Recognizable Sets with Multiplicities in the Tropical Semiring

Imre Simon^∗ Instituto de Matemática e Estatística Universidade de São Paulo 05508 São Paulo, SP, Brasil

Abstract The last ten years saw the emergence of some results about recognizable subsets of a free monoid with multiplicities in the Min-Plus semiring. An interesting aspect of this theoretical body is that its discovery was motivated throughout by applications such as the finite power property, Eggan’s classical star height problem and the measure of the nondeterministic complexity of finite automata. We review here these results, their applications and point out some open problems.

1 Introduction

One of the richest extensions of finite automaton theory is obtained by associating multiplicities to words, edges and states. Perhaps the most intuitive appearence of this concept is obtained by counting for every word the number of successful paths spelling it in a (nondeterministic) finite automaton. This is motivated by the formalization of ambiguity in a finite automaton and leads to the theory of recognizable subsets of a free monoid with multiplicities in the semiring of natural numbers. This theory leads, in turn, to the consideration of semigroups of matrices with coefficients in IN and it encounters some classical results from algebra and analysis in the context of representation theory and (formal) power series (in noncommuting variables).

In finite automaton theory this approach was pioneered and vigorously pursued since the early sixties by the “French School” led by Marcel Paul

�This work was supported by FAPESP and CNPq 1

Schützenberger. A major step was undertaken by Samuel Eilenberg who sistematized both the formalism and the most important results in his seminal book, [12], published in 1974. In particular he explicited the machinery and this prompted the consideration of multiplicities in any semiring K. The two most important particular cases studied in Eilenberg’s book are given by the boolean semiring (leading to classical finite automata) and the semiring of natural numbers (leading to the consideration of ambiguity in finite automata). More recent treatments of the subject can be found in [3, 32].

In 1978 the author was led to the investigation of recognizable sets with multiplicities in another semiring, denoted M, in [36, 33]. This is just the semiring of the natural numbers extended with ∞ under the operations of taking minimums and addition. Such semiring, sometimes called the Min- Plus semiring, is important in operations research where it is used in problems of cost minimization [7]. Here, we shall call it the tropical semiring, a suggestion of Christian Choffrut.

Our purpose in this paper is to survey the emerging theory of recognizable subsets of a free monoid with multiplicities in the tropical semiring. We shall also point out, in our way, the applications of this theory to linguistic problems as well as to the capturing of the nondeterministic complexity of finite automata. We shall omit the proofs which can be found elsewhere.

2 The finite section and the limitedness problems

In this section we describe a problem from two different viewpoints.

Let K be a semiring and let M_nK denote the multiplicative monoid of n × n matrices with coefficients in K. Let S be a subset of M_nK. For i, j ∈ [1, n] we define the (i, j)-section of S as being the set of cofficients (i, s, j), when s runs over S. A subset of K is called a section of S if it is an (i, j)-section for some i and j. Clearly, set S is finite if and only if every section of S is finite.

The finite section problem (for K) takes a finite subset X of M_nK and a pair (i, j) of indices as input. It consists of deciding whether or not the (i, j)-section of the subsemigroup of M_nK generated by X is finite.

Another, more restricted, problem is given by the finite closure problem (for K), which consists of deciding whether or not the subsemigroup of M_nK generated by a given finite set of matrices is finite or not. Clearly, whenever the finite section problem is decidable so is the finite closure problem. But the converse does not hold in general.

It turns out that the finite section problem is equivalent to the limitedness problem in automaton theory which we describe now.

Let A be a K-A-automaton, that is to say an automaton over the alphabet A with multiplicities in the semiring K. Then the behavior ‖A‖ of A is just a function ‖A‖ : A^∗ → K. We recall that, for a path c in A, its label, denoted by c , is the product of letters of its edges and the multiplicity of c, denoted by c , is the product of multiplicities of its edges. The behavior of A associates to each word s ∈ A^∗ the sum of multiplicities of all successful paths with label s. The family of behaviors of K-A-automata is denoted by Rec_K A^∗. Its elements are called recognizable K-subsets of A^∗.

We say that a K-subset S, S : X → K is limited if its image XS is a finite subset of K. The limitedness problem (for K) consists of deciding whether or not the behavior of a given K-A-automaton is limited or not.

We shall be interested in the case when K is the tropical semiring M. In this case, the operations of M being min and +, the multiplicity of a path is the sum of the multiplicities of its edges while the behavior of an M-A-automaton A is given by

s‖A‖ = min{ c | c is a successful path with label c = s }.

