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Abstract. The first portfolio risk diversification strategy was put into practice by the All Weather fund in 1996. The idea of risk
diversification is related to the risk contribution of each available asset class or investment factor to the total portfolio risk. The
maximum diversification or the risk parity allocation is achieved when the set of risk contributions is given by a uniform distribution.
Meucci (2009) introduced the maximization of the Rényi entropy as part of a leverage constrained optimization problem to achieve
such diversified risk contributions when dealing with uncorrelated investment factors. A generalization of the risk parity is the risk
budgeting when there is a prior for the distribution of the risk contributions. Our contribution is the generalization of the existent
optimization frameworks to be able to solve the risk budgeting problem. In addition, our framework does not possess any leverage
constraint.

INTRODUCTION

Conceptually, asset allocation is an investment strategy and consists in determining the proportion of each asset class
or investment factor in the portfolio. Particularly, in the portfolio risk diversification methodologies, the idea of di-
versification is related to the risk contribution of each available asset class or investment factor to the total portfolio
risk. The maximum diversification or the risk parity allocation is achieved when the set of risk contributions is given
by a uniform distribution. Meucci (2009) [1] introduced and Deguest et al. (2013) [2] advanced in the maximization
of the Rényi entropy [3] as part of a leverage constrained optimization problem to achieve such diversified risk con-
tributions when dealing with uncorrelated investment factors. A generalization of the risk parity is the risk budgeting
when there is a prior for the distribution of the risk contributions. In this paper, we generalize the existent optimization
frameworks to be able to solve the risk budgeting problem. In addition, we do not impose any leverage constraint.

The paper is organized as follows. First, we give an overview about risk-based asset allocation methodologies
and, then, we introduce the idea of risk diversification. After presenting the main concepts involved, we review the
definition of the restricted factor risk parity portfolios and propose the generalized factor risk parity portfolios with the
correspondent optimization problem. Evolving the presented ideas, we extend further the concepts and propose the
generalized factor risk budgeting portfolios with the correspondent optimization problem. Finally, we present some
conclusions at the end.

RISK-BASED ASSET ALLOCATION

After the subprime crisis, the risk tolerance of investors decreased and risk-based allocation methodologies have
arisen with the idea of combining both risk management and asset allocation. A risk-based allocation seeks for risk
diversification and does not use performance forecasts of assets as inputs of the methodologies. Risk parity is the most
widely used risk-based allocation methodology and has been used by several fund managers. Starting in 1996, one of
the pioneers to use risk parity was the All Weather hedge fund from Bridgewater. The risk contribution of each asset
to the total portfolio risk is made equal in the risk parity portfolio (or equal risk contribution portfolio). Consequently,
risk parity is a risk-based allocation such that the distribution of the risk contribution of each asset to the total portfolio
risk is uniform. The risk parity portfolio has been extensively studied in terms of its properties [4] and compared to
other asset allocation heuristics [5]. For a complete review of the literature concerning risk parity see [6].
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On the other hand, the investor does not need to manage the risk contributions in a uniform way as the risk parity
requires. Risk budgeting or targeting is the risk-based allocation such that the risk contributions of each asset class
or investment factor are not equal. An example of risk budgeting was investigated in [7] where they have studied a
portfolio in which the risk contribution of each sovereign bond from a set of countries is done proportional to the gross
domestic product (GDP) of the respective country. A theoretical and applied study about risk budgeting techniques is
presented in [8]. Since a risk parity portfolio is a risk budgeting portfolio when the risk budgets or targets are all equal,
risk budgeting is a generalization of risk parity. In the literature, there are some proposed optimization frameworks to
obtain the risk budgeting and, consequently, risk parity portfolios [8][9].

The existence and uniqueness of the solution for the optimization problems is proved for particular cases with
the imposition of some restrictions such as long-only allocations [8][9], impossibility of leveraging the portfolio
[8] and an upper bound for portfolio volatility [9]. In this paper, these restrictions will be relaxed. In addition, the
objective functions used in the optimizations from [8][9] do not possess a strong theoretical basis related to the idea
of maximizing risk diversification. Alternatively, the use of information theory was already addressed by Meucci
(2009) [1] with the introduction of a measure called effective number of bets ENBα based on Rényi entropy [3] with
parameter α. The maximization of the objective function ENBα brings the idea of maximizing risk diversification.
Consequently, the approach from [1] solves the lack of a strong theoretical basis of the optimization problem inherent
from previous approaches.

