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SIAM J. APPL. MATH.
Vol. 33, No. 4, December 1977

THE DISTRIBUTION OF PRODUCTS,
QUOTIENTS AND POWERS OF INDEPENDENT
H-FUNCTION VARIATES*

BRADLEY D. CARTERY aNnD MELVIN D. SPRINGER#

Abstract. This paper introduces a new probability distribution based on the H-function of Fox.
The distribution is shown to be a generalization of most common ‘“‘nonnegative” (Pr[X <0]=0)
distributions. Furthermore, it is proved that products, quotients and powers of H-function variates are
H-function variates. Several examples are given.

1. Introduction. The problem of products and quotients of random variates
has been treated for some time (Craig [3], [4] and Huntington [8]) but it was not
until 1948 that the first systematic approach was presented by Epstein [5] when he
demonstrated that the Mellin transform.is a natural analytic tool for analyzing
problems of this type. Since that time, the application of the Mellin transform as a
statistical tool has been promoted by Zolotarev [18], [19], Springer and Thomp-
son [16], [17], Kotz and Srinivasan [9], Abraham and Prasad [1], Prasad [15] and
others.

It is the purpose of this paper to introduce a new probability distribution
which is (i) the general case of many common ‘‘nonnegative” probability distribu-
tions and (ii) easily “transformed”” under the Mellin transformation. The proba-
bility density function (p.d.f.) of the new distribution is based on the H-function, a
transcendental function first presented by Fox [7] in 1961.

The new distribution, called the H-function distribution, includes as special
cases many of the more common classical distributions, e.g., the gamma, the beta,
the Weibull, the chi-square, the exponential and the half-normal distributions as
well as others. Hence, the H-function distribution can be considered as a
generalization or characterization of these special cases and can serve as a basis for
handling rational functions of “mixtures” of such variates.

Also, various combinations of products, powers and quotients of indepen-
dent H-function variates are examined using the above mentioned Mellin trans-
form procedures. Theorems are presented to show that the product of indepen-
dent H-function variates is an H-function variate, the power of an H-function
variate is an H-function variate, and the quotient or ratio of independent
H-function variates is an H-function variate.

2. The H-function. The H-function was first introduced by Fox [7, p. 408]in
1961 as a symmetric Fourier kernel to the G-function of Meijer [6,I, pp.
206-222]. Furthermore, the H-function is recognized as a generalization of both
the G-function and Wright’s generalized hypergeometric function [6,I, p. 183].
More recently numerous papers related to the H-function and its properties have
been presented and an extensive list of these is found in the bibliography of [2].

* Received by the editors August 16, 1974.
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INDEPENDENT H-FUNCTION VARIATES 543

2.1. Definition of H(z). Although there are slight variations and generaliza-
tions in the definition of the H-function in the literature, this paper will use the
definition

m.n (ay, 1), -, (ap, @)
2.1) H [ (b1, B0), - (b:,ﬁj)]zH(z)
_ 1 [T TG =Bs)li-1 T(1—a;+ays)
T 2mi L 1= 1 TA = b;+ Bis)I 12 1 F(a,-—a,-s)z ds
where
0=m=q,
0=n=p,

a;>0 forj=1,2,--+,p,
B;i>0 forj=1,2,---,q,

andwherea; (j=1,2,---,p)andb; (j=1,2,- - -, q) are complex numbers such
that no pole of I'(b; —B;s) forj =1, 2, - - -, m coincides with any pole of I'(1 —a; +
a;s) for j=1,2,- -, n. Furthermore, C is a contour in the complex s-plane
running from w —i® to w +ico such that the points

s=(bj+k)/B;
forj=1,2,---,mand k=0, 1, - - - and the points
' s=(aj—1-k)/qa;
forj=1,2,---,nand k=0, 1, - - - lie to the right and left of C, respectively. In
other words, (2.1) is a Mellin—Barnes integral [6,I, pp. 49-50].

