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Abstract. We adapt marginal, conditional and random effects resid-
ual plots developed for linear mixed models to assess the fit of Weibull
accelerated failure time models with random effects in the presence of
censored observations. We propose two imputation procedures to replace
the unobserved failure times and perform a simulation study with the
objective of studying the ability of residual plots to evaluate the model
assumptions under increasing proportions of censoring. We illustrate the
proposed residual analysis with a data set involving failure of oil wells.

1 Introduction

We consider a retrospective study related to the operating times of oil wells
during the period of 2000 - 2006 designed to identify wells needing preven-
tive maintenance based on some characteristics like production level, lifting
method, pump depth, well age, region etc. Since each well may have recurrent
failure times, we expect a dependence between the repeated observations on
the same well. Moreover, as some wells are disabled from production and
others are operating at the end of the study, it is necessary to take censoring
into account. Standard parametric accelerated failure time (AFT) models
are often used to model data with this nature when the observations are
independent [see Lawless (2003), for example]. However, these models are
not appropriate to fit correlated survival times. Some authors deal with cor-
related survival data in the context of reliability of repairable systems [see
Ascher and Feingold (1984), Lawless and Thiagarajah (1996) and Percy and
Alkali (2007), for example]. Keiding et al. (1997), Lambert et al. (2004),
Bolfarine and Valença (2005), Santos and Valença (2012) recommend the
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use of AFT models with the inclusion of (non-observable) random effects
acting multiplicatively on the event times. Under this parametric setting,
a common approach is to use Weibull regression models. Lambert et al.
(2004) propose the use of empirical Bayes methods to fit such models, while
Carvalho et al. (2014) consider a classical approach based on linear mixed
models. These authors advocate the use empirical best linear unbiased pre-
dictors (EBLUP), for which only the existence of the first two moments of
the distribution of the random effects is required. Carvalho et al. (2014)
consider an adaptation of the non-parametric imputation methods proposed
by Ageel (2002) to deal with censored data.

For any statistical model, the validity of the underlying assumptions need
to be checked by diagnostic techniques such as residual analysis. Neverthe-
less, there are few proposals for residual analysis in the context of survival
models with random effects. Dobson and Henderson (2003), Rizopoulos et
al. (2009) and Rizopoulos (2010) define residuals for models that jointly
consider the analysis of longitudinal and survival data. These authors, how-
ever, assume normality for the distribution of the random effects and do not
investigate whether it is valid.

In mixed models, there is more than one source of variability and conse-
quently, more than one type of residuals. Hilden-Minton (1995), Verbeke
and Lesaffre (1996a) or Pinheiro and Bates (2000), for example, define
three types of residuals to accommodate the additional sources of variabil-
ity. A summary of the available tools may be found in Nobre and Singer
(2007) or Singer et al. (2017), for example.

Our objective is to use residual analysis techniques originally developed
for linear mixed models to assess the assumptions on the fixed and ran-
dom effects employed in correlated survival data models. In this context,
the presence of censored observations can distort the interpretation of the
residual plots. To bypass this problem we consider imputation methods for
the censored data.

In Section 2, we specify the AFT model with random effects, indicate how
it may be expressed as a linear mixed model and suggest residual analyses to
assess the validity of the associated assumptions. In Section 3, we describe
two imputation methods designed to replace the censored observations. In
Section 4, we present the results of a simulation study conducted to inves-
tigate the impact of different percentages of censored observations on the
ability of the proposed residual plots to identify violations of the model as-
sumptions. In Section 5, we analyze the oil well data and we conclude with
a brief discussion in Section 6.
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2 Accelerated failure time models with random effects

The AFT model with random effects may be written as

lnTij = bi + x>ijβ + σεij , (2.1)

for i = 1, . . . ,k, j = 1, . . . ,ni, where Tij represents the time between the
(j − 1)-th and the j-th failure of the i-th sample unit, bi are independent
and identically distributed (unobserved) random effects with null means and
common variance σ2b , xij is a (p×1) vector of covariates with the first compo-
nent equal to 1, β is a (p×1) vector whose elements are fixed (but unknown)
parameters, σ is a (unknown) scale parameter and εij are independent and
identically distributed unobserved random errors with known mean and
known common variance σ2ε . Furthermore, we assume that Cov(bi, εij) = 0.
When σ2b = 0, this model reduces to the usual AFT model [see Lawless
(2003) and Bolfarine and Valença (2005), for example].