The use of asset classes instead of individual assets for risk budgeting has also been addressed in the literature
[10]. Actually, the application of the existent results from individual assets to asset classes is straightforward.However,
the use of investment factors instead of individual assets is not so direct and possesses several interesting implications
[11]. In [2][12][13], they have applied principal component analysis (PCA) to extract uncorrelated factors and analyze
the performance of the called factor risk parity (FRP) portfolios. A FRP portfolio is the application of risk parity to
a portfolio of uncorrelated factors. In [2], they have developed an optimization framework for FRP portfolios using
the concept of ENBα. However, their approach has a leverage restriction and does not include the most general risk
budgeting case. In this paper, we introduce the factor risk budgeting (FRB) portfolios without any leverage restriction
generalizing the FRP portfolios. The FRB portfolio enables the inclusion of priors or beliefs related to the future
performance of assets in the risk-based allocation process.

RISK DIVERSIFICATION

The risk-based allocations depend on some measure of each individual asset, asset class or investment factor risk
contribution to the total portfolio risk. The relative marginal contribution of each asset to the portfolio risk is suitable
for such a purpose. In this paper, asset or asset class are equivalent in terms of the results presented.

Definition 1. (relative marginal contribution for assets) Considering n available risky assets, the relative marginal
contribution of each asset to the total portfolio risk is given by the following n × 1 vector:

p :=
diag(w)Σw
w′Σw

, (1)

where Σ is the n × n covariance matrix of risky assets’ excess returns, w is the vector of weights such that w ∈ �n×1
�0n×1

and diag(w) is a diagonal matrix with w as its diagonal.

In the previous definition, the assets considered are risky while the risk free asset is a rate of return used to
discount the risky assets’ returns to result the excess returns. Additionally, w � 0n×1 because w = 0n×1 represents the
absence of allocation in the risky assets and, then, it is not a desired solution. Finally, it is clear that

∑n
i=1 pi = 1.

Usually, in the literature, a risk budgeting portfolio wRB diversifies risk being the solution of the following opti-
mization problem:

wRB = argminp

n∑
i=1

(pi − bi)2 , (2)

where bi, i = 1, . . . , n are the risk budgets under the restrictions bi ≥ 0,∀i = 1, . . . , n and
∑n
i=1 bi = 1. The risk

budgeting portfolio wRB reduces to the risk parity portfolio wRP when bi = 1/n,∀i = 1, 2, . . . , n, i.e. risk budgeting
portfolio definition generalizes risk parity portfolio definition. The optimization problem (2) was addressed in several
papers and under certain constraints is guaranteed to possess a unique solution [8][9].
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As we have already mentioned, Meucci (2009) [1] proposed the use of the Rényi entropy with parameter α as
a measure of diversification and the measure was called the effective number of bets ENBα. Instead of using assets
or asset classes, ENBα uses the distribution of the relative marginal risk contribution of each uncorrelated factor as a
measure of risk diversification. In practical terms, the uncorrelated factors can be obtained using principal component
analysis (PCA). Considering T excess returns of the risky assets represented by the n × T matrix r, the n × T matrix
of uncorrelated factors is given by

rF = A′r (3)

and the corresponding covariance matrix is given by

ΣF = A′ΣA, (4)

where ΣF is a positive definite n × n diagonal matrix and A is an invertible n × n matrix. Consequently, we define in
the following the relative marginal contribution of each uncorrelated factor to the total portfolio risk analogously to
(1).

Definition 2. (relative marginal contribution for uncorrelated factor) Considering n available risky assets, the relative
marginal contribution of each uncorrelated factor to the total portfolio risk is given by the following n × 1 vector:

pF :=
diag(wF )ΣFwF

w′FΣFwF
. (5)

where ΣF is the n× n diagonal covariance matrix (4), wF is the vector of weights such that wF ∈ �n×1�0n×1 and diag(wF )
is a diagonal matrix with wF as its diagonal.

Since
∑n
i=1 pF,i = 1 and pF,i ≥ 0,∀i = 1, . . . , n, it is possible to notice that pF represents a probability mass

distribution. Using (5), the ENBα(·) is defined in the following.