2.2. Simple identities and special cases of H(z). Variable substitution into
(2.1) yields the following three identities which are very useful in manipulating
H-function:

@2) myg[2]@v ekl )]l (700 B (O be B

z (bl’Bl)9“'9(bq’Bq) P (l—abal)"”’(l_ap’ap) ’

m,n (ala al) ,(ap’ ap)
ey ml=|ge e )]
Lyggm.n (al, Cll/C) (ap’ ap/c)
Wi (b1, Br/c), -, (by Bq/C)]’ <=0

and

cggm.n (al’al)””9(a9a)

H P> -'p
(24) [ (b19BI),” "(bq9ﬁq)]

_Hmn[

(a1t aic, ay), -+, (a, tayc, ap)]

(b +Blc Bl) ) (bq, ch, Bq)
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544 BRADLEY D. CARTER AND MELVIN D. SPRINGER

Many of the so-called “special functions” are found to be special cases of the
H-function, including Gauss’ hypergeometric function, the confluent
hypergeometric function, Wright’s generalized hypergeometric function, Mac-
Robert’s E-function, Meijer’s G-function and Bessel functions. An excellent
discussion of many of these and others related functions is given by Erdélyi [6,I]
and Luke [11, I]. More important among these are:

(i) the exponential function,

(2.5) exp (x) =Hg1[—x|(0, D];

(i) the generalized, hypergeometric function,

qu[al,...,apx]
_II7-1 Ty (1-ay1),- (l—ap,l) ]
1)

bl’ cee b
Hp q+1[
H} lr( ) (O 1) (1 b17 1) ’(1_bq
(iii) Wright’s generalized hypergeometric function,

d
(1 al’al) (1 ap9a) .
H”"“[ 0, 1),(1- bl,Bl) (1= b:,m]’

(iv) Meijer’s G-function,

m,n aly' * "ap]z m,n[ (ala 1)9' "7(ap) 1)]
28 o [xfpy b d T 1), (b D)

It should be noted that Luke also gives an extensive list of special cases and
identities for the generalized hypergeometric function and for Meijer’s G-
function and, with the use of (2.6) and (2.8), these results can be extended to the
H-function.

,‘l’ l (al’ al)? > (‘lp? ap)
2 7 q q
( ) (b 1s ﬂ 1)9 > (b > ﬁ )

2.3. The Mellin and Laplace transforms of H(cz). Under the previous
definition of the H-function and assuming convergence of the integral in the
definition, the Mellin transform’ can be found by interpreting the H-function of
the coefficient on x° where (2.1) is written as

[T~ T(b; +Bs) [1i=1T(1 —a; —ay8)
[[- i T(1—b;—Bss) H;p w1 L@ +a8)

H(cz)——l—J' (cz)™* ds.

Using the definition of the Mellin transform, one can express H(cz) in the form

H;n IF(b +B]S) Hr; 11_'(1'"aj—ajs) c_s]
] =m+1 F(l b Bls) H] =n+1 F(af+afs)

H(cz)=M_1[

!See § 4.1.
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INDEPENDENT H-FUNCTION VARIATES 545

from which it follows that

(alaal)” : ”(a s O )
M { H" [cz PP
P (bl’Bl) 9( Bq)
H, T +Bs) [T, T(1—a,—as) _
=M { H(CZ) — 1 j=1 fl i ¢S
b= s TA=b;=Bs) [}, T(a; +as5)
is the Mellin transform of the H function with argument cz.
From the definition of the Laplace transform, one has

(2.9)

LA{H(cz)}= J:o e "H(cz)dz
=Icoe—rz_1__J. rLﬁlr(lﬁ—QZS)m=1F(l—aj+aLs)
0 2 C H;-I=m+1 l"(l—b,+B,s) H;I=n+1 F(aj—ajS)

The contour integral in the s-plane converges absolutely under the conditions
given by Erdélyi [6,1, pp. 49-50] so that when these conditions are satisfied (as
they usually are), the Laplace integral will converge absolutely. Hence, the order
of integration in the above equation can be changed giving

Tl =B) IIi_, Tl —aj+as) (% _
L) =5 |, I ,:.Hm e T tia e, < 7v ) o

J L (b= Bs) [T, T(1 —a; + ays) (F(s+1)) ds
" 2mi c H, mi1 L =b;+B) [y Tla; = a,s) SH

(O, 1)9 (al, a1)9 Y (ap’ ap)]
(bl, Bl), Y (bq’ Bq)

and, from (2.1), it follows that

HLn 4 1, 1), (a1+ay, a1)," -+, (@, +ap, ap)
${H(CZ)}" p.q+1 [r (b1+BI,BI)"’"(bq+Bq,Bq) ]

Then, from (2.2), the Laplace transform is expressible as

L efmilafg i)

=$r{H(cz)}=lHn+lm[1 (1=by=B1,B1), "+, (1=b,—B,, By) ]

@bl (0 1) (1 a,— al’al)’ T (l—ap-ap9 ap) .

