INSTITUTO DE MATEMATICA
E ESTATISTICA
UNIVERSIDADE DE SAO PAULO

Parallel-in-time methods
for fluid dynamics problems

Jo3do Guilherme Caldas Steinstraesser
Instituto de Matematica e Estatistica da Universidade de S3o Paulo

In collaboration with

Pedro Peixoto (IME-USP)
Martin Schreiber (Univ. Grenoble Alpes)

Antoine Rousseau (Inria)
Vincent Guinot (Univ. Montpellier)

A FAPESP

FUNDACAO DE AMPARO A PESQUISA
'DO ESTADO DE SAO PAULO

Processo n2 2021/03777-2



Full Outline

e Introduction

e Parallel-in-time methods

— Parareal
- MGRIT

e Some ideas for improving PinT

e Applications
— Urban floods
— Atmospheric circulation models

@IME J. G. Caldas Steinstraesser - PInT for fluyd dynamics | ( : | I



Outline

e Introduction

ﬁ IME J. G. Caldas Steinstraesser - PInT for fluyd dynamics l | ( : | I



Challenges for numerical simulations in fluid
dynamics

B Accuracy and time-to-solution requirements in several applications

L) Weather forecast and climate modelling
L Urban floods

I/ Real-time forecast and risk assessment

[Flow Velocity (m/s)

Fine mesh

[Guinot, Sanders, and Schubert (2017)]

[ECMWEF, windy.com]
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Challenges for numerical simulations in fluid
dynamics

B Accuracy and time-to-solution requirements in several applications

L) Weather forecast and climate modelling
L Urban floods

I/ Real-time forecast and risk assessment

[Hénonin et al. (2013)]
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Challenges for numerical simulations in fluid
dynamics

B Accuracy and time-to-solution requirements in several applications

L) Weather forecast and climate modelling
&) Urban floods

I/ Real-time forecast and risk assessment

B Stability limitations
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Challenges for numerical simulations in fluid
dynamics

B Accuracy and time-to-solution requirements in several applications

L) Weather forecast and climate modelling
&) Urban floods

") Real-time forecast and risk assessment
B Stability limitations

¥ High computational costs
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Challenges for numerical simulations in fluid
dynamics

B Accuracy and time-to-solution requirements in several applications
L) Weather forecast and climate modelling

&) Urban floods

L Real-time forecast and risk assessment

B Stability limitations

¥ High computational costs

® Need for more efficient computational approaches
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A new direction of parallelism
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A new direction of parallelism

B Stagnation of CPUs speed — performance gains via parallelism;

transistors
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A new direction of parallelism

B Stagnation of CPUs speed — performance gains via parallelism;

B Saturation of spatial parallelism;
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[Scwrz (87)]

[Craig and Tien Lam (2022)]
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A new direction of parallelism

B Stagnation of CPUs speed — performance gains via parallelism;
B Saturation of spatial parallelism;

B Parallelize the temporal direction?
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Outline

e Parallel-in-time methods

— Parareal
- MGRIT
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Parallel-In-Time (PInT) methods

¥ lterative predictor-corrector
algorithms
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Parallel-In-Time (PInT) methods

¥ Iterative predictor-corrector ? :,F

LN A A AN A A A A AN AAN.
FstFstFstFstFstFseFstFotFotFseFstFst

algorithms

Il Use of fine and coarse

timestepping schemes
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¥ lterative predictor-corrector
algorithms
“ Use of fine and coarse

timestepping schemes

Parallel-In-Time (PInT) methods

09at 9ar Gar 9ar YGar Gar g
N/ N/ N/ N/ NN
L N
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¥ lterative predictor-corrector
algorithms
“ Use of fine and coarse
timestepping schemes
~' Simultaneous computation of

several time steps

Parallel-In-Time (PInT) methods

Gar  9ar Gar 9ar Gar Garp
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Parallel-In-Time (PInT) methods

. . 09at 9ar Gar 9ar YGar Gar g

¥ lterative predictor-corrector v NS NS N N N Y
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algorithms
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~' Simultaneous computation of

several time steps
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Parallel-In-Time (PInT) methods

0 9ar  9ar  Gar Gar  Gar Garp
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Parallel-In-Time (PInT) methods

0 9at Gar  9ar Gar Gar  YGarp

¥ Iterative predictor-corrector N T Ve Ve Vo Ve

: NA A WA A A A A WA
algorithms

g FstFseFsiFseFsiFstFseFseFsiFsiFsiFs

“ Use of fine and coarse
timestepping schemes

~' Simultaneous computation of
several time steps

~ Objective: fast convergence

to the fine solution
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The parareal method

Jacques-Louis Lions, Yvon Maday, and Gabriel Turinici, “Résolution d'EDP par un schéma en temps “pararéel””,
Comptes Rendus de I'Académie des Sciences - Series | - Mathematics (2001)

" Solve (t) = F(u(t)), u(0)=uo
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The parareal method

Jacques-Louis Lions, Yvon Maday, and Gabriel Turinici, “Résolution d'EDP par un schéma en temps “pararéel””,
Comptes Rendus de I'Académie des Sciences - Series | - Mathematics (2001)

B Solve %(t) = F(u(t)), u(0)=ug
¥ Parareal iteration'
Uﬁill—(/Af +]:6t( )—Qy(uf‘,), n=0,...,Nar — 1

prediction correction

U Nar time slices

AT
to =0 t1 ta tNAT =T
1 L 1 1
I T T 1
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The parareal method

Jacques-Louis Lions, Yvon Maday, and Gabriel Turinici, “Résolution d'EDP par un schéma en temps “pararéel””,
Comptes Rendus de I'Académie des Sciences - Series | - Mathematics (2001)

