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PinT in atmospheric modelling

¥ Challenges:

-/ Hyperbolic nature, small-scale spatial features;

Vorticity field at t =0
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[Galewsky, Scott, and Polvani (2004)]
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PinT in atmospheric modelling

¥ Challenges:

-/ Hyperbolic nature, small-scale spatial features;

" Improve stability and convergence

B Choice of coarse time stepping method?
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Some possibilites of coarse time stepping method
" Implicit-explicit (IMEX)

Ut = R (0 (FPR M)
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Some possibilites of coarse time stepping method
" Implicit-explicit (IMEX)

¥ Semi-Lagrangian methods

t
[ Py . Py Py PY
/J estimated trajectory
tn Py Py . Py Py ® -
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\—> Interpolate solution to departure point
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Some possibilites of coarse time stepping method
" Implicit-explicit (IMEX)

¥ Semi-Lagrangian methods

L Large time steps

Y Operational application (e.g. SL-SI-SETTLS in IFS-ECMWF[Hortal (2002)])
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Some possibilites of coarse time stepping method
" Implicit-explicit (IMEX)

¥ Semi-Lagrangian methods
L Large time steps
Y Operational application (e.g. SL-SI-SETTLS in IFS-ECMWF[Hortal (2002)])
1 Application in PinT [Schmitt et al. (2018), De Sterck et al. (2021)]

B Exponential integration methods
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B Exponential integration methods

- Exact integration of linear terms

" e.g. ETD2RK [Cox and Matthews (2002)]
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Some possibilites of coarse time stepping method
Implicit-explicit (IMEX)

Semi-Lagrangian methods
L Large time steps
Y Operational application (e.g. SL-SI-SETTLS in IFS-ECMWF[Hortal (2002)])
= Application in PinT [Schmitt et al. (2018), De Sterck et al. (2021)]
Exponential integration methods
- Exact integration of linear terms

" e.g. ETD2RK [Cox and Matthews (2002)]

Semi-Lagrangian exponential integration methods [Peixoto and
Schreiber (2019)]
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Beyond Parareal: Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Solution is iteratively improved using the Full Approximation Scheme
(FAS):
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Beyond Parareal: Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Solution is iteratively improved using the Full Approximation Scheme
(FAS):
B Several parameters to be set, e.g. :
L Number of levels;

- Coarsening factor between levels: At; 11 = mA¢;

- Relaxation strategy: F, FCF, FCFCF, ..., F(CF)Nrelax
C F F F C C
... ...
AN AN
¢ r F Fr ¢ ¢
el . ..
AN AN A AN AN AN A
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Stability analysis of MGRIT

B Extension of stability analysis of Parareal [Staff and Rgnquist (2005)]
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Stability analysis of MGRIT

B Extension of stability analysis of Parareal [Staff and Rgnquist (2005)]
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Stability analysis of MGRIT

Extension of stability analysis of Parareal [Staff and Rgnquist (2005)]
Linearized ODE: % =Aru+ N(u) = %7: = Aru+ ANu
Stability in function of £ := AN At € C for fixed £, = AL At € iR*:

|Ascheme(R€(§N)a Im(§N))| <1, u"tt = Aschemett”

Stability function of MGRIT (two levels with F(CF)""=):

Lk/(Nrelax+1) ] iN .
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Stability analysis of MGRIT
Extension of stability analysis of Parareal [Staff and Rgnquist (2005)]

Linearized ODE: % =Aru+ N(u) = %7: = Apu+ ANu

Stability in function of £ := AN At € C for fixed £, = AL At € iR*:

|Ascheme(Re(§N)a Im(gN)” <1, u"tt = Aschemett”

Stability function of MGRIT (two levels with F(CF)""=):
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Stability analysis of MGRIT

B Stability in function of the coarse time stepping method and Nyejax
" Fine scheme: IMEX
L) Coarse scheme: IMEX , SL-SI-SETTLS , , SL-ETD2RK
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Stability analysis of MGRIT

Stability in function of the coarse time stepping method and Nejax
"' Fine scheme: IMEX

L) Coarse scheme: IMEX , SL-SI-SETTLS , , SL-ETD2RK
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Stability analysis of MGRIT

Stability in function of the coarse time stepping method and Nejax
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Stability analysis of MGRIT

B Stability in function of the coarse time stepping method and Nyejax
"' Fine scheme: IMEX

L) Coarse scheme: IMEX , SL-SI-SETTLS , , SL-ETD2RK
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Stability analysis of MGRIT

B Stability in function of the coarse time stepping method and Nyejax

"' Fine scheme: IMEX
L) Coarse scheme: IMEX , SL-SI-SETTLS , , SL-ETD2RK
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Stability analysis of MGRIT

B Stability in function of the coarse time stepping method and Nyejax
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e Numerical tests
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Test case

L/ Shallow water equations on the rotating sphere

-l Gaussian bump perturbation in geopotential field ®

LT = 102400

Reference solution: §t = 60

Coarse levels: coarsening factor m

L Artificial diffusion

=

P
€ |,
s

-V .Vo _P'§
Na(U) = =V (§V) ,  Ngr(U)= ( 0 )

S

0
&U =LgU + LcU + Na(U) + Ng(U)

®6 0
LGw)( : ) Lcw)( v )
-Vv2e —k-V x (fV)
V2 (BY) +k-V x (€V) 0
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Latitude (degrees)

Test case

Shallow water equations on the rotating sphere
Gaussian bump perturbation in geopotential field ®
T = 102400

Reference solution: 6t = 60

Coarse levels: coarsening factor m

Artificial diffusion

Reference solution (geopotential field ®):
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Test case

Errors along iterations in function of the coarse time stepping method:

10!
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Relative Ly error on &
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Relative L error on ®

Test case

Errors along iterations in function of the coarse time stepping method:
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Iteration Iteration

More levels = larger timestep in coarsest level = stability issues

Faster convergence and more stability with exponential methods
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Latitude (degrees)

Test case

Relative error of geopotential ® at t =T

¥ Coarse method: SL-SI-SETTLS
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Relative error of geopotential ® at t =T

¥ Coarse method: SL-ETD2RK

SL-ETD2RK, iteration 0
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Latitude (degrees)

Test case

Relative error of geopotential ® at t =T

¥ Coarse method: SL-ETD2RK

SL-ETD2RK, iteration 0 SL-ETD2RK, iteration 5
0.0008
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= Errors on small-scale spatial features
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Conclusions and perspectives

B PinT for the SWE on the rotating sphere, choice of coarse time
stepping method
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