(cz)’ dsdz.

1 m,n
s

3. The H-function distribution.
3.1. Definition. Consider a random variable X which follows a probability
law such that its probability density function is given by

kH;'fi,"[cx (al’ al)’ Y (ap, ap)] x>0,

(31) f(x) = (bl, Bl)’ Y (bq, Bq) ’

0 otherwise,
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546 BRADLEY D. CARTER AND MELVIN D. SPRINGER

where the symbol H represents the H-function as defined in (2.1) and where , c,
aj(jzl,' t 9p)’aj (j'—_l,' o ’p)’bj(j'_'l,’ v 9q)’andBj(j=1” v ,Q)arethe
parameters of the distribution with values such that

e o]

J'_C: f(x)dx = L f(x)dx=1

with f(x)=0 for Ox <oco. Furthermore, the values of a@; (j=1,---,p), a
(j=1,--+,p), b (j=1,-+-,9), and B; (j=1,--+,q) must conform to those
restrictions in the definition of the H-function (equation (2.1)). The random
variable X will then be called an H-function variate which follows an H-function
probability law or H-function distribution.”

3.2. The characteristic function. The characteristic function (or Fourier
transform) of f(x) is given as

— ® itx — ® itx m,n (ab C(1)’ Y (ap’ ap)
o) Iw ef(x) dx J’O ek Hyy [cx (b1, Br), - (by, Bq)] dx

- fumgglafgren )

From (2.10), assuming absolute convergence of the integral in the definition of the
H-function, the characteristic function distribution can be given as

(3.2) ¢(t)=§HZ,;l’{"[—it (1=b1=B1,B1), -+, (1= by~ Ba Ba) ]

c 10, 1), (1~a1—ay, ar),- -+, (1—a,—ap, o)

3.3. Moments. Since the derivatives of the H-function exist, the moments of
the H-distribution can be found by taking the derivatives of (3.2). However, there
is a simpler method of finding the general expression for the rth moment about the
origin which capitalizes on the ease with which the Mellin transform of the
probability density function may be obtained. In this connection, note that the rth
moment about the origin is defined as

wi=E)=| xfwas

where E is the expected value operator. From the definition of the Mellin
transform, it is clear that .4 {f(x)} = E{x* '} for distributions where Pr [x <0]=0
so that the rth moment may be obtained from the Mellin transform of the relevant
probability density function. Specifically,

wr =M, {f(x)}

— ey efgren ]}

2 Distributions and distributional structures based on the H-function have recently been intro-
duced by Mathai and Saxena [12], [13].
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Then, from (2.9),

e T +Bs) 7., T(1—a;,—a;s) o
s DA —b; = Bis) [T, 11 ['(a; +a,s) s=r+1

=_’f_ H]’:] F(bj+Bj+Bjr)Hj=1 F(l—aj—aj—ajr)
Cr+1 ]q=m+1 F(l _b] _B] _B]r) l_[]?=n+l F(a] +a, +C(]r).

3.4. Special cases of the H-function distribution. As indicated at the
beginning of this paper, one of the most important assets of the H-function
distribution is that many of the classical nonnegative distributions are special cases
and can be expressed in the form of (3.1). In this section, some of the more
common of these special cases are given and their respective probability density
functions are shown in the form of (3.1). Although the mathematical development
from the ‘“‘common” form of the probability density function to the “ H-function”
form is given without explanation, the reader should easily follow the develop-
ment with the use of (2.3), (2.4) and (2.9).

(i) The gamma distribution.