" Solve (t) = F(u(t)), u(0)=uo

¥ Parareal iteration'

k > k
uni1—‘uf )+ Foilu )—é/;f(//,,), n=0,...,Nap —1

prediction correction

U Nar time slices

1 Sequential coarse prediction

AT
to =0 t1 ta tNAT =T
1 L 1 1
LNy A \,,,,,,AI\ AL A ANC A

Gar 9ar Gar 9Gar Gar  Gaq
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The parareal method

Jacques-Louis Lions, Yvon Maday, and Gabriel Turinici, “Résolution d'EDP par un schéma en temps “pararéel””,
Comptes Rendus de I'Académie des Sciences - Series | - Mathematics (2001)

" Solve (t) = F(u(t)), u(0)=uo

¥ Parareal iteration'

k > k
uni1—‘uf )+ Foilu )—é/;f(//,,), n=0,...,Nap —1

prediction correction

U Nar time slices
1 Sequential coarse prediction

U Parallel fine corrections
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The parareal method

Jacques-Louis Lions, Yvon Maday, and Gabriel Turinici, “Résolution d'EDP par un schéma en temps “pararéel””,
Comptes Rendus de I'Académie des Sciences - Series | - Mathematics (2001)

B Solve %(t) = F(u(t)), u(0)=ug
¥ Parareal iteration:
Ui = + For(up) — ,  n=0,...,Nar—1

prediction correction

U Nar time slices
L Sequential
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The parareal method

Jacques-Louis Lions, Yvon Maday, and Gabriel Turinici, “Résolution d'EDP par un schéma en temps “pararéel””,
Comptes Rendus de I'Académie des Sciences - Series | - Mathematics (2001)

B Solve %(t) = F(u(t)), u(0)=ug
¥ Parareal iteration:

k+1 _ k _
Upi1 = +]:5t(un)— s TI,—O,...,NAT—l
prediction correction
U Nar time slices
L Sequential
U Parallel fine corrections
O

Gat and Fsy: user-defined schemes
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Multilevel PInT approach inspired on spatial multigrid (MGR)
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Multilevel PInT approach inspired on spatial multigrid (MGR)
B User-defined time stepping schemes
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Multilevel PInT approach inspired on spatial multigrid (MGR)

B User-defined time stepping schemes
B Solution is iteratively improved using the Full Approximation Scheme

(FAS):
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Multilevel PInT approach inspired on spatial multigrid (MGR)

B User-defined time stepping schemes
B Solution is iteratively improved using the Full Approximation Scheme

(FAS):

Correct solution
on the fine grid

Relaxation on the
fine grid

Restriction rolongation

Compute corrections
on the coarse grid
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Multilevel PInT approach inspired on spatial multigrid (MGR)
B User-defined time stepping schemes
B Solution is iteratively improved using the Full Approximation Scheme

Relaxation on the Correct solution

fine grid on the fine grid

Restriction

Compute corrections

on the coarse grid
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Multilevel PInT approach inspired on spatial multigrid (MGR)
B User-defined time stepping schemes
B Solution is iteratively improved using the Full Approximation Scheme

fine grid

Relaxation on the

Correct solution
on the fine grid

®IME

RestM Mngation

Compute corrections
on the coarse grid
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Several parameters to be set:
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Several parameters to be set:

" Number of levels
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Several parameters to be set:

" Number of levels
" Relaxation strategy: F, FCF, FCFCF, ..., F(CF)Nrelax

¢ r r r C C

- . .. -
AN AN A

¢ r r r C c

‘B PY PY PY PY Py PY u--
N AN AN AL AN AN AN A
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Several parameters to be set:

" Number of levels
" Relaxation strategy: F, FCF, FCFCF, ..., F(CF)Nrelax
L Cycling strategy: V-, W-, F-cycles

l+1l : .\o o/. l+ll : .\o (] o/.
1+2 \o o/ I1+2+ \o [ o/ \o [ o/
.l \./‘ .l \./‘ \./‘ \./‘ \./‘
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Several parameters to be set:

" Number of levels

" Relaxation strategy: F, FCF, FCFCF, ..., F(CF)Nrelax
L Cycling strategy: V-, W-, F-cycles

O
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Several parameters to be set:

" Number of levels

" Relaxation strategy: F, FCF, FCFCF, ..., F(CF)Nrelax
L Cycling strategy: V-, W-, F-cycles
O

B Trade-off: convergence rate vs computational cost
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Multigrid Reduction in Time (MGRIT)

S. Friedhoff et al., “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”, Presented at:
Sixteenth Copper Mountain Conference on Multigrid Methods (2013)

B Several parameters to be set:

" Number of levels

" Relaxation strategy: F, FCF, FCFCF, ..., F(CF)Nre'ax
L Cycling strategy: V-, W-, F-cycles

O

B Trade-off: convergence rate vs computational cost

B Parareal = MGRIT with specific parameters

@IME J. G. Caldas Steinstraesser - PInT for fluyd dynamics l | ( : | I



Not so easy for hyperbolic problems!

Daniel Ruprecht, “Wave propagation characteristics of Parareal”, Computing and Visualization in Science (2018)

B Successful application to parabolic, diffusive problems;
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B Successful application to parabolic, diffusive problems;

B Hyperbolic problems: instabilities and slow convergence;
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Not so easy for hyperbolic problems!

Daniel Ruprecht, “Wave propagation characteristics of Parareal”, Computing and Visualization in Science (2018)

B Successful application to parabolic, diffusive problems;
B Hyperbolic problems: instabilities and slow convergence;
B Causes:

Ll Mismatch of coarse and fine discrete phase speeds;

&' Mainly on high wavenumbers of the solution
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Not so easy for hyperbolic problems!

