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Preface

Enormous strides have been made in the first half of the twentieth
century toward the unification of many branches of physics and chem-
istry, once regarded as quite unrelated and distinct, into one body of
well-organized knowledge. This unification is probably nowhere bet-
ter reflected than in the history of the progress made toward improv-
ing the precision and consistency of our knowledge regarding the
values of the fundamental physical constants and conversion factors.
The number and the precision of the established theoretical relation-
ships connecting these constants have also increased phenomenally.
In fact a history of progress on the constants during the first half of
the iwentieth century is not very different from a history of physics
itself during that period.

This book has been writlen with two primary objectives: (a) to
give a complele survey of the present status of our knowledge of the
fundamental constants and conversion factors of the physical sciences
and to describe the modern precision experiments from which that
knowledge is at present directly drawn, and (b) to present an account
of the evolution of our knowledge of this subject through various
degrees of experimenlal precision and theoretical sophistication in
sufficient detail Lo permit the reader to appreciate the breadth and
firmness of the enlire experimental foundation. A substantial frac-
tion of the world-wide research effort of physicists and chemists dur-
ing the last half cenlury has in fact been required to build that
foundation. Most of the earlier and less precise experiments must of
course be reviewed rather bricefly. Care, however, has been taken to
provide ample reference to the original sources so that the reader
can look up omitted details for himself. The book has been written
both for physics students at the graduate level and for professional
physicists. No mathematical preparation beyond that required for
graduale work in physics is presupposed.

The analysis of the data on the values of the atomic constants has
relied heavily on the theory of least squares. Many physicists feel
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vi PREFACE

quite unfriendly to the application of this branch of statistical theory
to physical data. The famous Dutch physicist, H. A. Kramers, once
said, “The theory of errors and least squares is like love—one cross
word can spoil it alll’ Nevertheless, we see no escape from it which
is not subject to even worse objections. Actually most of the mistrust
of least squares and error statistics, if carefully examined, is in realily
mistrust of the data to which these doctrines are applied rather than
mistrust of the doctrines themselves. Two examples will illustrale this:

It is related that a certain statistician sent 10,000 questionnaires
to a randomly selected list of American cilizens, requesting of each
one their best estimate of the height of the Queen of Siam. Each report
was also to be accompanied with the estimated standard deviation
of the data furnished. Many of the answers attached error measures Lo
the individual estimates as large as =50 per cent, but the statistician
conscientiously took a weighted average of these data using, in accord
with the accepted principles of error statistics, weights made inversely
proportional to the square of the associated error estimate of each
datum. Because of the very large number of independent eslimates
he came out with a height good to 0.5 per cent! There was only one
trouble with the whole procedure—Siam didn’t have a queen.

The second example concerns a certain retired sea caplain who made
his home in a secluded spot on the island of Zanzibar. As a sentimen-
tal reminder of his seafaring career he still had his ship’s chronometer
and religiously kept it wound and in good operaling conditlion. Every
day exactly at noon, as indicated on his chronometer, he observed the
ritual of firing off a volley from a small cannon. On one rare occasion
he received a visit from an old friend who inquired how the captain
verified the correctness of his chronometer. “Oh,” he replied, “there is
a horologist over there in the town of Zanzibar where I go whenever [
lay in supplies. He has very reliable time and as I have fairly frequent
occasion to go that way I almost always walk past his window and
check my time against his.” After his visit was over the visilor
dropped into the horologist’s shop and inquired how the horologist,
checked his time. “Oh,” replied he, *‘there’s an old sea caplain over
on the other end of the island who, T am told, is quite a fanalic about.
accurate time and who shoots off a gun every day exactly al noon, so
I always check my time and correct it by his.”

We are indebted for this last story to Professor Gieorge Ilarrison
of the Massachusetts Institute of Technology. Beyond the obvious
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moral conlained in both stories thal no amount of statistics or repli-
cated observations will yield reliable results from unreliable data, we
believe the second yarn has a further value in that it may conceivably
add a new word 1o our terminology, namely, “‘the Zanzibar.” To com-
mit a ‘“Zanzibar” should henceforth convey a clear meaning Lo the
reader of this book. It is a kind of error which he may be sure we have
carnestly sought to avoid.

In an analysis of data, which may be based on least squares or any
other analytic criterion, it is of utmost importance Lo assign weight
to each dalum in a consistent and equitable manner. The error meas-
ure associated with the result of an experiment is thercfore just as
important as the result itsel{. Furthermore the basis for the quotation
of error measures must be uniform throughout. There are of course
several such measures; e.g., probably error, “confidence limits” of
error, standard error, mean absolule error. Because the root-mean-
square, or slandard error has a simple law of propagalion which is
nol shared by other error measures except for the Gaussian, or normal,
distribution, we have adopted it throughout this book. The meson
data of Chapter 4 are an exception (o this rule. Particularly with re-
gard Lo meson lifelimes the literature is not clear whelher probable
errors or slandard devialions are quoled, and the experimental data
do nol juslify considering the assigned error mecasurcs as more than
qualilative indications of accuracy. The choice that we shall use the
standard crror is, in some part, distincl from the question of how the
accuracy of a measurement is (o be determined. Standard errors either
can be estimated from an analysis of the experimental situation and
knowledge of how cach component contribules Lo the uncerlainty of
the resultant, measurement, or can be determined cmpirically by re-
pealing the experiment several times and observing the distribution
of the results. This latter method can, however, only detect the ran-
dom crrors of the experiment but cannot identily syslemalic errors.
In practice both methods are combined, and the final assigned crror
is often strongly influenced by the experimenter’s considered. opinion
of the results. If the experimenter is honest and unbiased there is no
objeclion to this. In general each experiment musl be finally reviewed
by the analyst, who adds his considered opinion in an effort to place
all the experiments on a more nearly unilorm basis.

Whereas the precision of most of the experiments considered in this
book is measured in parts per hundred thousand or parts per million,
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the subject of the masses and lifetimes of mesons (Chapter 4) is hardly
out of the early survey stage. The modern concepts of mesons and the
recognition of the true complexity of the mass spectrum of fundamen-
tal particles is less than ten years old. The discussion of meson masses
is therefore a subject unto itself. The errors involved are a factor of
one thousand times larger than those associated with the “classical’”
atomic constants, and in many of the experiments there are certainly
unidentified systematic errors. The situation is much less certain and
much more fluid than the remainder of the book and is subject Lo al-
teration and modification much more rapidly. The field is at present so
active thal anew analysis would be required with each new issue of the
Physical Review! The data are presented here as a tabulation of cur-
rent results and as a possible source of material for future more de-
tailed analysis. The table of Least-Squares Adjusted Values (Table
8-7) therefore omits all reference to mesons and hyperous in order 1o
avoid giving an unwarranted aura of finality to the data. The data
presented in Chapter 4 are summarized in Table 4-17.

Some readers accustomed to the MKS system of units may be dis-
appointed to discover that our table of output values is not expressed
in these units. All the disciplines of physics and chemistry meet and
are represented in the fundamental constants and the truth is that
the MKS has not been generally adopted in all these domains. One
hesitates to express the normal mole volume of an ideal gas in cubic
meters per kilogram molecule. Kilogram-molecule units for the gas
constant, Avogadro’s number, or the Faraday constant would seem
equally unfamiliar and likely to be misunderstood. The MKS system
is primarily an engineering system which may soon completely re-
place the FPS (or English) system. Its primary utility lies in the field
of electrical engineering and classical electromagnetic theory. We
have retained the cgs units because of their wide use in all fields of
physics and chemistry. Those who prefer other systems of unils may
easily convert.

We wish to express our gratitude to the numerous research workers
in many parts of the world (far too large a number to list here) who
have been so kind as to keep us informed of their newly oblained re-
sults at the earliest possible moment. We are much indebted to Pro-
fessor John Tukey of Princeton for much valuable advice and discus-
sion on the topics of error statistics and least squares. We owe a great
debt to Raymond T. Birge, whose pioneer work in this field of en-
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deavor laid the foundation on which we have subsequently built. He
was one of the first men to perceive the need for making from time to
time broad general surveys and assessments of the state of our knowl-
edge of the physical constants. His first paper of this kind published
in 1929 set a noteworthy example of painstaking, careful research,
based on a great many sources of information and carried out over a
very broad range of research fields in physics and chemistry. The task
was a severe one not only becausc of its sheer size but because there
were huge discrepancies between sources of information and an enor-
mous amount of patient effort was required to distinguish truth from
error and lo ferret out mistakes and oversights in this chaos. His
kindly and constructive criticism and encouragement have been of
inestimable value over a long period of years. It therefore is a pleasure
to be able to express our homage and gratitude by dedicating this
book to Professor Raymond T. Birge.

E. Ricaarp CoHEN
Kenners M. CrowE
Jesse W. M. DuMonp

August, 1957
Canoga Park, Berkeley, and Pasadena, California
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CHHAPTER 1

Introduction

1.1 OUTLINE AND OBJECTIVES

Our knowledge of the constants of physics has been greatly im-
proved in the 25 years between 1930 and 1955, partly by reason
of the development of new methods of measurement and the per-
fecting of new physical techniques and partly by the important
advances in our understanding of the physical world achieved
through research. Microwave resonance methods and atomic beam
techniques are examples of important technical improvements
which have contributed much since 1940. Our understanding of
atomic and nuclear physics by reason of the development of the
quantum theory through successive stages of refinement has greatly
clarified relationships having to do with the interaction of elec-
trons and radiation. Much stimulus for improvement has come
during this period from critical studies of the physical constants
undertaken by various authors who at various times have reviewed
the consistency of the many experimental results in an cffort to
establish the most reliable values. The first of these reviews was a
remarkable paper (1) by Raymond T. Birge in 1929 which opened
this era of critical examination and improvement.

The accuracy of our knowledge of such constants as Avogadro’s
number, the electronic charge, Planck’s constant, the velocity of
light, or the fine structure constant of Sommerfeld has been greatly
improved by new techniques which bear little relationship to the
carlier and perhaps intuitively more direct measurements such as
Millikan’s oil-drop experiment or the studies of Brownian motion.
Such earlier methods had great value for the progress of science and
still possess historical importance for their role in the discovery
and logical development of the concepts of atomic physics. They
will be reviewed here because we cannot have faith in what we now
know unless we see the path by which that knowledge was won.

1



2 THE FUNDAMENTAL CONSTANTS OF PHYSICS

But the earlier pioneer methods are now so greatly surpassed in
accuracy by the more modern though frequently less direct meth-
ods that, although the earlier results are not inconsistent with the
later ones, these alone are significant today in determining the
numerical values of the physical constants.

Because of this situation this tract will concern itself with three
objectives: (1) a brief introductory outline of the system of phys-
ical units and the standards set up to maintain them; (2) a sketch
of the history of the progress of our knowledge of the general phys-
ical constants with special emphasis on the atomic constants, giving
brief descriptions of both the earlier methods employed and the
more modern methods now in use for their evaluation; (3) a de-
tailed study as of 1955 of the status of our knowledge of the phys-
ical constants and a least-squares evaluation to obtain the best
compromise values consistent with the entire body of present
knowledge. These final output results are tabulated at the end of
this text.

1.2 PHYSICAL CONSTANTS AS UNITS

When the science of physics was in its infancy arbitrary units
were chosen, such as the kilogram, the meter, and the second; and
standards were set up to maintain them. Although the motivation
was commercial as well as purely scientific, no science of physical
measurement could have been developed without this step. One
of the important fruits of physical research has been the discovery
that Nature herself has fundamental units such as the charge on
the electron, the rest mass of the electron, Planck’s constant of
action, the speed of light.

In this connection it may be well to restate a postulate which
R. C. Tolman clearly recognized but which is frequently overlooked
or tacitly assumed. We shall call this the ‘“postulate of the repro-
ducibility of proper quantities.” By this is meant that when a
quantitative property of some fundamental system, such as the
mass of a particular atom or one of its characteristic wavelengths,
is observed in a Lorentz frame in which that system is at rest
(called the “proper frame’” of the system), we postulate that the
same result will always be obtained. Nothing in our framework of
well-established physical observations seems at variance with this
postulate, and we shall therefore make it.

The thought lies close at hand that since Nature supplies us with
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reliable and invariable units it might be well to abandon the earlier
and more arbitrary artificial units completely. The convenience,
the accessibility, and in many cases the superior precision of the
arbitrary units make their complete abandonment extremely im-
probable in the foreseeable future. No one will care to check the
accuracy of an ammeter by counting the number of electrons which
flow in unit time through its windings. In spite of the very satis-
factory accuracy which has recently been attained in measuring
many of the natural constants, the artificial arbitrary standards
of the cgs system are still superior in accuracy. The statement is
true save perhaps for one exception—the meter bar, which, since
the supplementary definition of the meter in terms of the wave-
length of a certain line in the spectrum of cadmium in 1927, is no
longer to be considered as a primary standard of length.

Even if such important practical considerations were ignored,
we do not as yet know enough to select wisely the natural constants
on which to base such a system. In the present state of our knowl-
edge of physics there is in fact a great embarrassment of choice as
regards natural constants that might be adopted as units of measure-
ment. The mass of any one of a dozen or more “fundamental par-
ticles’”” might be chosen to replace the kilogram. As units of length
any one of the famous hierarchy of four present themselves: The
Rydberg wavelength, R, = 4wao/a; the Bohr radius, ay = h?/
(4m*me?); the Compton wavelength, h/(mec) = 2wraay; and the
Lorentz radius of the electron, r¢ = a®ao. The speed of light could
be combined with any one of these fundamental lengths to furnish
a fundamental unit of time. Almost the only physical magnitudes
about which there would be little doubt as to choice arc the unit of
electrical charge and the unit of velocity. For these the electronic
charge and the velocity of light would certainly be indicated. Our
present arbitrary standards, however, still afford a precision for
defining velocity and charge many orders of magnitude superior to
the accuracy with which the velocity of light and the electronic
charge have been determined.

It is proper then to begin by outlining the base of our system of
physical measurements in terms of its units, standards, and funda-
mental constants.

REFERENCE
L. R. T. Birge, Rev. Mod. Phys., 1, 1 (1929).



CHAPTER 2

Arbitrarily Defined Physical Units and Standards

2.1 LENGTH, MASS, AND YOLUME

In its original conception the meter was intended to be defined
as one ten-millionth of the earth’s quadrant on the meridian through
Paris, and all units of volume were to be derived from it. It was
planned that the unit of mass, the kilogram, should be identical
to the mass of a cubic decimeter of water at its maximum density.
The units of length and mass are, however, now defined independ-
ently of these conceptions.

The meter is defined as the distance between two engraved lines
on a certain platinum-iridium bar, kept at the International Bureau
of Weights and Measures at Sévres near Paris, Irance, when the
bar is supported in a definitely specified manner at the tempera-
ture of melting ice and at standard atmospheric pressure (760
millimeters of mercury). A supplementary definition of the meter
in terms of the wavelength of a certain line in the spectrum of red
cadmium light was adopted in 1927 by the Seventh (ieneral Inter-
national Conference on Weights and Measures. The definition was
based on the work (1) of Benoit, Fabry, and Perot in 1913 and is as
follows:

1 meter = 1,553,164.13 wavelengths (2-1)

The conditions of temperature, pressure, and humidity together
with many specifications regarding the light source which cmits
the line must be fulfilled for the definition of equation (2-1) to hold
accurately.

Several spectral lines emitted by various isotopically pure sub-
stances, Hg'%, Kr%, Xe'® or Cd" have been studied and are recom-
mended by different proponents as preferable to the cadmium red
line of the present definition. However, as of 1955 no international
action had yet been taken to replace that standard, since the best
choice was not entirely clear (3).

4



PHYSICAL UNITS AND STANDARDS 5

The kilogram is independently defined as the mass of a definite
platinum-iridium standard, the International Prototype Kilogram,
also kept at the International Bureau of Weights and Measures.
The liter is defined as the volume of a kilogram of water, at standard
atmospheric pressure and at the temperature of its maximum
density, approximately 4°C. On a level of sufficient precision this
is an ambiguous definition, since it does not specify the isotopic
constitution of the water. The meter is the fundamental cgs unit
of length and area and of such volumes as are based on linear meas-
urements. Note, however, that, since the liter is defined independ-
ently of the meter, a conversion factor relating the cubic deci-
meter to the liter must be established by physical measurement.
Henning and Jaeger (2) have obtained a result which Guillaume
(2a) has corrected upward 1 ppm in 1927. We adopt this value
with somewhat increased standard error® because of the ambiguity
of unspecified isotopic constitution.

1 liter = 1000.028 + 0.004 ¢m? (2-2)

Thus the maximum density of water is
8, = (1.000028)~! = 0.999972 = 0.000004 kg-dm—3 (2-3)

It was once customary to define 1 cc as liter/1000, whereas 1 cm?
is liter/1000.028, but because of the frequent confusion of c¢¢ with
cmd, the Joint Committee for the Standardization of Scientific
(lassware recommended in 1924 that the designation ml (for milli-
liter) be used in place of ce.

2.2 TIME

The second is the fundamental unit of time. To quote a recent
report (3a) by K. (. Crittenden on the actions taken at the Tenth
General Conference on Weights and Measures in Paris, October
1954, ‘“the second will presumably be defined [by the standing
International Committee without waiting for another conference]
as the fraction, 1/31,556,925.975 of the tropical year 1900.0.”
Techniques now exist for controlling the frequencies of electrical
oscillations by means of the natural frequencies of vibration of cer-

* Throughout this book we shall quote uncertainties in terms of the roof-

mean-square or “standard error.”” This, for reasons which we shall explain in
Scetion 7.3, is preferred rather than the “probable error’” or “mean absolute error.”
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tain molecules of which the ammonia molecule is one example.
The three hydrogen atoms of the ammonia molecule form an equi-
lateral triangle; the nitrogen atom is situated equidistant from the
three hydrogen atoms but not in the same plane, so that the mole-
cule has a tetrahedral structure. There are, however, two stable
positions for the nitrogen atom, one on either side of the plane of
the hydrogen atoms. Under suitable conditions the nitrogen atom
may be made to oscillate back and forth between these two posi-
tions and the frequency of this oscillation may be very accurately
measured and maintained.

A similar type of atomic clock makes use of the transitions in
caesium between the hyperfine structure energy levels caused by
the interaction between the electronic and nuclear spins. This
hyperfine structure is the same phenomenon as that discussed in
Section 6.7 in connection with the measurements of hyperfine
structure splitting in hydrogen. The measured frequency of the
central line of the hyperfine Zeeman pattern extrapolated to zero
field is (3b)

v = 9192631830 = 10 cycles sec™*

This represents an accuracy of one part in a thousand million and is
by far the most aceurate physical magnitude which has been meas-
ured.

A time standard based on this caesium resonance was suggested
by H. Lyons (3¢) and an early model was built at the United States
National Bureau of Standards. A somewhat different type has been
described by Zacharias, Yates, and Haun (3d). An improved res-
onance clock has recently been constructed at the National Physical
Laboratory, Teddington, England, by Fssen and Parry with which
the above-quoted resonance frequency was determined. A photo-
graph of this remarkable equipment appears as the frontispicce of
this text.

These atomic clocks can furnish a more uniform standard of time
than can be obtained from the rotation of the earth. The carth’s
rotation is known to have variations in rate of the order of 1 part
in 108 by means of comparisons with sidercal time standards. The
fact that the second is defined in terms of the tropical year at the
epoch 1900.0 indicates implicitly that the International Clommittee
at the Tenth General Conference of 1954 was aware of the variability
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of the year and that techniques exist whereby this variation can be
measured. Hence the existence of time standards more accurate than
the revolution of the earth in its orbit is implied. Without such
standards it would be meaningless to refer the year to the epoch
1900.0 in preference to a current determination (i.e., epoch 1950.0
or 1956.0). There is another, and perhaps more compelling, reason
for using atomic standards in place of astronomical ones. The
unit of time can be determined by astronomical observation only
after several years and hence we have our standards only in retro-
spect. The advantage of an atomic standard is that it enables fre-
quency standardization to be cffected in a few minutes, and the
information can then be made available throughout the world al-
most instantaneously by utilizing the network of standard fre-
quency transmission. At present the ‘“Atomic Clocks” are used only
to maintain a standard which is defined in tecrms of astronomical
data; ultimately the unit of time will probably be defined directly
in terms of the frequency of such atomic oscillations, but as yet
(1955) no such action has been taken.

2.3 TEMPERATURE

The history of the mecasurcment of temperature and the refine-
ment of this concept from the carly subjective stage based on sensa-
tions of hot and cold to the present definition of the absolute Kelvin
or thermodynamic scale of temperature is outlined in many texts
on thermodynamies. As an outgrowth of this history and the prac-
tical requirement of defining a number of convenicnt fixed points
in different ranges of temperature for the purpose of calibrating
thermometers we have two scales of temperature, namely, the In-
ternational and the Kelvin, absolute, or thermodynamic scales.
The reader should refer to the Smithsonian Physical Tables (4) or
to the Journal of Rescarch of the Nattonal Burcaw of Standards (5)
for the details of the definition of the 1948 International Tempera-
ture Scale. This is defined in terms of the platinum resistance ther-
mometer and the clectromotive force of a thermocouple over speci-
fied lower temperature ranges and in terms of Planck’s black body
law of radiation and certain fixed points at higher temperatures.
The justification for such a scale is its convenience and reproduci-
bility. The effort has been to define the International Temperature
Scale in such a way as to make it as necarly as possible proportional
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to Kelvin's absolute thermodynamic temperature scale. That tem-
perature scale is the one which would result if the measurements
could be made with a gas thermometer employing an ideal gas.
It is the fundamentally significant physical scale and is independent
of the properties of any particular substance. Kelvin himself urged
that this absolute scale of temperature be defined by assigning a
numerical value to the temperature of a single fixed point instead
of the earlier method which defined two fixed points—the freezing
and boiling points of water. With these earlier definitions the tem-
perature of absolute zero is a matter of experimental determination,
as in the centigrade or Fahrenheit scales. The Tenth General Con-
ference on Weights and Measures in October 1954 decided (3a) “to
define the thermodynamic scale of temperature by means of the
triple point of water as fixed fundamental point, by assigning to it
the temperature 273.16° Kelvin exactly.” This yields a new thermo-
dynamie scale of temperature numerically slightly different from
the earlier one such that the best value of the ice point is 273.1500 =
0.0002° X instead of 273.16° = 0.01° K as formerly. The reason for
the choice of the triple point of water rather than the ice point is
the fact that it is uniquely defined without need for specifying a
pressure. The reason for the change in the numerical definition is
asserted to be that it achieves a better coincidence between the
thermodynamic and International scales. As a result of this change,
however, the centigrade degree is no longer exactly equal to the
Kelvin degree and we have 1° (Centigrade) = 0.999964 == 0.000036°
(Kelvin), and the boiling point of water is 100°C = 373.1464 =+
0.0036°K.

Studies of the absolute temperature of the ice point or the triple
point of water have been made by Joule and Thomson (6) using
their porous plug method, by Chappuis (7a), Berthelot (7h),
Henning and Heuse (7c¢), and Roebuck (7d). R. T. Birge (see
reference 1, Chapter 1) has summarized and critically examined
these experiments in his 1929 review. More recently Roebuck and
Murrill (8a), Beattie (8b), and Keesom and Tuyn (8¢) have re-
viewed the entire situation including their own work on the tem-
perature of the ice point. All such measurements involve the de-
termination of empirical constants to describe the departure in the
behavior of the working gas in a gas thermometer from that of an
ideal gas in terms of which the thermodynamic scale is conceived.
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2.4 ELECTRICAL UNITS

Up to January 1, 1948, two systems of electrical units, the “‘inter-
national” and “absolute” systems, coexisted for much the same
practical reasons as the two temperature scales described in the
preceding section.

The International Conference on Electrical Units and Standards
of 1908 resolved that the magnitudes of the fundamental electrical
units should be determined on the [absolute] electromagnetic sys-
tem of measurement so as to be consistent with the physical cgs
system of mechanical units. (In this absolute system an ampere is a
unit of current such that given a circular coil of 1 cm radius a unit
magnetic pole placed in its plane at the center would experience a
force of 1 dyne for each radian of arc of the coil in which the cur-
rent flows. Two magnetic poles each of unit strength separated by
1 em exert on each other a force of 1 dyne. The absolute volt and
ohm are defined so that the familiar formulas EI and RI? will
yield the power in watts, i.e., 107 erg sec™..)

At the same time, however, this conference recommended—‘“as
a system of units representing the above [absolute electromagnetic
¢gs units] and sufficiently near to them to be adopted for the pur-
pose of electrical measurements’’—the adoption of the International
Ohm, Ampere, and Volt. The International Ohm was defined as the
resistance of a column of mercury of specified physical dimensions.
The International Ampere was defined in terms of the silver de-
posited per unit time on the cathode of the silver voltameter, in
spite of the fact that it had been clearly shown that silver voltame-
ters of various types might give consistently different results. The
International Volt was defined such that 1 International Ampere
flowing through 1 International Ohm would require 1 International
Volt to maintain it. Under such circumstances 1 International
Watt was by definition dissipated in the resistance. As might be
anticipated, the International Watt did not turn out to be exactly
equivalent to 107 erg sec™! of the cgs system.

The international system of units in its final form was maintained
for 37 years, 1911 to 1948. Actually, in practice the International
Units were maintained in the standardizing laboratories of various
countries by mecans of banks of standard cells and banks of stand-
ard resistance coils which had been initially intercompared by the
International Technical Committee and then carried by cach dele-
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gate back to the laboratories of the different countries. Only very
infrequently indeed were the official definitions of the International
Ohm and Ampere in terms of the mercury column and the electroly-
tic deposition of silver resorted to as a means of reestablishing the
units. This was done only when suspicion arose of a drift in the
mean value of the bank of resistors or of the bank of standard cells
in a particular country. Thus in an operational sense the standards
that were really maintained during this 37-ycar period were the
ohm and the volt. With steady improvement in the precision of
electrical measurements the advisability of rcturn to the absolute
cgs electromagnetic system of units became increasingly evident.

The history of this development and the eventual establishment
of the electrical units in the absolute cgs system is well described in
a circular of the U. S. National Bureau of Standards (9). The ob-
jective was chiefly accomplished in the United States and in England
by the work of physicists at the National Bureau of Standards and
at the British National Physical Laboratory. An important tech-
nical part of the problem involved the construction of coils of wire
of very accurately established geometrical dimensions to be used
either as self inductances, as mutual inductances, or as clements of
precision current balances. During the period of coexistence of the
two systems of units, conversion factors between the international
and absolute units were frequently determined with ever-increasing
precision. The techniques of establishment of the absolute units
having finally advanced to a point where they compared favorably
in precision with the reproducibility and constancy of the Inter-
national Units (based on intercomparisons of standard cells and
resistors), definite action was taken by the International Com-
mittee in October 1946 to abolish the International Units as of
January 1, 1948, and to adopt the absolute system for the certifica-
tion of all standard cells and resistors. In this action the following
ratios were fixed as those governing the change:

1 mean international ohm = 1.00049 absolute ohms (2-4)
1 mean international volt = 1.00034 absolute volts (2-5)

Because of small drifts which had occurred with time, slight dif-
ferences existed between the International Units as maintained in
Washington and the Mean International Units referred to in equa-
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tions (2-4) and (2-5). These differences were established by inter-
comparisons at the International Bureau in Sévres at or near the
time of the change of units (January 1, 1948), and the ratio of the
old units as certified by the National Bureau of Standards prior to
January 1, 1948, to the absolute units used after that date are
given in Table 2-1.

In interpreting the results of precision measurements involving
the electrical units care must therefore be used to ascertain in what
terms the standard cells and resistors were certified, since these may
differ depending on where and when they were certified.

Table 2-1. Ratios of Washington International Klectrical Units (as Certified
Prior to 1948) to Absolute lilectromagnetic Units

1 U.S. international ohm 1.000495 absolute ohms (2-6)
1 U.S. international volt 1.000330 absolute volts (2-7)
1 U.8. international ampere 0.999835 absolute ampere (2-8)

0.999835 absolute coulomb (2-9)
1 U.S. international henry 1.000495 absolute henries (2-10)
1 U.S. international farad 0.999505 absolute farad (2-11)
1 U.S. international watt 1.000165 absolute watts (2-12)

1 U.S. international coulomb

/1 1

2.5 STANDARD ATMOSPHERE

The Tenth General Conference on Weights and Measures in
£

October 1954 ruled (3a) that the unit known as “normal atmospherie

pressure’’ is to be accepted “for all purposes” as

1atm = 1,013,250 dynes cm™2 (2-13)

So defined this is a conventional constant, with no error. The
earlier definition adopted in 1927 by the International Commission
of Weights and Measures (10), ‘““the pressure due to a column of
mercury 760 mm high, having a mass of 13.5951 g ¢cm™* subject to
a gravitational acceleration of 980.665 c¢m sec~? and equal to
1,013,250 dyne ¢cm™’ is equivalent to that of (2-13) but is decidedly
open to objection. As R. T. Birge points out (sce reference 1,
Chapter 1), no temperature is specified in the 1927 definition and
the word “mercury’” is technically superfluous. The definition is
operationally open 1o even more severe eriticism, since it specifies
no simple method for reducing to standard atmospheres an actual

barometer reading at an actual observed temperature. Since p, ¢,
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and h are specified in the definition, the atmosphere is uniquely
defined as (13.5951)(980.665)(76.0) dyne em™2 or 1013250.144354
dyne em™. Since the result of measurement is completely defined
in the definition, the definition is not only operationally poor but
operationally impossible—a measurement of the value of the
atmosphere is meaningless. If the result is not the one quoted in
the definition (or implied by it), it is wrong!

Geiger and Scheel’s Handbuch der Physik (11) gave a definition
of the normal atmosphere as

A, = H.p,(Hg)s,(H.0)g, = 1.01325, X 10° dyne cm=? (2-14)
in which

H, = height of normal barometer = 76.000 ¢m.

on = normal specific gravity of Hg (at 0° C, A,), referred
to air-free water of maximum density.
8,(H.0) = maximum density of water.

g» = normal gravity (as adopted by the Fifth General Con-
ference 1913);
= 080.665 cm sec.

R. T. Birge remarks (see reference 1, Chapter 1) that because it
is operationally explicit the definition of equation (2-14) ‘“‘secms
preferable in spite of international agreement to the contrary.”
In his 1941 review (12) of the physical constants R. T. Birge, on
the basis of later work on p,(Hg) (equation (2-14)) arrived at a
slightly lower value for A, (defined according to his preference as
in the equation (2-14) of (1.013246 + 0.000004) X 10° dyne em™2.
Small differences in p, for natural mercury from different sources
are not surprising since minute amounts of impurity may be present
and variations in its isotopic constitution may also contribute a
small amount of variation.

Birge’s two values of 4,, as he prefers to define it, agree with the
definition by international convention to within a few parts per
million. The only physical constants in our Tables 8-6 and 87
dependent on the definition of the normal atmosphere are the gas
constant, Ro; the Boltzmann constant, & = Ro/N; the four radia-
tion and thermal constants dependent on R, or k; the Sackur-
Tetrode constant (dependent on In R*?); and the multiplier of the
(curie constant)* to give magnetic moment per molecule, (3k/N)t.
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None of these constants are known at present with sufficient ac-
curacy to warrant concern over the slight differences in the de-
fined values of 4,.
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CHAPTER 3

Classical Measured Constants and Units

3.1 NEWTONIAN UNIVERSAL CONSTANT OF
GRAVITATION, G

This constant gives the gravitational attractive force, @, exerted
between two unit masses separated by unit distance. If M =
(4/3)7R*D is the mass of the earth, R being its radius and D its

mean density, then g, the acceleration of gravity at radius, R will
be

g = G@M/R? (3-1)

Since both g and R can be determined, the determinations of G
fall into two large classes: (1) Determinations of M with calculation
of G from equation (3-1) or (2) direct determinations of G by measur-
ing the gravitational force between two masses in the laboratory.
The second method leads to the more accurate results.

Attempts to estimate M, the mass of the carth, have been of two
kinds: () The mass of a mountain and the position of its center
of gravity are determined from the density of its constituent rock
and a survey of its shape. The deflection of a plumb line away from
the vertical by reason of the attraction of the mountain is then de-
termined. This was done, for example, by astronomical observations
of the direction of the plumb line on two sides of the mountain in
a determination in 1775 by Maskelyne, British Astronomer Royal
on Mount Schiehallion in Perthshire. The estimated average density
of the mountain was 2.5 g em™, and the difference in direction of
the two plumb lines was 12 sec of are. From these results the carth’s
mean density was calculated to be 5.0 ¢ cm~*. This results in a value

G =74 X 10-8 dyne cm? g2 (3-2)

(2) In 1854 Airy made precise determinations of g, the acceeleration
of gravity, by means of a pendulum at the top and bhottom of a
14
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mine shaft. Let g; and ¢. be these two values. By this means he was
able to compare D, the mean density of the earth, with d, the density
of the swrface constituents in the layer above his lower point of
observation, and since d could be estimated from density deter-
minations on samples of rock, D could be computed. If h is the
depth below the surface at which g, is measured it can be shown
that, to first approximation,

=i nfg 3 (3-3)

The value of d was found to be 2.5 g cm™ and D, the mean density
of the earth, was caleculated to be 6.5 g em~3. This results in a value

G = 5.7 X 108 dyne ¢cm? g (3-4)

In view of the difficulties of estimating the mean density of a moun-
tain or of an extended layer of the earth’s crust from a few samples
of rock it is not surprising that the above values are correct to only
about 10 or 15 per cent.

Direct determinations of by measuring the gravitational force
attracting two masses in the laboratory have been made by two
methods called static and dynamic.

1. In the static method the force of attraction of a stationary
mass for a movable mass is measured cither by the steady deflec-
tion of a torsion fiber or by the additional angular deflection of the
beam of a chemical balance when a large massis placed at a measured
distance, close underncath a weight suspended [rom one arm of the
balance. Many corrections in such experiments for the gravitational
forces excrted by the stationary mass on other parts of the moving
system are required, and very great care to climinate air conveetion
currents is necessary. Table 3-1 containg some results obtained in
this way.

2. In the dynamic method, undoubtedly the most accurate of
all, two masses in the shape of spheres situated at cither end of a
straight horizontal rod of light material are suspended by a torsion
wire or fiber attached to the eenter of the rod. Two heavy stationary
masses in the shape of spheres or cylinders with their centers of
gravity in the same horizontal plane as that of the rod are arranged
so that they can be placed in cither of two positions: (a) with all
four centers in line horizontally, and (b) with the horizontal line
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joining the stationary masses, perpendicularly bisecting the line
through the centers of the masses on the suspended rod. In posi-
tion (a) the gravitational force supplies an additional restoring
force to that of the suspension. In position (b) the gravitational
forces reduce the restoring force. There will thus be a change in the
period of free oscillation of the suspended system depending on the
position of the stationary masses, which if determined yiclds a value
of @, provided the masses and their complete geometry are ac-
curately known. Corrections for the forces exerted on the oscillating
bar are required. Probably the best determination not only by this

Table 3-1. Measurements of @, the Newtonian Universal Constant of Gravitation

G X 108
Date and Experimenter Method of Measurement  dyne cm? g2
1798 H. Cavendish (1a) Static torsion balance 6.754 4= 0.041
1878 Cornu and Baille Static torsion balance 6.618
1881 von Jolly Chemical beam balance 6.465
1891 Poynting (1b) Chemical beam balance 6.6984
1895 Boys (lc) .Static torsion balance 6.6576
1896 Braun Dynamic torsion balance  6.658
1896 Eolvos Static torsion balance 6.66
1898 Richarz and Krigar-Menzel —Chemical beam balance 6.684
1901 Burgess Dynamic torsion balance  6.64
1930 Heyl (1d) Dynamic torsion balance  6.670 == 0.005
1942 Hey) and Chrzanowski (le)  Dynamie torsion balance 6

.670 == 0.005

method but of all determinations made to date is that of Heyl and
Chrzanowski at the U. 8. National Burcau of Standards (le) in
which they obtained

G = (6.670 == 0.005) 10~® dyne em? g2 (3-8)

It is this value which, following R. T. Birge (sce reference 12,
Chapter 2), we adopt for recommendation.

Table 3-1 lists most of the precision determinations of G.

The constant G is a very exceptional universal constant in that
no generally accepted theoretical formulas as yet relate it to any of
the other constants or magnitudes of physics. A. Iddington has
proposed a formula relating G to the total number of particles in
the universe and to the ratio ¢?/(m, + m,)?, where ¢ is the elec-
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tronic charge and m, and m. are the masses of electron and proton.
His formula also involved the exact whole numbers, 136 and 137,
which played a prominent role throughout Eddington’s theory.
Eddington’s ambitious attempt to construct a purely deductive
theory “based on epistemological principles and not on physical
hypotheses” by which he endeavored to compute the fundamental
constants of nature without appeal to experimental observations
can no longer be taken seriously. Eddington’s relatively simple
world picture assuming a closed universe with a finite constant
number of elementary particles and including explicitly only the
electron and the proton is certainly not in accord with our more
recent observations.

3.2 ACCELERATION OF GRAVITY

The acceleration of gravity varies from point to point on the
carth’s surface because of (1) the centrifugal force accompanying
the earth’s rotation, (2) departures of the earth’s figure from a per-
feet sphere, (3) local variations of density. The International
Gravity Formula giving the dependence of the acceleration of
gravity, ¢, at sea level on the latitude, ¢, is given (2) as

g = 978.0495

(3-6)
-[1 4+ 0.0052892 sin?¢p — 0.0000073 sin’2¢] cm sec?

The acceleration, g, falls off at the rate of —0.0003086 cm sec™? per
meter increase in altitude above sea level.

The standard value of gravity, or “normal gravity,” g., adopted
by the Fifth General Conference of 1913, was defined as (3)

g» = 980.665 cm scc? (3-7)

It corresponds nearly to the value of ¢ at latitude 45° and sea level.

Preliminary results of a precision redetermination of ¢ at the
International Burcau of Weights and Measures were reported at
the Tenth General Conference (see reference 3, Chapter 2) on
Weights and Measures, October, 1954. According to this new work
it appears that the “Potsdam value” of gravity in use for the last
50 years may have been too large by 24 ppm. What revisions in
the formula (3-6) may be required when definitive results of this
new work are available are at present unpredictable.
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3.3 NORMAL MOLE VOLUME OF AN IDEAL GAS;
GAS CONSTANT
The normal mole volume of an ideal gas is the volume occupied
by 1 g mole at 0°C under 1 atm pressure. R. T. Birge (see refer-
ence 1, Chapter 1) and later in more detail Birge and J enkins (4)

have given the theory connecled with the determination of this
constant.

For an ideal gas we have
pV = mE TO/M (3—8)

where p = pressure, V = volume, m = mass in grams, M = gram
molecular weight, Ty = absolute temperature of the ice point
(0°C), and Ry = gas constant per mole. If m/M =1andp = 1,
we get

V = Vo= R (3-9)

where V, is the normal mole volume in the units chosen. We shall
choose the conventional standard atmosphere of equation (2-13)
as the unit of pressure. Some care is required in reading the research
literature since it is customary for workers in the field of limiting
gas densities to express their experimental results in terms of the
45° Atmosphere, based on a definition of the atmosphere using the
value of g at 45° latitude in equation (2-14) rather than standard,
g, = 980.665 cm sec™> (g4s = 980.616 cm sec—?.) It must also be
recalled that there exist two scales of atomic weights, the chemical
and the physical scales, as will be explained in Chapter 4. We shall
use the physical scale of atomic weights in which the O isotope of
oxygen has the atomic weight 16 exactly.

A real gas satisfies equation (3-8) only at zero pressure. From
(3-8) and (3-9) we may write |

(pV)o = mVo/M (3-10)

an equation holding for a real gas, where (pV)y is the limiting value
of pV at zero pressure. Let us define the quantity, «, by

@EV)o/(PV)1 =1 — « (3-11)

where (pV)1 is the value of pV for 1 atm pressure. Let us also de-
fine three quantitics, L, L, and L as follows:

L=m/pV) Li=m/(pV)1 L. = m/(pV) (3-12)
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Since m/V = p = the gas density, we have L = p/p and L =
L, = pfor p = 1. Thus L, is the actual density at 1 atm and Liim
is the density the gas would have at 1 atm, if it were an ideal gas.
Both L and pV vary with p for a real gas and Liin, and (pV), are
the limiting values at p = 0 (obtained by cxtrapolation).

From equations (3-11) and (3-12)

Li/Lyw = (pV)o/(pV)1 = 1 — « (3-13)
From equations (3-10), (3-12), and (3-13)
V() = M/Llim = M(]. - C\{)/Ll (3-14:)

This equation is used to evaluate Vo. The values of (1 — «) and
L may be obtained in the same or in separate investigations.
Oxygen is always used as the gas to minimize the error in M. In
a method due to Cragoe described by Birge (sce reference 12, Chap-
ter 2) the behavior of pV/(pV);: over a wide range of pressures
(0 to 100 atm) is empirically fitted to a power law in the variable
(V4/V — 1) by least squares, and this expression is extrapolated
to zero pressurc by putting V = oo, from which Birge deduces

PV)o/(pV)1 = 1 — a« = 1.0009535 (3-15)

After a consideration of the work of several authoritics, Baxter and
Starkweather (1928) (5a), Batuecas (1935) (5b), Moles, Toral, and
LEseribano (1939) (5¢), and Cragoe (1941) (5d), Birge (sce reference
12, Chapter 2) arrived at the value

Vi = 22414.6 & 0.9 em® atm mole™! (chem. scale)  (3-16)
If one converts this to the physical scale of atomic weights using
Birge’s value of the conversion constant, r = 1.000272, one obtains
Vo = 22420.7 & 0.9 cin® atm mole™! (phys. scale)  (3-17)

3.4 GAS CONSTANT
By, the gas constant per mole follows directly from equation
(3-9) and the value of T, the ice point on the Kelvin scale. Using

for the latter the most recent (1954) definition in which Ty = 273.15°
K, we obtain

Ry = Vo/Ty = (8.31696 = 0.00034)

3-1
X 107 erg mole™! deg™! (phys. scale) (3-18)
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3.5 THE JOULE EQUIVALENT

Two factors for converting magnitudes expressed in units of heat
quantity (the calis°) to units of energy were distinguished by R. T.
Birge in his 1941 review (see reference 12, Chapter 2), depending
on whether the energy units were “international joules” or “abso-
lute joules.” The first, J'15, which he gave as 4.1847 4= 0.0003 int-
joule cal='j5, he called the “electrical joule equivalent,” while the
second, J 5, which he gave as 4.1855 £ 0.0004 abs-joule cal~'y;, he
called the “mechanical joule equivalent.” The distinction was re-
quired because of the difference between the unit of energy, the
int-joule on the International system of electrical units (Section
2.4) and the unit of energy on the cgs system, the abs-joule. For-
tunately, the abolition of the international units in 1948 makes the
distinetion no longer necessary save that it must be borne in mind
in analyzing determinations expressed in the earlier units. A new
distinction, however, is pertinent as regards the units of heat quan-
tity involved in this conversion factor. This comes about because of
a recommendation by F. D. Rossini (6) to define a unit of heat
quantity, the ‘“thermochemical calorie” at the cxact value:

1 thermochemical calorie = 4.1840 absolute joules  (3-19)

The thermochemical calorie is to be distinguished then from the older
unit, the 15° calorie defined in terms of the heat capacity of water
at 15°C.

Birge's 1941 evaluation of the Joule equivalent was based on three
experimental sources, Jaeger and Steinwcehr (1921) (7), Laby and
Hercus (1927) (8), and Osborne, Stimson, and Ginnings (1939) (9).
Laby and Hercus determined the “mechanical joule equivalent’
directly without electrical energy measurements, whereas the other
two investigations determined the thermal equivalent of a measured
amount of electrical energy. No new work of this kind that has been

done since 1941 is known to us, and we therefore adopt Birge’s
average value

Jis = 4.1854 £ 0.0004 abs-joule cal='y; (3-20)

with a scarcely significant modification of one unit in the last place
because of the change in the definition of the scale of absolute tem-
perature effected at the 1954 Tenth General Conference (Section
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2.3). The relation between Rossini’s thermochemical calorie and
J1:°%c of equation (3-20) is then

cali;°% = 1.00034 + 0.00010 thermochemical calories (3-21)

3.6 ELECTROCHEMICAL DETERMINATIONS OF
THE FARADAY

The Faraday, F, may be defined as that quantity of electricity
whose flow is associated in electrolysis with an amount of aggregate
chemical effect at each of the metallic-electrolytic boundaries in
the electrical circuit equal in magnitude to a total of 1 g equiv, W,
of the atoms or molecules entering into the reaction. If, as is fre-
quently the case, several electrochemical reactions occur simul-
taneously at an electrode, Faraday’s law will hold only if the total
number of equivalents which have entered into reaction are used
in the computation. If the product of one electrode in a cell is carried
by diffusion or other means to the other electrode, the product may
be wholly or in part restored to its original condition. Let us con-
fine our attention for the moment to the simple case of a pure reac-
tion at one electrode with which m grams of mass of a single reactant
alone are involved as the sole product.

If a charge, Q, is associated in the electrolysis with m grams mass,
then we shall have

F=Q/(m/W) =W/(n/Q) = W/E (3-22)

Here m/W is the number of gram equivalents of the substance
clectrolyzed. The electrolytic experiment consists in measuring
the mass, m, and the corresponding charge, Q. m/Q = E, is called
the electrochemical equivalent, i.e., the mass associated in the clec-
trolysis with unit charge. To obtain the Faraday, then, one must
know not only the measured electrochemical equivalent, E, but
also the gram equivalent, W, i.e., the quotient of the atomic or
molecular weight by the valence. If the substance is univalent, the
gram equivalent, W, is simply the atomic or molecular weight in
grams. The number of atoms or molecules in a gram equivalent
is N /v, where N is Avogadro’s number and v is the valence. Kach
atom or molecule carries a charge, ve, where e is the electronic charge.
Hence the total charge carried by 1 g equiv is ' = Ne. It is this re-
lationship between the Faraday and the two important atomic
constants, N and e, which accounts for our interest in measuring F.
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The value E is measured by means of an electrolytic cell, and the
mass actually liberated or deposited per unit charge passing through
the cell is unfortunately not in general exactly the true mass asso-
ciated with the charge. This difficulty was clearly evident in 1910
from the work of the International Technical Committee in their
efforts to establish a reliable procedure for reproducing the Inter-
national Ampere with the silver voltameter (see reference 9, Chap-
ter 2). In that device it is observed that “anode slime’ is formed at
the silver anode. To prevent this slime from getting to the cathode,
where it might cause an error in the weight of the deposit, several
arrangements have been used. In the Rayleigh form the anode is
wrapped in filter paper. In the Richards form a porous procelain
pot surrounds the anode to catch the slime while permitting the
current to flow in the electrolyte in the pores. In the Kohlrausch
form a glass cup catches the slime. In the Smith form a glass cylin-
der can be lowered at the completion of the run so as to fit tightly
on the upper edge of the cup and prevent any spilling of material
when the voltameter is disassembled. A siphon form was also tried
in which the two electrodes were in separate vessels. The work of
the committee showed clearly that voltameters of different types
might give consistently different results. For instance the silver
deposits in which filter paper was used were heavier by about 150
ppm. The 1910 committee was “of the opinion that the specifica-
tions for the silver voltameter should not be completed until further
experiments shall be made.” A great deal of work (10) was done at
the U. 8. National Bureau of Standards in response to this recom-
mendation. A number of sources of error were tracked down and
definite operating procedures for the silver voltameter were formu-
lated, but the specifications were never officially adopted.

A study of this work on the silver voltameter clearly shows that
the emphasis at that time was dirccted towards obtaining repro-
ducible values of the electrochemical equivalent rather than a meas-
urement of fundamental absolute significance for the purpose of
determining the Faraday. This was natural since the objective at
the time was to obtain specifications for a working procedure which
would empirically define the ampere with as much reproducibility
as possible. Three possible sources of error in the use of the silver
voltameter for an absolute precision determination of the [Faraday
can be cited. (1) The measured gain in weight of the cathode may
not be entirely due to deposited silver; there may be in the deposit
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“inclusions” of other matter from the electrolyte. (2) Some of the
deposited silver may redissolve in the electrolyte, or otherwise be-
come detached, before weighing. (3) The deposited silver may not
have quite the same isotopic constitution as that of ‘“natural”
silver on which the accepted value of the chemical atomic weight
of that element (the value used in computing the Faraday) is based.
When these voltameter experiments were performed isotopes had
not yet been discovered, and the atomic weight of a naturally oc-
curring element such as silver was thought to be an invariable
quantity. It is now known that electrolysis may well introduce an
appreciable change in isotopic constitution and thereby affect the
mean atomic weight. Silver has two isotopes of almost equal abun-
dance which differ in mass by about 2 per cent. This abundance
ratio is the most favorable one for producing a systematic error
through selective electrolytic separation. If in the cathode deposit
the ratio of the light to the heavy isotope content is greater by 1
per cent than it is in the solution, the deposit will be 46 ppm lighter
than if no such selective separation had occurred.

Todine, on the other hand, occurs naturally in only one stable
isotopic form, I'*7, and it is possibly significant that the electrolytic
Faraday determinations of G. W. Vinal and S. J. Bates made with
the “iodine coulometer” (developed by E. W. Washburn and further
perfected by one of his students, S. J. Bates) disagree with those of
the silver voltameter by an amount considerably greater than the
obvious experimental estimates of uncertainty would lead one to
expect. Not only is this true but the iodine results are in much better
accord with the consensus of the now considerably overdetermined
remaining relevant data on the atomic constants than are the silver
results. (See Section 8.3.) In view of the great advantages of the
iodine coulometer over the silver voltameter it is most surprising
that this method was not adopted in place of the electrolysis of
silver for standardizing and reproducing the coulomb and the ampere
by the International Technical Committee. These advantages,
listed by 8. J. Bates in his doctoral thesis, 1912 (11), werce later
fully substantiated by a study at the U. S. National Bureau of
Standards done in 1914 by 8. J. Bates and (. W. Vinal, entitled
“Comparison of the Silver and the Iodine Coulometers and the
Determination of the Value of the Faraday’’ (12). Bates in his thesis
explains the working of the iodine coulometer as follows:

“An aqueous solution of potassium iodide to which iodine has
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been added contains both iodide and tri-iodide ions. When a cur-
rent of electricity is passed through such a solution the reaction

I, +2(—) =3I~ (3-23)

takes place in the direction from left to right at the cathode and in
the reverse direction at the anode. Hence a cell in which the elee-
trodes are surrounded by such a solution should contain the same
total amount of “free iodine’ before and after the passage of an elec-
tric current. By separating the electrodes and the solutions surround-
ing them by a conducting solution of an iodide, the changes in the
amounts of ‘free iodine’ at the two eclectrodes can be determined
[by titration] and if the reaction is a perfectly clean-cut one, free
from all disturbing side reactions, the results at the two electrodes
should check each other. The iodine coulometer therefore contains
within itself the proof of its own correetness, for if it can be shown
that identical amounts of iodine are involved in the reactions at
both electrodes under varying conditions of concentration and cur-
rent density it will establish beyond question the fact that the anly
reaction, involving electricity, which oceurs at the anode is that ex-
pressed by the equation (3-23). In this particular the iodine coulo-
meter possesses an enormous advantage over the silver coulometer,
for, as is well known, no such quantitative proof of the nature of the
reaction is possible with the latter coulometer.”” Bates in his thesis
compared the results of eight runs with two iodine coulometers in
series and obtained an average deviation from the mean of each
pair of results of only 20 ppm. He also compared the equality of the
anode and cathode reactions in four runs and concluded, “The results
show that, within the limit of error of the analysis the same amount
of iodine is formed from iodide ions at the anode as is converted
tnto 10dide ions at the cathode.”

He continues, “The iodine coulometer is, therefore, cortainly free
from any constant source of error amounting to more than 0.002
pereent. The reproducibility of the reaction at the anode is all that
could be desired and fulfills all of the requirements necessary for a
trustworthy determination of the value of the Faraday within 0.005
percent.”’

In the Burcau of Standards comparison of the iodine and silver
coulometers by Vinal and Bates the arithmetic mean deviation from
the mean in six determinations of the ratio of iodine titrated to silver
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deposited was 85 ppm, whereas for the same runs the ratio of iodine
to quantity of electricity (as measured by standard cell and resist-
ance) showed an arithmetic mean deviation from its mean value of
79 ppm. The ratio of silver deposited to quantity of electricity
showed an arithmetic mean deviation from its mean value of 30
ppm. Thus the iodine coulometer was not quite as reproducible as
the silver in these six runs. The two most approved forms of the
silver coulometer, that of the porous cup and that of Smith, de-
veloped expressly to obtain high reproducibility, were used. How-
ever, the relative merits of the two coulometers for obtaining abso-
lute accuracy in the determination of the Faraday must be clearly
distinguished from their relative reproducibility. The Faraday
values obtained by the two coulometers have recently been re-
calculated by G. W. Vinal (1949) and later (1951) corrected by J. A.
Hipple for the new atomic mass of iodine with the following results:

Iodine Faraday = Ne’

= 0652.15 = 0.13 abs emu (g equiv)~! (phys. scale) (3-24)
Silver Faraday = Ne’
=90651.29 =+ 0.19 abs emu (g equiv)~! (phys. scale) (3-25)

The difference between these two results, 0.86 =4 0.23, is un-
comfortably large in comparison to its expected standard error.

It was the effort to achieve better consistency in the entire pic-
ture of the determinations bearing on the atomic constants which
first emphasized the above discrepancies and indicated that the
iodine value was more likely to be the truec one. As early as 1928
R. T. Birge (reference 1 Chapter 1) distinguished a systematic dif-
ference between what he called the ‘“spectroscopic’ and the “de-
flection” values of e/m, the charge-to-mass ratio for the electron.
He at first thought that ¢/m might be different depending on whether
the electron was “inside’” an atom or “‘in free space.” In reality his
so-called spectroscopic measurements of ¢/m amounted to deter-
minations of the ratio of the electronic and nuclear masses (by com-
parison of the Rydberg values for different light atoms), and a value
of the IFaraday constant had to be introduced to compute ¢/m from
the spectroscopic data. This constant did not enter in deriving ¢/m
from ‘“deflection’” measurements, however. Birge initially had pre-
ferred the silver value to the iodine value hecause of the great care
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which had been expended to make the method highly reproducible
and partly because it was then regarded as the basis for defining
the international coulomb. It was first pointed out (in 1940) by one
of the present authors that the apparent difference between the two
sets of values of e¢/m might stem from a systematic error in the
silver Faraday value—a suggestion which Birge (reference 12,
Chapter 2) immediately accepted as plausible.