Thus, in particular, the behavior of A is limited if and only if there is a natural m, such that for every s ∈ A^∗, either s‖A‖ = ∞ or s‖A‖ ≤ m. A successful path with label s and multiplicity s‖A‖ is called victorious. Further details about our notation can be found in [12, 38].

Using a standard construction which associates a subsemigroup of M_nK to every K-A-automaton A it can be shown that for every semiring K the finite section problem is decidable if and only if the limitedness problem is decidable.

These problems were considered in [28] where their decidability for the semiring of natural numbers was shown. Indeed, in this case, under certain connectivity hypothesis, the finite section problem is equivalent to the finite closure problem whose decidability also follows from work of G. Jacob [22]. Related work can be found in [6, 40].

For the tropical semiring these questions were addressed in 1978 in [36, 33], where we proved that every torsion subsemigroup of M_nM is locally finite, a Schur-type result. At the same time it was shown that the finite closure problem for the tropical semiring is decidable.

The limitedness problem for the tropical semiring was raised in [9]. It was shown to be decidable in a memorable paper by Kosaburo Hashiguchi,

[15], in 1982. The solution is very complicated and difficult to visualize and this led to further research to find other proofs of this result.

The first attempt in this direction was completed by Hashiguchi himself [18] in 1986. He obtained an improved proof accompanied by a new characterization of the limited recognizable M-subsets of A^∗. Unortunately, Hashiguchi’s proofs are not completely satisfactory. This is because his method conduces to a bound, say B, such that ‖A‖ is limited if and only if the image A^∗‖A‖ is contained in the set Y = [0, B] ∪ ∞. The algorithm then consists of checking whether or not the inverse image Y ‖A‖^{−1} of Y is everything or not. This can be done because for every y ∈ M, the set y‖A‖^{−1} is a recognizable subset of A^∗ which can be computed. Thus, the algorithm neeeds the construction of B +2 automata which is just impossible in practice because of the exponential bounds B furnished by the proof.

The second attempt to find an alternate proof of Hashiguchi’s theorem was completed by Hing Leung [26] in 1987. Leung visualized the finite section problem as a question of convergence using the one-point compactification of the tropical semiring equiped with the discrete topology. Let us denote by ω the point at infinity and by T the resulting semiring.

Thus, T has elements IN ∪ { ω, ∞ } totally ordered by 0 < 1 < 2 < · · · < ω < ∞. The operations of T are min(a, b) and a+b, where a+b = max(a, b) if a or b does not belong to IN. A sequence a_n converges to a if and only if either a_n = a for every sufficiently large n or a = ω and, for every m ∈ IN ∪ { ∞ }, there exists p ∈ IN for which m ∉ { a_n | n > p }.

The topology of T extends naturally to M_nT where matrix multiplication results a continuous function. Thus, M_nT becomes a topological semigroup and the topological closure of any subsemigroup is again a subsemigroup of M_nT . Leung’s solution consists of an algorithm which decides whether or not ω belongs to the (i, j)-section of the topological closure of the subsemigroup of M_nT generated by a given finite subset of M_nT . This clearly solves the finite section problem. His algorithm is easy to state and can be computed for examples with small n.

Finally, I also attempted to find an alternate proof for Hashiguchi’s theorem. Unfortunately my proof, initiated in 1986, is still incomplete but it will be essentially another proof of correctness of Hing Leung’s algorithm, obtained independently.

Maybe a word on one of the main differences among the three approaches is in order. All these proofs are built around some Ramsey-type result which serves as a stopping rule for the algorithms. Hashiguchi uses the weakest possible Ramsey type result: the pigeon-hole principle. Leung uses a powerful theorem of T. C. Brown about locally finite semigroups [5, 36, 39]. My own proof uses a new Ramsey-type result, developed in [35, 37], from which Brown’s theorem follows easily.

We close this section by stating the algorithm for deciding the finite section problem for the tropical semiring.

Initially we consider another semiring, denoted by R, which has elements { 0, 1, ω, ∞ } totally ordered by 0 < 1 < ω < ∞. The operations of R are min and max for addition and multiplication respectively.

