parareal method

m How is the ROM introduced in the parareal method?
m Ga, is replaced by the ROM ]-'ft,r, solved with a fine time step dt:

yoby = F5 (PEyRth) + Fa(yh) — Fi (PRyE)

m The coarse model Ga; is still used for the initial prediction (k= 0).
m The ROM is reformulated on-the-fly at each iteration, using the
solutions from all coarse time steps of all previous iterations.

‘ Snapshots ‘
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Improvement of the ROM-based parareal method

At
m Limitation: quality of the ROM
m Imprecise snapshots 0 t to i3 T
A OO OO OO O
m Enrichment of the snapshots
sets: ® Snapshots

m Extra snapshots are available for
free;

n Take extra snapshots at every
At—aAt ot < At< At.

® Computed in fine parallel step but not used

At

tn tnt1
& o o o o a a o o 4

T T
At = aAt

@ Extra snapshots
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Improvement of the ROM-based parareal method

At

m Limitation: quality of the ROM
m Imprecise snapshots 0 t to i3 T

m Enrichment of the snapshots
sets: ® Snapshots
m Extra snapshots are available for
free;
n Take extra snapshots at every

® Computed in fine parallel step but not used

At

At = aAt, 6t < At < At. t, fhon]
m How many extra snapshots? ———————o——
At = alt

@ Extra snapshots
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Improvement of the ROM-based parareal method

m Limitation: quality of the ROM At
m |Imprecise snapshots 0 t o i3 T
m Enrichment of the snapshots N e
sets: ® Snapshots

m Extra snapshots are available for

® Computed in fine parallel step but not used

free; A
] Take extra snapshots at every .
At_aAt ot < At< At. tn bt
m How many extra snapshots? | e e e e e e

m POD (SVD): cost =
; At = aAt
- O(nsnapshots) - 0(1/(12) “

@ Extra snapshots
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Improvement of the ROM-based parareal method

At

m Limitation: quality of the ROM
m Imprecise snapshots 0 t to i3 T

m Enrichment of the snapshots
sets: ® Snapshots

m Extra snapshots are available for
free;

® Computed in fine parallel step but not used

n Take extra snapshots at every At
At=aAt, 5t < At< At t, tni1
m How many extra snapshots? | e e e e e
POD (SVD): cost =
. (SVD): cos At = aAt

- O(nsnapshots) - 0(1/(12)
m Keep a large (e.g. a=1/2).

@ Extra snapshots

14 January 2021 16 / 41



A modified ROM-based parareal method for urban floods Enriched ROM-based parareal
Numerical tests - SWE

0 0 0
500 + 5 F(U() + 5-G(U() = S(U()

h hug huy 0
U= | huy, |, F=| h2+gn%/2 |, G= hugiy , 8= Sou+ St
huy huzuy, huZ + gh? /2 S0,y + Sy
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Numerical tests - SWE

2,000 + 2 F(U() + 7 G(U(1) = S(U(1)

h hug huy 0
U= | huy, |, F=| h2+gn%/2 |, G= hugiy , 8= Soe+ Sia
hay huguy huZ + gh? /2 S0,y + Spy

m Explicit FV scheme;

14 January 2021 17 /41



A modified ROM-based parareal method for urban floods Enriched ROM-based parareal
Numerical tests - SWE

2,000 + 2 F(U() + 7 G(U(1) = S(U(1)

h hug huy 0
U= | huy, |, F=| h2+gn%/2 |, G= hugiy , 8= Soe+ Sia
hay hauguy, hug + gh?/2 S0,y + Sty

m Explicit FV scheme;
m Referential solution:

Yref0 = Yo
Yrefn+1 = ‘Ftst(yref,n) n=0,...,Naz—1
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A modified ROM-based parareal method for urban floods Enriched ROM-based parareal
Numerical tests - SWE

2,000 + 2 F(U() + 7 G(U(1) = S(U(1)

h hug huy 0
U= | huy, |, F=| h2+gn%/2 |, G= hugiy , 8= Soe+ Sia
hay hauguy, hug + gh?/2 S0,y + Sty

m Explicit FV scheme;
m Referential solution:

Yref0 = Yo
Yrefn+1 = ‘Ftst(yref,n) n=0,...,Naz—1

m Error per instant and iteration:

ek L Z?ivl |[y]7€L]7/ - [-yref, n]1|

n - 3N
Zi:l H-yref,n]i|
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A modified ROM-based parareal method for urban floods Enriched ROM-based parareal

First test case (pseudo-2D)

m Q — [O’ 20]2v Water depth in t = 0 Water depth in t = 2.0
m Initial solution: lake-in-rest,
h(t=0) =1, flat bottom;

m Boundary conditions: inward
unitary mass flux at z = 0.
m Propagators:

Fst | SWE | 6t=0.001 | dz=1 | dy=1
Ga: | SWE | At=02 | Az=1| Ay=1
m T'=05, Nar =25, P= 20 processors;

= Enriched snapshots: At = 0.1 (a =1/2);

14 January 2021
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First test case (pseudo-2D): errors

Classical parareal

1071
Ié%
1073 4
r
<
€
8 107°4
I
£
°
2
c
-7 4
_5 10
e
£
T 109
; —e— iter 0
ut_l —— iter 1
T —— iter 2
1074 —— iter3
—A— iter 4
—¥— iter5
1071 A T T
0 2
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-based parareal method for urban floods Enriched ROM-based parareal

First test case (pseudo-2D): errors

Classical parareal POD-DEIM without enrichment
o F 107
T e
1073 4 1073 4
107° 4 105 4

1077 4 1077 4

Error per iteration and instant (eﬁ)

107° 107°
—e— iter 0
—— iter 1
—%— ter 2
11 -11 ]
10 —— iter 3 10
—A— iter 4
—¥— iter5
10712 L T T 1073 L T T
0 2 0 2
t t
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A modified ROM-based parareal method for urban floods Enriched ROM-based parareal

First test case (pseudo-2D): errors

. Classical parareal o ]POD-DEIM without enrichment ot POD-DEIM with enrichment
o F T ] T
1073 4 1073 4 1073 4
g:
IS
5 1075 1075 4 1075 4
2
g —— iter 0
S 10774 1077 4 1077 4 = iter 1
5 = iter 2
2
g 107 1072 1072
5 —e— iter 0
E —— jter 1
—%— ter 2
—-11 | -11 | -11 |
10 iter3 | 10 10
—A— iter 4
—¥— iter5
10712 L T T 1073 L T T 1071 L1 T
0 2 0 2 0 2 4




odified ROM-based parareal method for urban floods Enriched ROM

First test case (pseudo-2D): h at (z,y) = (10,5)

ased parareal

Water depth at (10.0, 5.0) Water depth at (10.0, 5.0)

iter 0 el

e
e
.
—




First test case (pseudo-2D): speedup

speedup ic
Tparareal
o1
—s— Classical
8 ~#— POD-DEIM
2.0 —%— Enriched POD-DEIM
—-==- Reference
)
C)
2151 61
£
s g
s EER
2 g
£ 104 &,
2 |
£
£
&
N
0.5 Classical
~#— POD-DEIM 24
— Enriched POD-DEIM
--- Reference 1]
0.04
0 1 2 3 4 5 1 2 3 4 5
Iteration Iteration
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Second test case: a fictional flood simulation

m Q =0, 100]2;
m Initial solution:

h(t=0,z,7) = 0.1
(=Oxy) 0 (z,y) €
=0,z,y) =0

/\

m Inward unitary flux on the western boundary.

ooooo
oooon
1 m¥sim isnlsgnl
ooooo
oooon

15388818118
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Second test case: a fictional flood simulation

m Propagators:

Fsi SWE 0t=0.001 | dz=2 oy =2
Ga: | por-SWE At=1 Azx=10 | Ay=10
m T=20, Na; = 20, P = 20 processors

m ROM-based parareal with 4 extra snapshots per At (o = 1/5);

14 January 2021 23 /41



Second test case: a fictional flood simulation

Error per instant and iteration

10-1 4

10-2

Error per iteration and instant (e,ﬁ)
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A modified ROM-based parareal method for urban floods Enriched ROM-based parareal

Test case: water depth at ¢ = 20

w o w . w» o
p o " .

os s os

> h > h > h
. .

60 ° 60 o4 60 o
o . 0s

80 0.2 80 02 80 0.2

(a) Ref. (SWE) (b) lter. 0 (por-SWE)
0 0

o w . w» or

o " .

o s 0s
h > h > h

. .

o N e N o

o 5 0s

0.2 80 02 80 02

(d) Iteration 2 (e) Iteration 3 () Iteration 4
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A modified ROM-based parareal method for urban floods Enriched ROM-based pararea

Test case: probes locations




modified RO

-based parareal method for urban floods

Enriched ROM-based parareal

Second test case: water depth at A(34,47)

Water depth at (34.0, 47.0)

Water depth at (34.0, 47.0)

oo
o ref -t oo ref et
S 0s s
; - ;
- os
/ /
- //
o2 y
e 01 ._fta*r.ﬁp/»{
: :
(a) lteration O (b) lteration 1
Water depth at (34.0, 47.0) Water depth at (34.0, 47.0)
oo -
s e e
T T
os
os
)
03 /
/ /
i 02 //
%t:t,,&f [ [ —

