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Knowledge, Uncertainty and Ignorance
in Logic: Bilattices and beyond *

George Gargov

ABSTRACT . In the paper we present a survey of some approaches to the semantics of many-
valued propositional systems. These approaches are inspired on one hand by classical
problems in the investigations of logical aspects of epistemic activity: knowledge and truth,
contradictions, beliefs, reliability of data, etc. On the other hand they reflect contemporary
concerns of researchers in Artificial Intelligence (and Cognitive Science in general) with
inferences drawn from imperfect information, even from total ignorance. We treat the
mathematical apparatus that has emerged recently: algebraic structures related to the new
logical systems in the same way Boolean algebras correspond to classical logic.

Keywords: bilattices, info-algebras, logical practices, knowledge, many-valued logics, set
expansions, truth values, uncertainty.

Introduction

Judging from the vast numbers of papers published, it could be said that the interest
in the study of reasoning has never been keener. Although there is a millennia old
tradition in this field, only recently logicians have been joined by cognitive
scientists, specialists in artificial intelligence and information transfer, knowledge
engineers, linguists, etc. in the pursuit of the ultimate goal: to find out how humans
reason in order to distill some universal principles of effective reasoning and thus
be able to design intelligent artefacts (that possess or at least simulate reasoning
capabilities apparently characteristic of humans).

" Editorial note. This is the last paper of George Gargov. It has been found by his
wife in Gargov’s computer. Probably this is an initial step for a book on bilattices,
which George planned to write conjointly with Prof. Melvin Fitting.
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Let us begin our very short survey of the basic intuitions behind truth values, truth-
table methods and semantical inference with an outline of the classical logical
doctrine concerning reasoning. According to it logic deals with correct reasoning,
this notion being explicated as referring to transformations of statements which, if
applied to true ones, lead to true statements, hence the importance of truth values.
The basic thesis of classical formal logic concerning truth values seems to be that in
every epistemic situation a well-formed statement A is always assumed either true
or false, but not both, although sometimes the exact truth value is (temporarily!)
unknown. Moreover, the truth value of a compound statement is recoverable from
its syntactic structure and the truth values of the components (although this might
lead to enquiries about other epistemic situations).

Thus (1) the problem of how the truth values are obtained is radically separated
from the ontological problem of their existence; (2) the definiteness of truth values
regardless of any difficulties in their actual establishing is assumed; and (3) in a
sense perfect information about every conceivable (even remote) situation is
postulated, independent from the state of the observer (the intelligent agent).

For the formal implementation of the above doctrine one associates with an
epistemic situation a truth assignment (a semantical evaluation function) v which
assigns each statement A a definite truth value from the set (true, false)(v:
Fml—{true,false}). For typographical reasons we use below ! instead of true and
0 instead of false. Assuming the usual interpretation of the classical connectives,
i.., assuming that all connectives are truth-funcional, this set (the smallest possible
logical matrix) is the Boolean algebra 2 = <{0,1},A,v,~,0,1>. Thus classical
semantics is represented by some set H of homomorphisms into 2. The definition of
semantic consequence relation: Tl=A (where T" is a set of statements, A — a
statement) if Vve H (VBe I'(v(B) = 1) = v(A)=1), captures the basic intuition about
sound inference: that it should transmit the truth forward, i.e. if all hypotheses of an
inference are true (in a situation) then the conclusion should also be true (in the
same situation).

For reasoning involving intensional connectives (not truth-functional in 2) like
modalities, tense operators, etc., a more sophisticated version is needed:

Example 1  Here we allow many epistemic situations, or possible worlds, with
several accessibility relations between them (but keeping them all binary): thus we
can accommodate most of the unary intensional connectives (modal, temporal,
deontic, etc.) and some of the binary ones such as conditionals, data connectives,
etc. In this approach a frame F is a tuple <W,{Ri }ie 1> of which

(1) W is a non-empty set of possible worlds,
) Ri are binary relations in W, i.e., Ric;WxW.

A model M (on a frame F) is a pair <F,$> where ¢ is a truth assignment (valuation
Sfunction), i.e.
¢: WxVar(L£) — 2.
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In a model M the function ¢ can be extended to a mapping ¢M: WxL — 2 by the

well-known truth conditions for different connectives, for example (writing M,w |=
A instead of ¢M(w,A) =1)

M,wi=AAB iff M,w |=A and M,w =B, or
M,wI=DiA iff Vw‘(wRiw' = M,w'l= A), etc.

Writing IIA!IM for {w: M,wl=A} we get a mapping of Linto the intensional algebra
A(F) of the frame F (i.e. the algebra of all subsets of W <go(W),m,u,...,{Di}i€I>,
where the intensional (e.g. modal, temporal, etc.) operations are defined as, e.g.,
DiZ ={w: Vw'(wRiw' = w'eZ)}). |I.I|M is a homomorphism: [IAABII = lIAlINIIBII,...,

IIDiAII = DiIIAll. We denote IlAIIM =W by M I= A and the fact that for all models M

basedon F,MI=A ,byFl=A.

The important point for our exposition is that a possible worlds frame F is
synonymous with an intensional (modal) algebra A(F), while a model M
corresponds to a homomorphism of £ into A(F), i.e. a member of Hom(£,A(F)). In
this way all connectives become in fact truth-functional, though in respect to
another (more complex) logical matrix, in which the truth values are sets of possible
worlds, traditionally called propositions.

Given a class of such models there are at least three possibilities for defining the

notion of semantic consequence.

1.TI= A iff YMYwe W(VBeT(w I=B) = wI= A);

2.T I=l A iff VM(VBeI'M |=B) = M |= A);

3TI= ) A iff VF(VBeT'(Fi=B) = F |= A).

Expressed in algebraic terms these conditions become:
1T I=0 A iff VA(F)Vhe HcHom(LA(F))(h(/\ {B:BeT})<h(A))
2. T |=I A iff VA(F)Vhe HCHom(LA(F)XVBeT'(h(B) = 1) = h(A)=1).

3 r I=2 A iff VA(F)(V BeT (B is an A(F)tautology) = A is an A(F)
tautology).

As is well known, the first of these consequence operations is the one suitable for
reasoning in relational models, while the last is inherently second-order with all the
ensuing difficulties (incompleteness, lack of compactness, etc.). In the present paper
we concentrate on the second possibility, which is familiar mainly from the so-
called matrix approach in the study of many-valued logics [8, 61].

The above notions of the truth of a statement and semantic consequence can be
questioned on several points.
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1. The first goes back in time to the intuitionistic criticism of the classical approach
to mathematical truth. It questions the rationality of assuming that one can always
assign a truth value to a particular statement (and hold this as a methodological
principle when dealing with still unsettted mathematical problems). Such a criticism
leads to admitting statements which are undefined. Analyzing the notion of
algorithm, in particular the statements one can make concerning their behavior,
Kleene came up in [36] with the “strong Kleene truth tables” that included
undefined as a third possibility, but even earlier Lukasiewicz had introduced the
third value when investigating the status of statements about contingent future
events (there is an obvious connection between these two concerns). This opened
the door to considering the truth values as partial objects, to influence from the
denotational semantics of programming languages, and to applications of fix point
techniques (cf. e.g. [55]). For example in the theory of truth developed by Kripke
[37] and others [15, 60] the fixed points of certain monotone operators on the
family of all truth assignments were studied. The importance of the relation of
"being more defined” and its connection with the "being more true” relation began
gradually to emerge.

2. Another point on which the classical view has been questioned is the contention,
having its origin even before Aristotle, that no statement is both true and false (in
one and the same epistemic situation). Arguments put forward by the like of Hegel,
Wittgenstein, etc., seem to show that this is open to a discussion. Some recent
publications give expositions of what can be done abandoning the view that
"everything is consistent” and have spoken of the "consistency of the world"
problem, cf., e.g. [42,44,47]. Nevertheless the assumption of such a consistency,
equivalent to the weli-known law of non-contradiction, is considered by the
majority of logicians as the final and indisputable principle of logic beyond which
there is absolutely no ground for a rational epistemic activity, cf. Lewis [39].

Philosophically speaking the consistency and completeness of knowledge are
determined by its "correspondence” to the "outside world". Thus contradictions
may be the result of:

« defects in the correspondence,

« defects in the knowledge,

* defects in the world.
Concentrating on defects in knowledge, it is an interesting problem what reasoning
procedures can be developed in order to accommodate the possibility of
contradictory statements. The simplest option is to permit statements to be both true
and false and keep this as the only possibility beyond the classical assumptions. This
leads to a picture where for a statement A and an epistemic situation we have just
three ways with the truth value: A is only true; A is only false; A is both true and
false. Formally this approach can be described by truth assignments into the set
{{0},{1},{0,1}}, as done by Priest in [43,44]. The corresponding consequence
relation tolerates inconsistencies in the sense that there is no general way to infer
logically ail statements from a contradiction.
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Some features of the recent Al approaches to reasoning, where one studies default
inferences (if information on certain parameters of the situation cannot be obtained
in reasonable bounds of resources — time, computational space, etc., they are
replaced by default values), the closed world assumption (only items that are
explicitly mentioned exist) and other non-monotonic schemata of deriving
conclusions, e.g. reasoning by truth in preferred models (the so-called pragmatic
logics [5] in which a statement pragmatically follows from a set of premises, if it is
true in all preferred models of the premises), prompted a renewed interest in the
problems of dealing with inconsistencies.

3. A further step is to combine the assumptions of partiality and contradictoriness.
By this step we arrive at a class of assignments that have values in the set
{L,{1},{0},{1,0}}. In this case the corresponding consequence relation is also
contradiction tolerant. The arising logic with two designated truth values — {0,1] =
Both and {1} = True) is also well-known and has been extensively studied, e.g. by
N. Belnap [6,7], etc. Recently this logic has found numerous applications in
computer science — as a suitable basis for studying the semantics of the
programming languages [16,20].

Truth-value spaces  Along the path indicated by the above lines of criticism of the
classical semantical schema we arrive at the notion of truth value space. The
classical spaces {spaces for classical logic) were in general Boolean algebras with
additional operators representing the intensional connectives occurring in the
language. Early examples of non-classical spaces were the pseudo Boolean
algebras, Post algebras, the unit interval [0,1] in fuzzy logic, etc.

From the very beginning deviations from the classical scheme were justified by
appealing to uncertainty of information (on the basis of which the decision to
declare something true is taken), indefiniteness of data, vagueness (fuzziness) of
notions, i.e. all kinds of imperfections in the available knowledge, or lack of
suitable knowledge due to difficulties in understanding (subjective non-
significance), and even objective non-significance (as for example in Bochvar, cf.
[14], who studied propositions in the foundations of mathematics that destroyed any
theory they appeared in).

The truth—value spaces that were used and are in use at present reflect in their
internal structure different views and assumptions (philosophical, mathematical,
logical, pragmatic, etc.) concerning truth and inference. But there seem to be some
general features common to all known examples of truth spaces: they represent
methods of evaluation of information, i.e., truth values of statements are determined
on the basis of the available information. We can even in general identify them with
the available relevant information (about the state of affairs described, or referred
to by the statement). This information can be characterized in two ways:

truth degree - reflecting the truth content of a statement. No doubt here we
need a theory of truth (e.g., correspondence theory, or any other coherent view on
how information is to be considered true, on the necessity of an external world, etc.)
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but clearly truth degrees generate a partial order among truth values. Moreover it is
rational to assume that the order is a lattice order.

degree of knowledge — reflecting the definiteness of information, or the
completeness of the knowledge about the truth value (this could involve an
estimation how reliable the information is, indications whether we find it plausible,
etc.). Again it is reason-able to assume a lattice ordering.

An obvious way to make the truth value spaces from Example | more “realistic” is
to admit either partial or contradictory models, or both. This has been done by many
(see the historical survey in the Conclusion) and from different viewpoints, e.g.
[1,6,12,13,35,42,47,57,59]. Recently Ginsberg [32,33] promoted a notion of a truth
value space incorporating most the ideas discussed above. His bilartices (algebras
with two complete lattice orders) were intended to combine model theoretic and
computational advantages in treating reasoning with imperfect information: they
could be used either as conventional logical matrices of as in denotational semantics
~ as a background for fixed point calculations (in the latter case truth value
assignments do not presuppose the truth functionality of any logical connective - an
important point for non-monotonic inference).

Another way to account for the uncertainty of knowledge is to consider sets of truth
values, e.g., set of propositions, as representatives of the "temporarily unknown"
truth-value of a statement. We find analogous ideas in fields like fuzzy set theory
and logic [2], probabilistic logic [9, 10,24], Al [49], many-valued logic [26,27], etc.
Here we propose a codification of such uses in the notion of ser expansion of a
given truth value space.

In our paper we treat in the spirit of Rasiowa and Sikorski [46] the mathematics
(part 1) and logic (part 2 — for simplicity of presentation we restrict it to
propositional languages) of two broad classes of truth value spaces: the bilattices
and the set expansions. The many-valued logics determined by different subclasses
of these depend on a number of parameters. One of the goals of the paper is to
present a classification of the corresponding logics.
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Part 1
ALGEBRAIC ASPECTS
1 The general theory of bilattices

The notion of bilattice (and the term itself) was first introduced by Ginsberg [32]. In
general an algebra of the similarity type <2,2,2,2,0,0,0,0)> is called a bilatrice, if the
two pairs of operations A, v and ®, @ define two lattice structures which, together
with the pairs of constants 0,1 and L, T, constitute two bounded lattices with
respective orders St and Sk. Ginsberg in [32], as well as Fitting in [15,16,18]
require the two lattices to be complete, i.e., supX and infX to exist for any subset X
(which implies their boundedness).

We would not in general impose the condition of completeness in this paper, but
results which hold only for such complete bilattices will be specially noted. Since
there are several different definitions of basic notions available, we adhere to the
approach of Fitting and first define the most general case:

Definition 1.1 A pre-bilattice is a structure B = (B’St’sk) where B is a non—-empty

set (of truth—values) and < are partial orders on B each generating on it the

<
t’ 7k
structure of a bounded lattice. The greatest and least elements of B with respect to
Sk are denoted by T, L while the greatest and least elements w.r.t. St are | and 0. A

pre—bilattice is non-degenerate (non-trivial) if all these four elements are different.
The finitary lattice operations corresponding to St are denoted by A, v, the

operations corresponding to Sk — by ® and @©. The respective infinitary operations
are denoted by: A, V | T, and X.

In order to formally reflect the interplay between the truth—degree and the degree of
knowledge we need more restricted classes of pre-bilattice structures. Fitting
considered in [15] the class of interlaced bilattices.

Definition 1.2 A pre-bilattice B is an interlaced bilattice, if A and v are k-
monotone, while ©@ and ® are t-monotone.

The meaning of these requirements is easily deciphered: we insist that e.g. the
conjunction of two better known (or more defined) statements is better known
(more defined) than the original conjunction, etc. or that the truth content of a union
of informations about two statements does not decrease with the increase of
knowledge.

In any interlaced bilattice the four constants 0, 1, L, and T are related as follows:
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0®1=T, 0®1=1,
Tvli=1, TAL=0.

Example 2  The simplest non-degenerate billatice 4 is given in Fig. | (on the
left).

4 T T

df dt

Figure |
The simplest bilattice 4 and the bilattice of default logic D

The bilattice 4 is an interlaced bilattice and moreover it is a sub-bilattice of every
non-trivial bilattice. The bilattice on the right (the bilattice of simple default logic,
cf. [32]) is an example of a useful bilattice which lacks the property of
interlacedness, e.g. the k-operations are not t-monotone since in D: x = 0®1, instead
of L =0®1.

Example3 The possible worlds example continued (Ginsberg [32], but before
him many others, cf. the Conclusion). Here we deal with a generalization of
Example 1 in that valuation functions ¢: WxVar(£)—2 defining models M on a
frame F are replaced with mappings into 4.

Let us first assume valuations to be partial functions into 2. This change leads to
two notions of forcing:

(1) positive

M,w |=A when q)M(w,A) =1, and

(2) negative
M,w=IlA when ¢M(W,A) =0.
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Denoting by IIAHl the set {w:M,wl=A} and by HAIl | the set {w:M,w=IA}, we have

0
for each partial model M an evaluation of formulae A by pairs <|IAIII,IIAIIO>. Note

that total models are characterized by IIAII]= WAL, so for them Al is in fact

0 0
redundant. Not so in the general case where we have only the restriction
HAIIIF\IIAIIO =@ and thus the necessity to formulate separate truth conditions for =,
e.g.:

M,w=| AAB iff M,w=I| A or M,w=| B,
M,w=| AvB iff M,w=| A and M,w=| B,
M,w=I0A iff EIw'(wRiw' and M,w'=| A).

Recalling the trick of viewing partial functions into 2 as total functions into {0,1,1}
we can say that partial models are defined by a special class of mappings into 4,
namely those omitting T.

Now the next generalization step would be to interpret an arbitrary ¢: WXL—4 as
defining a model. Fortunately one possibility is almost obvious:
M,wi=A if 1 Sk ¢M(W,A), ie., if q)M(w,A) =1or ¢M(W,A) =T,

M,w=IA if 0 Sk q)M(w,A), ie., if q)M(w,A) =0or q)M(w,A) =T.

The corresponding pair of subsets of W - <IIA||],|IAII > would be no more a disjoint

0
pair in general, but the requirements for ¢ being a homomorphism determine the
following combination laws for such pairs <U,V>:

<U,V>A<U' V> = <UNU VUV'>;

<U,V>v<U', V> = <U0U, VNV'>;

<U,V>®<U' V> = <UnU" VNV

<U,V>@<U',V'> = <UuU VUV,

The first components carry the positive information (about worlds in which a
statement has to be accepted as true or forced), while the second components codify
negative information (about worlds where the statement has to be accepted as false,
or rejected).

It is not difficult to check that with respect to the above operations the set of all
pairs of subsets of W is a bilattice with constants | = <W,J>, 0 = <@, W>, | =
<@,0> and T = <W,W>, and with partial orders

<U,V>S[<U',V'> if UcU'and V'cV,;

<U,V>< <U' V> if UcU' and VcV'.

“k

We call this bilattice the frame bilattice of F and denote it by B(F) The parallel
drawn in Example 1 can be now extended: generalized models on a possible worlds
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frame F correspond on one hand to mappings into 4, but on the other hand - to
homomorphisms into B(F). Such models are uniquely determined by two forcing
relations I= and =| (these being completely independent from each other).

The pairs constructionThis construction is a further generalization of the above
possible worlds example (cf. again Ginsberg [32]). Consider two bounded lattices

L1=<L],/\,v,0,l> and L2=<L2,/\,V,0,1> - we use the same notation for operations

in both lattices since it will be clear from the context which lattice is referred to.

Definition 1.3 On the Cartesian product leL one can introduce the following

2
operations:
<a,b>A<c,d> = <anc,bvd>;
<a,b>v<c,d> = <ave,bad>;
<a,b>®<c,d> = <ave,bvd>;
<a,b>®<c,d> = <anc,bad>.
Denote the resulting algebra by L1><L2.

Lemma 1.4 L1><L2

<0,0> and T = <1,1> and orders
<a,b>.<_t<c,d> iff a<c and d<b,

is an (interlaced) bilattice with 0 = <0,1>, | = <1,0>, L =

<a,b>sk<c,d> iffa<c and b<d.
Proof: Conditions are easily checked.l
Remarks 1. If both lattices L1 and L2 are complete, then leL2 is a complete

bilattice with infinitary operations defined as follows:

A{<ab>:ae X, be Y} = <infX,supY}, V{<a,b>ae X, be Y} = <supX,infY>,
[T{<a,b>:ae X, be Y} = <infX,infY}, and £ {<a,b>:ae X, be Y} = <supX,supY>.