_x"""exp (-x/¢)

pr=k=
(3.3)

f(x) - d)OF(B) x >O’ 0’ ¢ >O
_ 1 o—1gqro| 1
(3.4) _d)OF(o)x HO,I[ x ]
¢F(0) [ ]
(i) The Weibull distribution.
F(x) = 0¢x° " exp (—6x*) x>0
s = 0¢x® ' Hy1[6x°|(0, 1)]
: =gx* THYI[0"*x|(0, 1/¢)]
=9 HY6*x|(1-1/¢, 1/9)].
(iii) The Maxwell distribution.
4x?exp (—x2/6%)
0 =——5 = x>0
— 4 2ygy1,0 _]'_ 2
(3.6) oV HO"[ozx 0.]
_ 2 2gy1l,0 l
-2 Ho,l[ax ©,1/2)]

~Zomyg [ 2xl.1/2)|
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548 BRADLEY D. CARTER AND MELVIN D. SPRINGER
(iv) The beta distribution.
x® 7 1—-x)*!

f(x)= B0, ¢) °
0

0<x=1;0,¢6>0

x>1

-

1 -
=%L MAf(x)}x " ds
_L ! 1 0—1/4 _ . \¢—1.s—1 —s
>—27riJ'c UO B(0,¢)x 1-x)""x dx]x ds
‘LJ [(¢)[(6—1+5)
" 2mile B(6,d)(0+d—1+5)

=F(0+¢)[2—1—-J r6-1-s) des]
Tl

3.7

x*ds

I'(6) cT(@+¢p—1-5)
T(O+¢) 0] |[(6+0—1,1
1) H‘“[" (0—1,1)]

(v) The half-normal distribution.

_2exp(—x%/(26%) _
f(x) Vo x>0; 6>0

(3.8) J—Hé?[il— 1]

-]l 2]

(vi) The exponential distribution. Let 6 =1 in (3.4).

fg =2 C31%)

=é 11?[;;1 ]

(vii) The chi-square distribution. Let § =v/2 and ¢ =2 in (3.4).

x>0; ¢>0
(3.9

x> texp (—x/2)

2°’T'(v/2)
{351

Py 2I(v/2) 2)

flx)=

x>0, v>0
(3.10)
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INDEPENDENT H-FUNCTION VARIATES 549

(viii) The Rayleigh distribution. Let 6 =1/(2a?) and ¢ =2 in (3.5).
x exp (—=x*/(2a?)

flx)= PE x>0
(3.11)
1,0
(ix) The general hypergeometric distribution [14].
_ da”*T(B)(r—c/d) xo1 Bl_  a
&) =raror@=ca® T [ ax ] x>0

da”“T(B)I(r—c/d) Lot
TT(/ATOTB—c/d)”

F(r) 1,1 (I“B, 1)
(3.12) (r(B)H [“"d 0, 1), (1-r, 1)])
_ a“I(r—c/d) c—1yyl,1| 17d (1-B,1/d)
“TarG-cd* o '2[“ *l,1/d), 1-r, 1/d)]
— al/dr("_c/d) Hl,l[ d, (1-B+(c—1)/d,1/d) ]
I'(c/d)I'(B—c/d) (c=1)/d,1/d), 1—=r+(c—1)/d, 1/d))
(x) The half-Cauchy distribution.

20
m(6%+x?)

flx)= x>0; 6>0

=3 MO ds

=)
Tl
L s
ol B | M g LN
(3.13) :
1 J rgs)ri-196"" _,
2mi Je T
1 1

=5;[2—7J r(—3e)r(1+59)(32) ]

e vl

4. Products, quotients and powers of H-function variates.

4.1. Certain properties of Mellin transforms. If f(x) is a probability density
function for the distribution of random variables x, then the Mellin transform of
the p.d.f. is given by

@) AN = [ o
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550 BRADLEY D. CARTER AND MELVIN D. SPRINGER

Furthermore, if #,{f(x)} is an analytic function of the complex variable s for
¢1=Re (s)=c, where c; and ¢, are real, then the integral

w+iB
@) AN =5 tim |5~ s

along any line ¢c;=Re (s) =w écé converges to the function f(x) which is inde-
pendent of w and whose Mellin transform is #{f(x)}, c; <Re (s) <c,.