Because of censoring, the response variable lnTij is not observed for all
sampling units. In fact, we observe

Yij = δij lnTij + (1− δij) lnCij , (2.2)

where Cij is the j-th censoring time for the i-th sample unit and δij =
I(Tij ≤ Cij) is an indicator of failures.

Consider initially a sample without censoring, i.e., suppose that δij = 1

for i = 1, . . . ,k, j = 1, . . . ,ni in (2.2) and let n =
∑k

i=1 ni.
Then the AFT model with random effects (2.1) can be represented as a

linear mixed model, namely

Y = Xβ + Zb + e, (2.3)

where Y = (Y>1 , . . . ,Y
>
k )>, with Yi = (Yi1, . . . , Yini)

>, i = 1, . . . ,k, X =
(X>1 , . . . ,X

>
k )>, Xi = (xi1,xi2, . . . ,xini)

>, Z = ⊕ki=11ni , b = (b1, . . . ,bk)
> is

a (k × 1) vector of random effects such that E(b) = 0, V ar(b) = σ2b Ik,

e = σ[ε− E(ε)]

is an (n× 1) vector of random uncorrelated errors and ε is a (n× 1) vector
having the random errors εij as components. Thus, E(e) = 0, V ar(e) =
σ2eIn, with σ2e = σ2V ar(εij). When εij follows a standard extreme value
distribution, i.e., exp(εij) follows a Weibull distribution, then σ2e = σ2π2/6.
These definitions imply that

E(Y) = Xβ (2.4)

V ar(Y) = V = σ2bZZ> + σ2eIn

Cov(b,Y>) = C = σ2bZ
>.
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Conditionally on the knowledge of V and C, the best linear unbiased
estimator (BLUE) of β and the best linear unbiased predictor (BLUP) of b
are respectively:

β̂ = (X>V−1X)−1X>V−1Y and b̃ = CV−1(Y−Xβ̂). (2.5)

In practice, as the variance components σ2b and σ2e (and therefore, V and
C) are unknown, it is reasonable to use empirical estimates and predictors
(EBLUE and EBLUP, respectively), obtained by replacing V and C with
suitable estimators. Details can be found in Robinson (1991) and Jiang and
Verbeke (1998). Estimates of the variance components may be obtained via
the nonparametric MINQUE and I-MINQUE methods [see Rao (1971a),
Rao (1971b) and Searle et al. (1992), for example].

Under model (2.3) we may consider three types of residuals, namely:

• Marginal residuals: ξ̂ = Y −Xβ̂, that predict the marginal errors,
ξ = Y − E(Y) = Y −Xβ = Zb + e
• Conditional residuals: ê = Y −Xβ̂ − Zb̃, that predict the condi-

tional errors, e = Y − E(Y|b) = Y −Xβ − Zb
• Random effects residuals: Zb̃, that predict the random effects,

Zb = E(Y|b)− E(Y) = (Y −Xβ − Zb)− (Y −Xβ).

The marginal residuals may be used to evaluate the linearity of fixed
effects, to detect outliers as well as to check the adequacy of the within-
unit covariance structure. Lesaffre and Verbeke (1998) comment that when
the within-unit covariance structure is adequate, Vi = ‖Ini − R̂iR̂>i ‖2, i =

1, . . . , k, where R̂i = V̂
−1/2
i ξ̂i with V̂i = Vi(θ̂) being the i-th diagonal block

of V , should be close to zero. Units with large values of Vi are those for
which the proposed covariance structure might not be adequate. Given that
the true variance of ξ̂i is V(ξ̂i) = [Vi −Xi(X

>
i V

−1
i Xi)

−1X>i ] and not Vi,

Singer et al. (2017) consider replacing R̂i in Vi with ξ̂∗i = [V̂(ξ̂i)]
−1/2ξ̂i

where V̂(ξ̂i) corresponds to the diagonal block of V̂ −X(X>V̂ −1X)−1X>

associated to the i-th unit. Furthermore, to avoid giving much weight to units
with many observations, these authors consider taking V ∗i =

√
Vi/ni as a

standardized measure of adequacy of the within-unit covariance structure.
Plots of V ∗i as functions of the unit indices, i, (termed unit index-plots) may
help to identify units for which the covariance structure should be modified.