2. The motivation of this construction is clear from the above
example: the product of the two lattices codifies judgements concerning the status
of a statement — an element <a,b> represents both positive information (by the
component a - a degree of belief in the truth of the statement) and negative
information (with b which represents a degree of belief against the truth of the
statement, or a belief in the falsity of this statement). It is important to mention that
since L1 and L2 can be in general quite different this construction supports the

option that the beliefs for and against can be incommensurable.
3. Note that 4 = 2x2 and B(F) = A(F)XA(F).
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Example4  Besides the above examples, there is another relatively well known
example - [0,1]x[0,1], where [0,1] is the unit interval viewed as a lattice with
respect to the operations corresponding to the usual (linear) ordering of real
numbers - min(a,b) and max(a,b). The bilattice operations are as follows:

<a,b>A<c,d> = <min(a,c),max(b,d)>;

<a,b>v<c,d> = <max(a,c),min(b,d)>;

<a,b>®<c,d> = <max(a,c),max(b,d)>;

<a,b>®<c,d> = <min(a,c),min(b,d)>.
Elements of {0,1]x[0,1] generalize real numbers as degrees of membership to fuzzy
sets (cf. [1,2,3]). Again the first component gives a (positive) degree of
membership, while the second number measures a degree of (belief in) non-
membership. '

Since in the present paper the emphasis is on bilattices as logical matrices defining
some logics and since in the majority of cases such logics are distributive we
concentrate mainly on distributive bilattices.

Definition 1.5 A pre-bilattice B is called a distributive bilattice if all 12 possible
distributive laws (involving A, v, @ and ®) hold.

Of course, the distributivity of a bilattice is a much stronger property than the mere
distributivity of the two underlying lattices since it involves also their interaction.
Thus distributivity is a consequence of specific hypotheses about the combinations
of pieces of information contributing to the truth values, implying in particular that
it is always possible to decompose contributions of the involved data according to
the structure of the statement. In the bilattice D shown on Fig. 1 such a
decomposition is impossible.

Fact 1.6 (cf. [15]) If B is distributive, then it is interlaced.

Proof: In order to check, e.g., the monotonicity of A with respect to < we proceed

“k
as follows: assume xskx' and ysky’ (i.e., x®x' = x' and y®y' = y"), then x'Ay' =
(X®xA(YDy') = (xAY)B(xAYYD(x'AyYP(yAy), therefore xAy<, x'Ay'". In the rest of

“k
the cases we argue similarly. I§

Lemma 1.7 IfL ] and L are two distributive lattices, then B = L IXLO is a

0
distributive bilattice.

The easy proof is left to the reader.

For distributive bilattices there is a nice representation theorem asserting the
converse of the above lemma:
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Theorem 1.8 (cf. Ginsberg {321)If B is a distributive bilattice, then there exist two

bounded distributive lattices LI and L0 such that LIXLO =B.

The proof is of some interest with the notions introduced in its course, so we give it
in full.

Definition 1.9 Let B be a pre-bilattice. For xe B set
(x)0 =xAl,
(x)1 = xvl,

Facts 1.10  [n an interlaced bilattice B:
1. the operations (x) 0 and (x) jare monotone;

2.0 Sr (x)O St_Land_LSk (x)o Sk 0;
i St (x)l Stl and L Sk (x)l Sk 1.

Lemma 1.11 In a distributive bilattice B the following hold:
1. (x)o@(x)l = x(x)0®(x)1 =1

2. (xAp) g = () gAY (xAY) = (x) A(Y)
(xvy)y = () M3 (xvy) = () MY)
(x@y) = (X)) &) (xDy) | = (x) &),
(x®) = (), &y)((x®) | = () &),

Proof: 1. (x)O69(x)l = (xAL)®(xvlL) = (XAL)®X)V((xALYDL) =

= (xXDALEX)V(XAL) = (xAX)V(XAL) = xV(XAL) = x.
(x)0®(x)I = (xAL)®(xvl) = (xAL)®x)v({{(xaL)®L) =

= (X@x)A(L®X))vL = (xal)vl =1,
2. We check only a few samples, e.g.: (xéBy)O = (x®y)al = (xaL)D(yal) =

= (X)O@(y)O or (xvy)l = (xvy)vl = (xvL)v(yvl) = (X)I\/(y)I A

Lemma 1.12 [n a distributive bilattice B, for all x and y:
ly St (x)O implies (x)O Sk y;

2. (x)l Sty implies (x)l Sky.
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Proof: 1. Assume y St (x)O, ie.y St xal, which implies y S[ x and consequently
xAy=y. Consider (x)0®y = (xAL)®y = (X@y)A(LBy) = (x®By)Ay = (xAy)@y = y®y
=y, thatis (x)O Sk y.

The same for (2).1R

Lemma 1.13 (x@y)0=(x)0/\(y)0(x@y)1=(x)] V()’)]
(X®y)0=(x)0\/(y)0(x®y)]=(x)IA(y),

Proof: Note that (x)OA(y)O Sl (x)0 and by the previous lemma (x)O Sk (x)o/\(y)o,
analogously (y)0 Sk (x)OA(y)O, SO (x)O@(y)O Sk (x)OA(y)O.

On the other hand (x)O Sk (X)OGB(y)O and (y)0 Sk (x)0®(y)0, so by the
monotonicity of A one has (x)o/\(y)O Sk (x)0®(y)0. Thus we get the equality we

need.
Similar arguments work for the rest of the cases. B

Remark Note that (x)O =[I{y:y St x} and (x)1: IT{y:x S‘ y}, if the bilattice
is complete and completely distributive. Thus (x)0 represents the essential negative

information encoded in x, while (x)l represents the positive content of x.

To continue the proof of the representation theorem we define two lattices L1 and
L0 and establish that B is isomorphic to LIXLO'
Let L1=<L],A1,vl,01,l ]>, where

LI={(x)I: xeB}:{x:x:(x)l}

A is A restricted to L]

v1 is v restricted to L]
O] =1

1. =1.

Now, by Lemma 1.11 this definition is correct, L. is indeed a bounded distributive

1

lattice, and its partial order < coincides with St restricted to Ll.
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Let, in the same spirit, L0 = <L0,A0,v0,00,10>, where
L0={(x)0:xe B}={x:x=(x)0}
"o is Vv restricted to LO

v, is A restricted to L
0 0

00=.L

10=0.

In the latter case note the reversal of the partial order and hence the interchange of
the corresponding operations.

Consider now L_xL_. Define amap f : B——)leL by

10
f(x) = <(x)1,(x)0>.

0

Lemma 1.14 The map f is an isomorphism between B and L IXL 0
Proof: Let us first check that f is a homomorphism.

() = <(1) (1)p> = <IVLIAL> =<l L>=<I 0> =l inL

o 1
f(0) = <(O)l’(0)0> =<0vl,0Al>=<1,0>= <01’10> =0in leL
f(L) = <(J_)l,(J.)O> =<lvl IAal>=<l I>= <0l ,00> =lin leLo;

f(Mm = <(T)l’(T)0> =<TvlTAal>=<1,0>=<lI ‘,10> =Tin L1><L0;

f(xAY) = <RAY) [ (xAY)g> = <00 A | (X)A(Y)g> =

><L0;

0§

= <(x)1/\1(y)],(x)ov0(y)0> = <(x)],(x)0>/\<(y)I ,(y)0> = f(x)Af(y);
f(xvy) = <(xvy)l,(xvy)0> = <(x)1v(y)l,(x)0v(y)0> =

= <00,V 9 (R gAg g = <O RG>V ) > = VLY
f(x®y) = <(x®y) | .(x®y) > = <(%), &) ,(x)BY)g> =

= <(x)lv(y)l,(x)0/\y)0> = <(x)1vl(y)|,(x)0v0(y)0> =

= <(0), (0 PO y)g> = [OSI(Y);
f(x®y) = <(x®y)l,(x®y)0> = <(x)l®(y)l,(x)0®(y)0> =

= <00 AW) [ (OV) > = <00 A (9.0 W)™ =

= <(X) () PB<) | (Y)g> = ((X)BF(y).
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The map f is a bijection: f(x) = f(y) implies that (X)I: (y)l and (x)0= (y)o;
therefore, by the above lemma, x = (x)l@(x)0 = (y)] @(y)O =y. On the other hand f
is a surjective mapping, since <x,y> is the value of f at x®y. R

A theory of homomorphismsLet us concentrate for a moment on homomorphisms
of bilattices. In this sub-section we shall be concerned exclusively with distributive

bilattices, so the term bilattice will mean a distributive bilattice, if it is not explicitly
stated otherwise.

If f: B—4 is a homomorphism, it generates four sets which are the pre-images of
the four elements of 4 under f:

-1 -1
Bl =f (l),BO-—f 0y;

Br=r (B, =f ().
These are pairwise disjoint and their union is B. Define XI = BIUBT and XO =
BOUBT. Clearly given the two sets X] and X2 one can reconstruct the four pre-
images:

Bl =X \XO,BO—XO\X

BT = XImXO,B_L =B\ (XIUXO);
Definition 1.15 Let B be a bilattice. A non-empty subset F of B is called a bi-

filter, if the following conditions are met:
F1. F is upward closed with respect to St, i.e., if xeF and x< Y then yeF;

F2. F is upward closed with respect to Sk,l .e., if xeF and xSky, then yeF;
F3. xayeF iff xeF and ye F;F4. x®yeF iff xeF and yeF.
A bi-filter is proper, if it is different from the whole B.

Definition 1.16 A bi-filter is prime, if it is proper and has the properties:FS5.
xvyeF iff xe F or ye F;F6. x®yeF iff xeF or ye F.

Now, it is easy to check that Xl is a prime bi-filter for any homomorphism into 4.

As for the situation with X0 - it is captured by the next definition.

Definition 1.17 A non-empty subset I of B is called a bi-ideal if the following
hold:
I1. Iis downward closed with respect to St’ i.e., if xel and yStx. then yel;

12. I is upward closed with respect to < ,i.e., if xel and x_ky, then yeI;

k’
13. xvyeliff xel and yel;
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I4. x®yel iff xel and yel
Again we have the notion of a prime bi-ideal - a proper bi-ideal with the additional
properties:

I5. xayeliff xelor yel;

16. x®yel iff xel or yel.

For any homomorphism f:B—4, the corresponding X | is a prime bi-ideal (easily

0
checked). Let us note also the following obvious facts:
1. If F is a proper bi-filter, then 1,Te F but 0,1 do not;
2. If I is a proper bi-ideal, then 0,TeI but 1,L do not.

Lemma 1.18 Ler X , XO be a prime bi-filter and a prime bi-ideal in B respectively.

1
Such a pair determines a homomorphism f: B— 4 such that F = Xl i =X0 .

Proof: First we define in the way shown above four subsets of the bilattice: B,, B,

1'70

, and BL — they form a partition of B. Then we set for an xe B:
f(x) =1, if xeBi (i=0,1,T,1L).

To show that f respects the operations is a quite straightforward (but tedious) task —
one has to check a lot of cases, e.g., f(1) = L: since L belongs neither to Xl nor to

Br

XO’ it is a member of BJ_. Let us consider one more case in detail:

f(xvy) = f(x) v f(y). (*)

If f(xvy) = L, then xvye B and neither x nor y can be in X] (because so would be

1
xvy), or both be in XO (then so would be xvy); thus we have either xeB_ and

0
yeB  orye BO and xe B, . In both cases (*) holds.

1 L

If f(xvy) = 1, i.e., when xvye B, then x or y belong to Xl’ but it is not the case that

1

so if one of them is in BT the other has to be in B, or if

they both belong to X 1

0»

one is in Bl’ the other can be in B, or in B, etc. In all cases (*) holds.

L 0

In the same way one checks the remaining two possibilities for f(xvy). Other cases
are treated similarly. m

Lemma 1.19 Let X be a non-empty subset of B. [X]f= {x: x

and XA AX St y .<_k x)} is he smallest bi-filter containing X. In case X has the

following multiplicative property:
Vx],..,,x”eX (xIA...Axn #0and x]®... ®xn #1),
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X ]f is a proper bi-filter:

: i = : < <
Proof:  Note first that [X]f {x: le,...,xn, y(xl,...,xneX and xl®...®xn = y <
x)}. Indeed, if X A X St y Sk x, then y®x = x and also (x ] A..../\xn)@x St y®x =
X, thus (xl/\....Axn)@x St x. On the other hand (xl®...®xn) Sk (x l/\.../\xn), SO

< < T <
(x]®...®xn) <k (X]/\.../\Xn)@x S X In the opposite direction: if Xl®'"®xn S Y S[

X, then yvx = x and also (xl®...®xn)vx Sk yvX = X. On the other hand X AAR St
< <

x]®...®xn, thus xl/\.../\xn ) (xl®...®xn)vx S

Having the above alternative description, to check F1 - F4 is fairly easy, e.g., [X]f is

clearly closed upward with respect to both orders, it has property F3 since
< < 1 T l< M M 1 A}
xl®...<8>xn SYS % and X ®...®xm S Y < z implies (x]®...®xn)/\(xl ®...®xm)

< < ' N < 1 n.
yAY < XAz, but (xl®...®xn®x ®‘..®xm) S (x]® ®xn)/\(xl ®...®xm),

"k 1
property F4 concerning ® is treated similarly.

Thus [X]f is a bi-filter that contains X, moreover the multiplicativity property of X
implies that [X] f is proper since obviously then 0¢ [X] £ If a bi-filter F contains X,

then it must include also all finite conjunction and meets of elements of X and then
by the upward closure it must contain X. Therefore [X]f is the minimal bi-filter

extending X.

Lemma 1.20 If for an element x and a subset X of a bilattice B xg [X] ., then there

f

exists a prime bi-filter F such that [X]fg F and xgF.

Proof: The proof is standard: consider the family of proper bi-filters G extending
[X]f and such that x¢ G, it possesses the Zorn property, i.e. each chain of elements

is majorized by an element of the family (the union of that chain is a suitable
majorant), so there are maximal elements. Let F be one of them. F is prime: if
yvzeF, then either y or z belong to F, otherwise we would have xe [Fu{y}]f and
i < vy < < 72 < .

X€E [Fu{z}]f, ie. x1®y S Y S x and x2®z SRS for some XXy from F;
<

combining these inequalities we would get (x]®y)v(x2®z) Sk y'vz' x, and

t
consequently (x]vx2)®(yvx2)®(xlvz)®(yvz) Sk y'vz' Sl X, but the former meet

being a member of F, we would finally have xe F - contrary to the assumption. The
case of @ is similar. ®
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As an important corollary we obtain the existence of homomorphisms into 4 which
map some prescribed subsets of B into {1,T} while for a given element their value
is outside that set.

The existence of bi-ideals [X]i extending subsets of B and omitting certain elements
can be established in the same way.

Theorem 1.21 (representation theorem for distributive bilattices) Any distributive
bilattice B is embeddable in a product of frame lattices.

Proof: Let W1 be the set of all prime bi-filters in B, W, - the set of all prime bi-

0
ideals. Consider the lattices Fl+= <P(W1),m, u,@,W]> and F
W0>. Define for xe B:

le1 = {F: F is a bi-filter and xe F};

+_
0 - <P(W0)$mv U,@,

le0 = {I: I is a bi-ideal and xe F}.

Our claim is that the mapping f which assigns to x the pair <lx|1, IxI0> is a

monomorphism into FI+XF0+. This follows from a series of identities:

I)(/\yl1 = lelhlyl1 IXAyIO = leoulyl0

Ixvyl = Ixl luIyIl vaylo = leomlylo

1
Ix(Z)yll = lelmlyll Ix®y|O = lxIOmlyIO,

Ix@yll = Ixi ulyll|x®yl = ix| ;Ulyl

1 0 o770
which are corollaries of the properties of prime bi-filters and bi-ideals. B

Remarks 1. Now that we have two set-theoretical representations - one
as in the above theorem, the other obtained by applying Theorem 1.8 and then the
Stone representation theorem to the two lattices in the product - a question arises as
to their relations. It turns out that the two approaches are exactly equivalent: the

lattices Ll and L0 from Theorem 1.8 and the two projections of the image of the

monomorphism from Theorem 1.21 are isomorphic.

2. Below we’ll need sometimes another representation of the
pre-images of a homomorphism f:B—4. Putting Y1 = B1UBJ_ and YI = BIUBL’
we have BT = YleO; BO = YO\Yl; B] = YI \Y ;B =B\ (YIUYO)' Yl can

be called dual prime bi-filter and Y

0

0~ a dual prime bi-ideal, where the two new

dual notions have a common feature — they apply to downward closed with respect
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to Sk sets, otherwise a dual bi-filter has the properties Fl and F3, it satisfies a ®-
version of F3, i.e, x®@yeD iff xeD and yeD, and the prime dual bi-filters
additionally satisfy: xvyeD iff xeD or yeD, x®yeD iff xeD or yeD. The
properties of dual bi-ideals similarly correspond to those of bi-ideals: they satisty I1
and I3, they have a ®@-version of I3, while the prime bi-ideals also xAyeJ iff xeJ or
yel, x®ye] iff xeJ or yeJ. Thus the theory of the dual notions turns out to be
naturally dual to the theory of bi-filters and bi-ideals, leading in particular to a
corollary concerning the possibility to homomorphically map a given subset of B
into DO = {1, 1} of 4, while mapping another element outside DO' Finally let us

remark that the complement of a prime bi-filter is a prime dual bi-ideal and vice
versa. The same relation holds between prime bi-ideals and dual prime bi-filters.

2 Negation, conflation and other operations in a bilattice

Besides the basic bilattice operations as a rule the truth value spaces actually in use
contain additional operations — some of them are in fact indispensable, if one is to
apply these spaces to problems of inference.

Negation We start with the introduction of an operation which is
usually present in a useful truth value space. In fact Ginsberg [32] included the
existence of negation into the definition of bilattice.

Definition 2.1 We say that the unary operation - in a bilattice B is a weak negation,
if the following holds:
1. x St y implies -y St -X
< i jes x <. -
2.x Y implies —x SV

A bilattice has a pseudo negation, if in addition to the above two conditions a third
one is satisfied:

3.x S[ Sox.,
Fact 2.2 If = is a pseudo negation in a bilatice B, then:
-1=0 -0=1;
ALl=L-T=T
Remark The following examples of negation like-operations in [0,1]x[0,1]:

o <a,b>= <eb,ua>, which are weak negations for all p,* such that 0 < p, < 1, but

a pseudo-negation only for p =1, = 1, and for which =  <1,0> = <Q,p> * <0,1>,

show that conditions (1) and (2) do not suffice for the above facts.

Definition 2.3 A bilattice has a negation, if (3) is strengthened to:
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4, - x=x.

Fact 2.4 In a bilattice with negation = the de Mogran laws hold:
5. o(xAy) = x vy
6. ~(xvy) = x Ay
and - distributes over k—operations:
7. 2(x®y) = ~xBy
8 ~(x&y) = ~x®-y.

In the case of complete bilattices the above identities have infinitary counterparts:

5. 2AX = VX (where X = {~x:xeX]))

6 - VX=A-X
7'. -ﬂZX = ZHX
8" -JIX = [I-X.

Example 5 An important class of bilattices with negation is formed by the
bilattices of the kind LXL (for any bounded lattice L), where = is defined as
follows:

—<a,b> = <b,a>.
It can be easily checked that the operation - just defined is indeed a negation. Note
that L need not necessarily have a negation itself, but it is possible to introduce a
negation in its square due to the horizontal symmetry of LxL.

Remark The equations of 2.2 show that in 4 - is not only a pseudo negation,
but a "real" de Morgan one. In a generalized possible worlds models the truth

conditions for - are:
M,wl= —-A iff M,w=l A;
M,w=| A iff M,wil= A.

Again, for distributive bilattices with a negation a nice converse of the above holds
- one can prove the following representation theorem:

Theorem 2.5 If B is a distributive bilattice with negation, then B = LxL for a dis-
tributive lattice L.

Proof: We need only to supplement the proof of Theorem 1.8 with an argument
dealing with negation. Observe first that :
-1(x)0 = (xAl) = xv-L=-xvl = (—|x)1

ﬂ(x)l = o(xvl) = " xA Ll =xAl = (—\x)O

Thus -~ maps L, into Ll and vice versa. Moreover the following holds:

0


Julio
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Lemma 2.6 - is an isomorphism of L 0 and L I

Proof. Check using de Morgan laws. B

Now take an isomorphic copy of L, — L and consider a map f defined as in the

0
proof of Theorem 1.8 but with values in L (by identifying elements of LO and L1

with their counterparts in L). This f is an isomorphism of B and LxL with respect to
the negation, too: if f(x) = <a,b>, then f(-x) = <(—-x)l,(—|x)0> = <—-(x)0,-‘(x)l> =

<b,a> = -<a,b> = ~f(x). R

So the presence of a negation in a distributive bilattice B indicates a vertical
symmetry in B which allows its representation as a square of some lattice and even
as a sub-bilattice of a frame bilatice (as mentioned e.g. in Ginsberg's [32]). The
same result can be obtained by applying the theory of homomorphisms to bilattices
with negation, where the crucial observation is that for a bi-filter F the set -F =
{-x:xe F} is a bi-ideal and vice versa.