B Successful application to parabolic, diffusive problems;
B Hyperbolic problems: instabilities and slow convergence;
B Causes:

Ll Mismatch of coarse and fine discrete phase speeds;

&' Mainly on high wavenumbers of the solution
Ut + Up = VUgz
u(z,t = 0) = exp(—a(z — z0)?)

10°
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2
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2
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= =
2 2
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0 2
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Not so easy for hyperbolic problems!

Daniel Ruprecht, “Wave propagation characteristics of Parareal”, Computing and Visualization in Science (2018)

B Successful application to parabolic, diffusive problems;
B Hyperbolic problems: instabilities and slow convergence;
B Causes:

Ll Mismatch of coarse and fine discrete phase speeds;

&' Mainly on high wavenumbers of the solution
Ut + Uz = VUga ug +ug =0
u(z,t = 0) = exp(—a(z — x0)?) u(z,t = 0) = sin(kx)

10°

.A
2

- ~ 102

& &

§ 102 § 107

8 8

g g 10°
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8 g 100

5 5

510 § 10710

3 5 no
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Outline

e Some ideas for improving PinT
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PInT using semi-Lagrangian methods

tnir

A. Schmitt et al., “A numerical study of a semi-Lagrangian Parareal method applied to the viscous Burgers
equation”, Computing and Visualization in Science (2018)

B Semi-Lagrangian treatment of advection: follow characteristics and
interpolate solution from Eulerian grid

Py Py Py Py
/J estimated trajectory
PR Py Py Py
xr
Ti—1 Ty T Tit1

\—r Interpolate solution to departure point
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PInT using semi-Lagrangian methods

A. Schmitt et al., “A numerical study of a semi-Lagrangian Parareal method applied to the viscous Burgers
equation”, Computing and Visualization in Science (2018)

B Semi-Lagrangian treatment of advection: follow characteristics and
interpolate solution from Eulerian grid

& Improved stability = large time steps

t
toi1 . PY PY PY PY
/J estimated trajectory
tn . PR PY PY PY -
Ti-1 Ty T Tit1

\—r Interpolate solution to departure point
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PInT using semi-Lagrangian methods

A. Schmitt et al., “A numerical study of a semi-Lagrangian Parareal method applied to the viscous Burgers
equation”, Computing and Visualization in Science (2018)

¥ Semi-Lagrangian treatment of advection: follow characteristics and
interpolate solution from Eulerian grid

& Improved stability = large time steps
t

toit Py Py ° ° Py
/_/‘ estimated trajectory
tn Py Py = ° . . -
Ti—1 Ty T Tit1
Interpolate solution to departure point

B Viscous 1D Burgers: improved stability and convergence of Parareal
with SL as coarse scheme [Schmitt et al. (2018)]
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PInT using semi-Lagrangian methods

A. Schmitt et al., “A numerical study of a semi-Lagrangian Parareal method applied to the viscous Burgers
equation”, Computing and Visualization in Science (2018)

¥ Semi-Lagrangian treatment of advection: follow characteristics and
interpolate solution from Eulerian grid

& Improved stability = large time steps
t

toit Py Py Py Py Py

/J estimated trajectory

tn Py P » P P P

Ti-1 Ty T Tit1

xr

Interpolate solution to departure point

B Viscous 1D Burgers: improved stability and convergence of Parareal
with SL as coarse scheme [Schmitt et al. (2018)]

' Linear advection: “coarse-grid operators should take into account the behavior

of the hyperbolic problem by tracking the characteristic curves”

[De Sterck et al. (2021)]

@IME J. G. Caldas Steinstraesser - PInT for fluyd dynamics | ( : | I



ROM-based parareal methods

Feng Chen, Jan S. Hesthaven, and Xueyu Zhu, “On the Use of Reduced Basis Methods to Accelerate and
Stabilize the Parareal Method”, Reduced Order Methods for Modeling and Computational Reduction (2014)

¥ Replace coarse timestepping scheme by a reduced-order model
(ROM):

k+1 > k41 k > K
ulbtl =00 (s (uh) =0 (0]
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ROM-based parareal methods

Feng Chen, Jan S. Hesthaven, and Xueyu Zhu, “On the Use of Reduced Basis Methods to Accelerate and
Stabilize the Parareal Method”, Reduced Order Methods for Modeling and Computational Reduction (2014)

¥ Replace coarse timestepping scheme by a reduced-order model
(ROM):

uf Y = Gay (Wb )+ Fs (uh)—Gar (uf) = wbtl = RE, (Wb )+ Fse (ub)—RE, (ul)
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(ROM):

~ Low-dimensional approximation for the fine model

k I k k41 _ ok
nilfﬁ/;/ O Fsi () —Ga (uh) = unilz RE, (ul
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ROM-based parareal methods

Feng Chen, Jan S. Hesthaven, and Xueyu Zhu, “On the Use of Reduced Basis Methods to Accelerate and
Stabilize the Parareal Method”, Reduced Order Methods for Modeling and Computational Reduction (2014)

¥ Replace coarse timestepping scheme by a reduced-order model

)+]:Oi (u'n )

SR

R (u

ujy)

10



(ROM):
~ Low-dimensional approximation for the fine model

1 Solved with the same small time step 6t of Fg;

k /‘ 1 k k+1 Dk
nil = Gat(n ‘ ]+]:6t(“n)_“A/( n) = unil = m‘(
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ROM-based parareal methods

Feng Chen, Jan S. Hesthaven, and Xueyu Zhu, “On the Use of Reduced Basis Methods to Accelerate and
Stabilize the Parareal Method”, Reduced Order Methods for Modeling and Computational Reduction (2014)