To evaluate the linearity of the fixed effects in model (2.3), Singer et al.
(2017) consider plotting the elements of the standardized marginal residuals
ξ̂∗ij = ξ̂ij/[diagj(V̂(ξ̂i))]

1/2, where diagj(V̂(ξ̂i)) is the j-th element of the

main diagonal of V̂(ξ̂i), versus the values of each explanatory variable as
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well as versus the fitted values. They also recommend plotting ξ̂∗ij versus
the observation index as a tool to detect outlying observations.

Given that V(ê) = σ4e [V
−1 − V −1X(X>V −1X)−1X>V −1], Nobre and

Singer (2007) observe that the conditional residuals may have different
variances. They suggest plots of standardized conditional residuals, ê∗ij =

êij/diagij(V̂(ê))1/2, with diagij(V̂(ê)) denoting the main diagonal element

of V̂(ê) corresponding to the j-th observation of the i-th unit versus fitted
values to check for homoskedasticity of the conditional errors or versus unit
index to check for outlying observations.

When there is no confounding and the random effects follow a q-dimensional
gaussian distribution, Mi = b̃>i {V̂[b̃i−bi]}−1b̃i (the Mahalanobis’s distance
between b̃i and E(bi) = 0) should have an approximate chi-squared distri-
bution with q degrees of freedom. Therefore, a χ2

q QQ plot for Mi may be
used to verify whether the random effects follow a (q-variate) gaussian distri-
bution. Unit index-plots of Mi may also be employed to detect outliers. More
details on residual analysis for mixed models may be obtained in Singer et
al. (2017).

3 Taking censored observations into account

The response variables (2.2) underestimate the true times between failures
when δij = 0 so that an appropriate use of the standard linear mixed model
(2.3) requires some form of imputation. In this context, we propose two
procedures to replace the censored values Cij in (2.2) by estimates T̂ij of the
true (unobserved) failure time Tij , i.e., we consider the response variable

Y ∗ij = δij lnTij + (1− δij) ln T̂ij , (3.1)

for i = 1, . . . , k and j = 1, . . . ,ni.

3.1 Extension of Ageel’s method (EAM)

Ageel (2002) proposes parametric and non-parametric methods to impute
the censored observations in a survival model with independent random and
right censored observations. Carvalho et al. (2014) consider an adaptation
of Ageel’s nonparametric approach to deal with correlated data. Here, we
adapt the parametric approach to incorporate covariates as in (2.1) assum-
ing that conditionally to random effects bi, Tij follows a two parameter
Weibull distribution and replacing each censored value with an estimate of
E(Tij |Tij > cij , bi,xij).
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The density and survival functions of the conditional distribution of Tij
given bi are, respectively:

f(tij |bi,φ,xij) =
γ

exp(bi + β>xij)

(
tij

exp(bi + β>xij)

)γ−1
×

× exp

[
−
(

tij
exp(bi + β>xij)

)γ]
I(0,∞)(tij)

and

S(tij |bi,φ,xij) = exp

[
−
(

tij
exp(bi + β>xij)

)γ]
I(0,∞)(tij),

where φ = (β>, σ2, σ2b )
> is the vector of parameters, γ = 1/σ > 0 denotes

the shape parameter and exp(bi+β
>xij) > 0 represents the scale parameter.

The density function and the expected value for the conditional distribution
of Tij (given Tij > cij and the random effects vector bi) are, respectively

f(tij |tij > cij ; bi,φ,xij) =
f(tij |bi,xij)
S(cij |bi,xij)

=

=
γ/[exp(bi + β>xij)]

(
tij/[exp(bi + β>xij)]

)γ−1
exp

[
− (cij/ exp(bi + β>xij))

γ] ×

×
exp

[
−
(
tij/[exp(bi + β>xij)]

)γ]
exp

[
− (cij/ exp(bi + β>xij))

γ]
and

E(Tij |Tij > cij ; bi,φ,xij) =
exp(bi + β>xij)Γ

(
1 + 1/γ,

(
cij/ exp(bi + β>xij)

)γ)
exp

[
− (cij/ exp(bi + β>xij))

γ] ,

(3.2)
where cij represents the time of occurrence of the j-th censoring for the
i-th sample unit and Γ (η,τ) denotes the incomplete gamma function with
parameters η = 1+1/γ and τ =

(
cij/ exp(bi + β>x)

)γ
[Olver et al. (2010)].