Conflation  Fitting considered in [15] an operation, which seems to have
appeared initially in Visser [60] inspired by his approach to the truth-values gaps
and gluts theory of Kripke and others (cf. [37,60]). It relates to a possible vertical
symmetry of a billatice just as the negation is associated with horizontal symmetry.
In [19] Fitting used a term convolution for the operation, but we stick to the original
name.

Definition 2.7 A mapping — of a bilattice B into itself is called a conflation, if:
1.x St y implies — x St—y;
< yimplies -y < - x:
2.x Y implies ~ y S %
3.——x=x

Example 6 Bilattices of the kind LxL (for a lattice L having a negation ~),
where — is defined as follows:

—<a,b> = <~b,~a>.
provide the most important class of examples. Note that in such bilattices - and -
commute:

—=1<ab>=-<b,a>=<~a,~b> = <~b,~a> =~ -<ab>.

Fact 2.8 In a bilattice B with conflation:
-1=1 -0=0,
~-1=T, ~-T=1
The operation — is a dual counterpart of - with respect to < and <, as the

“k 1
following identities show:
4.— (XAY)=—-XA-Y
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5.-(xvy)=-xv-y
6.-(xBy)=-x® -y
7.-(x®y)=-x® -y

When B is complete we have:

4'. -AX = A-X (where -X = {-x:xe X})
5.-VX=V-X

6. -2 X =-[IX

7. -TIX = £-X.

Theorem 2.9 (Fitting).If B is a distributive bilattice with a negation and a
conflation that commute, then B =LXL for a distributive lattice L with a negation
(a de Morgan lattice).

Proof: Since B has a negation, Ll and L0 are isomorphic (and give us the required

L). We need an operation ~ in L to play the role of a negation. To this end we

define for an element aecL (a can be taken to belong to L1 without loss of

generality):
~a=(- ﬂa)] .

We claim that ~ is a negation in L, i.e. a < b implies ~b < ~a and ~~a = a. Indeed the
anti-monotonicity w.r.t. < is clear and the double negation law follows from the fact
that - and ~ commute. l

In bilattices with conflation two notions become available which also figure most
prominently in applications:

Definition 2.10  Let B be a bilattice with conflation.
1. An element xe B is a consistent truth value, if x Sk — X
2. xeB is exact , if x =—x.

The meaning of these definitions becomes clearer when we consider our favorite
examples. Let us note first that in bilattices of the kind LxL <a,b> is consistent iff a
<~b and an exact value has the form <a,~a>. In the possible worlds models truth
conditions for — look as follows:

Mwl=-A iff M,w#l A;

M,w =l - A iff M,wizA.
Thus an element <U,V> of B(F) is consistent, if UNV = &, i.e., when there are no
worlds to simultaneously force and reject the given formula; <U,V> is exact if U =
W\ 'V, ie., the formula is (classically) forced exactly when it is not rejected. In
[0,1]x[0,1] conflation is defined by — <a,b> = <l-b,1-a>, so <a,b> is consistent if
a+b<lI, and <a,b> is exact, if a = 1-b.
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The existence of conflation is not necessary for the notion of a consistent truth value
to make sense in a bilattice: in LxL, where L is a pseudo Boolean algebra, an
element <a,b> with aab = 0 can reasonably be called consistent, although <a,~a>
lacks some of the properties of the exact values (due to the fact that ~ is only a
pseudo negation).

Let us remark also that the familiar consistency condition xA—x = 0 is rather strong
in the bilattice setting. It entails not merely consistency in the above sense but also
the fact that x is an exact value of a special kind: x = <a,b> with aab =0 and avb =
1. Only in Boolean algebras is this condition equivalent to exactness of x.

The proofs of the following two lemmata are omitted since they are relatively
straightforward and moreover can be found in Fitting [15].

Lemma 2.11 [n a bilattice with conflation:

a) 0, 1 and L are consistent, T is not consistent;

b) the set of consistent values is closed under A, v, and & (and their
infinitary counterparts in the case of a complete bilattice), but not under &;

c) the sum of a k—directed family of consistent values is also
consistent (k—directed means that any two members are majorized in < " by a
member of the family).

d) if f is a k—-monotone operation which commutes with —, then the set
of consistent values is closed under f.

Lemma 2.12 [In a bilattice with conflation:

a) 0, I are exact, L, T are not;

b) the set of exact values is closed under A, v (and their infinitary
counterparts when the bilattice is complete), but not under @ or &;

c) all exact elements are consistent,

d) for any operation f which commutes with conflation the set of

exact values is closed under f.

Now it should be clear that bilattices with the two unary operations —~ and - possess
two way symmetry — horizontal and vertical - allowing their representation as sub-
bilattices of possible world bilattices. In set based bilattices, which stem from
Kripke models for languages with modalities [J, ¢ and possibly other intensional
connectives, there would be more bilattice operations - as a rule they are k-
monotone and commute with conflation.

External modalities Closely related to the notion of an exact truth value are the
following two operations that can be defined in the presence of conflation. We call
them modalities following a tradition in many-valued logic (cf. [27,54,56]).

Definition 2.13 In a bilattice with conflation define:
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Wx = (x), A — ()
X = (x)o V- (x)O.

Note that these two can be expressed equivalently as:
Wx = (xvL)A(- xvT);
*x = (XAL)V(= xAT).

Fact 2.14 In a bilattice with land ¢

H=e/=1
B=1¢0=0
HT=1 T=0
ML =0 ¢L=1

Lemma2.15 /. — Bk =Bk, — ¢x = ¢x;
2. HEc= o - R
sox=Mex= ox;
3. Exry) = B By ¢(xny) = exA ey
Bxvy) = Evily ¢(xvy)= exvey
Bx®y) = B By ¢(x®y) = exvey
BxPy) = Ecvily ¢(xDy) = ¢xn ey

If the billatice is with a negation commuting with —, then
4. -l = ¢-x

Proof: Easy check. For example (1) is established by observing that
—Bx = - (xVDA(xVT) = (- xvTDA(=—xvLl)=Hx, etc. B

Lemma 2.16 1. Mand ¢ are t—-monotone operations, but not k-monotone;
2. for consistent truth values x, St *x;

3. exact truth values can be characterized by the condition
B = x (or, equivalently, ¢x = x);
4. in a distributive bilattice
x = (EAT)V(exAL),
—x=(EkAL)A oxAT).

Proof: We check only the first identity of (4): replacing in the right-hand side Hx
and ¢ x with their equivalent expressions from Definition 2.13 we get
((xv A= xVDAT) v ((xAL) v (-xAT)AL) =
= (xVLDATIVIXALIV(=XAD)) = (XAT)IVOV(XAL)VO = xA(TvL) = x.
]

Remarks 1. Note that in bilattices of the kind LxL (where L is a de Morgan
lattice) the operations have the following outlook:
M<a,b>=<a,~a>
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#<a,b>=<~b,b>.
Accordingly, in a possible worlds model the truth conditions for BA and # A take
the form:

Mw = BA iffMw |= A;

M,w = ¢ A iffM,w 2l A;

M,w = BA iffM,w |z A;

Mw =! ¢ A iffM,w =l A,
In [0,1]x[0,1]: M<a,b> = <a, 1-a>, ¢<a,b>=<l1-b,b>.

2. Using the representations lx = (xVL)A(- xvT) and &x =
(xAL)v(~ xAT) one can show that if F is a bi-filter, xe F iff @xeF; if D is a dual bi-
filter, xe D iff exeD.
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3 Set expansions of lattices of truth values

Let L be a bounded lattice L = <L, A, v, 0, 1>. Elements of L represent truth values,
e.g., they can be elements of an abstract logical matrix, or sets of possible worlds,
etc. We assume also any number of additional finitary operations o(xl, xn). For

example, we could have unary operations like negation (in the case of de Morgan
lattices and Boolean algebras), modalities, or a binary operation of implication
when we consider Heyting algebras, etc.

The basic idea explored in this section is to view subsets X, Y, Z, ... of L as new,
"expanded” truth values. A set X could be said to embody the knowledge an
observer has about the "real” truth value of a statement A, so liAlle X, where IIAll is
the "real" truth value. Consequently, it can be envisioned as an infinitary disjunction

V{JIAll = x:xe X} (cf. the Conclusion for a discussion). In this section we develop
the algebraic aspects of such an approach.

Internal operations Set expansions of lattices will be introduced step-by-step. As
a first step we define a class of operations which are expanded counterparts of the

operations in the basic algebra.

Definition 3.1 The set expansion L€t of L = <L, A,v, 0, l,{oi}ie © is an algebra

based on the set of all subsets of L — (L) and having the following internal
operations:
oX

“Xp) = {o(xl, s xn):xkeX k=1,...,n}.

-
where o(xl, ey xn) is an operation of L, e.g.:

XAY = {xay:xeX,ye Y}
XvY = {xvy:xeX,ye Y}
= {1}
0={0}.
and if, say, the lattice L has a negation ~ or a modality then
~X = {~x:xe X}
X={ xxxeX}
The set expansion contains another pair of remarkable elements:
T=0,1=L.

These are called external constants of L€t in contrast to the internal constants 0, 1.

ky

Remark The internal expansions of the lattice operations reflect a certain
view on the interaction of information about the truth values of components of

compound sentences, namely on how the structure of the compound formula guides
us as to the set of possibilities for its “real” truth value. Put briefly: individual
possible truth values interact completely independently from each other (cf. also the
Conclusion).
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Below we list several elementary properties of the introduced operations.

Proposition 3.2 1. XAY = YAX, XvY=VYvX;
2. XA(YAZ) = (XAY)AZ,
XIUYVZ) = (XVY)VZ;
3 XAl =X, X\0=X.
In the case when L is a say a de Morgan lattice we would have also:

4. ~~X =X,
~(XAY) = ~Xv~Y,
~(XvY) = ~XA~Y,

elc.

Proof: The proof is easy: investigate the form of a typical element of the left-hand
side and show that it can be transformed into an element of the right-hand side and
vica versa. B

Unfortunately not all identities concerning internal operations and valid in L are

preserved in Lset’ most notably the lattice laws of of idempotence, absorption and
(if L happens to be distributive) distributivity. Let us look into this problem more
closely. We start with a partial list of identities that are not in general preserved in
the set expansion of a lattice L.

Proposition 3.3 XA0=0, XvI =1do not hold in the set expansion of 2, while
identities like XAX = X, XvX = X, XA(XVY) = X, XVXAY) = X, XA(YVZ) =
(XAYIMXAZ), XAYAZ)=(XVYIANXVZ), etc., can all be refuted in the set expansion
of the four element Boolean algebra.

Such observations lead to a question natural from the algebraic prospective: which
identities in the above operations are preserved under set expansion?

In order to formulate a partial answer we need some definitions and basic facts.
Consider internal terms s, t,..., i.e.,, terms built from variables Vir Vo and
symbols of internal operations and constants. Such terms can be evaluated both in
the lattice L and the expansion Lset' If an evaluation function v assigns to v, an
element Xi of (L) we write the value of a term s(v],v
S(XI’XZ"' |

understood in the same spirit. Note that for the value of an internal term
(X1, Xp), if Xi =T, then s = T, and vica versa - if all Xi T, thens e+ T. The

,....¥ ) under v as
2 n)

.,Xn). An expression like s(al,...,an), where a ,...,aneL. should be

variables occurring in a term t form a set Var(t). Call a term lean, if all its variables
have single occurrences.
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Let now K be a class of lattices. An equation s = t is a K-identity if it is valid in all

members of K. A characterization of all K> et identities in terms of K-identities can
be obtained for certain classes of lattices. Clearly a KS€t_identity is also a K-
identity: any valuation v for a lattice L is transformed into a valuation v * for LSet
by putting v *X) = {v(x)}, i.e. taking the corresponding singletons. This
construction has the following property:
%
v (s)=(v(s)}.
Thus any refuted in K equation is refuted also in KS€t: v (s) v (1) = v *(s) ov *(0).

Definition 3.4 An identity s = t is K-lean if there exist a substitution ¢ and an

equation u = v such that s = uS, t = vO, u = v is a K-identity and both u and v are
lean. An identity s = t is balanced, if Var(s) = Var(t).

Definition 3.5 1. An inequality s # t is satisfiable in a class K of lattices if
there is a lattice Le K and a valuation v into L such that v(s) # v(t).
2. A family of inequalities {si # ti}iEI is simultaneously

satisfiable in K if there exist a lattice Le K and a valuation v into L such that V(Si) #

v(ti), for all iel.

Theorem 3.6 Let K be a class of lattices such that any finite family of
satisfiable in K inequalities is simultaneously satisfiable in K. Then the following
two conditions are equivalent:

1. s=t is a KS€ identity;

2. s=t is balanced and K—lean.

Proof: Let s = t be a balanced and K-lean identity. Note that, due to the fact that s
=t is balanced, when evaluated in an expansion LSet s and t get values T in exactly

. . . . . N set . .
the same instances. Thus in order to check if s = t is an identity in L™, it is
sufficient to consider only valuations which do not have T in their range.

With the above restriction we have the following representation of the values of
terms, when SI(VI’“"Vn) and tl(vl,...,vn) are lean:

sl(Xl""’ Xn) = {sl(al,...,an):aieXi},
tl(Xl,..., Xn) = {tl(al,...,an):aie Xi}'

Let now S| = t1 be that K-identity of which s = t is a substitutional instance. Since

s, =t is an identity in L, the above two sets are equal, so s, and tl get the same

1 1
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.o set o .
values in L™, but then as substitutional instances s and t also get the same values.

Thus s = tis indeed a Kset-identity.

In the opposite direction we reason by contraposition: if s = t is either not K-lean or
.o et . . - .
not balanced, then it is not a K -identity. It is immediately clear that a non-

balanced equation cannot be an identity in Lset. Thus we are left with the case of s

= t being not K-lean, which means that any 8y = 4 which is lean and of which s = t

is a substitutional instance, is not a K-identity, i.e. s] # tl is satisfiable in K. In

particular, if we consider the term s obtained from S(Vl""’vk) by assigning to

consecutive occurrences of a variable v, different new variables VipVipr o Vime Ve
1

get a family of satisfiable in K inequalities:
* ke gk
{s (v1 1,...,vkmk) #t*: t* e T)

Here T is the family of all lean terms t* obtained from t by the procedure of
replacing different occurrences of a variable v, by different variables vij in all

possible combinations. Clearly T is finite and the above family of inequalities has to
be simultaneously satisfiable in K, so in some lattice Le K we have for some
elements a..:

y

* *
S (a”,...,akm) #t (..,aij,...).

Let Xl = {a1 l,...,alml }s oo Xi = {ail""’aimi}’ etc. The claim S(XI""’Xk) # t(Xl,

. *
...,Xk) follows from the observation that s (a]],...,akm)es(Xl,...,Xk), but

*
s (a1 1,...,akmk)es t(Xl,...,Xk). ™

Remarks 1. The property from Definition 3.5 is possessed by a variety of
classes of lattices, e.g., any class of Boolean algebras containing arbitrary large
finite Boolean algebras or some infinite ones, any class of pseudo Boolean algebras
with the same restrictions, etc.

2. A useful counterexample to a more liberal formulation of the
above theorem is the class of all linear orders Lin, for which, e.g., XAX = X and
XvX = X are LinS€t- identities (since in a linear order anb and avb equal either a
or b).

External operations Since the set expansion of a lattice is built up from sets of
elements, it is only natural to introduce also the set—theoretical operations:

X®Y = XnY,

X®Y = Xuy,
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their infinitary versions X, and [T, as well as the relation
XSkY iff XY,

In Lset it is also possible to consider the complement of a set X:
X =L\X.

With such additional operations (called external to contrast them with the previous
class of operations) set expansions turn into truth value spaces similar to bilattices:
Sk represents ordering by degree of knowledge (the smaller the set, the more we

know about the "real" truth value), ® and ® give us different combinations of
information about this possible truth value — "accept anything" joining of the
information in @, and "consensus" reduction to the information common to both
sets in ®,

The analogy is not perfect though, as will be seen below. Note that the constant T
represents a kind of non-significance value capable of destroying any internal
statement (thus the information leading to T is not simply contradictory, but rather
senseless).

Proposition 3.5 The internal operations are k-monotone, e.g.:
XSkX’, YSkY’ imply XvYSkX’vY', etc.
Proposition 3.6 With respect to the introduced external operations Lset isa

co-atomic, complete and completely distributive Boolean algebra (the algebra of all
subsets of L with inverse inclusion) with least element L and greatest element T. In
particular the following laws hold:

(Z{Xl.: iel))®Y = Z{Xl.®Y: ielf,

(IT{X;: iel))@Y = [I{X &Y i€l).

elc.
Let us examine some of the relations between external and internal operations.

Proposition 3.7 The following hold only as inequalities with respect to the k-
order:

XAX _<.k X, XvX Sk X,

XA(XVY) Sk X, XV(XAY) Sk X,

(XAY)V(XAZ) Sk XA(YVZ), (XVvY)ANXVZ) Sk XYAZ)etc.

Lemma 3.8 /n the set expansion of any bounded lattice we have:
XANYEZ) = (XAY)(XAZ), XUY®Z) = (XvY)XVZ),
and in general for any lean internal term s(...,X,...):
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S(..YEZ,...) =5(...Y..)8s(....Z,...);
with an infinitary version: s(...,H{Xl..' iel},...) = H{s(...,Xi,...).‘ iel).

As for @ — we can claim only that (XvY)@(XvZ)Ska(YG)Z), (XAY)YD(XAZ)
SkXA(Y®Z), s(...,Y,...)®s(...,Z,...)Sks(...,Y®Z,...). For example the triple X = 1, Y=

0, Z = 1 shows the failure of an inequality opposite to the first one: Y®Z = T, so
Xv(Y®Z) =T while (XvY)®(XVZ) = 1.

. .. .set .
Example 8 The simplest set expansion is 2" : it has four elements, all of them
signature constants — 0,1, L and T. With respect to @, ®, and the complementation

set . ' . - . .
¢ 277" is a Boolean algebra, though with respect to v, A it is not even a lattice since

T is a non-significance value. 2set can be considered with its internal negation ~
(inherited from the Boolean algebra 2), it also has a sort of conflation operation —,
related to ¢ and the internal negation ~ by =X = (~X)° (by the way in this structure
this equals ~(X©)). In thisway -1=1,-0=0,-L =T, - T = L (just as a conflation

should act), moreover we have X Sk Y implies -Y Sk -X.

, ... . Set . .
Singletons and other curiosities in L" "In this sub-section we present several

. . - S set .
examples of interesting defining possibilities in L™ ".Let us start with the
observation that some relevant properties of subsets of L can be guaranteed by

simple equattons in Lset’ e.g., Xvl = X defines all subsets of L that are upward
closed; Xal = X defines all subsets of L that are downward closed; XvX = X
defines all v-closed subsets of L, i.e. subsets with the property a,be X = avbe X
XAX = X defines all A-closed subsets, and in general o(X, ..., X) = X defines the

sets that are closed with respect to the operation o. The meaning of the "bilattice
projection operations” (x)o and (x)l may also be of interest, so we mention that

(X)O = XAl is the downward cone of X (X)1 = Xvl is the upward cone of X. The
i i = : <y< = :

combinations (X)O@(X)1 {y: 3x0,xleX(x0_y_xl)} and (X)0®(X)I {y:

Elxo,xleX(ySXO and x1$y)} give us the so—alled convex hull and cylinder of X,

respectively.

Using these observations one can give a definition of filters in L as the solutions of

a simple system of equations:
Xvl =X (ie. (X)l= X)

XAX =X.
For ideals there is a dual system:
XAl =X (.e. (X)0=X)
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XvX =X
In order to define prime filters and ideals one must use the operation of
complementation and add to the above systems X'vX' = X' and X'AX' = X
respectively. In the case of singletons {x}, {x}vl is the principle filter defined by
x. It is easy to check that {x}vl satisfies the three equations characterizing a prime
filter iff x is an atom in L.