¥ Replace coarse timestepping scheme by a reduced-order model
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ROM-based parareal methods

Feng Chen, Jan S. Hesthaven, and Xueyu Zhu, “On the Use of Reduced Basis Methods to Accelerate and
Stabilize the Parareal Method”, Reduced Order Methods for Modeling and Computational Reduction (2014)

¥ Replace coarse timestepping scheme by a reduced-order model
(ROM):
~ Low-dimensional approximation for the fine model
1 Solved with the same small time step 6t of Fg;

") Constructed from snapshots of the fine solution

k+1 1 k > (K k+1 Dk
unil = Gar(uF J+Fse(wy )—=Cns(u),) = unil = nt( D)4 Fse (u 71)
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ROM-based parareal methods

Feng Chen, Jan S. Hesthaven, and Xueyu Zhu, “On the Use of Reduced Basis Methods to Accelerate and
Stabilize the Parareal Method”, Reduced Order Methods for Modeling and Computational Reduction (2014)

B Replace coarse timestepping scheme by a reduced-order model
(ROM):
~ Low-dimensional approximation for the fine model
1 Solved with the same small time step 6t of Fg;
") Constructed from snapshots of the fine solution

k+1 1 k > (oK k+1 Dk
unil = Gn(uE T+ Fsp(ub)=Gai(uh) = unil = RE, (uF TN 4 Fop (uk)—RE, (u!

dy .
% = Ay + F(y1)
diy ~_ -
Ay — = A F(y1)
% = Ayz + F(y2) dt p
Snapshots
= N ~
y(t), y(t2), ., y(tn) W _ Fo s Fm)
dt ‘
dym m <K M
it Aynm + F(ymr)
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ROM-based parareal methods

Feng Chen, Jan S. Hesthaven, and Xueyu Zhu, “On the Use of Reduced Basis Methods to Accelerate and
Stabilize the Parareal Method”, Reduced Order Methods for Modeling and Computational Reduction (2014)

B Replace coarse timestepping scheme by a reduced-order model
(ROM):
~ Low-dimensional approximation for the fine model
1 Solved with the same small time step 6t of Fg;
") Constructed from snapshots of the fine solution

k+1

k k+1 ok [, k+
un+1 = +]:5t(“’n)_ = unil = R'fit(“n 1 +]:Oi( n) or( )

¥ Improvement of stability and convergence if the ROM successfully
captures the fine dynamics
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ROM-based parareal methods

Feng Chen, Jan S. Hesthaven, and Xueyu Zhu, “On the Use of Reduced Basis Methods to Accelerate and
Stabilize the Parareal Method”, Reduced Order Methods for Modeling and Computational Reduction (2014)

B Replace coarse timestepping scheme by a reduced-order model
(ROM):
~ Low-dimensional approximation for the fine model
1 Solved with the same small time step 6t of Fg;
") Constructed from snapshots of the fine solution

k+1

k k+1 ok AAI
un+1 = +]:57/(“'n)_ = unil = R'fir(“n +]:Oi( n) or(

¥ Improvement of stability and convergence if the ROM successfully
captures the fine dynamics

¥ Drawback: model reduction may be expensive
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Application: urban floods

Joao Guilherme Caldas Steinstraesser, “Coupling large and small scale shallow water models with porosity in the
presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane

d d d
5 UO) + - (FUW)) + % (GU®)) =SU®)

h hug
U=| hus |, FU)=| hu2+gh?/2 |,
huy hugzuy
huy 0
G(U) = humuy , S(U) = SO,Q: + Sf,z
hu? + gh? /2 So,y + Sty
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Application: urban floods

Joao Guilherme Caldas Steinstraesser, “Coupling large and small scale shallow water models with porosity in the
presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane

B Explicit-in-time finite volume scheme

d d d
5 )+ - (FUW)) + % (GU®)) =SU®)

h hug
U=| hus |, FU)=| hu2+gh?/2 |,
huy hugzuy
huy 0
G(U) = humuy , S(U) = SO,Q: + Sf,z
hu? + gh? /2 So,y + Sty
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Application: urban floods

Joao Guilherme Caldas Steinstraesser, “Coupling large and small scale shallow water models with porosity in the
presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane
B Explicit-in-time finite volume scheme

B Challenges: large spatial and temporal domains, discontinuous
solutions

0
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Application: urban floods

Joao Guilherme Caldas Steinstraesser, “Coupling large and small scale shallow water models with porosity in the
presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane
B Explicit-in-time finite volume scheme

B Challenges: large spatial and temporal domains, discontinuous
solutions

B PInT with Parareal and ROM-based Parareal
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Application: urban floods

Joao Guilherme Caldas Steinstraesser, “Coupling large and small scale shallow water models with porosity in the
presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane
B Explicit-in-time finite volume scheme

B Challenges: large spatial and temporal domains, discontinuous
solutions

B PInT with Parareal and ROM-based Parareal

Water depth for y = 22.5 and ¢ = 120.0
R, (Ref)
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Application: urban floods

Joao Guilherme Caldas Steinstraesser, “Coupling large and small scale shallow water models with porosity in the
presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane

B Explicit-in-time finite volume scheme

B Challenges: large spatial and temporal domains, discontinuous
solutions

B PInT with Parareal and ROM-based Parareal

Water depth for y = 22.5 and ¢ = 120.0

Vi %
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Application: urban floods

Joao Guilherme Caldas Steinstraesser, “Coupling large and small scale shallow water models with porosity in the
presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane
B Explicit-in-time finite volume scheme