If X;, X5, - - -, X, are continuous independent random variables with proba-
bility density function f,(x;), f2(x2), - - + , f. (x,,), respectively, where

Pr[X;=0]=0, j=1,2,-++,n,
then Epstein and others have proved the following properties:
(i) the probability density function of the random variable
Yy=11 X,
j=1

is given by

/ﬂt“[ | M S (x; ], 0<y<oo,
(4.3) niy= {4 LI AR 0<y

0 otherwise;

(ii) the probability density function of the random variable

Y =X}
is given by

-/%—I[J”as—a+ l{fj(xj)}]’ 0 < y < 00,
0 otherwise;

(4.4) hy)=|

(iii) the probability density function of the random variable

Y =X/ X, j#k,
is given by

'/“—l[ﬂs{fj(xj)}‘/ﬂZ—s{fk (xk)}]’ 0< y <w,
0 otherwise.

4.5) ny)=|

4.2. The distribution of products of H-function variates. As is stated in the
following theorem one of the most significant properties of the H-function
distribution is that the probabiltiy distribution of products of independent
H-function variates is also an H-function distribution. It is well known that such a
property is not common among the ‘“named” probability distributions. Further-
more, since the beta, the gamma, the Weibull, the Maxwell, etc. are special cases
of the H-function distribution, then mixed products of variates from these
distributions will also follow the H-function probability law.
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THEOREM 4.1. If X, X5, - - -, Xy are independent H-function variates with
probability density functions f1(x,), f2(x2), - - -, fn(xn), respectively, where

K H [ (@j1, aj1), + -+ 5 (ap, O‘ipi)], x>0,

fi(x)= Pia) "(bj1, B, - -5 (b, jap Biay)
0 otherwise
forj=1,2,- -+, N, then the probability density function of the variate
N
Y=]] X;
j=1
is given by
h(y)

(46) ( N ) YN, mi, YN . n [ N (alla (111), T, (aNpNa aNpN)}
k) HED i T | ] gy, , y>0,
TR LI b 1) g Brgn)

0 otherwise
where the sequence of the parameters (@, jp) is

v=1,2,---,n forj=1,2,-
followed by

=n+1,m+2,---,p; forj=1,2,--- N
and the sequence of the parameters (b;,, B;,) is

v=12,---,m forj=1,2,-
followed by

U=mj+1,mj+2,"‘,qj forj=1,2,"',N.
Proof of Theorem 4.1. From (2.9), the Mellin transform of f;(x;) is

ki I Ty +Bps) I, T(1 8 — as)
4.7) M fi(x;)y = sHZl myer D(L— b]v] ijs)nv o f’(a,via,vs)

and, using (4.3), it follows that

W)= 1 4501

=M"‘[ﬁ (ﬁ or1 LBy +Bjes) I3 T(1 —a;, —8) )]
j=1 C; t) mj+1 r(l b]v B]vs) Hu =nj+1 r(ajv+ajus)

Hence, due to the definition of the inverse Mellin transform (equation (4.2)), the
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552 BRADLEY D. CARTER AND MELVIN D. SPRINGER

above equation can be written as

N
+ — f=1kf
)= 2

I Hl 1 F(ij+ijs)H Hm. F(l—ajv—aj,,s)

;V=1 o=my+1 T (1= bjp —BjuS) H;V N | +as)

-([.ﬁl o) o

N (@11, a11), " * 5 (ANpn> ANpw)
k)HZf 1mp XN 1"1[ Civ: 11> PN N
( Hl 1P I 1 9 )Hl i (bu, .311), T (quN, BNqN)
which completes the proof of Theorem 4.1.
Example 1. The product of N beta variables. Suppose that, in Theorem 4.1,
X1, X5, +++, Xy are all beta variables having the probability density function
shown in (3.7), where, when written in terms of (4.6),

kj=F(0j+¢,-),
I'(6;)
a;1=6,+¢;—1,
b1=6;—-1,
(¢ 751 =B]’1 =1,
¢i=1,

and
m]'=1, nj=0, p]=1, q]=1
forj=1,2,-- -, N. Then, substituting into (4.6) of Theorem 4.1, one has
( N F(O +¢] N[ l(01+¢1_1, 1)"”,(0N+¢N_1’ 1)
h(y)={ V70 T(6) 0:-1,1),+ -+, (6y—1,1)

0 otherwise.