. .o Set . . . .
We may define singletons in L™ as atoms in the lattice of set-theoretic operations,
or, equivalently, as co—-afoms in the Sk order, where

X is a co—atom iff X # T and VY(XskY = X=Y or Y=T).

Singletons have the following characteristic properties:
H{XiiiGI}Sk[X} =3 Xisk{x};X =T1{ [x}:Xsk{x} }.

Homomorphisms of set expansions General algebraic considerations suggest the
importance of studying homomorphisms of set expansions and in particular

. . t
homomorphisms into the smallest such algebra 2%

As turns out, if homomorphisms f:Lset—> Mset should respect the infinitary k-
operations, I.e., f(Z{Xi:ieI}) = Z{f(Xi):ieI} and f(]'[{Xi:ieI}) = I'I{f(Xi):ieI},

then the rigid structure of the set expansions leaves no room for variety, as
witnessed by the following facts:

1. Homomorphisms isolate T. For a homomorphism f:LSet - Mset and a

singleton {x} in Lset one has {x}vl = 1, so f({x})v1 = 1 which implies that f({x})
# T. Now using the representation X = [T{{x}:xe X} we get f(X) = [T{f({x}):xe X}.
Thusif X =T, then f(X)#T.

2. Source singletons are mapped into special partitions of the target singletons.

If x #y, then in LSet {x}®{y} =T, so f({x})®f({y}) = T. Thus different singletons

are mapped into disjoint elements of Mset’ moreover from [T{{x}:xeL} = 1, we
get that JTT{f({x}):xeL} = L, so the restriction of f over the singletons generates a
special partition of M: let Px = f({x}), then the family {Px:xeL} is a partition of M
of a special kind, i.e., besides x # y = mePy =@ and U {Px:xeL} =M, we have
;P AP =oP, .., P)
X X y

also P vP =P =P | and in general P
Xy XV XAY 0

y y (Xes¥)
Applied to homomorphisms of ZSet this has the following effect: if L is different

, set set
from 2, then there are no homomorphisms f:2° — L.

3. Epimorphisms are isomorphisms. Epimorphisms of set expansions map
singleton onto singletons: if f(X) = {z} for a ze M, then having, for any xeX,
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Xsk{x] and consequently { z)skf( {x]), by the properties of co-atoms in Mset, {z)

= f({x}), but that, in view of (2) above, implies X = (x}. Therefore there exist no
epimorphisms of set-expansions except isomorphisms. Applied to homomorphism

. set . . . . set .
into 2°, which are all epimorphisms (since all elements of 2° " are signature
constants) the latter fact yields the following corollary: if L is different from 2, then

. set set
there are no homomorphisms L — 2.

The external modalities If it is assumed that L is complete, then one can introduce

in Lset a pair of unary operations: BlX = {infX}; X = {supX], with the following
elementary properties

HEX = +BX =EX seX=MeX= X

Hi=i m0=0 o1=1 ¢0=0

|T=1 Bi=0 *T=0 ¢ 1=1
These can be easily checked as well as the next proposition.

Proposition 3.9 In the set expansion of a complete lattice L the following
identities hold:
EX®Y) = EXANY, *(X®Y) = ¢ XveY,

and their infinitary versions

.H{Xi:ieI} = A/ E(i:iell;

OH/XI.:iEI/ =V QXI.:iell.

For X,Y # T we have also:
EKXAY) = EX/\NY, *(XVvY)= e XveY,
and the infinitary (for Xi #T)

l/\{Xi:ieI} = /\[D(’.:ielj; . V{Xl.:ieI} = V{oXi.'ieI}.

If L is in addition completely distributive, then for X,Y # T
EXvY) = EXVIY, *(XAY) = ¢XAeY,
and the infinitary laws (for Xi #T):

l\/{Xi:iell =V WX icl);

0/\{Xl.:ieI} =/A{ OXl.:ielj.

If there is a de Morgan negation ~ among the internal operations, then
~HX = e¢~Xand ~eX= E-X
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Unfortunately the complementation and @ behave rather erratically with respect to
the external modalities.Having M and ¢ the notion "X is a singleton" can be
expressed as X = X (which is equivalent to ¢ X = X).

Proposition 3,10 The set S of singletons in Lset can be characterized as
follows:

(1)S={X:MX =X] = {X:0X = X)

(2) S is the set of co—atoms in Lset’

Corollary 3.11 1. By the above we have in Lset
X=X iff X#Tand VY(X< Y=X=YorY=T).

2. With the mternal operations A, v restricted to it S becomes
a lattice isomorphic to L.

3. If s=t is an L-identity, then s'=t' is an Lset—idemity, where
s"is sO,t' is 19 and the subsitution & assigns to a variable X the term BX.

Info-algebras Here we try to algebraically define the "useful” part of the set
expansions of lattices of truth values following the analogy with bilattices. Perhaps
it is already clear from the results cited above that the operation @ (together with
the constant T) is the cause of most of the discrepancies between set algebras and
bilattices. One way out of this is to drop @ and ¢ from the signature (but keep T as
some interesting applications involve such nonsensical values).

Definition 3.12 An info-algebra A of a given internal signature (A,v,...,0,1) is
a partially ordered set <A,_k> which is a complete lower semi-lattice. The least and

greatest elements of A are L and T respectively. The join operation is denoted by [1
(its finitary version by ®). The algebra has the following properties:

Al. Internal structure:

1.1. internal operations are monotone with respect to k.
1.2.s(...,T,...) =T for internal terms;
1.3. s(....IT{ Xi:ie I},.)= I'[{s(...,Xi,...):ie 1}, for lean terms.

A2. Singletons:

2.1. the set of singletons a,b,c ...of A - LA is a distributive

lattice with respect to the restrictions of A and v (and it is bounded by 0 and 1);
2.2. H{X 1eI}< a=>31X< a;

23.X= H{a.X_ka}.
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Lemma 3.13 For an internal operation o(X r ...A, Xn ) and a singleton a:

o(Xl w X )< a=3b I b GLA(XiSkbi (i=1....,n) ando(bl,...,b") = a).

Proof: By 2.3 o(X], e X ) = o(IT{a:X
get o(X], vy Xn) = [1{o(b

]7 b2
then H{o(bl,...,bn):Xlskbl,

l }, .‘,l'[{a:XnSka}) . Applying 1.3 we

b)X kb Sb ].Nowifo(X,...,X)Ska,

]S a and using 2.2 we get the desired

result. W

. e set . . .
It is not difficult to see that L™ is an info-algebra. Conversely, any info-algebra A
can be represented as a set expansion (with the restricted signature), namely as

set .
LA , as the next lemma points out.

Lemma 3.14 Let A be an info-algebra, then A ;—"LAset (as info-algebras).

Proof: The map f:A— p(L A) defined as f(X) = {a:XSka} is an isomorphism of A

and L Aset

f(o(X], e Xn)) = {a: O(Xl’ s Xn)Ska} =
={a:3b bn(Xiskbi (i=1,..,n)and O(bl”"’bn) =a))=

={a:3b bn(bie f(Xi) and O(bl""’bn) =a}= o(f(X] ),...,f(Xn));

e
e

f(H{Xi:ieI}) ={a: H{Xi:ieI}Ska} ={a: 3i Xiska} =T1{{a: Xiska}:iel} =
= l'I{f(Xi):ie I}.

The rest of conditions are checked as usual. ®

Homomorphisms of info-algebras An interesting special case of the info-algebra

. . . . set . .
homomorphims are the homomorphisms of info-algebras into 2~ which exist in
abundant numbers in contrast with the full set expansions.

Lemma 3.15 Let fA - 2set be a homomorphism. The subset F of L n defined by

the following stipulation:
F= {a:f(a)eDII, where D]= {T,1},
is a prime filter in LA'

Proof: Checking that F possesses the properties of a prime filter:
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1. If ae F and a<b, then be F: ac F means that f(a)e D], a<b implies that avb = b.

Consider avb = avb = b. Apply f and get f(a)vf(b) = f(b). In ZSet the equation avb =
b together with ae Dl guarantees that be Dl’ therefore f(b)e Dl .

2. anbeF iff acF and beF: if aanbeF, then clearly by 1. a,be F. Assume now
that acF and beF, which is equivalent to f(a)eD] and f(b)eDl, that gives

f(a)af(b)e D1 (by the laws of 2set) and, since f is a homomorphism, f(aab)e Dl‘ SO
anbeF.

3. avbeF iff acF or beF: clearly, if acF or beF, then avbeF. In the opposite
direction: if avbeDl, then f(a)vf(a)e Dl’ but in ZSet this guarantees that either
f(a)e D1 or f(b)eDl, ie,acForbeF. ®

Lemma 3.16 Let A be an info-algebra of the minimal internal signature (A, v,0,1).
Then the mapping f:A — 2 defined from a prime filter F in L 4 by first stipulating

for the singletons:
(1,ifaeF

fla) =

l 0, otherwise

and then for arbitrary elements of Lset._ fiX)=I1{fla):Xs 4 J, is a homomorphism.

Proof: Clearly the constants 0,1,1,T are mapped correctly by f: f(1) = 1 and f(0) =
0 by the fact that F is a proper filter, f(1)= 1, since 1®0= 1 and f(T) =T trivially.
Let us also note that for a,be L.

f(anb) = f(a)Af(b);

f(avb) = f(a)vf(b),
since F is prime. To check if f(XAY) = f(X)Af(Y) reason as follows:

f(XAY) = [T{f(c): XAYSkc} = H{f({aAb}):XSka,YSkb} =

= l'[{f(a)/\f(b):XSka,YSkb} = H{f(a):XSka} AT f(b):YSkh} =

= f(X) A f(Y).
Similarly we can establish that f(XvY) = f(X) v f(Y). As for the operation ®, we
proceed as follows:

f(X®Y) = l'[{f(c):X@Yskc} = I'I{f(a):XSka} ® I f(b):YSkb} =

= f(X)®f(Y). m

Now we can formulate an effect of the above construction important for the logical
developments below:
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Lemma 3.17 leED1 (= {Y,T}) in a minimal info-algebra A, then there is

a homomorphism f:A — Zm such that fiX )e;zDl in i
Proof: Since X¢ D there is an a with X<ka and such that a # 1, and we can find a
filter F in L, which omits a.The homomorphism f:A — 25 associated with this

filter maps X either on 0 (if XnF = &) or on L (when XNF # J). Anyway,
f(X)e Dl' [ |

It would be a natural next step to formulate a representation theorem for info-
algebras as sub-algebras of the set expansions of frame lattices. Along the lines of

the results in the preceding sections one needs to define first the notion of 2set
model on a frame F = <W,...> as a mapping ¢: W><Fm]——)25et where for each we W,
o(w,A)e Hom(L,ZSet) for the minimal signature. IAI1 denotes the set {w : ¢(w, A)
=1}, IAIO, IAI-L, IAIT have similar meanings. A singleton a in the frame F is a
partition of W, i.e., Ial1 =W\ Ialo, in other words singletons are exact truth values.

We write A< B if Vw(dp(w,A) Sk o(w,B)). Now let IAll = {a: a is a singleton in F

o
and Asq)a}. The idea is to establish that LIl is from Hom(z, (FH)%eY).
Disappointingly enough this is true only for the internal part of the language.
Lemma 3.18 The mapping WAl is from Hom(Lo (F+)set), where L, is the

language without &.

Proof: To begin with, note that IAIT =@ iff IAll = O - that takes care of the

situation when there are occurrences of T in the valuations of A or B. Observe also

that IA/\BIl = lAllﬁlBll, |A/\B|0 = IAIOUIBIO, IAvBII= IAIlk_)IBIl and IAVBI0=

IAIOmIBIO. Using these we can prove, e.g. HAABI = HAIAIBH: 1IAABIl = (c:

AABZ c}, but AAB<, ¢ means that Icl 2 Al mlBI and lcl , D 1Al uIBI Let now

¢ ) 1 0~ o
a, b be the singletons with Iall— culAIl and Ibll— culBIl. It is easy to see that Asq)a
and Bsq)b, and that anb = c. Thus lAIIAIBII 2 IAABI.  To justify the opposite
inclusion note that if A< cba and B< ¢b then AAB< ¢a/\b

The case with v is left to the reader. &
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Remark The above construction can be cast in a slightly different form in
order to reveal its kinship (0 a very well-known idea in many-valued logic: the
notion of supervaluations.

Call a mapping y: W><le—)2Set a supervaluation for ¢ if:
< .
L oS v
2.y is exact, i.e. for variables p, w(w,p)e {0,1}.

Let IIAIIS = {IAII\V: V¥ is a supervaluation for ¢}. The claim that HAIIS = {IAll for

Ae le(LO) is easily justified by the fact that {IAIIW,IAIO‘V} is a singleton.

The difference with the tradition lies in the way supervaluations are used: while
customarily the family of supervaluations for a given ¢ is converted into a valuation
¢, which in our case would look as follows:
¢(w,A) = T, if there are no supervaluations;
and in the presence of supervaluations,
[ 1 if Vy(y(w,A) = 1)
B(w,A) = 30 if Vy(y(w,A) =0)
| L otherwise,

our usage avoids such a conversion and keeps the family of supervaluations as a
new generalized truth value.

External info-algebras An info-algebra A is called external , if two unary
operations l and ¢ can be defined in A satisfying:

1. .H{Xi:iel} = /\{IXi:ieI};

2. OH{Xi:ieI] = V{ OXi:ieI};

3.la = ¢a=a, for singletons.

All relevant properties of the external modalities in set expansions (as documented
in Lemma 3.9) can be derived from the above definition (which presupposes that
L A is a complete lattice).

Remark As a general remark to the idea of set expansion: it should have
become clear by now that admitting arbitrary sets of lattice elements as generalized
truth values, insisting at the same time that this move is caused by incompleteness
of information, uncertainty of data, or vagueness of predicates, etc., is somewhat
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inconsistent: to define an arbirrary set X requires very detailed information about
the individual members of X., which seems implausible in circumstances when one
lacks the relevant knowledge. Thus restricted classes of such generalized truth
values seem to be a more realistic way of modeling imperfect epistemic situations
(see the Conclusion for a discussion).

As an example of restrictions that arise from specific imperfections of data let us
consider a frame F = <W, ...> where the available knowledge permits us to discern
different possible worlds only up to certain equivalence relation =, so the only
subsets of W one "can be aware of" are unions of equivalence classes [w] =
{w':w=w'} with respect to the indiscernibility relation = (called rough sets). For a
set VCW denote by V1 the set {w: [w] €V} and let VO = {w: [w] "V # D)} — these

are respectively the biggest rough set inside V and the biggest rough set including
V. An observer having the above limitations can know the "real" truth value HAll

only to contain llAII] and to be contained in IIAIIO, so any set between these two

bounds would be a possible "real" truth value for him, i.e., the generalized
interpretation of A would be {U:IIAch;Uc_:HAIlO}. Note that in such a setting the

existence of the operations WMand ¢ is a natural consequence:
I{U:IIAH];Uc_:IIAIIO} = IIAIIl and Q{U:IIAIIIQU;IIAIIO} = IIAIIO.

The next section is devoted to the algebraic study of such special subfamilies of the
set expansions which lead us back to the realm of bilattices.

4 Intervals

Let us first review briefly the notion of an interval in a lattice L. Recall that a subset
X of L is called connected (or convex) if:

x,y€ X and x<z<y = ze X.
A subset X is a closed interval in the lattice, if X = {x:a<x<b) for some a,beL, in
this case X is denoted by [a,b]. Note that a closed interval is a bounded set, and
furthermore it is a bounded convex set.

Generalized intervals In a bounded lattice L we can consider generalized (closed)
intervals as pairs [a,b] where the condition for a proper interval a<b does not
necessarily hold. On the set of all generalized intervals one can introduce the
following operations:

[a,b]A[c,d] = [anc,bAd]

[a,b]Vic,d] = [avc,bvd]

[a,b]®[c,d] = [anc,bvd]

{a,b]®[c,d] = [ave,bad]

0=1[0,0]1 =[1,1]

1 =[0,1]T =[1,0]
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[a,b]Sl[c,d] if {a,b]A[c.d] = [a,b]
[a,b]sk[c,d] if [a,b]®[c,d] = [a,b].

Lemma 4.1 /. [a,b]®[b,d] is the smallest interval that contains [a,b] and [c,d] in
case they are proper intervals, i.e. it is equal to [[a,b]U[c,d]];
2. if [a,b]®[c.d] is proper, then it is the intersection of [a,b] and [c,d];
3. [a,b]st [c.d] iff a< ¢ and b<d;

4. restricted to the proper intervals Sk is the inverse inclusion 2.

Proposition 4.2 If L is a distributive bounded lattice, then the set of all
generalized intervals in L equipped with the above operations (denoted from now

on by LZ ) is a distributive bilattice.

In L2 a conflation operation and the external modalities can be defined by:

_[aab] = [bva]
M[a,b] =[a,a]
+[a,b] =[b,b].

. . . . .02

In this way the notions of consistent and exact truth values become available in L™,
. . 22 .

Let us observe that an element [a,b] is a consistent value in L™ iff [a,b] is a proper

interval, and also an element of L2 is exact iff it is of the form [a,a].

Example 10 In the possible worlds example intervals can be simulated by two
forcing relations I=l and I=0 with the suitable truth conditions:
w |=1A/\B iff w I=1A and w l=|B;

w |=OAAB iff w I=0A and w I=OB;

the same for the disjunction, etc. For the external modalities one has:
w l=1nA iff w I=1A ;
w I=1 *A iff w I=OA;
w I=0IA iff w I=1A ;
w I=00A iff w I=0A.
These conditions stem from the interpretation of mappings ¢(w,A) into 4 (viewed as

22) as defining the forcing relations I=l and |=O by demanding that w I=1A if
Ts[¢(w,A), ie.if ¢(w,A)eDl, and that w I=0A if _Lst(b(w,A), ie. d(w,A) e DO‘
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The relationship between L2 and LxL is clear in the presence of negation: LZE
LxL by the map f(<a,b>) = |a,~b], but in general they are not isomorphic — an
interesting example of this being pseudo Boolean algebras.

Remark In a classical possible worlds model the above isomorphism
determines the following equivalences:
w |=]A iff wi=A and w I=OA iff wlA.

Also [0,1]2 is just another representation of [0,1]x[0,1] (as was mentioned in [2])
since [0,1] is a de Morgan lattice.

External bilattices A bilattice B is called external, if one can define two unary
operations on B — M and ¢, having the properties listed in Lemmata 2.14 and 2.15
(items 2 and 3). A different representation theorem for external bilattices can be

. 2 .
obtained from the L™ construction.

Theorem 4.3 If B is a distributive external billatice, then it can be represented as
2 L .
L™ for a distributive lattice L.

Proof: Take L to be {x: Hx = x} = {x: ¢x = x}, i.e. the set of exact values, with
the restriction of St on it. Clearly L is a distributive bounded lattice. Define now a

map f: B-—)L2 by setting f(x) = [Hx, ¢ x].

The claim is that f maps B isomorphically onto L2. This is (or should be already) a
routine check using the identities for Mand ¢. ®

Note that if x is a consistent element of B (with respect to the conflation definable
in B by means of (4) of Lemma 2.15) then Hlx S[ #x, so the generalized interval
corresponding to x is proper.

Remark This theorem is useful in those cases where there is no de Morgan
negation available in L. In particular it is applicable to pseudo Boolean algebras.

Let us in conclusion describe a connection between certain elements of the set
expansions of distributive lattices and the interval construction. To this purpose

consider Lset and the following map:
f(X) = [infX,supX].
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Proposition 4.4 1. Restricted to elements of Lset different from T, f is an info-

L . 2
algebra homomorphism into the set of consistent elements of L™ when the
underlying lattice is complete and completely distributive.

2. Restricted to finite non-empty subsets of L, f is an info-

L , 2 .
algebra homomorphism into the set of consistent elements of L~ (here no conditions
are imposed on L).