B Challenges: large spatial and temporal domains, discontinuous
solutions

B PInT with Parareal and ROM-based Parareal

Water depth for y = 22.5 and ¢ = 120.0
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Application: urban floods

presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane

B Explicit-in-time finite volume scheme

B Challenges: large spatial and temporal domains, discontinuous
solutions

B PInT with Parareal and ROM-based Parareal

Classical Parareal

--=- Reference
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Speedup after 3 iterations: 1.66
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presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.
B Shallow water equations on the plane
B Explicit-in-time finite volume scheme
B Challenges: large spatial and temporal domains, discontinuous
solutions
B PInT with Parareal and ROM-based Parareal
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presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.
B Shallow water equations on the plane
B Explicit-in-time finite volume scheme
B Challenges: large spatial and temporal domains, discontinuous

solutions
B PInT with Parareal and ROM-based Parareal
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Application: urban floods

presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane

B Explicit-in-time finite volume scheme

B Challenges: large spatial and temporal domains, discontinuous
solutions

B PInT with Parareal and ROM-based Parareal

Classical Parareal

--=- Reference
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Joao Guilherme Caldas Steinstraesser, “Coupling large and small scale shallow water models with porosity in the
presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane
B Explicit-in-time finite volume scheme

B Challenges: large spatial and temporal domains, discontinuous

solutions

B PInT with Parareal and ROM-based Parareal

. Classical Parareal ROM-based Parareal
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Joao Guilherme Caldas Steinstraesser, “Coupling large and small scale shallow water models with porosity in the
presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane
B Explicit-in-time finite volume scheme
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solutions
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Application: urban floods

Joao Guilherme Caldas Steinstraesser, “Coupling large and small scale shallow water models with porosity in the
presence of anisotropy”, PhD thesis (2021). Developed with Antoine Rousseau and Vincent Guinot.

B Shallow water equations on the plane
B Explicit-in-time finite volume scheme

B Challenges: large spatial and temporal domains, discontinuous

solutions
B PInT with Parareal and ROM-based Parareal
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Climate modelling and numerical weather prediction
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Climate modelling and numerical weather prediction

B Shallow water equations on the rotating sphere

0
EU =LgU + LcU + Na(U)+ Ngr(U)

= LU + N(U)

i3] 5 0
5 V25 “k-V X (fV)

—V. Vo _'s
Na(U) = V- (V) . NgU)= 0
A (VQ(V;’)Hc.vX(gV)) ) ( 0 )

®IME
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Climate modelling and numerical weather prediction
B Shallow water equations on the rotating sphere

B Spatial discretization using spherical harmonics

0
EU =LgU + LcU + Na(U)+ Nr(U)

= LU + N(U)

@ s 0
U=<§), LG(U):< 0 )» LC(U):( =V (fV) )
5 —V20 —k-V x (fV)
—V.Vo )
NA(U) = -V (V) ., NgU)= 0
B (v?(";f)+k.vX(5V) " 0
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Climate modelling and numerical weather prediction

B Shallow water equations on the rotating sphere
B Spatial discretization using spherical harmonics

¥ Challenges: large domains, development of small-scale spatial features

0
EU =LgU +LcU+ Ny(U) + Nr(U)
=LU + N(U)
Vorticity field at ¢ =0 Vorticity field at t = 144h
70 70
EGO gGO
250 50
éw §40
%30 %30
20 20
O W W Rfe@ey B0 W0 0TI e alfen 20 0 %0

[Galewsky, Scott, and Polvani (2004)]
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Two- and multilevel PinT (Parareal and MGRIT)

ou
— =1L N
En U+ N(U)
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Application: atmospheric circulation models
Ongoing work with Pedro Peixoto and Martin Schreiber
B Two- and multilevel PinT (Parareal and MGRIT)

ou
— =1L N
En U+ N(U)

B Which coarse time integration method?
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Two- and multilevel PinT (Parareal and MGRIT)

ou
— =1L N
En U+ N(U)

B Which coarse time integration method?
' Implicit-Explicit (IMEX)
Ut = R (P (PR (W)
B Linear term: implicit

¥ Nonlinear term: explicit

@IME J. G. Caldas Steinstraesser - PInT for fluyd dynamics l | ( : | I



Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Two- and multilevel PinT (Parareal and MGRIT)

ou
— =1L N
En U+ N(U)

B Which coarse time integration method?
= Implicit-Explicit (IMEX)

" SL-SI-SETTLS [Hortal (2002)]

urtl —uyr 1
— o s (LUn+1 +Luf) L NmtL/2
t

B Semi-Lagrangian + semi-implicit

' Operational use in IFS-ECMWF
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Two- and multilevel PinT (Parareal and MGRIT)

ou
— =1L N
En U+ N(U)

B Which coarse time integration method?
= Implicit-Explicit (IMEX)

7 SL-SI-SETTLS [Hortal (2002)]

- Exponential integration: ETDRK [Cox and Matthews (2002)]

t
Untl — AtLgn eA‘L/ ==t (U (s))ds —>
t

n

{UET}RK = @o(AI)U™ + Aty (MLIN(U)
n n
Ufttark = Urbink + Atw2(AtL) {N(UETDIRK) -NU )]

B Linear term solved exactly
B Approximation for the nonlinear term

u @1 matrix exponential functions
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Two- and multilevel PinT (Parareal and MGRIT)

ou
— =1L N
En U+ N(U)

B Which coarse time integration method?
= Implicit-Explicit (IMEX)

" SL-SI-SETTLS [Hortal (2002)]
L' Exponential integration: ETDRK [Cox and Matthews (2002)]

L SL - Exponential integration: SL-ETDRK [Peixoto and Schreiber (2019)]