], y >0,

Application of the identity (2.8) now gives

~ L +¢]) [ l01+¢1 ) "’0N+¢N_1] ~0
4.8) h(y)=1""""T(@) -1, 0xn—1 I V77

0. otherwise.

That is, the probability density function of the product of N independent beta
variates is given by (4.8). This result agrees with that of Lomnicki [10] and that of
Springer and Thompson [17, p. 731].

Example 2. The product of N gamma variables. Now suppose that, in
Theorem 4.1, X;, X,, - -+, Xy are all gamma variates having the probability
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density function given in (3.4) where, when written in terms of (4.6),

1
a1 =6;—1,
a1 = 1,
Ci1= ¢j—1,

and

m}-=1, n,~=0, p]=0, q]=1
forj=1,2,- -, N. Then from (4.6),

0 otherwise.
which, upon application of (2.8), becomes
N 1 N,0 A -1
4.9) h(y)= (,.Qm)coﬂ[(ﬂl i Mal_l’ O 1]’ y>0,
0 otherwise.

Thus, (4.9) expresses the probability density function of the product of N
independent gamma variables in terms of Meijer G-functions. Equation (4.9)
agrees with the result obtained by Springer and Thompson [17, p. 722].

4.3. The distribution of rational powers of H-function variates. Another
important property of the H-function distribution is the fact that a rational power
of an H-function variate also follows an H-function distribution, as the following
theorem shows.

THEOREM 4.2. If X is an H-function variate with probability density function

m,n (ala al), T, (apa ap)
f(x) ={ “Hos [c" (b1, By +, (b g,,)]’ x>0,

0 otherwise,
then the probability density function of the variate

Y =Xx"
is given by

h(y)

(4.10) ch_ll-I;':“l"[ch

(a,—aP+ay, aiP),- -+, (a,—a,P+a,, apP)] y>0
(b1=B1P+B1, B1P), " -+, (by—B,P+By BLP) ) ’

0 otherwise
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when P>0, and

@11 MY

ch_lH;'f,’,"[ch

(1_b1+BIP_Bla _BIP)’ Y (1—bp+BpP—Bp, —Bpp)]
(1-a;+aP—ay, —a,P), -, (1-a,+a,P-a,, —a,P)J
y>0,

0

when P <0.
Proof of Theorem 4.2. Equation (4.4) shows that the positive part, 4 *(y), of
the probability density function of Y is given by

oray )]

otherwise

h*(y)= M1 [MPS_RH (k . H,','f;,”[cx

whilst from (2.9) and (4.7),

+ _ -1 E ;n=1 F(bv +th)njn=l F(l —a, _avt)
h (y) = [C' H3=m+1 F(l —bv _th)ng=n+l F(av +avt)

[ o L(by +B.P+B, +B,Ps)
™ P I3 _pgay T(1~ b, +B,P— B, — B,Ps)

) z=1r(1—av+avP—av—avPs)]
-1 D@, — P +a, —a,Ps) I

t=Ps —P+1]

Application of (4.2) then yields

h( )=kCP_1I Z"=1_P,(bv —B.P+B, +B.Ps)
Y7 2w Je Ty (1=, +B.P— B, —B.PS)

L., ' -a,+a,P-a,—a,Ps)
I, a, —a,P+a, +a,Ps)

(c"y)~ds

and from the definition of the H-function, it follows that

(@ai—aP+a;, a,P), - -, (@, —a,P +ap, a,P) ]
(b1, B1P+BP+B1, B:P), - - -, (bg —B4P + By, B,P)

h*(y)=kc"™! H,','f;,"[cpy

when P >0, and

h*(y)
=kc" ' Hy [C”y

(1_b1+BIP_Bla _BIP), ) (l_bq+BqP_Bqa _BqP)J
(1-a,+aP—ay,—aP), -, (1-a,+a,P—a,, —a,P

when P <0.

Example 3. The square of a standard half-normal variable. Suppose that, in
Theorem 4.2, the variate X has a standard half-normal distribution with the
probability density function given in (3.8) with § = 1 where, when written in the
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form of (4.10),

k=L
\/Z'T,
b1=0,
B1=1/2,
c=1/V2,

and
m=1, n=0, p=0, g=1.
Then, from Theorem 4.2, the probability density function of
Y=Xx>

is given by

h(y)= ?};H‘l’f[%y,(‘%’ )] y>o,

0 otherwise.