Proof. Let us show for example that f(XvY)=f(X)vf(Y).
It is easy to demonstrate (using either the complete distributivity or the
finiteness of X and Y) that:
inf(XvY) = inf{xvy: xe X,ye Y} = inf{xvinfY: xe X} = infXvinfY;
sup(XAY) = sup{xay:xe X,ye Y} = sup{xAsupY: xe X} = supXasupY,
etc.
Thus f(XVY) = [inf(XvY), sup(XvY)] = [infXvinfY, supXvsupY] = [infX, supX]
v [infY, supY] = f(X)vf(Y).
The other cases can be checked similarly. B

So the map f is an info-algebra homomorphism of LSet \ {T} into the set of

. i 2 . .
consistent elements of the billatice L™. In fact it is a map onto since every proper
interval is a non—empty subset of L and f is the identity over such subsets of L.
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Part Il
LOGICAL ASPECTS

It was pointed out in the Introduction that there are different ways to use bilattices
as semantic tools. In this part we explore the possibility to treat them (as well as the
info-algebras) in the traditional fashion of algebraic logic: as logical matrices
semantically defining logical systems, i.e., as a generalization of the truth-table
method used in the classical logic.

Generalized matrices Let us recall some definitions and some basic facts from the
theory of propositional logics (cf. [8,61]), restricted to our current needs, e.g., we
presuppose only a finite number of finitary logical connectives.

A propositional language £ over an infinite (countable in our case) set of variables
Var(L) is an absolutely free algebra of some signature (with the above restrictions),
freely generated by Var(L£). We assume that the operations include conjunction and
disjunction, the two constants 0,1 and eventually other constants and operations 0.

The elements of this algebra are called formulae and form a set Fml(£), so £ =
<Fml(L),A, Vv, ...,0,1>. Reference to £ will be dropped from now on, whenever
possible.

A mapping C: @(Fml)— g (Fml) is a consequence operation (note that this is the
monotone case, as will be throughout this section), if the following conditions are
satisfied for all subsets I', A of Fml:

(D) FeC(T);

(2) &) = C(C));

(3) 'cA implies C(INg C(A).
A consequence operation C is compact if for every I':

Cc() = U {C(A): AcT and A s finite}.

A generalized matrix M= <A, D, H> for Lis a triple where:
1. A is an algebra similar to the language L — the truth—value space;

2. D is subset of the truth-value space — the elements of D are the
designated truth values;

3. HcHom(L,A) - its elements are called admissible valuations.

A matrix M is called standard when H = Hom (L£,A). Every class of matrices K
determines a consequence operation CK:

Ae CK(F) iff V. M=<A,D,H>eK Vhe H (if h[T']cD, then h(A)e D).
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For singleton classes { M} we write simply CM As a rule instead of Ae CK(F) we

write T'= KA’ or just I'l=A when there is no danger of confusion.

A propositional logic S is a pair <£,C> where C is a consequence operation in the
language £ of S. A class K is called a semantics for the logic <£,C>, if C=C X

Finitely-approximable logics S are characterized by a class of finite matrices, i.e.
there is a class K of finite matrices which is a semantics for S. Finite logics (or
finite-valued logics) are determined by a finite class of finite matrices.

In this part we are planning to present a variety of logical systems arising from the
truth spaces considered in the previous sections in a single unified framework by
proving theorems of the following kind: the system S is characterized by a class of
algebras (bilattices, info—algebras, etc.), viewed as generalized logical matrices.

Within this framework one is confronted with several choices which determine the
logical system:

o the choice of language, i.e., what bilattice or info-algebra
operations should be considered logical, as opposed to others that are computational
in character;

« the choice of D — the distinguished truth values;

« the choice of the class H ~ the admissible valuations, i.e. what types
of homomorphisms are considered relevant.

With respect to the first mentioned choice there are several approaches. The liberal
approach is to consider all operations available in the investigated class as equally
logical, so the propositional language is to have the same signature as the class
itself, i.e. all operations have corresponding logical connectives. We are going to
give several examples of this approach, e.g., the logic of all bilattices with all
operations, the logic of info—algebras, etc.

A second, more restrictive, approach is to put down criteria by which an operation
can be judged to be logical or not. Let us formulate a few criteria as an example:

1) A logical operation in a bilattice should preserve acquired
information about truth values — assuming this, we arrive at the requirement of k-
monotonicity. Such a criterion excludes for example the conflation and the external
modalities as candidates for logical operations.

2) One may insist on conservativity of a logical operation in the
sense that when applied to exact truth values it should yield exact values — this
criterion excludes the k—operations @ and ®, but admits conflation and the external
modalities.

3) An even less restrictive requirement is to demand the operations to
preserve consistency, i.e., when applied to consistent truth values the operation
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should give consistent truth values — the operations @ and conflation are excluded
in this case.

The problem with the set of distinguished truth values is in fact a version of the
more general question of what conditions should be met in order to recognize a
statement as "true”. A first thing that comes to mind is that the intended meaning of
the elements of bilattices, set expansions or info—algebras implies that 1€ D, so the
simplest decision is D = {1}, i.e., to recognize as valid only such inferences that
preserve the property of "being only true". But, besides being a not very happy
choice technically, the restriction of D to {1} is not easily justifiable. In fact the
inclusion of T in every respect is just as rational. Thus a more reasonable choice of
D would have 1,TeD. In a bilattice though D should include with every member
also all elements that are "truer” — this leads to the choice

DI = {x: TSt x}.
Such a set of distinguished truth values emphasizes the positive foundations to
accept something as true; if we have all the reasons to accept a statement as true we
do accept it. Another possible choice would favour elements that are not refutable,
so we would have

DO= {x:_LStx}.

This time, if we have no reasons to refute a statement, we accept it.

In set expansions Dl and D, can be viewed as the sets of elements X satisfying

0
respectively Vxe X( x=1) and IxeX(x=1). Unfortunately the former definition
leads to some technical complications and destroys the duality between the two
choices. A naturally better option is D0 = {X:supX = 1} —dual to {X:infX = I} (=
Dl)'
Restrictions concerning the set of admitted homomorphisms can include such
requirements as e.g.:

« H is the set of all consistent valuations, i.e. functions whose range
contains only consistent elements, or

* H is the set of valuations into info—algebras that contain only finite
sets in their ranges, etc.

5 Logical systems related to bilattices

Let us fix some terminology: if a logic is defined by a class of generalized logical
matrices with no restrictions on the admissible homomorphisms we speak of a
standard system, if H is restricted to the homomorphisms with consistent values,
then we use the term consistent logics; if it contains only finite sets as values (this in
the case of set expansions), then the logic is finitary. If the set D of distinguished

truth values is Dl’ we speak of positive logics, if it is DO — we say that the logic is
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negative. If the signature of the language and the algebras of the class coincide, we
speak of a full logic, otherwise we use different adjectives showing which
operations in the algebras have language connectives as counterparts.

A general remark should be made at this point: formulae of the considered
languages can be viewed as terms and equations A = B can happen to be identities
in the classes of algebras determining the consequence operation. In such cases both
Al=B and Bl=A hold. The converse implication is not valid in general.

The standard logics of bilattices We start with the logic determined by the class of
all distributive bilattices. The propositional language L is assumed to contain four
propositional constants 0,1, L,T and four binary connectives v, A, @ and ®. It is to
be interpreted in distributive bilattices viewed as standard logical matrices with D]

={x:T St x} as their set of distinguished truth values (thus we deal with the full

positive standard logic).

Lemma 5.1 The consequence operation |= determined by the above choices has
the following properties:
0.If0el, LeTor AeT, then N= A
n=1,N=T
1. N= A and N= B implies = AAB
I, Al= Cor T, Bi= Cimplies I, AABl= C
2. N= A or N= B implies N= AvB
I Al=Cand T, Bl= Cimplies I, AvBl= C
3. N=A and N= B implies N= A®B
T, Al=CorT, Bl= Cimplies I, A®Bi= C
4. N= A or N= B implies N= A®B
I Al=CandT, Bl= Cimplies I, A®Bi= C
(Here T is a set of formulae, A, B, C — formulae; we write T, A instead of NU{A},
etc.)

Proof: In order to check (0) — (4) assume that B is a distributive bilattice and
he Hom(£,B).

For (0) note that no h maps 0 or L into Dl’ that 1 and T are in DI and that if h maps
I into Dl’ then A being a member of T implies that h(A)eDI, too. Skipping (1) we

consider now the more interesting second part of (2). Assume that ', Al=C and T,
Bl= C and reason from the contrary to establish the conclusion. Assume that B is the
bilattice providing the counterexample h which maps ' and AvB into D1 but

h(C)e Dl' Since B may happen to be unsuitable for our purposes (having elements x

and y such that xvye Dl while neither of them is a designated truth value), we
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transfer this counterexample to 4 resorting to the fact that there is a homomorphism
f:B—4 which maps D1 into {1,T} (= Dl of 4), but f(h(C))e Dl' The composition hl

= f;h is from Hom(L£4). Clearly hl maps I and AvB into Dl’ but h](C)e DI' Now
by the assumption we have hl(A) and h](B) outside {1,T}. On the other hand
hl(AvB) = hl(A)vhl(B), and we get a contradiction since in 4 the disjunction of

elements outside {1,T} is outside {1,T}, too.

The establishing of (3) runs as follows: h maps T into Dl'
h(B) belong to DI’ ie., Tslh(A) and Tsth(B), but then by the monotonicity of ® we
have TSt h(A)®h(B). For the second part note that from Tsth(A®B) it follows by
monotonicity of &, that T@h(A)St(h(A)®h(B))®h(A) = h(A), i.e. Tsth(A), and

in particular h(A) and

analogously Tsth(B).

Case (4) is similar to (2). ®

For the presentation of this and subsequent logical systems we choose sequential
style calculi. For our purposes it is sufficient to adopt the view that sequents are of
the form T'l- A, where T is a finite set of formulae, A — a formula. Thus our
systems are inherently intuitionistic (having the restriction of single formula in the
right-hand side).

Definition 5.2 A sequent I I- A is a basic sequent, or an axiom, if one of the
three below hold:

1. AeT,

2.0el or LeT,

3.A=lorA=T.

Rules With each connective of L two types of rules are associated, governing asso-
ciation of formulae in the left-hand and the right hand side respectively:

IAIC IBI-C
(Al _— _
I, AAB - C ILAABI-C
I'-A; Tl-B
(I-A) _—

I'l- AAB
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INAI-C; T,BI-C

(V)
I AvBI-C
T'i-A I'-B
(-v) —_— _
Il-AvB I'l-AvB
IAI-C I'Bi-C
(®-) —_— -
INA®B I-C I A®B |- C
I'-A; TI-B
(-®) _
I'- A®B
INAKKC; T,BI-C
(@)
IA®BI-C
T'-A I'-B
(-®) —_— —
I'- A®B - A®B

A sequent is provable if it can be derived from basic sequents by means of the rules.
Lemma 5.3  If a sequent I-A is provable, then IN=A.

Proof: Induction on the height of the derivation tree of the sequent. For basic
sequents see (0) of the previous lemma, the rest of the items there take care of the
induction step. m.

Remark The present formulation makes familiar structural rules such as
weakening, contraction, and cut redundant in the sense that they are admissible

rules in the system. In later systems formulated with the cut rule it is not always
clear whether it is eliminalbe.

Let T now be an arbitrary set of formulae. We define [T'] as {B:for some finite

subset FO of T the sequent FOI—B is provable}. Cail A a theory if [A] = A. The set of

all formulae Fml is an example of a theory — the trivial theory. A non-trivial theory
Ais prime if AvBEA = AeA or BeA and A®BeA = AeAor BeA.

Lemma 5.4  Let A be a prime theory, then the following hold:
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0.T IeA 0, LeA;

1. AABeAiff Ae A and Be A;
2.AvBeAiffAeAor Be A;
3. A®BeAiffAcAand Be A;
4. A@BeAiffAcAor Be A

Lemma 5.5 IfAe[T], then there exists a prime theory ADI such that Ae A.

Proof: The argument is standard: the family of all non-trivial theories containing I"
and omitting A is a Zorn family and therefore has maximal elements. It is easy to
show for a maximal element A that A is a prime theory, for example BvCe A
implies Be A or Ce A since if the contrary is assumed, we would have both [A,B]
and [A, C] not in the family and so Ae [A,B] and A€ [A,C], which easily implies that
A€ [A}, contrary to the assumption. B

Theorem 5.6 If N=A, then Ae[T]].

Proof: This is the so—called completeness property. In particular it means that if T'l-
A is not a provable sequent, then it is not semantically valid (i.e. we use
contraposition). Let Ag[T’}, then by the lemma above there is a prime theory A
containing T" and such that A¢ A. Having this A we can define a valuation h:£— 4
mapping T into {1,T} = Dl and A outside D1 thus showing that T'l# A. For

example, if we set for a propositional variable p:
[0if peA
h(p) =
L1ifpea

and extend this to a homomorphism into 4, the by induction on the complexity of a
formula B it can be shown that:
h(B)e D] iff Be A.

Indeed the induction steps are justified by the corresponding clauses of Lemma 5.4,
e.g.: h(CAB)e D1 iff h(C)ah(B)e D1 iff (by the properties of 4) h(C)e DI and

h(B)e Dl iff (by the induction hypothesis) Ce A and Be A iff CABe A; h(C®B)e D]
iff h(C)®h(B)e D] iff (by the properties of 4) h(C)eDl or h(B)EDI iff (by the
induction hypothesis) Ce A or BeA iff C®Be A, etc. B

Remarks 1. With the same success we might have used any other function h
satisfying h(p)e Dl iff pe A, e.g., h(p) = Lif pe A, h(p) =T if pe A.

2. Note that 4 is adequate for the logic of all distributive bilattices,
ie M= C4+(l"), where 4% = <4, Dl’ Hom(£.4)>.
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3. Thus in fact the logic of all distributive bilattices is a finite (four-
valued) logic, it is compact, decidable and so on.

The full negative standard logic of all bilattices (defined by matrices of the kind 8=
<B, DO’ Hom(L,4)> with DO ={x: L St x} = {x: xsk 1}) is in its basic structure

quite similar to the positive one. The new consequence operation has the properties
from Lemma 5.1 with the following differences: in (0) T and L interchange places,
and in (3) and (4) @ and ® exchange places (for example instead of (3) one has I'l=
A and I'= B implies I'= A®B and T, Al= C or T, Bi= C implies ', A®BI= C).
These properties are established now with a reference to the existence of
homomorphisms into 4 mapping prescribed elements outside DO ~ a consequence of

the theory of dual bi-filters.

Corresponding changes have to be made in the rules and in the notion of a basic
sequent: T'1-A is an axiom in the new system iff (1) - (3) from Definition 5.2 hold
with T and L interchanging places. The rules concerning @ and ® undergo similar
interchanges. This leads to changes in the properties of prime theories (Lemma 5.4,
where in item (0) we have now L, 1€A, 0,TgA, and in items (3) and (4) @ and
® exchange roles) but the proof of the completeness theorem is just as simple as
that of Theorem 5.6:

[T = C4_(F), where 4 =<4, DO’ Hom(£4)>.

Thus the negative and the positive full standard logics of all distributive bilattices
are k-dual versions of each other.

The logics of bilattices with negationLet us consider an extended language £ which
contains the unary connective -. Correspondingly the relevant class of bilattices
consists now of all distributive bilattices with negation. The sequent system for the
full standard positive logic is obtained by adding to the basic system the rules for
sequents containing negation.

Rules for —:
-A-C; T,-BI-C
(onl-)
I, «(AAB)I-C
- -A - -B
(o)

I'l- ~(AAB) I~ -(AAB)
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I, -Al-C I, -BI-C
(=vi-)
I, =(AvB)I- C I, ~(AvB)I-C
I'--A; Tl--B
(==v)
T'l- ~(AvB)
T, -Al-C T, -BI-C
(-®l-)
I, ~(A®B)I- C I, (A®B)I- C
I--A; Tl--B
(-®)
- ~(A®B)
I,-Al-C; T,-B-C
(-®-)
T, ~(A®B)-C
T--A T~ -B
(—®) —_— —
I'--(A®B) - ~(A®B)
IAI-C I~ A
(=) _— () —
I,—AI-C IN--A
Lemma 5.7 If N-A is provable, then N=A.

Proof: The proof is analogous to the proof of Lemma 5.1 and makes use of the
identities from Fact 2.4 and the proposition about homomorphisms of negated
bilattices: if F is a prime bi-filter in a bilattice with negation, then the pair (F,-F)
determines a homomorphism into 4 (recall that —F is a prime bi-ideal in this case).®

Again we can extend the lefi-hand side of any unprovable sequent T'l-A into a
prime theory A with Ae A. To the properties of prime theories from Lemma 5.4 we
must add the following:

5. °(AAB)e A iff ~Ac A or —"BeA,;

6. ~(AvB)e A iff ~Ae A and -Be A;
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7. (A®B)e A iff ~Ac A and “BeA;
8. "(A®B)e A iff ~Ae A or "BeA;
9. -—AcAiff AeA.

Theorem 5.8 If N=A, then Ae[T].

Proof: The proof is similar to the previous completeness proof. Given a prime
theory A we define a function from Var into 4:
(T, if pe A,~peA
, |1, if pe A,~pe A
h(p) = {0, if pe A,~pe A
(L, if pe A~pe A

For the extension of h to a homomorphism from Hom(£4) we can show (with the
help of the properties of prime theories) that the above is preserved for an arbitrary
formula B:

[T,if BeA,-BeA
|1, if BeA,~BeA
h(B)= {0,ifBeA-BeA
l.L, if BeA,~Be A

The assumption that A does not contain A guarantees that h(A)¢ Dl’ while h maps I
into Dl' Thus T'i= A is refuted (in the smallest possible bilattice with negation — 4),

Remarks 1. In view of Theorem 2.5 the above system is the full positive logic
of all squares LxL.
2. Again [I] = C4+(l"), where 4 is considered with its negation, so

this logic is four-valued and hence all the familiar consequences: compactness,
decidability, etc.

The negative counterpart of the logic with negation can be obtained by adding to

the basic negative system a family of rules for the negation k-dual to the family

above, i.e. with ® and ® exchanging places, for example (I-—®) becomes now
T--A I--B

- ~(A®B) I'- ~(A®B)

This system is complete with respect to 4.
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The logics of external bilatticesLet us consider the class of all external bilattices as
logical matrices for a language containing M and ¢ and study its full positive
logic. Since the set of distinguished truth values is D, we have MAI=A and AI=MA,

so the corresponding rules should be:
I AI-C T- A

(m-) _— (-H) .
I BA-C I'- mA

For ¢ we have a bunch of rules (parallel to the rules concerning negation):

T, ¢Al-C T, ¢BI-C
(enl-)
I, ¢ (AAB)-C T, «(AAB)-C
Tl- ¢A; TI- ¢B
(I—eA)
T ¢ (AAB)
IeAl-C;, T,¢Bi-C
(evi-)
I', ¢(AVvB)I-C
Ti- ¢A - ¢B
(I-ov) _ _—
T- ¢ (AVB) T- ¢(AvB)
T, ¢AlI-C T, ¢B-C
(e@)
I, «(A®B)I-C T, ¢«(A®B)I-C
M- e¢A - ¢B
(-e®) - —_—
I~ ¢ (A®B) - ¢ (A®B)
I, ¢Al-C; T, ¢BI-C
(¢ ®-)

T, «(A®B)I-C
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- e¢A; Tl- ¢B
(-e®)
T'l- ¢ (A®B)
I,eAl-C I BAI-C
(e el) _— (el-y —
I',eeAI-C I, A |-C
Tl-eA - MA
(I-e9) —— -el) —4—MmM 8  ———
IN-eeA - ¢MA

Theorem 5.9 TI1-A is provable iff N=A.

Proof: The correctness part is routine, for the completeness we note that prime
theories A have here the following properties — additional to the ones from Lemma
54
5. EB eAiff BeA;
6'. ¢(BAC)eAiff ¢ BeA and ¢CeA,;
7. ¢(BvC)eAiff ¢BeAor ¢CeA;
8. ¢(BRC)eAiff ¢BeAor ¢CeA;
9. ¢(B®C)eAiff ¢BeAand ¢CeA;
10'. «HBeA iff HBeA;
11'. ¢ ¢ BeAiff ¢ BeA.
Given a prime theory A we define a map h:
(T,if MpeA,epeA
|1, if Mpe A, epeA
h(p) = {0, if Mpe A, ¢peA
|L, if Mpe A, epeA

The extension of h to all formulae is easily shown to satisfy the same conditions
with an arbitrary formula B instead of the variable p, so if AgA, then h(A)eDI,

while members of A (among them all Be ") are mapped to Dl. |

Remark External bilattices are in fact of the kind L2, so the positive logic of
generalized intervals in distributive lattices coincides with <£,C P where 4 is

viewed as the bilattice 22.