~ n
UL ek = @o(ALL) [U" + Awl(AtL)N(U")} "
+1 _ pyn+l S (untl J n
Ul eTpork = UsLeTpirk T Atwo(ALL) [¢2(AtL)N(U§|L_.ETD1RK) - (¢2(AtL)N(U")) ,J

B SL-version of ETDRK

5 Improved stability
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Stability analysis:
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Stability analysis:

L Consider the ODE (e.g. spectral discretization) and its linearization:

%:)\Lu—l-N(u), %:)\Lu—l-)\]vu
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Stability analysis:

L Consider the ODE (e.g. spectral discretization) and its linearization:

%:)\Lu—l-N(u), %:)\Lu—l-)\]vu

L) Stability in function of £z, := A At € C and én := AN At € C:

|Ascheme(£L» §N)| <1

where

n+1

_ n
u = Aschemet
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Stability analysis:

L Consider the ODE (e.g. spectral discretization) and its linearization:

%:)\Lu—l-N(u), %:)\Lu—l-)\Nu

L) Stability in function of £z, := A At € C and én := AN At € C:

|Ascheme(£L» §N)| <1

where

n+1

_ n
u = Aschemet

L Plot stability regions in function of Re(én7) and Im(&n) for fixed €1, =0

(geostrophic mode) and &1, € iR* (inertia-gravity modes)
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Stability of Parareal [Staff and Rgnquist (2005)]

uf = Gar(ub 1) + Fse(uF 1) — Gar(uh 1)
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber
B Stability of Parareal [Staff and Rgnquist (2005)]

I Fine scheme: timestep 8t and stability function A

uf = Gar(ub 1) + Fse(uF 1) — Gar(uh 1)
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber
B Stability of Parareal [Staff and Rgnquist (2005)]

I Fine scheme: timestep 8t and stability function A

L' Coarse scheme: timestep At = mét and stability function A,

uf = Gar(ub 1) + Fse(uF 1) — Gar(uh 1)
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber
B Stability of Parareal [Staff and Rgnquist (2005)]

I Fine scheme: timestep 8t and stability function A

L' Coarse scheme: timestep At = mét and stability function A,

uf = Gar(ub 1) + Fse(uF 1) — Gar(uh 1)

= uf = Anf_ + (A7 — Ac)uk;i

n
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber
B Stability of Parareal [Staff and Rgnquist (2005)]

I Fine scheme: timestep 8t and stability function A

L' Coarse scheme: timestep At = mét and stability function A,

uf = Gar(ub 1) + Fse(uF 1) — Gar(uh 1)

= uf = Anf_ + (A7 — Ac)uk;i

n

"/ Recurrence relation:

k .
{2 o)

Aparareal
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Stability of Parareal along iterations

" Fine scheme: IMEX

Ll Coarse scheme: IMEX, SL-SI-SETTLS, ETD2RK, SL-ETD2RK
U n=2 m=100
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Stability of Parareal along iterations
" Fine scheme: IMEX

Ll Coarse scheme: IMEX, SL-SI-SETTLS, ETD2RK, SL-ETD2RK
U n=2 m=100

— _ 3w,
L=0 L = P
Stability region for for &= 0.07i Stability region for for &= 1.5i
6 N T
— IMEX 6 ! — IMEX
!
—— SL-SISETTLS : —— SLSISETTLS
4 —— ETD2RK —— ETD2RK
—— SL-ETD2RK —— SL-ETD2RK
5]
0 LN Y A,
E
S
iy
. — k=1 — k=1
-—= k=5 } -—- k=5
—_— k=10 | —_— e
61 " | k=10
-6 —4 -2 0 2 4 6 —6 -4 -2 6 2 4 6
Re(én) Re(én)
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

B Stability of Parareal along iterations

" Fine scheme: IMEX

Ll Coarse scheme: IMEX, SL-SI-SETTLS, ETD2RK, SL-ETD2RK
Hon =2, m =100

B Loss of stability with SL-SI-SETTLS

L =0 &L = 37”1
Stability region for for &= 0.07i Stability region for for &= 1.5i
B — IMEX 6 ! — IMEX
—— SL-SISETTLS ‘ —— SLSISETTLS
N —— ETD2RK —— ETD2RK
—— SL-ETD2RK —— SL-ETD2RK
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

W Stability of MGRIT (two levels with F(CF)™=>)

c g g p C c
= x -
N AN AN A
C F F F C c
S ——
S AN AN AL AN AN AN A
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Application: atmospheric circulation models

Ongoing work with Pedro Peixoto and Martin Schreiber

W Stability of MGRIT (two levels with F(CF)™=>)

¢ r F F C %
- -~ u--
AN AN A
C Ia r F C C
—— .
N AN AN AL AN AN AN A

L/ Recurrence relation:

Lk/(Nrelax+1)] ) )
— iN, mN, n—1i(N, 1
( ( n 'L‘ relax ) Af relax (A}‘{l _ Ac)l Al (Nyelax+ )> ug

=0

AMGRIT
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Ongoing work with Pedro Peixoto and Martin Schreiber

W Stability of MGRIT (two levels with F(CF)™=>)

" Fine scheme: IMEX
Ll Coarse scheme: IMEX, SL-SI-SETTLS, ETD2RK, SL-ETD2RK
Hmn=2 m=100 k=5
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B Increasing stability with more expensive relaxation
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Ongoing work with Pedro Peixoto and Martin Schreiber

¥ Test case: Gaussian bump

T = 102400
Reference solution: §t = 60, spectral resolution M = 256

O
O
Y Coarse levels: coarsening factor m, spectral resolution Mcoarse = 128
O

Artificial diffusion
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Test case: Gaussian bump