Definition 3. (effective number of bets) The effective number of bets of portfolio w of n risky assets is given by

ENBα(w) :=
∥∥∥pF
∥∥∥ α1−α
α
, α ≥ 0, α � 1, (6)

where the ‖·‖α is the α-norm.

By definition,
∥∥∥pF
∥∥∥
α
=

⎛⎜⎜⎜⎜⎜⎝
n∑
i=1
pαF,i

⎞⎟⎟⎟⎟⎟⎠
1
α

. (7)

Then,

ENBα(w) =
⎛⎜⎜⎜⎜⎜⎝
n∑
i=1
pαF,i

⎞⎟⎟⎟⎟⎟⎠
1

1−α

, α ≥ 0, α � 1. (8)

It is important to notice that log(ENBα(w)) is the Rényi entropy Hα(pF ). The Rényi entropy generalizes the Hartley
H0(·) (α = 0), Shannon H1(·) (α → 1), collision H2(·) (α = 2) and min H∞(·) (α → ∞) entropy measures. It is
interesting to notice that we write ENBα as a function of w since pF is a function of wF (see (5)) and wF is a function
of w (see the next property).

Property 1. wF = A−1w.

Proof of Property 1. The excess return of the portfolio in terms of assets or uncorrelated factors is the same: w′r =
w′FrF . Using (3), w

′r = w′FA
′r⇒ w = AwF . Finally, wF = A−1w.
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The ENBα measure achieves its minimum equal to 1 when the portfolio is risk concentrated in only one factor.
On the other hand, the ENBα measure achieves its maximum when the portfolio is totally risk diversified with pF,i =
1/n,∀i = 1, . . . , n. The following property concerning ENBα is presented because it will be useful in the next section.

Property 2. ENBα(λw) = ENBα(w),∀λ ∈ ��0.

Proof of Property 2. It is straightforward to state that ENBα(λw) = ENBα(pF (wF (λw))). Using Property 1,
ENBα(λw) =ENBα(pF(λA−1w)). Additionally, using (5), it is trivial to see that pF (λwF) = pF(wF ),∀λ ∈ ��0.
Consequently, ENBα(λw) = ENBα(pF (A−1w)) = ENBα(pF(wF )) = ENBα(pF (wF (w))) = ENBα(w),∀λ ∈ ��0.

FACTOR RISK PARITY PORTFOLIOS

The factor risk parity (FRP) portfolios were defined in [2] using the ENBα(·) measure. The weights of the uncorrelated
factors of FRP portfolios are defined so as to equalize the relative contribution of each factor to the total portfolio
variance. Since the FRP portfolios from [2] were developed under a leverage restriction, we are going to refer to them
as restricted FRP (RFRP) portfolios. On the other hand, we are going to present a unrestricted family of FRP portfolios
referred here as generalized FRP (GFRP) portfolios.

Restricted Factor Risk Parity Portfolios
Using the ENBα(·) measure, the optimization problem from [2] to obtain the RFRP portfolios is

maxw ENBα(w), s.t. 1′nw = 1, (9)

where 1n is a n × 1 vector of ones. It is important to notice that the restriction in (9) is a non-leverage constraint or
budget condition and the optimization problem does not possess a unique solution.

Theorem 1. (RFRP portfolios) The family of RFRP portfolios is given by

wRFRP =
AΣ−

1
2

F ın

1′nAΣ
− 1

2
F ın

, (10)

where ın :=
(
±1 · · · ±1

)′
is a vector of size n × 1 representing all the combinations of ±1.

Proof of Theorem 1. It was shown in [2] that the closed-form expression for the solutions of (9) is given by (10).

It is important to notice that (10) implies in 2n−1 possible solutions (for details, see [2]). Additionally, the portfo-
lios with only positive signs coincide with the solutions provided by [4].

Generalized Factor Risk Parity Portfolios
As we have already mentioned, the non-leverage constraint in (9) is easily relaxed. Our optimization problem to obtain
the GFRP portfolios is given by

maxw ENBα(w). (11)

Theorem 2. (GFRP portfolios) The family of GFRP portfolios is given by

wGFRP = λ
AΣ−

1
2

F ın

1′nAΣ
− 1

2
F ın

, λ ∈ ��0. (12)

Proof of Theorem 2. It is straightforward to prove (12). Considering a modified version of the optimization problem
(9): wλ = argmaxw ENBα(w), s.t. 1′nw = λ, λ ∈ ��0, the solution using Property 2 is wλ = wRFRPλ. Consequently, it
is necessary to solve the problem for each λ ∈ ��0 to obtain (12).
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Since the volatility of the portfolio is given byσRFRP :=
√
w′RFRPΣwRFRP, the volatility ofwGFRP(λ) is σGFRP(λ) =

|λ|σRFRP. It is important to notice that unconstraining the problem, it is possible to obtain risk parity portfolios for
any desired volatility or, in other words, risk level. Consequently, our GFRP portfolios are important in terms of asset
allocation because it will adapt better to the investor’s risk preference than the RFRP portfolios.