For the negative logic M and ¢ interchange roles, since we have the following fact:
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A has a value in D0 iff ¢ A isevaluated as 1.

Therefore the rules which have to be added to the basic negative standard logic of
bilattices are:
* rules for ¢ to replace the rules for l:

I, Al-C r-A
(o) —_— (I-¢) .
I, ¢AlI-C Ti- ¢A

 dual versions of the remaining rules, i.e., versions in which
everywhere ¢ and B change places, as well as @ and ®. For example such a rule
would be:

I', BAI-C I', BBI-C

(BDl-)
I', B(A®B)I-C I', M(A®B)I- C

Adjusting the notion of a prime theory to the new inference system a proof of a
completeness theorem is readily available along the lines of previous proofs: the full
negative standard logic of external bilattices is <£, C 4_>

The logics of de Morgan bilattices As pointed out in Section 4, if L is a de Morgan

lattice, then L2 = LxL. Thus the class of bilattices which are external and at the
same time have a negation (we call them here de Morgan bilattices) defines logics
that combine the features of the logics of both superclasses. In bilattices of the
above kind, where negation and conflation commute, the two external modalities
are interdefinable, so in order to axiomatize their full positive standard logic we
choose a language with — and B and treat the other connectives (like ¢ or
conflation -) as abbreviations.

Here we encounter for the first time the effect of the fact that modalized formulae
(i.e. formulae with one of the external modalities as the principle connective)
assume only exact values, e.g., ~llB and BB cannot have simultaneously their truth

values in Dl' Thus the positive system has an augmented notion of a basic sequent:

I'l-A is an axiom, if also -MBeT and MBeT, for some formula B. The rules are the
rules of the basic logic plus the rules for = and the two rules concerning M. The
differences in the notion of axiom are reflected in an additional property of prime
theories:

if MBe A, then -HlBg A .
From a prime theory A we can obtain a valuation by the same definition as in the
case of pure logic with negation:
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(T, if peA,-peA

[1,if peA,~peA
h(p) =10, if pe A,~pe A

|L, if pe A, —pe A

The proof that this extends to a full homomorphism has just one new moment - the
case of lB:

h(HB) =T iff BBe A and -MBe A (both sides are impossible);

h(MB) = 1 iff MBe A and -MBg A (note here that lBe A iff BeA,
and that Be A implies ~HlB¢ A; then use the induction hypothesis);

The case h(lB) = 0 iff MB¢ A and -EBe A and h(HB) = L iff BBz A
and -MBg A are checked similarly. Otherwise the proof proceeds in the same way
as above.

Remark The system we have just proven complete is also the positive logic of
the probabilistic bilattice [0,1]x[0,1].

For the negative logic (i.e. the logic defined by DO) it is more convenient to

consider ¢ as basic connective and B as an abbreviation. Consequently we make
the following changes in the negative standard full logic of bilattices with negation:

* extend the language;

« extend the notion of axiom by adding the clause that I'l-A is a basic
sequent if for some B, { ¢ B,~¢B}cTI’;

¢ add the rules (#1-) and (I-+).

For the system just described we have a completeness proof similar to the one
above and exploiting the relations of modalized formulae and prime theories.

The logics of intuitionistic bilattices Our next example of a logic will be the system
defined by all bilattices of the kind LxL, where L is a pseudo-Boolean algebra,
considered as standard logical matrices with Dl = {x: Tslx], i.e. the positive

standard full logic. For the lack of a better name we call such bilattices
intuitionistic. Let us recall that in pseudo—Boolean algebras there is a binary
operation of relative pseudo-complementation a—b (which generates also a
pseudo—negation ~a = a—0). So in LxL we can consider alongside the negation =
some additional operations:

<a,b>—<c,d> = <a—¢,and>;

~x = x>0 (so that ~<a,b> = <~a,a>);

x>y = (x3y)A(y—x) (so that <a,b>e3<c,d> = <aesc,(and)v(cab)>).
Note also that <a,b>e D1 iffa=1.
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Remark We have chosen to lift the implication from the pseudo Boolean
algebra to the corresponding intuitionistic bilattice by means of the above definition
following one of the possible intuitions about forcing and rejecting an implication:
it shoud be forced whenever forcing the antecedent guarantees that the consequent
will be forced; it should be rejected in all cases when the antecedent is forced but
the consequent is rejected. Accordingly we presuppose possible worlds models with
truth-conditions as follows:

wil= A—B iff Vw'(wsw'and w'l= A = w'|=B);

w =l A—>B iff wl=A and w=| B.
Let us warn the readers that the model here are intuitionistic, i.e., I= and =l are both
monotone with respect to <:

wi=A and wsw' = w'l=A;

w=IA and wsw' = w'=lA.

The signature of the language will contain A,v, ®, @, and -, the constants (of which
all except 0 to be viewed as abbreviations), and also —, ~ and <> (the latter two
viewed as abbreviations). For such a choice of connectives we have a nice property
of the consequence operation:

Lemma 5.10 — is a suitable implication, i.e. I, Al= B iff N= A—B.

Proof: Assume T, Al= B and that h: £—LxL maps I into D. Consider h(A—B) =
h(A)—h(B) and let h(A) = <a,b>, h(B) = <c,d>. Note that if h(A—B) is not a
member of Dl’ then its first projection a—c # 1, so not a<c and therefore not

<a,b><, <c,d>. Using the existence of prime bi-filters containing <a,b> but

omitting <c¢,d> and the corresponding homomorphisms into 4 = 2x2 we can find an
hI:L—>4 mapping I and A into D], but keeping the value of B outside Dl' In the

opposite direction we use the fact that in any pseudo Boolean algebra L, a—c = |
anda=1impliesc=1.m

Having a semantic consequence operation together with an implication suitable for
it, one can use Hilbert style systems based on axioms and just one rule — Modus
Ponens . In the present case we propose the following axiomatic system:

0. All intuitionistically valid schemata for — and 0;

I. AnB—A, AAB—-B, A—>(B—>AAB)

A-AvVB, A—>AVB, (A—C)»((B—>C)—(AvB—C))
2. A®B—A, A®B—B, A—>(BHAR®B)

A—>A®PB, A—-A®B, (A-C)-((BoC)—(A®B—C))

3. mAOA
-(A—>B)>AA-B



Downloaded by [Northeastern University] at 02:02 01 January 2015

252 Journal of Applied Non-Classical Logics. Volume 9 — n° 2-3/1999

“(AAB)o-Av-B
=(AvB)¢->-AA-B

4. +(A®B)--A®-B
~(A®B)>-A®-B

Remark The first projection of any he Hom(£,LL.xL) is a homomorphism into
L with respect to the "intuitionistic" part of the language (containing 0,1 and the

connectives A,v,—). Thus a restricted formula A is a bilattice tautology iff it is an
intuitionisic theorem.

To check that all axioms are bilattice tautologies is a routine matter. Let us give
only one example: -(A—B) <> AA-B. Let h(A) = <a,b>, h(B) = <c,d>, then

h(~(A—B)) = <aad,a—c>, so when h(-(A—B))e Dl one has and = 1. Therefore

h(A)e D1 and h(—lB)eDl. Conversely, h(A/\“B)EDl implies a = 1, d = 1, and
consequently h(~(A—B))eD I

Among the theorems of the system are all truth-table equivalences for the constants,
e.g. ~ToT, etc. We mention also ~~A&A, which shows an interesting interaction
of the two negations in the system

Theorem 5.11 The proposed system is complete, i.e., A is a theorem if A is a
bilattice tautology.

Proof: Let us consider the set W of all prime theories A ordered by set—theoretical
inclusion as an intuitionistic frame F (the canonical frame). On F we define a
model:

Al=p iff peA

A=lp iff -peA
By induction on the complexity of a formula B one can prove the important rruth
lemma:

Al=B iff BeA

A =IB iff ~BeA
Take the implication as an example. Prime theories A have two features relating to
- BeAB—CeA = CeA,

VA'DA (BeA'=CeA') = B—CeA.
The first is obvious, the second is established by the familiar trick of extending a
theory which does not contain B—C to a prime theory containing B but not C.
Assume now that Al= B—C. This implies VA'DA(Al=B=A'=C), so by the
induction hypothesis VA'DA(BeA'=CeA') and B—-CeA. If B—HCeA, then
VA'DA(BeA'= CeA') and using the induction hypothesis VA'DA(A'=B=A'1=C),
i.e. Al=B->C.
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As for =l, we reason as follows: A=IB—C implies Al=B and A =IC which is
equivalent modulo the induction hypothesis to BA=Ce A. But by the axioms 4 (since
if E(—)E1 is a theorem, then E and E1 are simultaneously in or out of a theory)

~(B—>C)eA. In the opposite direction the fact that ~+(B—C)eA implies that
BA-CeA, so Be A and -Ce A and so Al=B and A=IC, which gives us the desired
A=B—C.

Having the truth lemma we can define easily a homomorphism which refutes A as a
tautology. Since A is not a theorem there is a prime theory A such that AgA. Let
h(B) be <I|B||],IIBIIO>, where IIBII] = {A: Al=B} and IIBII0 = {A: A=IB}. Clearly

IIAIIl # W, so h(A)¢ Dl’ thus A is not a tautology in the bilattice B(F+), where FT is

the pseudo Boolean algebra of all cones in F.m

Remark 1. This is the first example of a logic which is not finite, but only
finitely approximable (as can be established by means of a filtration method, but we
leave this aside for lack of space).

2. The implication is also a first example of a connective which is
not extensional in the sense that the truth conditions for it do not concern only the
current possible world (classical modalities have similar behavior).

3. Considering formulae as terms we can claim now that the
following are equivalent:
(a) A = B is an identity in the class of all intuitionistic bilattices;
(b) A©B and ~A<>—B are both theorems of the system.

The negative version of the above logic can be obtained by k-dualizing the system
(which is not quite a trivial enterprise in this case): first of all we need a operation to
play the role of — in the changed circumstances.To this end we propose a kind of
dual implication x = y with the following definition:

<a,b> 2 <c,d> = <bve,~bad>.
The intuition behind it: A = B is assertable in a situation if the available knowledge
is either enough to assert the consequent or enough to reject the antecedent; A = B
has to be rejected by the available information if it guarantees that the antecedent
will never be rejected and rejects the consequent. More formally, in intuitionistic
relational models:

wi= A 2 B iff w=IA or wi=B;

w=|l A D B iff Vw'(wsw' = w'#lA) and w'=IB.

Lemma 5.12 The operation = is a suitable implication.



Downloaded by [Northeastern University] at 02:02 01 January 2015

254  Journal of Applied Non-Classical Logics. Volume 9 — n°® 2-3/1999

Proof: + A, A ® Bl= B: let h(A) = <a,b>, h(B) = <c,d>. h(A)e D0 iff b = 0, h(AD
B)e DO iff ~bad = 0, but clearly this implies d = 0, so h(B)e DO'

* Al=B implies |= A = B: if A & B is not a tautology, then for some
bilattice and some valuation h, h(A = B)g DO’ i.e. ~bad # 0; in pseudo Boolean

algebras the latter is equivalent to not d<b and therefore not <a,b><, <c,d> - we can

find a dual prime bi-filter defining an appropriate homomorphism into 4 which
would contradict the fact Al=B. B

After changes in the language where now = is a basic connective instead of —, we
have to change the axiom schemata: groups (0), (1) and (3) retain the same form (=>
replacing —) while the schemata in groups (2) and (4) are dualized, i.e. @ and
® exchange places. The resulting logical system is complete and finitely
approximable.

The logics of the external intuitionistic bilattices  The class {L2: L is a pseudo
Boolean algebra} defines logical systems different from the ones just discussed. The
signature of the class contains, besides the external modalities B ande, an
implication o lifted from the underlying lattice to the bilattice by means of the
following definition:

[a,b]>[c,d] = [b—c,a—d].

Such a choice can be explained by the intuition of necessary and possible truths
(represented respectively by the left and right boundaries of the generalized
intervals): b->c represents faithfully the cases when an implication is necessarily
true, while a—d gives the cases of possible truth. In intuitionistic possible worlds
models this intuition is rendered by the following truth conditions concerning the

two forcing relations |=l and l=0:
wl=lA:>B iff Vw'Zw(w’I:OA =>w'|=lB);
w I=0A:>B iff Vw'Zw(w'I:lA = w'I=OB).

Let us start with the full standard positive logic. Abbreviating Bx>Dy as x—y (with
the hope that this will not cause confusion with the pseudo Boolean algebra
operation), we have
[a,b]—>{c.d] = [a—c,a—d],
and the following fact: — is a suitable implication. In view of this fact we present a
Hilbert style axiomatization. Modus ponens is the only inference rule and the axiom
schemata are grouped as in the previous case:
0. all intuitionistically valid schemata in the language of — and 0.

1. AAB—A, AAB-5B, A—>(B—AAB)
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A—-AvVB, A—AVB, (A—C)-((B—>C)=(AvB-HC))

2. A®B—A, A®B—>B, A—>(B—>A®B)
A—>A®B, ASADB, (A-C)>((BHC)-(A®B-C))

3. BA©A
H(ADB)— (¢ A—HEB)
¢+ (ADB)>(BA—>¢B)
¢ (AAB)(¢AneB)
¢ (AvB)>(eAveB)
+HAEA
*eAOGA

4, ¢(AG@B)>e¢AveB
¢(ADB)c>e¢AneB

Let us list some theorems of the system:

B(AAB)oNRAABB
M(AvB)->HNAVEB
B(A®B)EAVEB
B(A®B)-oNRA BB

Theorem 5.13A formula A is a theorem iff it is a tautology in the class of all
external intuitionistic bilattices.

Proof: Consider A which is a theorem - it is easy to check that A is a tautology. If
A is not a theorem, then one can find a prime theory not containing A. The prime
theories of the present logic ordered by inclusion form the canonical frame F of the

system. The canonical model on F is defined by the map ¢(A, p) that assigns to each
prime theory and a variable an element of 4 in the following way:

(T, if HpeA, epeA
[1,if MpeA, epeA
oA, p)= 10, if MpeA, epeA
(L, if Mpe A, epeA

It is already routine to check that ¢(A, p) extends to a homomorphism of the full
language into 4 with the same properties as above — this is based on the features of
prime theories which augment those from Theorem 5.4 and from Theorem 5.9
(concerning —) with clauses for o:

B(BoC)e A iff VA'DA (¢ BeA'= HICe AY);

¢(BoC)eA iff VA'DA (MBeA'= #CeA).
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In the bilattice (FJ')2 the formula A cannot be valid since it is not forced
everywhere.l

Remark The completeness theorem allows us to describe identities in the
class of all external intuitionistic bilattices: A = B is such an identity iff HA<HNB
and ¢ Ae>¢B are theorems. Since the logic is decidable (this is a corollary of its
axiomatizability and finite approximability, the latter can be established by a
filtration method) we have a decision procedure for testing identities.

A suitable implication for the negative logic of external intuitionistic bilattices is
¢+ ADB:

¢[a,b]o[c,d] = [b—c,b—d].
Since xe DO iff its right boundary is 1, it is easy to see that the necessary changes to

be made in the positive system in order to obtain the negative one are:
« replace everywhere — with the new implication;
* leave groups (0) and (1) otherwise unchanged;
¢ dualize the rest, i.e. interchange ¢ and W, as well as @ and ®.

The logics of Boolean bilattices 1In this subsection we treat very briefly the class of

bilattices of the kind LxL or L2 (where L is a Boolean algebra). Here the whole
variety of different implications introduced up to now reduces to two specimen:
-Hlxvy ( = x—y = Ex>Dy) and
e XVy (= Xy = ¢xDY).

For the positive logic we take a language with the basic bilattice connectives
(including negation) and the former implication (which is obviously suitable). The
axiom system is obtained from that for intuitionistic bilattices by the addition of a
single new schema — the Peirce formula: (A—>B)—A)—A. Note that the external
modalities are definable:

Bx = -~x (~ x is X—0) ; ¢x = ~Hl-x.

The negative logic is formulated with the latter implication — it is obtained in the
same way from the negative logic of intuitionistic bilattices: by adding the Peirce
formula.

Remark Almost any other way of extending the basic logic from intuitionistic
to classical would do.
6 Logical systems related to info—algebras

Info-algebras lack the symmetries of bilattices and consequently the logical systems
determined by classes of info-algebras lack many of the nice properties of the



Downloaded by [Northeastern University] at 02:02 01 January 2015

Knowledge, Uncertainty and Ignorance 257

bilattice logics. Nevertheless info—logics display some interesting features and we
devote this section to the study of several examples.

The standard positive logic of all info-algebras  Our basic system will be based
on a language which includes the operations A,v,® and has no propositional
constants. We restrict the language in this way with simplicity of presentation in
mind (the addition of the constants does not change the results but complicates the
system of rules and the proofs). We consider the info—algebras as standard matrices
with the set D, = {T,1) as the set of distinguished truth values. Let us point out that

this semantics has the following property: there are no tautologies in the language,
i.e. for no formula A, DI= A (e.g., for any A one can always find a valuation h with
h(A)=1).

Call a formula internal, if ® does not occur in it. A set I' is internal, if all its
members are internal formulae. The systems will have as basic sequents expressions
of the form I'l- A, where AeT. The rules concerning v and ® are the same as in the
bilattice case. Conjunction though poses a problem: while (I-A) is OK, the rules (Al-
) are not correct when interpreted in info-algebras (because of the possibility to
assign AAB a value in D1 keeping the value of A outside D], as for exampie is the

case with the valuation h defined for p and q as h(p) = T and h(q) = 0, so
h(paq)e Dl but h(q)e Dl)‘ Therefore we have to put up with weaker rules (/\I—)+:

IAW-C IBI-C

+
(Al=) ——— —
I, AAB I-C I, AABI-C

where the plus sign marks the restriction on the type and variables of the formulae
which appear in the bottom sequents: A is internal and Var(A)o>Var(B), for the left
rule and B is internal and Var(B)2Var(A), for the right one. Such a weakening calls
for additional compensatory rules. In the first place we need the cut rule:

IN-A; T,A-B
(Cut) _
I'-B

but also the following distributivity rules:

I, (AAC)W(BAC)-D
(Avl-)

I, (AvB)ACI-D
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- (AAC)V(BAC)

(-Av)

I'- (AvB)AC

I, (AACY®(BAC)-D
(A®I-)

I, (A®B)ACI-D

I'- (AAC)®(BAC)
(-A®)

I (A®B)AC

I, (AAB)ACI-D
(AAl-)

I, (AAC)ABI-D

I'—- (AACYA(BAC)
(I-AA)

Tl- (AAB)AC
Lemma 6.1  The resulting system is correct: if I'-A is provable, then N =A.

Proof: The proof is by straightforward checking. The only more exciting rules to
treat are the additional distributivity rules, since most of them do not correspond to
identities in the info-algebras. Let us do as an example the (Av)-rules. For (Avl-) it
is sufficient to establish that (AVB)ACI=(AAC)V(BAC). Take a valuation h such that
h((AvB)AC))e Dl‘ If the value is T, then at least one of h(A), h(B) or h(C) is T, but

then h((AAC)V(BAC)) = T, too.For the other possibility, let the value be 1. This
means that (avb)ac = 1 for any ae h(A), be h(B), ce h(C), and implies ¢ = 1 and avb
= 1. But then for a typical member of h((AAC)v(BAC)) — (anc l )v(b/\cz) - we have

(a/\cl)v(b/\cz) = avb = 1. For (I-Av) we have to check whether (AAC)v(BAC)I=

(AVB)AC - but this is easy: skipping the case of occurrence of T, we consider a
typical member of the left-hand side (a/\cl)v(b/\cz) = 1 and moreover (aAc)v(bac)

= 1 for any a,b,c from the appropriate sets. Applying the distributive law in the
underlying lattice we obtain (avb)ac = 1 for a typical member of the right-hand
side. =
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Remark A slightly more sophisticated counter-example involving A = p®q
and B= p for which AABI#A (as witnessed by the assignment h(p) = T, h(q) = 0)

. . . +. .
shows that the restriction to internal formulae in (Al-)  is indeed necessary.