100 125 150 175 200
t

(d) lteration 3

14 January 2021

100 125 150 175 200
t

(e) Iteration 4

Water depth at (34.0, 47.0)

= iter2
e ref

7

s,

't
/i
p
/i
e ¥

.
(c) Iteration 2

Water depth at (34.0, 47.0)

= iters
e ref

. )

/

L/

00 25 50 75 100 125 150 175 200
t

(f) lteration 5




Test case: water depth at B(47,47)

Water depth at (47.0, 47.0)

Water depth at (47.0, 47.0)

e =
o ref 040 o ref
o
on
oas
o
y
SIS 010 1\\ .
: :
(a) lteration O (b) lteration 1
Water depth at (47.0, 47.0) Water depth at (47.0, 47.0)
= e
o ref 040 o ref
o
1] -®
- 030
oas
o
P R —

[ESSI ,‘*,,\/‘

00 25 50 75 100 125 150 175 200
t

(d) lteration 3
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(c) Iteration 2
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Test case: speedup

Tref

speedup =

Tparareal

m Coarse model (iteration 0) ~ 0.11 s (speedup ~ 3500)

7 —%— POD-DEIM parareal
35 - -~ Reference
64
30
< 254 54
v
£ a
= S
5% g 4q
5 &
é 15
3 %
10
24
s
—%— POD-DEIM parareal
04 --- Reference 14
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m Modification of the classical parareal method

m The parallel efficiency is limited by the fine propagator;
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Adaptative parareal

[Maday and Mula (2020)]

m Modification of the classical parareal method

m The parallel efficiency is limited by the fine propagator;
m Idea: use fine propagators with an increasing accuracy ( along
iterations;

Yol =Gay) + [E(7)). " — Gaelyr)

m Ideally: same precision is attained.
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Adaptative ROM-based parareal

m Define ]-'51t, fgt, ..., F§; = Fs¢ with increasing accuracy.

m ROM-based parareal iteration:

1 Tk k_k+1 Tk (_k —k k_k
njrl = ‘F>'/,.r<P yn,) ) + FM(Yn,) - ‘F)'l./'(P yn,)

@

Innacurate snapshots
m Reduced cost of the fine propagator;
m Reduced cost for formulating the FL .
ROMs; \
m Reduced cost for solving the ROMs; ]f—gm Lo ]??t;l

m More stable ROMs.

y
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m Coarse model (iteration 0): At=1; Az = Ay=10
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Second test case with the adaptative ROM-parareal

m Coarse model (iteration 0): At=1; Az=Ay=10

m Fine models:

Iteration | Fine model ot o= 9dy
1 F; 0.05 4
2 FE 0.01 4
3 S 0.005 4
4 s 0.005 2
5 FP, = Fs: | 0.001 2
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Adaptative test case: errors

Error per instant and iteration

100 ROM-parareal 100 Adaptative ROM-parareal
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2
£
2
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g 10724 107 4
o
£
pir
1073 1= 103 1
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Adaptative test case: water depth at ¢ = 20

Water depth in t = 20.0

Water depth in t = 20.0

Water depth in t = 20.0 o
05 VAD 05
04" 60 DAh
02 8 02
(b) lteration 5 (non-adaptative) (c) lteration 5 (adaptative)
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Adaptative ROM-based parareal

Adaptative test case: water depth at probes

Water depth at (34.0, 47.0)

~e Reference
—=— ROM-parareal
—— Adaptative ROM-parareal

e = =

S

00 25 50 75 100 125 150 175 20.0
t

(a) A(30,47) - Iteration 5
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Water depth at (47.0, 47.0)
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Test case: speedup

———————— —————— ———————— e ——————— -
3541
301
L o5 4
o
£
2504 = Reference
2 —#— ROM-parareal
£ —»— Adaptative ROM-parareal
2 15
£
8
104
5
0
T T T T T T
0 1 2 3 4 5
Iteration

m Speedup (iteration 5):

m Non-adaptative: 1.4
m Adaptative: 4.2
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Conclusions

ROM-based parareal methods are efficient for speeding up nonlinear
hyperbolic problems;

Crucial aspect: formulation of the ROM;

Enrichment of the snapshots sets:
m No extra cost for computing the extra snapshots;
m More stability and faster convergence;
m Quadratic dependency of the POD on the number of snapshots

Adaptative approach

m Progressive refinement of Fy;
m Improved speedup and stability;
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Perspectives

m Adaptative approach: study configurations, propose objective criteria
for defining the fine models;
m Application to more realistic test cases:

m Long simulations;
m Solutions with strong variation;
m Interpolation between spatial meshes
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Thank you for your attention
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