FACTOR RISK BUDGET PORTFOLIOS

From [7][8][9], it is clear that the risk budgeting portfolios are more flexible than the risk parity portfolios to adapt
to investor’s needs. In this section, the FRP is extended to factor risk budgeting (FRB). Analogously to the previous
section, it would be possible to present first a leverage restricted FRB and, then, a generalized FRB. Due to the lack
of space, we present only the non-restricted FRB that we call shortly by FRB. Our optimization problem to obtain the
FRB portfolios is given by

min
w
Dα
(
pF
∥∥∥ b)), (13)

where b is a n × 1 vector containing the budgets or targets bi, i = 1, . . . , n such that
∑n
i=1 bi = 1 and bi ≥ 0, and

Dα
(
pF
∥∥∥ b)) is the Rényi divergence or α-divergence given by

Dα
(
pF
∥∥∥ b)) = 1

α − 1
log
⎛⎜⎜⎜⎜⎜⎝
n∑
i=1

pαF,i
bα−1i

⎞⎟⎟⎟⎟⎟⎠ , (14)

where 0 < α < ∞ and α � 1. Considering α→ 1, the Rényi divergence becomes the Kullback-Leibler divergence.
Obviously, b works like a probability mass distribution and represents a prior to the risk allocation process.

Additionally, it is trivial to prove that when b is uniformly distributed the optimization problem (13) reduces to
maxw ENBα(w) (12).

Theorem 3. (FRB portfolios) The family of FRB portfolios is given by

wFRB = λ
AΣ−

1
2

F ın � b
� 1

2

1′nAΣ
− 1

2
F ın � b

� 1
2

, λ ∈ ��0, (15)

where � is the Hadamard product and � is the Hadamard power.

Proof of Theorem 3. Since Dα
(
pF
∥∥∥ b)) is a divergence, Dα (pF

∥∥∥ b)) is minimum and equal to zero when pF = b.
Consequently,

pF,k = bk ⇔
(σF,kwF,k)2

w′FΣFwF
= bk,∀k = 1, . . . , n. (16)

Then,

wF,k = ±
√
w′FΣFwF
σF,k

√
bk,∀k = 1, . . . , n. (17)

Using matrix notation, the factor weights are given by:

wF =
√
w′FΣFwFΣ

− 1
2

F ın � b
� 1

2 . (18)

Considering the relation w = AwF (see Property 1) and the restriction 1′nw = 1, it is possible to obtain the following
expression for leverage-restricted factor weights:

wRFRB =
AΣ−

1
2

F ın � b
� 1

2

1′nAΣ
− 1

2
F ın � b

� 1
2

. (19)

Using the same argument from Proof of Theorem 2, we obtain (15).
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Considering that σRFRB :=
√
w′RFRBΣwRFRB, the volatility of wFRB(λ) is given by σFRB(λ) = |λ|σFRB. It is

important to point that the FRB portfolios achieve any desired volatility or, in other words, risk level. Consequently,
our FRB portfolios are flexible because it will adapt to the investor’s risk preference when varying λ.

CONCLUSIONS

In this paper, we review the literature related to the risk-based asset allocation methodologies and the use of entropy
and divergence measures to ensure diversification. In terms of theoretical contributions, we generalize the existent
optimization framework to obtain risk parity portfolios based on Rényi entropy taking out the leverage constraint. It
is important to point that unconstraining the problem, we obtain risk parity portfolios for any desired volatility or,
in other words, risk level. Consequently, our risk parity portfolios adapt better to the investor’s risk preference. We
give the analytical solutions to the risk parity unconstrained optimization problem. Finally, we generalize the risk
parity optimization framework based on Rényi entropy introducing the risk budgeting optimization framework based
on Rényi divergence. We also give the analytical solutions to the risk budgeting optimization problem.
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