The next technical lemma is left entirely to the diligent reader (its proof relies on
such provable sequents as A®BI-A; A®BI-B; A BI-A®B;
AABRC)I-(AAB)®(AAC); (AABYR(AAC)-AABRC), etc.).

Lemma 6.2 For any I there exists an internal I"o such that [FOI =[T].

The lemma shows that questions of the type “Is I'l- A provable?” can be reduced to
the same questions about internal formulae and sets of internal formulae.

Here is another list of provable sequents — to be used in the lemma that follows:

AABI- AVB, AABI- BAA,
AA(BAC)I-(AAB)AC, (AAB)ACI-AA(BACQ),
((AACIA(BAC)HADI-((AAB)AC)AD),
((AAB)AC)ADI-({(AAC)AB)AD,
((AAC)IV(BAC)ADI- ((AvB)AC)AD,
((AVBYAC)ADI-({AAC)V(BAC)HAD.

The space permits one proof as an example:

AABI-AAB
(-v)
AABI~(AAB)V(BAB) AvBI-AVB
(-Av) O
AABI~(AVB)AB (AVB)ABI-AVB
(Cut)
AABI-AvB

Unfortunately the derivations known to the author depend crucially on applications
of the cut rule, so the cut elimination property of the above system is an open
problem.

Lemma 6.3 For internal formulae BI' Bn A if BI' Bnl_ A is provable,

then B]AC, Bn/\CI— AAC is also provable, for any C.

Proof: By induction on the height of the derivation tree. The case of axioms is
clear, so we need to check the induction step, proving that if the top sequent in an
application of a rule satisfies the above property, then the bottom sequent also
satisfies this property. The notorious fate of such proofs notwithstanding, we
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present just a sample of the simplest cases. In general the derivations use (Cut) and
depend on the provable sequents shown above.

Let Bl’ Bnl— A be obtained by an application of (/\|—)+, i.e. Bn = BAD,
Var(B)oVar(D) and

B], .. Bl-A

(Al-)". By the induction hypothesis: B|AC, ... BACHAAC is
B,.. Bnl— A provable.

But then the following is a proof of what is needed:

Bl/\C, oy BACI- AAC

(k)

BIAC, oy (BAC)ADI- AAC

(AAl-)

Bl/\C, ey (BAD)ACI- AAC

Let us also consider the case when the last applied rule is (-A). Now A = AI/\A2

and the application is:

BB Al BB A

BB I-AjrA

By the induction hypothesis: BIAC, - Bn/\C|— Al/\C and B_AC, .., BnACl— A_AC

1 2

are provable. But then

B AC,....,B ACI-A AC:; B,AC,...,B AClI- A_AC
1 n 1 1 n 2

(I=A)

BI/\C, - BnACI— (AI/\C)/\(AzAC)

(I-AN)

B]/\C, - BnACI— (AIAAZ)AC

and we are done.
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One more rule as the last applied one: (AAl-). In .this case Bn = (BIABz)AB3 and by
the induction hypothesis Bl/\C, ey ((BIABB)AB2)/\C|— Al/\C is provable. The

following derivation gets the desired result:

B]/\C, . ((BIABB)ABZ)ACI— AIAC‘, (B]ABz)AB3)AC|—(B | /\B3)/\Bz)/\C (see above)
(Cut)

BIAC, ey ((BIABZ)/\B3)ACI— Al/\C

The rest of the cases are left to the reader. B
Theorem 6.4 If N=A, then Ae[T].

Proof: We follow an already familiar path with some minor deviations: assuming
without loss of generality that A and T are internal and AgT, we find a maximal
theory A among the theories that extend I" and omit A. Such a theory need not be
prime, but it still does the job because it turns out to be relatively prime, namely
with respect to the class of internal formulae built up from the propositional
variables occurring in A.

Call the variables of A significant. A significant formula B is such that
Var(B)cVar(A).

Lemma 6.5  For significant internal formulae B and C:
1. BACe A iff Be Aand Ce A.
For any formulae B and C:
2.BvCeAiff BeAor Ced
3. B&®CeAiff BeAand Ce A

Proof: The establishing of (2) and (3) is routine. Let us check (1) which differs
from the standard case. If Be A and CeA, then by (I-A) BACeA. In the opposite
direction: if BACe A, then by one of the listed provable sequents BvCe A and so
either B or C belong to A. Let Be A. Now, Cg A means that Ae [A,C], so for some
internal formulae Dl’ ver Dme A:

D.,...,D _,Cl- Aisprovable.
1 m

Applying Lemma 6.3 we get that D]AB, . Dm/\B, CABI- AAB is also provable.

All formulae of the left-hand side are from A. Thus AABe A. Since B is significant,
AABI-A is provable, so AcA - a contradiction with the assumptions on A.
Therefore Ce A, too. &

Having a theory A with the above properties we can define a function h: Var — ZSet :
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[ 1, if p is significant and peA
h(p)= { 0, if p is significant and pe A
T, if p is not significant

. . . set .
Note first that the extension of h to a homomorphism £—2" maps all internal

insignificant formulae to T. For significant ones it can be established by induction
that

h(B) = 1 iff Be A.

To conclude the proof of the completeness theorem we note that A is significant and
so h(A)e Dl’ while all members of T are mapped onto an element of DI‘ ]

Remarks 1. Again we have found a simple algebra adequate for the system —

the logic of all info-algebras coincides with the logic of Zset.

2. The admission of the constants 0, 1, T, L to the language while not
changing the rules will necessitate changes in the notion of a basic sequent. Axioms
will have to include also I'-A where one of the following holds:

1. A is an internal formula with an occurrence of T;
2A=1;

3.0, leT;

4. A=BAC and {OAB, OAC, LAB, LAC} T2 Q.

3. The full standard negative logic of info-algebras, defined by
choosing as distinguished truth values DO = {X: 1e X} poses the first major setback
to our program: this logic is not anything like a dual to the above system. Let us
start with the observation that the info-algebra 2Set is not adequate for this

particular consequence relation any more: for example AvAI=A in 2set’ but not so
in the set expansion of the four element Boolean algebra (with elements a,b # 0,1)
as shown by the valuation h for which h(A) = {able D0 while h(AvA) =

{a,b,1 ]eDO. This and similar counterexamples demonstrate the incorrectness of

several rules, e.g., (I-v) or the distributivity rules. Although the logic can be
axiomatized and shown to be finitely approximable (but not finite) we leave that
matter to another paper. The problem lies in the origin of the “nice” properties of
the elements of Dl and DO — in the former case infX = 1 is equivalent to Xe D],

while in the latter supX = 1 (the “real” dual) is weaker than Xe DO' Below we

consider several systems with the weaker condition on DO'
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The positive logic of info-algebras with negation Consider now the class of info-
algebras with underlying de Morgan lattices. Its full positive standard logic is an
extension of the system in the previous sub-section:

* the language has an additional connective ~;

» the notion of basic sequent is augmented to incorporate a restricted
version of the Duns Scot law: T1-A is an axiom, if A is internal and also BA~BeT,
for some formula B with Var(B)cVar(A);

* new rules concerning ~, are added, taken from the bilattice case -
some of them verbatim as (~Al-), (-~A), (I-~V), (~®I-), (I-~®), but the rule (~vI-)
has a new outlook:

I, ~Ar~BI-C
(~vi) _—
T, ~(AVB) - C

Lemma 6.6 The resulting system is correct.

Proof: The correctness of the new rules is obvious. As for the new axiom: if
h(BA~B)e D], then h(B) = T and therefore for some variable p, h(p) = T, because, if

h(B) is non-empty, then it has members an~a which cannot be 1. Since
Var(B)cVar(A) and A is internal, h(A) =T, also. B

Lemma 6.7 For any set I" there exists an internal FO such that [FOI =[T].

Lemma 6.8 IfBl, Bnl— A is provable, then BIAC, Bn/\Cl— AAC is also

provable (under the same conditions as above).

Proof: The induction step now requires checking of the added rules. Let us do an
example in which the last applied rule is (~vI-). In this case Bn = ~(BvD) and by
1AC,..., (~BA~D)ACI-AAC. The following sequent is
provable: ~(BvD)ACI—(~BA~D)AC. Applying (Cut) we get BI/\C,..., ~(BvD)ACI-
AAC - the desired result.

the induction hypothesis B

All other details are left to the reader. B
Theorem 6.9 [f N=A, then Ae[T].

Proof: Once again we can assume without loss of generality that we deal
exclusively with internal formulae. Let in particular A be an internal formula such
that Ag[T']. Just as in the proof of Theorem 6.4 we can d T to a maximal
theory A, for which TcA and A¢ A. This theory turns out to be relatively prime with
respect to internal significant formulae, i.e. to formulae B with Var(B)cVar(A).
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Note now that in this case: p is a significant variable implies pA~pe A, because
pA~pe A would mean that A is also from A (recall that pe Var(A) and A is internal).
Otherwise we have to add to the properties of relatively prime theories (from
Lemma 6.5) some clauses concerning the negation (B,C - significant):

4. ~(BAC)e A iff ~Be A or ~Ce A (B,C — internal);

5. ~(BvQ)e A iff ~Be A and ~Ce A;

6. ~(B®C)e A iff ~Be A and ~Ce A (in fact not needed in the proof);

7. ~~Be A iff Be A,

From A we can define a mapping h by setting h(p) = T for insignificant variables
and for significant ones:

[1,if peA,~peA
h(p) =140, if peA,~peA
(L, if pe A,~peA

Clearly the extension of h to a homomorphism assigns T to insignificant internal
formulae B, while for the significant ones by induction on their complexity one can
prove:

h(B)e D, iff BeA. W

The positive logic of intuitionistic info-algebrasOur final example in this section

will be the logic determined by the class of all info-algebras L% where L is a
pseudo-Boolean algebra. In this case the language has an internal operation of

implication D and an internal pseudo-negation ~ (~A = AD0). The system extends
the basic info-algebra logic with rules for the implication and an additional class of
basic sequents similar to the case of info-algebras with negation: T'-A is an axiom,
if A is internal and also B,~BeT, for some formula B with Var(B)cVar(A).

The rules for o include:

IN-A; T, BI-C
+
=)
I, ASBI-C

with the restrictions: C is internal, Var(A)cVar(C) and a series of distributivity
rules which compensate the absence of any suitable (I-2)-type rule :

T, (CoAA(CoB)-D

(oAl-)
I, Co(AAB)-D
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I'- (CoA)MA(CDB)

(I-oA)
I''- Co(AAB)
T, (ADCO)A(BDC)I- D
(ovi-)
T, (AvB)>Cl-D
- (ADC)A(B2C)
(-ov)
- (AvB)oC
T, (CoA)®(CoB)I-D T, (ASC)®(BoC)-D
o®I-)
I, Co(A®B)I- D I, (A®B)oCl-D
- (CoA)®(CoB) M- (A>C)®(B2C)
(-o®)
I'- Co(A®B) IN- (A®B)>C
T, (AAB)>Ci-D
(ool-)
I, (AoB)>Cl-D
- (AAB)>C
(-02)
I- (A>B)oC

A list of useful provable sequents would contain, e.g., B, BOCI-BAC, ~(BoC)l-
~~BA~C, ~~BA~Cl—~(B2C), ~(BvC)l-~BA~C, ~BA~Cl—~(BvC), ~Bv~Cl—~(BAC),
etc., besides sequents like Co(A®B)I-(CoA)R(CoB), (CoA)R(CoB)I-Co(A®B),
(A®B)>CI-(ADC)®(BC), (ADC)R(BC)I-(A®B)oC, etc., needed to show that
just as in the previous cases one can concentrate exclusively on internal formulae
when dealing with problems of derivability and semantic consequence: an analog of
lemmata 6.2 and 6.7 holds here, too. A counterpart of lemmata 6.3 and 6.8 also holds
for the present case. Thus in the proof of the completeness theorem we tread a
familiar path.
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Theorem 6.10The positive logic of intuitionistic info-algebras is complete with
respect to the semantic consequence relation.

Proof: We need the construction of relatively prime theories used in the previous
two proofs. Starting from a unprovable infernal sequent T— A one can find a theory
AO maximal among theories containing ' and omitting A. AO has three nice

properties with respect to significant formulae B, C:

1. BACe A iff Be A and CeA;

2. BvCe A iff Be A or Ce A,

3.if Be A and BoCeA, then Ce A.
For (3) recall that B, BODCI-BAC is provable, so if Be A and BoCe A, then BACe A.
For significant B and C this implies Ce A,

Now we define a frame (in fact a generated subframe of the canonical frame) F =
<W, ¢ >, where W = {A: Aoc_:A and A is relatively prime w.r.t. the significant

formulae}. Thus the elements of W satisfy (1) — (3) above. The pseudo-Boolean

algebra EY of all cones in W (with operations aub,anb,a—b and ~a=a—J) will be
used in the spirit of Lemma 3.18: setting
(T, if pe A,-peA
|1, if pe A,~pe A
O(Ap) = 10, if pgA,~pe A
(L, if peA,-peA

we extend ¢(A,p) to a member of Hom(LO, ZSet); having this ¢ we are able to define
a mapping ILIl by

IBll = {a: IBlI Ca, IBI0 c al,
where IBIl = {Ae W: 0(A,B) =1}, IBIO = {Ae W: ¢(A,B) = 0}, and then to prove that

when restricted to significant formulae ILIl is a homomorphism into (F+) et’

establishing thereby the fact that T'l2A since I'cA for all members of W (thus for

BeT one has IIBll = {W} =1 in (F+)set or IIBll = T) but obviously lIAll # {W}, since
A¢ AO' We need to check whether:

1. IBACI = liBINICII;
2. IBvCl = IBIICIL;
3. IBoCIil = IIBII-SIICIL.

Leaving (1) and (2) to the reader, we treat the third equality: let us for example
prove that IIBI-IICICHIBSCH, i.e., that belBIl and ce lICll = b—»>ce iBOCI. To this
end we first demonstrate that IBDCIl ¢ b—c, in other words that

$(A,B2C) =1 = Al=b—c.
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We reason from the contrary: let ¢(A,BoC) = | but Al# b—c, thus JA'DA(A'l=b and
A'l#c). Now A'l=b implies ~B¢ A', while A'l#c implies CgA'. Therefore we can
extend [A', B,~C] to an element of W — A". Since AcA" we have BoCeA" -
together with Be A" this yields {C, ~C}cA". This is a contradiction since C is
significant.

Our second problem is IBDCIO < ~(b—c), i.e., whether

®(A,BoC) = 0 = Al= ~(b—x¢) .
Reason as follows: assuming the contrary, i.e., that $(A,BoC) = | but Al#-(b—c).
Now we have a A'DA such that A'l=b—c. Recalling that ~(BoC)l-~~BA~C is
provable and that ¢(A,BoC) = 0 forces ~(BoC)e A, it is clear that one can produce a
A"DA' such that Be A", ~Ce A" which would obviously contradict the fact that
A"l=b—c.

The opposite inclusion is established by similar reasoning. l
7 Finitary, consistent and other restricted systems

We devote this section to the study of logics which arise when in the general
algebraic scheme for the consequence operation the set of admissible valuations

Hom(LA) is replaced by smaller families H of homomorphisms.

Finitary logics of info-algebras As a first example we treat classes of
generalized logical matrices based on info-algebras with H = {h: h(A) is a finite set
for all A). Clearly any finitary map h:Var—A can be extended to a unique
homomorphism he H.

The positive finitary logic of all info-algebras coincides with the logic of all info-
algebras (presented above). The interesting news here is the possibility of treating
without complications a negative version of the logic, which is defined by the set of

distinguished truth values D™ = {X: supX = 1}, i.e., D™ consists of the elements
{x], xm} of A for which X[V VK = 1.

For the axiomatization of the logic we need the following:

» the notion of an axiom taken unchanged from the positive case;

* we keep the rule (Cut);

» the rules for conjunction are taken without any restriction;

* (vI-) is the same, but examples like plzpvq (consider h(p) = 1, h(q)
=T) show that (I-v) is not correct and has to be altered to a weaker rule:

r-A -8B

(-v)y~ e _
I'-AvB I'i- AvB
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where we have familiar requirements — Var(B)cVar(A) and A is internal, for the
left rule, and Var(A)cVar(B) and B is internal — for the right;

» as should be expected the new rules for ® are dual to the previous ones:

ILAl-C; TBI-C

(®-)
ILA®BI-C
r-A I'-B
(-®) —_— —_—
I' - A®B I'- A®B
» the added distributivity rules concern v as a main connective:
I, (AVOABVO)I-D
(val-)
I, (AAB)VCl-D
I- (AVCO)A(BVC)
(Il=vA)
- (AAB)VC
I, (AVO)®BVO)l-D
(v®I-)
T, (A®B)vCl-D
M- (AvC)®(BVC)
(-v®)
I'~ (A®B)vC
I, (AvB)VCl-D
(vvi-) —_
I, (AvC)vBI-D
I'- (AvC)v(BvC)
(I-vv)

I'- (AvB)vC

One can easily check now that for each formula A there is a finite set of internal
formulae {Dl, - Dm} for which AI—D1® ...®Dm and D1® ...®Dm|—A. This fact

together with the corresponding semantic one: AI=DI® ...®Dm and D]®

...®Dml=A reduce problems of provability of sequents and consequence relations to
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such problems in the domain of internal formulae: I'l-A iff for some i, FI—Di, IN=A

iff for some i, l"I=Di.

Lemma 7.1  The resulting system is correct: if \-A is provable, then N=A.

Proof: Standard. When checking for example the correctness of (vi-) we need the

proposition about homomorphisms into 2set defined by prime filters F in the lattice
underlying a given info-algebra and the fact that such homomorphisms map any set

X with supXeF into D™ (because of the finiteness of X). B
The proof of the completeness theorem mimics the proofs offered above: if T'-A is
not provable (assume without loss of generality that they are both internal) extend T’
to a maximal theory A omitting A. Call a variable p significant , if it occurs in an
internal formula Be A. For A we have:

1. BACe A iff Be A and Ce A (for any formulae B and C);

2. BvCeA iff Be A or Ce A (for significant internal B and C);

3. B®Ce A iff Be A or Ce A (for any formulae B and C).

While (1) and (3) are routine, (2) needs some attention — the implication from left to
right depends on the unrestricted rule (vI-) and is standard; the converse implication
is checked as follows: assume Be A, then if Ce A, we have BACe A and in view of
the provability of BACI-BvC, so we are done. If Cg A, then since C is significant,
there is an internal formula D with Var(C)cVar(D) such that DeA and
consequently BADe A. On one hand:

BADI-BAD

(-v)"
BADI-(BAD)VC; (BAD)VCI-(BVvC)A(DVC) (provable sequent)
(Cut)

BADI-(BVvCOA(DVC)

On the other hand BvCi-BvC

(Al-)
(BvC)A(DVC)I-BVC

and applying (Cut) again, we obtain BADI-BvC which is what we need.

Defining for variables p:
{1, if p is significant and pe A
h(p) = {0, if p is significant and pe A
{ T otherwise,

and extending it to a homomorphism from Hom(£2%€%Y), we can see that for
significant internal formulae B:
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BeA iffh(B)eD™.
To nonsignificant formulae h assigns T. All members of I' get values which are
“true”. Consider our formula A — either it is significant and then its value is 0, or it
is non-significant and then its value is T. Anyway A is not “true” according to h.
Thus we have established:

Theorem 7.2 The logic is complete: if N=A, then Ae[T].

The finitary logics of the class of external info-algebras coincides in fact with the
finitary logics of all info-algebras (in a language extended with I and ¢ ) since finite
sets X have always supX and infX. Now we can identify Dl with {X: BX =1} and

D0 with {X: X = 1}. Thus the positive finitary logic extends the basic info-

algebra systems with all the rules concerning B and ¢ from the positive bilattice case
(the list before Theorem 5.9). The correctness of the additions follows easily from
the fact that modalized formulae cannot have T as value. For the proof of
completeness we need the machinery of relatively prime theories developed above,
but fortunately there are no unexpected complications.