3.2 Inverse transform method (ITM)

A second imputation approach consists in replacing the censored observa-
tions in (2.2) by a value generated from the conditional distribution of Tij
given the random effect bi and Tij > cij . We generate random observations

T̂ij from the cumulative distribution function F (tij |Tij > cij , bi,xij) using
the method of inverse transform [see, for example, Stewart (2009)] and plug
in the generated values in (3.1).
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Residual for Weibull AFT models with random effects 7

The distribution function of Tij given the vector of random effects bi, the
vector of covariates xij and Tij > cij is

F (tij |tij > cij ; bi,φ,xij) = 1− S(tij |bi,φ,xij)
S(cij |bi,φ,xij)

. (3.3)

We obtain tij through the inverse of the distribution function given in (3.3),

and thus, T̂ij in (3.1) can be generated from

exp(bi + β>xij)

[
− log(1− uij) +

(
cij

exp(bi + β>xij)

)γ]1/γ
, (3.4)

where uij is a value generated from a uniform distribution on (0,1), i =
1, . . . ,k, j = 1, . . . , ni.

3.3 Procedures for imputation

To obtain estimates of (3.2) and (3.4) we require preliminary estimates of
φ and of the predictors of bi which may be obtained from the penalized
log-likelihood [see Therneau et al. (2003)]

lpen(φ|b) =
k∑
i=1

ni∑
j=1

log f(tij |bi,φ,xij)δijS(tij |bi,φ,xij)1−δij −h(b;σ2b ), (3.5)

where f(tij |bi,φ,xij) and S(tij |bi,φ,xij) are, respectively, the density and
survival functions of the conditional distribution of Tij given bi and h(b;σ2b ) is
the penalty function. When the distribution of the random effects is normal,
Therneau et al. (2003) suggest the following penalty function

h(b;σ2b ) =
1

2σ2b

k∑
i=1

b2i . (3.6)

Maximizing (3.5), we obtain the maximum penalized likelihood estimator
φ̂∗ of φ and predictors b̃∗i of the random effects bi, i = 1, . . . , k. In this
context we may use the function survreg in the library survival available
in the free software package R R Development Core Team (2015). Details
can be found in Santos and Valença (2012).

The procedure for imputing the censored data and obtaining the residuals
may be summarized as follows.

i) Assume that bi ∼ N(0, σ2b ) in (2.1);

ii) obtain φ̂∗ and b̃∗i based on the penalized likelihood (3.5);
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8 E. S. Rodrigues et al.

iii) select the significant covariates using likelihood ratio tests;
iv) compute Y ∗ij in (3.1), considering for each censored value, an estimate

T̂ij from either (3.2) or (3.4) with φ and bi replaced by φ̂∗ and b̃∗i and
uij generated from a standard uniform distribution on (0,1);

v) repeat step iv) for all censored values and obtain the vector Y∗ =
(Y∗>1 , . . . ,Y∗>k )> where Y∗i = (Y ∗i1, . . . , Y

∗
ini

)>, i = 1, . . . ,k.

After replacing the censored observations with the imputed values, we may
treat the vector Y∗ as the true vector of responses in (2.3). The estimates
of the parameters (EBLUE) and predictors of the random effects (EBLUP)
do not require a specification for the distribution of the random effects.

4 Simulation

A simulation study was conducted to evaluate the performance of the resid-
uals plots developed for linear mixed models, in AFT models with random
effects when censored observations are imputed via each of the two proposed
procedures, EAM and ITM.