The most recent adjustment of the atomic constants still supports
the view that the iodine value is more nearly correct than the silver
value. The true source of the discrepancy is still obscure, however,
in spite of two further investigations undertaken recently by A. I.
Scott of Reed College, Portland, Oregon (13) and by D. N. Craig
and J. I. Hoffman at the U. S. National Bureau of Standards (14)
in an effort to clarify the matter. The first of these comprised a
careful review of all methods to determine the amount of “inclu-
sions”” in the silver deposit of the silver coulometer and an attempt
to estimate inclusions by means of radioactive tracers. The second
was a redetermination of the Faraday with a coulometer employing
the electrolytic oxidation of sodium oxalate in a supporting solution
of sulfuric acid. The reaction

CO——2 CO. -+ 2(—) (3*26)

was carried out in a coulometer with a gold anode and a platinum
cathode, the anode and cathode vessels being connected electrically
through four siphons dipping into three beakers to isolate anode
and cathode solutions. A weighed quantity of sodium oxalate was
added to the anode vessel and, after the electrolytic oxidation, the
residual oxalate was determined by titration with KMnQ, As
Craig and Hoffman point out, the oxalate coulometer has the ad-
vantage that since a large fraction by weight of the measured sub-
stance, C:0,, is oxygen, the errors resulting from uncertaintics in
atomic weight are minimized.

Seventeen determinations of the Faraday, twelve with a small
and five with a large oxalate coulometer, were made with results
ranging from about 9652.6 to 9651.1 absolute emu per gram cquiva-
lent on the physical scale of atomic weights. The mean of their
oxalate values came out lower than the iodine Faraday. The dif-
ference,

0.8 = 0.32 abs emu (g equiv)~! (3-27)
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is still uncomfortably large relative to its expected standard devia-
tion. The difference hetween the mean of the oxalate values and the
silver values, on the other hand, is

0.06 =+ 0.36 abs emu (g cquiv)~* (3-28)

This very good agrecment could indeed be considered as a verifica-
tion of the silver value if no other information were available.
Actually, however, a study of the scquence of results obtained in
seventeen measurements by the oxalate method shows a decidedly
marked trend downward when the results are arranged in the tem-
poral order in which the measurements were performed. The first
two measurements are in good accord with the weighted mean of
the iodine values, whereas the mean of the last two measurements
yields a value more than 1 absolute emu lower. This downward
trend shows no suggestion of leveling off in the plot presented in
Craig and Hoffman’s paper (14). Such behavior strongly suggests
an experiment ‘“‘out of control.” The reason is obscure but the sus-
picion is inescapable.

Craig and Hoffman conclude that the errors from the electrical
measurements, and the determinations of mass of input oxalate
and residual oxalate by titration are negligible, as arc also crrors
from possible abnormal isotopic abundances of the carbon and oxy-
gen isotopes. To establish this, mass spectroscopic studies were made
of the carbon and oxygen used. Craig and Hoffman say that the
uncertainties in the equivalent weight and purity of the sodium
oxalate are their principal sources of crror.

Further work on the iodine coulometer is reported to bhe in prog-
ress at the Rockefeller Institute for Medical Research, New York,
New York, by D. A. MacInnes (15) using several improvements
depending on newly developed modern techniques.

The high Faraday value obtained with the iodine coulometer has
received support not only from indirect considerations of consistency
with independent information from other physical measurements
on the atomic constants but also from a direct measurement of the
charge-to-mass ratio for protons. This was done at the U. 8. National
Bureau of Standards as the result of two admirable pieces of pre-
cision measurement involving the new proton resonance techniques
which have revolutionized the stabilization and measurement of
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magnetic fields. This will be described in Sections 6.3 and 6.4; we
shall here only quote the result as

F = 9652.2 4= 0.3 abs emu g™! (phys. scale) (3-29)
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CHAPTER 4

Masses of Atoms and Mesons

4.1 MASSES OF CERTAIN LIGHT ATOMS BY NUCLEAR
REACTION ENERGIES

The atomic masses of light nuclei on the physical scale of atomic
masses have been obtained with great accuracy by the method of
measuring the energy balance in nuclear reaction energies. The
literature on this method has now become quite extensive (1). This
method at the date of writing is probably more accurate for de-
termining the relative masses of the lighter atoms than any mass
spectrographic method and far more accurate than any of the
older chemical methods. Consider a nuclear reaction

X+z—Y+y (4-1)

in which a bombarding particle, x, with measured kinetic energy,
T. reacts with a target nucleus, X (initially stationary). The final
products of the reaction are a nucleus, Y, with measured kinetic
energy, Ty, of mass, My, and a particle, y, with kinetic energy and
mass, T, and m,. Since mass and energy are relativistically equiva-
lent under the Finstein relation

(Mass) ¢ = Inergy (4-2)
the conscrvation of energy for the reaction (4-1) can be written
(Tz 4+ mac®) + (Mxe?) = (Ty + Myc?) + (Ty + myc?) (4-3)

The net gain, in total kinetic energy associated with the product
particles, relative to the total kinetic energy of the input or re-
actant particles is called the reaction energy balance or the @ of
the reaction.

Q=Ty+ Ty — T = (Mx + ms — My — m,)c* (4-4)

If Q is positive the reaction is said to be exothermic or exoergic,
20



30 THE FUNDAMENTAL CONSTANTS OF PHYSICS

and the contrary reactions are called endothermic or endoergic.
Clearly a study of such reactions with precision measurements of
Q-values in terms of energy in electron volts affords a very sensitive
method of determining mass differences between particles of nearly
equal mass. The differences are relatively much smaller than the
masses so that very moderate precision in the Q-value measure-
ments is all that is needed to establish the masses with very high
precision. More than one nuclear reaction may well be needed to
yield enough simultaneous equations such as (4-4) to obtain the
mass difference between a pair of particles as, for example, the
neutron and the proton. However, a great number of nuclear re-
actions in the light elements have been precisely measured; so
many in fact that the available information on nueclear Q-values

Table 4-1. Atomic Masses and Mass Ratios of Certain Light Atoms and Nucleons

(Physical Scale).

Neutron n = 1.008982 =+ 0.000003 (4-9)

Hydrogen Atom H = 1.008142 = 0.000003  (4-10)
Deuterium Atom D = 2.014735 £ 0.000006  (4-11)
Atomic Mass of Proton M, = H-Nm = 1.007593 = 0.000003  (4-12)
Ratio, Hydrogen to Proton H/M, = 1.00054461 (4-13)
Atomic Mass of Deuteron My = D-Nm = 2.014186 == 0.000006  (4-14)
Ratio, Deuterium to Deuteron D/M; = 1.00027244 (4-15)

affords a high degree of overdetermination for establishing mass
differences of all the isotopes of all the light elements from the
neutron through sulfur (Z = 16). Since this includes O'¢, the isotope
which by definition has atomic mass exactly 16 on the physical
scale, the method affords an extremely precise set of atomic mass
values good to a few parts in a million for all these light nuclei.
This corresponds to determining the @-values of the reactions with
an accuracy of the order of 1 kv. Li, Whaling, Fowler, and Lauritsen
in an important study in 1951 used the Q-values of 57 different
nuclear reactions to establish a table of masses of 31 isotopes be-
tween Z = 0 (the neutron) and Z = 9 (fluorine). Van Patter and
Whaling (2) in 1954 list separately all the Q-valuc determinations
that have been made on no less than 474 nuclear reactions, About
600 independent @ determinations are tabulated by them. To the
date of this writing no evidence has appeared significantly discordant
with the mass values and their error measures as given by Li,
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Whaling, Fowler, and Lauritsen, though some work claiming
slightly smaller error measures has recently been published by
Wapstra (3). The precision of the mass values given by Li, Whaling,
Fowler, and Lauritsen is amply sufficient for the purpose we shall
make of them in determining the general constants of physics.
We therefore adopt the values given in Table 4-1, which are based
on the work of these authors combined with Nm, the atomic mass
of the electron, which is required in order to compute M, and M.,
the atomic masses of the proton and the deuteron.

Atomic mass of clectron, Nm = 0.000549 (physical scale) (4-5)

Information on the atomic mass of the electron is available from
two independent sources (4).

1. The isotopic shift in the spectrum of hydrogen and deuterium
caused by the effect known in German as the “mitbewegung des
kerns” leads to an evaluation of the atomic mass of the electron.
The wave number difference, #7p — ¥r, between the Ha and D«
lines of the Balmer series is easily shown to be related to the atomic
mass, Nm, of the electron* and to the atomic masses, i/ and D,
of the hydrogen and deuterium atoms by the formula

DH(ip — 5) _ DHA

Nm = i = D = Hyiy + Hb

4-6
DHA 6

= (D = Hix + DA

where A = 7p — ¥g.
If we can neglect HA < (D — H)ip; 1 < 3700, we have
DH A
D —H ip
Using the Li, Whaling, IFowler, and Lauritsen values for A and D,
a least-squares evaluation (4) of the data obtained by three inde-

pendent sources, Shane and Spedding (5), C. F. Robinson (6), and
R. C. Williams (7), leads to the atomic mass for the electron

(Nm)spees = (5.4895 == 0.0008) X 10— (4-7)

Nm =

* We reserve the letter, m, to designate the absolute mass of the electron in

grams; Nm is the atomic mass of the electron on the physical scale of atomic
masses.
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2. The atomic mass of the electron may also be determined from
a comparison of the “eyclotron frequency of the electron’ with
the ““cyclotron frequency of the proton.” Comparison of the results
of Gardner and Purcell on the cyclotron frequency of the electron
with those of Hipple, Sommer, and Thomas measuring the cyclotron
frequency of the proton in magnetic fields standardized in both cases
by the method of proton resonance leads to the mass ratio of elec-
tron to proton, m/M, = 5.44640 X 10—, and using 1.007593 for
the atomic mass of the proton we find

(N'm) icrowave = (5.48775 == 0.00013) X 10—+ (4-8)

which is smaller than (Nm)spees by 0.0018 4= 0.0008. We need not
be concerned with this discrepancy here, however, because for our
present purpose of calculating M, and M, only the first three digits
need be known accurately, as given in equation (4-5). We shall re-
turn in Chapter 6 to a fuller description of such microwave and
cyclotron resonance experiments.

4.2 MASSES AND PROPERTIES OF LIGHT MESONS

Since the prediction of mesons by Yukawa (8) and the discovery
of the mesotron in cosmic rays in 1933-1936 (9), there has been a
gigantic growth in the field of elementary particles. Not only does
the number of well-established unstable particles grow at an alarm-
ing rate, but also the number of basically new and more powerful
techniques for their production and study increases without ap-
parent limit. The available fluxes and energy ranges of these par-
ticles increase steadily. In fact, the sheer concentration of physicists
concerning themselves with these problems guarantees that the
new developments and the basic understanding of the clementary-
particle processes will be such that at any time it is hopeless to try
to summarize a very large part of the information. Merely the delay
in publication renders even a last-minute account obsolete by the
time it reaches the readers. On the other hand, there is a limited
number of what might be called the static propertics of the par-
ticles—their masses, mean lives, and modes of the decay processes,
spins, parities,* and charges, and perhaps their reactions when they

* The recent evidence on parity nonconservation in weak interactions is dis-
cussed in Sections 4.3¢ and 4.3g. The detailed consequences, both theoretical
and experimental, of this evidence cannot be completely evaluated at this time.
Although most of the effects in strong interactions must be negligible, the polariza-
tion effects may have been overlooked where the decay processes are involved.
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come to rest. However, the production processes and their inter-
actions will present a changing picture for a long time to come as
higher energies and higher fluxes become available through tech-
nical advances. For this reason the reader is urged to consult the
comprehensive study by Bethe and de Hoffmann of mesons and
fields (10), as well as the excellent reviews on interactions of pions
by Henley, Ruderman, and Steinberger (11) and by Gell-Mann
and Watson (12).

There are several properties of particles that can be exploited
to measure their masses. In general one selects a pair of easily
measurable quantities that have different functional dependences
on mass and velocity and that can be measured simultaneously—
a technique that is crudely analogous to electric and magnetic
analysis of particles in mass spectroscopy. Iixamples of what might
be selected are: () The velocity as measured by time of flight or by
the angle of its characteristic Cerenkov radiation. (2) The energy
loss, which is very closely a function of the charge and velocity only.
In a nuclear-emulsion track, the number of developed grains per
unit length, the gap count, and the relative opacity of the track,
each can be empirically related to the energy loss. Similarly, the
drop count or density or the width of a cloud-chamber track, and
the bubble density in a bubble-chamber track, are useful measures
of ionization loss. (8) The total range, which will be shown to be
proportional to the mass times a function of velocity and charge.
(4) The curvature or angle of deflection in a magnetic field, as
specified by the momentum and charge of a particle. (5) The mul-
tiple-scattering angle as observed in nuclear emulsion, which de-
pends on the quantity Z/pv, where the charge is equal to Ze.

These general propertics—which are, apart from velocity, all
basically eclectromagnetic interactions—have been combined in
all the possible combinations to identify various mesons, and a few
combinations have proved remarkably precise.

The conservation of charge in all reactions assures that the specific
charge on the meson will be an exact multiple of the electronic
charge. This equality will be assumed throughout the discussion.

In addition, the kinematics of the reactions that mesons undergo
furnish mass data. Recently, the mesic x-ray studies have developed
to the point where precise limits on the masses have been found.
These data will be reviewed.

A more or less arbitrary division is made between those rough,
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early measurements that served chiefly to identify a new particle,
and later, more precise mass measurements that may be regarded
as of quantitative value. Many of the earlier mass determinations
of the light mesons will, of course, be arbitrarily excluded; when
possible some hint of the cause of any discrepancy will be made;
for the most part, however, we shall concentrate on those measure-
ments with comparable errors.

a. Pion Mass—Momentum and Range

The best values of the m- and u-meson masses are obtained by a
method stemming basically from the earliest cosmic-ray measure-
ments, made with the cloud chamber by Brode and his collabora-
tors (13). The simultaneous measurements of the momentum by
curvature in a magnetic field and of the range in a known material
are sufficient to fix the mass. With a controllable source of pions
and their observation in nuclear emulsions, Gardner and Lattes
(14) were able to do substantially the same experiment by defining
the trajectories in the cyclotron field to fix the momentum of the
pions and determine the range in nuclear emulsion. The range can
be calculated from the energy-loss theory (15) and the composition
of the emulsion. To the accuracy obtainable by this experiment,
it is necessary to extend the emulsion proton range-energy measure-
ments (actually range-velocity measurements) to match the velo-
cities of the pions. This was done by Bradner et al. (16) in a sepa-
rate experiment, and the early published pion mass (17) included
the errors due to uncertainties in both experiments:

M, = (276 = 6) m
M, = (210 &+ 4) m

1l

(4-16)

In the following, we will refer to meson masses in electron-mass
units m.

In 1949, a group headed by Eugene Gardner began an experi-
ment to reduce the large errors by an ingenious successive approxi-
mation that would eliminate the specific dependence upon the
range-energy relations. This idea, chiefly due to W. H. Barkas,
is as follows: One uses for range-calibrating particles protons with
a velocity equal to that of the pions. These enter the emulsions in
the same bombardment as the pions (see Figure 4-1). To a very
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Figure 4-1. Plan view of the mass ratio experiment, from the work of Barka
et al. (21). Lither the proton target or the pion target is bombarded in two
exposures made on the same nuclear plate.

good approximation the energy loss in condensed materials is a
function only of the velocity of the particle. For a particle of ve-
locity » = B¢, and with charge Ze,

dE/dx = —Z¥(B) (4-17)

where the energy B = T 4 Mc* = yMe2, and v = (1 — 8~ i By
integrating the encrgy-loss relation to find the range & for the par-
ticle that has an initial energy E, one has

2 dE M b 38 dB M

Me? sz(léj - £ Jo f(ﬁ}— - 725 (7(:8) (4-18)

It follows that the quantity R/M is also a function of velocity only,
so that for unit charges, if P,/P, = M./M s

By _ gy = (L0 (P _ R .
m, = “B) =0 (M ,.> B ”(M,) =, (4-19)

It therefore follows that if one chooses the momentum ratio in pro-
portion to the estimated mass ratio, one obtains successively hetter
estimates from the ratio of the ranges. The convergenee 1o a sta-
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tionary ratio in practice is rapid since there is an approximate power
law

g(P/M) = constant X (P/M)? (4-20)

where ¢ = 3.44 =+ 0.03 in the interval used in this measurement.
By going one step further, one can solve for the mass ratio for a
particular pair of particles z and j as follows:

Mﬂj _ Rm P-n-,- e |1/(¢—1)

=27 2
TFluctuations and straggling in the ranges will produce a distribution
of inferred masses. The theory of the range straggling was developed
by Bohr and others (18). Barkas et al. (19) have applied the theory
to nuclear-emulsion range measurement, and the measured moments
of the distribution are in good agreement with the theory. In this
way, by basing the inferred mass upon the entire distribution, the
observation of only a relatively small number of events can lead
to a precise mean value for expression (4-21).

The dependence of equation (4-21) on ¢ must disappear as one
approaches the correct ratio of the momenta. The orbits are de-
fined by measuring accurately the coordinates and the angle of
entry of the pions and protons entering the emulsions. If the shape
of the cyclotron field is known, these coordinates fix the momenta
of the particles. The absolute field intensity does not enter since it
cancels out in the ratio of the momenta.

Barkas, Smith, and Birnbaum investigated the detailed theory of
the measurement and carried the work to completion several years
after Gardner’s death. Barkas, Smith, and Gardner (20) published
a preliminary result

Mo
M-

(2774 + 1.1) m
(276.1 &+ 1.3) m

In the reduction of the data, an appreciable spread in the distribu-
tions appeared that was traced to secondary pion sources; when
these sources were shielded out or eliminated, analysis of 368 posi-
tive pions and 60 protons gave (21)

M.+ = (273.3 £ 0.2) m [PE] (4-23)

(4-22)

It

The final publication gives an excellent fit for the straggling dis-
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tribution: for example, for the pions the range straggling amounts
to a measured standard deviation (3.7 £ 0.4) per cent, and the
calculated value is 3.7 per cent; the protons have a measured strag-
gling standard deviation of (1.5 =& 0.3) per cent and a calculated
standard deviation of 1.42 per cent. The standard deviation in
equation (4-23) is based on the standard deviations of the distri-

butions, and is equal to
1 (3.7)* (1.5)2:| } }
(¢ — 1 [ 368 t 60 (4-24)

where ¢ = 3.44 is the exponent of equation (4-20).

As an additional check on the range straggling, the range dis-
tribution of positive muons produced from the decay at rest of
positive pions was also observed in the same plates: the decay reac-
tion is

7t — ut 4y
T, = (4.123 & 0.016) Mev (4-25)

The standard deviation of this distribution is observed to be
(4.6 = 0.4) per cent, and calculated to be 4.3 per cent. The muon
kinetic energy will be important in the section on muon masses.

To obtain a mass for the negative pion, one has two choices using
the technique described by cquations (4-19) and (4-21): the ratio
of M.~ to the proton mass, or the ratio of =+ to =~ from the same
target. The first method, based on 147 negative pions (21), gives
the more accurate value for the =~ mass:

Mq- = (272.8 £ 0.3) m [Pl] (4-26)

A small correction must be applied to equation (4-21) in the eval-
uation of the =~ mass to account for the difference in energy losses
hy positive and negative particles; this has been included in the
result given in equation (4-26).

The masses of the 7~ and 7+ are thus equal within the statistical
errors.

The direct ratio obtained using positive and negative pions by
the second method is

My+/Mp- = 1.0021 = 0.0018 [P (4-27)

This ratio should be insensitive to systematic errors.
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b. 7 -Capture y-Ray Spectrum

The study of the capture y-ray energy spectrum produced when
negative pions are absorbed at rest in hydrogen permits a precise
mass measurement. The reaction studied is

™ +p—on+y (4-28)

One measures only one quantity, £,, which is related to the pion
mass as follows:

E.?
2M,, c?

On the right, the second term is essentially the recoil energy of the
neutron; the third term represents the neutron-proton mass dif-
ference, which is known with high accuracy from other experiments
(Table 4-1); the fourth term is the w-mesic K-shell binding energy;
and « is the fine structure constant.

The method is as follows: 330-Mev protons which strike an in-
ternal target—usually chosen to be a heavy element (thorium)—
produce negative mesons that are stopped in a high-pressure vessel
filled with hydrogen. The resulting y-rays form pairs in the converter
of a pair spectrometer, and the energy of the pair fragments is de-
termined by measuring their curvature in a magnetic field. A y-ray
spectrum consists of the monochromatic spike at ~130 Mev plus &
distributed spectrum from the decay v-rays from neutral mesons
produced in the competing reaction

™ +p—=>a®+n
N (4-30)
2y
The continuous spectrum is analyzed below to determine the =°
mass.

The mass of the 7~ has been obtained in two experiments. Panof-
sky, Aamodt, and Hadley (22) obtain

M. = (275.2 & 2.5) m [PE] (4-31)

with an energy resolution of approximately 9 per cent full-width at
half-maximum. These measurements were continued by Crowe
and Phillips (23), who obtain

M.- = (27274 & 0.27) m [PK)] (4-32)

2 2
B, = M — e - ML (aag
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with an energy resolution of approximately 1.6 per cent. In the
process of analyzing the more accurate result it was discovered
that a small ionization-loss correction of the outgoing pairs had
been overlooked in the earlier measurement (22). Inclusion of this
correction would increase the value of M,- given in equation (4-31)
by approximately 2.6 m. A thorough rcevaluation of this measure-
nment has not been made, primarily because the main object of the
later measurement was to eliminate errors this large by improving
the basic resolution. Both pion-capture experiments are similar in
many details. The major improvement results from a relocation of
the spectrometer detectors to gain additional focusing properties
against multiple Coulomb scattering in the converter.

The orbits that the positron-electron pair follow are calculated
from measurements of the magnet field: in a nearly uniform field,
the deviations from circular orbits are small, and by taking suc-
cessive small segments of an arc one can find the orbit to high ac-
curacy; if the field varies rapidly the problem is more difficult.
The technique adopted by Crowe and Phillips (23) was to map the
field in the median (horizontal) plane in the region of interest on a
rectangular grid; the size of the grid was chosen small enough to
allow numerical-interpolation methods to give the field to the de-
sired accuracy at any arbitrary point. With this information, inte-
gration of the equations of motion for several cases in the median
planc was performed, and the other orbits deviating from these
central orbits were obtained by perturbation techniques. The con-
verted particles sharc the total energy such that one member will
have an approximately uniform encrgy distribution. On the way
out of the converter they ionize and radiate. The sum. of the energies
of the pair thus has an apparent reduction of energy that varies
with the depth of the point of production in the converter. The
particles produced at various points on the converter and having
various angles of multiple scattering will have energy aberrations.
The change in the apparent energy for a given aberration is de-
termined by the resulting horizontal displacement at the detector.
These are obtained from the perturbation orbit calculations. The
pairs enter the counter array, and are recorded in energy channels
that are accurately defined by the Geiger-tube edges. Electron-
positron coincidences are observed, and are sorted and combined
such that the sum of the energies of the pairs falls into equal y-ray
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energy channels. All the instrumental effects were calculated and
folded together to obtain the effective resolution. This can be com-
pared to the observed width of the spectrum. The fing] spectrum
and resolution are shown in Figure 4-2. The errors of the energy
scale are shared equally among the statistics for the location of the
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Iy

504

1 .1z { { Ii LI I %
c P S S
BT
II'G IéO |'22 1124 IéG 156 ll30 |52 154 155 léB 140
£ Y MEV
Figure 4-2. Capture spectrum mecasured by Crowe and Phillips (23). The

high-resolution data as well as the early data from reference 22 are shown with
their theoretical resolution curves.

mean, the accuracy of the field measurements, and all the uncer-
tainties of the calculated aberrations.

c. m-Mesic X-Rays

The possibility of obtaining accurate meson-mass data as well as
information about nuclear charge distribution from the study of the
x-rays resulting from transitions of x mesons between various Bohr
orbits was first pointed out by Wheeler (24). The binding energy of
a pion in the Bohr orbit of a nucleus (Z, 4) with quantum numbers
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n and [, calculated from the energy levels given by the point-charge
Klein-Gordon relativistic wave equation together with various
corrections, is

r 2L 1 L2 mn 3
M, =5 ng[1+n2 <z+1/2 4>+ ] (4-33)

where M, is the reduced mass of the pion and the nucleus. The
radius R, of the mesic Bohr orbit will be well within the K-shell
electron radius but well outside the nuclear radius R, for the lighter
element series chosen for this measurement:

om ()3 = e ()
i M.)Z (M,,/m)ov Z

(4-34)
n(137)* 2.82 Ry ( 155 > R
0

T3 X 125482 Az

Pi-mesic x-rays were first observed by Camac ¢t al. (25). An ex-
periment was done by Stearns et al. (26) on the Carnegie Tech.
synchrocyclotron by observing the discontinuity of the absorption
coefficient for w-mesic x-rays with cells of various materials. For
example, a 7~-meson beam is stopped in a phosphorus target and
the x-rays from the 4F-3D transition are counted with a broad-
resolution Nal scintillation crystal spectrometer. Absorption cells
containing a series of neighboring elements are inserted, and it is
observed that there is a sharp break in the absorption coefficient
between Ce and Pr. Therefore it is inferred that the absorption
edge for ('e is below the energy of the phosphorus transition. By
using the energy-level equation (4-33) for the mesic x-ray energy
and making a suitable correction for the vacuum polarization (27),
one can obtain directly the limits for the mass of the pion. Correc-
tions to the point-charge Klein-Gordon equation duc to finite
nuclear size, nuclear polarization, and electronic screening are
found to be less than 10 ev in the cases considered. The energy
shifts duc to pion-nucleon interactions have been observed (26);
for these transitions, however, this correction is entirely negligible.
Table 4-2 shows the actual targets and absorption-edge limits that
have been established.

The uncertainties of the limits thus obtained are extremely small.
The locations of the K-cdges are known to high precision. As an
additional verification, the absorption cells were checked directly
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Table 4-2. Mesic X-Ray Upper and Lower Limits on the #—-Meson Mass.

Transition K-Absorption Edges® Vacuum Polarization Mass Limit
, Above Ce ] i
P: 4F-3D 40.440 - 0.006 kov +0.100 kev >(272.2 £ 0.03) m
. Below Sbh
Al: 4F-3D 30.489 4+ 0.004 kev +0.065 &= 0.003 kev <(273.51 &= 0.04) m
Below Hf

K: 4F-3D 65.347 4 0.003 kev +0.190 == 0.010 kev <(273.52 £ 0.04) m

W (2722 £0.03) m < M.~ < (273.51 £ 0.04) m

e See reference 28.

by Shacklett and DuMond (28) to assure that no chemical effects
(~10 ev out of 50 kev) might have been overlooked. The accuracy
of these measurements far exceeds the spread between the limits.

The number of transitions has not been exhausted as yet. It ap-
pears, however, that the intensities of mesic x-rays are not yet
sufficient to allow more precise determinations by, for example,
curved-crystal spectrometry methods.

d. =+ Lifetime

The decay in flight of == mesons spiraling in a magnetic field
can be observed by measuring the ratio of the numbers of particles
that survive in a spiral over several radians. Pions are lost by decay
to muons in the reaction (4-25). Recent measurements by Stein-
berger (29) show that w8 decay occurs less than 6 X 10— of the
time. Richardson (30) and Martinelli and Panofsky (31) obtained
mean lives for the positive and negative pions. The quantities
measured were the mean lives in number of revolutions N in the
cyclotron magnetic field, where the mean proper life is

(?\p_| 27 |[M,
& "(w>R [(eH/mc)]<m>N (4-35)

Notice that by expressing the result in terms of the number of turns
the result does not have any pion-energy dependence or time-dila-
tion factor. Richardson (30) obtained from 48 events

N.- = (1.563 £ 0.44) revolutions [SD] (4-36)
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or

+0.30

Tam = (1.04 ool

) X 108 gec [SD] (4-37)

Martinelli and Panofsky (31) obtained from 230 events over 720°

N.+ = (2.84 & 0.20) revolutions (4-38)
giving
_ +0.22 e )
Tt = (1.93 _0_25) X 108 sec [SD] (4-39)

(Both of these mean-life measurements have been recalculated from
the lifetime in revolutions, the measured magnetic field, and the
pion-mass value adopted later.) These measurements included a
solid-angle calibration by means of a particles in the identical
geometry. The small number of events and the possibility of missing
tracks in the low-yield plates made this an extremely difficult ex-
periment.

The decay of the 7+ to a u™ meson has been observed by Wiegand
el al. (32) by allowing pions to stop in a scintillator. Each event was
identified by the muon-8+ decay pulse. The delay between the enter-
ing 7+ and the characteristic 4.2-Mev u* has been measured by
photographing the pulses on an oscilloscope and comparing the delay
to a known frequency oscillator. A total of 1419 pulses was observed,
giving, corrected for background (~10 per cent),

Ter = (2.60 = 0.13) X 10~% sec [SD)] (4-40)

554 muon pulses were resolved from the pions into the differential
time distribution shown in Figure 4-3. F'rom these data, Wiegand
obtains

T+ = (2.56 £ 0.14) X 1078 sec [SD] (4-41)

These pulses are distributed over ~7 mean lives and have a negligi-
ble background (~1 pulse). The dominant uncertainties of this
measurement are ~2 per cent for measuring the pulse separation
and ~4 per cent for the statistical error. This experiment was re-
peated by Jakobson et al. (33). In conneetion with improvement in
the pion-counting techniques by delayed coincidences they scaled
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Figure 4-3. Differential time distribution of muon pulses obtained by Wiegand
(32).

the delayed coincidences and calibrated the lengths of the cable
delay on an oscilloscope to ~0.5 per cent. Their result,

e = (2.54 & 0.11) X 10~* sec [SD] (4-42)

is based on 5641 mesons, and agrees well with earlier work, although
the measured background of accidental events was ~20 per cent
of the maximum rate. Kraushaar (34) has also measured the life-
time of the =*. The final result, based on 670 resolved 7-u-8 cvents,
gave

Tee = (2.53 = 0.10) X 10-% sec [SD)] (4-43)

Lederman et al. (35) were able to measure the =~ lifetime by the
decay in flight of pions in a cloud chamber, by observing the frac-
tions of decays in which the angle between = and u tracks was
greater than 5°. Correcting for the number that decay with angle
less than 5° and for the contamination of muons and electrons in
the beam, they obtained

Te- = (2.72 £ 0.25) X 10-8 sec (4-44)
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The ratio of the =~ to the =+ decay periods was measured by revers-
ing the cyclotron magnetic field. For a lifetime ratio they obtained

Tae/Tee = 1.01 = 0.14 (4-45)

Durbin, Loar, and Havens (36) have also measured the lifetime

of the »* and =~ mesons by observing the attenuation by decay in

flight over a path length of ~75 inches. By counting a total of

39,000 =+ mesons and 54,000 7— mesons, they obtain

7o = (2.55 & 0.19) X 108 sec (4-46)

7.+ = (2.44 £ 0.18) X 1078 sec (4-47)

The errors are divided among five sources, so that without more in-

formation about possible systematic errors which may be correlated
in the results |equations (4-46), (4-47)], we obtain the ratio

To-/To+ = 1.04 £ (¢ £ 0.11) (4-48)

The standard deviation of this ratio is probably somewhat smaller
than the value 0.11 which is calculated on the assumption of inde-
pendent errors in the positive and negative mean-life measurements.

Table 4-3. Pion Mean Lifetimes

No.  Value (1078 sec) Method Reference
+ 0.30 Spiral (360°) plates; 48 evenis (scanning losses
1 70 = 1.04 . 30
—0.21 appreciable)
- 1.03 + 0.22 Spiral (360° and 720°) nuclear plates; ~230
THE T 0,25 events (scanning losses probably under-
2 estimated) 31
4+ 0.87 Spiral (360° only) plates; 241 events
7ot = 2.29
- 0.50
;g  Trt = 1.65 == 0.33 Delayed coincidences; 57 events (preliminary) 34
et = 2.53 & 0.10 Differential data; 670 events
. . Delayed coincidences; 1277 pulses (integral
4 ot = 2.60 £ 0.13 data) 39
e+ = 2.56 = 0.14 Differential data; 557 pulses
«  Ter =2.54x0.11 Delayed coincidences; 5641 counts (background 33
0 ~209%, minimum)
6 =92.72 4+ 0.25 Cloud chamber; ~188 events 35
Y gt =2.70 £ 0.30 7a-/7e+ = 1.01 & 0.14
. 7tx= = 2.55 2 0.19 Decay over variable path 36
C g =2.44 £ 0.18 7o—/mp+ = 1.04 £ 0.11

Average of Nos. 3-7: e = (2.56 = 0.05) X 1078 sec
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The combination of Nos. 3 to 7 of the pion-lifetime measurements
shown in Table 4-3 gives the following mean lifetime:

= = (2.56 & 0.05) X 1078 sec (4-49)

e. ™" Mass

The absorption reaction at rest in hydrogen

™ 4+ p =704 n
N (4-30)
2y

provides a monochromatic beam of #%s. The 7° velocity causes
both a Doppler shift and an angular aberration of the emitted
v-rays. Both have been measured. The spectrum of the 7° has been
determined by Panofsky et al. (22) and the location of the end points
or the width gives a 7 — % mass difference, as follows: If the velo-
city of the =% is B¢, the spectrum of y-rays is a uniform distribution
from

By = 3Mmwct (1 — B)(1 — )~ (4-50)
to
E, = 3Mnc (14 8)(1 — p)~* (4-51)
The width AE, is the momentum of the =°:
AE, = 28(M,oc?/2)(1 — B)~% = Prec (4-52)

If A(n, p) is the neutron-proton mass difference, then
M'r" - M,.-o
1 (M,+ M.) AE} oM, , (4-53)

§ [Mor - A(n) p)] Mt 2

Even a small mass difference results in a large energy broadening.
Panofsky et al. (22) observed a width of (31.4 == 4.0) Mev, and found

M.- — M, = (10.6 & 2.0) m [PX] (4-54)

= A(n, p) +

The minimum correlation angle between the two emitted y-rays
in the reaction (4-30) is

Omin = cOSTI(262 — 1) (4-55)
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The mass difference can be written in terms of the velocity of the
70

M. — Mo = A(n, D) + (B/2)[Ma- + (M,-2/Ma)] + -~ (4-56)
Chinowsky and Steinberger (37) have measured the angular corre-

lation of the y-rays, and, after folding in their angular resolution,
they find the mass difference

M. — M. = (8.8 = 0.6) m [SD] (4-57)

The errors of the measurements of the mass difference are mainly
statistical.

Measurements of the Panofsky type [equation (4-53)] were re-
peated with the Liverpool pair spectrometer by Kuehner, Merrison,
and Tornabene (37a) with a result

M. — M, = (9.0 £ 0.3) m [SD] (4-58)
By using the pion mass we shall adopt later, we obtain
ML = (264.27 == 0.32) m [SD] (4-59)
f. ™ Lifetime

Anand (38) summarized the evidence on the = lifetime.
The internal pair conversion of x*’s permits an observation of
very short lifetimes. The reaction

= et + e + v (4-60)

was calculated by Dalitz (39) to have a branching ratio of 1.24 per
cent. Lindenfeld, Sachs, and Steinberger (40) have observed that
the 7° decays into a y-ray and an electron positron pair

+0.80

(1'45 —0.45)
per cent of the time. Anand (38) has traced the narrow-angle pairs
to their origins in the vicinity of cosmic-ray stars in emulsions;
and by observing the gap in the tracks between the star and the

pair origin, he observed a mean gap distribution corresponding to
a mean life of

-
Teo = (5.0 t;) X 10~ gee (4-61)
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The unresolved pairs can be compared to approximately twice-
minimum ionizing star prongs; and it is found that the probability
that they have the same gap distribution—i.e., zero lifetime—is
less than 0.1 per cent.

Harris, Orear, and Taylor (38a) have studied the gap distribution
of 7° pairs produced by the decay of K., mesons (see Section 4.3).
Their results indicate a mean gap of 0.02 = 0.16 micron, which cor-
responds to a significantly lower mean life than Anand’s previous
limits. There is no lower limit on the lifetime, and the upper limit
corresponds to a mean life

7o < 4.0 X 10-16 sec (4-61a)
The probability is ~ 1/30 that the mean life is greater than 10-15 sec.
g. Parity and Spin of the Pion

The parity (41) of the negative pion is known to be odd from the
following consideration: In the reaction

™~ +d— 2n (4-62)

the conservation of angular momentum and parity places a re-
striction on the states of the (z— 4+ d) system. Most of the time the
meson drops into the K-shell, and since the orbital angular momen-
tum of the pion is zero and the pion spin will be shown to be zero,
the total angular momentum is equal to the spin of the deuteron.
The only allowed final state of the two neutrons is thus a 3P; with
odd parity. In order to conserve parity, since the deuteron is in an
even-parity state, the pion must have an odd intrinsic parity if the
reaction (4-62) is allowed.

From the vy-capture experiment, Panofsky (22) has inferred that
this is the case. The rate of occurrence is measured relative to the
radiative capture reaction as follows:

Rate (== +d — 2n + v)
Rate (m~ + p — n + v) + Rate (=~ + p - n + ') (4-63)

= 030 = 0.05

where the number of pions stopping is the same for deuterium and
hydrogen under identical bombardment conditions. Thus,
_ Rate (z— + d — 2n)
Rate (7= + d — 2n + v)

= 24+06  (4-64)
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Neutrons from this reaction were later observed directly by Chinow-
sky and Steinberger (42). The ratio was measured to be

R =152 08 (4-65)
Recent pair-spectrometer results from Liverpool give (37a)
R = 2.35 =& 0.35 [SD] (4-652)

Irom the study of the interaction of pions with deuterium to-
gether with the measurements of pion production in proton-proton
collisions, it is possible to measure the spin (43) of the positive pion.

The total cross section for the reactions

oera (p + p— 1t + d) (4-66)
app (7t +d—p + p) (4-67)
can be related by the principle of detailed balancing (44):
21+ +1)(2I 1 21, + 1)?
R R e, - B e, e

where P+ 4 and P, , are the center-of-mass momenta of the (#+ + d)
and (p + p) systems, respectively. Measurements of the production
processes were made by Cartwright et al. (45). The =+ interaction
with deuterium was observed by Clark et al. (46) and by Durbin
et al. (47). The results are given in Table 4-4. By comparing .+
directly with the inverse reaction o, ,, the unknown spin factor is
found. The region of overlap is limited owing to the ranges of pion
and proton energies available to the cxperimenters. Interpolation
is made by using the experimental excitation function (52). The
result is clearly that the spin factor (21,+ 4+ 1) = 1 + 10 per cent;
hence, I = 0.

The charge symmetry of nuclear forces (n-n = p-p) is well estab-
lished, for example, from the energy levels of mirror nuclei (10, 44).
For this reason, it follows that the positive and negative pions have
the same spin and parity. More generally, there is evidence for
charge independence of nuclear forces (n-n = n-p = p-p); and
specifically, the pion-production reactions and pion-nucleon inter-
actions satisfy charge independence (10). The =° would thus have
the same spin and parity as the charged pions. The spin and parity
of the 7% meson are not easily measured dircctly. Yang (563) showed
that since the #° decays into two y-rays, the spin must be even-
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integral, i.e., 0, 2, 4, ctc. The parity, on the other hand, seems to be
odd. The argument is weaker than for the charged meson because
it depends on the relative rates for the reactions

(@ =+ p—or'+n
®) = +d—2n-+ v (4-69)
(€ 7™ +d— 7"+ 20

If the = and =° have the same parity, the last reaction is allowed
only if the final neutrons are in a 3P state and the 7° in a P state
relative to the center-of-mass system. Since the energy available is
small, this effectively constitutes a strong selection rule against
the =° reaction (¢). If the parities are different, the two neutrons
can be in a S state. Here the phase space factor reduces the reac-
tion by about 1/20. The rate observed by Chinowsky and Stein-
berger (54) is

_Rate (=~ +d—2n + %) _
= Rate o t d o gy = ~00034 & 00043 (4-70)

The expected ratio would be ~0.05 + 0.02 with opposite parities,
the uncertainty arising from the crror of the 7= — 7° mass difference
(4-57). The error of the expected ratio can be further reduced from
their value using the new mass difference (4-58). It therefore seems
likely that the parities are the same.*
h. ut Mass

The cosmic-ray information on muon masses obtained by Fretter

(55) and by Retallack and Brode (56) was collected in 1949 (13).

The cloud-chamber technique was used, and in one of the several
modifications there was a magnetic field over the top chamber

* It should be noted that the intrinsic parity of a particle does not have a
unique meaning; rather, one must define the parity relative to a standard, (54a),
c.g., the proton can be defined to be even. The neutron is defined to have the
same parity as the proton in the convention adopted here. The opposite conven-
tion—taking the neutron and proton to have opposite parities—results in having
the =~ even and the 7 odd. It can be shown that the choice of convention can-~
not basically effect, for example, the current models for pion-nucleon interactions.
However, for the decay of K mesons, the seccond definition leads to changes in
agsignment, but they do not result in any different conclusions concerning the
6-r “paradox,”’ cte.
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where the curvature and hence the momentum of the entering
muon could be measured. A series of absorber plates was placed in
a second chamber where the same muons stopped. From the mo-
mentum and range, in his analysis of 78 events selected from three
different experiments, Brode (13) obtained an average muon mass

M, = (215 = 2) m [PE] (4-71)

Ascoli (57) has measured the range and momentum of 48 cosmic-
ray muons, from which he obtains the mass

M, = (207.4 + 2.4) m [PE] (4-72)

Barkas et al. (21) have measured the mass ratio of the pion to the
muon as part of the experiment described for the pion-proton mass
ratio, and obtained

Mo+/Mae = 1.321 =+ 0.002 [PE] (4-73)

From this mass ratio and the =+ mass obtained in the pion-proton
ratio (4-23), one obtains

My+ = (206.9 £ 0.4) m [PE] (4-74)

The most accurate determination of the ut mass is obtained from
the m-u decay. From the kinematics, if one assumes zero rest mass
for the neutrino, the mass difference is

o 2(M/M) (po/e)
M1r MP - 1 "I— (M,‘./M“)

Birnbaum (21) has measured the momentum py of the ut coming
from the decay of the =+ in a nuclear-emulsion experiment. e
measured the momenta and the ranges of the muons coming from
those pions that stopped in the production target. Only those muons
are chosen that have & momentum less than p, by the amount, cor-
responding to the small energy loss in the target. These particles
can be compared with muons from pions that have stopped and
decayed within the emulsion. The comparison is made over as
narrow an interval as possible in order to minimize the errors due to
uncertainties . in the range-energy relation in emulsions. For {he
absolute momentum one needs to know the magnetic field in-
tensity; Birnbaum measured this with a nuclear-resonance tech-
nique. The momentum he obtains is

Po = (29.80 £ 0.04) Mev/c [PL) (4-76)

(4-75)
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By combining this momentum and equation (4-73) for the ratio in
(4-75), one obtains

M.+ — M,+ = (66.41 &= 0.07) m [PE] (4-77)

The =+ mass from the earlier pion-proton measurement (4-23) com-
bined with this mass difference gives

M.« = (206.9 = 0.2) m [PE] (4-78)

It should be mentioned that although the accuracy of this value
is considerably better than that obtained with the =*/ut ratio
(4-73), it does depend on assuming the neutrino rest mass to be
zero. If one assumes the neutrino of u decay to have the same rest
mass as the limit found for neutrinos of nuclear 8 decay (58), the
change in muon mass given in (4-78) is not significant. ITowever,
if one assumes that the neutral particle may not be the same as the
neutrino of ordinary 8 decay, it is possible to obtain an indication
of its mass. The accuracy of such a determination is poor because
the neutral particle mass must be calculated from the differences
between meson masses. The most probable value of the neutral
particle mass is 1.4 m but a zero mass is only slightly less probable.
The probability is 0.33 that the mass exceeds 7.9 m and the 95%
confidence limit is 0 < M, < 11 m.

The kinetic energy of the decay muon is determined to be

T, = (4.123 = 0.016) Mev [PI]] (4-79)

assuming a zecro-rest-mass neutrino. If this is not assumed, the
value is
T, = (412 & 0.02) Mev [PE] (4-80)
i. u—-B Decay
The B decay of the positive muon has been studied by many ob-
servers (69-61). The 8 spectrum in the reaction
pE— BE 4+ oy 4y (4-81)
has an end point (total energy) E which is [(Mc2/2) — (m2c2/2M,)]
if the neutral particles are neutrinos. The most accurate determina-
tion of this end point is obtained by Saganec et al. (59),
E = (562.8 &= 0.2) Mev (4-82)
giving
M, = (206.6 £ 0.8) m [PT] (4-83)
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The experiment has been repeated by the same group and new re-
sults will appear soon.

The shape of the u-8 decay spectrum is of interest because it will
provide a stringent test of the hypothesis that all 3-decay processes
have the same coupling scheme. If this is assumed to be the case,
u-B decay should provide additional data to determine the rela-
tive sizes of the interactions. At this time the experimental results
are no longer in violent disaccord, and it is clear that when the
different experimenters have published their results the situation
will be improved.

The limits on the neutrino masses involved in u-3 decay are not
sufficiently accurate to compare with nuclear S-decay information.
No analysis of the recent studies has yet been reported.

Jj. v~ Mass
The negative muon can be observed only when a negative pion
decays in flight, so that ratio experiments analogous to those for
the ut are not possible. Lederman et al. (35, 62) observed the decay

in flight of #~’s in a cloud chamber that was in a magnetic field.
They obtain from the momentum measurement a mass difference

M- — My~ = (663 = 1.8) m (4-84)

The negative-muon mass obtained with this difference and the pion
mass [(4-26) or (4-32)] is

M,- = (206.5 = 1.8) m (4-85)

k. u~-Mesic X-Rays

The mesic x-ray experiment was done with = mesons by Koslov
et al. (63). By using K-edge filters analogous to those discussed for
pions, they obtained limits that are summarized in Table 4-5.

The energy levels are calculated with an analogous Dirac energy-
level solution. In equation (4-33), M. is replaced by M, and [ by [ =&
1/2. Vacuum-polarization corrections (27, 68) and finite-nuclear-
size corrections (69) (necessary only for carbon) arc accurately
taken into account. If one uses the best m-u difference |equation
(4-77)] and assumes that the positive and negative meson masses
are identical, one has the results expressed for both particles in
Table 4-6. From this it is seen that the limits obtained from mesic
x-rays just overlap each other.
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The values of the x-ray limits given in Table 4-6 differ slightly
from those published. The published lower limit was based on the
experimentally determined lead K edge measured in 1927 by Mack
and Cork (65) with an estimated error of 40.07 per cent. However,
a more accurate value of the K edges can be found by using the
measurements of the L edges and the K, lines. As a result of re-

T - MESIC X-RAY LIMITS

L...lj.l....l...kn

X-RAYS + 7 - COMBINED
My = (273.34£ 013 )m [SD]

..‘ILJ;..I...J/{.\.‘.

BARKAS, BIRNBAUM, SMITH

M+ *(27334 * 033)m [SD] /\
N NS o B R

BARKAS, BIRNBAUM, SMITH

M- +27268 £ 045im [50] \
— e RN " A R S T W

CROWE, PHILLIPS

My~ = (27274 * 040)m [SD] -\
N . 1 N N 1 . L L | L i N

275 ’ 2720 . 2725 2730 2733 2740

PFigure 4-4. Graphical summary of the data on the light-meson masses.

evaluating the K edges, we find that the errors due to the x-ray
measurements correspond in all cases to less than =4-0.04 m in the
meson limits. This error includes as well the estimated uncertainty
in the vacuum-polarization corrections. In the pion and muon mass
limits the main uncertainty is in the limit involving the m-p mass
difference and its error, =40.10 m.

To summarize the situation with regard to the masses, we have
plotted most of the information for pions in IFigure 4-4. The x-ray
limits using the m-u difference and the uncertainties of the edges are
shown. The nuclear-plate data of Barkas et al. (21) and the high-
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energy x-ray data of Crowe and Phillips (23) are sketched in with
the error distributions indicated.
It is possible to give here a useful limit for the masses of the light
mesons:
M. = (273.23 £ 0.36) m [Limit]

M, = (206.82 == 0.36) m [Limit]

The probability that the masses exceed these limits is less than
2 X 1072 because one is required to exceed more than two standard
deviations of two independent measurements, or 2.8 standard
deviations of the mass difference.

The mean values of the meson masses and their standard devia-
tions can be calculated from the x-ray limits:

M, = (273.34 £ 0.13) m [SD]
M, = (206.93 & 0.13) m [SD]

The mean value and standard deviation, using all the mass data,
can be calculated as follows: Combining the three pion-mass meas-
urements, (4-23), (4~-26), (4-32), one obtains

M, = (273.05 & 0.22) m [SD] (4-88)

Finally, combining (4-87) and (4-88), one obtains a best value of
the pion mass, and the corresponding best value of the muon mass:

M. = (273.27 £ 0.11) m [SD] (4-89)
M, = (206.86 £ 0.11) m [SD] (4-90)

These are our adopted light-meson mass values.

(4-86)

(4-87)

l. Spin, Magnetic Moment, and Gyromagnetic Ratio
of the Muon

The spin of the muon has been measured indirectly and has very
probably a value of 1/2. The situation can be summarized as follows:

1). The evidence on burst production (bremsstrahlung of ener-
getic muons observed in cosmic rays) favors 1/2 over zero or one
(70).

2). The decay of the pion (spin-zero) into a muon and the usual
(spin-1/2) neutrino leads to half-integral muon spin; the neutral
particle, of course, is never identified (as discussed in Section 4.2h).
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38). The success of universal g decay in explaining the shape and
rate of u decay is evidence for the simplifying assumption that the
muon is simply a heavy Dirac particle.

4). There is conflicting evidence that muons may have anomalous
(excessive) large angle scattering (71).

6). The existence of electromagnetic w-pair production (72) is
confirmation of the spin-1/2 theory, the Bethe-Heitler theory ex-
tended to particles with the muon mass. The theory of pair pro-
duction of particles with spin greater than 1/2 has not been shown
to give unambiguous prediction of the cross section. However, the
effect of an anomalous magnetic moment has been studied (72a).
From the magnitude of the absolute cross section (72), the magnetic
moment is that of the Dirac particle within about 30 per cent
(12 <g < 24).

6). Garwin, Lederman and Weinrich (72b) have reported a pre-
liminary determination of the gyromagnetic ratio of the free muon.
Briefly, the experiment consists of stopping the ut beam produced
by cyclotron-produced =+ mesons which have decayed in flight.
The decay B+ is detected in a gate about 1.25-usec long, delayed by
0.75 usec after the u* stops. By applying a magnetic field per-
pendicular to the initial muon direction, the u*’s precess with the
Larmor frequency:

Y A
© =S =93, Y

The magnetic field is varied, and the counting rate varies period-
ically. By rotating the counter, they measure directly the precession
frequency and the direction of rotation:

g = +20 =+ 0.1 (4-90D)

[They state that work is in progress (72¢) to determine the value to
+0.03%.] Their valuc agrees with the Dirac theory for spin-1/2. For
spin-3/2 the value of g is expected to be 2/3 on theoretical grounds.™*
A backwards peaking of the 8 decay (fore-aft asymmetry) is ob-
served. They assert that this asymmetry can be accounted for only

(4-902)

* A theory for spin-3/2 particles has been formulated by TFierz and Pauli.
Belinfante (72d) has shown that if the Fierz-Pauli theory applies to positive
muons the g factor would be 2/3. If the particle is not a “bare’’ particle, but has
a complex structure, this argument does not apply.
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by assuming that parity is not conserved in both the reactions
at — pt + v and gt — Bt 4+ » 4+ ». (See Section 4.3¢ for a further
discussion of the sequence leading to this remarkable experiment.)
The angular distribution for correlation in u*-8* decay deduced
from the data is

_ (0.33 = 0.03) cos 6*
R

where 6+ is the angle between the incident muon velocity direction
and the g-decay direction; R, which measures both the degree of
polarization of the stopping muon beam and the extent of its de-
polarization during the delay time, is not known. Garwin et al.
conclude that there is a ‘“very strong probability’’ that the u* spin
is 1/2. For the u~, their preliminary result is that the g value is the
opposite sign and ‘‘roughly equal” in magnitude to the g value of
the ut+ equation (4-90b).

7). The evidence reported by Fitch and Rainwater (73) on the
fine-structure splitting in p-mesic x-rays has as yet not been con-
firmed by other experimenters (73a). The splitting in the 2P-to-18
transitions in lead is not adequately resolved by the Nal speétro-
meter to determine the multiplicity. One can conclude, however,
that the possibility of fine-structure splitting a factor of thrce greater
is ruled out by the Fitch-Rainwater results. Since the total fine-
structure splitting is proportional to g(2S + 1), the width then
probably excludes spins higher than 1/2, providing, of course, that
there is not some other effect that might obscure the splitting or
seriously deplete several of the lines.

W) =1 (4-90c)

m. Muon Lifetime

The muon lifetime has been observed in cosmic-ray studies by
Rossi and others (see Table 4-7). The decay in flight of muons has
been observed as a change in cosmic-ray muon flux with altitude.
The results of Rossi (74) and of Seymour and Swann (75) give
mean lives in agreement with the counter results. The delayed-
counting techniques are all similar: the two cvents for which these
delayed coincidences are observed are (1) the arrival of the ut,
and (2) the emission of the g+ when the muon decays [equation
(4-81)]. The most recent and accurate measurcement of the ut
lifetime was made by Bell and Hincks (76). Their method was to
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Table 4-7. Muon Lifetimes

Particle Reference 7 Mean Life (usec) Description
M 4 2-3 o S
" 5 23 4 0.5 Cosmic rays, decay in flight
ut 77 3.1 £ 1.5
pt 78 2.15 £ 0.07
ut 79 2.11 % 0.10 TR -
p 30 2.33 & 0.15 Cosmic rays, delayed coincidences
ut 76 2.22 + 0.02
u 81 2.28 4 0.10
ut 82 2.07 == 0.04 (7) Accelerator; u~ not clearly sepa-
rated.

4 4—C
Adopted Eq. (4-91), 559 0.02) X 10-5 sec
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TFigure 4-5. Differential time distribution of positron pulses oblained by Bell
and Hincks (76). The circles and dots show the results of two runs with different
initial delays. The random background has been subtracted.
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scale the delayed coincidences associated with cosmic-ray muons;
the data are shown in Figure 4-5. The experimental result is

Tut = (2.22 & 0.02) X 107 sec [SD] (4-91)

with the quoted error based upon statistics. Systematic errors are
believed to be less than 0.3 per cent. All the previous measurements,
as seen from Table 4-7, are in good agreement with their result.
The u~ lifetime is altered because of the competition due to cap-
ture by nuclei when the muon is stopped in material. Xeuffel ¢t al.
(83) have studied the capture in heavy elements. Bell and Hincks
(81) have studied the lifetime in Li, Be, and C; in Be they obtain

Tur — mu- = (0.07 = 0.09) X 10~° sec (4-92)

The nuclear absorption corrects this by 0.01 usec, so that the un-
disturbed u~ lifetime is equal to the ut lifetime within the error:

o+ — 7= _ 0.06 = 0.09
A+ 2922

4.3 MASSES AND PROPERTIES OF K MESONS

Because of the rapid growth in the subject of K-meson physics,
the discussion of both this and the following section on hyperons
will be seriously restricted. Most of the data are preliminary, and
many revisions are to be expected as techniques improve. The ob-
jective here is to present the data as they exist at this writing;
no attempt has been made to include data on either the interactions
of K mesons with nuclei or the production mechanisms, nor will
any attempt be made to discuss details of the theory of these par-
ticles.