T = 102400

Reference solution: §t = 60, spectral resolution M = 256

Coarse levels: coarsening factor m, spectral resolution Mcoarse = 128

Artificial diffusion
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¥ Test case: Gaussian bump

Errors in function of the coarse time stepping method
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method

Nievels = 3, m =4, Nyelax = 1

b —— IMEX
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Iteration

B More levels = larger timestep in coarsest level = stability issues

' More convergence and stability with exponential methods, mainly SL
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Ongoing work with Pedro Peixoto and Martin Schreiber

¥ Test case: Gaussian bump

Errors in function of Nyejax

Nievels = 2, m = 2, coarse time stepping method: SL-ETD2RK
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Ongoing work with Pedro Peixoto and Martin Schreiber

¥ Test case: Gaussian bump

Errors in function of Nyejax

Nievels = 2, m = 2, coarse time stepping method: SL-ETD2RK

1072

Relative Ly error on &

6
Iteration

B Better convergence with more expensive relaxation;

B Convergence vs computational cost?
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¥ Test case: Gaussian bump
Relative error of geopotential ® at ¢t =T
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¥ Test case: Gaussian bump
Relative error of geopotential ® at ¢t =T
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¥ Test case: Gaussian bump

Relative error of geopotential ® at ¢t =T
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Convergence and stability of small-scale spatial features are still a bottleneck

Parallel implementation and evaluation of feasibility in practice

o o o o

Evaluation of influence of artificial diffusion

@IME J. G. Caldas Steinstraesser - PInT for fluyd dynamics | ( : | I
N 20



Thank youl!

joao.steinstraesser@usp.br
Www.ime.usp.br/~joao.steinstraesser

IM E INSTITUTO DE MATEMATICA
UNIVERSIDADE DE SAO PAULO

A FAPESP

FUNDAGAO DE AMPARO A PESQUISA
'DO ESTADO DE SAO PAULO

Processo n2 2021/03777-2



®IME

Outline

J. G. Caldas Steinstraesser - PInT for fluyd dynamics

SR



Caldas Steinstraesser, Joao Guilherme (Oct. 2021). “Coupling large and small scale shallow water models

with porosity in the presence of anisotropy”. Theses. Université Montpellier. URL:
https://tel.archives-ouvertes.fr/tel-03435394.

Chen, Feng, Jan S. Hesthaven, and Xueyu Zhu (2014). “On the Use of Reduced Basis Methods to
Accelerate and Stabilize the Parareal Method”. In: Reduced Order Methods for Modeling and
Computational Reduction. Ed. by Alfio Quarteroni and Gianluigi Rozza. Cham: Springer International
Publishing, pp. 187-214. 1SBN: 978-3-319-02090-7. DOI: 10.1007/978-3-319-02090-7_7. URL:
https://doi.org/10.1007/978-3-319-02090-7_7.

Cox, S.M. and P.C. Matthews (2002). “Exponential Time Differencing for Stiff Systems”. In: Journal of
Computational Physics 176.2, pp. 430-455. 1ssN: 0021-9991. por:
https://doi.org/10.1006/jcph.2002.6995. URL:
https://www.sciencedirect.com/science/article/pii/S0021999102969950.

Craig, Paul and Nghiem Tien Lam (2022). Implementation of domain decomposition in EFDC+ using MPI.

URL: https://wuw.eemodelingsystem.com/efdc-insider-blog/domain-decomposition-details.

De Sterck, Hans et al. (2021). “Optimizing multigrid reduction-in-time and Parareal coarse-grid operators

for linear advection”. In: Numerical Linear Algebra with Applications. 1ssN: 1099-1506. DOI:
10.1002/nla.2367. URL: http://dx.doi.org/10.1002/nla.2367.

Emmett, Matthew and Michael Minion (Mar. 2012). “Toward an efficient parallel in time method for partial

differential equations”. In: Communications in Applied Mathematics and Computational Science 7.1,
pp. 105-132. DOI: 10.2140/camcos.2012.7.105. URL: https://doi.org/10.2140/camcos.2012.7.105.

Friedhoff, S. et al. (2013). “A Multigrid-in-Time Algorithm for Solving Evolution Equations in Parallel”. In:
Presented at: Sixteenth Copper Mountain Conference on Multigrid Methods. Copper Mountain, CO, United
States, Mar 17 - Mar 22, 2013. URL: http://www.osti.gov/scitech/servlets/purl/1073108.

Galewsky, Joseph, Richard K. Scott, and Lorenzo M. Polvani (Jan. 2004). “An initial-value problem for
testing numerical models of the global shallow-water equations”. In: Tellus A: Dynamic Meteorology and

@IME J. G. Caldas Steinstraesser - PInT for fluyd dynamics l | ( : | I
8 20


https://tel.archives-ouvertes.fr/tel-03435394
https://doi.org/10.1007/978-3-319-02090-7_7
https://doi.org/10.1007/978-3-319-02090-7_7
https://doi.org/https://doi.org/10.1006/jcph.2002.6995
https://www.sciencedirect.com/science/article/pii/S0021999102969950
https://www.eemodelingsystem.com/efdc-insider-blog/domain-decomposition-details
https://doi.org/10.1002/nla.2367
http://dx.doi.org/10.1002/nla.2367
https://doi.org/10.2140/camcos.2012.7.105
https://doi.org/10.2140/camcos.2012.7.105
http://www.osti.gov/scitech/servlets/purl/1073108

Oceanography 56.5, pp. 429-440. DOI: 10.3402/tellusa.v56i5.14436. URL:
https://doi.org/10.3402/tellusa.v56i5.14436.