Specifically, we considered the model (2.1) with a single covariate xij
drawn from the standard normal distribution. In order to mimic the struc-
ture of the data motivating this study, we considered samples with k = 200
units, with sizes ni for i = 1,...,k, generated from a Poisson distribution with
mean 6, where units with size zero were disregarded. The true parameter
values were taken as β0 = 7.5, β1 = 0.85 and σ = 1.15. The random effects
bi were generated as independent and identically distributed (i.i.d) normal
random variables with zero mean and variance σ2b = 0.35 and the errors εij
were generated as i.i.d standard extreme value random variables. This yields
failure times tij that, conditionally on the random effects bi, follow a Weibull
distribution. We fitted the model to each sample considering εi ∼ V EP and
no assumption on form of the distribution of the random effects bi.

Besides uncensored samples, we considered samples with 30% and 50%
censored observations. Censoring times cij were generated as independent
uniform random variables on (0, u), where u varies according to the specified
censoring proportions. Censored values were replaced by data obtained from
each imputation method and model (2.3) with response variable (3.1) was
fitted to the data.

The model assumptions were checked via the following plots:

(i) Modified Lesaffre-Verbeke index (V ∗i ) unit index plots;
(ii) Standardized marginal residuals (ξ̂∗i ) vs fitted values;
(iii) Standardized conditional residuals (ê∗k) vs fitted values;
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Residual for Weibull AFT models with random effects 9

(iv) QQ plot of conditional residuals (e);
(v) QQ plot of Mahalanobis’ distance (Mi).

To evaluate the performance of the two imputation procedures, we sim-
ulated 1,000 data sets for each of three scenarios: uncensored observations,
30% and 50% censored observations.

To illustrate the diagnostic procedure, we selected typical samples ob-
tained with complete, 30% and 50% censored observations as well as with
the imputed data; the corresponding residual plots are displayed in (Fig-
ures 1-5). In general, residual plots obtained for the censored data suggest
that the model assumptions are violated but this is corrected or at least at-
tenuated when the plots obtained with the imputed data are considered. The
Modified Lesaffre-Verbeke index plots displayed in Figure 1 are exceptions,
since they show the same pattern for uncensored, censored or imputed data,
suggesting that the adopted covariance structure is adequate for around 95%
of the units.

The standardized marginal residual plots obtained with censored data
[Figures 2(b) and 2(c)], on the other hand, suggest that the linearity as-
sumption may not hold, with increasing evidence for the heavier censored
scenario. In these cases, the plots obtained from the ITM imputed data
[Figures 2(d) and 2(f)] indicate that this procedure restores the original un-
censored data pattern [see Figure 2(a)]. Similar conclusions may be derived
from the inspection of the standardized conditional residual plots; those ob-
tained under the censored scenarios [see Figures 3(b) and 3(c)] suggest a
violation of the homoscedasticity assumption for the conditional errors.

The QQ plots for conditional residuals suggest a slight violation of the
normality assumption for the conditional errors specially for 50% censoring
[see Figure 4(c)], which seems to be reasonably corrected with imputation via
ITM [Figure 4(g)]. A similar conclusion holds for the Mahalanobis distance
QQ plots (Figure 5), but both imputation methods seem to restore the
pattern obtained with the complete data. Note that even if such plots detect
violations of the normality assumption, this does not have implications for
the models we are considering, given that they do not require a form for the
distribution of the random effects.
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(c) p = 50%, No imputation
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(e) p = 50%, EAM
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(f) p = 30%, ITM
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(g) p = 50%, ITM

Figure 1 Modified Lesaffre-Verbeke index (V ∗
i ) unit index plots.
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Figure 3 Standardized conditional residuals (ê∗k) vs fitted values.
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Figure 4 QQ plot for conditional residual (e).
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(d) p = 30%, EAM
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(e) p = 50%, EAM
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Figure 5 QQ for Mahalanobis distance (Mi).
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Residual for Weibull AFT models with random effects 15

An additional procedure to evaluate the similarity between the results ob-
tained via imputed data and those obtained with complete data may be con-
ducted via the comparison of the distribution functions of the corresponding
conditional residuals. In this context we may employ CramÃl’r-von Mises or
Kolmogorov-Smirnov statistics among other alternatives. Letting Qn denote
the empirical distribution function of the censored, ITM or EAM imputed
data and Pn denote the empirical distribution function of the complete data,
the two sample Cramér-von Mises statistic is

CM(Qn, Pn) =
U

2n3
− 4n2 − 1

12n

with

U = n{
n∑
i=1

(ri − i)2 +
n∑
j=1

(sj − j)2}

where ri (sj) denotes the rank of the i-th (j-th) conditional residuals ob-
tained with the imputed (complete) data in the combined sample. Details
are given in Anderson (1962).