For orientation in the subject, the reader is referred to articles by
Leprince-Ringuet (84), Dilworth et al. (85), Powell (86), Marshak
(87), Thompson (88, 89) and Bridge (89a), and to the reports and
proceedings of conferences held at Bagnéres (90), Padua (91),
Pisa (92), and Rochester (93); articles by A. M. Shapiro (934) and
M. M. Shapiro (93b) giving tables of the properties of elementary
particles have appeared in 1956.

= (2.8 &= 4.3)% [SD] (4-93)

a. Nomenclature

The nomenclature for K mesons is summarized in Table 4-R.
K mesons are restricted to particles of masses between pions and
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nucleons; in particular, their masses fall around 966 m. To identify
the decay mode, K mesons can be named with subscripts for the
type of decay product—mr, u, B—together with a further subseript
for the number of decay products—2 or 3. The convention of naming
with Greek letters mesons whose decay schemes are well established
was suggested at the Bagnéres Conference (90, 94). Both the K,,
and the Kjg,, however, seem to lack Greek-letter “Christian names”
at this date.

Takle 4-8. K-Meson Nomenclature and Modes of Decay

Mode of Decay Names in Use
00 — It b T 8 V4, 6,
00 — w0 8° (270)
00 — rE A uF e
00 — 7E A eF bk op e 8., Thetons
00 — 7r“+u*+e$....4..................J anomalous 6°
i T o X 6, Ky Koz } .
.y . - Kie
Ko - opEdw Ky, Kua
KE — uEF 4w e Ky Kys
TE - ot et T
FE o opE o 7'y Krs Tauons
B S i S P 70 Vg
KNgtk — B A+ md G w o K, Kqy K3 Kpg

e K1 is also used to describe decays with a lightly ionizing secondary that is
not identified.

Throughout the following discussion, there will be the question:
How many of the K mesons are really alternate modes of the same
particle? From analysis of the angular correlation and energy dis-
tribution of the pions of the decay of the  meson, Dalitz (95) has
shown that it is very probable that the spin and parity of the
are such that the K., disintegration is forbidden (see Section 4.3g,
below). The K-meson mean lives have been measured electronically,
and the results indicate that ., 7x.,, and mx., are approximately
equal (see Section 4.3f, below). There is some theoretical specula-
tion (96) as to how these data can be made consistent by having,
for example, the r decay branch into the K., with the subsequent
K., decay being much faster than the r.

Lee and Yang (96a) have also argued that one explanation of this
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paradoxical situation might well indicate that parity may not be
conserved in the weak-decay interactions. They have shown that
this very weak mixing of parity states would have no consequences
in the usual strong interactions involved in nuclear processes. In
particular, they outline how experiments can be performed to
check this hypothesis; for example, in the B decay of polarized
nuclei (i.e., aligned with a definite orientation). These experiments
are being carried out by Wu, Ambler, ¢t al. (96b). Preliminary re-
sults have been presented which confirm the Lee-Yang parity-non-
conservation hypothesis. Furthermore, Garwin ¢t al. (72b) have re-
ported work on the m-p-8 decay process which also gives confirming
evidence (see Section 4.21). The Lee-Yang hypothesis, if extended to
the 6-7 decay problem, suggests that all the K-meson decay schemes
can be and probably are alternate modes of decay of a single K
meson.

b. Mass of the 1 Meson —Q-Falue Determination

Since its discovery in Bristol in 1949 (97), the decay at rest of the
7+ meson has been observed many times. The energy of the frag-
ments is low enough so that often the ranges of the three decay
pions can be measured in the stacks of stripped emulsions. These
events, called r completes, give the most accurate mass measure-
ments.

The @ value of cosmic-ray tauons was summarized at Padua in
1954 (98): In nuclear plates 14 events collected from many groups
gave an average @ value

Q.+ = (75.2 == 1.5) Mev (4-94)
In stripped emulsions, 25 events gave
Q.+ = (74.7 =& 0.3) Mev (4-95)

At Pisa (1955) (92), over 100 tauons in stripped emulsions were
reported; the result of averaging all cosmic-ray tauons was

Q.+ = (75.0 = 0.2) Mev (4-96)

The error quoted is statistical and does not contain uncertainties
arising from inaccuracies in emulsion range-encrgy relations, i.c.,
densities, moisture content, shrinkage, and calculations using dif-
ferent mean ionization potentials. Amaldi (99), in summarizing
the results, increased the error to approximately + 1.5 Mev.
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With the emulsion stacks exposed to the Bevatron K+ beam, the
systematic errors can be all but eliminated. Haddock (100) re-
ported

Q-+ = (75.13 % 0.20) Mev [SD] (4-97)

based on 67 tauons. With 27 tauons, Barkas et al. (101) have ob-
tained

Q.+ = (75.08 = 0.20) Mev [SD] (4-98)

These measurements are in progress at this writing, and possibly
some changes may be made in the final results. However, combining
the Berkeley values, we find

Q.+ = (75.11 = 0.14) Mev [SD] (4-99)

This gives for the mass of the 7+ meson, using the best value for the
pion mass [equation (4-89)],

M.+ = (966.80 & 0.43) m (4-100)

The error here includes the uncertainty in the pion mass.

In a few cases the 7~ has been ohserved to decay in flight in a
cloud chamber. Aggson et al. (102) reported a positive and negative
7 decay in flight; the @ values were measured to be

Q.+ = (84 = 6) Mcv (4-101)
Q.- = (77 = 9) Mev (4-102)

The analysis of four decays in flight of negative tauons in the 10-in.
Berkeley hydrogen bubble chamber gives (102a)

Q.- = (73.6 + 5) Mev (4-1022)

Van Lint and Trilling (103) report an event which permits an ac-
curate @Q-value measurement:

Q.- = (70 £ 3) Mev (4-103)
giving
M- = (956.8 & 6) m (4-104)
c. Masses of the K., Mesons—Q-Value Determination

The accuracy with which the @ values for the K,* and K,,*
mesons are known has increased considerably with stacks exposed
to the Bevatron K beam. The carly cloud-chamber S cvents (de-
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cays at rest giving rise to monoenergetic secondaries) gave low @
values for the K,,* (104-106); these have not been verified. All the
K stacks, including the cosmic-ray G-stack (107), have been ana-
lyzed by Barkas et al. (101). These results appear in Table 4-9.
The masses obtained from these @ values using our best pion and
muon masses [equations (4-89) and (4-90)] are

M.+ = (965.5 = 2.2) m [SD] (4-105)
Mg,,+ = (962.2 + 2.8) m [SD] (4-106)

]

I

The errors include statistics and uncertainties of the range-energy
relations; the values are also subject to slight changes as the num-
ber of events increases.

The differences between the 7, K *, and K,,* values involve un-
certainties in the pion- and muon-mass measurements. However,
these are small compared with the statistical errors.

Table 4.9. Masses of K Particles Relative to Tauon Mass

Values shown are Mx — M. Standard deviations are given.

From @ Values From Range-Momentum
Particle Value Ref. Value Ref. Combined
— 4.0 £ 6.0 107
K. - 2.0 3.4 108 +1.2x 2.9 108
— 4.0 x6.1 109 + 0.8 5.9 111
—~11.8 = 4.8 110
Average — 4.6 2.9 ..... + 1.1 & 2.6 ..... —1.45 &£ 1.9
+ 1.5 4.0 107
-~ 2.6 =23 108 + 0.2 3 2.8 108
Koo — 4.1 4.0 109 4+ 0.0+ 7.9 111
+ 4.3 £ 4.5 110
Average - 1522 ..... + 0.2 = 2.7 ..... —0.83 £ 1.7
T e + 1.4 £ 4.5 108a
Ko e e + 1.0 = 5.8 108
B —-11.8 £15.6 111 ~1.2 5.2
K e e - 3.3+ 10 108
B —14.9 = 8

S —-8.7 6.4
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d. Masses of the K= Mesons—Direct Measurements

The masses of the K+ mesons have been measured directly by
Birge et al. (108, 108a), Heckman et al. (111), and Fung et al. (109).
The mesons are produced by the Berkeley Bevatron, analyzed by a
strong-focusing analyzing magnet system, and detected in nuclear-
emulsion stacks. The mass is obtained by measuring simultaneously
the momentum as defined by the analyzing system and the range
in the emulsion for each type of K meson. The results for various
K+-meson masses appear in Table 4-9. The 7+t-meson mass is used
as a normalizing unit, as discussed above; its @ value is known ac-
curately. The 7t can be compared to the proton by comparing its
range to the extrapolated proton range. The results are:

(Birge et al.) M.+ = (966.3 == 2.7) m [SD]  (4-107)
(Heckman et al.) M,+ = (961.8 &= 2.6) m [PE] (4-108)

The direct measurements of the differences between the various
K and 7 mesons have less possible systematic error. By combining
the mass differences from the direct measurements and using the
r mass from the @-value measurement (4-100), the K,, and K,,
are accurately determined to be:

Mx,, = (967.0 = 2.7) m [SD] (4-109)
My, = (967.9 =+ 2.6) m [SD] (4-110)

The @-value masses can be combined with the direct measurements
to obtain the best mass values for the K., and K,,:

Mx,, = (966.0 & 1.7) m [SD] (4-111)
My, = (965.3 = 1.9) m [SD] (4-112)

Clearly there is no significant difference in the K-meson mass meas-
urements to a precision of ~2 m,

Hornbostel and Salant (112) have measured the K- mass by
momentum and range to be

Mg- = (931 == 24) m [SD] (4-113)

Webb, Chupp, Goldhaber, and Goldhaber (113) have measured the
ratio of the masses of the A= to the K+ by measuring the ratios of
their momenta and ranges; they obtain

Mg-/Mg+ = 0.998 & 0.013 (4-114)

]
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Taking the K+ to have the 7 mass, (4-100), one obtains
Mg- = (963 &= 12) m [SD] (4-115)

Gilbert, Violet, and White (113a) report a K—-capture star be-
lieved to be an example of the reaction

K-+ €2 —,Li" + Het + H! + @
v (4-115a)
7~ + Be” + @

From the measurements on the six particles and their masses, they
can determine the §’s and deduce a K~ mass:

Mg~ = (966 == 5) m (4-115b)
Fry et al. (113b) report a K~ meson believed to follow the reaction

K-+p—3t 4+ 71—
N (4-115¢)
P+

It is assumed that this occurs at rest since the £+ and the pion are
closely colinear (~1/2°). Since the =+ mass is known [sce discussion
in Section 4.3¢, equation (4-157)], a K~ mass can be deduced,

Mg- = (966.7 = 2) m (4-1154)
in excellent agreement with that of the 7+ [equation (4-100)] (113¢).

e. 0° Mass—Q-Value Determination

The decay of the neutral K meson (8°) has been observed in
cloud chambers (88, 89). The @ value has been measured by Thomp-
son (114) from 24 events to be

+ 1.4 Mev (external)

Qoo = 213.9 + 2.8 Mev (internal)

(4-116)
Known systematic uncertainties increase the crror to 3.0 Mev.
In their article, the experimenters have increased the error to +5.0
Mev on the basis of their belief that “the curvature discrepancies
between views may conceal an unknown systematic error.” Their
result is then

Quw = (214 =+ 5) Mev [PE] (4-117)
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giving
Mo = (965 = 10) m [PE] (4-118)

For our purposes it is conventional to take only the known or
measured errors into account; using the external-consistency error,
the uncertainty of the absolute field, and our best pion mass, (4-89),
we obtain

Qoo = (214.0 &= 2.5) Mev [SD] (4-119)
and from this

Mo = (965.1 & 5.0) m [SD] (4-120)

There have been several other recent measurements of Qp. The
Princeton group has reported (115)

=43 (external) Mev

Qoo = 212 +4 (internal)

[SD] (4-121)

Fretter has reported (116) a measurement
Qeo = (222.6 = 3.7) Mev [PE] (4-122)

The endings of K~ mesons in liquid hydrogen have yielded °
mesons. At this writing, three have been found by the Berkeley
group (116a). The kinetic energies were measured to be 10 =+ 2,
9 + 2, and 1.5 &= 1 Mecv. Some or all of the events may arise from
the interaction in flight. If the first two arise from stopped K’s of
mass 966.8m, the Q value is

Qr-(rmy = (2002 + 23) Mev (4-122&)

This is 4.6 standard deviations lower than Thompson’s @-value
measurement (4-119). More events of this type should establish
definitely if neutral 6's come from the interaction of K—'s at rest.

f. K-Meson Lifetimes

The K-meson lifetime has been observed by several experimenters
(see Table 4-10). The data are increasing rapidly and therefore
references to individual results will be brief.

The early cloud-chamber estimates of the lifetime of the K,,
gave limits (117-119)

TR = (4 — 10) X 1079 sec (4-123)
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Table 4-10. K-Meson Lifetime Measurements

Mean Life
Particle (107° sec) Method Reference
K=* (4-10) Cloud chamber................. 118
K+ > (5-20) Cloud chamber................. 119
K+ (short) 052 T gf; Cloud chamber................. 120
K~ (short) 0.42 i- g?g Cloud chamber................. 120
K- (short) 0.13 = 0.06 Cloud chamber................. 121
K+ 6.7 :‘_- 5°° 5 Cloud chamber................. 122
Ko™ (mostly) 8.7 4+ 1.0 Cerenkov counter, cosmic rays... 123
Kot 1 + 4.1 Cloud chamber and counters,
u2 - 2.4 COSTNIC TAYS. v vverevennnnnnn. 124
wt 8.05 &= 0.66 Counters, cosmicrays........... 125
. 0 T 7 Plates, variable distance, accelera-
T -3 BOT s et e 126
o+ 3 + 5 Plates, variable distance, accelera-
-2 o) 127
Ko+ - + 1.5  Plates, variable distance, accelera-
¢ - 1.0 L7 127
.t 13.0 = 3.3 Plates, variable distance, accelera- .
tor. ... 127a
. . Plates, variable distance, accelera~
K B8 2 127a
Ks 4.4 + 4.6 Plates, variable distance, accelera-
tor.. .. 127a
Kot 13 + 2 Iilectronic, accelerator........... 128
Kot 14 =+ 2 Flectronic, accelerator........... 128
Kot 11.7 t 857; Iilectronic, accelerator........ ... 129
Koot 12.1 -_*_- i(l) Ilectronic, aceelerator........... 129
rt 11.7 -_*_- g? Llectronie, aceelerator........... 130
K- 9.5 :‘: 3(5} Plates, decay in flight, accelerator. 131
K 10.1 i- ; ? Plates, decay in flight, accelerator. 132
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The existence of a short-lived K component has been reported
(120, 121*). However, Fretter (122) finds no evidence under simi-
lar conditions.

There are three cosmic-ray clectronic lifetime measurements on
the K-meson. A delayed-coincidence method was used where the
decay mode was identified, either as a relativistic up-going second-
ary, mainly the K,,, or by observing the secondary in a cloud cham-
ber.

Alvarez and Goldhaber (126) and Harris, Orear, and Taylor (127)
report the decay of the 7+ by observing in nuclear plates the number
of 7 mesons that survive various lengths of path from the produc-
tion target.

Alvarez ef al. (128) counted K; mesons in the Bevatron K beam
and report an electronic determination. Fitch and Motley (129)
have also counted K.’s, and their lifetime for the = has been re-
ported (130); preliminary values are

Tre = (11.7 fg?) X 107 see (4-124)
TKrr._, = <121 tié) X 1079 see (4_125>
TKI“.! == <11.7 :':8'?) x 10*—9 see (4'126)

The results arc equal within the errors and strongly suggest that
either the r and the K, arc different modes of decay of the same
particle or that if one decays to the other by cascade, the second
particle has a shorter life.

Hoang, Kaplon, and Yekuticli (127a) report an emulsion study of
the 7 and 7', K, and K, lifetimes by observing the reduction in
flux due to decays in flight; their preliminary results arc:

Terrrny = (13.0 &= 3.3) X 10~? sce (4-1262)
Ty, = (8.8 2 23) X 107 sce (4-126b)
TR, = (14.4 £ 4.6) X 107 sce (4-1260)

* Professor Leighton has informed us (private communication) that it is diffi-

cult to choose between a A meson and a hyperon, but that he suspeets that the
particle may actually be a »-.
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Table 4-11. Lifetime Measurements of the §°

Number of Mean Life
Events (10710 gec) Method Reference
11 4 *3 Cloud chamber, cosmic rays. .. ... 134
11 1.6 —_'__ (2)5 Cloud chamber, cosmic rays...... 135
+ 2.1 . .
9 2.3 _ 0.7 Cloud chamber, cosmic rays...... 136
Ge 0.9 i_ (l)g Cloud chamber, cosmic rays...... 137
8 0.6 i_ g; Cloud chamber, cosmic rays...... 133
14¢ 0.7 i— 83 Cloud chamber, cosmic rays...... 138
9ge 0.8 + 0.3 Cloud chamber, Cosmotron pro-
T —0.2 duced................ ...... 139
+ 0.4 .
350 0.8 0.2 Cloud chamber, cosmic rays.... 140
18 1.9 + 7.6 Bubble chamber, Cosmotron pro- 140
- 0.2 duced.......................
..... 1.7 Counter experiment, Cosmotron..  140b
..... 1.9 —_‘__ gz Counter experiment, Bevatron. ..  140e

+0.17

@ The average of the six entries so marked is 0.78 0.11

X 10710 gee.

It is possible to obtain a K~ lifetime by observing decay in flight
in emulsions. Several groups have combined their data (131) and
obtain

e — (9_5 jﬁ?) X 1079 sec (4-127)

For positives (not including 7’s), Iloff et al. (132) obtain (using the
same method)

+3.3

TK+ = (101 —921

) X 1079 sec (4-128)

The 6° lifetime has been calculated by Ciayther (133); the re-
vised data are shown in Table 4-11. The early cloud-chamber data
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probably contain a bias toward the longer-lived events. Cloud-
chamber results by the Columbia group (139) at Brookhaven give

Tho = <0.8 fgg) X 10710 sec (4-129)
Cloud-chamber cosmic-ray studies at Purdue (140) give a mean life:
ThHo = <08 tg;) X 10710 sec (4-130)

A recently-reported bubble-chamber experiment by Budde el al.
(140a) gives a mean life based on 18 events:

Too = <1.2 tgg) X 10710 sec (4-131)

the larger upper error results from the small dimensions of the
chamber.

Two counter experiments have been analyzed to give mean lives
for s which decay via the reaction

00— 70 4 79 (4-131a)

The experiments by Ridgeway, Berley, and Collins at Brookhaven,
(140b) and by Osher (140c) at Berkeley consist of detecting y-rays
produced as follows: A target bombarded with protons of scveral-
Bev energy makes 6”s and A%s; these may decay in flight, produc-
ing neutral mesons that subsequently decay rapidly [equation
(4-61)] into y-rays. The direct =% y-rays from the target can be
absorbed with an appropriately-placed baffle, so that only vy-rays
produced by particles which survive a few centimeters before de-
caying are counted in the shadow cast by the absorber. The analysis
of the spatial origin of these high-energy y-rays gives a mean life
for the 6°: Ridgeway et al. obtain

o0 = 1.7 X 101" see (4—131b)
Osher obtains
2
Tho = <1.9 i—83> X 1010 see (4-131¢)

The decay equation (4-131a) is not observed direetly in bubble
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chambers. Budde et al. (140a), by studying associated A° — g0 pro-
duction, conclude that the usual charge decay proceeds

+0.19
QRO+ =) — <03 ___012>

of the time. This ratio depends upon the A and 6 lifetimes. The re-
maining #'s either decay via the 27° reaction, or live long enough to
escape detection.

The counter experiments discussed in connection with the 6°
lifetime are regarded as strong evidence that this decay mode oc-
curs. In particular, the upstream y-rays produced by 6-Bev protons
on copper cannot arise kinematically from hyperon decay (140c¢)
without assuming a pathological momentum distribution. Pre-
viously unobserved shortlived charged-K decays into 7”s and +°
decays (140d) with comparable lifetimes (~10~1° sec¢) are considered
possible (but improbable) explanations, also. FFurther experiments
on the existence of the neutral decay mode are planned.

(4-131d)

g. Spin and Parity of the 1 Meson

Dalitz (95) and Fabri (141) have shown that the three-body decay
can be analyzed to determine the spin and parity of the ++ meson.
If strong pion interactions are ignored, the phase space factors for
decay of various assignments of spin and parity can be computed.

The analysis can be seen as follows: When one can identify the
decay products, one can separate them into a pair of identical pions
and an odd pion. Since the wave function of the identical pions is
symmetric, the parity of the r is (—1)%*., where L is the angular
momentum of the unlike (negative) pion relative to the center of
mass of the two =*+’s. The spin j of the 7 is the sum of L and .
The relative angular momentum ! of the positive pions must be
even since the pions are Bosons. When the relative momentum of
the unlike pion is low the distributions are sensitive to I, i.e., the
higher the L, the less phase space for the == At the other extreme,
the very-high-energy = corresponds to low relative energy of the
like pions, and hence measures I. Similarly, the angular correlation
between the odd pion and the pair of like pions depends on the
assignment of L.

The analysis of the data—see, e.g., references 100, 101, 142-145—
on r's indicates that of the possible K r, assignments—O0+, 1=, 2+, 3,
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etc.—the 0+ is forbidden if parity is conserved in the decay process,
the 1~ and 2+ are extremely improbable, and 3— and 4+ are relatively
unlikely. Above a spin of 4, there are not enough events to be in-
formative. Of the other states that cannot decay into two pions,
the choice of 0~ is likely, 1% is ruled out in all but the M.1.T. data
(142), but 2- and 3* are satisfactory. The conclusion is that if the
spin is less than 4, the 7 and K., cannot be the same particle; if the
spin is less than 2, the 7 is a pseudoscalar (0~). The reader should
be cautioned, however, about the various assumptions made in this
analysis; i.e., we have neglected any strong pion-pion interaction
in the final state and assumed that parity is strictly conserved in the
decay process. In the light of the recent evidence (72b, 96b) on
the violation of parity in the g-decay process, this argument to-
gether with the apparent experimental identity of the K mesons,
may be regarded as evidence that parity is also not conserved in
the K-particle decays.

h. Status of K Mesons

At this writing, the evidence can be summarized as follows:

7). The measured masses of the K mesons (7, K,,, K,,) are equal
within &= 2 m. An accidental equality of massesis, of course, possible,
but it seems highly unlikely. Lee and Yang (146) discuss this prob-
lem and suggest a theory of parity conjugation that would lead to
such a mass degeneracy.

2). The experimental lifetimes of the charged K mesons are
equal within 10 to 15 per cent, which is within the experimental
uncertainty (128a). It is difficult to reconcile this with the predic-
tions of a parity-conjugation scheme (146).

3). The analysis of the decay of the » meson makes it unlikely
that the K,, can be an alternate mode of decay of the same particle
unless parity is not conserved in the decay.

4). There is no experimental evidence for cascade decay of one
K meson into another with emission of one or more low-energy
gamma rays, c.g.,

T — K,,2 + v (4-132)

Alvarez (147) reported a search for gamma rays from reaction
(4-132), and the preliminary results indicate that none exists of
energy above ~500 kev,
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5). The information regarding the less frequently produced K
mesons is accumulating rapidly. The «t meson decays by the reac-
tion

kt— pt 4+ 70 Y7 (4-133)

The energy distribution of muons will have an upper limit depend-
ing upon the mass of the neutral particles. Crussard (148) sum-
marized the data on approximately 20 x decays, and the results are
not inconsistent with the (#° 4+ ») decay mode. The strongest evi-
dence supporting this assignment is obtained in the two cases
where the 7° has been observed (149) to convert internally giving
an electron-positron pair (see Section 4.2f). The neutral particle is
shown to have a mass less than 150 m. To avoid a new particle, one
concludes the neutral particle to be a neutrino or gamma ray.
Again, if the « is a Boson like the x and 7, the gamma ray is ex-
cluded.

One of the most remarkable examples of internal conversion of
the 7 is that obtained from the decay of the x* meson into a =+
and #° with the =° converting into four particles, i.c., two electron-
positron pairs. Assuming this decay scheme, the =0 is measured to be

-10

in good agreement with our adopted value [equation (4-59)]. The
cloud-chamber picture of this rare event was obtained by Hodson
et al. (150).

The x~ meson is probable. Several cloud-chamber events are
consistent with the decay scheme. The measurements on one event
reported by Reynolds (151) give a mass

My = (954 + 30) m (4-135)

Moo = (255 +l5) m (4-134)

Each of these events may be « decay, although this is improbabhle.
In the decay in flight of K= mesons from the Bevatron K- heam,
a x~ event has been observed (152). The mass obtained is

M- = (957 & 40) m (4-136)

This event gives a charged meson with a mass (265 £ 30) m; it is
therefore unlikely that the secondary is a muon, and hence the
«-decay process does not seem a likely explanation of this event.
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The g decay of the K+ meson was first observed by Friedlander
et al. (153) at Bristol. Similarly, the energy spectrum should re-
flect the masses of the neutral particles. However, there is inherently
poor accuracy in the determination of the end point of the high-
energy (3 particle. The combined spectrum for all Ky's was formed
in the analysis of the G-stack (107) and more recently by Crussard
(148). No internal conversion of the ° particles from K4's has been
reported to date.

The 8 decay of the K~ has been observed twice. The event ob-
served in emulsions by Williams et al. (154) appears to come from
a stopped K—. The K mesons are strongly coupled to nucleons, so
that either this is a rare event (155) or perhaps this A~ may be a
Fermion weakly bound to the nucleus and decaying via the scheme

K-—g+v+v» (4-137)
The second event is a decay in flight from the Bevatron K— beam,
also observed in emulsions (152).

The possible decay 6° — g~ + =+ 4+ » has been reported by
Peyrou (156).

A possible example of radiative decay of the = meson,

=gt T 4t 4y (4-138)
has been observed. Daniel and Pal (157) observed an cvent con-
sistent with a gamma-ray energy of (32.1 % 2.7) Mev.

The 7' decay,

B S R SR (4-139)
was first reported by Crussard et al. (158). The +* has a reasonable
abundance (~20 per cent of all ’s) and many have been observed.
Heckman et al. (111) have reported an internal pair from this decay.
The charged pion should have an energy less than ~53.3 Mev. No
single identified pion has been reported that exceeds this value that
is not consistent with the x decay. The energy distribution is in
good agreement with this assignment of neutral particles. Amaldi
et al. (159) report a cosmic-ray K meson with a single light meson
product which forms a star. They conclude that the event is a
K= decaying at rest to a =~ and at least two neutrals. One neutral
is excluded from the measured kinetic energy of the pion. This may
be the negative counterpart of the 7:

7'" - T + pra + 0 (4-140)
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The event can be explained in several other ways. The event may
be a K- star rather than a decay. The decay at the end of their
ranges of K~ mesons in emulsions is a relatively rare event (155).
The neutrals in reaction (4-140) are not identified.

There are measurements on two-pion decay of the neutral K
or 8° meson that lead to “anomalous” @ values, i.e., values not
equal to the accepted 214-m value within the experimental errors.
The status of these “anomalous §%s” has been reviewed by Thomp-
son (88, 89) and others (160).

The decay scheme

=gt 4+ 7 4w (4-141)

would have a @ of ~80 Mev. Some of the magnetic-cloud-chamber
events are consistent with this scheme (161). Bridge et al. (106)
have observed a multiplate cloud-chamber event of this type;
Deutschmann et al. (162) have observed a nuclear-plate event.

The Columbia cloud-chamber group (162a) at the Cosmotron has
observed a number of anomalous charged V events that are not
colinear with the 6 beam direction. The decays are presumably a
mixture of 7% 4 p* 4 », 7%= 4 e¥ + », and u* + e + 7°; assuming
that their production cross sections are of the same order as the
other K° mesons in order to explain the frequency of observations,
their lifetime must be 1076 > 7 > 3 X 10~? sec. The data on the
decays are consistent with a mass of ~1000 m. These events are
presumed to be 8, particles for which the 8, — 2r decay is forbidden.
Light mesons from the decay of neutral particles (6’s) have been
counted electronically by Fitch and Panofsky and their coworkers
(162b). Unfortunately, the theoretical bases of these particles and
their “startling”” properties are beyond the scope of this discussion
(162¢), and the implications of the parity nonconservation of these
results (162d) must he omitted.

4.4 MASSES AND PROPERTIES OF HYPERONS

a. Nomenclature

Hyperons are unstable particles whose masses arc greater than
that of the proton and less than that of the deuteron. The nomen-
clature and modes of decay are given in Table 4-12. The decay re-
actions imply that hyperons are Fermi particles. The spins arc as
yet unknown.
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Table 4-12. Modes of Decay and Nomenelature of Hyperons

Mode of Decay Names in Use
AP = D AS V0 [Lambda]
D i al (T =%, Yr* (L = light meson),
Vi [Sigmal
B0 o AD by -1 gms
St - p4rt =t Yt
o =~ (cascade) [Xil
b. A°

The A has been observed to decay in cloud chambers and nuclear
stacks by the reaction

A= p + 7 (4-142)

The @ values obtained in chamber studies are shown in Table 4-13.
The average of these results is

Quo = (36.26 £ 0.39) Mev (4-143)
giving a mass value
Myo = (2180.4 & 0.8) m (4-144)

The Q value obtained with emulsion events was reported by Iried-
lander (167):
Qro = (36.92 & 0.22) Mev (4-145)

The error is based on internal consistency and does not include the
systematic errors; Amaldi (168) estimated the errors to be ~=1

Table 4-13. Measurements of the A° Q Value

Q (Mev) Method Reference
37 *=1 Magnetic chamber 163
43 __'- ; Magnetic chamber 164
35.9 =1 Magnetic chamber 165
34.7 = 1 Magnetic chamber 166
36.7 = 1.0 Magnetic chamber 134
37 =2 Multiplate chamber 137
36 =41 Magnetic chamber 115

+ 1

36 Magnetic chamber 139

l
i
1
i
i
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Mev owing to uncertainties and errors in the emulsion range-energy
relations. Friedlander (169) has reexamined the errors, however,
and in the same plates 7-u calibration was made; no change has
been made in (4-145). Several more events have been reported by
Daniel and Lal (170):

Qi = (37.40 = 0.27) Mev (4-146)

An optimistic average of the nuclear-emulsion determinations
and the cloud-chamber results gives

Qro = (36.97 & 0.16) Mev (4-147)

giving a mass
Mo = (2181.74 =+ 0.35) m (4-148)

The measurements of the A° lifetime are given in Table 4-14. The
early data have been analyzed by Page (173), who reports

o = (3.7 fgg) X 10710 sec (4-149)

Table 4-14. Lifetime Measurements of the A°

Number of Events Mean Life (10710 sec) Reference
22 10 7 ¢ 134
37 (0 < Q < 50 Mev) 2.9 0.8 171
21 3.6 £ 1.2 137

+ 2.6 ap
22 487 1y 136
+ 3.7 e
21 4.0 T 7 133
26 3.7 ¥ ?2 172
. .+ 10 .
23 3.6 7 s 173
+ 0.5 .
65 2.8 7 o4 139
23 2.8 T 1.2 140
- 0.7
25 3.3 £0.6 116a
23 2.0+ 17 140n
Final Average 3.25 £ 0.33 ...

¢ Selection may be biased and is excluded from average.
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A cosmic-ray mean life has been obtained by the Purdue cloud-
chamber group (140):

Tho = <2.8 té?) X 1010 sec (4-150)

The Columbia cloud-chamber group (139) has also obtained a mean
lifetime for A”s produced by the Brookhaven Cosmotron:

o = (2.8 fgi) X 1071 sec (4-151)

The Berkeley bubble-chamber group (116a) obtains a mean life for
A%s produced by K~ captures in hydrogen:
o = (3.3 & 0.6) X 1071 sec (4-151a)

Budde et al. (140a) have obtained a mean life for AYs produced by
T~ mesons: '

Tho = (2.0 té?) X 10710 sec (4-151Db)
By combining the data, we obtain for the lifetime of the A°
a0 = (3.25 =& 0.33) X 107° sec (4-152)

The data do not exclude a mixture of A”s with not too different
lifetimes. The alternative mode of decay,
AP —>n 4 #x° (4-152a)

is not, observed directly. However, from the assumption that there
is always associated production in (7, p) production of 6%s, the
branching ratio can be estimated from the number of A%s observed
with the 6. The fraction of charged decays is given by Budde ¢t al.

(140a) to be
oo = (0.3 fgig) (4-152b)

The remaining A”s decay into neutral particles or have a long enough
life to escape detection.

c. = Hyperons

The mass of the =+ reported at Padua (174) was obtained from
Q-value determinations in nuclear plates:

Qg:h(,ri:m) = (110 =+ 10) Mev (4:-153)
Qs+ proy = (116 £ 2) Mev (4-154)
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Ceccarelli et al. (175) report an example of a £+ decaying into a
neutron and =+ with the pion coming to rest giving the m-u-¢ decay
event. From the range of the =+ they obtain a @ value

Qs+iremy = (107.8 = 3.5) Mev (4-155)

An accurate value of the =t mass has been obtained by Fry et al.
(176) by measuring the proton range of ten X+(p, =) decays and
calibrating the emulsion with muons from 7-u decay at rest:

Qs+pry = (116.08 & 0.47) Mev (4-156)
With this, the 2+ mass becomes
Ms+ = (23274 £ 1.0) m (4-157)

In addition to the ten events reported by Fry ¢t al., Barkas et al.
(176a) and Gilbert et al. (176b) have obtained additional events in
emulsions whose density is well known. Gilbert et al. obtain 7 events,
and the resulting mass

Mz = (2329.5 & 1.0) m [SD)] (4-157a)
Barkas et al. report 13 events which give

Mz = (2327.8 & 0.7) m [SD] (4-157D)
Combining these three measurements we obtain

Msz+ = (2328.3 & 0.5) m [SD] (4-157¢)

The evidence on the =~ comes from the decay in flight observed
in cloud chambers by groups at Brookhaven (177),

Qs = (130 fig) Mev (4-158)
at Turin (178),

Qx- = (107 + 15) Mev (4-159)
and at Berkeley (179),

Qs- = (121 =+ 11) Mev (4-160)

Chupp et al. (180) reported evidence concerning the =+ and -
hyperons resulting from the capture at rest

K=+ p— 3% 4 g (4-161)
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These four events observed in nuclear emulsions were analyzed
under different assumptions. If they assume that the K- that stops
in the emulsion (the = and = are colinear to better than 0.5°) has
the mass of the 7+ meson, they obtain

Ms+ < (2324 = 4) m (4-162)
Ms- = (2338 =4) m (4-163)
The observed difference in the masses depends only on the assump-
tion that the K~ mesons producing the =+ and =~ have the same

mass:
Ms- — M+ > 14 = 5.5m (4-164:)

Steinberger ef al. (181) report a propane bubble-chamber exper-
iment (no magnetic field) that has yielded information on the mass
and lifetime of =~ hyperons. The =’s are produced by pions in the
reaction

=+ p— 2 + K+ (4-165)

The pion cnergy is measured on cvents where the K+ stops. The
sign of the = hyperon is assumed to be negative, a result that is
borrowed from the theory discussed in Section 4.4f, below. Onec
event thus far of a 2~ decaying in flight in which the =~ comes to rest
making a star has been measured in detail:

W= 4+ n (4-166)
Qz-(r—4ny = (118 £ 2.6) Mev [SD] (4-167)

From this the 2~ mass can be calculated:
Ms- = (2343 £ 5.2) m (4-168)

Combining this with the 2+ data, the mass differcnce is
Ms- — My = 14.5 & 5.3 m [SD] (4-169)

Subsequently several groups have obtained events in which K-
capture on hydrogen in nuclear emulsions [equation (4-161)] pro-
duced =* that came to rest. The =+ in some cases also stops. Fry
et al. (113b) have recently reported two events of each type (4-161)
where the =+ and =— stop. The I+ was analyzed for a K~ mass
(4-115d); the =~ event gives a mass

Ms- = (2343.3 £ 3.1) m [SD] (4-169a)
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By comparing directly the ranges they obtain an accurate mass
difference, independent of both the emulsion stopping power and
the K~ mass:
Ms- — Mz+ = (159 & 2.9) m (4-169b)
Chupp et al. (181a) report four new events which yield the
2= — =+ mass difference:
Ms- — Ms+ = (13.9 £ 1.8) m [SD] (4-169¢)
the == mass derived from the range of the two negative =’s is
Ms- = (2342.7 & 1.3) m [SD] (4-169d)
Gilbert et al. (176b) have analyzed two events in detail:

_ (23474 £3.5) m
7 (23418 + 1.5) m

Freden and Ticho (181b) have a particularly good event which
yields an excellent mass value:

Ms- = (2340.7 £ 1.3) m [SD] (4-169f)
Combining these we obtain a value:
Ms- = (23419 £ 0.7) m [SD] (4-169g)

The = mass difference from these data (113¢), equations (4-157¢)
and (4-169g), is

Ms- — M3+ = (13.6 £ 0.9) m [SD] (4-169h)
York et al. (119) have reported a lifetime for ¥ hyperons:

[(1.5 1_(1)§)> <7y < (2.8 i-(2)6):| X 10710 gec¢  (4-170)

Two observations of the life of the £ have been reported by emul-
sion groups: Davies et al. (182) have found

+0.15
—0.11

Fry et al. (183) combine all the decays in flight and obtain mean
lifetimes:

M (4-169¢)

T3(+ and =) = (035 > X 10710 sece (4:-171)

+0.14
—0.08

+0.19
—-0.27

T3+ and =) = (0-34 > X 1071 see
(4-172)

T4 and =) = (1-41 ) X 1071 see
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The latter value is obtained by combining all the events which decay
in flight with those which decay at rest (£*) or make stars (7).
These data indicate a lifetime for the == at least 3 to 5 times longer
than that of the =+

The mean life obtained by Fry (183) by assuming all =’s that
decay in flight to be =*'s and using the =*+’s which decay at rest is

+0.2
—0.15

On the other hand, the definitely identified events from 2+ — p + #°
decay give a mean life which, owing to the large statistical error,
includes both the shortest and longest lifetimes obtained with the
unknown mixtures. Snow (183a) has summarized all the emulsion
=+ events and obtained a mean life

Ty(+e) = (0,76 > X 10710 sec (4-173)

roe = (0_89 4_‘8-13) % 1019 see (4-173a)
With 16 2 decays, Steinberger (181) has obtained a mean life
ry- = <1.4 tég) X 10719 see (4-174)

It is difficult to obtain a reliable £+ mean life {from I'ry’s data
until one understands what if any bias causcs disagrecment be-
tween the two shortest lived samples which are certainly composed
of almost all Z+ hyperons. A larger statistical sample may, of course,
be the solution.

The lifetimes measured by the Berkeley bubble-chamber group
(116a) are: with 44 =— decays in flight and 6 stopped events,

re- = (1.83 & 0.26) X 107! sce (4-1744)
with 27 =+ events,
ree = (0.86 = 0.17) X 1071 sec (4-174b)

The possibility of more than one 2 lifetime is not excluded by the
data. Howecver, if the components are approximately ecqual in
magnitude, then a difference in lifetime by more than a factor of
about three or four is unlikely.

There are to date few accurate data on the mass of the X0 Evi-
dence concerning the existence of this particle has been obtained
at Brookhaven and Berkeley by Fowler ¢t al. and by Walker (184),
and by Steinberger (181). The mass obtained from the momentum
unbalance agrees with the £+ mass with an cerror == 60 m (184).
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The =° is believed to decay rapidly into the A°:
S0— A0 4 g (4-175)

An event was observed in the Bevatron neutron beam by Fowler
et al. (184) in which the ~v-ray internally converted. The cloud-
chamber picture consists of a.proton recoil with an electron~-positron
pair at the origin, and a nearby A° decay. From the absence of a gap
in the pair origin, they obtain an indication for a 20 lifetime limit
of the order of 107 sec.

Two events have been seen in the Berkeley 10-in. bubble chamber
(with magnetic field) with a K~ meson stopping in hydrogen [reac-
tion (4-161)] (116a). The =~ comes to rest in hydrogen, and a low-
energy A°is observed. The kinetic energies of the two A”s are meas-
ured as 4.5 &+ 0.5 and 2.8 &= 0.5 Mev. The events are interprcted as

-+ p—2I20+n

N\ (4-175a)
A +
With this assignment, the == — Z? mass difference is
~44.5m S [ME-— - Mzo] $ ~3.4m (4:—1751’))

Plano et al. (184a) have seen several events in which 2%s are pro-
duced with 6Ys by energetic pions of well-determined momentum.
The v-ray converts in the propane bubble chamber and the two
neutral particles decay; their momenta are determined by the curva-
ture in the magnetic field. The angles agree with the reaction as-
signed. The average @ value of the Z° decay is measured to he

soa0,yy = 73.0 == 3.5 Mev (4-175¢)
The corresponding =° mass,
Mso = (2324.6 + 6.9) m (4-175d)

P

as obtained using the A° mass [equation (4-148)] and this Q value,
falls within the limits given by (4-175b) and falls somewhat below
the lighter (2+) mass by (3.7 == 7.0)m.

d. =~ Cascade Particle

The mass of the == particle is known from cloud-chamber oh-
servations. The decay observed so far is

E=— A" + 7™ (4-176)



MASSES OF ATOMS AND MESONS 87

Table 4-15. Q-Value Measurements of Z~ Cascade Particles

Q (Mev) Method Reference
15 < Q <60 Cloud chamber 185
60 £ 15 Cloud chamber 186
75 £ 15 Cloud chamber 186
67 = 12 Cloud chamber 187
66 = © Cloud chamber 188
63 &= 9 Cloud chamber 189
59 &+ 11 Emulsions 190
63 £ 27 Kmulsions 191
72 £ 20 Xmulsions 192
71 £ 5 Emulsions 193
66.6 =+

3.0 Average of these values ... ...

Reported Q-values are listed in Table 4-15. In the emulsion events
the A° is not identified. The combined @ value is

Qz- = (66.6 & 3.0) Mev (4-177)
giving a mass
Mz- = (2585.0 = 5.9) m (4-178)

The observation of cascade particle decays in cloud chambers
indicates a lifetime of the order of 1010 sec (186).

e. “4nomalous” Particles and Hyperfragments

The individual hyperons and K mesons for which the mcasured
mass falls outside the well-established groups by more than the
estimated experimental errors are often called ‘““anomalous.” The
reader should refer to the current literature as well as to work men-
tioned earlier—for example, references 84 through 93, and 160—
for the status of this very important problem. The frequency of
such anomalies may be decreasing somewhat as estimates of meas-
urement errors improve and as these “anomalics” achieve the status
of well-cstablished particles.

There are a few examples of a charged particle decaying into a
K meson. The events observed by Eisenberg (194) may be a heavier
hyperon that decays as follows:

yi:}'} isenberg — A0 + K+ (4:—179)

The neutral is not observed so that only a erude estimate based on
multiple scattering measurements gives 3160 22 for the primary mass.
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An alternative explanation might be a decay of a heavy K meson:
V£ — K+ + 7° (4-180)

Fry ¢t al. (195) report a possible event of this type. Ividence for
the reaction

Vo — K+ + ot (4-181)
has been reported by van Lint et al. (196).

Unstable hyperfragments are observed in which a hyperon is
apparently bound to a nucleus. Many examples of A hyperfrag-
ments have been reported and the binding energy of the A® in
various nuclei can be measured. Fry, Schneps, and Swami (197)
have given in their article an excellent bibliography as well as a
summary of the measured binding energies.

Ruderman and Karplus (198) have made an analysis of the mesic
versus nonmesic decays of hyperfragments, and conclude that the
A? has spin 1/2 or 3/2; if the spin is 3/2 the parity is the same as
that of the proton. Early results on angular corrclations of the pro-
duction plane and the decay plane of the A® implied a high value
for the A® spin. The status of these experiments is at present am-
biguous (199, 181, 177).

. Strange Particles
(=g

The intention of this chapter is not to discuss the details of theories
of the new elementary particles. There is, however, a growing body
of facts that ean be shown to fall within a rather general framework.
To explain the early observations that the new unstable particles—
K mesons and hyperons—were produced with relatively large
cross sections and yet had long lifetimes against decay into strongly
interacting pions and nucleons, Gell-Mann and Pais (200) have
proposed a theory of associated production by which only pairs of
these particles may be made in nuclear collisions. Furthermore,
they postulate that the decay proceeds slowly because it is a “for-
bidden” transition. The rule takes the form of a new quantum
number called “strangeness’” which characterizes the new particles.
The charge @ of the particle is given in terms of the Z component
of the isotopic spin I, the number N of nucleons minus antinueleons,
and the strangeness classification S, by the relation

N, S
Q=1Ir+5+5 (4-182)
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Table 4-16 shows the relative positions of all the particles which
have been discussed; similar assignments have been made by Nishi-
jima (201), Sachs (202), Goldhaber (203), and others (204).

D’Espagnat and Prentki (204a) show that the Gell-Mann scheme
is a natural consequence of the rotation and reflection invariance
in isotopic spin space. A new constant U (or Y) is introduced, the
tisofermionic” or “hyperonic” charge, or simply “hypercharge.””
The value of U is defined to be the net charge in each isotopic spin
multiplet; the particle charge @ is then given by

U
Q=1Iz+35 (4-183)

U takes the value 0, =1, in analogy to 0, Xe for the charge. The
strangeness S is related to the hypercharge by

S=U-N (4-184)

It can be seen by inspection of Table 4-16 that this assignment is in
accord with the Gell-Mann assignment. The location of antipar-
ticles is fixed as follows: Since Iz is conserved for annihilation, a
strong interaction, Iz goes to —Iz, so that U goes to —U and S
goes to —8 under charge conjugation operation (@ — —@Q,
N — —N).

One advantage of this scheme is that there is no unfilled or addi-
tional vacancy: S = =3, or N = +1and § = +2, etc., are not
possible unless one introduces U = =2, departing from the charge
analogy (there are no multiply-charged elementary particles). There
is one exception in this model: for N = 0, the isotopic singlet is not
known. It therefore follows that if any other elementary particle
is established (see Sec. 4.4e), this scheme cannot be adequate.

The selection rules are that the allowed processes are those for
which AS = 0, the slow processes for which AS = =1. The evidence
supporting this assignment has accumulated steadily. There are
no observed violations of the rules in the interaction or production
processes.

Associated production has been amply demonstrated. There have
been systematic searches for single production without success.
Production in which AS # 0—i.e., A + A% 2 4+ 2,2 4+ A%, 2 + K7,
A® 4+ K——have not been observed. The ratio of positive to nega~-
tive K mesons near threshold favors positives since less energy is
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required for the associated production by the allowed reaction of
K+ 4+ (A? or 2) than for K~ + K™

The interaction of K mesons with nucleons shows complete charge
asymmetry. K+ mesons according to the scheme can only scatter
elastically or charge exchange, whereas the K— can also form Z’s
or A’s. This is in agreement with observation.

Table 4-17 gives a summary of the masses of the unstable particles.
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CHAPTER 5

History of the Atomic Constants

A clear-cut definition of the subgroup which we shall call the
atomic constants is difficult to formulate. R. T. Birge was one of
the first to use the term atomic constants in his 1929 review (refer-
ence 1, Chapter 1). An important part of this review was concerned
with determining the ‘“best’” values of ¢, the electronic charge, m,
the electronic mass, and h, Planck’s constant of action, three quan-
tities which indisputably deserve the name, atomic constants. It
was clear in 1929 that many of the most important sources of in-
formation for determining ¢, m, and h were indirect in nature. For
example, one way by which Birge arrived at a value of h was by
combining measured values of four quantities, ¢, ¢, ¢/m, and R, =
2meSh—3c*(¢/m) and then solving for h. With the passage of time
more and more of these indirect ways involving other measured
physical quantities made their appearance, and it soon became clear
that in order to obtain a consistent set of values of all the constants
which could be so determined (consistent, that is, with all the ac-

" cepted theoretical relationships connecting them) it was unavoid-
ably necessary to determine a considerable number of interrelated
constants simultancously. Thus it developed as time went on that
a discussion of the atomic constants required careful study and
discussion of measurements of an ever-inereasing number of physical
magnitudes such as the velocity of light, ¢, the Faraday, F, and the
Sommerfeld fine structure constant, «. These all had to be studied
with about equal care and from the mathematical point of view
were so intimately interrelated that the entire group came to be
called the atomic constants. About the only general physical con-
stant that is not related in some known way to the atomic con-
stants is the Newtonian constant of gravitation discussed in Sec-
tion 3.1.

At present a large group of important, fundamental, experimen-
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tally measured, numerical values, each known with high precision,
is available to yield information pertinent to the atomic constants.
These directly measured quantities which constitute our input data
are so interlaced with well-established theoretical relationships that
a precise knowledge of only a small number of them (the group
which we shall call our unknowns) fixes all the others. Once the
unknowns have been determined, a few ‘“auxiliary constants”
suffice to compute the values of a very long list of convenient con-
stants and conversion factors of physics. The choice of which par-
ticular set of atomic constants shall constitute the unknowns to
be adjusted in this way is to some extent arbitrary or dictated by
mathematical convenience. The choice has changed from time to
time, and this is another reason why the meaning of the term atomic
constants has become increasingly inclusive and indefinite.

The experimentally measured numerical values which constitute
our input data are each to be equated to a function of the unknowns
which represents the interpretation of that particular experiment.
The set of equations which results from this process will in general
contain more equations than there are unknowns. In such a situa-
tion it becomes immediately interesting to inquire how consistent
the overdetermined set is. If some few of the input data are glaringly
inconsistent with the remainder, this may indicate that hitherto
unsuspected systematic errors afflict those data. Aside from the
exercise of vigilance in the experiments themselves, this test of
consistency is in fact the only safeguard we possess against syste-
matic errors. A maximum degree of overdetermination is therefore
always to be sought.

At the outset (in his 1929 paper) Birge found himself confronted
with a confusing mass of overdetermined and woefully inconsistent
data. The discrepancies from consistency were so large relative to
the estimated accuracy of the individual measurements that the
situation did not lend itself to any straightforward analytic con-
clusion. He therefore used the subjective method of judiciously
selecting certain subgroups of data, each sufficient to solve for some
chosen atomic constant (¢, m, or k), and calculating values of that
constant by a number of such just-determinate paths. In the course
of his analysis of each individual experiment Birge often corre-
sponded privately with the rescarch workers in an effort to detect
hidden mistakes or overlooked corrections, and then reanalyzed
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the primary observational data using improved statistical methods.
In this way he succeeded in isolating one discrepancy after another.

Undoubtedly the greatest single contribution to the progress of
our knowledge of the atomic constants is to be found in these monu-
mental pioneer efforts. His 1929 and 1942 general reviews (reference
1, Chapter 1; reference 12, Chapter 2) are all-time models of patient
and meticulous care in the study and gradual organization of a
huge mass of primary data. In this winnowing of the chaff from the
wheat Birge occasionally encountered some astonishing. discrepan-
cies and oversights coming from the work of outstanding authorities,
whose great prestige had placed their reliability quite beyond ques-
tion.

Since some of these discrepancies have been shown to have their
roots in errors connected with historically important experiments,
and indeed in experiments still frequently cited in textbook accounts
of how such atomic constants as e, A, and m were first measured,
it is valuable to retrace the history of the progress of our knowledge
of the atomic constants in order to clarify the record up to the
present. After correcting these earlier methods for their systematic
errors, their results have been shown to be not inconsistent with
those of the later and more indirect, but far more precise, methods.
These earlier methods were of great value for the progress of knowl-
edge in their time and still possess immense historical importance,
even though they do not now make contributions of significant
weight in a present-day precision least-squares evaluation of the
atomic constants.

5.1 THE VELOCITY OF LIGHT

The measurements of the velocity of light, perhaps the most im-
portant of all the constants fixed by Nature, have a long history
starting in 1676 with the work of the Danish astronomer Ole Rémer
on the fluctuations in his observations of the time of arrival of the
cclipses of To, Jupiter’s first satellite. A secries of observations by
the Italian astronomer, Cassini, had carlier permitted an accurate
evaluation, for the chosen satellite, of the average eclipse period,
Ty. A modern determination gives this period as 42 hours, 28
minutes, 16 seconds. The distance between Jupiter and the carth
varies because of the different orbital periods of these two bodies,
the difference between the maximum and minimum distances being
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the diameter of the earth’s orbit. Rémer found a secular variation
in the period with an amplitude of approximately 20 seconds and a
period of 13 months. This 13-month period is just the time required
for the earth to move in its orbit from onc closest approach to
Jupiter to the next. Thus starting at a time when the earth was
closest to Jupiter and trying to infer the time of occurrence of an
eclipse 614 months later (when the earth was its full orbital diame-
ter more distant), Rémer found a delay which he estimated to be of
the order of 22 minutes. He correctly inferred from this that light
travels with a finite velocity. This interpretation was not accepted,
however, until an entirely independent determination of light veloc-
ity based on the effect known as the aberration of light, a displace-
ment of the apparent position of the stars in the direction of the
earth’s orbital velocity, was discovered in 1727 by the Inglish
astronomer, James Bradley.

In 1849 the I'rench physicist, H. L. Fizeau, first succeeded in
measuring ¢, the velocity of light, by a method not involving
astronomical observations. He measured the time of transit of light
flashes between two hills, Montmartre and Suresnes, about 8.6 km
apart, ncar Paris. The beam of light was modulated into flashes by
means of a wheel with 720 teeth, and Fizeau measured the successive
critical speeds of rotation at which the returning flash of light was
just cclipsed by rotation of succeeding teeth into the path. The
experimental conditions of this experiment were later improved by
Cornu and by Young and Forbes with more accurate results.

The famous rotating mirror method was first suggested by the
I'rench astronomer, . F. J. Arago, and first applied successfully
by Fizeau and by J. L. Foucault working independently in 1850. In
these experiments a pencil of light from a point source was reflected
from a rapidly rotating plane mirror, and after traversing a path to
a stationary mirror about 20 meters distant returned to the rotating
mirror. During the time of transit this mirror was found to have
rotated sufficiently to displace the focused image of the light source
0.7 mm. Foucault’s result for the velocity of light was roughly
298,000 km sec™. This method was greatly improved by Cornu,
by Simon Newcomb, and by A. A. Michelson, who increased the
path distance and utilized rotating polygonal mirrors with very
accurately polished optically plane faces and with optically correct
mutual orientations. In a series of experiments performed in Cali-
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fornia and published in 1926, Michelson (1) used a light path of 44
miles, from Mt. Wilson to Mt. San Antonio and return; the average
value of 200 determinations varying between extremes of 299,756
and 299,803 km sec™! yielded, after correction for the group veloc-
ity refractive index of air to obtain the vacuum value,

¢ = 299,798 + 4 km sec™! (5-1)

The toothed wheel, rotating mirror, and similar methods of
modulating a light beam all yield values of the group velocity of
light in the medium employed. In a dispersive medium the group
velocity and phase velocity are, however, not identical, and there-
fore the group refractive index of air is the one which must be used
In correcting the results to find the vacuum value of ¢. Actually
Michelson had incorrectly used the phase velocity refractive index
of air instead of the group velocity refractive index in reducing
his 1926 results. R. T. Birge detected this error, and for this reason
made a correction upward of 2 km se¢™! in Michelson’s value ob-
taining the result (5-1). As Table 5-1 below shows, this point was
overlooked by several other workers also. Birge refers to this over-
sight on Michelson’s part as “one of the most inexplicable errors’”
he ever encountered (reference 12, Chapter 2), since Michelson had
in earlier work shown himself to be completely familiar with the
distinction between group and phase velocity indices.