(4.12)

or, with the use of (2.8),

1 1 1
a1 v
h(y)= 2\/77 0,1 2)’ 2 y

0 otherwise.

By examining (3.10), one can readily see that (4.12) is the probability density
function for the chi-square distribution with the parameter v set to 1. This result
agrees with the well-known fact that the square of either a standard normal variate
or a standard half-normal variate follows a chi-square distribution.

4.4. The distribution of quotients of H-function variates. From (4.5) and
Theorems 4.1 and 4.2, one obtains yet another important property of the
H-function distribution, namely, that quotients of independent H-function
variates also follow an H-function distribution. This result is stated formally in the
following theorem.

THEOREM 4.3. If X, and X, are independent H-function variates with
probability density functions f1(x,) and f,(x,), respectively, where

(aila ajl)’ ) (aipp aipj)

(bil’ Bil)a Tty (biq,-’ Biqj)

0 otherwise

k,HZ:,’Z;:’ [ijjl ] R X;j > 0,

fj(xj) =

forj =1, 2, then the probability density function of the variate

Y=X,/X,
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is given by

k k2 + + [ (alla all) ]
St tmy R >0,
(4.13) h(y)= < 3 e (bllaﬁu) Y

0 otherwise,

where the sequence of the H-function parameters is

(@11, a11), * * 5 (@1nys @1ny)s (1 —=b21—=2B21, B21), "~

(1= b2m, = 2B2m, B2mz)s (@141, X1 pye1)s " s (alpla alpl),

(1=b2mar1=2B2mas15s B2yma+1)s 5 (1= b2g,—2B24,, B2gy)s
and

(b11,B11), "~ * > (Bimy> Bimy)> (1= @21 = 2021, @21), - -

(1 —Qony— 202, a2n2), (b1my+15 Bl,m1+1), T, (blql, 31q1),

1 = A2 p+1— 202 py41 a2,n2+1)’ (1 _a2p2_2a2p27 a2p2)'

Proof of Theorem 4.3. From (4.5), the component of the probability density
function of Y, which is obtained for nonnegative values of Y is given by

h*(y) =M [MAf1(x )}y { f2(x2)}]
or, from (4.7),
ks oy Lb1, +B108) [[DL F(l_alv_alvs)
ci I m,+1r(1 bi,— Blvs) oL D@, +ay,s)

Cky  TI02 T(bay +2B20 —B2wS) [, F(l_aZv_2a20+a2vs) ]
C%—s 32=m2+1 r(l_bZU 2BZv +Bsz) v= n2+1 Iﬂ(a2v+2a2v_asz) '

h()/%[

Rearranging and writing in terms of the Mellin inversion integral (equation (4.2))
yields

h*(y)=
k1k2._1_J' e T(1—ay, — a1US)H"Z L'(b2o +2B20 — B2s5)
2 Hv nl+1r(alv+alvs) v= m2+1r(1_b20_232v+32vs)

Ca 27 C
m1 r(blv+Blvs)H z r(l_a2v_2a20_a2vs) (ﬁ )_sds
v =mi+1 r(l blv Bll’s) v n2+1 F(a20+2a2v_a2vs) Ca

kik,

my+n,,ni+my
= 2 —H 'P1+92,91+p2

(@11, a11), ]
y (blla Bll)’

where the sequence of the parameters of the H-function is that given in Theorem
4.3.

Example 4. The quotient of two half-normal variables. Suppose that, in
Theorem 4.3, X, and X, are half-normal variates having the probability density
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function given in (3.8) where, when written in the form of (4.13),

ki= ! X
o2
aj1=0,
Qi1 = 1/2,
1

9T o2
and
m;=1, n;=0, p;=0, q=1,
for j = 1, 2. Then substituting into (4.13) of Theorem 4.3, we get

02 1 1[92 (0, 1/2)]

P2 g% . y>0,
(4.14) h(y)= {om e, 7 N0, 1720 7

0 otherwise

which, when compared to (3.12), is recognized to be the probability density
function of the half-Cauchy distribution.
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