Gander, Martin J., Felix Kwok, and Hui Zhang (June 2018). “Multigrid interpretations of the parareal
algorithm leading to an overlapping variant and MGRIT". In: Computing and Visualization in Science 19.3-4,
pp. 59-74. DOI: 10.1007/s00791-018-0297-y. URL: https://doi.org/10.1007/s00791-018-0297~-y.

Guinot, Vincent, Brett F. Sanders, and Jochen E. Schubert (2017). “Dual integral porosity shallow water
model for urban flood modelling”. In: Advances in Water Resources 103, pp. 16 =31. 1ssN: 0309-1708. DOI:
https://doi.org/10.1016/j.advwatres.2017.02.009. URL:
http://www.sciencedirect.com/science/article/pii/S0309170817301367.

Hortal, Mariano (July 2002). “The development and testing of a new two-time-level semi-Lagrangian

scheme (SETTLS) in the ECMWF forecast model”. In: Quarterly Journal of the Royal Meteorological
Society 128.583, pp. 1671-1687. poI: 10.1002/qj.200212858314. URL:
https://doi.org/10.1002/qj.200212858314.

Hénonin, Justine et al. (July 2013). “Real-time urban flood forecasting and modelling - A state of the art”.
In: Journal of Hydroinformatics accepted. DOI: 10.2166/hydro.2013.132.

Lions, Jacques-Louis, Yvon Maday, and Gabriel Turinici (Apr. 2001). “Résolution d'EDP par un schéma en

temps “pararéel””. In: Comptes Rendus de I'Académie des Sciences - Series | - Mathematics 332.7,
pp. 661-668. DOI: 10.1016/s0764-4442(00)01793-6. URL:
https://doi.org/10.1016/s0764-4442(00)01793-6.

Peixoto, Pedro S. and Martin Schreiber (2019). “Semi-Lagrangian Exponential Integration with Application
to the Rotating Shallow Water Equations”. In: SIAM Journal on Scientific Computing 41.5, B903-B928.
DOI: 10.1137/18M1206497. eprint: https://doi.org/10.1137/18M1206497. URL:
https://doi.org/10.1137/18M1206497.

Ruprecht, Daniel (2018). “Wave propagation characteristics of Parareal”. In: Computing and Visualization
in Science 19 (1), pp. 1-17. DOI: 10.1007/s00791-018-0296-z.

@IME J. G. Caldas Steinstraesser - PInT for fluyd dynamics l | ( : | I

20


https://doi.org/10.3402/tellusa.v56i5.14436
https://doi.org/10.3402/tellusa.v56i5.14436
https://doi.org/10.1007/s00791-018-0297-y
https://doi.org/10.1007/s00791-018-0297-y
https://doi.org/https://doi.org/10.1016/j.advwatres.2017.02.009
http://www.sciencedirect.com/science/article/pii/S0309170817301367
https://doi.org/10.1002/qj.200212858314
https://doi.org/10.1002/qj.200212858314
https://doi.org/10.2166/hydro.2013.132
https://doi.org/10.1016/s0764-4442(00)01793-6
https://doi.org/10.1016/s0764-4442(00)01793-6
https://doi.org/10.1137/18M1206497
https://doi.org/10.1137/18M1206497
https://doi.org/10.1137/18M1206497
https://doi.org/10.1007/s00791-018-0296-z

Schmitt, A. et al. (2018). “A numerical study of a semi-Lagrangian Parareal method applied to the viscous
Burgers equation”. In: Computing and Visualization in Science 19, pp. 45-57.

Schwarz, H. A. (1870). “Uber einen Grenziibergang durch alternierendes Verfahren” . In: Vierteljahrsschrift
der Naturforschenden Gesellschaft in Ziirich.

Shalf, John (2020). “The future of computing beyond Moore's Law". In: Philosophical Transactions of the

Royal Society A: Mathematical, Physical and Engineering Sciences 378.2166, p. 20190061. DOI:
10.1098/rsta.2019.0061. eprint:
https://royalsocietypublishing.org/doi/pdf/10.1098/rsta.2019.0061. URL:
https://royalsocietypublishing.org/doi/abs/10.1098/rsta.2019.0061.

Staff, Gunnar Andreas and Einar M. Rgnquist (2005). “Stability of the Parareal Algorithm”. In: Lecture
Notes in Computational Science and Engineering. Springer-Verlag, pp. 449-456. DOI:
10.1007/3-540-26825-1_46. URL: https://doi.org/10.1007/3-540-26825-1_46.

Steinstraesser, Joao G. Caldas, Vincent Guinot, and Antoine Rousseau (2021). “Modified parareal method

for solving the two-dimensional nonlinear shallow water equations using finite volumes”. en. In: The SMAI
Jjournal of computational mathematics 7, pp. 159-184. DOI: 10.5802/smai-jcm.75. URL:
https://smai-jcm.centre-mersenne.org/articles/10.5802/smai-jcm.75/.

@IME J. G. Caldas Steinstraesser - PInT for fluyd dynamics l | ( : | I

20


https://doi.org/10.1098/rsta.2019.0061
https://royalsocietypublishing.org/doi/pdf/10.1098/rsta.2019.0061
https://royalsocietypublishing.org/doi/abs/10.1098/rsta.2019.0061
https://doi.org/10.1007/3-540-26825-1_46
https://doi.org/10.1007/3-540-26825-1_46
https://doi.org/10.5802/smai-jcm.75
https://smai-jcm.centre-mersenne.org/articles/10.5802/smai-jcm.75/

	Introduction
	Parallel-in-time methods
	Parareal
	MGRIT

	Some ideas for improving PinT
	Applications
	Urban floods
	Atmospheric circulation models

	References