The light path for Michelson’s Mt. Wilson determinations was
measured by the U. S. Coast and Geodetic Survey in a remarkably
accurate triangulation from a 40-km base line. The length of this
base was determined to an estimated error of 1 part in 11 million.
The result (5-1), within its estimated error range, is in accord with
the results of the best modern measurements.

A rotating mirror experiment, begun in 1929 by Michelson, Pease,
and Pearson (2) but not completed until after Michelson’s death in
1931, was conducted over a light path in a 1 mile long evacuated
pipe on the Irvine Ranch near Laguna Beach in California. Suc-
cessive to-and-fro reflections between plane mirrors were used to
give a total light path of some 10 miles. A plot of the statistical
frequency distribution of the results of nearly 3000 measurements
with this equipment showed a distribution with a strong symme-
trical peak centered at the mean value

¢ = 299,774 km sec™! (5-2)
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The distribution exhibited, however, rather widely spreading, more
or less symmetrical wings or plateaus on either side of the central
peak which were decidely non-Gaussian in character. The com-
puted “probable error”” of this array of results was £0.2 km see,
but this apparently overestimates the true accuracy considerably,
and in the light of our present knowledge the mcan result (5-2) is
almost certainly 18 or 19 km sec™! too low. It is perhaps significant
that the value now strongly indicated as correct by modern and very
accurate methods, namely, 299,793 km sec™!, or even Michelson’s
slightly higher value (5-1), falls well inside the non-Gaussian plateau
on the statistical distribution curve of the Irvine Ranch results.
A posteriori reasons to account for the systematic errors in this
Michelson, Pease, and Pearson determination arc not hard to find.
The base line was on very unstable alluvial soil. A correlation be-
tween fluctuations in the results and the tides on the sea coast was
reported. A far greater number of measurements with the rotating
mirror than measurements of the admittedly fluctuating base
length were made. Base length measurements, it appears, were all
made in the daytime, whereas a great majority of the rotating mirror
measurements were made at night.

Beams of light modulated at high frequencies in the megacycle
range by Kerr-cell methods have in the most modern work of
Bergstrand, with the equipment which he calls the “geodimeter,”
far surpassed the accuracy attained with rotating mirrors. Berg-
strand’s value of 299,793 km sec™! is in accord with an impressive
array of other evidence. Iarolus and Mittelstaedt in 1925 were the
first to develop this Kerr-cell method, and W. C. Anderson in 1937
and in 1941 improved upon it (3). Nearly 3000 observations in 1941
by Anderson, however, yielded the mean value

299,776 £ 6 km sec™! (5-3)

which agrees very well with the Michelson, Pease, and Pearson
value, the one which we now regard as almost certainly 19 km sec!
too low. The different transit times of the clectrons in the detecting
tube in Anderson’s work constituted a possible source of systematic
error which he recognized clearly himself. This latter objection is
avoided in Bergstrand’s geodimeter.

These two measurements, (5-2) and (5-3), with their impressively
large number of replicated observations and their excellent (but
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apparently fortuitous) agreement, have misled physicists, including
R. T. Birge, for about a decade. Not until C. I. Aslakson in 1949,
using ““Shoran,’”” a radar method of measuring the distance of an
airplane from a ground station by the time of flight of a radio signal,
reported a higher value, was suspicion cast on the value ¢ = 299,776
km sec™!. When signals were measured using Shoran, as the air-
plane approached a position of exact alignment between two ground
stations separated by a known distance, Aslakson obtained limiting
results indicating a value, ¢ = 299,792 £ 3.5 km scc™. Since then
other measurements of the constant ¢ for electromagnetic radiation
have been made by many observers and by much more accurate
methods, all supporting the higher value, ¢ = 299,793. We defer
discussion of these to Section 6.2, however, and restrict the present
Section to measurements of ¢ for light of optical frequency.

The geodimeter of Bergstrand (4) is an improved Kerr-cell
modulation method for measuring the time of flight of a light pulse
over outdoor paths of order several kilometers. It was developed
primarily for use in precision geodetic surveying. A frequency of
8.33 Mc with amplitude of 2000 volts is used to modulate the light
source by means of a Kerr cell, and the same high-frequency oscilla-
tor also modulates the detecting photomultiplicr tube which re-
ceives the returning light from the distant mirror. A 50 ¢ps alter-
nating bias voltage of 5000 volts with square waveform is also ap-
plied to the Kerr cell so that the 8.33 Mc oscillations swing to and
fro over the steepest and most lincar region of the Kerr cell’s char-
acteristic curve of light intensity versus applied voltage. Thus one
set of alternate half-waves of the H.T. oscillator give high light
transmission during one entire half ecycle of the 50 cps square-
wave bias voltage, while the other IL.F. hall eycles give low trans-
mission so as to yield a nearly pure sinusoidal variation of light
intensity at 8.33 Mec sec™. During the next half eycle of the 50 eps
square wave the reversed bias causes the oscillations of light in-
tensity to occur with the high light transmission maxima 180° of
the 8.33 Mc sec™ frequency out of phase with respeet to their
phase during the preceding half ¢ycle of the low frequency. If the
oscillations of intensity of the returning light are in suitable phase
coincidence with the clectrical H.F. which modulates the plate
voltage of the photomultiplier tube, the latter will supply 50 ¢ps
rectified pulses of a maximum amplitude during one set of alternate
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half c¢ycles. These furnish a rectified pulsating signal to an amplifier.
A shift in relative phase between incoming light pulsations and
R. T. modulating voltage on the photomultiplier tube away from
this optimum phase will reduce this signal. During the other set of
alternate half cycles of the 50 cycle square-wave biasing voltage,
practically no rectified signal will be available from the photo-
multiplier tube because the 8.33 Mec modulating voltage applied
to its plate is in the wrong phase. Clearly, however, a shift in phase
of the sinusoidal light intensity can modify this condition of ex-
treme unbalance between the rectified signals from the two sets of
alternate 50 cycle half-waves. Two vacuum tubes controlled from
the 50 cps square-wave supply serve to switch alternate pulses of
this amplified signal from the photomultiplier through a D.C.
meter of long period. Reversing switches permit the operator to
reverse the phases of the 50 cps which the switching tubes select and
also to reverse the phase of the 8.33 Mec voltage applied to the photo-
multiplier tube plate. There will be some distance for the remote
mirror such that the phase delay of the returning oscillations of
light intensity will just yield a zero reading on the D.C. meter and,
for the selected frequency of 8.33 Mc, there will occur another such
zero for every increase or decrease in distance of the mirror of ahout
9 meters.

Bergstrand explains in his published articles (4) the means he
has provided to correct for the systematic error occasioned by the
fact that “different parts of the image”’—of the light source at the
distant mirror—‘‘have different phases, dependent on the part from
which the light is emanating in the space between the Kerr cell
plates.”

Bergstrand’s measurements with his geodimeter are seen in Table
5-1 to yield a value of ¢ about 19 km sec™' higher than the Michel-
son, Pecase, and Pearson or the Anderson values. The geodimeter
has also been independently used by Mackenzie in Scotland (5)
with results which do not differ significantly from Bergstrand’s.

We give in Table 5-1 a list of all the significant determinations
of the velocity of light of optical frequencies. The first twelve are
taken from Birge’s 1941 review (reference 12, Chapter 2).

For reasons to be explained in Chapter 7, the root-mean-square
or “standard” error is uniformly adopted as an index of precision
in this tract. For this reason whenever “probable errors” were
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given we have converted them to standard errors in Table 5-1 by
dividing each probable error by 0.6745. For purposes of comparison
we include in this list also the indirect determination of ¢ by Rosa
and Dorsey (6), obtained by measuring the ratio of an electrical
charge in absolute esu to the same charge in absolute emu. This ex-
periment, very carefully carried out at the U. S. National Bureau
of Standards, has been characterized by Birge (1941) as ‘““one of the
most beautifully executed pieces of precision research in the entire
history of science.” It is to be noted that the Rosa and Dorsey
value, ¢ = 299,784 + 15 km sec™), is about at the mid-point of the
above-mentioned 19 km sec™! discrepancy interval. Its precision
is insufficient to discriminate clearly in favor of either the old 299,774
value or the modern 299,793 value, but it should be noted that this
meticulously careful piece of work is not inconsistent with the
modern high value since the difference, 9 km sec™!, has an expected
standard deviation of =£15 km sec™!. In fact, if the Michelson,
Pease, and Pearson and the Anderson values are excluded, the
remaining data of Table 5-1 including the work of Rosa and Dorsey
and the Mt. Wilson work of Michelson are not at all inconsistent
with the newer, much more accurate high value. Further strong
support for this high value comes from microwave cavity resonance
and interferometer measurements made since 1949 with very su-
perior precision. These will be described in Section 6.2. We there-
fore defer discussion of the value of ¢ to be adopted in this text to
that Section.

A more detailed account of the history and classical methods of
measuring ¢ may be found in standard optics texts (7, 8).

5.2 MILLIKAN'S OIL-DROP EXPERIMENT

Undoubtedly the most important key experiment in the evolu-
tionary process which has led to our present precise knowledge of
the atomic constants was the justly famous oil-drop experiment of
R. A. Millikan. This experiment served both to establish the
“unitary’” or discrete nature of electrical charge and to measure the
magnitude of that charge. It was developed by Millikan as a logical
outgrowth from the earlier work of Townsend (9), J. J. Thomson
(10), and H. A. Wilson (11), using clouds of water droplets. Millikan
conceived the idea of working with single droplets of watch oil, this
substance being chosen to minimize changes in size of the droplet
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by evaporation or condensation during the observations. Millikan’s
own detailed description (12) of these and related experiments is one
of the great scientific classics and should be consulted for those de-
tails which cannot be included here.

In this experiment, whose apparatus is illustrated in Figure 5-1
a droplet of watch oil is kept suspended in air in a homogeneous elec-
tric field of intensity, F, between the plates of an electrical condenser.
The droplet, strongly illuminated, is observed in the field of a micro-

W\

Fi ure 5-1. R. A Mi”ik:lll’h’ Uil-dr()) apparatus for m(}éllﬁul'i[l the Cl(\(',f.l'olli('
(ﬂlzu‘g(n

scope provided with cross hairs. If ¥ is made zero by short-circuiting
the condenser plates, the droplet falls at a uniform terminal speed,
v, calculable, to first approximation, by equating the gravitational
force, mg, to Stokes’ formula for the viscous resistance of a spheri-
cal particle under nonturbulent flow, 6rnav. The mass, m, of the
droplet is (4/3)ra’p. In these formulas a is the radius of the spherical
droplet, p its density, n the viscosity of air, and g the local accelera-
tion of gravity. By measuring the time of transit across the fixed
distance defined by the cross hairs, the terminal speed of fall, o,
was ascertained and this together with a knowledge of 7, p, and g
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permitted calculation of the radius of the droplet, a. It is easy to see
that*

9nv
209

The gravitational force on the droplet is then in principle known.
It is

2

a® = (5-4)

mg = 9w[2n%*/(pg)]* (5-5)

In this way Millikan established that droplets of a wide variety of
quite accurately calculable sizes and masses were obtained. How-
ever, without the necessity of knowing either the size, or the mass,
or even Stokes’ law of fall, but merely from the assumption that the
viscous retarding force on a droplet is proportional to its velocity,
Millikan gave a convincing demonstration of the unitary nature
of electrical charge. This in itself was of greater fundamental im-
portance to atomic theory than his measurement of that charge.
If v, is the terminal speed of fall under gravity alone and v, is
the speed of the droplet (counted positive upward) when an elec-
trostatic field, F, exists between the condenser plates, e, being the
charge on the droplet, then
vy m, _mg v+ v;
= Fo—ma or en= T — (5-6)
The droplets were found to be strongly charged by frictional ef-
fects incident to forming them with an atomizer. Millikan also in-
troduced various artificial ionizing sources (x-rays and nuclear
radiations) to create ions in the air between the condenser plates
and thus to encourage changes in the electrical charge carried by
the droplet. Whenever such a change in the charge, e,, to a new
value, e,’, occurred, a change in the velocity of rise of the droplet
under the applied field, 7, would be observed. If, by the capture of
an ion, the droplet changed its charge from ¢, to a new value,
es’, and its upward speed thereby changed from v, to v.’, the value
of the captured charge, e;, would be given by

, _mgvy — vy

e; = €, — e, 7 ) (5-7)
1

* A small correction is required for the buoyant force of the air. This intro-
duces the factor (1 — po/p)~32 into equation (5-5), where po is the density of air,
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and since mg,/Fv1 is a constant for each individual drop (so long as
no evaporation or condensation takes place), any charge which it
might capture would always be proportional to »." — vs, the change
observed in the droplet’s upward speed under the field, /7. As a
droplet approached the upper condenser plate the field would be
switched off and the droplet allowed to fall under gravity. These
periods of fall served to check whether any appreciable change in
droplet size and mass had occurred.

In this way Millikan showed that the changes in speed, and hence
the charges captured, were always multiples, usually no greater than
two or three, of a constant base value to within the uncertainty of
his transit time measurements. T'o quote his own words, “Here then
is direct, unimpeachable proof that the clectron™® is not a ‘statistical
mean,” but that rather the electrical charges found on ions all have
exactly the same value or else small exact multiples of that value.”

The reader should consult Millikan’s text (12) for an account of
the many refinements and precautions he introduced such as his
magnificent study of the deviations from Stokes’ law of fall for
smaller droplets when the size approached comparability with the
mean free path of the air molecules. Such effects led him also to
important researches on the Brownian motion bearing on the value
of Avogadro’s number, N.

Millikan’s final value, the mean result of observations extending
over a period of two years on 25 droplets varying in size from 23.4 X
10~ e¢m to 12.2 X 107° cm radius at air pressures varying from
about normal atmospheric to 20.5 ¢cm of mercury, was

¢ = (4.770 £ 0.005) X 10710 abs esu (5-8)

The entire work appeared 1o be a supreme example of attentive
care in every conceivable detail, and yet we now know that one es-
sential factor used in Millikan’s calculations of the charge, ¢, was
incorrect. This was 5, the viscosity of air.

5.3 HARRINGTON'S DETERMINATION OF THE
VISCOSITY OF AIR

It is clear from our cquations (5-5) and (5-6) that in the evalua-
tion of the charge, ¢., the coefficient of viscosity, n, enters to the
* Millikan preferred to use the word clectron to denote a quantity of cleetrieal

charge of either sign rather than the name of the negative particle, as is now the
common. usage.
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3/2 power. The methods then available for measuring n were
(1) the rate of flow of air through capillary tubes or pipes, (2) damp-
ing of oscillating cylinders or pendulums, (3) torque transmission
between rotating cylinders. This last method uses two vertical
coaxial metal cylinders with a small air gap between them. One of
these cylinders is hung from a fine axial suspending fiber while the
other cylinder is caused to rotate relative to the first at an accurately
measured speed. The viscous drag coming {rom the transfer of
momentum by the air molecules across the air gap from the moving
eylinder to the stationary cylinder exerts a torque on the latter
which can be measured by its steady angular deflection from the
equilibrium position against the restoring torque of the fiber.
Millikan gave great weight to the results of one of his colleagues,
E. Harrington (13), working at the Ryerson Physical Laboratory
of the University of Chicago with this constant deflection method.
Later criticism and more careful measurements (14), however,
have shown that Harrington’s value of 5 was biased by several
serious systematic errors. W. V. Houston showed (14) that Harring-
ton had overlooked a correction which must bhe applied for the
viscous drag exerted on the ends of the suspended cylinder, a drag
exerted through the clearance opening between the suspended
cylinder and the stationary guard cylinders adjacent to each end.
Furthermore, Houston showed the necessity for another correction
overlooked by Harrington—a correction for the cffect of the air
entrained by the suspended cylinder on the apparent moment of
inertia of the latter. This introduced an error in Harrington’s in-
ference of the restoring torsional constant of the fiber. Actually
Harrington’s n was too low by about 0.4 per cent, and as a result
Millikan’s value of ¢ was too low by about 0.6 per cent. This syste-
matic error remained completely unsuspected for a period of about
15 years (1916 to 1931). Because of the great importance of e and
its close relationship to many other atomic constants this error
had quite far-reaching effects.

54 RELATIONSHIP OF THE CONSTANT, e, TO OTHER
ATOMIC CONSTANTS

Millikan was fully aware of the importance of the constant he
had measured. A precise knowledge of ¢ furnishes one way of estab-
lishing the scale factor connecting all the atomic magnitudes with
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macroscopic magnitudes accessible to measurement by ordinary
means. The quotient of the Faraday constant by e gives us Avo-
gadro’s number (Section 3.6) and hence the absolute masses of all
atoms (in grams). If we know the absolute mass of any atom, we
can compute the volume in cubic centimeters occupied by the
“unit cell” of the atomic lattice of a crystal from the crystal’s
measured macroscopic density, once the geometry of the structure
has been established by x-ray diffraction studies. From this we can
determine the interatomic spacings (interplanar grating constant, d)
of the lattice. With d known, Bragg’s law of selective x-ray reflec-
tion from the crystal atom planes, with appropriate corrections for
refractive index, combined with the measured angles of sclective
reflection, permits one to compute the wavelengths of characteristic
x-ray spectral lines in absolute centimeter units. Sir William Bragg
in England was the first to do this, and he was followed by A. H.
Compton in the United States and by Manne Siegbahn in Sweden.
Sieghahn using this method set up a scale of x-ray wavelengths in
terms of a unit intended to be cqual to a milliangstrom (10~ em)
but which he very wisely chose to call by a different name, the
x-unit. (See Section 5.6.) These wavelengths and corresponding
frequencies lead to information about a host of atomic magnitudes
involved in the Bohr-Sommerfeld theory of the atom.

The calculation of a great number of other atomic magnitudes
requires a knowledge of e. Examples of such are Boltzmann’s con-
stant, ¥ = Ro/N = R, ¢/F; Planck’s constant, h = e(h/c¢) (see
Section 5.11 for experiments leading to values of h/e); the rest-
mass, m, of the electron (by combining ¢ with the results of spectro-
scopic or deflection methods of determining ¢/m); the Bohr radius,
a0 = h*/(4r*me?). Though not all the constants which depend on
the electronic charge were known in 1916, the far-reaching effect
of the one systematic error in IHarrington’s determination of 5 can
thus be casily appreciated. Perhaps the most important effect of
this error concerned the establishment, by the method mentioned
above, of the absolute scale of x-ray wavelengths. In fact it was the
eventual development of a more aceurate and direet independent
method of establishing the scale of x-ray wavelengths in absolute
cgs units (the study of x-ray diffraction at grazing incidence by
ruled gratings) which finally revealed the systematic error in
Harrington’s o and Millikan’s e.
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5.5 RULED GRATING MEASUREMENTS OF X-RAY
WAVELENGTHS

The discrepancy between Siegbahn’s x-unit and the milliangstrom
unit began to be manifest when the wavelengths of certain soft
x-ray lines which had been measured in x-units by the methods of
erystal diffraction were also precisely measured with artificially
ruled gratings whose grating constants had been calibrated using
known optical wavelengths. The reproducibility and precision in
the measurements by crystal diffraction are such that the accuracy
with which we know the ratios of the wavelengths of characteristic
x-ray spectral lines to each other is very high indeed, of the order of
a part in 10° in many cases. The uncertainty regarding the absolute
value of x-ray wavelengths therefore concerns only the value of a
single conversion factor, A = N,/A,, the ratio of a given wave-
length expressed in milliangstroms, A, (i.e., on the “grating scale”)
to the same wavelength expressed in x-units, A, (i.e., on the Siegbahn
scale).

The first to note a discrepancy was Erik Bicklin in his thesis
dissertation at Uppsala (1928). Because of the great prestige of
R. A. Millikan and the rather obscure nature of the true source of
error, more than a decade elapsed before there was general ac-
ceptance that Millikan’s value (5-8) was seriously erroneous. During
this period there was much discussion of the ‘‘discrepancy” be-
tween the “oil-drop” and the “x-ray’” values of e. Several rather
far-fetched proposals to explain this discrepancy were made by
proponents of the Millikan value before the error in 5 was defi-
nitely established as the chief source of the trouble: (/) It was pro-
posed that a mosaic structure or that impurities in the crystals
might be responsible. (2) It was suggested that the laws of optics
might not be applicable to the diffraction of x-rays from ruled
gratings at grazing incidence; a careful analysis by C. Eckart (15)
refuted this. (3) The grating constant measured with x-rays might
not be the same as the grating constant throughout the bulk of the
crystal lattice. The third criticism was the most tenacious and the
most difficult to refute. The Bragg reflection from atomic planes
parallel and very close to a boundary surface was always used in
precision determinations, and since the surface is admittedly a
highly specialized locality, the atomic structure and hence the
grating constant might conceivably have a special value there.
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(An analogy might be made with surface tension in liquids.) The
macroscopic density measurements of a crystal used by Sir William
Bragg, A. H. Compton, or M. Sieghahn in their method of com-
puting the grating constant, on the other hand, clearly must yield
the average grating constant over the entire sample of crystal. The
plausibility of this criticism and also that of the first one was
greatly weakened by showing (16) that the measured densities and
x-ray values of grating constants combined with molecular weights
gave, for many different kinds of crystals of the perfect type,
mutually consistent values of Avogadro’s number, N. (As more
fully discussed in Section 5.7, if we know from x-ray measurements
the grating constant, d, of a crystal, its density, p, the molecular
weight, M,, of its unit cell, and a dimensionless geometrical shape
factor, ¢, which is in fact the volume of a unit cell whose grating
constant, d, is unity, we can calculate Avogadro’s number, N,
from N = M,/(p¢d?).) The third criticism persisted for a time
nonetheless because of a suggestion by F. Zwicky that a super-
lattice structure, consisting of periodic local deviations of the lattice
from the average grating spacing, might be a general property of
all crystal lattices because of some very fundamental far-reaching
and general “cooperative’”’ effect extending over wide domains.
Zwicky suggested that the boundary surface of a crystal might,
by some considerations of minimum energy, be invariably the site
of one of these abnormal grating constant regions. The third criti-
cism was removed entirely, however, by two methods: (a) X-rays
were reflected from crystals of the perfect type such as calcite using
internal atomic planes for this purpose and the internal grating
constant was shown to be the same as at the surface (17, 18). (b)
Crystals such as calcite and quartz werc powdered so finely that the
penetration of x-rays through each grain was complete and not ap-
preciably limited by ‘“extinction.” The grating constant for the
powder was then measured with high precision using a Seeman-
Bohlin spectrograph, and the density of the identical sample of
powdered crystal was measured with a pycnometer. No significant
deviation was observed in the inferred value of N from that ob-
tained with macroscopic crystals used in Bragg surface reflection
(17, 19).

Save for the case of extremely long x-ray wavelengths the great
bulk of the ruled grating measurements of x-ray lines have been
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made using plane gratings by the method of grazing incidence.
Compton and Doan (20) and shortly afterward Thibaud (21) were
the first to use this method. In grazing incidence far greater dis-
persion is obtainable with a grating of a specified number of rulings
per unit distance than in the more familiar case of normal inei-
dence.

A condition for sufficient intensity in the diffracted spectrum is
that the angle of grazing incidence shall be less than the eritical
angle for total reflection. It should be recalled that the refractive
indices of x-rays are in most cases less than unity. Total reflection
occurs therefore in the less dense medium. Rather coarse gratings
with a large ratio of flat intervening space to the width of the ruled
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Figure 5-2. Illustrating the geometry of the path difference when ruled gratings
are usedin grazing incidence to measure x-ray wavelengths.

line are usually used and methods of ruling which are likely to pro-
duce a projection of the ruled material above the flat intervening
surfaces are to be avoided.

The geometry controlling the path difference, PB-AR =
a[cosd — cos(d + )], is shown in Figure 5-2. It must be recalled that
for x-rays no lenses are available to render a divergent beam parallel
or to focus a parallel beam to a point, as in the case of ordinary
optical light. Setting the path difference cqual to a whole number of
wavelengths, n\, we have

AN = alcos § — cos(f + a)] (5-9)

In the simplest of all cases when 8 can be regarded as negligible
we have

7N = a(l — cos a) = aa?/2 (5-10)

The dispersion for grazing incidence, (da/d)),, is

(da/d\), = \/n/(2a)) (5-11)
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This is to be compared with the dispersion for normal incidence,
(de/dN),, which is

(de/dN)n =2 n/a, for small (5-12)

The chief precision wavelength measurements of x-ray char-
acteristic spectral lines by diffraction on ruled gratings have been
made by four authors, J. A. Bearden, E. Bicklin, M. Séderman,
and F. Tyrén, between 1931 and 1938. The softer x-ray lines Cu Ke,
B, Cr Ka, 8, Al IXa were chosen for study. The results are best ex-
pressed in terms of the conversion factor A = \,/\; implied by the
measurements and these will be found in Table 5-2 of Section 5.6, c.

5.6 SIEGBAHN’S SCALE OF WAVELENGTH; THE X-UNIT
a. Siegbahn’s Definition of the X-Unit in Terms of Calcite

The wavelengths of x-ray spectral lines measured relative to each
other by the high-precision methods of crystal diffraction are known
with a precision of 1 part in 10* to 10°. This precision exploration
and tabulation of the x-ray spectrum was first brought to high per-
fection by Manne Siegbahn (22) and his school. Later, with such
further improvements as the two-crystal spectrometer and the
curved crystal spectrometer, it was carried on even further by many
others (23, 24). About 3000 of these precision wavelength measure-
ments have been tabulated (25), and they constitute a very re-
producible and well-defined natural scale of lengths in the range
between about 10=% and 4X 10~% em. To express these wave-
lengths in centimeters or Angstrom units the method first adopted
was that of Sir William Bragg (26), whose reasoning was as follows:

In the simple case of the cubic structure of a rock-salt crystal
(see Figure 5-3), each atom (sodium or chlorine) is associated with
a volume, d® whose weight is pd?, where p = 2.17 g ecm™* is the
crystal density. Now 1 mole, that is to say 23.05 + 35.45 = 58.50
g* of rock salt, will contain 2 N molecules (where N is Avogadro’s
number) so that the mean weight per atom will be 58.50/(2 N) g.
Equating this to pd?, the mean weight of crystal associated with
each atom, we have

pd® = 58.50/(2 N)

*These values are not the present international atomic weights but rather
essentially the values used by Bragg in 1914 (with slight modification by Sieghahn
(22) to obtain an accuracy of one additional significant figurc). The present in-
ternational atomic weight of rock salt is 58.454.
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or
d = (58.50)1/3/(2 Np)'/® = 2.814 X 10~% cm

provided we use for N the value Millikan obtained using Harring-
ton’s value of 7.

The structure of rock salt is less perfect and less reproducible
from sample to sample than certain other crystals; calcite, for in-
stance. In 1925 Compton, Beets, and De Foe (27) made very care-
ful measurements on the latter rhombohedral crystal to determine
its density and the angles between its cleavage planes. This latter
goniometric measurement permits calculation of the volume of a

® SODIUM
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|

Figure 5-3. Cubic structure of a rock-salt crystal, illustrating Sir William Bragg's
original method of computing the grating space d, given Avogadro’s number, the
crystal density, and its molecular weight.

calcite rhombohedron having unit separation between its three
pairs of parallel faces. They found for this volume, V = 1.09630 =
0.00007. (In later work by J. A. Bearden referred to in Section 5.6
a slightly different numerical value has been obtained.) As a final
result of their calculation, whose principle is the same as that de-
scribed above for rock salt, they obtained for the true grating space
a value which Manne Sieghahn adopted as the basis for calculating
x-ray wavelengths. This calculated grating space was, however,
erroneous chiefly because of the error in Harrington’s value of #
with its consequent effects on e, and thence on the value of N = F/e
which Compton, Beets, and DeFoe had used.

In view of these errors it is best to regard Siegbahn’s system of
wavelengths as a purely arbitrary system, and indeed Siegbahn
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very wisely chose to call the unit of length in that system by a dis-
tinctive name, the x-unit, for although he had certainly intended
to make the x-unit as nearly as possible equal to a milliangstrom,
it seems highly likely that from the beginning he felt some insecurity
about its absolute value. The <niention was to express the grating
spacing of calcite in milliangstrom units. For many years no dis-
tinction between x-units and milliangstrom units was suspected.
The terms were used interchangeably. From our present point of
view, however, it is preferable merely arbitrarily to define, as did
Siegbahn, the “effective’” grating space of calcite at 18° C for first
order reflection as

d"1s = 3029.040 x-units (5-13)

b. Correction for Refractive Index of Crystal

The term “effective’” grating space has the following meaning:
Stenstrém showed by a precise comparison of Bragg reflections in
different orders (28) that a small correction to the simple Bragg
equation, n\ = 2d sin 6, is required. His corrected version of this

equation is
4d* (& .
nh = 2d [1 - —nT (it’):l sin 6, (5—14)

wherein § = 1 — u is the “unit difference’” of the index of refraction
of the x-ray wavelength, A, in the crystal, d is the crystal grating
constant, n the order of reflection, and 6, the grazing angle of selec-
tive reflection in the n' order. Dispersion theory predicts and ex-
periments have verified that save near absorption discontinuities
8/A? is a constant of the material. For calcite §/A* = 3.69 X 10%
e¢m™? and for practical purposes the bracketed term above may be
taken as [1 — 135 X 10-%/n?] for the cleavage planes of calcite.
The “effcctive” grating constant, d,, is defined as the true grating
constant multiplied by this correction term

d, = d[1 — 4d2(3/\2)/n?]

= ([l — 135 X 10~%/n?] (for calcite
cleavage planes)

(5-15)

so that we may use the effective grating constant in an equation
similar to the simple uncorrected Bragg equation. The effective
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grating constant is of course not a constant but a function of the
order of reflection, n; it approaches d with increasing n. We may
write then

n\ = 2d, sin 6, (5-16)

The true grating space of the cleavage planes of calcite after this
correction for index of refraction is

dis’ = 3029.449 x-units (5-17)

or at 20° C it is
dso’ = 3029.512 x-units (5-18)

¢. The Conversion Factor, A = \;/\,

R. T. Birge in his 1945 review (29) gave a summary of eight inde-
pendent measurements in milliangstroms of the absolute wave-
length, A\, of different x-ray spectral lines determined by diffrac-
tion on calibrated ruled gratings and expressed in the form of the
ratio of A,, to the wavelength, A, of the same line measured on the
arbitrary Sieghahn crystal scale in x-units. Table 5-2 is reproduced
from that paper.

Table 5-2. Comparison of Grating and Siegbahn Wavelengths of N-Rays

(A —1) X 108 Adopted
Author X-Ray Line The probable error is hased Probable
on accidental errors only Trror
Beardene Cu Kay,» 1980 =+ 31 =+ 52
Bearden® Cu KBi,3 2079 £ 28 =+ 50
Bearden= Cr Kay,» 2036 = 21 =+ 48
Bearden= Cr KBi,s 2017 + 28 =+ 48
Sédermand Al Koo 2070 £ 37 + 84
Bickline Al Koy,» 2000 + 14 =+ 60
Bearden? Cu Kay,» 2087 =4 55 +130
Tyréne Al Kay,» 2024 = 5 =+ 4N
Adopted average 2030 £ 20

@ J. A. Bearden, Phys. Rev., 37, 1210 (1931).

b M. Séderman, Nature, 135, 67 (1935); Dissertation, Uppsala, 1934,
¢ E. Bicklin, Z. Physik, 93, 450 (1935).

4J. A. Bearden, Phys. Rev., 48, 385 (1935).

¢F. Tyrén, Z. Physik, 109, 722 (1938).
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Both Bearden and Birge arrived at the same conclusion for the
most probable value of A from the data of Table 5-2. This value
and the probable error assigned to it by Birge (29) was

A = 1.002030 =+ 0.000020 (Birge, 1945) (5-19)

A slightly lower value was “recommended for general adoption”
(30) by Sir Lawrence Bragg in 1947 after consultation with M.
Siegbahn, B. E. Warren, and H. Lipson with due consideration given
to the analysis of various sources of primary data by R. T. Birge:

A = 1.002020 =+ 0.000030 (W. I.. Bragg et al., 1947) (5-20)

Yor many years the accuracy of our knowledge of A was so much
superior to that of most of the experimental data on which our
knowledge of the atomic constants is based that it was valid and
convenient to regard this important conversion factor as a fixed
auxiliary constant. This is now no longer true, however. In the least-
squares adjustment of this text A is one of the unknowns to be ad-
justed. The direct observation of A yielding the value (5-20) (by
comparison of A\, and A,) of course furnishes one of the important
equations which contribute in the least-squares adjustment to in-
fluence the adjusted output value of this unknown. The slight in-
compatibility of this equation (describing the direct observation)
with the remainder of the sct is such that the least-squares adjusted
value of A is

Anqy = 1.002039 = 0.000014 (DuMond and Ciohen, 1955)  (5-21)

It is clear, however, that this value is well within the ‘“spread”
of the observed values of Table 5-2. It differs from Birge’s 1945
mean value (5-19) and from the Bragg 1947 value (5-20) used as
“input value” in our 1955 adjustment as follows:

A(DC 55) — A(Birge 45) = 0.000009 = 0.000024*

ADC 55) — A(Bragg 47) = 0.000019 == 0.000027*

Il

*A(DC 55) and A(Birge 45) are observationally independent quantitics. The
standard deviation of their difference, ¢4 = =£0.000024, has therefore here heen
computed by the familiar formula

S P
0a? = 0 + oy

where o2 and ¢,? are the “variances” of any two observationally independent
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The differences are seen to be so much smaller than their expected
standard deviations as to be not at all disturbing.

5.7 AVOGADRO’S NUMBER BY THE XRCD METHOD AND
THE ELECTRONIC CHARGE

The philosophy of the x-ray-crystal-density (XRCD) determina-
tions of Avogadro’s number, N, reverses the order of reasoning
followed by Siegbahn (see Section 5.6, a). If the length of one edge
of the unit cell in a cubic crystal is denoted by d, and the density of
the crystal by p, then d?p is the mass of the unit cell. If there are f
molecules in a unit cell and if M is the molecular weight, then
d®o/f is the mass per molecule and Avogadro’s number, N, the
number of molecules in a gram mole, will be the ratio of these last
two quantities, i.e., N = Mf/(pd?). Of course M and N must be
expressed on the same scale of atomic weights. For crystals in gen-
eral, the volume of a unit cell is given by ¢d?, where ¢ is the geo-
metric factor already alluded to in Section 5.6, @ as having been
measured by Compton, Beets, and DeFoe (27). For the calcite
rhomb, ¢ is the volume of a rhombohedron whose three equal obtuse
dihedral angles, «, have the value, 105° 3.5/, and the distance be-
tween whose three parallel pairs of faces is unity. I'or this case J. A.
Bearden obtained (31)

¢ = 1.09594 =+ 0.00001 (5-22)

The general formula for Avogadro’s number computed in this
way is then

N = Mf/(ped?) (5-23)
The grating constant, d, is to be measured by means of x-rays,

that is to say, by measuring the Bragg angle for critical reflection
of some x-ray spectral line of known wavelength reflected by the

variables, ¢ and y, and ¢4? is the variance of (z — ¥). A(DC 55) and A(Bragg 47),
on the contrary, are the output and input values of the variable, A, in the DuMond
and Cohen least-squares adjustment of 1955. Far from being observationally
independent, they are for this reason observationally correlated in a very special
way. For this case it can be shown that the difference rather than the sum of the
variances gives the variance, 42 (of the difference between such output and in-
put values. The standard deviation (£=0.000027) has therefore heen computed
using this relation

oa? = opy? — D55
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atomic plancs whose grating constant, d, is sought. The Bragg re-
lationship, corrected for index of refraction (see Section 5.6, b),
must be used, of course, for the calculation.

d = 71)\/1:2\{ 1 — 4%” f—_)} sin 0,,] (5-24)

This has been done for many different crystals of determined macro-
scopic density, p, geometric factor, ¢, and molecular weight, M.
If the x-ray line wavelength, A, has been measured on the Siegbahn
nominal scale in x-units, we must use the conversion factor, A,
to obtain N. As a result of the x-ray measurements, d will be ex-
pressed in x-units; if we use d. to indicate that the crystal spacing is
so expressed, we have:

N = Mf/[pd d.*A?] (5-25)
It is convenient to introduce the quantity
N, = NA* = Mf/(o ds*) (5-26)

for which we might coin the name, the Sieghahn-Avogadro number,
since it is the result of computing Avogadro’s number from the
measured properties of a crystal whose grating constant, d, has
been measured on the Siegbahn nominal scale of x-units. Then
clearly the true Avogadro number, N, is :

N =N/ A (5-27)

R. T. Birge has reviewed (29) the entire question involving the
determination of N from five different crystals, and we present in

Table 5-3. Probable Iirrors in Parts Per Million for Factors of N,” and the Re-
sulting Values

Resulting
Crystal M P20 day® o(8) Error in N,/

N (1023 mole1, chem)

Calcite 50 37 16.5 13 65 6.05989 £ 0.00039
NaCl 51 37 6() 87 6.06077 = 0.00052
Diamond 20 34 89 97 6.06018 = 0.00059
LiF 32 45 120 132 6.05994 =+ 0.00080
KCl1 40 37 68 86 6.05999 = 0.00052
=+ 0.00023

Adopted weighted mean 6.06014
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Table 5-3 an adaptation of his conclusions. (The data are his in
essence although we have taken the liberty to reexpress them di-
rectly in terms of N,”.) From the data of Table 5-3, the weighted
mean value of N, on the chemical scale of atomic weights is

N,/ = NA®

(5-28
(6.06014 == 0.00023) X 10% (g mole)~! (chemical) )

I

We convert this to the physical scale using Birge’s value of r (sce
Section 5.8).

N/ = NA3
. (5-29)
(6.06179 £ 0.00023) X 10% (g mole)~! (physical)

We may now, if we wish, compute N, Avogadro’s number, by
combining the measured value of N,/ with the measured value of
A. Such a value, however, derived from a combination of two or
more experimental measurements, must be used with caution if the
experimental measurements will also be combined individually with
other data. We must therefore carefully distinguish such values,
which are derived from a combination of arbitrarily selected ex-
perimental measurements, from (7) the directly observed values
which are the results of single determinations, and (2) the least-
squares adjusted values which result from a broad gencral analysis
of all sources of information. Solving equation (5-29) for N and
using the value A = 1.002030 == 0.000020, Birge then deduced the
best value of Avogadro’s number on the basis of the XRCD method

N = (6.02338 & 0.00043) X 10%3 (g mole)~!
(chemical XRCD)

= (6.02503 £ 0.00043) X 10?* (g mole)~!
(physical XRCD)

From this value of N and the electrochemically determined value
of the Faraday constant, F, Birge obtained a value of the electronic
charge, F/N = e. Using a value of F

(5-30)

(5-31)

F = 96487.7 = 10 abs coulomb per gram mole (chemical)  (5-32)
Birge obtained

e = (4.8021 & 0.0006) X 10~ esu (5-33)
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The estimated error of 125 ppm obtained in this calculation is to
be compared with the estimated error in the same quantity when
measured by Millikan’s oil-drop method combined with the best
and latest careful measurements of the viscosity of air. The latter
method has been assigned a probable error by Birge (29) of 1560
ppm, of which 820 ppm come from the variance in the viscosity
measurements and 1330 ppm from the variance in the oil-drop ob-
servations themselves. This overall probable error in e is over 12
times as great as that involved in the evaluation of ¢ from the ratio,
F/N. In forming a weighted average, /N should therefore receive
150 times as much weight as the oil-drop value. It should be clear,
therefore, why the oil-drop method no longer plays any practical
role in contributing to our knowledge of the constant, e.

5.8 THE CHEMICAL AND PHYSICAL SCALES OF
ATOMIC WEIGHTS

Two slightly different scales of atomic weights (or atomic masses)
are in use, the “physical” and the “chemical’”’ scales. The older of
the two, the chemical scale, had its origin before the existence of
isotopes was known. On the chemical scale the mean atomic weight
of a mixture of the three isotopes of oxygen, 0% 07, and O3 “in
their naturally occurring abundance ratios’ is defined as having
atomic weight 16.0000. On the physical scale the atomic weight of
the O isotope has, by definition, the atomic weight exactly 16.

On the basis of the following assumed isotopic abundance ratio

01 : OB 0 = (506 = 10) : 1 : (0.204 =+ 0.008) (5-34)

and the masses O = 16.0000 (by definition), O = 18.0049, O'" =
17.0045, Birge (reference 12, Chapter 2) has computed the con-
version factor, r, between the chemical and physical scales of atomic
weight as

r = 1.000272 == 0.000005 (Birge, 1941) (5-35)

However, the definition of the chemical scale of atomic weights
is an equivocal one because there is no exactly defined “naturally
occurring abundance ratio” of the oxygen isotopes. A. O. Nier in
a study (32) of the relative abundance of isotopes would revise
Birge’s value of r upward about 6 ppm, if the abundance ratio for
atmospheric oxygen is taken as defining the chemical scale of atomic
weights. Nier says that oxygen from limestone would agree with
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this but if oxygen from iron ore or water were employed, the O3
content might be 4 per cent lower and the conversion factor, r,
would be only about 1.000268, some 4 ppm lower than that chosen
by Birge.

In a private communication from E. Wichers of the U. S. Na-
tional Bureau of Standards we are informed that the International
Commission on atomic weights has been considering redefinition
of the chemical scale of atomic weights. The definition most prob-
ably will be based on the use of the exact number, 16, as the atomic
weight of a mixture of the natural isotopes of oxygen whose average
atomic mass is greater by an exact factor (probably 1.000275) than
the mass of 0'S. Wichers states that the reason for choosing 1.000275
is that it has been used by the International Commission since 1939
for converting to the chemical scale data reported on the physical
scale. The difference of 3 ppm between this value of the conversion
factor and that of Birge which we have used throughout this text
makes no significant change in any of our output results.

Because of the unequivocal nature of its definition and because
extremely accurate atomic weights can be derived in terms of it,
as we have seen (Section 4.1) from measurements of nuclear reac-
tion energies, we shall here base our calculations on the physical
scale of atomic weights. Only in the calculations of Avogadro’s
number by the XRCD method (Section 5.6) have we employed the
factor, r.

5.9 EXPERIMENTS BEARING ON e/m

The charge-to-mass ratio for electrons has been the object of a
great variety of more or less precise determinations in the first
half of the twentieth century before the era of much higher pre-
cision in the fundamental constants which followed World War II.
None of these early e¢/m experiments were sufficiently accurate to
remain as signifieant contributors to our knowledge of the atomic
constants at the date of this writing. We discuss them here only
because of the role they played in the development of our knowledge.
Many of these experiments were beautiful and ingenious in con-
ception, but because of their secondary importance for our objec-
tives they can be mentioned here only briefly. Closely related to
these were other experiments to test the relativistic variation of
mass with velocity and experiments to test the equality of mass of
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positive and negative electrons, neither of which will be described
here. A more complete description of all such work may be found
in collected form elsewhere (33, 34).

R. T. Birge distinguishes two large classes of ¢/m experiments as
“deflection” and ‘‘spectroscopic’” methods. Actually as Birge him-
self recognized (see Section 3.6 on the Faraday), the distinction be-
tween the two classes of measurement was really that, in the “de-
flection” experiments, beams of Jree electrons were accelerated
and/or deflected by electric or magnetic fields or both, whereas in
the spectroscopic measurements the charge-to-mass ratio was
sought for bound electrons in atoms.

The spectroscopic methods were of two kinds. (1) The variation
in the value of the Rydberg constant for different light atoms such
as hydrogen and deuterium was measured by high-precision spectro-
scopic means to determine (by the “mitbewegung des kerns” ef-
fect) the ratio of the mass of the electron to the mass of the proton.
This has already been alluded to in Section 4.1 under the discus-
sion of methods of determining Nm, the atomic mass of the elec-
tron. By combining such a measurement of N with the electro-
chemically measured value of the Faraday (Section 3.6), F = Ne,
a value of e¢/m can obviously be computed. We must be careful to
recognize that {fwo independent experiments are involved here to
obtain e/m. That a systematic error was introduced into the inferred
value of ¢/m by using the silver value of F in this calculation now
seems almost certain, as we have already pointed out in Seetion
3.6, though this was not suspected until about 1940. We shall re-
turn to this point in Section 8.3. (2) The splitting of spectral lines
emitted by a source in a strong magnetic field was measured to de-
termine e/m by the Zeeman effect. It is known that the energy levels
of an atom in a magnetic field of intensity, H, are displaced by an
amount, MgHyu, where M is the magnetic quantum number,
ko = eh/(4rme) is the Bohr magneton, and g is the Landé g-factor.
The shift A7 expressed in wave numbers (for the normal Zeeman
effect, g = 1) is

AV = M H e/ (4rmc?) (5-36)

By measuring the splitting, A7, and the field Intensity, II, it is
possible to compute e/m, if we have a reliable value of ¢, the veloe-
ity of light. For further details of the theory of this effect a text on
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atomic spectra should be consulted (35, 36). A precision of the
order of 2400 ppm has been attained with this method by Kinsler
and Houston (37) in the measurement of e¢/m.

Many but not all of the so-called deflection methods of measuring
e/m involve a measurement of the speed, v, of the electron combined
with a simultaneous determination of some other parameter such
as the voltage used to impart its kinetic energy or the deflection
produced by an electric or a magnetic field. Two classes of methods
for measuring the speed were (I) transit time over a measured
distance; (2) null deflection in crossed electric and magnetic fields
perpendicular to each other and to the electron beam and so ad-
justed that the deflecting forces were balanced.

Tigure 5-4. To illustrate Weichert’s method of measuring clectron speeds by
deflecting the electron beam with alternating magnetic fields.

Weichert was the first to develop the time of transit method (38).
His apparatus is schematically indicated in I igure 5-4. Ilectrons
from a cathode, C, are projected down a vacuum tube. If no fields
are present the electron beam is aligned so as to pass successively
through two small holes in screens 4 and B and fall on a detecting
fluorescent screen, S. A permanent magnet (not shown in Figure
5-4) provides a field which deflects the beam away {rom the hole in
A. Two sets of coils, one D, between the cathode and sereen 4,
the other, E, between screen B and the detecting sereen, S, are
supplied with high-frequency alternating current so as to give al-
ternating magnetic fields normal to the beam and substantially in
the same phase. The field from D is just sufficient to swing the beam
back so that it passes through the aperture in 4 at its greatest de-
flection. For one critical speed of the electrons these will arrive
beyond screen B in just the phase of the magnetic field of coil F
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at which that field passes through zero and, if so, the beam will
suffer no further deflection beyond B and will hit screen S. Clearly
such electrons must have had a transit time between coil D and
coil E of some odd whole number of quarter periods of the high fre-
quency. Thus a knowledge of the frequency and the distance be-
tween coils D and E suffices to give the speed, v.

Another time of transit method used by Hammer (39) consisted
in projecting the electron beam through two small condensers sepa-
rated by a measured distance, L. High-frequency electric fields
between the plates of these condensers were perpendicular to the
beam and also to each other. In general this caused the beam be-
yond both plates to describe a lLissajous ellipse. At eritical elec-
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Figure 5-5. To illustrate Kirchner’s method of measuring electron speeds by
defleeting the beam with alternating electric fields.

tron speeds when the transit time over the distance, L, was just
one-half period of the high frequency or any multiple thereof the
ellipse degenerated into a straight line and this condition obviously
permits calculation of the speed.

Kirchner has used a third modification (40) of this method of
speed measurement. In Iirchner’s method the electric fields from
two condensers, A and B, scparated a distance, L, along the beam,
arc parallel to cach other as shown in Figure 5-5. Clearly the elec-
trons can pass through both the condensers and hit the screen, S,
without deflection only if they do so at instants when the two elec-
tric fields are just passing through zero. This means that the transit
time over the distance, L, is just a whole number of half periods,
if the alternating condenser fields are accurately in the same phase.
Zero field at A is clearly necessary for passage of the beam through
the hole in sereen C. If at the time of arrival in B the field there is
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slightly different from zero, this will cause two images of the beam
to be projected at two different points on screen S, as shown; the
two images being formed in alternate half cycles. When the time
of transit has been accurately adjusted to a half period of the high
frequency this will be evidenced by the two images coalescing into
one at the center. Essentially this same method has also been used
by Perry and Chaffee (see below).

Thomson was the first to use the method of null deflection in
crossed electric and magnetic fields for measuring electron speed
(41). If a beam of electrons traverses a region of homogeneous mu-
tually perpendicular electric and magnetic fields, each of which is
also perpendicular to the beam, the magnetic deflecting force Hev
can be arranged so as just to balance the electric deflecting force,
¢E, and the critical velocity for null deflection must then clearly be
given by the equation

Hey = Ee or v = E/H (5-37)

This method has also been used by Bucherer in his famous experi-
ment to test the relativistic law of variation of electron mass with
velocity. The speed can of course also be determined if the two de-
flecting forces are not exactly balanced, provided we measure the
deflections.

Methods of measuring e¢/m which involve a speed measurement of
one of the two foregoing general types, either explicitly or implicitly,
have been made by J. J. Thomson (41), W. Kaufman (42), A. H.
Bucherer (43), K. Wolz (44), F. Kirchner (45), C. T. Perry and
E. L. Chaffee (46), F. G. Dunnington (47), and A. E. Shaw (48)
over a period from 1897 to 1938. In Thomson'’s original method the
electrons passed out of the speed measuring electric and magnetic
crossed fields into a region where the magnetic field alone was
present. The beam deflection, that is to say, its radius of curvature,
p, was then measured by means of a fluorescent screen. Since the
magnetic deflecting force, Hev, is to be equated to the centrifugal
force mw?/p, the value of ¢/m is given by

e/m = v/(Hp) (5-38)

Kaufman in his method of measuring ¢/m used g-rays from radio-
active materials which have a continuous spectral distribution over
energies and therefore a continuous range of values of speed v. His
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electric and magnetic fields, £ and H, werc normal to the beam but
parallel to each other so that he obtained on a fluorescent screen
an z deflection caused by the magnetic field and a y deflection per-
pendicular to the latter caused by the electric field. It is easy to
verify that these two deflections will be

y = kEe/(mv?) (k a constant of the apparatus geometry) (5-39)
x = kHe/(mv) (5-40)

These imply that with variation of the speed v, y is proportional
to 22, except for the small effect of relativistic variation of mass
with ». Thus on a fluorescent screen a parabolic locus of points of
impingement of the beam is obtained. At any one point on the
curve with coordinates, x, i, the value of ¢/m is given by the equa-
tion

e/m = (a*/y) E/(kH?) (5-41)

This equation gives the value of e/m for the clectron speed corre-
sponding to the particular point on the parabola chosen. The
method therefore afforded a rough way of investigating the relativis-
tic variation of mass with speed. Simultaneous solution of equa-
tions (5-39) and (5-40) for v gives

v = (z/y)(E/H) (5-42)

In Bucherer’s method a small natural radioactive source of
B-rays was placed at the center between two very closely spaced
metal dises forming an electrical condenser. The entire apparatus
was placed in a homogencous magnetic field paralle] to the plane
of the plates. Figure 5-6 illustrates the arrangement schematically.
In the region of the electric field between the plates the electric and
magnetic deflecting forces must balance each other exactly if the
particle is to escape. This will occur for some B-particle speed, v,
which is a function of the azimuth angle 6 at which the particle
happens to be projected. Particles of no other speed can emerge at
that azimuth. After emergence from between the plates the g-par-
ticle is deflected in the magnetic field alone and the result of many
B-particles over a wide range of speeds selected by the foregoing
mechanism at different angles 6 forms a continuous curve on a
cylindrical photographic film, P, concentric with the condenser
plates. A typical curve is shown in Figure 5-6.
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F. Kirchner first used his above-described time of transit method
to determine the speed, », combined with an Hp measurement by
magnetic deflection to obtain e/m. In later work he abandoned the
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Figure 5-6. Schematic views of Bucherer’s apparatus for measuring ¢/m for
electrons of different speeds. The uppermost drawing is the clevation view of the
apparatus with the plan view just below it. The entire apparatus is placcd in a
homogeneous magnetic field indicated by the vector, H. A photographic film
wrapped around the inner cylindrical surface of the evacuated pill-box shaped
container receives electrons of different speeds which have emerged in different
azimuths from between the two closely spaced condenser plates. Their subsequent
deflection by the magnetic field alone causes a curved line to be recorded on the
film. An example of such traces on one of the films corresponding to half the
circumference of the box is shown at the bottom of the figure. The two traces on
the film are successively formed by reversing both clectric and magnetic fields
simultaneously.
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magnetic deflection feature and adopted a method first used by
Perry and Chaffee. This was a combination of Kirchner’s method
for measuring the speed with a precision measurement of the volt-
age used to accelerate the electrons to that speed. Voltages of 10
and 20 kv, considerably higher than those previously used, were
employed. Values of ¢/m in rather good agreement with the present
best accepted value were obtained by both these authors in this
work, although the estimated accuracy, which was of the order of
100 ppm, was far inferior to that of our latest knowledge, the 1955
value being accurate to about 11 ppm.

Figure 5-7. Schematic representation to illustrate Dunnington’s method of
measuring e/m. The entire apparatus is placed in an evacuated pill-box shaped
metal enclosure, not shown, 10 which the metal slits, 4s, 85, Ss, and D, are clec-
trically connected. The metal strueture, provided with slits, 4; and D, and con-
taining the thermally emitting filament # and Ifaraday collector, C, is insulated
from the box and connected to a source of high-frequency alternating voltage of
aceurately measured [requency. The entire apparatus is placed in a homogencous
magnetic field of known intensily normal to the plane of the figure.
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Dunnington’s method is illustrated schematically in Figure 5-7.
Electrons leave a thermally emitting filament, F, and are accelerated
by a high-frequency alternating field between plates A, and A..
Their speeds therefore depend on the phase of the alternating high-
frequency voltage between A, and A, at which they are accelerated.
The apparatus is in a homogeneous magnetic field, H, normal to
the plane of the figure. Only one of the speeds, v, can execute the
circular trajectory defined by the slits in 41, 4s, Si, Ss, Dy, and
D;, namely, that speed which satisfies the equation

Hev = muv*/p (5-43)

where p is the radius of curvature defined by the slits. What happens
to the electron after it arrives at D; depends upon the length of
time it required to execute the path of angular magnitude, 8. The
same high-frequency potential in the same phase was applied be-
tween D; and D; as that applied between A, and A,. (42 and D,
were in fact at the same potential as the evacuated cylindrical box
in which the circular trajectory was executed while 4; and D, were
part of a common electrically conducting structure, insulated from
the box, to which the high-frequency voltage was applied.) An
electron which had required exactly one period of the alternating
potential wave to travel from slits A1 A» to slits Dy D» would be
decelerated completely in passing from D; to D,. For this critical
condition, clearly the electrons must fail to reach the collector, C.
Dunnington adjusted the magnetic field H until a sharply defined
minimum of the current collected at C was observed. For this
setting the electron speed, v, is

v = p0/T = pbf (5-44)
where T' is the period and f the frequency of the high-frequency

voltage supplied to A; and Ds and 6 is measured in radians. Elim-
inating » between equations (5-43) and (5-44) gives

e/m = Of/H (5-45)

Dunnington’s first (1933) value, e/m = (1.7571 =+ 0.0015) X 107
abs. emu g! was lower than the present accepted best value by
only about one of his assigned probable errors. In later work in
1937 with some improvements he obtained a value e/m = (1.7597 =+
0.0004) slightly higher than the present accepted best value, his
excess being about twice his estimated probable error.
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In the meanwhile A. E. Shaw, using apparatus which we shall
immediately describe, had made an important discovery also veri-
fied by R. L. Stewart (49). This revealed a source of previously un-
suspected systematic error in all such work. It was shown that in
vacuum there are formed, on or very close to the metal plates be-
tween which electric fields are established, polarization charges
which effectively reduce the potential used to accelerate or deflect
an electron beam. Furthermore, a charge seems to accumulate on
a more or less permanent insulating layer which forms on metal
surfaces in vacuum when these are bombarded with electrons.
Such effects depend on the material of the metal plates, the residual
gas pressure, the cleanliness of the vacuum pumping arrangements
(freedom from organic materials), and the intensity of the electron
bombardment. Residual gas such as oxygen adhering to the metal
may account for the effect in part. It has been found that vaporizing
a layer of gold on the interior of the entire vacuum chamber so as
to cover the surfaces of all metal parts reduces these effects ma-
terially. However, the lesson from Shaw’s work is one which every
experimental physicist should remember: It is almost impossible
to hope to define the potential of an evacuated region by means of
electrically conducting metal walls, slits, or what-not with an un-
certainty very much smaller than =1 volt. Many an otherwise
well-planned experiment has ended in disappointment because of
ignorance of this difficulty.