A similar evaluation may be based on the two sample Komolgorov-Smirnov
statistic

KS(Qn, Pn) = supx|Qn(x)− Pn(x)|.

We applied both the CramÃl’r-von Mises and the Kolmogorov-Smirnov
statistics to compare the distributions of the conditional residuals obtained
with the censored, EAM imputed as well as with the ITM imputed data
with those obtained with the complete data for each of the simulated data
sets under 30% and 50% censoring schemes. The corresponding minimum,
maximum and average p-values as well as the rejection rate of the null
hypotheses of equality between the distributions of the conditional residuals
corresponding to the nominal level of 5% are displayed in Table 1.

The difference between the empirical distribution functions of the condi-
tional residuals obtained with complete, 30% and 50% censored observations
as well as with the imputed data plotted in Figures (6) - (7) for selected sam-
ples. The empirical distribution functions generated by the data imputed by
the ITM are clearly closer to those obtained from the complete data. Con-
sidering that, by Table 1, this is the behaviour for most cases, we understand
that this method is more convenient for our purposes.
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16 E. S. Rodrigues et al.

Table 1 p-values and null percentage rejection rates (% NRR) for the Cramér-von
Mises (CvM) and Kolmogorov-Smirnov (KS) tests

Censoring Imputation p-values
percentage Method Test minimum maximum average % NRR

30% No CvM 0.1485 0.9901 0.5637 0.0000
30% No KS 0.0233 0.9944 0.5492 0.1000
30% EAM CvM 0.0000 0.2178 0.0542 58.000
30% EAM KS 0.0001 0.0997 0.0105 98.500
30% ITM CvM 0.5149 0.9901 0.9608 0.0000
30% ITM KS 0.4208 1.0000 0.9326 0.0000
50% No CvM 0.0000 0.4951 0.0929 34.700
50% No KS 0.0020 0.6981 0.1316 23.000
50% EAM CvM 0.0000 0.0009 0.0000 100.00
50% EAM KS 0.0000 0.0000 0.0000 100.00
50% ITM CvM 0.1881 0.9901 0.8116 0.0000
50% ITM KS 0.0907 1.0000 0.7570 0.0000

Figure 6 Empirical distribution functions forconditional residuals (30% censorship)
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5 Analysis of the oil-well data

5.1 Model Specification

To illustrate the proposed methodology we consider 2374 observations from
616 oil wells involving 1811 failure times and 563 censored times. The failures
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Residual for Weibull AFT models with random effects 17

Figure 7 Empirical distribution functions for conditional residuals (50% censorship)
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were characterized by the total interruption of the operation of the well due
to malfunction of one or more components of the sub-surface equipment.
The covariates were, Oil production in m3/day (PRO), Elevation method :
[pumpjack (PJ = 1) or progressive cavity (PJ = 0)], Age at failure in years
(AGE), Location of operating unit : [Region B (RB = 1 and RC = RD = 0),
C (RC = 1 and RB = RD = 0), D (RD = 1 and RB = RC = 0) and A
(RB = RC = RD = 0)] and Depth of the oil pump in meters (DEP).

Following the suggestions of Carvalho et al. (2014) we adopted the model
following

lnTij = bi + βproPROij + βpjPJij + βageAGEij + βrbRB + βrcRC + βrdRD+

+ βdepDEPi + βpro∗rbPROij ∗RB + βpro∗rcPROij ∗RC+

+ βpro∗rdPROij ∗RD + βdep∗rbDEPi ∗RB+

+ βdep∗rcDEPi ∗RC + βdep∗rdDEPi ∗RD + σεij ,

(5.1)

assuming that, conditionally on the random effects bi, the Tij , i = 1, . . . , 616
and j = 1, . . . , ni follow Weibull distributions. The bi are i.i.d. random ef-
fects with null means and variance σ2b . The form of their distribution is not
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18 E. S. Rodrigues et al.

specified.