The negative logic extends the basic finitary negative system with the k-dualized
versions of the just cited rules and can be proven complete with respect to the
finitary info—algebra matrices with DO'

Consistent logics Under the term consistent we understand here logical
systems that are defined semantically by classes of matrices with the following
requirement on HCHom( L, A): the values in the range of any he H are consistent.

In the bilattice case this means that in general only classes of bilattices with
conflation are considered (with the exception of the case of the class of intuitionistic
bilattices where the notion of consistency makes sense even without the conflation),
while in any info-algebra consistent are all elements different from T. The
restriction causes changes in the language of the logics: T and @ are dropped for
obvious reasons, conflation is not considered for the same reasons.

In view of the above remark the basic positive consistent logic for bilattices is the
logic of all external bilattices (in a language without T and ®, with Dl shrunk to

{1D). It is easily checked that all consistent assignments validate nAl=e A, so an
addition is needed to the rules:
I'- BA I, ¢ AI-C

(cons)+

- ¢A I, MAI-C

It turns out that this is sufficient to obtain a complete logical system. In the proof (as
well as in the following proofs) a role similar to the role of 4 is played by 3 =
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<{0,1,L},A, v,®, 0,1>: if TI-A is not provable, then it can be semantically refuted
in3.

The negative consistent logic of all external bilattices is obtained by similar
deletions and additions:

» the language is restricted, the unnecessary rules dropped;

* new rules are added:

Tl ¢A T, BAI-C

(cons)” _—
I'- WA T, ¢ Al-C

The next example are the logics of de Morgan bilattices. Here the situation is quite
similar — we have to add the consistency rules to the suitably restricted versions of

the original logical systems. Let us note that in the positive case the cffect of the
added rules can be alternatively achieved by extending the notion of an axiom to
include also: T'l-A is a basic sequent if also {B,~B}cT for some formula B.

As for the external intuitionistic bilattices: their consistent logics are obtained by
adding the axiom schema MA—> ¢ A.

Let us consider now the class of all intuitionistic bilattices as logical matrices with
H = the consistent valuations (here this means that if h(A) = <a,b>, then anb = 0).
They define a positive logic which is axiomatized by adding the scheme
-A—(A—>B) to the original system (formulated in the restricted language).

It is interesting to observe how the change from positive to negative affects the
formal outlook of the systems: the negative consistent logic of intuitionistic
bilattices is axiomatized by adding the law of excluded middle: Av-A.

Remark Dropping ® from the language, too (i.e. considering the usual set of
logical connectives), we arrive at a famous logic —the logic of strong, or
constrictive, negation — invented by Vorob’yev and Nelson [41, 62]. Thus we have
another completeness proof for this logic (cf. also the Conclusion).

In the info-algebra situation the consistent valuations validate rules as (Al-), as well
as (I-v) in the negative case, without any restrictions (so in the corresponding
consistent logics the distributivity rules are redundant). Thus we have the following

Proposition 7.3 The posirtive consistent logic of all info-algebras coincide
with the positive consistent logic of all bilattices; the negative finitary consistent
logic of info—algebras coincides with the negative consistent logic of all bilattices.
The same is true for the case of algebras with negation.

The only difficulty we encounter here is when the consistent logic of external
intuitionistic bilattices is compared with the consistent logic of set expansions of
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pseudo-Boolean algebras. It is not known whether these two coincide. The problem
lies in the fact that the mapping f defined in Proposition 4.4 is not a homomorphism
with respect to the intuitionistic implication and for example f(e¢(A—B)) =
f(MA)—f(#B) does not hold.

Majority logic We conclude our exposition with an example of a semantics
brought about by considerations in the spirit of the probabilistic treatment of
plausibility of propositions. Recall that in the probabilistic framework a statement A
is considered plausible, if p(A)=c, for some fixed number a (for example o.= 0.5 or
o = 0.95) and where p is a probability distribution, i.e. p: £-[0,1].

Let L be a bounded linear order. Consider in the class of bilattices LxL the
following set of designated truth values:

D™ = (<ab>: a2b).

The intuition behind D™ is related to the view that in circumstances when all data
is comparable with respect to truth-content it is reasonable to assume something as
true if the positive arguments outweigh the negative ones. It seems that this idea is
in direct correlation with the so-called majority principle. Stated somewhat vaguely
the majority principle insists that, if the majority of the outcomes of a process are
favorable (on some linear scale!), then the process as a whole is to be assumed as
favorable. Imagine for example a group of experts giving opinion on the truth of a
statement. According to the majority principle if the experts who believe the
statement true are more than those who reject it, then it is rational to assume that the
proposition is true or at least plausible.

Almost immediately one can see that such a semantics is at conflict with logical
inference as we know it. The well-known lottery paradox (cf. Kyburg [38])
demonstrates that by an example of a finite set of highly plausible statements whose
conjunction is not only implausible, but simply false. Nevertheless, there are some
intriguing moments in the majority semantics which we want to describe briefly (a
restricted version of the semantics — a classical language interpreted in [0,1]x[0,1],
was studied in [3]).

Although there are difficulties with the axiomatization of the logic, the notion of

tautology admits a nice syntactic characterization. Let us note first that 4™ = <4,

Hom(L,4),Dmaj > is a characteristic matrix for the majority logic, so the notion of a
tautology is decidable.

Calt a variable or a negated variable a literal, a disjunction of literals - a clause, a
conjunction of clauses — a proposition, a sum of propositions — a datum. It is easily
provable that any formula is equivalent to a product of data (using the facts about de
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Morgan bilattices). Call two literals opposite if they have the form p and —p; two
clauses C] and C2 are connected if they have a common variable (say p) occurring

in opposite literal in the two clauses (say —p in C, and p in Cy).

The proof of the next lemma is very similar to the one that can be found in [3] so
we omit it.

Lemma 7.4 . A clause is a majority tautology iff two opposite literals occur in it.
2. A proposition is a majority tautology iff all its clauses are majority
tautologies and they are pairwise connected.
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CONCLUSION

Let us first briefly recapitulate our findings, namely the logics we have axiomatized:
» the standard full (positive and negative) logics of all distributive bilattices,
i.e. of all algebras of the form L1><L2 when Ll’LZ are distributive lattices; of all

distributive bilattices with negation, i.¢. of all LXL where L is a distributive lattice;
of external bilattices, i.e. of all L™, where L is a distributive lattice; of de Morgan

bilattices, i.e. of all LxL (= L2) where L is a lattice with negation; of all
intuitionistic bilattices, i.e. of all LxL, where L is a pseudo-Boolean algebra; of

external intuitionistic bilattices, i.e. of all L™, where L is a pseudo-Boolean algebra;

of Boolean bilattices, i.e. of all LxL (= L2) where L is a Boolean algebra;

» the standard positive full logics of all info-algebras, all info-algebras with
negation, all set expansions of pseudo-Boolean algebras;

« the finitary logics (positive and negative) of all info-algebras, all info-
algebras with negation, etc.

» the consistent versions of all the systems mentioned above.

All these logics are new — a fact due mainly to the presence of new connectives:
®, @, etc., but even in the case of a language containing only traditional operators
some systems appear in print for the first time, in particular the systems related to
intuitionistic semantics.

8 Historical Survey

Our aim here is to point out examples of the three main constructions discussed in
the preceeding sections:
« the bilattice construction (which appears either as L1><L2 and different

subspaces or in the form of generalized relational models);
« the set expansions;
« the interval construction (which also has two forms: algebraic — subspaces

of L2 and relational — models with two forcing relations).

We want to demonstrate that the ideas behind these constructions were manifest in a
variety of fields and brought to life by different background intuitions. Another
purpose of the survey is to test the classificational power of these constructions by
trying to present known semantics and logical systems as particular cases of the
families studied in the present paper.

The fundamental bilattice construction It is difficult to date the first occurrence of
this construction, but at least it should be placed no later than the important
examples below.
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The logic of strong negation This is a logic that has its roots in the intuition shared
by constructivists like Markov, Nelson, etc. (cf. [41]) that there is an essential
difference between refuting a sentence by reductio as absurdum on one hand, and
by constructing a counterexample on the other. The latter method gives rise to a
new notion of a negation - a strong one (since it implies the former ordinary
negation). Vorob’ev [62] was the first to axiomatize the idea presenting a calculus
which extended the intuitionistic propositional logic with axioms concerning the
new unary connective. Rasiowa developed in [45] an adequate algebraic semantics
for Vorob’ev system: special de Morgan lattices (the quasi Boolean algebras of the
Polish tradition) called N-lattices. Later Monteiro continued these investigations in
[40] giving a representation theorem for N-lattices. Nevertheless up to the middle of
the seventies there was no satisfactory semantics from the view-point of the
constructive intuitions. Then (simultaneously!) Vakarelov {57] and Gurevich [35]
published papers which contained similar (but not identical) models for the
Vorob’ev calculus: Vakarelov gave an algebraic pairs construction (actually the
consistent part of an intuitionistic bilattice LxL), while Gurevich worked with
Kripke models with two independent forcing relations, one for asserting and one for
strongly rejecting a statement — essentially again the consistent part of a frame
intuitionistic bilattice. Vakarelov also considered a relational semantics (anticipated
in [40]) in an attempt to capture the idea of a counterexample. Recently the pairs
construction was again used in investigations of N-lattices (Sendlewski [52]). The
classical logic of strong negation (i.e. the consistent logic of all Boolean bilattices)
is an extemsion of Kleene's three-valued consequnece relation. Moreover it
coincides with Lukasiewicz’ theree-valued logic, since Lukasiewicz’ implication is
definable as (A—B)A(-B—-A). Actually, when ® is present the system of
connectives is functionally complete in 3 (by a result of [54) Lukasiewicz’
implication and the constant 1 are already complete, but 1 = x®~-x in 3) — this was
noted in [58].

Generalized Kripke modelsKamp's paper [] was one of the first to discuss in details
the logic of partial Kripke frames. There one can find a completeness result
concerning the basic logic of such frames. This logic is in fact the consistent logic
of all frame bilattices in a language without the knowledge connectives and
coincides (depending on the connectives under consideration) with ....

An important later development — Veltman's Data Semantics [59], incorporated
general models based on frames F = <W,<> with < a partial order where all chains
have top elements. Veltman's language included A,v,n,— and two unary
connectives called may and must respectively. Truth conditions for A,v,~ were the
usual ones (cf. Example 3) while the truth conditions for — coincided with those
for the intuitionistic implication of Theorem 5.11. For may and must he set:

wl=mayA iff Iw'(wsw'and w'l=A);

w=l mayA iff Vw'(wsw'sw'zA);

wi= mustA iff Vw'(wsw'=sw'zlA);

w=| mustA iff Iw'(w<w' and w'=IA).
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Introducing [ as the ordinary modality related to < and considering the frame
bilattice B(F) Veltman's operations have the following algebraic definitions:

x—>y =~ Exvy);

mayx = l0x;

mustx = ¢{x .
Veltman admitted only valuations that assigned stable sets, i.e. cones, to variables
which was rendered by Uh(p) = h(p). Thus Veltman's logic is in fact a bilattice
modal logic determined by a particular class of frames (with the relevant restrictions
on the admissible valuations).

The set expansions In an early attempt Vakarelov [56] explored certain schema
for obtaining relative semantics, later developed and applied to various nonclassical
systems in [26,27,30,31,58} . Put very briefly, the schema consisted in the
following: take a propositional language £ and let £ be any other language with
counterparts to all the connectives of £ (and possibly some additional ones).
Assume that Sem is a semantics for L, i.e. that for se Sem we may in principle

decide whether a formula o is true at s (denoted by sl=ct) or not, transfer Sem to
formulas of £ by means of (finite) sets of £| formulae using interpretation functions

i which assign to each £ formula a set of £; formulas, the following condition being

satisfied: if o(A},....Ap) is a connective of L, then i(o(A],...Ap) = {ola],...,.0n) :
qu€i(Ag), k=1,...,n]. Let Int denote the set of all interpretation functions and lntO -

the set of those interpretation functions which do not contain the empty set in their
ranges. Call a pair (s,i) interpretation index. Formulae in £ can be evaluated at an
index according to one of the following rules (but there certainly are other
possibilities for evaluation, some of which were considered in [30, 31], among them
the majority strategy according to which A is accepted, if the majority of members
of i(A) are true):

A is true| at (s,)iff Voei(A) sl=a ;

Alis true at (s,)iffdoei(A) sl=a ;
For I — a set of L-formulaec and A - an L-formula say that A is an (Sem, Int)n
consequence of I' (n= 0, 1), if for all indices (s,i), if all BeT are truen at (s,i), then
A is also truen at (s,1). There are several intuitions behind the schema. For example,
truth1 can be associated with the notion of disambiguation (treated by Lewis in

(39)): a proposition is assumed true, if all its possible disambiguations are true. In
general disambiguations are formulated in a language different from the original
one, but on the other hand they follow closely the structure of the proposition
disambiguated. For truth0 one has the notion of justification : a statement may be

considered true iff there is at least one true justification of this statement (cf.
[30,31]) . The justifications of a statement can be formulated in a completely
different language, but the conditions upon the interpretation functions presuppose a
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very strict correspondence between the propositional structure of a statement and
the structure of its justifications.

When applied to the classical propositional language (equipped with the ordinary 2—-
semantics) the schema gives consequence relations related to some three— and four—
valued logics (cf. [28]). For instance (.Semo,lnto)1 is Kleene's original three-valued

consequence relation (coinciding with Lukasiewicz’ for the basic language, cf.
[56]), in [26] it was proved that (Semo,lnto)o is the consequence operation of the

three—valued logic of Priest [48]. (.Serrto,lm‘)1 and (Semo,lnt)o were studied in [28]

where the corresponding logics were formalized in a natural deduction style.

Discussion of the intuitions behind sets of truth valuesThe notion of sets of truth
values as generalized truth values has same origin as the bilattice construction: "X
is the generalized truth value of A" means nothing more than "all we know at
present is llAlle X". Maximal possible knowledge corresponds to singletons,
defective (contradictory, nonsensical) knowledge leads to an empty set of possible
truth values. On this path we are immediately confronted with the problem: how are
the sets of possible values X, Y, Z given? For example they can be thought as given
directly (enumerated, etc.) or they can be "represented” by certain conditions
defining the sets (these conditions are usually restrictions on the possible truth
values). Now the question arises as to the language in which such conditions are
formulated, how are they verified, etc. Although quite important, especially in
applications, we leave their detailed analysis aside due to lack of space.

We can think of the information concerning the X's as of a family of restrictions
(primitive restrictions) on the elements of the sets. The consensus approach would
combine two families of restrictions in such a way that all restrictions that do not
appear in both families would be dropped, so we would be left with only the
restrictions common to X and Y. Now this guarantees that we get XUY as a result.
A similar argumentation for the intersection though is not so conclusive — perhaps
this is the cause of the troubles with @ in the algebraic treatment of set expansions.
Such difficulties show that the unrestricted notion of a set of truth values is not the
suitable generalization in treating defective information.

Intervals The idea of an interval in a truth space as a representation of
the current knowledge about the truth value can be viewed as a specialization of the
above arbitrary set expansions. It appears that quite similar justifications for the
introduction of intervals can be traced in a variety of approaches to reasoning with
imperfect information. Below we list some recent examples:

Algebraic approachesGarcia, Moussavi and Font developed in [21, 23] a logic
based on an algebraic semantic described in Fitting [19] as reflecting intuitions
about two kinds of unknowns: one representing “temporary lack of knowledge
which is expected to be resolved within the system’s time-space bounds” and the
other— a permanently unknown truth valued (for some reasons). In [19] the resulting
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algebra is given as the consistent part of 32, but actually in [21] the authors

introduce their values as elements of the set expansion 3%t 1t is an interesting
exercise to compare their reasons for dropping the set {0,1} out of the truth space
with the arguments for considering set expansions in general.

Probability approachesUnder this title we classify attempts to represent the
uncertainty/plausibility of knowledge and inference by assigning a probabilistic
measure to statements, the so-called probability distributions, with the idea that the
greater the probability p(A) of a proposition, the more plausible it is, etc. (for a
systematic modern exposition cf. Chapter 5 of [25]). Many thought that a unique
value is not realistic and turned to probability intervals discussed by Dempster [10]
and Shafer [53] among others. In Gardenfors [24] we find the note that the two

limiting probabilities p,(A) and p*(A) must be interconnected with the following

relation:
PL(A)=1-p*(A).

thus a version of the rule —=[a,b] = [1-b,1-a].

Earlier, some people working in fuzzy set theory felt uneasy with the possibility to
know the exact numerical value which a fuzzy predicate assigns to a particular
object, so among the proposals for a more quantitatively realistic picture was the
idea of interval valued fuzzy sets — functions assigning to elements of a domain E
not numbers but open intervals (a,b)c[0,1] (cf. e.g., [2] where the isomorphism

between the consistent parts of [0,1]1x[0,1] and [0,1]2 was mentioned).

In the same vein, but in another field — Al:, Sandewall [49] proposed to consider
intervals of real numbers [a,b] as representatives of what we know about the truth
value of a proposition evaluated by "fuzzy"” methods. He also explicitly defined the
k-order as inverse set inclusion.

On a more qualitative level intervals appear also as the so-called conditional objects
(cf. e.g. Dubois&Prade [11]) as in the tradition of treating uncertainty via
conditional statements, conditional probabilities, etc., cf. [9,34]. A conditional
object in a Booleam algebra of statements is a syntactic construction bla with an
incomplete semantics: bla is meant to convey that, if a is true, then b is also true,
but is undefined, if a is false. In the cited works one can find a partial ordering of
conditional objects: bla < cld iff aab<cad and -avb<-cvd (and other properties as
well) pointing to the interpretation:
bla = [aab, ~avb],
under which the order of conditional objects is just the interval t-order.

Intervals and possible worlds models 1In [28] a family of intuitionistic three—valued
logics was studied arising from Kripke semantics based on models with two forcing
relations — one included in the other. These were in fact the logics of the consistent
parts of the external intuitionistic bilattices (in a restricted language).
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In another instance of Kripke models with two forcing relations, Pequeno and
Buchsbaum considered in [45] the logic of epistemic inconsistency with a semantics

which turns out to be a version of the bilattices of the kind L2 where L is a Boolean

algebra. Their possible worlds models have the forcing relations I=_. and I=
min max

and their language has the connectives A,v,m~,=.,and ? - a unary connective. While
A,v, and - have a familiar interpretation, = and ? satisfy the following truth
conditions:

wl= . ADB iff wiz Aorwl= . B;
min max min

wl= A2DB iff wi# Aorwl= B;
max max max

wl= A? Hf IwW(w'l= A);
max max
wi= . A? iff Yw'(w'l= . A).
min min
In algebraic terms the semantics of Pequeno and Buchsbaum boils down to

. . o . . 2
interpretation in the frame bilattices (or in general bilattices of the kind L™ where L
is a Boolean algebra) with the usual understanding of A,v, = and [a,b] => [c.d] =

[b—c,b—d], thus x>y = ~#xvy (a familiar operation); [a,b]? = [(Ja, 0b], where [
and its dual 0 corresponds to the universal binary relation WxW. Pequeno and
Buchsbaum admit only valuations that assign to variable exact truth values, i.e.
values of the form [a,a]. Their definition of validity of a formula in a model: MI=A
iff le:maXA, implies that the logic is an extension of the negative exact logic of

all frame bilattices B(F) with the universal modality — because x? is definable in the
bilattice language, €.g. as (UxAT)v(OxAL) or as (Dx)]®(0x)0.

Final remarks In the previous sections we described the nearest to the
classical propositional logic possibilities for logical systems where the information
manipulated is not complete and consistent. These simple many-valued logics are
all based in fact on the same picture on which the classical logic rests: statements
have their truth values determined according to their structure.

Of course among the most important problems of this domain in logic are the
problems of how to "use" the lack of knowledge (partiality, contradictions, etc.)
once it has appeared in an epistemic endeavor, and how to justify the rationality of
the inference rules employed, assuming that they are satisfactory in their
effectiveness aspect. They are still very far from a satisfactory solution.
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