A. E. Shaw’s method of measuring e¢/m, unlike the preceding
methods, did not involve measurement of the electron speed. It
depended on a focusing principle first conceived by Bartky and
Dempster. Figure 5-8 shows the circular electrical condenser be-
tween whose plates a slightly divergent beam of electrons from the
filament F executes a circular trajectory through an angle of 127°
17/, (r/A/2), and is refocused at €. The beam is deflected by a mag-
netic field normal to the plane of the figure as well as by the elec-
tric field. The method permits sharp focusing in spite of a slight
inhomogeneity in the speeds of the electrons from the thermal
emitter. The basic idea of Bartky and Dempster was that for the
particular angle 127° 17’ it was possible to obtain sharp focusing
at C both for all electron speeds and also all directions over the
small ranges of speed and divergence defined by the conditions and
geometry of the instrument. Shaw obtained a valuee/m = (1.7571 =
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0.0013) X 107 abs emu in close agreement with Dunnington’s
earlier 1933 value.

Two other methods not involving measurement of electron speed
deserve mention, that of J. Classen (50) in 1908 and that of H.
Busch (51) in 1922. In Classen’s method electrons from a thermal
emitter were simply accelerated through a known measured voltage;
1000- and 4000-volt electrons were studied. After passing through
a slit the electrons were bent through a semicircle by a homogeneous
magnetic field either to the right or to the left according to the

Figure 5-8. Schematic illustration of Shaw’s apparatus for measuring e/m
utilizing a principle of focusing by crossed electric and magnetic fields conceived
by Bartky and Dempster. A homogeneous magnetic field is applied in a direction
normal to the plane of the figure.

direction of the current in the Helmholtz coils furnishing the field.
In this way two images werc formed, one to the right and one to the
left of the slit at the points where the beam impinged on a photo-
graphic emulsion. The distance between these images gave 4p,
where p is the radius of curvature in the magnetic field, H. If V is
the accelerating voltage and v the electron speed we can write two
equations, the first equating the electron kinctic energy, me/2,
to the work, ¢V, done by the applied voltage, the second cquating
the magnetic deflecting force to the centrifugal force in the semi-
circular trajectory of radius p. They are, neglecting relativistic
corrections,

mv*/2 = Ve (5-46)

Hev = mv*/p (5-47)
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From these two equations both ¢/m and » can be obtained but
knowledge of v is clearly not necessary in order to obtain e/m.

e/m = 2V /(H2%?) (5-48)

The results obtained at the two different voltages differed enough
from the predictions of the nonrelativistic equations (5-46) and
(5-47) to afford the first verification of H. A. Lorentz’s theory of the
variation of mass with velocity as distinguished from the theories
of Abraham or of Bucherer. Extrapolation to zero velocity then
yielded a value of ¢/m for the electron at rest. The value was about
1 per cent higher than the present accepted best value for reasons
not entirely clear.

END VIEW OF ELECTRON
TRAJECTORY.

Figure 5-9. Buseh’s method of measuring e/m. The clectrons emerging through
the hole in partition, 4, excecute helical trajectories in the axially directed ho-
mogencous magnetic field, 71, If they have executed exactly one turn of the helix
during their time of transit over the distance, L, they will refoeus on the axis on
the sereen, S.

Busch in 1922 developed a method of focusing the electrons exe-
cuting helical trajectorics as they spiralled around the tubes of
force of an axial magnetic field. IFigure 5-9 illustrates the equipment.
Electrons emitted by a filament, €, were accelerated through a
measured voltage, V, to an anode A where they passed through a
small hole. A solenoid was provided around the tube to give a
homogencous axial magnetic field of intensity, H, over the portion,
AS. A localized magnetic field from permanent magnets served
to deflect the beam in the region, CA, so that it passed through the
hole in A at a small angle, 8, with the axis of the tube and the diree-
tion of the homogenecous field, I7. Once in the region of homogeneous
magnetic field the electrons spiraled around the tubes of force in
helical trajectories which, viewed on end, appeared as cirveles as
shown in the figure. Since eleetrons with high component speeds
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perpendicular to H execute proportionately larger radius circles it
is an easy matter to verify that the transit timg, t, to execute one
turn of the spiral is, at nonrelativistic speeds, independent of the

speed of the electrons and given by
t = 2x/(H e/m) (5-49)

If the field, H, was adjusted so that the electrons returned to the
axis after exactly one turn of the spiral just at the detecting fluores-
cent screen, S, then the time, ¢, for one revolution could be equated
to L/(v cos 6), and for this condition one obtains using (5-49)

e/m = 2mv cos 6/(HL)

Combining this result with the equation, Ve = m#*/2, which relates
the initial accelerating voltage, V, to the speed, v, it. imparts (for
nonrelativistic speeds), one can eliminate » and obtain

e/m = 8x2 V cost 0/(H2L?) (5-50)

Busch and later Wolf (52) in 1927 used this method with con-
siderable care, but both obtained results considerably higher than
our present accepted best value.

5.10 J. A. BEARDEN'S MEASUREMENT OF THE
REFRACTIVE INDEX OF X-RAYS IN DIAMOND

The theory of dispersion of Sellmeier when applied to the case
of x-rays (53, 54) leads to the following formula for 6 = 1 — g,
the amount (usually of order only a few parts per million) by which
the index of refraction for x-rays in a given material is less than
unity:

8 = N0Np/@reM)[(e¥/m) Y me (1 + A,) + N(Ze)*/M] (5-51)

in which X is the wavelength of the x-rays, N is Avogadro’s number,
p the density of the medium, M its molecular weight, n, the effective
number of electrons in the s* level, and 4, a factor which takes into
account the electronic binding and the x-ray absorption for the
s* level. The second term in the brackets is the contribution due to
the nuclear scattering. The importance of this term was pointed
out by Bethe and Longmire (54a); it represents an addition of 2.7
parts in 10* to the electronic scattering term. Since Bearden’s
wavelength, A, was measured on the Sieghahn scale it must be
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multiplied by the conversion constant A (see Section 5.6, ¢) to con-
vert to the absolute cgs system. Let A, represent the wavelength in
Siegbahn x-units. Then solving (5-51) so as to put, all the experimen-
tally measured quantities in the right-hand member we obtain

NE po = 2m0M [Zns 1+ 4) + 2 (’i‘Mﬁ)]' (5-52)

mc? AeZp

Although the ratio of the mass of the electron to the mass of the
carbon atom appears in the right-hand side of this expression, only
a very approximate value is needed here, so that this does not af-
fect the accuracy of the calculation.

It will be noted that the peculiar combination of the atomic con-
stants, N, e, m, A, and ¢, measured here is not strictly to be classi-
fied as a measurement of e/m. It is in fact in a class by itself. Since
Ne equals F, the Faraday, we can regard this experiment as a way
of measuring a function of F, ¢/m, ¢, and A so that, given reliable
values of the other three constants, e¢/m can be computed.

Bearden measured the refractive index of a diamond ecrystal
prism for Cu KB x-rays and determined the density, p, of the dia-
mond by adjusting a special solution so that the diamond would
neither float nor sink in it (55). Diamond was chosen because of its
low absorption for the x-rays and because, carbon having a low
atomic number, the binding energies of the electrons and their
critical absorption frequencies were very far removed from the
quantum energy and frequency of the radiation. Because of this
the quantities, n, and A4,, can be evaluated with considerable ac-
curacy. Bearden’s measurements can then be interpreted to yield
the result (56).

A? Ne*/(me?) = (1.7052 4 0.0003) X 10"(esu)’erg~'mole* (5-53)

5.11 EXPERIMENTS BEARING ON THE RATIO, h/e

We shall distinguish three types of closely related determinations
which usually go by the name of determinations of h/e, although
strictly they are determinations of the conversion constant between
wavelength and quantum energy expressed in electron volts. If the
experiment is in the domain of x-rays the wavelength will be ex-
pressed in Sieghahn x-units and the results must then be combined
with a value of A to reduce them to the cgs system.
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Listed in order of the accuracy obtainable the three types of
determinations are: (Z) Determinations of the short wavelength
limit of the continuous x-ray spectrum from an x-ray tube operating
under a precisely stabilized and accurately measured D. C. voltage.
(2) Determinations of the retarding potential required to stop
photoelectrons ejected by optical light of different precisely meas-
ured wavelengths. (3) Determinations of the voltage just requisite
to excite certain x-ray or optical atomic levels whose wave num-
bers or wave number differences are known from spectroscopic
measurements. For brevity we shall refer to these as (a) x-ray
SWL (short wavelength limit) determinations, (b) photoelectric
determinations, and (¢) excitation potential determinations.

a. X-Ray SWL Determinations

When an x-ray tube is excited with an extremely stable ID. C. high
voltage, Vu, there is a well defined minimum wavelength, \,,, of the
continuous x-ray spectrum emitted by the tube. It has been shown
(66-59) both by theoretical considerations and by internal experi-
mental evidence that the quantum energy, hw, = hc/\,, of the
radiation at this limiting point corresponds ideally to the energy
acquired by the thermally emitted cathode electrons falling through
a potential difference, V4 = Vi + Vyw, where Vi is the measured
voltage difference between cathode and target, and Vi is the work
function of the thermally emitting cathode. The reason for this is
easily appreciated from the energy level diagram of Figure 5-10.

The voltage difference, Vr, between cathode and target, main-
tained by the high-tension source and in precision experiments al-
ways measured by a high-resistance potential divider connected
between cathode and target, is in reality the difference in the encrgy
levels of the uppermost conduction electrons of the respective
“Fermi seas” in these two clements of the x-ray tube. The encrgy
released for conversion into radiation of maximum photon energy
in the continuous spectrum is, on the other hand, ¢V 4. This is the
difference in the energy of an electron emitted from the cathode
with zero velocity and an electron in the lowest empty level at the
top of the conduction band in the target. The electron, in order to
escape from the cathode, must have acquired, in the process of
thermal emission, an energy at least equal to Vi in addition to the
energy of the uppermost cathode conduction electrons in order to
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cvercome the “work function’” of the cathode. Thus the energy
which results in photons of maximum quantum energy comes from
two sources, (1) the high-tension generator, (2) the electrical energy
supplied to the cathode to keep it hot. It is well known that more
energy is required to heat the cathode when an emission current is
being drawn out of it by the applied high voltage than when the
voltage is reduced so that no current flows. This is completely

ENERGY OF AN ELECTRON AT REST
JUST OUTSIDE CATHODE

CATHODE WORK l"l.)NC‘l‘ION-'-Vw .’—T

<

ENERGY OF ANELEGTRON AT
REST JUST OUTSIDE TARGET

CATHODE

Tigure 5-10. Energy level diagram for clectrons emitted by the cathode of an
x-ray tube and execcuting radiative transitions at the target resulting in con-
tinuous speetrum x-rays of maximum quantum energy, Va. The energy V4 comes
from two sources, Vir the voltage difference between cathode and target (measured
by a high-resistance divider and potentiometer) and the energy, Vi, supplied to
heat the cathode and cause the cleetrons to surmount its work funection barrier,
V. The thermal kinetie energy of the electrons, after escaping over the barrier,
is at ordinary emission temperatures only of order 0.2 ¢v and is here neglected.

analogous to the cooling of a liquid by evaporation. In fact the
determination of the ratio of the additional power required to main-
tain constant cathode temperature to the emission current produced
is one of the well-known ways of measuring the work function V.

The thermally emitted clectrons have a Maxwellian distribution
of kinetic energies characteristic of the filament temperature, but at
ordinary operating temperatures this constitutes a negligible cor-
rection to the energy, V4 = Vy + Vw. The energy kT at 2000° KK
is only about 0.17 ev, whereas the x-ray measurements are usually
made at tens of kilovolts.
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The process of conversion of electron energy into photon energy,

hv, is In general

eVA/C = hv + Tr (5-54)

where eV4/c is the initially available electrox_l energy ax}q Tr is
the kinetic energy of the electron after the radiative transition. As
Tr approaches zero the value of hv approach.es'hvm = he/An, the
value which obtains at the short wavelength limit (3f the .sp(?ctyu‘m,
Thus we may express the conservation of energy for this limiting

case by
eVa/ec = Wm = (he/Mug)108 = (he/Npus) A1 108 (5-55)

In equations (5-54) and (5-55) e is the electronic charge expressed
in absolute electrostatic cgs units and e/c is the same charge in ab-
solute electromagnetic cgs units, V4 is expressed in absolute elec-
tromagnetic units, M., is the limiting continuous spectrum wave-
length expressed in kilo-x-units (Siegbahn scale), and \,,, is the
same wavelength in Angstrom units. Solving for the product of the
two measured quantities, V4 and A, it is clear that this experi-
ment yields a determination of the voltage-wavelength conver-
sion constant, VA, divided by the conversion factor A between
Siegbahn and Angstrom scales.

Varme = (h/e) A1 108 (5-56)

Two methods of performing the experiment have been followed.
In one of these the voltage applied to the x-ray tube is held con-
stant and the x-ray intensity associated with a narrow band of the
continuous spectrum (selected by an x-ray monochromator) is
plotted as a function of the wavelength setting of the monochroma-
tor over the region in the neighborhood of the quantum limit. In
the other and more usual method, known as the “method of iso-
chromats,” the wavelength setting of the monochromator is held
constant and the voltage applied to the x-ray tube is varied in small
steps. The intensity accepted by the pass-band of the monochroma-
tor is plotted as a function of the voltage applied to the x-ray tube
and the curve so obtained is called an “isochromat.”

The region in the neighborhood of the threshold which need be
explored in either of these methods represents only a very small
relative change (of order 0.1 per cent) in the independent, variable,
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wavelength or voltage as the case may be. Since the shape of the
spectral distribution near the limit does not vary rapidly with ap-
plied voltage, it is casy to see that the isochromat curve is prac-
tically a scale replica of the spectral intensity curve.

The history of experiments of this type (56-66) goes back over a
long period of years. The experimental results throughout the entire
period have always tended to give a value of h/e which was lower
(by as much as 0.4 per cent or more in the extreme cases) than the
value required for consistency with the bulk of the data on the
constants. This would imply that the maximum emitted photon
energy, hv, is greater than the electron energy, eV 4, whose conversion
into radiation produced it. As the experimental techniques have been
improved the magnitude of the “discrepancy” has gradually di-
minished, although up to 1955 it had not been completely resolved.

In retrospect it is easy to understand the reasons for this dis-
crepancy in the earlier measurements. As spectral resolving power
in the x-ray region improved and as better methods of stabilizing
and measuring the high voltage were developed, the shape of the
thick target continuous x-ray spectrum in the regions adjacent to
the quantum limit was defined with increasing fidelity of detail.
(Only thick target spectra have been used for this preeision measure-
ment.) It is now known that near the SWL the thick target spec-
trum (or its counterpart, the isochromat curve) is composed of
several approximately linear sections, each of which is steeper than
its predecessor as we pass toward the limit. These “knees” or
breaks in slope were successively revealed as technical improvements
permitted the experiment to he performed with increasing energy
resolution. In the carlier stages of progress, because of the much
poorer spectral resolution, such details were obscured in the regions
close to the quantum limit. Because of the finite resolving power of
the instrumentation they were buried under a large fillet, such as
the one shown in the region, CD, of the isochromat in Figure 5-11,
which left the true position of the quantum limit of the spectrum
ill defined. It was at first customary to estimate the true position
of the limit by extrapolating a tangent (the dotted line in Figure
5-11) from that part of the spectrum (isochromat) just above this
fillet down to the level of zero spectral intensity. However, because
of the above-mentioned hidden structure, with segments of in-
creasing steepness as we near the SWIL, this asymptotic tangent
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Tigure 5-11. Sketch to illustrate one type of important carly source of error in
estimating the true position of the short wavelength limit of the continuous
x-ray spectrum by the method of the extrapolated tangent. This type of error
was caused by unsuspected “knees” and other irregularitics in the isochromat
such as the “Ohlin valleys,” whose presence was obscured by the large “fillet” at

the quantum limit arising because of the low resolving power of the x-ray mono-
chromator.
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line extrapolated to zero at a wavelength somewhat below the cor-
rect value in the way indicated at A in Figure 5-11.

When increased resolving power had revealed that breaks in
slope existed quite close to the quantum limit, the following more
subtle source of unreliability in the method of the projected tangent
was recognized (56). For reasons fundamental to the dynamical
theory of x-ray diffraction in crystal lattices, it can be shown that
the band-pass curve of the two-crystal monochromator decays to
zero at large spectral distances from its peak no faster than the in-
verse square of the distance. The product integral of this slow decay
into a linearly rising continuous spectrum tends therefore to be
logarithmically divergent and the fold of such a band-pass curve
into a rectilinear spectral profile exhibits residual curvature which
extends indefinitely far up the isochromat. It can be shown that as
a result of this the method of the projected tangent will give the
true quantum limit only if (Z) the ideal spectral profile (i.e., the
distribution for the case of infinite resolution) continues to be rec-
tilinear indefinitely far from the quantum limit and (2) the point
of tangency on the experimentally observed isochromat from which
the tangent is projected can be chosen sufficiently far from the
quantum limit to reduce the error introduced by the afore-mentioned
curvature to negligible proportions. With these requirements to be
met, the observed breaks in slope in the isochromat are demon-
strably too close to the quantum limit for trustworthy applicabil-
ity of the method of the projected tangent even when the highest
resolution of the two-crystal spectrometer is available.

In an attempt to avoid this type of error an alternative method
of locating the quantum limit was devised. It has been shown (56,
57) that if the “true’” isochromat (the curve which would be mecas-
ured with a monochromator of unlimited resolving power) can be
assumed to have a sharp discontinuity in slope at the quantum
limit, then a good approximation to the position of the true threshold
will be given by the “point of maximum bending” (maximum of the
second derivative) of the isochromat observed with finite resolution.
This method has been adopted in all precision measurements (56—
58, 65, 66) performed between 1937 and 1953.

In Section 6.7 we shall discuss in more detail the question of thin-
and thick-target x-ray spectra and shall present evidence to show
that when a precision of the order of a part in 10 or better is de-
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sired in determining V4., of equation (5-56) (that is to say when
a resolution of spectral details of the order of a few volts or less
becomes important), even the method of the point of maximum
bending may cause a small systematic error. At this point we shall
only mention that theoretical considerations as well as the latest
experimental evidence indicate that those determinations performed
at the lowest voltages should have the smallest residual systematic
error of this type. For this last statement to be true it is of course
necessary that certain obvious sources of systematic error peculiar
to low-voltage determinations shall have first been eliminated or
corrected. Such matters as the proper correction for cathode work
function and errors from electron retardation in low atomic number
contamination on the target surface are of this variety.

Table 5-4 presents the results of continuous x-ray spectrum SWL

Table 6-4. Determinations of 2/e and Va\ms Previous to World War II

Value of
Value® of V a\ms
Author and Reference h/e X 1017 kilovolt
erg sec (esu)~! x-units
W. Duane, H. Palmer, and C. S. Yeh, J.

Opt. Soc. Am., 5, 376 (1921) 1.3749 12330
H. Feder, Ann. Physik, 51, 497 (1929) 1.3759 12340
P. Kirkpatrick and P. A. Ross, Phys. Rev.,

45, 454 (1934) 1.3754 12335
G. Schaitberger, Ann. Phystk, [5] 24, 84

(1935) 1.3775 12354
J. W. M. DuMond and V. L. Bollman, Phys.

Rev., 51, 400 (1937) 1.3765 12345
P. Obhlin, Dissertation, Uppsala (1941),

Arkiv Mat. Astron. Fysik, 27B, No. 10

(1940) 1.3800 12376
R. T. Birge (indirect?) Repts. Progr. Phys.,

8, 90 (1942) 1.3793 12370¢
W. K. H. Panofsky, A. Green, and J. W. M.

DuMond, Phys. Rev., 62, 214 (1942) 1.3786 12364

¢ The values of h/e were computed using ¢ = 2.99776 em sec! and A = A\;/A,
= 1.00203.

b Birge computed %/e from the formula, h/e = {2x%cF*/[R »N2(e’/m)]}!/? with
(¢//m) the electronic charge-to-mass ratio expressed in emu.

¢ Birge’s indirect value of h/e is here converted to kilovolt x-units using the
same values of ¢ and A.
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determinations up to 1942 including for comparison an “‘indirect
value’’ of h/e obtained by R. T. Birge. This material is taken from
a paper (57) published in 1942 and the data were therefore reduced
to calculate h/e using the values, ¢ = 2.99776 X 10'° ecm sec™! and
A = 1.00203, then believed to be most nearly correct. We present
therefore, in addition to the value of /e so calculated and published
at that time, the corresponding value of VA, in kilovolt x-units
which represents the datum actually observed. We have omitted
from this table a preliminary value given by Bearden and Schwarz
in 1941 which they later corrected and which will be discussed in
Section 6.7. The general upward trend of the &/e results with time
because of improved techniques (and especially because of in-
creased voltage resolution) can be clearly seen.

b. Photoelectric Determinations of hfe

It might at first sight be expected that photoelectric determina-
tions would yield more reliable results than the x-ray method, in view
of the statement just made that a serious systematic error is mini-
mized by working at low voltages. Unfortunately this is not the case,
because the dominant source of uncertainty is no longer the reso-
lution with which the wavelength can be defined.

In the photoelectric measurements a monochromatic beam of
radiation falls on a photoelectric surface. The current of ejected
photoelectrons is measured as a function of a retarding potential,
V, in an effort to find the kinetic energy of ejection by seeking that
value, Vo, of the retarding potential at which the current vanishes.
If W is the work to extract the most loosely bound electrons from
the photoelectric emitter then we should have

Vo+ W = hv (5-56a)

Unfortunately the difficulty here is that V, is ill defined experi-
mentally; the curve of photoelectric current versus retarding po-
tential, V, does not present a sharp intercept with the zero axis but
rather has an asymptotic transition to zero. This phenomenon, like
the structures near the limit of the x-ray spectrum, is also connected
with the detailed distribution over the energy levels of the solid-
state structure electrons, in this case those in the photoelectric
emitter. But because the energies, Ay, in the optical region are only
comparable to or a little larger than the work function energies, W,
the asymptotic transition region of the photoemission curves in-
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troduces a much greater obstacle to precision measurement than
is encountered in the x-ray region. The difficulty is further enhanced
by the fact that the effect is very sensitive to minute contamina-
tion of the photoelectric emitting surface so that reproducible re-
sults are hard to obtain. For these reasons, precision photoelectric
determinations of h/e cannot compete in accuracy with the x-ray
determinations.

c. Excitation Potentials

No measurements of exeitation potentials have as yet attained the
precision of the x-ray SWL method, although an experiment de-
scribed by Dunnington (67) approaches it. In such experiments
the energy necessary to ionize an atom or to excite a given level
is determined in terms of wavelength, N\, by spectroscopy; this same
energy is then measured by determining the voltage necessary to
accelerate an electron so that it will just ionize or excite the same
atom. The excitation potential in this experiment is the energy requi-
site to excite helium by electron bombardment from its ground state
to the 2p!'Py° state. The loss in energy sustained by clectrons which
have done this work of excitation, about 21.2 volts, is measured,
and this, combined with the spectroscopically measured wave num-
ber for the transition in question, supplies the data to compute
c®h/e. Dunnington and his co-workers used an apparatus with
circular trajectories in a magnetic field somewhat like the one he
devised for e/m which we have described in Section 5.9 (see Figure
5-7). His /e apparatus had this difference, however, that at onc
point in their circular trajectories the electrons passed through a
region of D. C. electric field wherein they could be accelerated by
an adjustable and accurately measured voltage. In this same region
a small amount of helium gas could also be continuously introduced
and kept more or less concentrated by differential pumping so that
inelastic collisions between electrons and gas atoms occurred almost
exclusively in that region. When the applied D. C. voltage was
practically zero, electrons which had made no collisions passed
through the entire system and rcached the collector. Actually a small
D. C. voltage, Vi, was necessary to correct for contact potentials
and similar effects and a maximum in the clectrons collected after
one revolution was the criterion that this reference value was cor-
rectly adjusted. When the D. (. voltage was then raised by the
amount AV corresponding to the chosen excitation potential for
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the helium, a second maximum occurred corresponding to those
electrons which had lost energy in one collision and regained an
equal amount from the D. C. applied field so that they could com-
plete their circular trajectories in the magnetic field. The value
they obtained was

ch/e = 12393.7 = 1.8 volt A (5-57)

or assuming A = 1.00202 to facilitate comparison with the x-ray
results, this is equivalent to

c*h/(ed) = 12368.7 & 1.8 kv x-units (5-58)

The precision claimed by these experimenters (145 ppm) is only
about half as satisfactory as that obtained from the postwar x-ray
determinations. The excitation potential result disagrees with the
1955 least-squares adjusted value about twice as much as the x-ray
result and in the same direction.

Earlier measurements of ionization or excitation potentials have
been made by E. O. Lawrence on mercury vapor, by Van Atta and
by Whiddington and Woodroofe on helium, neon, and argon using
methods analogous to Dunnington’s. These are insufficiently ac-
curate to be of great interest at the present time (1957). They will
be found listed with references in Table 5-6 and plotted to represent
their consistency with other determinations on the chart of Iigure
5-14.

A closcly related type of precision determination falling in this
same class of critical potential experiments has perhaps its best
example in the work of Ake Nilsson (68). The intensity of K-series
x-ray lines is measured as a function of the exciting voltage. Here
the threshold voltage, Ve, for excitation must be combined with
the wavelength, A\, (measured in x-units), of the critical K-absorp-
tion discontinuity of the element whose K-series lines are to be
excited. The difficulty here is associated with the structure of the
excitation curve close to the threshold and the uncertainty involved
in identifying features in the profile of the absorption edge with
“corresponding’’ features in the profile of the excitation curve. The
mean result obtained from the study of four different lines was

he*/(eA) = 12372 £ 5 (5-59)

Finally mention should be made of a critical-potential method
proposed by Kai Siegbahn (69) involving the use of internally con-
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verted g-rays ejected by a specified nuclear gamma-ray transition
from different atomic energy levels, X, L1, L1, ete. He proposes to
have the source material on a fine wire and to surround it with a
cylindrical grounded metal shield provided with a slit. These are
placed in a precision magnetic g-ray spectrometer and the magnetic
field adjusted so as to focus a certain B-ray line from the K-shell
of the radioactive source atom. With the magnetic field kept con-
stant and with fixed geometry, a positive potential is then applied
to the source wire such as to focus the conversion electrons from
one of the L-shells. This potential, measured with high accuracy,
and the wave number difference between the K and the L level (in
reciprocal x-units, Siegbahn scale, obtained by x-ray spectroscopic
means) constitute the data from which Ac?/(eA) is to be computed.
Clearly the method is closely similar to the one exemplified by the
experiment of Dunnington and co-workers save that it involves
x-ray in place of optical spectroscopic data. Both these approaches
have the advantage of working with lize peaks and thus avoiding
the difficulties of identifying the quantum limit of a continuous
spectrum or the threshold point of an excitation curve. Kai Sieghahn
shows how the x-ray energy level difference, (K — Li), may be ac-
curately evaluated by spectroscopic measurements orn lZnes only.
In 1957 no results of this proposed method were yet available.

5.12 OTHER EXPERIMENTS BEARING ON PLANCK’S
CONSTANT, h

We list under this heading five types of experiment which de-
termine different functions of the atomic constants involving A
Only two of these, (b), Rymer and Wright’s measurements by elec-
tron diffraction, and (e), the measurement of the wavelength of the
annihilation radiation by Muller, Hoyt, Klein, and DuMond, ap-
proach in precision the postwar determinations by means of the
SWL of the continuous x-ray spectrum. The other three are listed
here for completeness only. References to the papers describing
them will be found under Tables 5-6 and 5-7 and will therefore not
be repeated here.

a. X-ray Photoelectric Effect

Photoelectrons ejected by x-rays of wavelength, X\ (known in
x-units), from atomic levels of known critical absorption wave-
length, A, (also in x-units), are deflected in a magnetic field of
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measured intensity, H, and their radius of curvature, p, is measured.
This permits determination of the function Ae?/(mh) from the rela-
tion

2 - % (11 ;
Ae?/(mh) = VL (}\ )\q) (5-60)
G. G. Kretschmar has applied this method using values of A, from
absorption edge measurements. H. R. Robinson in 1936 and Robin-
son and Clews in 1940 have applied the same method, but they elim-
inated the need for A\, by taking measurements at two values of M.
Robinson’s results are uncertain to about 500 ppm.

b. Electron Diffraction

The de Broglie wavelengths of electrons are measured by diffrac-
tion methods from crystals whose lattice constants are known on
the Siegbahn scale in x-units. Since the de Broglie wavelength is
given by the formula A/p, where p is the electron momentum, a
determination either of electron velocity or electron kinetic energy
1s also needed. In the work of J. Gnan, the kinematic velocity of the
electrons was directly measured by a method developed earlier by
F. Kirchner. The method yields A/(mA) but an accuracy of the
order of only 0.1 per cent has been attained. A more precise method
first applied by S. von Friesen and later much more accurately by
Rymer and Wright (70) consists in measuring the voltage, V, which
accelerates the electrons. This method yiclded a numerical value
for the function h(c/em)t A~1 as follows:

h(c/em)t A~1 = (1.73065 == 0.00017) X 108 x-unit (abvolts)—} (5-61)

In comparison with this, the value computed from the 1955
data given in Table 8-7 yields the value (1.73083 + 0.00002) X 108,
Thus the measurement by Rymer and Wright agrees with our ad-
justed output value to within approximately one standard deviation
of the difference. In view of the interpretive difficulties encountered
in the short wavelength x-ray limit determinations (see Section 6.7)
it would appear desirable to exploit further the possibilities of this
method of electron diffraction.

c. Compton Wavelength Shift

The increase, A\, in wavelength experienced by initially mono-
chromatic radiation after scattering by an initially stationary free
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electron is given by the well-known formula
AN = (h/mc)(1 — cos 6) (5-62)

where 6 is the angle between the direction of incidence and the direc-
tion of scattering. In no real experiment is it possible to study
scattering by anything but bound electrons, however, and this in-
troduces two difficulties which render this method extremely in-
accurate. (1) The randomly directed linear momenta of the bound
electrons produce a considerable broadening of the shifted line
which is so great as to make measurements of the shift quite inac-
curate. (2) The atom from which the Compton effect ejects an
electron shares to a slight extent in the momentum balance, the
more so the more tightly bound the electron, and this introduces a
systematic “defect” in the shift relative to the free electron value of
equation (5-62) which is difficult to correct with high accuracy. In
a remarkable experiment in 1934 Ross and Kirkpatrick have de-
termined A/(mcA) by this difficult method to about 0.2 per cent.

d. Radiation Constants, ¢; and o

The formula of Planck for the spectral distribution of the radiant
energy from a black body is

Jy = et (e — 1) (5-63)

in which X is the wavelength, Jx dX is the power radiated per unit
area in the spectral wavelength interval, d\, and T is the absolute
temperature. The two constants, ¢; and ¢», are given by

¢1 = 2wcth and ¢ = ch/k (5-64)

where k is Boltzmann’s constant. The Stefan-Boltzmann law giving
the total power, ¢T%, emitted per unit area is derived dircctly by
integration of equation (5-63) over the entire spectrum, while dif-
ferentiation of that equation to find the wavelength, X\,, at which
the maximum of Jy occurs yields Wien’s displacement law accord-
ing to which the product A\,T is a constant. The constants ¢ and
AT are given by

qQ
Il

(w2/60) k*/(c? h®) (5-65)

AT = ¢2/4.965 = hc/(4.965 k) (5-66)
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The number 4.965 is the root, to four significant figures, of the
transcendental equation, £ = 5(1 — ™). Since k equals Ro/N, the
quotient of the gas constant by Avogadro’s number, it is clear that,
in principle at least, measurements of these radiation constants are
capable of yielding information bearing on the constant, . The
situation has been reviewed by H. T. Wensel (71) in 1939 and by
G. A. W. Rutgers (72) in 1949. The large uncertainties of more
than 0.5 per cent in ¢ and of about 0.2 per cent in ¢, render these
methods of no value for our purposes.

e. Wavelength of Annihilation Radiation

The radiation which results from the recombination of stationary
pairs of positrons and clectrons is emitted in each elementary pro-
cess as two photons of equal energy propagating in opposite direc-
tions. The wavelength of this radiation under these ideal conditions
is given by

Aa = h/(me) (5-67)

DuMond, Lind, and Watson and later, after elimination of certain
gsources of systematic error, Muller, Hoyt, Klein, and DuMond
(73a, b) have measured the wavelength of the radiation emitted
when positrons from the unstable nucleus, C'u®, recombine with
the structure electrons in a block of solid copper. The cross section
for recombination is very small until the positron has slowed down
to thermal velocity. Internal evidence from the Doppler broadening
of the annihilation line indicated that the veloeity distribution of
the recombining pairs corresponded quite closely to the velocities
to be expected for the conduction clectrons in the copper. The po-
tential energics of clectron and positron must be equal in magnitude
and opposite in sign when they eollide and hence these cancel out.
The energy of the radiation corresponds then to the rest mass
energy of the particles plus a negligible correction for their kinetic
energy. The final vesult of these measurements after all corrections
was given as

M= h/(me) = 24.262 £ 0.0033 milliangstroms  (5-68)

and sinee the value, A = 1.00203, was used in reducing the data this
corresponds to

M/A = Rh/(mecd) = 24.213 £+ 0.0033 x-units (5-69)
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The precision of this result (standard deviation, 137 ppm) could,
it is believed, be bettered by improvements in the technique so ags
to make this method compete very favorably with the method of
the continuous x-ray spectrum. The interpretive difficulties asso-
ciated with locating an asymmetric spectral feature such as the
short wavelength limit are completely avoided in the annihilation
radiation measurement. The result is in excellent accord with the
output value of the 1955 adjustment, Table 8-7.

5.13 NEED FOR CRITICAL EVALUATIONS OF DATA ON
THE ATOMIC CONSTANTS

We have thus far reviewed in this chapter the various types of
experiments leading to quantitative information about the atomic
constants. As explained at the opening of the chapter, so many
theoretical relationships exist between the different quantities
measured that the results of this large mass of experimental evi-
dence can be properly evaluated to find reliable and consistent values
of the constants only by procedures which take account of all the
data together. As the mass of experimental data on the atomic
constants accumulated, the need for overall assessment of the situa-
tion became acute. Raymond T. Birge was the first to attempt such
assessments, and his first paper in 1929 on this subject is a model
of painstaking care to bring order out of what at that time was a
very chaotic state of affairs. Much stimulus to undertake new and
better measurements came from analyses such as this because of
the various “discrepancies’” which were thus brought into focus.
We have spoken of three of these discrepancies. The first was the
difference between oil-drop and x-ray values of N and e. This, as we
have explained, was finally resolved but, with the accumulation of
new types of measurements and the resulting increase in overde-
termination and precision, new discrepancies inevitably made their
appearance. The discrepancy between the “spectroscopic”’ and
“deflection”” values of e/m has been mentioned (Sections 3.6 and
5.9), as has also the discrepancy between “x-ray” and “‘indirect”
values of %/e (Section 5.11). About two decades, starting in 1929
with Birge’s first paper, may be regarded as the period of pioneer
effort and refinement of method in the fields both of experiment and
of overall assessment. Birge realized acutely the need for better
statistical methods of evaluating the data and of estimating s
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accuracy, and he made many original and valuable contributions
to this subject, a few of which we shall now briefly describe.

5.14 BIRGE'S METHODS OF EVALUATING THE DATA ON
THE ATOMIC CONSTANTS

Birge's earliest method (1929) of determining suitable numerical
values to adopt for the atomic constants was the common-sense
one of beginning with those constants least dependent on others
and selecting a route at each stage of which a new constant was
determined by utilizing constants and conversion factors already
determined at earlier stages. Even with the data then available it
frequently transpired, as might be expected, that there was more
than one way of doing this. When a constant could be arrived at by
many routes, Birge followed all those which appeared worthy of
serious consideration, thus obtaining several values with different
probable errors. He then took an average of these to obtain the
“best’’ value for adoption. These averages were often strongly in-
fluenced by subjective evaluations of the reliability of the experi-
mental data, in addition to the analytical evaluation based on the
internal consistency of the data itself.

Specifically the route followed by Birge in his 1929 paper was this:
(1) By a study of all available primary experimental sources he
arrived at the best values to adopt for certain requisite ‘“‘auxiliary
constants,” as he called them, such as the velocity of light, ¢, the
atomic weights (chemical scale) of certain key atoms, the Rydberg
constant, R ., for a nucleus of infinite mass, the gas constant for
ideal gases, R, the electrochemically determined Faraday, F. (The
auxiliary constants were those quantities whose values were so far
beyond question for the purposes of his analysis that they could be
treated as though known exactly.) (2) The best value of ¢ was next
determined by the two methods which then existed and which we
have described in Sections 7 to 14. (3) Then Birge investigated the
best value of the charge-to-mass ratio, e¢/m, for the electron, listing
a considerable number of ‘“deflection’” and “‘spectroscopic’” meth-
ods of measuring this constant (sce Section 5.9). The spectroscopic
methods, as we have seen, consisted essentially of (a) the measure-
ment of the Zeeman splitting in a known magnetic field, and (b)
the measurement of the reduced mass effect (mitbewegung des
Kerns) for hydrogen. This latter in reality yields m,/m, the ratio of
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the masses of proton and electron. The Faraday, F, is then used
along with the atomic mass, H*, of the proton to compute e/m =
(F/H*)(mp/m). (4) The next step was to compute m as a derived
constant from e and e/m. (5) Finally Birge studied the results of six
different methods of arriving at A, each of which depended in part
on a knowledge of e. These were (a) the use of Bohr’s formula for
the Rydberg constant solved for A,

h = [277 & R, ¢ (e/m)~ /3

together with his adopted values of e, ¢, and e/m; (b) use in the
manner explained in Section 5.11 of E. O. Lawrence’s measurement
(see Table 5-6) of the first ionization potential of mercury by elec-
tron bombardment to obtain %/e, from which the knowledge of e
permitted calculation of A; (¢) use in a similar way of measurements
of the short wavelength limit of the continuous x-ray spectrum from
an x-ray tube operated under an accurately measured steady D. C.
voltage; (d) use of the direct photoelectric effect in the ultraviolet
and optical regions (this as explained in Section 5.11 is demonstrably
less accurate than method (¢), however); (¢) use as explained in
Section 5.12 of the measured value of the radiation constant, cs,
occurring in Wien’s displacement law and also in Planck’s black
body radiation law; ¢co = hc?F/(eR,), in which R, is the gas con-
stant; (f) use as explained in Section 5.12 of the measured value
of the radiation constant, o, in the Stefan-Boltzmann radiation law,
E = oT* in which ¢ is connected with & (using Planck’s law) by the
relation
h = [27° R¢*/(15N* ¢20)]V/3

Methods (¢) and (f) are the least accurate of the lot because of the

poor accuracy with which ¢» and o have been experimentally
measured.

5.15 RESOLUTION OF DISCREPANCIES

In the decade from 1929 to 1949 progress in our knowledge of the
atomic constants was reviewed and discussed in a series of papers
by Birge (reference 12, Chapter 2; 74a—f) and others (75, 76, 77a—c).
(a) The apparent discrepancy between the values of e/m as obtained
by spectroscopic and deflection methods (reference 1, Chapter 1;
reference 12, Chapter 2) was chiefly resolved during this period by
better deflection measurements and partly also by the recognition
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(77d-g) that the systematic error probably came from the elec-
trochemically determined ‘‘silver” Faraday, F. (b) The “h/e dis-
crepancy,” though greatly reduced during this period by improved
experimental techniques (especially higher spectral resolving power)
and the discovery and application of appropriate corrections to the
experiment on the short wavelength limit of the continuous x-ray
spectrum, still remains in 1955 in a not entirely satisfactory state.
This matter will be discussed in greater detail in Section 6.7.

An idea of the progress made during the decade under discussion
and shortly thereafter can be obtained by comparing the consistency
diagrams prepared to express the status of our information on the
atomic constants at two different dates, 1939 and 1949.

a. The Birge-Bond Diagram

In order to get a clearer understanding of the complex situation
regarding the interconsistency of the measured data bearing on
various functions of the atomic constants, we shall now explain two
types of consistency diagram devised for this purpose. The first of
these, usually known as the Birge-Bond diagram, was first proposed
by W. N. Bond (78). It has been very effectively and extensively
used by R. T. Birge (79).

This diagram has been applied by Birge to the case of three un-
knowns, ¢, m, and A, the remaining primary quantities being treated
as auxiliary constants. The diagram directs attention at one selected
unknown, say, e. Each experimental determination of some funec-
tion of the three unknowns, fi(e, m, h), by use of the Rydberg rela-
tionship, R = 2r*m ¢* h=% ¢!, to climinate one of the unknowns
(m, for example) can be written as an equation between an experi-
mentally determined number and a {function of ¢ and h, ¢:(e, h). A
nominal value of A which we shall call hy, known not to differ
greatly from the true value, is assumed. We shall refer to hq as the
“origin’ value of h. All the functions, ¢:(e, h), could always be so
expressed as to take the form

¢; = h"ic = an experimentally determined number

Birge then plotted as ordinates on a Cartesian plot the value e/
which each function, ¢;(e, h), equated to its experimental numeric,
would yield as a solution for ¢ if hy were substituted therein for A.
As abscissa, the power, p;, corresponding to the particular fune-
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tion, ¢;, was plotted. It is easy to see from a Taylor’s expansion
that all functions, ¢:(¢, &), whose numerical values are intercon-
sistent should plot so as to lie on a straight line (save for the effect
of terms in the Taylor’s expansion of order (A — hg)2/ho? which can
easily be made negligible). The interconsistency of the various de-
terminations could thus be judged by how well their points agreed
in defining a straight line. Also if their rectilinearity was imperfect
the chart afforded (Z) an intuitive graphical method of effecting a
compromise by drawing a straight line which came as near to the
different points as could be managed and (2) an analytical method
by the familiar process of least-squares fitting for finding the “best”’
straight line so as to allow for the different error measures of the
various experimental determinations.

The extension of this straight line to intercept the ordinate at the
abscissa value, p = 0, obviously gives the “best’”’ value of ¢ con-
sistent with the compromise so effected. The slope of the line can
also readily be interpreted to give the “best” compromise value of
h. Birge constructed a convenient nomogram in this way by plotting
scales on the ordinates corresponding to the different functions
¢i(e, h). Each scale read directly in terms of the value of the experi-
mentally determined numerie, f; (the function of ¢, m, and h be-
fore elimination of m with R ), so as to show just where to plot the
results of any specified experimental determination. Such a plot
reproduced from Birge’s 1941 report is shown here as Figure 5-12.
The probable error spreads are indicated by lines tipped with ar-
rows and slightly inclined from the vertical. The value of & inferred
from the slight slope of the straight line is indicated thereon.

b. The Isometric Consistency Chart

Another type of chart first suggested by R. A. Beth (80) has later
become known as the “isometric consistency chart” for reasons
which will soon become clear.

In preparing this consistency chart the constants e, m, and h
have been selected as the primary unknowns. In addition, the
Rydberg relationship

R = 2r*mceth %! = 100737.3 em™! (5-70)

between these unknowns and the experimentally very accurately
measured value of R, is implicitly assumed to hold (R . being re-
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garded as a fixed auxiliary constant) so that the system really in-
volves only two independent unknowns and can therefore suitably
be displayed in two dimensions. The chart permits explicit dis-
play of any measured values of ¢, m, A and of any function of these
variables subject, of course, to condition (5-70).

Unlike the Birge-Bond diagram the isometric consistency chart
is not especially adapted to afford a graphical method of finding a
compromise solution. Its chief purpose is to display the consistency
of a large mass of data on the constants in such a clear way as to
reveal not only the general state of agreement but also, if a few of
the data depart markedly from the general consensus, to indicate
these readily. We shall explain the isometric consistency chart here
in order to be able to exhibit with it the state of consistency of our
sources of knowledge on the atomic constants at two epochs, 1940
and 1947.

With the multiplication in the number of functions of the atomic
constants which have been measured since 1950 and the increase in
accuracy of the determinations, it has become necessary to include
under the category of unknowns more and more of what could once
be regarded as fixed auxiliary constants. Thus instead of involving
two or three unknowns the situation has required the analytical
consideration of four or even five. For this reason, consistency dia-
grams represented on a two-dimensional surface arc unfortunately
no longer very useful. They served a purpose only up to about 1950.

In order to construct a two-dimensional isometric consistency
chart we consider first a three-dimensional rectangular Cartesian
coordinate system in which the three primary variables are asso-
ciated with the three orthogonal axes. A set of three values, ¢,
m, h, will be represented by a point in this space and a function,
fi(e, m, k) (such as e/m or €*/mh), of the threc primary variables
equated to a number obtained by physical measurements of that
function will be represented by a surface. Three such surfaces may,
but need not necessarily, intersect in such a way as to locate a point
in this space. (Three planes will fail to locate a point if any pair of
them is parallel to a common plane, or if all three are parallel to a
common line. In this latter case we shall describe them as “cozonal”’
planes; the three surfaces can then at most determine a line but not
a point.)

The entire overdetermined situation regarding the various func-
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tions of ¢, m, and h whose numerical valucs have been measured
experimentally, can be represented as a set of variously oriented
surfaces in this 3-space, all of which nearly pass through a common
point, the nearer the more mutually consistent the determinations
are. In general these surfaces are curved but we are interested only
in a small domain of the space close to the region of quasi-inter-
section, since the incompatibility of the various equations, even
in 1939, usually required no more than a 1 per cent change in any
variable or function to establish consistency. At the time of the
present evaluation (1955) matters are far better. In such a domain
the tangent planes can be taken as good approximations to the
actual curved surfaces.

To simplify matters then, we adopt a new origin close to the
domain of quasi-intersection at a point, ¢y, m,, hq, so chosen that the
coordinates e, m, h, of any interscction in which we are likely to be
interested will differ from ecq, mq, ko, by relative amounts r, =
(e — eq)/eo, Tm = (m — my)/my, and a, = (b — ho)/he which are
always smaller than say 0.001, and we then express the experimental
measurements in terms of these dimensionless variables, 2., T, 1.
To each type of experimental determination of a function of ¢, m,
and % of the form :

Sule, ny B) = clvmishie = A, (5-71)
there corresponds a plane
Qe+ Julm + kurn = ay (5-72)

which is tangent to the curved surface. Practically all experimentally
determined functions are of the form of (5-71). The constant, a,, in
(5-72) is given by

Ay = (Aﬂ- - Alto)/Alln (5"73)

in which A,, = fu(eo, mo, ko) is the origin value of the funetion,
fule, m, h). Clearly the orientation. of the tangent plane (5-72) in
the 3-space depends on the exponents, 4., ju, ki, which express the
function determined, while the origin distance of the plane depends
on the experimentally measured numerice, a,.

We may think of the estimated random errors attached to the
different experimental determinations by conceiving the correspond-
ing planes to have a certain diffuseness of localization to their sur-
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faces so that each plane is blurred out into a lamina of cloudiness
with a parameter ¢,? describing the mean-square spread about the
mean position. ’

The least-squares adjusted value is then represented by a point
in this space such that the sum of the squares of its distances from
the various planes, measured for each plane in units of the error
spread, o,, of that plane is a minimum. The theory of least squares,
as we shall see, also allows us to find in this space a region of con-
centric isoprobability ellipsoids around the point corresponding to
the least-squares adjusted “best’ value, and there exists a “stand-
ard ellipsoid” in this set such that two planes tangent to it and nor-
mal to any coordinate axis in the space will be separated by just
the spread expressing the ‘“‘standard error’’ of the unknown asso-
ciated with that axis. The location, size, and shape of the ellipsoid
of error reflects the state of our knowledge at any given epoch. It
therefore has no permanent or fundamental significance.

The ideas we have introduced so far can be taken over to the
case of any number of unknowns by speaking of hyperplanes and
of hyperellipsoids in hyperspace. It is only the application of these
ideas to a practical two-dimensional nomogram for representing the
consistency of the constants which breaks down when the number
of unknowns is increased.

The representation of the interconsistency of determinations
bearing on the constants by means of planes in a multidimensional
space did not appear to offer any advantages until it was noticed
(772) in 1939 that a surprisingly large number of planes representing
useful determinations available at that time happened to be cozonal;
i.e., oriented parallel to a common axis, the space-diagonal of the
Tey Tm, Zn Space. Planes parallel to this axis, but otherwise oriented
quite arbitrarily, have the property that the algebraic sum of the
coefficients 7, j,, k, of equation (5-72) vanishes. Table 5-5 shows that
this condition was satisfied for five of the seven important types of
data, functions of ¢, m, and A which had been accurately determined
by various experimental methods in 1939. With the passage of time,
other far more accurate determinations bearing on quite different
functions of the atomic constants have been made so that the above-
mentioned circumstance of cozonality is no longer of interest. It is
instructive, however, to make clear the reason for its importance at
that time.
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Figure 5-13 shows in perspective the orientation of the five
cozonal planes. Clearly if we look along the space-diagonal (the
cozonal axis) the five cozonal planes seen on edge will be projected
on our picture plane as five straight lines. In Figure 5-13 for better
clarity all five planes pass through the arbitrarily chosen origin
point (eo, Mo, ho), although in the results of a set of physical meas-
urements, the planes, while having these same orientations, may be

Table 5-5. Experimentally Determined Functions of e, m, and h (1939)

Function 2 J k i+j+k  Ref. Method of Measurement
e/m 1 -1 0 0 g Deflection and spectroscopice
h/m 0 —1 1 0 a X-ray refractive index of diamond
h/m 0 -1 1 0 b Ilectron wavelength and kinema-
tie velocity
h/m 0 -1 1 0 ¢ X-ray fine structure cvaluation
of «
h/m 0 —1 1 0 d Compton shift
h/fe —1 0 1 0 q X-ray short wavelength limit
ht/fem =1 —1 2 0 e [lectron  wavelength, measured
voltagoe
e*/mh 2 -1 -1 0 / Hp of x-ray photoclectrons
e 1 0 0 1 a X-ray crystal density and Ay/A,
met/h3 4 1 =3 2 q Spectroscopic; (Rydberg constant)

e J. A. Bearden, Phys. Rev., 54, 698 (1938).

bJ. Gnan, Ann. Phystk, (5] 20, 361 (1034).

¢ R. F. Christy and J. M. Keller, Phys. RKev., 58, 658 (19:10).
d P, Kirkpatrick and P. A. Ross, Phys. Rev., 45, 223 (1931).
¢S. von Friesen, Proc. Roy. Soc. (London), A160, 424 (1037).
7/ H. R. Robinson, Phil. Mag., 22, 1129 (1936).

¢ A more complete sct of references is given in Table 5-6.

at any distance from the origin (depending on how much that physi-
cal measurement differed from the origin values, €, ma, ho).
Clearly the first five types of determinations of Table 5-5 taken
together are still insufficient to locate a point in the space of the
constants e, m, h. Jiven if these five were mutually compatible so
that their planes intersected in a single axis, we should still need
at least one more plane intersecting that axis to locate a point.
A heavy responsibility falls, therefore, on the two noncozonal de-
terminations, R, and ¢, of Table 5-5. This peculiarity of the matrix
of linearized observational equations might well have escaped notice



Figure 5-13. Perspective view of the interseetion in three-dimensional e, m, h-
space of the surfaces corresponding to various experimentally measured functions
of e, m, and h. By a shift of the origin to a point e, mq, ko close to that repre-
senting the true values of ¢, m, and h, the coordinates of the diagram can also
(and preferably) be taken as representing the dimensionless variables z, =
(e — eo) /e, Tm = (m — mo)/mo, Th = (h — ho)/ho, and the surfaces over a small
domain of relative deviation around eg, mo, ko, can be represented with sufflcient
accuracy as planes. The spatial orientation of these planes depends, as here
shown, on the function determined. The experimentally measured numerical
value of the function determines the origin distance of the plane. Planes corre-
sponding to determinations which are mutually consistent will have a common
intersection. Of the seven most reliable types of determination in 1939 five are
seen, when plotted thus, to be represented by planes which are parallel to a
common axis, or normal to a common plane (the plane of the hexagon in the
figure). These five therefore do not determine a point e, m, A in the space. At best
they can determine only a line in that space. For simplicity in this diagram these
five “cozonal planes” arc here shown as though they were mutually exactly con-
sistent so as to agree in determining one and only one line. Actually, however,
the experimental values yielded planes which did not meet in a common axis as
can be scen in Figures 5-14 and 5-15. The experimentally measured value of the
Rydberg, R = 2r*meth—3¢1, represents a function of ¢, m, and k, on the other
hand, which is not cozonal with the five here shown. Millikan’s dircet oil-drop
determination of e, here represented by a horizontal plane, is also not cozonal.
On these two alone then in 1939 rested the entire responsibility of locating the
point, along the cozonal axis determined by the other five, which determined the
true values of e, m, and h. Not until such a threc-dimensional plot as this had been
made was this curious state of degencracy in the input data realized.
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if no attempt had been made at a spatial representation in this way.
The existence of such a situation, however, is of no fundamental
significance, but was a mere accident of the types of measurement
which had been made at that epoch.

Figure 5-14 shows an example of the consistency diagram (77b)
depicting the situation in 1940, and Table 5-6 lists all the data in-
cluding the origin values used in preparing the chart. It is primarily
a plot of (a) the cozonal planes viewed on edge and (b) noncozonal
determinations, distinguished on the chart by the fact that their
percentage deviation scales are ruled with double lines. Fach line
on the chart corresponds to the result of some individual experi-
menter or group in measuring a specific function of ¢, m, and h.
Percentage deviation scales are provided at both ends of the line
corresponding to cach type of determination. These indicate the
displaced position of cach line for a determination whose result
differs from the origin value of the function in question by a speci-
fied percentage difference.