Censored observations were imputed via both the ITM and the EAM pro-
cedures and the EBLUE of the parameters were computed using (2.5). The
variance components were estimated by the MINQUE method. Estimates of
the fixed parameters and of the variance components are displayed in Table
2. Both approaches produce comparable estimates of the model parameters.

Table 2 Estimates and standard errors (SE) for model (5.1) parameters

ITM EAM

Parameter Estimate SE Estimate SE

β0 6.577 0.302 6.479 0.302
βpro -0.041 0.012 -0.041 0.012
βpj 0.623 0.152 0.646 0.152
βage 0.088 0.008 0.092 0.008
βrb 1.334 0.371 1.455 0.371
βrc 1.125 0.277 1.177 0.277
βrd 1.804 0.394 1.950 0.394
βdep 0.002 <0.001 0.002 <0.001
βpro∗rb 0.042 0.019 0.041 0.019
βpro∗rc 0.004 0.019 0.003 0.019
βpro∗rd -0.026 0.024 -0.027 0.024
βdep∗rb -0.002 0.001 -0.002 0.001
βdep∗rc -0.003 0.001 -0.003 0.001
βdep∗rd -0.003 0.001 -0.003 0.001
σe 1.451 - 1.440 -
σ2
b 0.896 - 0.908 -

5.2 Residual analysis of the fitted model

The residual plots corresponding to the fit of model (5.1) are shown in
Figures 8- 14. The results suggest that:

• The structure of the within-units covariance matrix proposal may not
be considered adequate only for a small number (13%) of some sample
units (Figure 8).
• The hypothesis of linearity of the fixed effects appears satisfactory

(Figure 9) and the distribution of the marginal residuals are slightly
negatively skewed as expected (Figure 10).
• There is no evidence of outliers (Figure 11).
• There is evidence of violation of the homoskedasticity assumption for

the conditional errors (Figure 12).
• The standard extreme value distribution assumption seems acceptable

for the conditional errors (Figure 13).
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Residual for Weibull AFT models with random effects 19

• There is some evidence against normality of the random effects (Figure
14); this however, is not a model requirement.
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(a) ITM
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(b) EAM

Figure 8 Oil well data - Modified Lesaffre-Verbeke index (V ∗
i ) unit index plots.
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Figure 9 Oil well data - Standardized marginal residuals (ξ̂∗
i ) vs fitted values.

6 Conclusion

There are few proposals for residual analysis in the context of correlated
survival data. In particular, we are not aware of any techniques to evaluate
validity of the assumptions usually considered in AFT random effects mod-
els for the analysis of correlated censored lifetime data. For such purposes,
we consider the use of residual plots originally developed for mixed models
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Figure 10 Oil well data - Histogram for standardized marginal residuals (ξ̂∗
i ).
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(b) EAM

Figure 11 Oil well data - Standardized conditional residuals (ê∗k) unit index plots.

to assess the assumptions of AFT models with random effects used to an-
alyze correlated censored lifetime data. Because censoring can compromise
the analysis of residuals, we propose and compare two imputation proce-
dures (one based on Ageel (2002): EAM; and the other on the method of
inverse transform: ITM) by means of a simulation study. In the simulation
we perceive that ITM exceeds EAM and is clearly indicated for the impu-
tation of censored data because it frequently avoids the false appearance of
violation with respect to the assumptions of linearity, homoskedasticity and
correlation structure, that arise by the presence of censorship in the data.
However, we also note (through simulations not displayed here for space con-
siderations), that the ITM could have low detection capability with respect
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Figure 12 Oil well data - Standardized conditional residuals (ê∗k) vs fitted values.
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Figure 13 Oil well data - QQ plot for standardized conditional residual (ê∗k).

to the distribution of conditional residuals in the context of misspecification,
when censorship is high (at least 50 %). This occurs because the censored
observations are replaced by values of the assumed model, which makes it
difficult to detect an incorrect assumption. An alternative would be use a
nonparametric bootstrap procedure to generate the surrogate value of cen-
sorship. This is a topic to be investigated in future works. We applied these
techniques to evaluate data related to the time between failures of oil wells
and observed a similar behaviour of the imputed data by both methods,
probably due to the low proportion of censored observations in the data
(around 24%).
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Figure 14 Oil wells data - QQ for Mahalanobis distance (Mi).
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