Use is made of the Rydberg equation (5-70) (regarded as an exact
relationship because of the extreme precision with which B, is
known) to depiet the positions of those lines which correspond to
noncozonal determinations. Any noncozonal function can always
be expressed by appropriate transformation as a function of R,
and a cozonal function. Thus, for example, the noncozonal funec-
tion, k, can be expressed as

b= (c/27%)} R} [1°/(e'm)]? (5-74)

where the right-hand member is seen to be cozonal since the sum
of the exponents in the square brackets is zero. In geometrical
language this corresponds to projecting onto the picture plane
(which is normal to the cozonal axis) the line of intersection of the
noncozonal plane and the £, plane. The noncozonal planes for which
scales are provided in Iigure 5-14 arc those corresponding to de-
terminations of ¢, m, 2, o, and a. They are provided with double
scales of percentage deviation; one of which gives the shift oc-
casioned by specified pereentage changes in the variable in question
(holding R . constant) and the other the shift occasioned by per-
centage changes in the numerical value of R, (holding the other
variable constant).

To use such a chart a straight line is plotted for each experi-
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mental determination of a function of e, m, and h; this line runs
between the two parallel percentage deviation scales for that func-
tion at the deviation from the origin value corresponding to the
experimental value obtained. A scale reading directly the absolute
value of each variable is also provided. Those traces which intersect
in the same point represent mutually consistent determinations.
Consistency with the Rydberg relationship, (5-69), is also implicit
in the construction of the chart. The values of e, m, and A implied
by any point on the diagram can be read off immediately on the
scales of ¢, m, and A, either directly or in terms of per cent deviation
from the origin values ey, mq, ho. To facilitate this operation the
origin axes through the zeros of the percentage deviation scales of
e, m, and h are also indicated with dot-and-dash lines. To find
e, m, and h for any point in the diagram, one scales off the normal
distance from that point to each of the dot-and-dash axes and
transfers this distance to the appropriate scale of ¢, m, or h. The
estimated probable errors of many of the more isolated determina-
tions are indicated in Figure 5-14 by attaching arrows normal to
the line. Any intersection point between two lines in Iigure 5-14
represents one possible solution for ¢, m, and h (equation (5-70) for
R . always being implicitly understood in the construction of the
diagram). The figure clearly shows the great number of possible
solutions for ¢, m, and A which are implied by the complete array
of data of Table 5-6. With data as discrepant as this diagram dis-
plays, one rightly hesitates to adopt any sort of least-squares
method of compromise. The diagram also served very usefully as a

Figure 5-14. Isometric consistency chart, exhibiting the consistency as of about
1940 of the various sources of information on the constants e, m, h and functions
thereof. The scales at the ends of the value lines show the displacement in per
cent devistion from a set of mutually consistent conventional origin values.
These origin values and the experimental data are given in Table 5-6. Certain
of the seales, it will be noted, are double scales—the position of the value line
depends on two variables, one of which is R. These are the noncozonal functions.
Each of the two seales in such a case shows the displacement for the value line
if the variable of one scale alone is changed while the other variable is held at ity
origin value. The intersection of any two value lines gives a point to which corre-
sponds a set of values for ¢, m, and A representing the simultancous solution for
those three constants which the two selected measurements combined with the
value of Ky would yield. The huge number of possible just-determinate solutions
implied by the data is obvious.
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guide in forming a judgment of the discrepancy situation which
existed. The rather good consistency between the lines for e, e2/(mh),
e/m, a—! = 137, and h/(em)! is striking, whereas the tendency of all
the h/e determinations toward values lower than consistent with
the region of intersection of the afore-mentioned lines throws sus-
picion on these. The sequel has shown that the trouble did indeed
lie with the h/e¢ determinations.

To illustrate the progress accomplished in the period under dis-
cussion, we reproduce in Figure 5-15 the consistency chart express-
ing the situation in 1947. Table 5-7 lists all the data cmployed in
preparing the chart. This time the data were deemed sufficiently
consistent to warrant making a least-squares adjustment. The small
white ellipse in the region of most dense intersection of IFigure 5-15
is the projection of the ellipsoid of error on this chart, and its center
marks the point corresponding to the least-squares adjusted com-~
promise values of e, m, and A. In this chart, separate determinations
of the same function have not been plotted separately as in Figure
5-14 but have been averaged together and plotted as a single line.
The error measures are shown in each case by lines on either side
of the value line. The improvement in consistency over IFigure 5-14
is striking; yet in the next few years, thanks to the advent of several
new techniques, so much more improvement was made that it
became necessary to change the scale of the diagram 100-fold in
order to depict the inconsistencies adequately. By this time, how-
ever, several new types of information had become available, and
the increased accuracy had made it necessary to include erstwhile
“guxiliary constants”’ in the category of “unknowns” for least-
squares adjustment so that much of the utility and significance
of the isometric consistency chart disappearcd. We shall not, there-
fore, reproduce this third chart here. Because of the need for a solu-
tion in terms of four or five unknowns we must be content with the

Figure 5-15. Isometrie consisteney chart exhibiting the data on the funda-
mental constants as of about 1947. The principle of construction is the same as
already explained in the caption to Figure 5-14. The conventional origin values
and the experimental data are given in Table 5-7. In this chart each value line is
accompanied with side lines to indicate the estimated error measure. The small
white ellipse of crror for the least-squares adjusted point, is also shown. The
arrows indicate the orientation and relative magnitude of the prineipal axis of
the error ellipse.
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less perspicuous device of listing the normalized residues of the
least~-squares analysis.

ADDENDUM

A downward revision of A was urged by M. Siegbahn in 1947
because of the results obtained by F. Tyrén and published in his
thesis (Dissertation, Uppsala, 1940) (see Section 5.6, ¢). Tyrén used
a concave grating vacuum spectrograph with which he compared
the positions of certain x-ray lines (whose wavelengths in x-units
on the crystal scale had already been established) with the positions
of Lyman series spark lines from the one-electron ionized atoms,
OVII NVIIL, CVi, BY, Be!'V. He computed the wavelengths of these
spark lines in Angstrom units, using the very accurately known
value of the Rydberg and theoretical formulae based on the Bohr-
Sommerfeld-Dirac theory for the hydrogen-like atom. Using the
spark lines as calibration lines it was then possible by interpolation
to establish on the non-linear wavelength scale of the plates the
wavelengths in Angstrom units of the x-ray lines. At the time
Tyrén wrote his thesis the Bohr-Sommerfeld-Dirac theory was
considered absolutely correct, but a few years later the advent of
the Lamb shift and its explanation in terms of modern quantum
electrodynamics called for a correction to the Bohr-Sommerfeld-
Dirac theory which requires, in the case of Tyrén’s Lyman a-line
for OVII, g revision of the wavelength of 98.5 ppm upward. This
is the worst case among Tyrén’s reference wavelengths; the smallest
correction is for the case of the é-line of Be!V, where a revision up-
ward of 26.8 ppm is required. Unfortunately Tyrén’s thesis does
not specify just how the calibration lines were associated with the
x-ray lines and since both sets of lines were recorded in many dif-
ferent orders one cannot conclude that x-ray lines and spark lines
most closely adjacent in wavelength were necessarily those asso-
ciated for the purpose of calibration.

This unfortunate flaw in Tyrén’s thesis, otherwise probably the
most accurate determination of A to date, was only noticed by the
authors of this text shortly before it went to press. The hope of
making a reliable correction to Tyrén’s result in any short length of
time seems tenuous. To the date of writing neither the original
plates nor Tyrén’s notes and caleulations have been found although
a search for these, which is still continuing, may eventually be suc-
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cessful. At present we are able only to say with certainty that his
result, A = 1.00199, must be raised by an amount between 26.8
ppm and 98.5 ppm, ie., 1.002017 < A (Tyrén) < 1.002089. A
rough estimate based on the assumption that calibration and x-ray
lines most nearly adjacent in wavelength were associated yields
A = 1.002026 £ 0.000016.

An upward revision in the directly measured value of A would
have extremely far reaching effects on all the fundamental atomic
constants in the present state of our knowledge. For each part per
million change in the input value of A the change in ppm which
eight important output quantities would sustain can easily be esti-
mated from our variance-covariance matrix of Table 8-5 with the
following results:

e m h a A N F he?/(eA)
0.14 0.22 0.26 0.02 021 -—-021 —0.07 —0.08

See also, Phys. Rev., 103, 1583 (1956) for a more complete discussion
of this situation.
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CHAPTER 6

Postwar High-Precision Measurements

6.1 DEVELOPMENT OF NEW TECHNIQUES YIELDING
INCREASED ACCURACY

Several closely related techniques which had been under de-
velopment for some years prior to World War II were perfected to
a high degree in the United States during the postwar period, partly
through the stimulus of the increased financial support of pure re-
search from government sources. These were the techniques of high-
frequency and microwaves, microwave spectroscopy, atomic beams,
nuclear magnetic resonance, and small-scale cyclotron resonance.
In large part the high precision of most of the experiments based
on these techniques is due to the high accuracy with which radio
and microwave frequencies can be controlled and measured. The
availability of these techniques has made possible since 1950 a
series of remarkable precision experiments bearing on the atomic
constants whose accuracy is so far superior to any of the earlier
experiments as to constitute a veritable revolution in this field.
Because of the relatively much greater error measures of the earlier
data these would receive so little weight in a modern least-squares
adjustment that, although the earlier results arc not inconsistent
with the later ones, they would make no significant contribution
in fixing the least-squares adjusted values, and therefore might as
well be ignored. We shall now briefly describe some of these high-
precision experiments.

6.2 THE VELOCITY OF ELECTROMAGNETIC RADIATION

We have already described in Section 5.1 the methods used to
measure the velocity of optical light. Of these the Ierr cell modula-
tion method of Bergstrand using his “‘geodimeter’” is the only one
which qualifies for inclusion among high-precision postwar measure-
ments. Since it has already been described, we shall confine dis-
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cussion in the present section to high-precision postwar meuasure-
ments of the velocity of electromagnetic radiation in the radio-
frequency and microwave frequency ranges.

The high-precision radiofrequency measurements of ¢ up to 1955
are those of Hansen and Bol (1) at Stanford University using micro-
wave cavity resonance with a cavity of fixed length; Ilssen (2)
at the National Physical Laboratory, Teddington, England, using
cavity resonance in a cavity of variable length; Iroome (3) also
at NPL using a free-space microwave interferometer; Aslakson (4)
using “Shoran,” a radar method of measuring the distance of an
airplane from a ground station; Plyler, Blaine, and Connor (5)
using measurements of the molecular constants of carbon monoxide
by infrared spectroscopy; Florman (6) using a large-scale radio
interferometer at 172.8 Mec sec™ set up on a dry lake bed in Arizona.

All these methods indicate quite unequivocally that the carlier
weighted average value arrived at by Birge, based chiefly on carlier
measurements by Michelson, Pease, and Pearson (reference 2,
Chapter 5) with the rotating mirror method in an evacuated tube,
and by Anderson (reference 3, Chapter 5) using IKerr-cell modula-
tion, namely, 299,776 km sec™!, was low by about 16 or 17 km
sec™!. The newer values (those after 1948) are not all of equal re-
liability or accuracy nor are they all completely in agreement, and
in particular the Hansen and Bol result disagrees with the others
by about 3 km sec~'—a disagreement which, though small judged
by earlier standards, is uncomfortably large relative to the claimed
probable errors.

The Hansen and Bol eavity resonance measurement, consisted
essentially of a determination of both the wavelength (in centi-
meters) and the frequency (in cycles per second) of an electro-
magnetic wave. The product of these two is then the veloeity of
light. The cavity was an accurately machined right circular eylin-
der with optically flat removable ends. In order to reduce losses
and to insure a “high-Q” resonance, the cavily surfaces (which
were machined from cast iron) were plated with silver. Three spacer
rods (located in holes in the cylinder wall) were used to space the
silver-plated surfaces of the cast iron optical flats which formed the
ends of the microwave cavity. These spacer rods had convex ends
which on each rod were zones of a common sphere. All three rods
were carefully equalized so that, as long as contact was with the
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ends, the distance between two parallel planes (one contacting
each convex surface) was independent of the orientation of the rod
axis. The rods themselves were intercompared in a temperature-
controlled oil bath by an ingenious spring feeler multiplying gauge
and lapped to uniform length. The distance betwcen the cavity
end faces was determined interferometrically by replacing the
silver-plated cast iron flats with glass flats. Some uncertainty en-
tered because of the possible difference in elastic or plastic yield
at the points of contact between spacer rods and the two kinds of
plates. A study of this effect was made by varying the loading,.
The diameter of the cylinder could not be measured accurately by
direct means, but the ratio of length to diameter could be deter-
mined from the ratio of the resonant frequencies for two modes of
electrical vibration (the TIys and TEge; modes). One of these de-
pends primarily on the length of the cylinder; the other de-
pends primarily on the diameter. The ratio of length to diameter
was so chosen as to put the frequencics of the two modes only a
few megacycles apart out of 3000 Mc. A correction to the resonant
frequencies was required because of the perturbations produced by
the probe hole through which the clectromagnetic energy is in-
troduced into the cavity. The shift in resonant frequency produced
by this hole was theoretically predicted to vary as the cube of the
diameter, and this was experimentally verified. An insulating gap
was purposely allowed hetween the planc ends and the cylindrical
walls to suppress certain unwanted modes, and correction for this
gap was small and casily made.

In this experiment the true electrical diameter of the cavity is
greater than the mechanical diameter by an amount of the order of
magnitude of the skin depth of the walls, a depth which depends of
course on the frequency of the particular mode of oscillation which
is being excited. The possible presence of a film of silver sulfides of
unknown thickness with a conductivity and a diclectric constant
differing from the values for bulk silver will affect the observed
resonant, frequeney of the cavity. Correction for this should increase
the [Hansen and Bol value of the velocity slightly. It has been sug-
gested in a private communication by I2. S. Dayhoff that the me-
chanical effect of polishing the silver-plated surface may cold-
work the metal and thus greatly decrease its conductivity in an ex-
tremely shallow layer. It is unfortunate that ansen and Bol made
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measurements at just enough frequencies to determine ¢ in the
absence of such anomalous skin effects. In any precision measure-
ment it is always a better policy to overdetermine the measure-
ments in an effort to uncover unsuspected systematic errors.

The four-horn Fraunhofer diffraction microwave interferometer
of X. D. Froome is shown schematically in Figure 6-1. The source
of microwaves is a Pound stabilized reflex Klystron oscillator with
a frequency of 24,005 Mc sec™! corresponding to a wavelength of

24005 Mc/s
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Figure 6-1. Four-horn microwave interferometer of K. D. Froome for precision
measurement of the velocity of microwaves at 24005 M¢ sec 1.

about 1.25 cm. The accuracy of the frequency measurement is
about 1 part in 10%. Energy from the oscillator passes to a hybrid
junction (“magic T”) which serves as a beam divider, from which
it passes through two long wave guide arms to the pair of trans-
mitting horns. The matching stub and phase shifter (1) to the left
of the beam divider, together with a “constant phase auxiliary
interferometer” (c.p.i.), constitute a device for altering the ampli-
tude of the energy transmitted down this arm without producing
a phase displacement. This ingenious device splits the input wave
into two components of equal amplitude in two differcnt paths.
These components are subsequently recombined after a change of
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phase brought about by an increase in the path length for one path,
and an exactly corresponding decrease in the path length for the
other. The two equal vectors representing the phases of the two
components are thus rotated in opposite directions through the same
angle so that the direction of their resultant is unchanged while its
amplitude is reduced. The phase shifter (2) to the right of the beam
divider, together with the variable attenuator, is required in order
to adjust and balance the position of the first interference minimum.

The movable part of the interferometer situated between the
transmitting horns consists of a pair of receiving horns mounted on
a carriage constructed almost entirely of silica tubes (for thermal
stability) and arranged to travel on ways through a path of about
1 meter. The two received signals are mixed to produce interference,
and detected by means of a simple superheterodyne arrangement;
the output is rectified and indicated on a milliammeter. An inter-
ference minimum is then detected as minimum current through the
meter and the carriage can be set on a minimum to better than
1 micron.

To make a wavelength measurement the exact displacement of
the carriage corresponding to 81 wavelengths (162 minima) is
measured to 14 micron by means of end-contact gauges.

Froome states that the 24005 Mec sec™! equipment is merely a
prototype for the investigation of sources of inherent error. The
conditions were, therefore, deliberately chosen to cause errors, as,
for example, the random effects arising from reflections in the rather
small room. Nevertheless the apparatus was found to be capable
of an accuracy of 1 part in 10° for the velocity measurements.
Much better results are anticipated, therefore, with the final equip-
ment, which is to operate at 70,000 Mec sec™ (A = 4 mm) over a
path difference of 1000 minima in a much larger room. Ten observa-
tions with the present prototype have been reduced to yield a
preliminary value for the free-space velocity of electromagnetic
waves i vacuo of

¢ = 299793.0 + 0.3 km sec™ (6-1)

Space limitations preclude description of many details and refine-
ments to be found in the original papers (2, 3) and in particular the
study of corrections for refractive index of the air and water vapor
given in two papers by Essen and Froome (7).

We list in Table 6-1 the experimental values of the velocity of
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Table 6-1. Recent Experimental Values of the Velocity of Electromagnetic
Radiation in Vacuum

Date of Veloeity
Author Publication Reference Methode (km see™?)
Aslakson 1949 4 Shoran 209792  x£ 3.5
Hansen and Bol 1950 1 FLCR 200789.3 =+ 1.2
Essen 1950 2 VLCR 209792.5 &+ 1.0
Bergstrand? 1951 4 (Ch. 5) Geodimeter 209793 .1 £ 0.32
Froome 1952 3 FSMWI 299792 .6 = 0.7
Mackenzie? 1953 5 (Ch. 5) Geodimeter 299792 .4 = 0.5
Froome 1954 3 FSMWI 209793.0 &= 0.3
Plyler, Blaine,
and Connor 1955 5 Infrared 209792 £ 6
speetr.
Florman 1955 6 FSMWI 200795.1 = 1.9
« FLCR = Fixed-length cavity resonance.
VLCR = Variable-length cavity resonance.
FSMWI = Free-space microwave interferometer.

® The measurements of Bergstrand and Mackenzie are at optical frequencies;
all the others are for radio waves.

light obtained since the advent of the new and highly improved
microwave, radar, and Kerr-cell techniques. For convenience of
comparison we have also included in this table the results of Berg-
strand’s and Mackenzie’s optical determinations.

6.3 GYROMAGNETIC RATIO OF THE PROTON

The techniques developed at Stanford University (8) and at
Harvard University (9) for the study of nuclear magnetic resonance
have permitted extremely accurate determination of the gyro-
magnetic ratio of the proton, v,. It is well known that atomic nuclei
exhibit the properties of angular momentum (“spin’’) and magnetic
dipole moment, with the magnetic dipole axis along the axis of
spin. When a proton is placed in a magnetic field, one may think, to
use a classical picture, of a torque exerted on the proton dipoles
which tends to align them with the field. In view of their spin, how-
ever, they respond to the externally applied torque by precessing
around an axis parallel to the external field with a frequency of pre-
cession which is proportional to the applied external magnetic
field. The experiments at Harvard and at Stanford have shown that
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this “precession frequency”’ of thespinning protons can be measured
very simply by placing a sample of water, sealed in a glass bulb, in
a, constant homogeneous magnetic field. A coil of wire with its axis
perpendicular to the magnetic field supplied with radio-frequency
current surrounds this sample. When the magnetic field of the ap-
plied radio-frequency resonates with the precession frequency of
the protons, an exchange of energy occurs and the resulting pertur-
bation of the precessing protons causes them to induce a detectable
“signal’’ either in the applied radiofrequency coil itself (thereby
changing its apparent impedance) or in a second detecting coil at
right angles to the first. The Harvard method utilizes a single coil,
the Stanford method two coils

The ratio, v,, between the proton precession frequency, ws,
and the magnetic field intensity, B, is an extremely important
constant or conversion factor because the method of proton reso-
nance has proved itself to be by far the most convenient and ac-
curate absolute method of measuring magnetic field intensities
when these are in. the range ahove s few hundred gauss. Accordingly,
the gyromagnetic ratio of the protonn has been measured at the
U. 5. National Bureau of Standards by Thomas, Driscoll, and
Hipple (10) with a precision of about 22 ppm. In this experiment
the field distribution between the pole pieces of an electromagnet
was first carefull y explored by means of a small proton resonance
detector. The field was thenmeasured by weighing the force exerted
on a rectangular current-carrying coil of exactly measured dimen-
sions whose lower end was suspended between the pole pieces. The
result was

Yo = wp/B = (267523 == 0.00006) < 10*radians scc™'gauss™t (6-2)

6.4 RATIO OF THE CYCILOTRON FREQUENCY OF THE
PROTON TO ITS MAGNETIC RESONANCE FREQUENCY

t

The term “cyclotron lrequency of the proton’ is related to the
well-known underlying principle of the simple magnetic resonance
particle accelerator of 14, O. Lawreaxce, the constant-field, constant-
frequency cycelotron. A particle with charge-to-mass ratio, ¢/m, in
a magnetic field of constant intensity, B, exceutes circular orbits
with an angular frequency of rotation which, at nonrelativistic
speeds, 1s indepenndent of the radius of the orbit. If the charge, e, is
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expressed in esu, this frequency is given by
w = Be/(me) (6-3)

When the charged particle is a proton the angular resonance fre-
quency so obtained is the “proton cyclotron frequency,” w., and
if we measure B (as we can with high accuracy by the method of
Section 6.3) in terms of w, we obtain an important measure of the
charge-to-mass ratio e/m, of the proton, a datum of great interest
for our knowledge of the atomic constants. Combining equations
(6-2) and (6-3) one sees that the ratio, w./w, the cyclotron fre-
quency of the proton to the proton magnetic resonance frequency,
is a universal constant

we/wp = (e/Myc) vyt (6-4)

whose reciprocal is, in fact, the apparent magnetic moment of the
proton, u’ (uncorrected for diamagnetism), expressed in nueclear
magnetons, u, = eh/(4mm,c), where e is expressed in absolute esu
and m, is expressed in grams. If one desires to know the absolute
magnetic moment of the proton, u, a small correction must be made
for the fact that the magnetic field intensity at the proton is not
exactly the same as the externally measured magnetic field, be-
cause of the diamagnetic effect of the proton-containing sample.
The diamagnetic effect for hydrogen gas has been computed by
N. F. Ramsey (11) and the small additional shifts, of the order of
a part in 108, when water or mineral oil are used have been measured
by H. A. Thomas (12).

To determine w., Hipple, Sommer, and Thomas (13) at the U. S.
National Bureau of Standards built a miniature eyclotron which
they called the “omegatron’ because it determined the angular
frequency w.. In the omegatron the maximum orbit radius was only
1 em. The high vacuum (107 mm Hg) in this small apparatus,
shown schematically in Figure 6-2, contained residual hydrogen,
and ions (protons) were formed along an axis parallel to the mag-
netic field in the center of the device by impact from an axial beam
of electrons. At right angles to the magnetic field a spatially uniform
radio-frequency electric field (of variable frequency and of order 7
Me per second) accelerated ions of a selected charge-to-mass ratio
at their cyclotron resonance frequency in spiral orbits until they
attained a radius of 1 cm, at which point they struck a collector.
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The resulting current was measured with an electrometer tube am-
plifier. An ion having a particular charge-to-mass ratio could attain
a radius sufficient to reach the collector only when the frequency

\ION COLLECTOR

4

\GLASS BEAD

GUARD RING

E/MITTING FILAMENT

ION COLLECTOR

——— b

PATH OF IONS AT RESONANCE
TRAPPING VOLTAGE

ND VIEW SIDE VIEW

Figure 6-2. The “omegatron” of Sommer, Thomas, and Hipple. The guard
rings which set up the D. (. trapping ficld are shown. This field is required to

prevent the ions in their spiral orbits from drifting axially away from the central
region.

was tuned for ions of this type. The frequency width of the resonance
peak so cstablished depends on the number of orbital revolutions
which the proton makes while it is being accelerated from zero
radius out to the radius of the collector. It was possible to make this
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of the order of several thousand so that the resolution was extremely
sharp. The magnet furnishing the field was the same one used in
determining v,, and the cyclotron frequency of the proton was
measured in relation to the nuclear resonance frequency of the
proton. For this purpose the two resonance devices (cyclotron and
nuclear) could be quickly interchanged while a third nuclear reso-
nance probe, through a servo-system employing the probe signal,
held the field constant.

A small source of systematic error was carefully studied. This
came from the presence of a D. C. electric field (whose tubes of force
are roughly indicated in Figure 6-2) which had to be provided to
stabilize the proton orbits against axial drift. There must clearly be,
in addition to the component of this D. C. field in the axial direc-
tion, a component in the radial direction and this latter must exert
forces and (unlike the magnetic field) do work on the spiraling pro-
tons. The force from this D. C. field is much smaller than the mag-
netic force but it depends on the radius, p, in a way not very dis-
similar from the latter. At the resonant frequency, w, = B(e/m,c),
the normal magnetic force on the proton is

Be w,
4

F mag — P (6'5)
while we may, to first approximation, express the radial component
of the D. C. stabilizing field force as

Fel = ""kP (6-6)

Thus the frequency, w,, would be slightly shifted by this additional
force. This effect was carefully studied by varying the magnitude
of the electric stabilizing field over a considerable range and plotting
a curve showing the slight variation of the apparent proton eyclotron
frequency as a function of the D. C. stabilizing field. This curve
turned out to be linear as expected and could be extrapolated to
zero electric field so as to correct for the latter. However, these ex-
perimenters found a still better way to make this corrcction. This
depends on the fact that, whereas the resonance frequency, ., is
inversely proportional to the mass of the accelerated particle, the
shift in frequency, Aw, due to the radial electric field, is independent
of this mass. By determining in each case the resonant, frequency
for two different masses, e.g., Ht and Hot, and Ht and D.*, I+
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and H,O" it was possible to evaluate the correction. After making
this correction the average deviation from the mean was 1 part in
40,000—a result which gives considerable confidence in the reli-
ability of the correction.

F. Bloch and C. D. Jeffries (14, 15) have also measured the cyclo-
tron frequency of the proton by a method differing from that of
the omegatron, in that the protons were injected at high speed (a
kinetic energy of 20,000 ev) and were decelerated by cyclotron action.
They therefore called their device an “inverse cyclotron.” It dii-
fered from the “omegatron’ also in that ‘‘dees” were provided so
that the region in which the protons encountered the high-fre-
quency decelerating field constituted a very small fraction of a
revolution. In consequence, it was possible to operate the device in
“higher orders,” that is to say, at frequencies which were odd mul-
tiples of the frequency of revolution. Up to eleven half-cycles of the
high frequency could occur during a half revolution of the particles,
and much additional resolution was thus gained.

The respective results of the “inverse eyclotron” and the “omega-
tron,”

' = 2.792365 & 0.000100 (36 ppm) (inverse cyclotron) (6-7)
L = 2.792685 £ 0.000030 (11 ppm) (omegatron) (6-8)

differ by only 115 ppm, but the difference is uncomfortably large
relative to the standard deviations assigned to each cexperimental
result. The difference is in fact three times its root-mean-square
expectation value.

Work has since been published by Collington, Dellis, Sanders,
and Turberfield (16), who repcated the inverse cyclotron experi-
ment at the Clarendon Laboratory, Oxford. They used, instead of
the conventional “dee’ system, a central eleetrode with straight
parallel sides to which the radio-frequency was applied while a
grounded segmental electrode on cither side ecompleted the eylin-
drical box. With this arrangement the protons were decelerated to
a radius at which they attained orbital stability without further
gain or loss of energy. The value of 4" (uncorreeted for diamagnetism)
obtained by Collington, Dellis, Sanders, and Turberfield is

= 2.792730 £ 0.000040 (14 ppm) (inverse cyclotron) (6-7a)

which is in good agreement with the omegatron measurcment.
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More recently still K. R. Trigger (15a) has made a careful theo-
retical analysis of the proton orbits in Bloch and Jeffries inverse
cyclotron. This analysis yields a set of three coupled nonlinear
equations which predict a frequency shift which is a function of the
decelerating voltage on the dees. With this correction Trigger finds
that the inverse cyclotron results of Bloch and Jeffries are in good
agreement with both the omegatron value and that of Collington,
Dellis, Sanders, and Turberfield. Trigger’s corrected value is

u' = 2.79267 =+ 0.00010 (36 ppm) (6-7b)

6.5 THE FINE STRUCTURE SEPARATION IN DEUTERIUM

The energy separation, AEp, of the 2!P;, and 2?P; states of
deuterium has been measured in frequency units with the astonish-
ing accuracy of =9 ppm by E. S. Dayhoff, S. Triebwasser, and
Willis E. Lamb, Jr., at Columbia University (17). This marked the
culmination of the remarkable series of researches on the fine struc-
ture of the hydrogen and deuterium atoms by Willis Lamb, Jr.,
with his co-workers (18-21). Parts I and II of this series should be
consulted (18, 19) for a basic description of the apparatus. It was
through this series of researches that the existence of the “TLamb-
Retherford shift,” the energy difference between the 228; and
2°P, states, was established and its value accurately measured.
From the point of view of fundamental physics the importance of
the Lamb-Retherford shift greatly overshadows the precision
measurements of the fine structure separation in deuterium. This
latter is, however, of prime importance as a contribution to our
knowledge of the atomic constants because of its relation to the
Sommerfeld fine structure constant, «, and it is therefore the only
result by these workers which we shall discuss here.

Lamb and his co-workers actually obtained the separation,
2°P3s — 2°P 4, in deuterium by combining the results of two inde-
pendent measurements. These were (1) the 2Py, — 228 y and (2)
the separation §p = 228 — 2*P,, the famous “Lamb shift.”” Here
we shall describe only the 22Pys — 2:S; measurement, referring the
reader to the literature for the Lamb shift which was accomplished
by similar methods.

Figure 6-3 is a cross section through the apparatus used by Lamb
and his associates. The deuterium molecules pass through a tungsten
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tube heated to about 2500° K by electrical conduction and are dis-
sociated into monatomic deuterium. After passing through a slit
they enter a box in an accurately controlled and measured magnetic
field whose intensity may be varied from nearly zero to 4000 gauss.
In this box the monatomic beam is bombarded with electrons of
energy 10.8 volts so that excitation of the deuterium to its meta-
stable 228 y state occurs.* Their lifetime is sufficient to permit a beam
of deuterium atoms to persist in this excited state over a distance of
7 or 8 cm or more. When the metastable atoms strike a metal target
their energy of excitation is expended to eject electrons from it and
these electrons are collected and measured with an “‘clectrometer
tube” (D. C. amplifier) as a means of detecting the metastable
beam. Between the exciting bombarder and the detector, however,
the beam of atoms is subjected to a radio-frequency electric field
and, if this frequency is exactly right, the metastable atoms undergo
transitions to the nonmetastable excited states 2P ; and 2Py,
from which they decay with great rapidityT to the 128 ; ground state.
In this state, no excitation energy being available, they are not de-
tected. A decrease in the response at the detector is therefore the
index of a resonance between the applied radio-frequency field and
an atomic transition.

The purpose of the magnetic field, as originally planned, was to
split the 228 ; and 22P ; states by the Zeeman effect in order to insure
longer life to the 228 state. This was beforc the existence of the
natural (Lamb-Retherford) splitting had been established or re-
alized. The magnetic field was also deemed useful to keep charged
particles away from the detector. The third, and actually most im-
portant, function of the magnetic field, however, turned out to he
that of tuning the critical frequencies of the metastable atoms
(through Zeeman effect) to the applied radio-frequency field, thus
permitting the use of a rigorously constant, rather than a variable,
applied radio-frequency which, for technical reasons, is preferable
in a high-precision measurement of this sort.

*Even at this low bombarding energy the transverse recoil of the atoms is
sufficient to introduce an angular spread in the beam of the order of three degrees.
Lamb has therefore questioned the propricty of describing it as a “beam” in
comparison with the beams of the better known technique developed by Rabi,
Millman, Kusch, and Zacharias.

1 The atoms are estimated to move only a few microns in this decay {ime.
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The measurements of Dayhoff, Triebwasser, and Lamb yielded
the value

AEp = 10971.59 + 0.10 Mc/sec (6-9)

for the fine structure separation in frequency units between the
22Py,, and 2°P; states of deuterium. This, however, cannot be
directly cquated to the familiar expression (a?/16)R .c, because
this expression is not sufficiently accurate. Three corrections are
required. In the first place R., the Rydberg constant for an in-
finitely heavy nucleus, must be replaced by the Rydberg constant
for deuterium. This introduces the factor M,/D, the ratio of the
mass of the deuteron to the mass of the neutral deuterium atom.
Secondly, higher order terms in the Dirac expression for the fine
structure splitting must be included; this adds a correction term
of relative amount (5/8)a*. These two corrections are both implicit
in the Dirac theory, and their inclusion here is required by the in-
creased accuracy of experimental techniques. The third correction
represents a modification of the Dirac theory and is the result of
the anomalous magnetic moment of the electron (22, 23). It is
properly identified with the Lamb-Retherford shifts in the energy of
the 2P y and 2°Py;, levels (24, 25). The correct theoretical oxpression
for the energy difference has been given by Lamb, accurate to terms
of order af mc®. This expression is

AEn = (1/16)a*Rpe [1 + (5/8)a? + :<1 — 5.946 g)] (6-10)

6.6 RATIO OF ELECTRON MAGNETIC MOMENT TO
PROTON MAGNETIC MOMENT

In Section 6.4 we described the measurement of the ratio of the
proton eyclotron frequency to the proton nuclear magnetic reso-
nance frequency. That measurement provided a value of the proton
magnetic moment expressed in terms of the nuclear magneton.
It is also possible to measure the magnetic moment in terms of the
Bohr magneton by comparing the proton nuclear resonance fre-
quency, w,, to the electron cyclotron frequency, w,. Such a measure-
ment has been made by Gardner and Purcell (26, 27) at Ilarvard
University. The magnetic field intensity, B, was such that o, was
in the microwave region. The field intensity itself was measured
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simultaneously in terms of the proton resonance frequency by the
nuclear resonance absorption method.

The cyclotron frequency, w., of a free electron in a magnetic
field, B, is given by

we. = eB/(mc) (e expressed in esu) (6-11)
The proton precession frequency, w,, is given by
w, = 7B = 2u,B/h (6-12)

where v, is the gyromagnetic ratio of the proton, whose absolute
determination was described in Section 6.3, and where p, is the
proton magnetic moment. The ratio w,/w, is therefore

wp/we = 2upme/(eh) = up/po (6-13)

This ratio is seen to be u,, the magnetic moment of the proton, ex-
pressed in Bohr magnetons, uo = ¢h/(2me), a fundamental constant.
If we combine the results of this experiment with a knowledge of
v5, equations (6-11) and (6-12) show that we can calculate e/(mc)
the charge-to-mass ratio of the electron (expressed in emu) from
the relation

e/(me) = wp/(weYp) (6-14)

Furthermore if we combine w./w, from the results of this experi-
ment with w./w, from the results of the Sommer, Thomas, and
Hipple experiment described in Section 6.4, we can obtain w./w.,
the ratio of the respective cyclotron frequencies of electron and
proton and this gives directly m,/m, the ratio of the mass of the
proton to the mass of the electron

we/we = (we/wp)/(we/wp) = my/m (6-15)

The experiment was performed by providing slits, 2 mm X 0.1
mm, on opposite sides of a rectangular shorted wave guide of 1 X
0.5 inch internal cross section and supplied with microwaves of
frequency 9400 Me sec™ in the TEy, mode so that a ribbon-shaped
beam of slow electrons drifting across the l-inch dimension of the
guide from one slit to the other crossed in a region of voltage maxi-
mum of the microwaves. The electrons were supplied by an oxide-
coated cathode in a copper cavity behind one of the slits and were
collected by an electrode in a second copper cavity behind the other
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slit. This equipment was placed in a magnetic field of 3300 gauss,
between the poles of an electromagnet with the direction of the
field parallel to the general direction of motion of the clectrons
from slit to slit across the wave guide. Closely adjacent to the wave
guide between the magnet poles was placed the proton resonance
head. This operated on a frequency of 14.24 Mc sec™ . This fre-
quency was multiplied 657 times for comparison with the electron
cyclotron frequency in the wave guide. The positions of proton
resonance head and wave guide between the magnet poles could be
interchanged so that by averaging the results before and after such
interchange the effect of any slight difference in magnetic field
intensity at these two elements could be compensated.

The electrons drift in helical paths from one slit to the other across
the wave guide executing the turns of their helices at the cyclotron
frequency, w. = eB/(me). If this frequency matches cxactly the
microwave frequency of the clectric vector in the wave guide the
electrons gain energy at each turn, and their helical trajcctories
will expand so that many of them will fail to pass through the second
slit. It was thus anticipated that resonance would be recognized
by a decrease in current to the collector. T'o make the resonance as
sharply defined as possible it is desirable {0 have very slow elec-
trons so that a maximum number of eyclotron eycles will be exccuted
during the transit time from slit to slit in the region of the radio-
frequency field.

The cathode was held more negative than the wave guide by a
voltage, V,, adjustable from 0 to 5 volts, and the collector was main-
tained approximately 20 volts positive rclative to the guide so as
to collect all the clectrons passing through the second slit. When
V. was approximately 5 volts the expected dip in anode current
(from approximately 0.4 microampere to 0.3 microampere) was
observed at resonance. However, it was found that peaks instead
of dips occurred at resonance, if V, was less than about 3 volts.
The peaks were considerably sharper than the dips, having a width
of order 0.5 gauss contrasted with 5 gauss for the dips. The anode
current under these circumstances was less than 0.0005 micro-
ampere when away from resonance. This unexpected behavior was
attributed to space-charge limitation of the electron current through
the guide save at resonance. The electrons having the slowest
transverse velocity across the guide would be the ones most re-
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sponsible for this space-charge limitation, and these are also the
ones which at resonance are acted upon for the longest time by the
microwaves. The resulting expansion of their orbits when resonance
obtains would reduce the space-charge density and thus permit an
increase in current across the guide on the part of other electrons
(presumably those directed most nearly parallel to the magnetic
field). Because of its superior sharpness, the peak attributed to the
suppression of space-charge limitation was the one exclusively used
for the measurements.

The authors reported a curious behavior of the position of this
resonance peak. It shifted position with increase of V, beyond 1
volt in a direction and to a degree depending on whether the small
magnetic field from the cathode heating current was in a direction
to oppose or to assist the main magnetic field. With the two fields
opposing, a shift in the position of the resonance peak of 1 part in
10,000 was observed when V, was increased from 1 to 1.2 volts.
With the two fields aiding, a shift of about 1 part in 50,000 was
observed in the opposite sense for the same range of values of
V., while above ¥, = 1.2 volts the peak shifted back to its original
position.

The authors attributed this behavior to a combination of two
effects. Quoting directly from Gardner’s paper (27), these causes
were: ‘‘the change from a Maxwellian velocity distribution to one
for which a finite minimum velocity exists with a resultant shift
of the region of the beam at which the most important contribu-
tion to the resonance takes place toward the cathode and hence
further into the magnetic field of the heater current; and the ac-
companying increase in space charge density of this region with a
resultant space charge shift in the resonance.”’” Such uncertainties
it seems might have been eliminated by heating the cathode in-
termittently and ‘“‘gating”’ the measurement of anode current for
the intervals when cathode heating current was zero.

The effect of the repulsive force on the spiraling electrons owing
to the space charge inside their orbits should impose a small shift
in the frequency at which cyclotron resonance occurs. There was
no experimental way of knowing the actual space-charge density
but under the assumption that equilibrium existed at the space-
charge potential minimum an estimate based on the Boltzmann
equation indicated that the shift in resonance from this effect
would be of the order of 1 in 106
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Magnetic contamination of the materials used in the magnetic
field was avoided with great care. After the measurements were
completed a hole was made in the wave guide to permit introducing
the proton resonance sample into the region in which the electron
cyclotron resonance had occurred. No effect was noticed even
though a shift of 1 part in 200,000 could have been observed.

Great importance was attached to symmetry of the resonance
peaks for both electron cyclotron and proton resonances on the
oscilloscope in locating the true resonance position. The uncer-
tainty in we/w, claimed by the authors as the average of nine meas-
urements is about 1.2 parts in 10° or about one-twelfth the width of
the cyclotron resonance peak they used.

The final value assigned was

wo/ty = we/w, = 657.475 & 0.008 (6-16)

without the diamagnetic correction to the field of the proton for
the electrons in the hydrogen molecule. If we calculate w./w. by
equation (6-15) using (6-16) and the results of Sommer, Thomas,
and Hipple (Section 6.4), we obtain for the ratio of the rest masses
of proton and electron

we/we = my/m = 1836.12 £ 0.03 (6-17)

A quantity which is closely related to the one measured by Gard-
ner and Pureell is the ratio, pe/u,’, of the electron magnetic moment
to the proton magnetic moment (recall that we are using w, for
the apparent moment before correction for the diamagnetic effect;
up is the corrected moment). This ratio was measured by ISoenig,
Prodell, and Kusch (28) at Columbia University with such high
accuracy (an crror of 4= 0.6 ppm) that it can be treated as a fixed
auxiliary constant among the input data of a least-squares analysis.
The well-known molecular beam method (29) for measuring nuclear
magnetic moments was used in this measurement. An atomic beam
passes successively through three magnetic fields; the first and last
(the “A” and “B” fields) are inhomogencous with gradients in
opposite dircctions, while the intermediate field is uniform. Be-
cause of the interaction of the atomic dipole moment and the in-
homogencous magnetic field, an atom will suffer a deflection in
passing through the “A” ficld. The “B” field then impresses on the
atom a deflection in the opposite direction. Whatever the magnetic
moment of the atom may he (as long as it is the same in both fields),
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the two deflections will compensate each other and the atom will
return to the instrument axis after passing through the two fields.
If, however, during the time of transit through the intermediate
“C” field, a transition is induced in the atom so that its magnetic
dipole moment is altered, such atoms will not receive the correct
compensating deflection in the “B”’ field and will fail to pass through
the exit slit of the instrument. A magnetic field of frequency 3655
Mec sec™ perpendicular to the direction of the static field was used
to induce the transitions between hyperfine structure levels in
hydrogen in 2S; state. The transition frequency of the line (I,
0 < 1, —1) was measured, and from this and measurements of the
proton nuclear magnetic resonance frequency in the same magnetic
field (see Section 6.3), g,/g; could be calculated; g, is the proton
g-value while g;, the g-value for the hydrogen atom in the S ; state,
is closely related to the electron spin g-value, g.. The experimental
result obtained by Koenig, Prodell, and Kusch was (before the cor-
rection for diamagnetism in the proton resonance oil sample),

9+/90 = [Mo/(Nmp')] (1 + a/2r — 2.973 o2/x2)
= 658.2288 + 0.0004

in which M, is the atomic weight of the proton, N is Avogadro’s
number, m the mass of the electron, u’ the magnetic moment of
the proton (uncorrected for diamagnetism) expressed in nuclear
magnetons, and the trinomial in the parenthesis is e/ po, the correc-
tion factor for the anomalous magnetic moment of the electron
(22, 23). This can be computed from the value o' = 137.037,
with ample accuracy* to place w./wo in the category of auxiliary
fixed constants. The result is

ue/wo = (1 + a/2r — 2.973a2/x%) = 1.00114536  (6-19)

which gives us
po/uy = M,/(Nmu') = 657.4758 & 0.0004 (6-20)

Beringer and Heald (30) have measured the ratio of proton mo-
ment to electron moment using a microwave absorption technique.

(6-18)

* This value of « is practically beyond question. Qur least-squares analysis
yields &' = 127.0373 =+ 0.0006. A change of 0.01 in &~ produces a change of less
than 10~7 in u./uo.
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Since this method is basically distinct from the molecular beam
method used by Koenig, Prodell, and Kusch, a comparison of the
two results is useful. Hydrogen atoms are contained in a resonant
cavity placed in a uniform magnetic field. This field produces a
Zeeman splitting of the atomic energy levels, and the strength of
this field is varied until the Zeeman splitting corresponds to the
resonant frequency of the cavity. The absorption of energy by the
atoms at this resonance reduces the energy transmitted through the
cavity from a klystron oscillator to a detector. The magnetic field
in the experiment is measured by a proton resonance probe. Thus
the magnetic moment of the proton and the electron are directly
compared. The result uncorrected for diamagnetism in a spherical
sample of mineral oil is

pe/up’ = 658.2298 £ 0.0003 (6-21)

where the quoted error is a statistical standard deviation of the
mean of 34 observations after 10 discordant data were rejected.
This result is 1.5 ppm larger than Koenig, Prodell, and Iusch’s
measurement (6-18) and is twice as large as the standard error of
that difference computed from the quoted errors.

In obtaining the result of equations (6-20) to compare with the
measurement of Gardner and Purcell we made use of the theoretical
value of the anomalous moment of the clectron (equation (6-19)).
We can also reverse the procedure and calculate the anomalous
electron moment by combining Gardner and Purcell’s results with
the measurements of Koenig, Prodell, and Kusch or Beringer and
Heald. In either case we obtain the result

pe/mo = 1.001147 =+ 0.000008 (6-22)

where the error is entirely due to the Gardner and Purcell value and
masks the difference between the two values of we/n,’. The agree-
ment between this value of u./ko and the theoretical value 1.00114536
is excellent and serves as a verification of the validity of quantum
electrodynamics. If the Gardner and Purcell experiment could he
improved to an accuracy cqual to that of KPK or BII a much sharper
check on theory would be possible. Further work on this important
experiment, in an effort to improve its accuracy and eliminate un-
certainties of interpretation, is under way at Ilarvard University.
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6.7 THE HYPERFINE STRUCTURE SHIFT IN HYDROGEN

One of the most accurately measured quantities in the field of
atomic and nuclear physics is the hyperfine structure shift in the
ground state of hydrogen. This quantity, Avg, would furnish an
important observational equation connecting the quantities «, ¢,
R ., and p./p,, the ratio of the magnetic moments of proton and
electron, were it not for the uncertainty regarding the correction
terms which represent the effects of the finite extension of the pro-
ton’s magnetic dipole. The theoretical relationship of this measure-
ment to the atomic constants was originally given by Fermi (31).
It is

AV}I
= (16a2/3)cR o (up/1e) (e/10)*(1 4+ m/my)—3(1 + $a2) &R

In this formula p, is the magnetic moment of the proton and .
that of the electron; w./wo is the magnetic moment of the electron
(32) expressed in terms of the Bohr magneton, o = eh/(4rmc).
The factor (1 + m/m,)~* is the reduced mass correction term (33)
and (1 4 3% is Breit’s additional relativistic correction (34).
The importance of the factors & and & was first pointed out by
Bethe and Longmire (35). They are introduced to correct for the
finite extension of the electron and proton magnetic dipoles, re-
spectively. The final factor R is a proton recoil term and is simply
an additional higher order relativistic reduced mass correction.

The shift Ave was measured by the atomic beam magnetic reso-
nance method with a precision of 6 ppm by Nafe and Nelson (36,
37) and with a standard deviation of only 0.2 ppm by the same
method by Prodell and Kusch (38). More recently Wittke and
Dicke (39) measured the zero field hyperfine splitting in hydrogen
by means of a microwave absorption technique with a standard
error which may be less than 0.1 ppm. These measurements are
absolute in the sense that a microwave frequency which can be
directly compared to a fundamental time standard is resonated
with the frequency difference between atomic energy levels. The
value of Avg measured by Prodell and Kusch is

Avg = 1420,405.08 = 0.13 ke/sec (6-24)

(6-23)

if the standard error quoted is based entirely on the statistical
distribution of the individual observations. It is therefore a measure



POSTWAR IIIGH-PRECISION MEASUREMENTS 205

of precision and reproducibility rather than accuracy. To include a
provision for residual systematic experimental error, the quoted
error has been raised by Prodell and Kusch to + 0.3 ke/sec.

Kusch has recently discovered a systematic error in this value
which comes from the differences in phase of the radio-frequency
current in the loop which furnishes the magnetic field to excite the
transition. This difference in phase produces an apparent shift in
the frequency of the magnetic field in the frame of the moving atom.
The experiment has been repeated under improved conditions from
this point of view and the revised value is

Avg = 1420,405.73 = 0.05 ke/sce (6-24a)

Wittke and Dicke, in order to reduce the width of the resonance in
their microwave absorption technique, added molecular hydrogen,
at a few tenths of a millimeter pressure, to the atomic hydrogen
whose partial pressure was 5 X 10~ mm. The reduction in width
was obtained through the mechanism of collision reduction of the
Doppler effect discovered by Dicke (39a).

The resonant frequency appeared to be shifted slightly with a
change in the total pressure of the gas. If the observed data are
extrapolated to zero pressure the resultant value is

Avy = 1420,405.80 =+ 0.08 ke/sce (6-25)

However, with observations made at only three pressures there are
hardly enough data for an accurate determination of the pressure
dependence, and the observed correlation in fact fails to pass the
standard test for statistical significance. If the data are then ana-
lyzed on the assumption that no pressure dependence exists the
result is

Avi = 1420,405.72 = 0.05 ke/sce (6-250)

The standard errors quoted here include no allowance for syste-
matic error but are based entirely on statistical precision. One such
systematic error is the astronomical time correction to the nominal
WWYV frequencies; however, this is not expected to produce a
change of more than =+ 0.02 kc¢/sec.

Prodell and IKusch’s revised value (6-24a) is in excellent agree-
ment with the microwave absorption results, whether the pressure
dependence is assumed or not.

In order to use these results to their fullest advantage in an eval-
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uation of the atomic constants it is necessary to have a theoretical
formula which has at least the same degree of accuracy as the ex-
perimental measurements. In this case it means that the theoretical
expressions must be accurate to the order of 1 part in 107. The
anomalous magnetic moment of the electron is known only to
second order in the fine structure constant; the unknown third-
order terms could easily contribute a few tenths of a part per million.
The factor & = 1 — (3 — In2)a? + ... has been calculated by
Karplus and Klein (40) and by Kroll and Pollock (41) and repre-
sents a correction of —95.6 ppm to the Fermi formula. The factor
R is given by (42, 43)

am

Ro=1-

Tt

—_— 2 A
-[3111717—”—(“ 1){31n?7—21’+%—91ng-k0}:|
m 2 m my

where u is the proton magnetic moment in nuclear magnetons and
ko is a cut-off constant inserted into the theory to prevent a loga-
rithmic singularity. The cut-off constant ko, has the dimensions of a
mass and is presumably somewhere between the meson mass and
the proton mass. There is an almost complete cancellation of terms
which is probably fortuitous and the entire correction lies between
—4.0 ppm if we use the proton mass and +2.2 ppm if we use the
pi-meson mass. The magnitude of & is much less certain. Estimates
of the size of the proton from other information would lead one to
expect that € —1 should be of the order of —2 X 10-%, but it
could conceivably turn out to be much smaller. By comparing the
measurements of Prodell and Kusch or Wittke and Dicke with the
value calculated from the least-squares adjusted constants an esti-
mate of & —1 may be found (44, 45). This comparison indicates
that the correction for the finite spatial extension of the proton
dipole is actually of the order of only a few parts per million, al-
though the accuracy of these estimates is poor.

Thus, although the latest results of Prodell and Kusch and those
of Wittke and Dicke may be said to be in excellent agreement on
the basis of statistical accuracy, both these measurements have far
outstripped the ability of the theory of the magnetic moment of
the proton to utilize them.

(6-26)
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6.8 PRECISION DETERMINATIONS OF THE QUANTUM
LIMIT OF THE CONTINUOUS X-RAY SPECTRUM

In Sections 5.11 and 5.12 we have described the experiments
which, in conjunction with a knowledge of other constants, can be
made to yleld information on Planck’s constant, h. Of these, as we
have seen, the one which has given the most accurate results to
date is the measurement of the short wavelength limit (SWI.) of
the continuous x-ray spectrum which yields the voltage-wavelength
conversion constant Vi\, = hc?/(eA). The elementary theory of
this experiment has been explained in Section 5.11 and in order
to discuss the results of the most recent high-precision measurements
of this type, we shall confine our attention in this section to certain
more advanced considerations required when systematic errors in
the measured quantity VA, of the order of a part in 104 become
important. It was explained in Section 5.11 that the finite resolv-
ing power of the x-ray monochromator used in this experiment in-
troduces a fillet at the SWL which obscures its true position and
necessitates adopting some procedure to circumvent this difficulty
(see Figure 5-11). The method of taking the “point of maximum
bending” of the isochromat curve in the region of the fillet as a
criterion of the SWL position, the method which has been generally
used in precision measurements of this kind since 1937, was as-
serted to be wvalid provided the true spectral profile at the limit
could be assumed to consist of a sharp second-order discontinuity -
an abrupt change from zero intensity to a linearly rising profile
of intensity. (The reason for this assumption will be explained
presently.) When we become interested in a more finely detailed
description (when accuracy of the order of 1 volt is important in the
location of the true quantum limit), it appears, from the most
recent data, that we cannot ignore the possibility that a small
first-order, as well as a second-order, discontinuity may be present
at the quantum limit. The evidence for this is indirect and appears
as a systematic trend in the measured values of V4, depending
on the voltage at which the measurements are performed. A few
words of explanation to clarify ideas regarding the continuous x-ray
spectrum from thick targets will first be in order.

The quantum theory of the bremsstrahlung (46) predicts, and
experiment has confirmed, that the profile of the “thin-target’”’
continuous x-ray spectrum, the intensity per unit frequency in-
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terval, is practically a flat plateau if the target is so thin that phe
relative energy loss sustained on the average by electr_ons t:,raversmg
it is negligible. Such a thin-target profile is shown. n Fl‘gure 6-4.
At the low-frequency end there is an unimportant rise wh'1(:IT would
be logarithmically divergent with vanishing frequency if it were
not for the screening effect on the nuclear Coulomb field produced
by the presence of the atomic electrons. This need not concern us.
At the voltages used in these experiments the nearly flat plateau
of the thin-target spectrum extends to a first-order discontinuity at
vm, the quantum limit, where it falls off abruptly to zecro.

(%] 5N

\
N
N,

N,
V 3\ V>
et 1
=0 o J-0 v
THIN TARGET SPECTRUM THICK TARGET SPECTRUM

Figure 6-4. To illustrate certain elementary notions concerning thin- and thick-
target continuous x-ray speetra.

Thick-target spectra, on the other hand, as Wagner and Kulen-
kampff were the first to show (47a, b) yield a continuous speetrum
(see Figure 6-4) whose profile, save for minute details close to the
quantum limit, is essentially a straight line of negative slope ending
at the limit in what has till recently been inferred to be probably a
second-order discontinuity. The precise behavior very close to the
quantum limit, as we have already stated, is obscured by limited
instrumental resolving power so that the possibility of a small abrupt
precipice at the limit cannot be ruled out.

The explanation usually given for the thick target profile is that
it may be conceived as consisting of a superposition of infinitely
many plateau-like thin-target profiles in the way indicated in Figure

&

6-4. As the impinging electrons penetrate into the thick target they
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are decelerated by a multitude of small energy losses communicated
to the atomic electrons of the target material. This process is to be
distinguished from the interactions with the strong fields in the
neighborhood of nuclei which result in bremsstrahlung. At the
voltages used in A /e experiments the deceleration by losses to target
electrons accounts for more than 99 per cent of the energy input
(released as heat in the target) and less than 1 per cent results in
bremsstrahlung. The paths of the bombarding electrons in the
target are not rectilinear but are to be described more nearly by a
diffusion process. If, however, we may assume that the mean clec-
tron energy decreases monotonically with increasing length of path
traversed, each successive element of path length will produce a
thin-target spectrum of x-rays whose quantum limit is at lower
energy than that of the preceding element. This had been supposed
to account then for the sloping profile of the thick-target spectrum
near the quantum limit, and no doubt it does so if we do not place
ourselves on too high a level of energy resolution. It errs in the as-
sumption that the energy losses sustained by the individual bom-
barding electrons can be regarded as a unique continuous function
of the path length. Actually not only are the energy losses discrete
but also they must be defined in terms of probability distributions
rather than unique values. The resultant fluctuations in the energy
loss as a function of path length may be expected to be most notice-
able in the description of the first collision (i.c., at the quantum
limit), since there the homogenecity of the bombarding clectrons
has not yet been disturbed by the straggling in energy.

Details of spectral profile within a few volts of the quantum limit
must undoubtedly be closely connected with the banded character
of the filled and empty energy levels of the structure clectrons in
the material of the x-ray target. It is probable that the banded
structure actually enters in two ways: (1) by directly influencing
the probability of radiative transition of the bombarding eclectron
to different final energy states in the target structure and (2) by
imposing a banded structure on the energy losses to structure elec-
trons sustained by the bombarding electrons before they undergo
the radiative interaction resulting in bremsstrahlung. This has been
discussed theoretically by Nijboer (48) in an cffort to account for
certain irregularitics of the spectral profile which were first observed
by Ohlin (reference 64, Chapter 5). The Ohlin irregularitics or
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“valleys” in the profile of the continuous spectrum near its limit
differ in shape with different target materials, and they have been
observed at distances from the SWL varying from a few volts to a

Figure 6-5. The upper diagram shows the postulated precipice in the profile of
the continuous x-ray spectrum at its quantum limit. This feature has not been
directly observed, presumably for lack of sufficient spectral resolution. It is
postulated as an explanation of the systematic deviation of the position of the
“point of maximum bending” for experiments performed at different voltages.
The distance, #, from the quantum limit discontinuity to the intercept of the
extrapolated tangent is herein referred to as the “overshoot.” The band-pass
characteristic of the x-ray spectrometer or monochromator is here assumed to be
a “witch” (or Cauchy distribution) and this latter, folded into the postulated
profile of the upper diagram, yields an isochromat, ¥ (2), whose second derivative,
F"(2), is shown in the lower diagram. The two contributions, sg(z) and hg'(2),
to this second derivative curve are also shown. The contribution, sg(z), is gencrated
as the result of the second-order discontinuity, of slope, s = tan 8. The contribu-
tion hg’(2) is generated as the result of the first-order discontinuity of height, h.
The shift, Az, in the maximum of the second derivative curve by reason of the
presence of the contribution, h¢’(2), is clearly evident.
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few tens of volts. Their location relative to the limit has been ob-
served to depend on the applied voltage (reference 58, Chapter 5).
Unfortunately no solid-state theory covering the mechanism of gen-
eration of continuous x-rays in thick targets has been developed to
predict in detail the shape either of the Ohlin irregularities or of the
profile still closer to the quantum limit of the spectrum. In order to
explain the afore-mentioned systematic downward trend in the ap-
parent measured value of VA, = hc?/(eA) with decreasing voltage
when V, is established by the criterion of maximum bending of the
isochromat, we shall postulate the existence of a precipice (or some-
thing closely approximating this) situated at the SWL in the manner
shown in Figure 6-5. This postulated precipice has not been ex-
perimentally observed. The “overshoot,” i.e., the distance from
the precipice to the point on the axis of abscissas where the sloping
part of the profile, if projected, would intercept that axis, must there-
fore be assumed to be sufficiently small in comparison to the in-
strumental resolving power as to render this entire feature un-
observable. It is here proposed merely as a plausible ad hoc ex-
planation, the simplest one we have been able to construct, of the
systematic trends which we shall now describe.

Table 6-2 lists in column 4 the results of a series of measurements
(references 58, 65, and 66, Chapter 5) of V4 A, = he?/(eA), listed in
the order of increasing voltage at which cach measurement was
made. In each case the point of maximum bending of the isochromat
was taken as the quantum limit position. These results exhibit a
fairly definite systematic variation from the constancy to be ex-
pected, the higher voltage experiments tending to exhibit the larger
absolute “discrepancies’” in volts. “Discrepancy’ here is understood
to mean the difference between cach of the above measured values
and a fixed reference value,

het/(eA) = 12372.2 kv x-units (6-27)

which is the least-squares adjusted value of this constant published
in 1953 (49). Column 6 of Table 6-2 shows the ‘“discrepancy” ex-
pressed in volts, that is to say, the amount by which the observed
point of maximum bending of the isochromat in each experiment
must be displaced to agree with the predicted position assuming
the constant value of equation (6-27). In Figure 6-6 we show these
“discrepancies” in volts plotted as a function of the voltage at
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which they were obtained, and in Figure 6-7 they are plotted as a
function of the width in volts of the spectral pass band of the
monochromator used. (Although the same pair of calcite crystals
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Tigure 6-6. The “discrepancies” given in column 6 of Table 6-2 expressed in
volts are here plotted as a function of the voltage at which cach experiment was
performed. By “discrepancy’ is meant the amount by which the observed point,
of maximum bending of the isochromat in cach experiment must be displaced to
agree with the predieted position of the SWL assuming a constant value of
he?/(eA) = 12372.2 kv x-units in accord with the D C 53 least-squares adjustment.
When a point is shown with an encircled number this indicates the number of
identical results which fell there, and the error range graphically indicated at
such a point is the standard crror of the weighted mean of the several observa-
tions. The “least-squares adjusted straight line’” has been caleulated after assigning
weights to the ordinates inversely proportional to the squares of their standard
deviations. The point marked “least-squares intercept’” is not one of the experi-
mental observations.
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was used for the two-crystal monochromator in all the experiments
by Bearden and his co-workers, it should be recalled that the width
of the monochromator pass band expressed in volts diminishes with
decrease in the voltage at which the experiment is performed.)
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Figure 6-7. The “discrepancies” given in column 6 of Table 6-2 expressed in
volts are here plotted as a function of the width in volts of the spectral pass band
of the crystal monochromator used. With the same crystal monochromator the
width of the pass band expressed in volts diminishes with decrease in the voltage

at which the experiment is performed. The same explanatory remarks apply as in
Figure 6-6.

Figure 6-8 shows one of the isochromats obtained in the FHD
experiment (reference 66, Chapter 5) performed at the highest
voltage listed in Table 6-2. The point marked 4 is the point of maxi-
mum bending of the isochromat. The point B, however, is the re-
quired position of the quantum limit for consistency with the bulk
of the data on the atomic constants (adjusted value of 1953) given
in equation (6-27). Figure 6-9 shows how the point of maximum
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bending (A in Figure 6-8) was determined; by plotting the third
derivative of the isochromat and locating its zero point. The third
derivative was obtained by a numerical interpolation method using
for each value of F’” an array of points at equidistant abscissa
spacings on the smoothed curve of Figure 6-8. The point at which
F’" was to be evaluated was always at the center of this array.
The method yields the third derivative of a high-order polynomial

| 450
w
S 400
z
= 350
o
w
o 300
w
£ 250- POT. VOLTS A
3 0.069483 I
O 200 ELECTRON ENERGY
24503.2% 11 I
150 ABS. VOLTS ELECTRON ENERGY\
> > > > > >
o
100l © 2 o & a <
T3 -
50| § M M ] N M
pe P Iy | I (]
660 684 686 688 1 692 694 696 698 | 702 704 706 708 |
0.068000 0.069000 0.070000 0.071000

POTENTIOMETER VOLTS —=

Tigure 6-8. One of the isochromats obtained in the experiment (FHD) per-
formed at the highest voltage listed in Table 6-2. The point, A, was adopted as
the quantum limit on the eriterion of maximum bending of the isochromat. The
point B, however, is the quantum limit position for consistency with the bulk of
the data on the atomic constants (D C 53). The method of assigning the un-
certainty to the position, A, is explained in the caption io Figure 6-9.

fitted to the points, but is of course no more precise than the smooth-
ing of the curve is reliable. The assigned uncertainty (indicated by
the arrows in Figures 6-8 and 6-9) was therefore based on variations
in the location of the point F'”/ = 0 when the curve was smoothed
in different trials and by different people.

Let F(z) be the observed intensity curve or isochromat. Here 2
stands for a variable, linear with the voltage, V., if the curve is an
isochromat. Let f(2) be the curve expressing the ideal shape of the
continuous x-ray spectrum or isochromat for the case of indefi-
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Figure 6-9. Showing how the point of maximum bending (4 in Figure 6-8) was
determined: by plotting the third derivative of the isochromat and locating its
zero point. The major uncertainty comes from the way in which the isochromat
is smoothed through the observed points. The assigned uncertainty, indicated by
the arrows both here and in Figure 6-8, was estimated from variations in the
location of the point, F'"/ = 0, when the isochromat curve of Figurc 6-8 was
smoothed in different trials and by different people. The “difference curve” gives
the difference in the continuous spectrum intensities observed through “balanced”
silver and palladium filters (Ross balanced filter technique). The “Ag curve” is
the intensity with the silver filter alone.

nitely high resolving power. It has been shown (reference 57,
Chapter 5) that the fold,

Fo = [ @t -0 de (6-28)

expresses the relationship between F, f, and g(x), the monochromator
band-pass characteristic. In (6-28) we choosc 2z 0 to be the
quantum limit of the ideal spectrum so that f(z) = 0 for z < 0;
hence the upper limit of the integral can be set at © = 2 since the

Il
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ideal spectrum vanishes beyond that point. If we differentiate
(6-28) twice and assume that the ideal spectrum can be approxi-
mated by a series of straight-line segments with abrupt breaks in
slope between them, i.e., if we let

fllz) =a; 21 <z <24 ¢2=1,2--- (6-29)

we obtain
F'(z) = ¢(2)f (0) + 21 0z — 2) (@i — @) (6-30)

This means that the second derivative, F'”(z), of the observed
intensity curve will consist of a series of images of the monochroma-
tor band-pass curve, each centered at one of the breaks in slope of
the ideal spectrum and each proportional in height to the magnitude,
(@iy1 — @), of the break with which it is associated. The leading
term g¢(2)f’(0) is consistent with this rule since in deriving (6-30)
the slope of f(2) is assumed to change abruptly from zero to f’(0)
at z = 0. This second-order discontinuity in the true spectrum will
therefore generate, at the same abscissa point in the second deriva-
tive of the isochromat, a replica of the g-curve of the monochroma-
tor.

It should be clear then that the point of maximum bending will
fail to give the correct threshold position if there are adjacent strong
breaks in slope in the true spectrum which lie too close to the
threshold break. This is because the corresponding images of the
monochromator band-pass curve will then lie so closely adjacent
as to be incompletely resolved. Such blending of adjacent g-curves
with the one at the quantum limit may produce a shifting of the
peak of the blend and may thus introduce an error. It can be shown,
however, that the Ohlin structure, clearly visible in Figure 6-8
as the sinuosity near the upper part of the isochromat, can, on no
rcasonable assumptions regarding its true shape, have any such
shifting effect as would be required to explain the difference in
positions A and B.

The systematic trend indicated by the shifts of Table 6-2 and
Figures 6-6 and 6-7 might be explicable, however, if, as already
suggested, the ideal structure of the quantum limit consists of a
superposition of a first- and a second-order discontinuity as shown
in the upper diagram of Figure 6-5. Referring to the lower part of



218 THE FUNDAMENTAL CONSTANTS OF PHYSICS

that figure, if h is the height of the precipice, if s = tan 6 is the slope
above it, and if z, = h/s is what we have called the “overshoot,”
it is easy to show that

F'(z) = sg(2) + hg'(2) = slg(z) + 249’ (2)] (6-31)

Clearly, whereas the second-order discontinuity generates a
g-curve, the first-order discontinuity generates a curve which is
the first derivative of the g-curve. (This follows because the first-
order discontinuity or step function, considered by itself, is the
limiting case of two equal breaks in slope of opposite sign which
have approached indefinitely close to each other and have become
indefinitely large.) The superposition of these two curves, the primi-
tive g-curve and its first derivative, may indeed result in a peak in
the F”(z) which is considerably shifted from the true quantum
limit in just the direction which the observations show. Such a
superposition resulting in the shift, Az, is illustrated in the lower
curves of Figure 6-5.

The quantitative plausibility of this hypothesis has been tested
on the assumption that the g-curve of the monochromator is a
“witch” (Cauchy distribution),

g(@) = A1l + 2*/a?)™ (6-32)

where a is the half-width at half maximum height. This is the
simplest curve which approximates roughly the pass band of the
monochromator. In particular it has the same inverse square be-
havior at large distances which is expected (on the dynamical theory
of x-ray reflection in perfect crystals) in the pass-band characteristic
of a two-crystal x-ray monochromator used in the “antiparallel”
position. It turns out (50) that if we assume the postulated over-
shoot, 2, expressed in volts to be independent of the voltage at
which the experiment is performed, then to explain the large shift
(of order 4 or 5 volts) observed at 24,500 volts we must assume
2, S0 large that a vestige of the precipice would almost certainly
start to manifest itself in the isochromats taken at the lowest
voltages. At these lowest voltages the monochromator pass-band
widths are narrow enough so that one should see a rounded hump
(convex upward) on the isochromat corresponding to the brink of
the precipice in the true spectrum. Nothing like this, however, has
been reported.

If then we are to explain the observed systematic trend of the
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results by the postulated precipice, it is necessary to assume that
the overshoot, z;, expressed in volts decreases with decreasing voltage.
This is, however, not at all implausible, since another feature, the
position of the Ohlin irregularities, is known to be voltage-de-
pendent; its distance expressed in volts from the quantum limit
decreases with decreasing voltage. The available data of Table
6-2 and Figures 6-6 and 6-7 are insufficiently precise to yield in-
formation on the overshoot, Az, as a function of voltage, which

Table 6-3. Nine X-ray Short Wavelength Limit Determinations Made be-
tween 6112 and 10168 Volts

Experi- Nominal he?/(eA) No. of
menters Voltage (kv x-units) Observations
BJW 6112 12370 .8 1
BS 8050 12371 .9 1
BS 8050 12371 .0 3
BS 8050 12370 .1 1
BS 9860 12370 .1 2
BJW 10168 12371 .2 1

Weighted mean valuet  12370.8 == 0.2 (Std. deviation by
cxternal consistency)
D C 53 Adjusted value 12372.2 + 0.4 kv x-units

¢ The weight assigned to each datum is taken as cqual to the number of obser-
vations. The standard deviation of the weighted mean reflects only the experi-
mental “spread” of the nine determinations and makes no allowance for the possi-
ble interpretational error of using the point of maximum bending of the iso-
chromat as the criterion for the threshold position. This latter error in hc?/(eA)
could well be as large as 1.4 kv x-units or 110 ppm.

can be safely used to correct the experimental data. A more complete
analysis of the theory of the continuous x-ray spectrum from thick
targets is much needed.

Unfortunately there is little hope of improving the spectral
resolving power in this experiment greatly beyond what has been
attained in the experiments listed in Table 6-2, since they are al-
ready close to the theoretically attainable limit with perfect crys-
tals according to the ‘“dynamical theory’” of selective x-ray re-
flection.

The conclusions to be drawn seem to be:

1). The most important residual source of systematic error in the
short wavelength limit experiment comes from uncertainties, be-
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cause of limited resolving power, as to how the true limit position
should be estimated from the isochromat profile.

2). The x-ray isochromats obtained at the lowest voltages seem
more likely to yield the most reliable results.

Table 6-2 shows that the nine determinations which were made
at the lowest voltages (between 6000 volts and 11,000 volts) form
a cluster which is rather widely separated from the results obtained
at the two higher voltages. Also the results of these measurements
are rather consistent as regards the numerical values of hc2/(eA).
In view of our ignorance of how best to correct for the above-
described systematic trend we shall adopt the weighted mean of
this group of nine results made at the lowest voltages. Table 6-3
presents these data.
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CHAPTER 7

The Method of Least Squares

7.1 THE BASIC THEORY OF LEAST-SQUARES
ADJUSTMENT

If we examine all the different experiments described in the pre-
ceding chapter we find that they measure various combinations of
the atomic constants. All these quantities can, however, be ex-
pressed in terms of A, ¢, m, N, a, ¢, and a few other auxiliary quan-~
tities whose numerical values are accurately known. Some of the
combinations of quantities, such as the Rydberg constant which
is a function of A, ¢, m, and ¢, are much more accurately measured
than any of their component factors. It is therefore convenient to
consider the Rydberg constant as an exact numerical quantity
and to use it to express the electron mass as a known function of the
other variables. In addition, to the accuracy required in the dis-
cussion to follow, it is convenient to treat the velocity of light, ¢,
as an exactly known quantity. Furthermore, because of the fact
that the fine structure constant, e, is more accurately determined
by direct observation of fine structure in hydrogen than it can be
computed by combining, say measurements of ¢, h/e, and ¢, it is
also convenient to use « as a variable in place of h. Thus we shall
choose to express all the experimental results in terms of the quan-
tities «, ¢, N, and A, which we may call the primary unknowns of
our analysis. The result of any experiment can then be described as
measuring (except for quantities which can he considered as ac-
curately calculable correction factors) some product of powers of
the primary variables of the form:

whnehNb - = A (1 — 1), =1,2,3 ---,n  (7-1)

where A, is the numeric which results from the measurement, and

a, e, N, etc., are the primary variables. If we were to put true values

of these variables (which we do not know) into the left-hand side
222
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of equation (7-1) we would in general not obtain the number 4,,
since it is the result of measurement and therefore subject to error.
We must include the factor 1 — r, in order that equation (7-1) shall
be a valid equation. The quantity r, is the relative fractional error
in the measured numeric, 4,. Since we do not know the true values
of the primary variables, we cannot compute r, from equation (7-1).
We know only an estimate of some of the parameters of its prob-
ability distribution. The most probable value of the error is zero,
since the numeric quoted as the result of an experiment is, to the
best of our knowledge, the number which is most likely to be the
correct value of the quantity being measured. Furthermore, we have
an estimate of o, the root-mean-square deviation of the relative
error, and we shall restrict ourselves momentarily to a Gaussian
distribution for the errors such that the probability of the error r,
lying between the values r and r + dr is

Pir <r, <r-4dr)= ——1—7— exp (—r¥/2q,2) dr (7-2)
() o
The Gaussian distribution is not uniquely implied by the two para-
meters, 4, and o, and the least-squares procedure can, as we shall
show, be justified without recourse to any presumed probability
distribution of errors. However, the introduction of such a distri-
bution is convenient and makes possible a more direct development.
When we omit the factors 1 — r, from equation (7-1) the system
is, in general, overdetermined; we have n equations and only ¢
variables (g < n), so that a solution is impossible (except for the
very improbable situation in which all the experimental data are
exactly compatible). When we introduce the quantities r,, we in-
crease the number of unknowns to ¢ + n, there being one residual
for each observational equation, and we are able to satisfy the
equations in infinitely many ways. It is now necessary to find some
additional conditions which will allow us to choose that one solu-
tion, from the infinitely many which are available to us, which repre-
sents the “best’’ choice. This “best” choice can be based on the
Axiom of Maximum Likelihood:
“Of all the possible choices for the set of residuals (r,), the best
choice is that whose probability of occurrence is maximum.”
The probability of obtaining simultaneously the set of values,
1, Tay T3, <+ * , s is the product of the probabilities of obtaining each
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value separately, provided these errors are all independent. (The
importance of this proviso will soon become evident.) Therefore

P(ry, ray 75 - -+ 2) = [@m)"a’or’os® - -+ 0?7}

7‘12 7‘22 7‘!1,2 1
1

.- ex . 3 _._.._|___+ cee — .
p{ 2(012 o2 o/

This probability will be a maximum when the sum in the exponent
is a minimum. This then is the ‘“least-squares”’ condition: The n
equations (7-1) are solved for the residuals r, written as functions
of the unknown variables «, ¢, N - - - and we seek that set of values
for the variables which minimizes the sum of the squares of the
quotient of each residual divided by its standard deviation.

The specific analytic procedure implied by the condition of
Maximum Likelihood depends on the form of the error distribution
assumed and no general procedure can be formulated. However, it
has been shown (1-7) that, independent of any assumptions about
the exact distribution of the errors of the A, save that the o, exist
(i.e., are finite) in each case, this least-squares condition is equiva-
lent to the condition that the resultant solution shall be that set
which has minimum root-mean-square deviations. This generalized
theory is here briefly developed in Section 7.3.

For convenience in effecting the least-squares adjustment, the
system of equations (7-1) is “linearized.” We adopt origin values
ao, €, No, ete., which have been chosen sufficiently close to our ex-
pected solution that any set of values &, e, N, in which we are likely
to be interested will differ from these individual origin values
only by small relative amounts: that is, aq, ¢o, Ny, - - - are so chosen
that 2, = (a — ag)/ao, . = (¢ — eq)/eo, ty = (N — No/Ngy -
are always small, and we then express the experimental measure-
ments in terms of these dimensionless variables z,, Loy TN, -0 .
To each type of experimental determination of a function of the
type (7-1) there corresponds a hyperplane

(7-3)

U2 + Jute + Ky + -+ =a, — 1, (7-4)

which is tangent to the curved surface (7-1). The constant Ay 18
given by a, = (A, — A4,,)/A,, in which 4,, is the value of the
function when the origin values aq, €5, Ny, --- are inserted. The
orientation of this plane in the hyperspace depends on the ex-
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ponents ¢, ju, ku --- of (7-1), i.e., the coefficients ¢,, ju, ku, -+ of
(7-4), while the origin distance of the plane depends on a,. The en-
tire status of our knowledge regarding the “‘best’”” values of «, ¢, N,
ete., to fit the data is contained in the way these various planes
intersect each other to define some compromise point, taking into
consideration the relative reliability of the positioning of each
plane, i.e., the magnitude of the standard error, ,. The function
Q = Y (r./s,%) which is to be minimized is therefore an expression
of the second degree in the variables, z,, ., a~, etc., and the mini-
mum condition is obtained by equating to zero cach of the partial
derivatives of @ taken with respect to each variable in turn. It is
easy to show that this process is equivalent to the following simple
recipe for forming the so-called normal equations: Write down the
system of equations (7-4) omitting the residue r, in each case.
Assign to each equation a weight

Pp = C/"Mg (7-5)

where the constant C' may have any convenient numerical value.
To obtain the normal equation associated with a given variable
(i.e., the one which expresses the condition that the partial deriva-
tive of @ with respect to that variable shall vanish), multiply each
of the linearized observational equations (with 7, omitted!) by the
coefficient of the variable in question in that equation and by the
weight assigned to that equation. These individual expressions are
then added together to give a single “normal” equation. Repeat
for each variable, and in this way construct a set of ¢ simultancous
equations for the ¢ unknown quantitics z,, ., 2y, ctc.

The solution is completed by inserting the values obtained for
the 2’s into the original set of observational cquations (7-4) and
finding the associated residuals; the values of the residuals com-
puted using the solution of the normal equations we shall denote
as B, (a number), to he distinguished from 7, which is a function

of the variables z,, 2,, - -+ . The minimum value of the quadratic
expression, @, is usually denoted by the symbol x?
X2 = 2 (R0 (7-6)

An important measurc of the consistency of the entire sct of
equations is given by x? divided by the difference between the
number of the equations, n, and the number of the unknowns, ¢.



226 THE FUNDAMENTAL CONSTANTS OF PHYSICS

The expectation value of x*/(n — ¢) is unity; the square root of
this quantity is the generalization to multidimensional space of
R. T. Birge’s (8) ratio of the measures of external and internal con-
sistency. The difference, n — ¢, is known as the “number of de-
grees of freedom” of the system.

A word of caution about the actual method of formulating the
equations of least squares from the data as applied to the atomic
constants is desirable at this point. The general form of the primi-
tive equations of observation is given in equations (7-1) above. In
each such equation A, is a number with an estimated relative stand-
ard error ¢,, the result of some particular experimental observa-
tions, combined perhaps with auxiliary constants, which, if care
to avoid it has not been exercised, may be correlated observationally
with some of the other A, by reason of the fact that one and the
same error-contributing component may have been used in reducing
the data to arrive at both 4,’s.

Now it is an important point that the observational equations
must be observationally independent, if the above classical pro-
cedure of effecting least-squares adjustment is to be followed. This
is because one cannot otherwise assign simple independent weights
to the different equations. If, on the contrary, the equations are
observationally correlated, the standard errors of the a’s can be
measured only by an error matrix involving correlation coefficients
corresponding to all possible pairs of a’s as well as individual stand-
ard errors for each @, and the weights must be replaced by a ‘“‘weight
matrix,”’ the inverse of the error matrix, to express the situation
fully. The process of least-squares adjustment can then be formu-
lated (9-13) in matrix algebra in a manner quite analogous to the
simpler case of independent a’s but with considerable increase in
labor.

The easy and obvious way out of this difficulty is to recast the
entire system of equations in such a way as to remove the observa-
tional correlations between the a’s. This amounts to finding a trans-
formation which diagonalizes the error and weight matrices. A
linear transformation of the variables can always be found which
diagonalizes these matrices, but such a transformation will in gen-
eral yield awkward variables of obscure physical significance. What
we desire is to find a transformation which diagonalizes the error
matrix and which also yields convenient, physically significant
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variables. It may be impossible to do this, however, without trans-
ferring some of the quantities with larger standard errors from the
category of the known a’s to the category of the unknown 2’s and
also write for each of these an extra observational equation in which
the new unknown, z, is equated to its appropriate input datum, q,
the numerical result of direct measurements. This, of course, com-
plicates the problem by increasing the number of unknowns to be
adjusted, but it in no way affects the original overdetermination
(n — q) of the set, since an additional observational equation is
added for each new unknown introduced.

7.2 CALCULATION OF STANDARD ERRORS AND
CORRELATION COEFFICIENTS

The statistical errors to be assigned to the output values of any
least-squares adjustment must, in general, be described not only
by stating the standard deviation for each numerical result but also
by specifying the correlations which exist between each pair of
results. The numerical output values of «, ¢, N, etc., are of little
use unless functions of these quantities can be combined to compute
other derived values. The standard deviations of such derived values
must be computed by formulas which involve not only the standard
deviations of the values entering into the function but also the
correlation cocfficients, r;;, connecting all possible pairs of those
values. This is because the output values of a least-squares adjust-
ment are not in general statistically independent quantities but are
“‘statistically correlated”’—a concept which we shall now explain.

Each quantity subject to random or accidental error (frequently
known as a “random variable’’) may conveniently be thought of as
a sample taken at random from a “universe’”’ of values which group
themselves around a mean value according to some frequency law.
This frequency law we shall usually assume to be the normal or
Gaussian law. For each such random variable z; one is to think
then of the implied universe of values from which the variable is
selected. This universe may be described by giving some of its
parameters. Thus, if the universe is known to be Gaussian, for ex-
ample, then prescription of its first and second moments, i.e., its
mean value, u;, and its variance, o;% are sufficient.

Two such random quantities are observationally independent if
the random selection of a sample value from one universe in no wise
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affects or biases the free selection of a sample from the other universe.
If, for example, two variables are connected by a strict functional
relationship so that the value of either one is uniquely determined
by the other, the variables are completely correlated and the corre-
lation coefficient connecting them has the absolute value unity.
Random samples can no longer be selected freely and independently
from the two universes because of the functional condition which
ties the selections rigidly together. Having selected a sample value
from one universe at random, the second selection is now completely
specified. On the other hand, if one of the two random variables is a
function of the other and also of still other completely independent
random variables, then these two will be partially but not completely
correlated, and the correlation coefficient connecting them will have
a value somewhere between —1 and +1. In general if we have a
set of statistically independent random variables, z;, then a second
set of variables, y;, obtained by linear transformation on the x;

yj = Zaﬁxi (7-7)

will not be statistically independent. We shall illustrate this with
the following two-dimensional example.

a. Bivariate Normal Distribution; the “Probability Hill*’

Let 2, and 2. be statistically independent random variables obey-
ing the Gaussian distribution law with mean values, ¥, and Ty, and
standard deviations ¢, and ., In Figure 7-1 these distributions
and their mean values are plotted on a Cartesian coordinate systen.
The chance of observing the first variable at the valuc z; in the
range dz, and simultaneously observing the second variable at the
value z» in the range dz,, that is to say, the chance that the observa-
tions will fall in the small shaded area of the graph, is simply the
product of the individual chances because x; and x, are statistically

independent. This chance is
P(xl, Cvg)dxldﬂfz
(7-8)
= (2104,0:,)7" expl—5(AT:2 /022 + Axs?/04,2))d eyl

wherein for brevity we have abbreviated the deviations from the
mean,
X, — 21-71 as ASL‘1, Ty — 512-2 as A
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Clearly the lines of constant probability in the (2, ;)-space form
a system of similar ellipses with major and minor axes parallel
to the axes of z; and @». In the (x1, .)-space the “probability hill”
has elliptical contours for its horizontal sections and Gaussian dis-
tribution curves for its vertical sections. The particular ellipse
plotted in IMigure 7-1 is the ellipse of standard deviation. Tangents
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Irigure 7-1. The elliptical isoprobability contour at standard deviation of the
““probability hill” for two statistically independent normally distributed random
variables, z; and «». The standard deviations, oz, and o., of z; and 2, are shown.

to this cllipse projected normally upon the z;-axis define thereon the
ranges of standard deviation extending from z; = % — ., to
T, = I + o, with a similar statement for the variable x,.

b. Correlation as the Result of a Linear Transformation

Now let us consider certain new variables, y; and ys, derived from
x, and xs by a linear transformation

Y1 = aul1 + Qs
(7-9)
Yo = a1 + Aoaly
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For the simple case of a rigid rotation of the axes through angle
6 the coefficients a take the values
a; = cosfd; ap = —sin 6 (7-10)
Aoy = Sil’l 0, Aoy = cos @

Figure 7-2 shows the standard deviation contour of the elliptical
probability hill plotted in the new Cartesian system, (i1, y2) for
the case of such a rigid rotation. The old axes (zi, z) are also indi-
cated with dotted lines. In the new system the principal axes of the
ellipse of standard deviation (and of all the other contours) are now
oblique to the coordinate axis. This implies correlation between
%1 and y» from the following consideration. The cross section of the
hill along the line A4, a Gaussian profile with maximum at M, is
called the conditional probability distribution of y. relative to the
hypothesis g1 = y,/. With variation of y,’ and lateral displacement
of AA, the maximum point M of the cross section moves along the
oblique locus RR (called a “regression line’”). This line is constructed
so as to pass through the points of contact of the ellipse with the two
tangents normal to y;, since the ellipse is one of the level contours
of the hill and such a point of tangency is therefore also a maximum
point of a vertical section. Clearly, then, the most probable value,
Y,, of y; (defined by the point M in Figure 7-2) varics (along RR)
when we vary y’. A similar statement can be made regarding the
most probable value, Y3, of y; for a specific value, 3.’. In this case
the locus of the maximum point is the other regression line R'R.

If we make no specification regarding either variable, then the
projected shape of the hill, on the axes of y1 and s, respectively,
gives the probability distributions which describe our knowledge
of each variable. These are called the marginal probability distribu-
tions. The projected widths of the oblique ellipse, as defined by the
horizontal and vertical tangent lines, define on the two axes the
respective ranges of standard deviation of the two variables, y; and
Y2. These marginal standard deviation ranges of y; and y, are

—oy < A']/l < +0'2/1
—oy, < Ay? < +0'y2

The standard deviations o,, and oy, can be evaluated in terms of
the standard deviations of the original variables oz and o, We
solve equation (7-9) for the Az’s in terms of the Ay’s.
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(227 aye
ATy = — —_ =
o= AU~ A

(7-11)

Axs = 01,2)1 Y1 +
where D = apase — awas (D = 1 for the simple case of rigid rotation
through an angle 6).

These expressions for z; and 2, may now be inserted into equation
(7-8) in order to express the distribution in terms of the transformed
variables. The exponent then becomes:

1 2 o212
— o [ (222 + 225 G — 2 (%25 + 2292) capag)
Ozy” i g

i Ty

+ (amz + anu > (Ay)? :I (7-12)
a o

z1

—3{4(ay)* — 2B(Ayay.) + C(Ay:)?

When this expression is equated to —% it gives the equation of the
ellipse of standard deviation in the new coordinates. From this
quadratic expression in Ay and Ay it is casy to find the extreme
values of these two variables. They are found to be given by

. C¢
T AC = B
= anor? + ap? 0s,* = €08% o.* + sin% op?
(7-13)
) A
ot = g

= Gutoy? + an’ 05,7 = sin®0 o, + cos®d ot

These expressions are identical with the simple law of propagation
of independent errors. The exponent, equation (7-12), can be cast
into the type-form

B S [(9_?11_).: _ o, AUy + @f-/_".) J (7-14)
Oy10y2 ‘7112
in which

_ Qi_ (@g2011 — do10he)?® 02,2 02,0
AC  (ewlon? + anlo:?) (aeier,® + anios,?)

I
|

1 — r?

(7-15)
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For the case of a rigid rotation of axes through angle 6 this reduces to

e 020 2," 7-16
L=r (02,2 8in? 6 + 04, cos?0) (oz,® cos’6 + o,,? sin%6) ( )

c. Geometrical Interpretation of the Correlation Coefficient

In type-form (7-15), r is the correlation coefficient. To obtain a
clearer geometrical idea of its significance consider the probability

0.0 r=0,28 0.5 1.0
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Figure 7-2. The standard deviation contour of the same “‘probability hill” as
in Figure 7-1 expressed in terms of new variables, y: and ye, related to z; and z.
by a linear transformation. The elliptical contour is skew to the axes of ¥, and
2, and these new random variables are in consequence no longer statistically
independent as were «; and z.. The vertical cross section of the hill along the line,
A-A, is a normal distribution with maximum at M on the “regression line” RE.
This cross section, called the conditional probabilily distribution of y. relative to
the hypothesis, y1 = ¥/, clearly shifts position with variation of y;’. The fractional
part of its standard deviation by which the conditional distribution of one variable
shifts in response to one whole hypothetical standard deviation of the other
variable is called the correlation coefficient, r, and is the same for cither variable
of any given pair. In the case illustrated, r = 0.28.
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distribution of the error hill whose standard deviation contour is
shown in Figure 7-2. The mean value of the cross-product moment,
Ax;Azs, integrated over the distribution is called the covariance v
of the probability distribution and for this two-dimensional Gaussian
distribution it can be shown to be given by the formula v =
020z T. Whereas the mean value of the cross-product moment,
Ar;AT,, of the distribution of Figure 7-1 can be seen to be zero from
symmetry, this is not true for the mean value of the product,
Ay1Ays, as Figure 7-2 shows, since on the same probability contour
this product is clearly greater in the first and third quadrants
(of the Ayi, Ay, coordinate system) than it is in the second and fourth
quadrants (which contribute with opposite sign). By direct sub-
stitution in the standard deviation contour equation, obtained by
equating (7-14) to —3, it is easy to verify that, on that ellipse,
when Ay. equals gy, i.e., at the points 'R’ of Figure 7-2, we have
AY, = ro,,; and also when Ay; = o, ie., at the points RE, we
have AY, = ray,.

The correlation coefficient, r, is thus seen to be a measure of the
sensitivity of the conditional mean, AY;, of either one of the random
variables to a hypothetical deviation from the mean Ay; on the
part of the other.

Aul _ AT

Oy1 Oye

(7-17)

This relation conveys very simply and graphically the significance
of r. The correlation coefficient, r, is seen to be a pure number which

can have any value in the range, — 1 < r £ 1.

d. Generalized Law of Error Propagation for Correlated
Variables

As y; and . are statistically correlated variables we cannot com-
pute the standard deviations of functions of y; and y. with the same
simple law of independent crror propagation which applied to func-
tions of z; and z2, the law excmplified in (7-13). To illustrate this
let us compute the standard deviations of two variables, &, and
&, related to y; and y» by the same matrix of linear transformation
coefficients as those of (7-11). We purposely choose these because,
being the inverse of the transformation which led from the 2’s to
the y’s, this transformation should restore us to the 2’s so as to make
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£ = z;and & = 2. Our transformation will be

’
Q12

s’
Mg = ays + aw'dy Ay = T AR — 7 A

or (7-18)

! ’
Qo1 (4381

Af = an'Ayr + an’Ay: Ay, = — g AL + D’ Ag

in which, to duplicate the matrix of (7-11), we make

237}

D

’

’
an = A = —

2%
D
(7-19)

o1 ’ (4301

an' = — D QA = D
(D and D’ being determinants of inverse matrices, we have DD’ =
1)

Substituting transformation (7-18) into the equation of the ellipse
of standard deviation of the y-coordinates (expression (7-14)
equated to — %) we obtain a transformed equation for the ellipse
in terms of the &s of form

—3 DA'AH? — 2B'ALAL + C'AL?) (7-20)

in which 4’, B/, and C’, unlike the 4, B, C, of (7-12), are now tri-
nomial quadratics in 1/¢,, and 1/¢,, instead of binomials as in
(7-12). These trinomial coefficients involve 7 in their cross products.
We follow the same procedure as before to find the extreme values
og, and oy, of A% and A& on the ellipse. These are found to be given
by

0'&2 = Cl;1;[,20'1,1"2 + 2&11’&12’7‘0’1,10'1,2 + 0,12’20’1,22 (7-21)

’ ’ .
07322 = O 20'1/12 + 2axn a22,ra’1/1°’1/2 + a22,2°'7/2': (7‘22)

Equations (7-21) and (7-22) are examples of the gencralized law
of error propagation for calculating the standard deviations of
functions of correlated variables.

If now in these last two equations we substitute for oy, oy, and
7 their values in terms of o, and o,, from equations (7-13) and
(7-15) and also for the a’ their values in terms of the original a’s
(7-19), it can be verified that

05,2 = 04, and ot = G':r:22
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e. Application to Output Values of a Least-Squares
Adjustment; the Error Matrix

In this computation the adjusted output values which result from
, least-squares adjustment, such as the one we shall presently de-
cribe for the purpose of determining the “best” values of physical
ionstants, in general constitute a set of correlated variables, z;
‘the adjusted best values of the linearized z’s of equation (7-4)).
[o each such output value, z;, there corresponds a standard devia-
ion, ¢i: (‘“variance” vi; = 0:?), and to each pair (x4 z;) there cor-
-esponds a “‘covariance,” vi; = 7rijoi0;. The entire set of variances
ind covariances form a symmetric matrix called the error matrix.
Che elements of this matrix of values are required in order to com-
yute the error measures of other quantities depending on the z;. The
rariances vi; = o2 and covariances v;; = 7i00; can be used directly
n the computation of errors of derived quantities by the generalized
aw of error propagation without any need for computing the corre-

ation coefficients, r;;. In this form equation (7-21) becomes

0512 = an'u + 2an/ a1 ve + an'%x (7-23)

When we pass to situations which involve more than two vari-
ables, the elliptical contours must be replaced by surfaces or hyper-
surfaces of constant probability which are concentric ellipsoids or
hyperellipsoids. There is then a covariance, v:j, for each pair of
variables. For each covariance there is a correlation coefficient

Tij = vij/(mtfj) (7'24)

Now it can easily be shown that, in general, the distribution in
probability of the possible solutions of the set of equations (7-4),
the linearized equations of observation which express the input data
to be adjusted by the least-squares procedure, is represented by a
hyperellipsoidal probability distribution in the constants space
whose major axes are skew to the coordinate axes. The conditional
probability distribution of a particular variable is dependent upon
the specification of the values of all the other variables, the extent
of such dependence being expressed by a square matrix of covar-
iances or of correlation cocfficients. The skew of the hyperellipsoid of
error expressed by the elements of this matrix is a result which de-
pends on the precision (and consequent weights) to be attached to
the various input data.

As an example of the importance of the correlation coefficient,
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let us consider now an extreme case. We can write the function
flx) = x**t as f(z) = a°z¢, and in this latter form, if we were to
make the mistake of considering the two factors to be independent,
we would calculate the relative standard error of f to be (s* + %)}
times the relative standard error of z, whereas in the original form
the relative error in f is (s + £) times the relative error in z. How-
ever, we have neglected the effect of the correlation coefficient,
which is in this case r = 1, so that the correct expressicn for the
relative error in f, when written in the second form, is (s? -+ > +
2st) }, and not (s? + t2)}, times the relative error in x, and we have
thereby resolved the paradox.

This method of computing errors will be called the method of
the ellipsoid of error, because it is the analytical equivalent of con-
structing two parallel hyperplanes tangent to either side of the
hyperellipsoid of error and normal to a given axis in the hyperspace
of the unknowns (the axis for the linear function, f) to find the
domain of standard deviation, o, cut off by those hyperplanes on
that axis.

Example: What is the standard deviation of &, which is not one of
the primary variables of the least-squares adjustment?

We used z, and z. as the primary variables of our solution. The
fine structure constant « is given by a = 2we?/(kc) so that we have
the relation

h = 2me*/(ac)

and, since ¢ is sufficiently accurate to be considered as an exact
quantity, this leads to
Th = 2x, — @,

We require not only the variances of z, and x, but also the covar-
iance between z, and z,. The specific numerical values from Table
8-5 are

Voo = 3.732; v,, = 0.215; v,, = 0.625
and hence from equation (7-21) we have
vn = 40 — 40, + v,, = 14.928 — 2.500 + 0.215

= 12.643
so that

o = ’\/m = 3.56
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We would also like to determine the correlation coefficient between
h and all the other variables; we shall here compute only coefficients
between h and « and between k and e. We can show, by means of
arguments completely analogous to those that led to equations
(7-21) and (7-22), that the covariance between a variable f and a
variable z;, where f is given as the linear combination

f = axy + asxs 4 asey + ----
is
Vi = a1+ Qabe; + agvss + - (7-25)
The covariance between x, and z, is therefore
Vya = 20,, — ¥, = 1.035
The = Upa/ (UVea) ¥ = o/ (on0a) = 0.627
and similarly
Vhe = 20,0 — Vg, = 6.839
The = Une/ (Vnnlee) ¥ = vie/(once) = 0.994
7.3 THE GENERALIZED THEORY FOR NON-GAUSSIAN
ERROR DISTRIBUTIONS

We assume as before that the equations to be adjusted can all be
linearized so that the system is

anty + Qe + @ity + -+ A, = G

@21+ ATy + Gy + o0 G, = G (7-26)

@121 + (2 + Ap gy + et "l"‘ Apgly = Cy

We shall use Roman letters to indicate the indices which range
from 1 to ¢ and which refer to the unknowns, and Greek letters for
those which range from 1 to n and refer to the observational equa-
tions.

Since the ¢, are assumed to be independent, the errors =, in ¢,
are uncorrelated and

() = a2 ifv = p

(7-27)
0 ifwsupu
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We wish to find z; as a linear combination of the ¢, with appro-
priate coefficients, A%, chosen so as to determine the z; with maxi-
mum aceuracy or minimum error. Thus we write

T = My + Mo + Nofes + -+ + Miea

7-28
= E)‘uicn = E_)‘uianixj ( )
H 2

This equation is to be understood as follows. Each of the n in-

dividual equations of observation (identified by the index, u) is

to be multiplied by a number, \,%, there being a set of n such num-

bers for each variable ;. These numbers are to be chosen such that,

when the n equations are then summed, the coefficient of each z,

other than the specified z; is zero, while the coefficient of z; is

unity. This then implies that there are ¢ conditions on each of the
q sets of n multipliers;

2N =85, by =1ifi=7]
A

= 0if 5] (r28)
The error in this value of z; is given by
€ = ‘”Z,x,,in,‘ (7-29)
Hence the mean-square error is
vi = (eie) = 2NN (mam) = 20 (N2 !
"” # (7-30)

= 2 (\iow)?

We now wish to minimize vs; by proper choice of the N\, with the
restriction of equation (7-28’). Hence we introduce Lagrangian
multipliers L;* so that we may then take independent variations in
N\t in the expression

W =2 (o) — 22 LA Niay; — 84) (7-31)

If we differentiate this expression with respect to A,/ we obtain

d , .
W ooy — 23 Ly, (7-32)
N’ i
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We now set 0W /9! = 0 in order to find the minimum condition.
This gives us

. 1 .
N = = > Lia,; (7-33)
Ou”
We have thus defined M\,* in terms of the L,%. If we now substitute

equation (7-33) into equation (7-28’) in order to evaluate the
Lagrangian multipliers, we obtain

) 1 .
gwmk = S = ; o ;Lfanﬂuk

A 1
JZLf (Z O‘TE al-lfa’ﬂk>

w Ty

(7-34)

We can solve equation (7-34) for L;* since L;* is a square matrix
and Y (1/c,%)a,;au is a (positive definite) square matrix. Since the

n
product of these two matrices is the delta function, they are re-

ciprocals. From equation (7-33) we also obtain, substituting it into
equation (7-27)

A 1 ]
X, = anzcu = Z_‘é ELJ'WM'C#
[ P

A 1
‘;Lﬂ (Z = a'uz'cﬂ)

p Ou

(7-35)

This solution is the best choice for the z; in the sense that this
value of x; has the smallest assigned probable error of any possible
weighting of the c,. Equation (7-35) is, however, the solution of the
system of equations:

1 1
Z_ (Z 3 am'“ui) T =, P AyiCy (7-36)
» » v

4 ®

and these are cxactly the equations which one would deduce from
the condition that the quadratic form

1

Q = Z(Zanixi - C#)z_‘g

» 7 Ou

shall be a minimum, i.e., they are the “normal equations’ alluded to
in the preceding scction. Hence the condition of Minimum Error
is just the least-squares condition and is therefore equivalent to
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the condition of Maximum Likelihood of the more restricted
Gaussian case. It is, however, much more general than the latter.
No restriction is put on the probability distributions of the input
errors, 7,, in the ¢, other than that these distributions must have
finite second moments, i.e., the o, must exist. Subject to this con-
dition, they may have more than one “mode” or indeed any arbi-
trary shape. It is not even necessary that the distribution func-
tions all have the same form.

This generality of the significance of the least-squares adjust-
ment when stated in terms of the second moments of the error dis-
tribution is of great importance. It emphasizes also the desirability
of adopting the root-mean-square deviation as a measure of error
in preference to such error measures as the “probable error” or the
“mean absolute error.”” For a Gaussian distribution, the three
measures, root-mean-square error, mean absolute error, and prob-
able error (that error which divides the distribution curve into
equal areas, so that the probabilities of errors of absolute magnitude
greater than or less than the probable error are equal) stand in
the ratios 1 : 0.7980 : 0.6745. It is, however, a mistake to think of
the different error measures as simply expressing the same error
spread on different scales. When we do not limit ourselves to Gaus-
sian distribution the root-mean-square error or standard crror en-
joys a position of far greater statistical significance and generality
than do the others.

7.4 SPECIFIC CASE OF AN ADJUSTMENT IN
FOUR UNKNOWNS

The preceding proof is fairly involved; however, its results are
relatively simple and straightforward: The usual least-squares
formula has been shown to have a much wider applicability and to
rest on a much firmer base than the usual dependence on Gaussian
error forms would imply. We shall now carry out in somewhat more
detail the solution of the least-squares condition. For definiteness
we shall consider a system with four unknowns. Such a system is
complex enough to show all the pertinent relationships and yet not
80 complex as to obscure them.

We shall write the (linearized) observationally independent
equations in the form

1 + Gty + Qs + s = ¢, p=1,2,3, -+, n (7-37)
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and to each of the n equations we assign a weight p, = C/0,? (see
equation (7-5)) in which o, is the standard error of the constant
term, c,. We construct the normal equations in accord with the in-
structions of Section 7.1; these equations can be written in the
form

buzi + bt + biws + buxs = k;
bar®y + bao¥s 4+ bagts + bosts = ko

(7-38)
bazy 4 baxe + burs + buxs = ks
by 4 baate + bagrs + baxs = ky
The quantities b;; are symmetric (bi; = by;);
bu = 2 P’ bn = 2. p.ae
# B (7-39)

bie = by = anaulan2
»

and it should be apparent from the form of these four quantities
exactly how the other twelve b;; may be constructed. The constant
terms of the normal equations, %;, are calculated in a similar way:

ki = Zpuanlcn ko = Zp,.a,.zc,. ete. (7-40)
N "

It is well known that the solution of the set of equations (7-38)
can be written in the form

21 = duky + dioks + dusks + didks

o = duks + dawks + dasks + dodks
a3 = duki + dypks + dwks + dadks
T4 = dykis + daks + dasks + dadks

in which the sixteen numbers d;; bear an inverse relationship to the
set of numbers b;;; the element d;; is equal to the minor of bj in
the determinant of the b’s divided by the determinant itself. All
the information required for the complete solution of the problem
of least squares is contained in the sixteen b’s (or equivalently in
the sixteen d’s) and the four k’s.

In addition to the “best” values of the x's, we are equally inter-
ested in determining the precision measures which must be assigned
to them. The 2’s are not accurately determined quantities, since

53
D
I

(7-41)
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they are computed from numbers which are the results of experi-
ments and therefore are subject to error. Using our definition of
the &’s from equation (7-40) in equation (7-41) allows us to express
our solution in terms of the directly observed quantities, c.. Let
E, be the error associated with each measured quantity c.. This
error, E,, is unknown (if it were known we should remove the error
by correcting the quantity c,). We know an estimate of the mean-
square value of this error, however, and we can therefore make an
estimate of the mean-square error in a function of the ¢,. The error
e; in z; which is produced by errors E; in ¢, E, in ¢;, E; in ¢, ete.,
can be calculated from the partial derivative of x; taken with re-
spect to ¢,:

9x; z; i
“ B+ S B+ T Bt (7-42)

€
The errors E, are to be considered as random variables; they may be
positive or negative. Since the numeric ¢, is presumably the best
estimate available for this quantity, we expect E, to be zero. On
the other hand, the mean value of E,? is estimated to be ¢,2% so
that o, is an estimate of the root-mean-square error in c,.

If we calculate the mean value of €2 (7-42) we find

: 2 ‘_91% : 2 0. \? 2 .
<512> = (55;) o + <362> a® + (553‘) o3® +
+2@f?)@£a+z@x“>wmo+

in which the sign ( ) about a quantity denotes the operation of taking
the average value of that quantity. Since the ¢’s have been assumed
to be observationally independent, the errors in two different ¢’s
are in no way related to each other and the average value of the
product of two different errors vanishes, since for any value of one
error the other may be averaged out to zero. Thus in such a case,
the cross-product terms in equation (7-43) disappear, and we have
the law of propagation of independent errors

=<w>=§:@@yaf (7-44)

dc,

(7-43)

When the differentiations of (7-44) are actually carried out (with
the 2’s given in terms of the k’s by equation (7-41) and the k’s
in turn given in terms of the ¢’s by equation (7-40)) we find, after
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straightforward but somewhat lengthy algebraic manipulation,
that the mean-square error in 2; is given simply by Cdi;. Thus the
diagonal elements of the matrix (d;;) of (7-41), the inverse to the
matrix of the coefficients of the normal equations (7-38), are directly
related to the standard errors of the solution. Furthermore, it may
be shown that the off-diagonal elements of matrix (di;) are similarly
related to the mean value of the product of the errors in two dif-
ferent variables. The variances and covariances, v;;, of the adjusted
x; are in fact proportional to the elements of matrix (di;) with the
common constant of proportionality C so that in general

(e;65) = Cdi; (7-45)

and the matrix (d;;) is called the “‘error matrix’ of the solution. It
is important to realize that the mean value of the product of the
errors of two different ’s does not vanish. These quantities, being
expressed ultimately in the least-squares procedure by some linear
combination of the independent ¢,, are correlated quantities, for
the same reason that y; and y,; of equation (7-9) above were not in-
dependent. The ellipsoid of error is in general skew to the axes of
the z’s.

The extent of this correlation is given by the correlation coefficient,
ri;, connecting the two variables z; and z; This coefficient is given
by

rii = dij/(dadi;) (7-46)

and it can be shown that r;, as before, lies between the limits
—1 < 7y < 1. If the two variables are uncorrelated, in the sense
that an error in one is completely independent of an error in the
other, r;; = 0; at the other extreme, if the two variables are func-
tionally related to the extent that an error in one completely de-
termines the error in the other, then the equality, r;; = = 1, holds,
the sign depending on whether a positive error in one variable is
associated with a positive or a negative error in the other. Once we
have calculated the error matrix, it is no longer necessary to express
a function of the #’s in terms of the independent quantities, ¢,, in
order to calculate its standard error, as long as we realize that the
errors in the 2’s are correlated. If we have any function, f(z1, s,
x3, x4), the error ¢ in the function arising from specified errors,
€1, €, €, €, In the s is

e = one T aser + ages + e (7-47)
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where a; = 9f/dz;, and the mean-square error (variance) of f is
given by

0‘/2 = <€f2> = Z am,-(eiej) = C Z C!iajd{j (7—48)
(7] kY

The quantity C is the constant relating the “weight’” of an ob-
servation to its variance; our a priori choice for this constant (its
value by “internal consistency’’) is the value from equation (7-5)

Cr = puo,? (internal) (7-49)

(The adjective “internal” is used to designate that this value is an
estimate based on information internal to each individual physical
measurement, ¢,). It is possible also to make an a posteriori estimate
of C (its value by “external consistency’’) based on a measure of
the mutual compatibility of the input data. We expect the quantity,
x*/(n — ¢), to be equal to unity, as explained in Section 7.1; if
this is not so, we make an a posteriori readjustment in the scale of
our standard deviations and define

Cs = Cix*/(n — q) = > puRE/(n — q) (external) (7-50)

If x*/(n — ¢) exceeds unity by more than might be probable from
statistical sources alone, this may be interpreted either as indicating
that systematic errors were present in the measurements, c,, or
that the estimates, 4,, of the statistical errors of the ¢, derived from
information internal to the experiments were underestimated.

Equation (7-48) gives us the generalized law of the propagation
of errors; written out in terms of the standard deviations and corre-
lation coefficients of the four variables it becomes

4
o/t = 20 (@)t + 23 ri(aws,) (@)
1=1 ® 1<

and this form must be used rather than an expression of the form
(7-44), if we are dealing with correlated variables (i.e., if the corre-
lation coefficients, ri;, do not vanish).

7.5 THE STANDARD ERRORS OF THE RESIDUES OF A
LEAST-SQUARES ADJUSTMENT

In any least-squares adjustment of data it is obviously important
to be able to assign a standard deviation to the difference between
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the adjusted output datum and the input datum from which it was
obtained. Closely related to this question is the question of the
value which would be obtained in a least-squares analysis if a
specific input datum had been omitted. The input and output data
may be strongly correlated, and it would certainly be incorrect to
calculate the standard deviation of the difference without consider-
ing this correlation.

The measured input data consist of the numbers ¢, as in equation
(7-37); after the least-squares solution has been performed and we
have obtained the adjusted values for the 2’s we can insert these
values into equation (7-37) to obtain the adjusted value of ¢, which
we shall designate by ¢,*. The number ¢,* is the best estimate which
we can make of the correct value of ¢, based upon all the data avail-
able to us. The difference between ¢, and ¢,* is thus a measure of
the extent to which the observed value ¢, is consistent with all the
other data. In order to evaluate this consistency we must have an
estimate of the magnitude of the difference which might be ex-
pected on the basis of statistical fluctuations. It can be shown fairly
easily that the variance of the difference, ¢,* — ¢, is given by
0.2 — 0,*?, where ¢, is the variance of the input datum and o,*? is
the variance of the adjusted value (14). This is a surprisingly simple
result, and it justifies the description of the adjusted value as being
compounded of two terms; one is the direct input value ¢, while the
other is an effective or indirect value which is determined by the
combined action of all the other data.

This indireet value is the value of ¢, which would be deduced from
a least-squares analysis from which the directly observed datum
had been omitted.

The indircet value and its variance are given by

*2

2, K *Q
. ou C - O C T
ef = A = ok (e, —¢,) (7-51)
Out Oy oyt T Oy
2. k2
N gy
ot = oo (7-52)
oE — o

This expression for the variance implies that the statistical weights,
which are proportional to the reciprocal of the variances, are re-
lated by the equation

ot =pt Dy, P = C/q* (7-53)
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If we use weights rather than variances, equation (7-51) takes on
the simple form

* — pﬂcﬂ' + p#iclli 7_54
Pu + it (7-54)

which is merely the statement that the least-squares adjusted value
is the weighted mean of the direct input value and the indirect
value. We shall make use of this in Section 8.2 of the following
chapter when we discuss the results and implications of a specific
least-squares analysis.

Cu

REFERENCES

1. E. R. Cohen, Revs. Mod. Phys., 25, 709 (1953).

2. B. Whittaker and G. Robinson, Calculus of Observations, 4th ed., p. 224,
Blackie & Son, Ltd., London, 1944.

3. R. L. Plackett, Biometrika, 36, 458 (1949).

4. P. S. Laplace, Theorie Analytique des Probabilities, 3rd ed., Oeuvres, 7. Mme

Ve Courcier, Paris, 1886.
5. A. A. Markoff, Wahrscheinlichkeilsrechnung (trans. H. Licbmann), 2nd ed.,
B. G. Teubner, Leipzig and Berlin, 1912.

6. C. F. Gauss, Theoria Combinationis Observationum Erroribus Minimais
Obnoxiae. Pars prior. Werke, Bd. 4, Koniglichen Gesellschaft der Wissen-
schaften. Gottingen, 1873.

. F. N. David and J. Neyman, Statistical Research Memoires, 2, 105 (1938).

R. T. Birge, Phys. Rev., 40, 213-224 (1932).

. A. C. Aitken, Proc. Roy. Soc. Edinburgh 55, 42 (1935).

P. 8. Dwyer, Ann. Math. Statistics, 15, 82 (1944).

. J. W.M. DuMond and E. R. Cohen, Report to the National Research Coun-
cil on the Atomic Constants, December, 1950. Sce also Y. R. Cohen,
Phys. Rev., 81, 162 (1951).

12. A. Bjerhammer, Kgl. Tek. Hogskol. Handl., No. 49 (1951).

13. D. C. Brown, Ballistics Research Laboratories Report 937, Aberdeen, Mary-

land 1955.
14. E. R. Cohen, Phys. Rev., 101, 1641 (1956).

=



CHAPTER 8

Least-Squares Adjustment of the Atomic
Constants

The major portion of this book has been devoted to a careful
analysis of the various experimental determinations of certain
fundamental atomic constants. The interrelatedness of all these
experiments has been emphasized, and it has been pointed out how
the numerical value of a specific atomic constant may be computed
by following any one of several different “‘paths.” Ideally, all these
paths should lead to the same numerical value; however, because
of experimental error, the various paths will, in general, each lead
to different numerical values and hence will be inconsistent with
each other. The choice as to which of these numerical values, if
any, represents the correct answer should not be made subjectively.
The method of least squares which is described in the preceding
chapter represents an impartial analytic procedure to be applied
to the data which have been surveyed in Chapters 4, 5, and 6.

One must be careful, however, not to apply the method of least
squares blindly. It is not a substitute for careful selection of data;
indeed lack of care in the selection of data may be more serious in
a least-squares solution, since the error measures which can then
be assigned to the output data will be unrealistically small. No
provision exists in the method which can account for systematic
error; the comparison of x* with the theoretical probability table
is useful in this regard but not definitive unless there are a great
many more data than are usually present in an adjustment of the
atomic constants. Thus, the selection of data becomes an important
part of any analysis.

8.1 SELECTION OF DATA FOR A LEAST-SQUARES
ANALYSIS

In a least-squares fitting each datum is to be assigned a weight
which is inversely proportional to its variance. Such a weighting
247
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is not arbitrary; it can be deduced directly from the form of the
quadratic expression

Q = Z(ru/ow)’ (8-1)

which we attempt to minimize. An observation with a large vari-
ance therefore carries little weight in determining the value of @,
and hence may be omitted without greatly affecting the result.
There is, however, a more important reason for omitting data of
low weight. When an experimenter designs his experiment he must
carefully consider the possible presence of systematic crror as well
as the presence of random error. The random error of the final
result can be reduced by duplication and repetition, since these
errors are different in each repetition; the systematic crrors, on the
other hand, do not cancel out but remain. Now it is proper in an
experiment to reduce any possible source of systematic error to a
point where it may be of the order of one-tenth or one-third of the
random error of a single observation. In this way the systematic
error will be of the same order as, or smaller than, the random error
of the final quoted result. However, it is neither feasible nor prac-
tical to do much better than this in the suppression of systematic
€rror.

Thus an experiment with a quoted error which is large compared
to another similar but more precise measurement may well be
afflicted with a systematic error which is large compared to the
accuracy of the second experiment. This systematic error would
then a fortiori be large compared to the accuracy which might be
claimed for the weighted mean of the two results. It would there-
fore be inappropriate to include the less precise observation in &
weighted mean. A simple numerical example should demonstrate
the situation. This is a completely artificial example which is not,
based on actual data.

Assume that we have two measurements of the velocity of elec-
tromagnetic radiation. Let these two results be

c1 = 299788 = 5 km/sec
c2 = 299790.2 £ 0.6 km/sce

The weighted mean of these two measurements is 299790.17 == 0.59;
we have therefore gained very little in accuracy and have altered
the value only slightly from the more precise result. Now consider
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the situation which exists if ¢; actually suffers from a systematic
error such that the result should be increased by 4.5 km/sec (such
an error would not be unreasonable in view of the quoted standard
error) ; the mean of the two should be increased to 299790.23 = 0.59.
We therefore see that the inclusion of the imprecise datum has
produced only a small shift in the value of ¢ and that the shift it has
made (relative to the more precise value) is actually in the wrong
direction! In practice of course, we do not have as clear-cut a situa-
tion. For one thing we may not know that a systematic error exists,
and for another the systematic error may indeed be in the precise
value. In either case we gain very little from including an imprecise
result in conjunction with data of much higher weight. We there-
fore base the selection of data upon the general principle that re-
sults of low estimated numerical precision shall be rejected if their
assigned weights are such as to imply only a negligible influence on
the entire solution.

It is also necessary to reject data which suffer from serious syste-
matic error even if (and perhaps, especially if) the data are pre-
cisely measured. Grounds for the suspicion of such systematic error
may arise either from experimental sources (such as a reevaluation
of the conditions under which the experiment was performed under
such circumstances that corrections for such systematic errors can
not be made to the existing data) or from theoretical sources (in
which, as in the case of the hyperfine structure splitting in hydro-
gen, the precision of the experiment is higher than the existing
state of the theory of the experiment can handle).

a. Rejection of Low Weight Data

By the first criterion for rejection almost all the historically im-
portant early cxperiments, including many which were considered
important as late as 1947, are excluded. Within their estimated pre-
cision ranges such measurements are not inconsistent with the later
more precise results but they are relatively so much less accurate
as to have quite negligible influence in the present (1955) least-
squares adjustment. As a result of this criterion very few measure-
ments published prior to 1950 remain. The exceptions, as we shall
see, are Vinal and Bates’ determination in 1914 of the TFaraday
constant with the iodine coulometer, the work on A by several re-
searchers, notably by J. A. Bearden circa 1930 and by Tyrén, 1938,
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and the precision determinations with various erystals of densities
and x-ray lattice constants to obtain the product, NA3, some of
which date back to 1930.

b. Data Retained for Least-Squares Adjustment

We have surveyed in Chapters 5 and 6 the important experiments
which have a bearing on the values of the atomic constants. We
shall now collect here the results of those chapters which are to be
used in an analysis of these constants.

1. The conversion factor, A, from the Sieghahn nominal scale of
x-ray wavelengths (in x-units) to milliangstroms. We have used the
value recommended by Sir Lawrence Bragg (see Section 5.3¢),
since it presumably superseded the earlier value quoted by R. T.
Birge.*

A = 1.002020 =+ 0.000030 (8-2)

2. The Siegbahn-Avogadro number N,'. The data pertinent to this

constant have been presented in Section 5.7. We use Birge’s value
converted to the physical scale

N/ = NA® = 6.06179 £ 0.00023 X 10* mole™! (8-3)

3. The fine structure separation in deuterium, AEp. The frequency
separation between the levels 22P3, and 2?P 3 measured by Dayhoff,
Triebwasser, and Lamb is discussed in Section 6.5; the result is

ABp = & o (1 +3 a2> Roc [1 L9 5046 “—}
16 8 T 3

10971.59 4+ 0.10 Mec/sec

4. The gyromagnetic ratio of the proton, v, obtained at the Na-
tional Bureau of Standards by Thomas, Driscoll, and Hipple be-
fore making the diamagnetic correction is (Section 6-3)

v» = w'Ne/M,c = 26752.3 + 0.6 sec™! gauss™! (8-6)

5. The determination of the Faraday by electrolysis is discussed
in Section 3.6. Although more accurate values may soon be avail-
able, we are at the moment confronted with two somewhat dis-
crepant measurements on silver and on iodine. The iodine value is

F = Ne/c = 9652.15 = 0.13 emu mole™* (physical) (8-6)

(8-4)

I

* In this regard, however, sec the Addendum to Chapler 5.
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and the silver is
F = Ne/c = 9651.29 & 0.19 emu mole™ (physical) (8-7)

6. The magnetic moment of the proton in terms of the nuclear
magneton u, = eh/(4wm,c) has been discussed in Section 6.4.
Bloch and Jeffries obtain the value (uncorrected for diamagnetism)

' = 2.79236 = 0.00010 (8-8)
and Hipple, Sommer, and Thomas obtain for the same quantity
u' = 2.79268 £ 0.00003 (8-9)

7. There are three recent published results on the value of the
short wavelength limat of the continuous x-ray spectrum as mentioned
in Section 6.8. They are the measurement by Felt, Harris, and Du-
Mond

het/(Ae) = 12370.02 £ 0.63 cmu (8-10)
the value reported by Bearden, Johnson, and Watts

het/(Ae) = 12371.03 == 0.48 emu (8-11)
and t}‘:e value reported by Bearden and Schwarz

het/(Ae) = 12370.77 £ 1.03 emu (8-12)

In addition to these threc results we shall also list here the value
deduced in Section 6.8 (Table 6-3) based only on measurements
carried out at voltages of less than 11000 volts. The error given in
Table 6-3 is based solely on the consistency of the data with no
allowance for possible interpretational error. The error in the posi-
tion of the true end point could be as large as 1.4 kv x-units and
hence with a realistic estimate of accuracy we adopt

het/(Ae) = 12370.8 == 1.0 emu (8-13)

8. The velocity of light as measured by Bergstrand with Kerr-cell
modulated light (the “geodimeter,” see Section 5.1)

¢ = 299793.1 += 0.32 km scc¢™? (8-14)

and as measured by K. . Froome using microwave interferometry
(Section 6.2)

¢ = 299792.6 & 0.7 km scc™! (8-15)
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In formulating the data (equations (8-2) to (8-15) inclusive)
on which our input equations of observation are to be based, care
has been taken to do so in such a way as to avoid hidden correla-
tions between the equations of observation. For example, the
measurements resulting from observed values of crystal densities
and their x-ray grating constants are almost invariably quoted as
measurements of Avogadro’s number, N. To obtain N from these
measurements, however, it is necessary to combine the results
with the cube of the conversion constant, A. Consequently in equa-
tion (8-3) we have equated the numeric which was actually measured
to the appropriate function, NA3, of our primary unknowns. In
other words we have been careful to see that no single measured
quantity shall be involved as a substantial contributor to the error
measures of two or more of the observational equations at once.

In addition to these data there are also certain auxiliary data
which will not be subject to least-squares analysis. Such items fall
into two classes. The first class is comprised of those quantities
which are not overdetermined experimentally and can therefore
be evaluated without recourse to least squares. The second class
is comprised of those items which are of so much higher accuracy
than those which are listed here for least-squares fitting that there
is no need to use least squares to improve their accuracy since none
of them is the major error contributor in any expression in which
they appear combined with the ‘least-squares’” variables; such
quantities may be considered to be exactly determined quantities
in the least-squares analysis.

9. An example of an item of the first class (and the only one which
we shall use here) is the universal gas constant, R,. This constant is
not part of the least-squares analysis, and it is utilized only to com-
pute some of the derived constants of our final table of values.
The numerical value, which has been computed in Section 3.3, is

Ry, = (8.31696 =+ 0.00034) X 107 erg mole~ deg™! (8-16)

10. In the second class of auxiliary data we have the afomic masses
which were discussed in Chapter 4 and certain other accurately
measured constants. The data from Chapter 4 which we will need
are primarily the masses of hydrogen and deuterium, from which
we calculate the masses of the proton and the deuteron using a
value Nm = 5.488 X 10~ for the atomic mass of the electron.
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This value of Nm is sufficiently accurate in the present instance and
is, to this accuracy, an essentially exact number.

H = 1.008142 =+ 0.000003 (8-17)
M, = 1.007593 % 0.000003 (8-18)
H/M, = 1.0005446 (8-19)
D = 2.014735 = 0.000006 (8-20)

M, = 2.014186 =+ 0.000006 (8-21)
D/M, = 1.0002724 (8-22)

11. The Rydberg constant for infinite mass, R., is determined
from observations of the spectrum of hydrogen and deuterium.
The observed data must be interpreted in the light of the Lamb
shift (Section 6.5), and the value which we shall adopt here is (1)

Be = of % = 109737.309 £ 0.012 cm™! (8-23)

We shall assume that this expression is exact. Hence it represents
a constraint on the variables a, m, ¢, e and we may use equation
(8-23) to eliminate one of the variables. It is most convenient to
climinate m rather than one of the other variables, since in this
way we avoid fractional exponents; hence we write

m = 4re*Re/(a¥c?) (8-24)

12. The anomalous magnetic moment of the electron or, more cor-
rectly, the ratio of the electron moment to the Bohr magneton,
We/ o, OCCUrs in our analysis only as a correction factor. The experi-
mental data on this constant were discussed in Section 6.6. Al-
though the direct experimental evaluation of u./po is not accurate
enough to verify the theoretical formula, there is no reason at pres-
ent to mistrust it, and hence we shall take

2
pe/po = 1 4+ = — 2.973% = 1.00114536 (8-25)
27 >

13. The measurement of the ratio of the electron magnetic moment
ue to the proton magnetic moment p,” (without diamagnetic cor-
rection) is so accurate as to warrant its inclusion in the category of
fixed auxiliary constants. The disagreement between the results of
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Koenig, Prodell, and Kusch (reference 28, Chapter 6) and Ber-
inger and Heald (reference 30, Chapter 6) is small, and merely as a

matter of convenience the former value has been adopted in prefer-
"~ ence to evaluating an appropriate weighted mean.

o/t = Mp(ue/us)/(Nmyu') = 6582288 == 0.0004  (3-26)

14. There is one other constraint on the data which have been
summarized in equations (8-2) to (8-26); this is the interrelation
between the variables «, e, h, ¢. The variable A may therefore be

eliminated by means of the relation
h = 2me?/(ac) (8-27)

8.2 PRELIMINARY LEAST-SQUARES ANALYSIS

The equations of observation for the least-squares analysis are
formed from the data contained in equations (8-2) to (8-15). The
auxiliary data, equations (8-16) to (8-27), are then used as exact
relationships to reduce the number of variables in the solution.
None of the error measures of equations (8-2) to (8-15) are ap-
preciably influenced by this procedure so that the numerics of the
observational equations remain uncorrelated, each having its error
and hence its weight determined by one and only one of the data of
equations (8-2) to (8-15). These observational equations together
with the sources from which each arises and their relative standard
errors are listed below. The numbers in parentheses on the left of
each equation refer to the error-determining datum from which
each numeric is derived. The numbers in square brackets refer to
the auxiliary constants and equations which were used for elim-
inating variables in each observational equation. For brevity the
physical units in which each numeric is expressed have heen omitted.
In each case these units are cgs units and ¢ is the absolute value of
the electronic charge in esu.

(8-2) A = 1.002020 (30ppm)  (8-28)
(8-3) NA® = 0.606179 X 103 (38 ppm)  (8-29)
(8-4) [8-20, 8-22, 8-23] a%c = 1.596412 X 105 ( 9ppm)  (8-30)
(8-5) [8-23, 8-24, 8-25, 8-26] adcfe = 2425517 X 108 (23 ppm)  (8-31)
(8-6) Ne/c = 9652.15 (13 ppm)  (8-32)

(8-7) Ne/e = 9651.29 (20 ppm)  (8-33)
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(8-8) [8-23, 8-24, 8-25, 8-26] Ne?/(adc?) = 3.979879 X 10~ (36 ppm)  (8-34)
(8-9) [8-23, 8-24, 8-25, 8-26] Ne?/(asc?) = 3.979423 X 10-1° (11 ppm)  (8-35)

(8-10) [8-27] ec/(Aa) = 1968.750 (51 ppm)  (8-36)
(8-11) [8-27] ec/(Aa) = 1968.911 (40 ppm)  (8-37)
(8-12) (8-27] ec/(Aa) = 1968.869 (83 ppm)  (8-38)
(8-14) ¢ = 2997926 X 10" ( 2.3 ppm) (8-39)
(8-15) ¢ = 2997931 X 10 ( 1.1ppm) (8-40)

In order to carry out the least-squares fitting these equations
must be linearized as described in Section 7.1; we arbitrarily adopt
the following origin values:

oy = 0.007297000

co = 4.802200 X 10~ esu

Ny = 0.6025000 X 10%% mole™!
Ay = 1.0020200

¢ = 2.9979000 X 10'? cm sec™

and with these we define the linearized variables z;, ---: , x5 as
follows:

a = ag(l + 10752y)

e = eo(l + 10~52,)

N = No(1 4+ 10~%s)

A = Ag(1 + 1075z,)

¢ = ¢o(1 4 10~5z5)

so that the a’s are the relative deviation of the primitive variables
from the origin values expressed in parts per hundred thousand.
These values are then substituted into equations (8-28) to (8-40)
to give a set of thirteen lincar equations in five unknowns. These
equations will serve as the basis of a least-squares analysis; they
are listed below in the same order in which the equations from which
they came appear above. To indicate more clearly the relationship
between the observational equations and the linearized set which
is derived from them, the latter will bear the same equation number
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as the equation from which they come with an added prime. The
linearized equations are therefore

z = 0 +3.0 Weight 0.11 (8-28")

z3 + 314 = 3.5 38 0.07 (8-29")

2z, zs= 9.0 £0.9 1.23 (8-30")
3z — zs = —13 23 0.19 (8-317)
z2 + T3 - z3= 101 =+ 13 0.58 (8-32)

Ts + 23 - z3= 12 %20 0.25 (8-33")

=3z + 20 + x5 —2z; = 229 +3.6 0.08 (8-34")
=321 + 22, + x5 -2z = 115 £ 1.1 0.83 (8-35")
-1 + s —z:+ x5 = —10.6 =+ 5.1 0.04 (8-36")
-z + T2 -2y + 25 = —24 4.0 0.06 (8-37")
-z + —zs 4+ 25 = —4.6 =+ 8.3 0.015 (8-38")
T5 = 0.87 + 0.23 19.8 (8-39")

zs =  1.03 & 0.11 83.0 (R-40")

The weight attached to each equation is the square of the reciprocal
of the standard deviation of the numeric on the right-hand side of
the equation.

Inconsistencies exist in this set. Thus, for example, it is apparent
that (8-32") and (8-33') are not consistent, since the difference
between them is 8.9 + 2.4; and that (8-34') and (8-35') arc not
consistent, since their difference is 11.4 + 3.8; and that (8-36'),
(8-37'), and (8-38") exhibit a disagreement among themselves which
is outside the error limits attached to these data. However, it will

Tabl 8-1. Least-Squares Adjusted Values
(Preliminary adjustment)

Linearized Unknowns Primitive Variables
= 3.61 a = 0.007297264
Zy = 1421 e = 4.802882 X 10-'° ahs esu
T3 = —4.59 N = 0.6024723 X 10" (g mole)~! (phys.)
Te= 429 A = 1.002063
Ty = 0.98 c=2

9979294 X 10 ¢ see-!
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Table 8-2. FError Matrix

The elements are the variances and covariances in (parts per 10%)2.

@ e N A ¢ m h
[] 0.198 0.556 —0.545 0.181 —0.005 0.529 0.920
[ 0.556 3.041 —3.769 1.259 —0.006 4.426 5.533
N ~0.545 —3.769 5.479 —1.777 0.016 —5.936 —7.009
A 0.181 1.259 —1.777 1.751 —0.003 1.980 2.340
c —0.005 —0.006 0.016 —0.003 0.010 —0.017 —0.008
m 0.529 4.426 —5.936 1.980 —0.017 7.298 8.340
h 0.920 5.533 —7.009 2.340 —0.008 8.340 10.163

be useful and instructive to carry out a least-squares analysis on
this set as it stands without further screening to determine which
of the equations should be omitted in a final analysis because they
are suspected of being the victim of systematic error. We shall call
this our preliminary analysis. The adjusted values, the error matrix,
and the correlation coefficients of this least-squares adjustment are
given in Tables 8-1, 8-2, and 8-3. The error matrix of Table 8-2
has been extended to include the variables m and h. These two
variables were eliminated from the least-squares solution by the
use of the auxiliary equation (8-24) and (8-27). It is, however, in-
convenient to be forced to use these equations in order to express
m and A in terms of our primary variables each time one needs to
compute correlation coefficients between these variables and other
variables. These variances and correlation coefficients can be cal-

Table 8-3. Correlation Cocflicients and Standard Errors
(Internal, a priori, consistency)

o ¢ N A ¢ m h
P 1.000 0.717 —0.523 0.308 —0.115 0.441 0.649
e 0.717 1.000 —0.923 0.546 —0.036 0.939 0.996
N —0.523 —0.923 1.000 —0.574 0.070 —0.937 —0.940
A 0.308 0.546 —0.574 1.000 —0.021 0.554 0.555
¢ —0.115 —0.036 0.070 —0.021 1.000 —0.063 0.025
m 0.441 0.939 -—0.937 0.554 —0.063 1.000 0.969
h 0.649 0.996 —0.940 0.555 0.025 0.969 1.000

Standard Errors—parts per 105

@ e N A c m h
0.445 1.744 2.341 1.323 0.098 2.702 3.188
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culated once and for all by the use of equations (7-20) and (7-24).
Thus, although we have produced a matrix of seventh order, it is
still only of the fifth rank since the last two rows (or columns) can
be expressed as linear combinations of the other rows (or columns).
The near equality of m and h columns of the matrix of correlation
coefficients (Table 8-3) is a reflection of strong coupling between
the adjusted values of these two variables. This is a result of the
relationship

(8-41)

in which Ry, the Rydberg constant, was assumed to have no error
while ¢ and « have relative standard errors which are much smaller
than the error in either m or h.

8.3 ANALYSIS OF THE PRELIMINARY LEAST-SQUARES
ADJUSTMENT

We have found the adjusted values of the primary variables as
well as their standard errors and correlation coefficients as contained
in the error (or variance) matrix. This does not complete the solu-

Equation Cu cu* Cut

Number Input Numerie Output Numerice Indireet Value
8-28' 0.0 +3.0 4.20 £ 1.32 531 & 1.47
8-29' 3.5 3.8 8.26 £ 3.25 21.86 £ 6.38
8-30’ 9.0 + 0.9 8.20 =+ 0.88 -
8-31’ -13 +£23 —2.40 x 1.20 —2.81 % 1.41
8-32 10.1 =+ 1.3 , om0
3-33/ 1.2 =+ 2.0 8.96 £ 0.98 1537 £ 2.2¢4
8-34 229 + 3.6 . . ,
335/ 115 + 1.1 12.02 £ 0.93 10.30 £ 1.98
8-36' —-10.6 =+ 5.1
8-37 —-24 4.0 . -
838’ —46 + 83 7.29 £ 1.31 1048 &£ 1.47
8-39 0.87 = 0.23|
840/ 103+ o011) 098 E010

cu — c*\?
X2=E el S = 52.1
Ty
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Fion; we must also compute the adjusted values of the input numer-
1cs and hence determine the correction to each experiment which is
implied by the least-squares fitting. These values are shown in
Table 84, in which we list the input numeric of our observational
equations ¢, and the least-squares fitted value ¢,*. From this we
calculate the value of x? which is the minimum value of the quad-
ratic expression @, equation (8-1); we have

Ty = Cp — G

and hence

2 = Z(ﬂ—I—c“-*) = 52.1 (8-42)
» Opu
This value of x? is quite large, since with thirteen equations and
five unknowns there are eight degrees of freedom, and hence we
would expect ¥ = 8. A value of x? as large as 52.1 is highly im-
probable; the probability is less than 0.001 that this statistic would
exceed 26.1 entirely as a result of random error (2). It is therefore
apparent that we may say, almost with certainty, either that there
are systematic errors in the observational equations or else that the
standard errors of these equations have been underestimated.
The most convenient method for investigating the existence of
systematic error in a set of data such as the one at hand is the com-
parison of input and effective values. The effective or indirect values
of cach input numeric are defined in equations (7-51) and (7-52).
In those cases in which there are two or three individual measure-
ments of the same quantity (as, for example, the short wavelength
limit of the continuous x-ray spectrum) it is convenient to combine
all these data into one item by taking a weighted mean and then
caleulating the indirect value associated with this weighted datum.
This has the effect of asking for the solution of the least-squares
equations if all the data on a given experimental determination were
excluded simultaneously. It is of course possible to ask for the in-
dircet value based on the exclusion of one datum at a time; how-
ever, all the measurements of a given quantity may suffer from the
same systematic error or we may be interested in whether one item
or the other agrees best with all the remaining data; in such in-
stances it is best to exclude the items together. The indirect values
for equation (8-30’) and the combination of equations (8-39") and
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(8-40"), which represent, respectively, o’ and ¢, are omitted be-
cause the numerical accuracy with which the indirect values can
be determined is so poor that the numbers would not be significant.
The direct measurements are so accurate and hence have so much
weight that the effect of the indirect value is of the same order as
the rounding error of the numerical caleulation.

The implications of Table 8-4 are direct and conclusive. If we
look at equations (8-32) and (8-33") which represent the iodine and
silver Faradays, respectively, it is apparent that the former is much
more consistent with the indirect value than is the latter. The
difference between the input numeric of (8-32') and the indireet
value is 5.3 &+ 2.6, while the difference between that of (8-33) and
the indirect value is 14.2 =+ 3.0. Thus it is quite probable that the
value of the Faraday deduced from the silver coulometer is in error,
The possible sources of error have been discussed in Scetion 3-6,
and the physical interpretation then strengthens the significance
of the statistical implication.

Similarly, equation (8-35’), which is Ilipple, Sommer, and
Thomas’ measurement of the proton magnetic moment, differs from
the indirect value by 1.2 =+ 2.3, whercas the Bloch and Jeffries
result, equation (8-34'), differs by 12.6 = 4.1. Collington, Dellis,
Sanders, and Turberfield (reference 16, Chapter 6) have indicated
that there is indeed a possible source of systematic error in the
Bloch and Jeffries result, and their improved apparatus yielded a
value (Section 6.4, equation 6-7a) which would correspond to an
input numeric, ¢, = 9.8 & 1.5, in terms of the lincarized variables
of Table 8-4. Hence Collington, Dellis, Sanders, and Turberfield's
result is in excellent agreement both with the omegatron value and
with the indirect value implied by the combination of all the other
data. There is thus adequate reason to suspeet the Bloch and Jeffries
result.*

The determination of the short wavelength limit of the continuous
x-ray spectrum (equations 8-36’, 8-37/, 8-38') are all in disagreciment.
with the indirect value. Hence we may tend to doubt the direet
data. There are certainly valid experimental reasons to believe that

* The reanalysis of the Bloch and Jeffries experiment by K. R. Prigger (refor-
ence 15a, Chapter 6), which appeared after 1his seetion was written, confirms
our statistical conclusions (sec Seetion 6.4).
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we should; these have been thoroughly discussed in Section 6.8.
We are therefore tempted to reject all these data; the implications
of such a move will be treated more fully below.

A word of caution is in order at this point. Of the thirteen items
which were included in this preliminary analysis we have deduced
reasons to reject five. This represents a rather drastic censoring
and should be carried out with care. As soon as we eliminate one
item the values of all of the other adjusted output values change.
Hence strictly we should reevaluate the least-squares solution after
each rejection in order to determine the basis for the subsequent
rejections. Furthermore, the decision to reject a datum as discrepant
may very well depend upon the order in which other data are re-
jected. It is quite possible, in general, that a particular experimental
result is in disagreement with the indirectly determined value, not
because of an error in the experiment itself, but because some other
error-ridden experiment is strongly distorting the indirect value.
If the latter experiment were rejected first, the former one might
well be retained.

A completely different approach to the problem of determining
which equations of the thirteen are likely to suffer from systematic
error is afforded by an analysis of variance approach. Such an
analysis has been performed (3) on the data represented by the
set of equations (8-28) to (8-40); this analysis involves the calcula-
tion of x2 for every possible subset of the thirteen equations and the
comparison of these values of x* to determine whether the large
value of x2 = 52.1 can be ascribed to the effect of one or a few items
or whether all the data contribute cqually to this large value. In
the first instance we would be willing to say that those items re-
sponsible for anomalously large contributions to x* were, in fact,
suffering from systematic error; in the second instance we would
ascribe an increased standard error to all the data and admit that
if systematic errors existed they were so widespread as to defy
identification.

A complete and exhaustive survey would be prohibitively long
and expensive, even with the use of modern high-speed electronic
digital computers. 'urthermore, the velocity of light, ¢, is deter-
mined so accurately by direct experiments and the correlation be-
tween ¢ and the other variables is so small (see Table 8-3) that it
was felt justifiable to eliminate ¢ from the least-squares analysis and
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consider it instead as an auxiliary fixed constant. From Table 8-3
it is clear that a shift in the value of ¢ of ten of its standard errors
would not shift the values of any of the other unknowns, with the
exception of «, by one of their standard errors and in the case of
a the shift would exceed o, by less than 20 per cent. Such a shift
of ten standard errors in ¢ is sufficient to include the result of Hansen
and Bol’s microwave cavity measurements at Stanford University,
and there seems extremely little evidence that the true value is
likely to differ from the weighted mean of equations (8-39) and
(8-40) by more than this. The value of ¢ and its standard error given
in Tables 8-1 and 8-3 correspond to giving the linearized variable,
x5, the value, 75 = 1 = 0.1. Substituting this value for zs in the
linearized equations (8-28’) to (8-38') reduces the set to eleven
input equations in four unknowns.

A program of calculation of x? for various subsets of this system
of eleven equations in four unknowns yielded 219 cases (which is
far from exhaustive). The survey, although not complete, is ade-
quate to confirm the implications of Table 8-4: that the silver coulo-
meter value for the Faraday constant and Bloch and Jeffries’
proton magnetic moment determination are in error and that all
the short wavelength limit measurements are also suspect. Actually
suspicion does not fall strongly on the Bearden and Schwarz value,
but this is due more to its low weight than to its close agreement.
Thus although the residue of equation (8-38’) is in most compari-
sons as large or larger than the residues of equations (8-36") and
(8-37"), 1ts contribution to x* is much smaller because of its much
larger assigned standard error.

8.4 SELECTION OF “BEST"” CURRENT VALUES

Because of the uncertainty associated with the interpretation of
the short wavelength limit, the three equations (8-10), (8-11), and
(8-12) were replaced by the single equation (8-13). Using this value
for the short wavelength limit and omitting the silver Faraday and
Bloch and Jeffries’ proton magnetic moment measurements, we
can repeat the least-squares calculation. We now have reduced the
system to seven equations in four unknowns. We therefore have
three degrees of freedom. The calculated value of x* is 3.25, which
is deceptively close to the expectation value, since the 90 per cent
confidence interval is 0.352 <x* <7.815.
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If the short wavelength limit measurements are dropped entirely
(and a strict adherence to the conditions set down in Section 8.1
would require that we do so), the resulting system of six equations
In four unknowns has a x* equal to 0.44. This value of x? may ap-
pear at first sight to be quite low compared to the expectation
value x? = 2; however, a system of only two degrees of freedom is
not very significant with regard to statistical diserimination, since
the 90 per cent confidence interval is quite broad: 0.103 <x* <5.99.
In fact, the probability that x* would lie between 0 and 0.44 for a
system with two degrees of freedom is almost 20 per cent. Further-
more, the actual solution is quite insensitive to whether or not the
short wavelength limit data are retained. The maximum change in
the best value of any of the variables is less than one-fourth of the
assigned standard deviation.

The system of seven equations in four unknowns which is ob-
tained when we exclude those data which appear to be discordant
with the remainder of our data and consider the velocity of light
as a fixed auxiliary, is given below. In each instance the number of
the equation in Section 8.2 from which the present equation is
derived is given in square brackets on the left.

Description of
Weight  Experimental Source

[8-28] za= 0 011 A = 1.002020 (8-43)

[8-29] x3+ 3z, = 3.5 0.07 NAS (Birge’s average) (8-44)

[8-30] x = 4.0 4.92 Dayhoff Fine Structure (8-45)
Splitting in Deuterium

[8-31] 3z — =z = —2.3 0.19 Thomas, Driscoll, and (8-46)
Hipple gyromagnetic ratio
of proton

[8-32] To + 3 = 11.1 0.58 (Iodine) Faraday by clec- (8-47)
tro-chemistry

[8-35] —3x; + 230 + 23 = 13.5 0.83 Sommer, Thomas, and (8-48)

Hipple (omegatron) mag.
mom. of proton

[8-38] —z + =z» —ry = —5.6 0.015 Short wavelength limit of (8-49)
continuous x-ray spee-
trum. Mean of low- volt-
age values.
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The normal equations are formed according to the rules given in
Section 7.4; they are

" (@) 14.1152, —5.5652; —2.490z; +0.015z, = —15.162 (8-50)
(e) —5.5652, +4.105z; +2.240z; —0.015z, = 29.201 (8-51)
(N) —2.490z, +2.240z; +1.480z; +0.210z, = 17.888 (8-52)
(a) 0.0152z;, —0.015zs +0.210z3 +0.75524, = 0.819 (8-53)

It should be noted here that the normal equations are to be
formed exactly according to the rules of Section 7.4 and that no
simplification or cancellation should be made in the equations.
This is because the coefficients of the normal equations have a sig-
nificance which is not limited to the determination of the values of
the 2:. An alteration in the equations which would not alter the
solution (such as the cancellation of a common factor in one of the
equations or even the reordering of the equations in the set) can
destroy the identification of the coefficients of the normal equations
as the weight matrix of the solution.

The error (or variance) matrix of the solution is the inverse of

the matrix of the coefficients of the normal equations. Hence the
error matrix is

(0.1980  0.5760 —0.5603  0.1633
v — | 0.5760  3.4478 —4.4319  1.2898

—0.5603 —4.4319  6.7167 —1.9452 (8-54)
0.1633  1.2898 —1.9452  1.8879)
and the solution for the variables is
z = 3.92
(8-55)
X3 = -—237
T = 194
The value of x? for this solution is
XX = 325 (8-56)

This is to be compared to the value 52.1 which was obtained in the
preliminary adjustment of Section 8.2. The major change in the
variables caused by the deletion of those data suspected of syste-
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matic error is an increase in ;3 of 2.23 and an attendant decrease in
zs of 2.35; this corresponds to a change in Avogadro’s number N
of 22.3 ppm and a change in the conversion factor A of —23.5 ppm.

The value of x* can be expressed equivalently in terms of the
ratio of external to internal consistency

ro/ri = Vx2/(n — q) = 1.041

The 90 per cent confidence interval for r,/r; with three degrees
of freedom is 0.594 < r./r; < 2.795. Hence there is no particular
compunction to use internal rather than external consistency meas-
ures; our data tell us only that the two measures are consistent.

Table 8-5. Variance, Covariance, and Correlation Coefficients
(Recommended least-squares adjustment)

e m h a A N F
e 374 560 685 62.5 140 —480 —-107
m 0.949 940 1057 60.4 226 —778 —219
h 0.996 0.971 1264 103.5 262 —899 —216
a 0.698 0.426 0.628 21.5 17.7 —60.6 1.7
A 0.507 0.516 0.5615 0.267 204 —211 —71
N —0.922 —0.941 —0.988 —0.484 —0.548 726 246
F —0.469 —0.607 —0.509 0.035 —0.421 0.774 141

Standard Errors (ppm)
19.3 30.6 35.5 4.6 14.3 26.9 11.8

We shall, however, quote our final error matrix in terms of external
consistency since this is the larger measure (albeit not significantly
$0). Furthermore, the error matrix (8-54) will be reexpressed in
terms of relative parts per million in the variablese, m, h, o, A, N, F.
The error matrix and correlation coefficients are given in Table 8-5.
Since the matrix of the covariances and the matrix of the correla-
tion coefficients are both symmetric, we can conserve space and
present them in a single square array. The variances appear on the
diagonal of this array, the covariances in the upper right triangle,
and the correlation coefficients in italics in the lower left triangle.

8.5 OUTPUT VALUES. RECOMMENDED (1955)
LEAST-SQUARES ADJUSTMENT

The 1955 adjustment is based, as has been explained earlier, on
the determination of four primary unknowns «, e, N, and A, by
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least-squares adjustment from seven independent sources of ex-
perimental input data combined with a number of auxiliary con-
stants whose values are known so much more accurately than the
afore-mentioned input data that they are negligible error contribu-
tors. These auxiliary constants are listed in Table 8-6 with a star.
The unstarred auxiliary constants in Table 8-6 either were used
merely for computing the derived values of Table 8-7 and therefore

Table 8-6. Auxiliary Constants

Rydberg wave number for infinite mass*
R = 109737.309 £ 0.012 cm™!
Rydberg wave numbers for the light nuclei

Ry = 109677.576 =+ 0.012 em™!
Rp = 109707.419 = 0.012 cm™
Ry = 109717.345 + 0.012 cm™?
Ryt = 109722.267 =+ 0.012 cm™*
Velocity of light*

¢ = 299793.0 =% 0.3 km sec™!
Atomic mass of neutron (physical scale)
M, = 1.008982 =+ 0.000003
Atomic mass of hydrogen (physical scale)
H = 1.008142 == 0.000003
Atomic mass ratio of hydrogen to proton*
H/M, = 1.00054461 (computed using atomic mass of electron
Nm = 0.00054875)
Atomic mass of the proton* (physical scale)
M, = 1.007593 = 0.000003
Atomic mass of deuterium* (physical scale)
D = 2.014735 =+ 0.000006
Atomic mass ratio of deuterium to deuteron*
D/M; = 1.00027244 (computed using atomic mass of electron,
Nm = 0.00054875) (physical scale)
Ratio of electron magnetic moment to proton magnetic moment of Xoenig,
Prodel], and Xusche without diamagnetic correction*
M,/ (Nmu")] (1 + a/2r — 2.97302/x2)
= 658.2288 £ 0.0004
Correction factor u./uo for anomalous magnetic moment of electron®
pe/mo = (1 + /27 — 2.973a2/72) = 1.00114536
(Computed using the value 1/a = 137.037)
Gas constant per mole (physical scale)
Ry = (8.31696 == 0.00034) X 107 erg mole~! deg~!
Standard volume of a perfect gas (physical scale)
Vo = 22420.7 £ 0.6 cm?® atm mole™!

a8, H. Koenig, A. G. Prodell, and P. Kusch, Phys. Rev., 88, 191 (1952).
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Table 8-7. Least-Squares Adjusted Output Values

The quantity following cach == sign is the standard error. Attention is called
to the fact that the quantities in this table are observationally correlaled so that
in the computation of the error measures of derived values dependent on two or
more of the values in this table the error matrix of Table 8-5 must be used.

Avogadro’s constant (physical scale)

N = (6.02486 == 0.00016) X 10% (g mole)~!
Loschmidt’s constant (physical scale)

Lo = N/V, = (2.68719 &£ 0.00010) X 10 cm™*
Electronic charge

e = (4.80286 = 0.00009) X 101! esu

e’ = e/c = (1.60206 £ 0.00003) X 1072° emu
Electron rest mass

m = (9.1083 == 0.0003) X 10~ ¢

Proton rest mass
my = Mp/N = (1.67239 £ 0.00004) X 10~* g
Neutron rest mass
Ma = n/N
Planck’s constant

(1.67470 £ 0.00004) X 10~ g

h = (6.62517 == 0.00023) X 10747 erg sec
h = h/2r = (1.05443 == 0.00004) X 10~%7 c1g sec
Conversion factor from Siegbahn x-units to milliangstroms
Ao/Ne = 1.002039 = 0.000014
Faraday constant (physical scale)
F = Ne = (2.89366 == 0.00003) X 10 csu (g mole)~2
F' = Ne/c = (9652.19 = 0.11) emu (g mole)™
Charge-to-mass ratio of the electron
e/m = (5.27305 = 0.00007) X 10'7 esu gt
e'/m = e/(me) = (1.75890 £ 0.00002) X 107 emu g™+
Ratio h/e
h/e = (1.37942 == 0.00002) X 10~'7 erg sec (esu)™*
Fine structure constant
a = ¢2/(he) = (7.29729 == 0.00003) X 10~
1/a = 137.0373 % 0.0006
a/2r = (1.161398 =+ 0.000005) X 10-*
a2 = (5.32504 = 0.00005) X 10-*
1 — (1 — a2t = (0.266252 £ 0.000002) X 10~¢
Atomic mass of the clectron (physical scale
Nm = (5.48763 == 0.00006) X 10~
Ratio of mass of hydrogen to mass of proton®
Nm

1
H/M, = [1 T 1 - a?/Z)]

= 1.000544613 == 0.000000006

o The binding energy of the electron in the hydrogen atom has been included
in the quantity. The mass of the electron when found in the hydrogen atom is not
m, but more correctly m(1 — «*/2 + -+ -).
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Table 8-7. Least-Squares Adjusted Output Values (continued)

Atomic mass of proton (physical scale)
M, =H — Nm = 1.007593 = 0.000003
Ratio proton mass to electron mass
M,/(Nm) = 1836.12 =+ 0.02
Reduced mass of electron in hydrogen atom
p =mMy/H = (9.1034 £ 0.0003) X 10-28g
Schrodinger constant for a fixed nucleus
2m/h? = (1.63836 = 0.00007) X 10?7 erg~! em—2
Schrodinger constant for the hydrogen atom
2u/h? = (1.63748 = 0.00007) X 1027 erg~! em—2
First Bohr radius
ao = W2/ (me?) = a/(4rRs)
= (5.29172 = 0.00002) X 10-? cm
Radius of electron orbit in normal H?, referred to center of mass
ad = a(l — o)t = (5.29158 = 0.00002) 10~° cm
Separation of proton and electron in normal H*
0" = a’Re/Rr = (5.29446 = 0.00002) X 10~° cm
Compton wavelength of the electron
Xee = h/(mc) = a?/(2 Ry,) = (24.2626 = 0.0002) X 10~ cm
Ree = Ao/ (2r) = (3.86151 == 0.00004) X 10~Y em
Compton wavelength of the proton
Aep = h/(myc) = (13.2141 == 0.0002) X 10~ cm
Rep = Aep/(2m) = (2.10308 == 0.00003) X 10~ cm
Compton wavelength of the neutron
Nen = h/(mnc) = (13.1959 = 0.0002) X 10-* cm
Ren = Aen/(27) = (2.10019 == 0.00003) X 10~ cm
Classical clectron radius
ro = €2/(mc?) = o®/(4wRy)
= (2.81785 = 0.00004) X 102 cm
ro? = (7.94030 == 0.00021) X 10726 cm?
Thomson cross section
(8/3)mre? = (6.65205 = 0.00018) X 10-% cm?
Fine structure doublet separation in hydrogen
AEy = (1/16) Rge?[l + o/ + (5/8 — 5.946/x2)a?|
= 0.365871 & 0.000003 cm—!
= 10968.56 == 0.10 Mc sec™!
Fine structure separation in deuterium
AEp = AEgRp/Rg = 0.365970 = 0.000003 cm™
= 10971.54 = 0.10 Mec sec™!
Zecman displacement per gauss
(e/me)/(4nc) = (4.66885 == 0.00006) X 10~ cm~! gauss™’
Boltzmann'’s constant

k = Ro/N = (1.38044 = 0.00007) X 1078 erg deg™?
k = (8.6167 4= 0.0004) X 10-5 ev deg™!
1/k = 11605.4 = 0.5 deg ev?
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Table 8-7. Least-Squares Adjusted Output Values (continued)

First radiation constant
¢y = 8rhe = (4.9918 £ 0.0002) X 10~ erg em
Second radiation constant
¢2 = he/k = 1.43880 =+ 0.00007 cm deg
Atomic specific heat constant
cfc = (4.79931 = 0.00023) 10~ sce deg
Wien’s displacement law constant?®
Amaxl = €2/(4.96511423) = 0.289782 =+ 0.000013 cm deg
Stefan-Boltzmann con tant
o = (v2/60)(kt/h3%?) = (0.56687 == 0.00010) X 10~*erg cm~2 deg—* see~t
Sackur-Tetrode constant (physical scale of at. wt.)
(So/Ro)pn = 5 + In{(2nRo)3 h=3 N4}
—5.57324 + 0.00007
(So)pn = —(46.3524 4 0.0014) X 107 erg mole—! deg™!
Sackur-Tetrode constant (chemical scale of at. wts.)
(So/Ro)on = —5.57256 =+ 0.00007
(Se)en = —(46.2467 = 0.0014) X 107 erg mole—! deg™!

Bohr magneton
o = he/(dwme)

€hee/2
= (0.92731 £ 0.00002) X 10720 crg gauss~t
Anomalous electron moment correction
1+ a/(27) — 2.973 &?/x?] = pe/wmo = 1.001145358 =+ 0.000000005
(Computed using adjusted value @ = (7.29729 4 0.00003) X 10-1)
Magnetic moment of the clectron
ue = (0.92837 == 0.00002) X 10720 crg gauss™!
Nuclear magneton
wa = he/(drmpc) = poeNm/H+
(0.505038 == 0.000018) X 102 erg gauss~1

Proton moment

I

2.79275 =+ 0.00003 nuclear magneions
= (1.41044 =+ 0.00004) X 10723 crg gauss!
Gyromagnetic ratio of the proton in hydrogen, uncorrected for diamagnetism
v = (2.67523 £ 0.00004) X 10! radians sce™! gauss™t
Ciyromagnetic ratio of the proton (corrected)
v = (2.67530 = 0.00004) X 10 radians sec—! gauss™
Multiplier of (Curie constant)  to give magnetic moment per molecule
(3k/N)t = (2.62178 =+ 0.00010) X 1020 (erg mole deg=1) ¢
Mass-energy conversion factors
1 g = (5.61000 = 0.00011) X 102 Mev
1 cleetron mass = 0.510976 = 0.000007 Mev
1 atomic mass unit = 931.141 & 0.010 Mev
1 proton mass = 938.211 = 0.010 Mev
1 neutron mass = 939.505 & 0.010 Mev

®

® The numerical constant 4.96511423 is the root of the transcendental equa-
tion, z = 5(1 — e72).
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Table 8-7. Least-Squarcs Adjusted Output Valucs (continucd)

Quantum energy conversion factors
1ev = (1.60206 == 0.00003) X 1072 erg

E/3 = he = (1.98618 = 0.00007) X 1076 erg cm
E)\, = (12397.67 == 0.22) X 10~¢ev cm
E\, = 12372.44 o+ 0.16 kv x-units
E/v = (6.62517 £ 0.00023) X 1027 erg sec
E/v = (4.13541 =£ 0.00007) X 10~ ev sec

5/E = (5.03479 =£ 0.00017) X 10 cm~! erg™!
5/E = 8066.03 % 0.14 cm™! ev—?!
v/E = (1.50940 == 0.00005) X 1026 sec™! erg™!
v/E = (2.41814 = 0.00004) X 10 sec™! ev—?!
de Broglie wavelengths, Ap, of elementary particlese
Electrons
e = (7.27377 2= 0.00006) cm? sec™!/v
= (1.552257 == 0.000016) X 103 cm(erg)?/(E)*
(1.226378 == 0.000010) X 10-7 cm(ev) ?/(E)}

Protons

(3.96149 == 0.00005) X 103 cm? sec™/v
(3.62253 == 0.00008) X 10~ cm(erg) t/(E) *
= (2.86202 == 0.00004) X 10~ cm(ev)?/(E)?

Aap

Neutrons
A = (3.95603 == 0.00005) X 10—% cm? sec™!/v
(3.62004 == 0.00008) X 10~ cm(erg) ?/(E)*
= (2.86005 == 0.00004) X 10~ cm(ev)t/(E)}
Energy of 2200 m/sec ncutron
Ey00 = 0.0252973 == 0.0000003 ev
Tao0 = 293.585 £ 0.012 °IX
= 20.435 = 0.012 °C
The Rydberg and rclated derived constants
Re = 109737.309 = 0.012 cm™?
Ree = (3.289848 =+ 0.000003) X 10 sec!
Rohe = (2.17958 == 0.00007) X 10~ erg
Rohe?e=! X 1078 = 13.60488 == 0.00022 ev
Hydrogen ionization potential
Iy = Ry'he®/e)(1 + a2/4 + - +-) X 1078
= 13.59765 = 0.00022 ev

¢ These formulas apply only to nonrelativistic velocities. If the velocity of the
particle is not negligible compared to the velocity of light, ¢, or the energy not
negligible compared to the rest mass energy, we must use A\p = Afe(e + 2)17 4,
where A, is the appropriate Compton wavelength for the particle in question and
¢ is the kinetic energy measured in units of the particle rest-mass.

[

i

]

entered the computations only after the least-squares adjustment
had been effected, or are given simply for their intrinsic utility.
The physical scale of atomic weights is used almost exclusively
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in these tables, the Sackur-Tetrode constant (given on both physical
and chemical scales) being the sole exception. The conversion fac-
tor between these scales, »r = 1.000272 =& 0.000005 calculated by
R. T. Birge on the basis of the abundance ratio for the oxygen iso-
topes, 0% : O : 07 = (506 & 10) : 1 : (0.204 = 0.008), is adopted
here as a definition for the chemical scale. These abundance ratios,
and the value of r implied by them, are subject to variation de-
pending on the source of the oxygen. The value of the 0*/Q ratio
can vary from approximately 495 for oxygen from air or carbonates
to 515 for oxygen from water and rocks. Corresponding to this
variation is a variation in the value of r from 1.000278 to 1.000268
(4, 5). The International Commission on Atomic Weights is at
present (1957) considering the arbitrary redefinition of the chemi-
cal scale of atomic weights in terms of the physical scale and the
value, r = 1.000275. The accuracy ascribed to our adopted value is
such that these two numbers do not differ significantly (approxi-
mately one-half the standard error).

The new Kelvin scale of temperature adopted October 1954 in
Paris at the Tenth General Conference on Weights and Measures
is here used. On this scale the triple point of water is assigned the
temperature 273.16° K exactly. This changes the numerical value
of the gas constant, Ry, slightly from that used in earlier evalua-
tions and gives the value of the ice point as 273.1500 =+ 0.0002° K.
Absolute electrical units are used exclusively, the “international”
electrical units having been abolished in 1948.
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Planck’s constant, h, 103, 117
Point of maximum bending, 149, 210,
216
Postulate of reproducibility, 2
Probability distribution, conditional,
230
marginal, 230
Probability hill, 229
Propagation of errors, 231, 242
correlated variables, 233
generalized law, 244
Proton cyclotron frequency, 190
Proton magnetic moment, 197
Proton magnetic resonance, 27

Quantum limit of the continuous x-ray
spectrum, 207

Radiation constants, 156

Range straggling, 36

Refractive index of x-rays, 123
in diamond, 142

Regression line, 230

Relative fractional error, 223

Residual, 223

Rydberg constant, 253, 266



SUBJECT INDEX

Second, definition of, 5
Short wavelength limit of the con-
tinuous x-ray spectrum, 207, 251

“discrepancy,” 211, 213

Sidereal time standards, 6

Siegbahn-Avogadro number, 127, 250

Sieghbahn’s scale of wavelength, 121

Spin, of mesons, 48, 50, 58, 74

Standard atmosphere, 11

Standard errors, 227

Stefan-Boltzmann law, 156

“Strangeness,” 88

“Strange” particles, 88

Tauons. See Mesons, classification and
nomenclature, of K-particles.

Temperature, 7

Temperature Scale, International, 7

Kelvin, 7, 271

Thermochemical calorie, 20

Thermodynamic scale of temperature,
8

Thetons. See Mesons, classification and
nomenclature, of K-particles.

Time, 5

Unitary nature of electrical charge, 114
Units of measurement, 3
Universal constant of gravitation, 14—
17
measurements of, 16
Universal gas constant. See Gas con-
stant.

Variance, 235
of residues, 244
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Velocity of light, measurement of,
105-112, 183-188, 251, 266
by cavity resonance, 184
by eclipse of Jovian moon, 184
by geodimeter, 109
by IKerr cell, 108
by microwave interferometer, 186
by rotating mirror, 107
by Shoran, 109
by toothed wheel, 106
Viscosity of air, 115
Voltameter, iodine, 23
. silver, 22
sodium oxalate, 26
Volume, definition of units, 4
V-particles, 88. See also Mesons, hyper-
Jragments.

Wavelength of annihilation radiation,
157

Weight, of observational equation, 225

Weight matrix, 226

Wien's displacement law, 156

Work function, 145

X-ray photoelectric effect, 154

X-ray quantum limit, 212

X-rays, mesic, 40

X-ray spectrum, thick target, 208
thin target, 208

X-ray wavelengths, ruled grating meas-

urements, 118

X-unit, 121

definition in terms of caleite, 121

Y-particle, See Mesons, hyperfragmenis.