Let us consider an idempotent element e of M_nR. The position (i, j) of e is said to be blind if (i, e, j) = 1 and there is no k ∈ [1, n] such that (k, e, k) = 0 and (i, e, k), (k, e, j) ∈ { 0, 1 }. This is equivalent to saying that (i, e^{′3}, j) = 3, where e^′ is the matrix e considered as an element of M_nT . It can be shown that position (i, j) of e is blind if and only if the (i, j)-section of the cyclic subsemigroup of M_nT generated by e^′ is infinite. To record this situation we make the following definition.

The perforation of e is another idempotent matrix in M_nR, denoted e^#, given by

(i, e^#, j) = { ω if (i, j) is blind (i, e, j) otherwise.

A subset Y of M_nR is closed under perforation if the perforation of every idempotent in Y is also in Y .

The semirings T and R are related by the function Ψ : T → R, given by

xΨ = { x if x ∈ R 1 otherwise.

Function Ψ extends naturally to M_nT but we warn the reader that it is not continuous.

Having defined this much notation we can state the promised algorithm. Let X be a finite subset of M_nM. Let Y be the least subsemigroup of M_nR closed under perforation which contains XΨ. Hing Leung [26] showed that the (i, j)-section of the subsemigroup of M_nM generated by X is finite if and only if the (i, j)-section of Y contains ω.

Since R is a finite semiring, Y is finite and can be computed by starting with XΨ and alternately closing it under product and perforation. This yields an algorithm to decide the finite section problem for the tropical semiring.

A word about the complexity of this problem. Leung [26] has shown that the finite section problem for the tropical semiring is PSPACE-hard. Later he proved [25] that the algorithm converges after a polynomial number of closures under product and perforation. It follows that it has polynomial space complexity; hence, the limitedness problem is PSPACE-complete.

3 Applications to linguistic problems

The initial motivation for both the finite closure and the finite section problems came from linguistic considerations.

The original linguistic problem to be solved was posed by John Brzozowski in 1966 during the seventh SWAT (now FOCS) Conference. It asked for an algorithm to decide whether or not a given recognizable subset of A^∗ possessed the finite power property. Recall that a subset X of A^∗ has the finite power property if there exists a natural m for which

X^∗ = (1 ∪ X)^m.

This problem was shown decidable independently by K. Hashiguchi and the author in 1978 [14, 33], while in [20] it is shown that the problem becomes undecidable for context-free languaages. See also [27].

Hashiguchi’s solution (see also [34, 31]) is very short and he works directly on the automaton recognizing X. His method is based on an ingenious idea built around a double recurrence.

On the other hand, the author reduced the finite power property to the finite closure problem for the tropical semiring. The basic idea of the reduction is simple and we illustrate it by an example in Figure 1. Let A be a finite automaton recognizing X and let B be the automaton recognizing X^∗, obtained by the standard construction. Let q be the initial (and only final) state of B. We transform B into an M-A-automaton by assigning multiplicity 1 to every edge with terminus in q and multiplicity 0 to the remaining edges of B (on the Figure multiplicity 0 is omitted). Clearly, for every s ∈ A^∗, we have s‖B‖ = { min{ m | s ∈ X^m } if s ∈ X^∗ ∞ otherwise.

It follows that X has the finite power property if and only if ‖B‖ is limited.

z z z z

-^{a,b} �

     �

       �

    �

      �

       �
     `�a^a
   @@
     @@
       @

    @@
      @@
       @

     RI^b b

        6^a

ffiflfflfi^{?b} A

- 6 z z

z z

-^{a,b} �

     �

       �

    �

      �

       �
     `�a^a
   @@
     @@
       @

    @@
      @@
       @

     RI^b b

        6^a

ffiflfflfi^{?b} B

!!!

   !!!

     !!!

        !!!

aaa
   aaa
     aaa
        aaa

      9

      y

a/1

b/1 ffiflfflfi^{?a/1 , b/1}-œ

Figure 1: A set X = |A| with the finite power property: X^∗ = (1 ∪ X)^4.

Let S be the standard submonoid of M_nM associated to B. It turns out that in the particular case of this construction, due to the restricted way of assigning multiplicities to the edges of B, the (q, q)-section of S is finite if and only if S itself is finite. Hence, X has the finite power property if and only if the monoid S is finite.

Hashiguchi extended this idea and developed an algorithm to decide whether a given set belongs to the closure of a given finite family of sets under a given subset of the rational operations. More precisely, let X be a recognizable subset of A^∗, let F be a finite family of recognizable subsets of A^∗, and let ρ be a subset of the operations in { ∪, ., ∗ } (the rational operations). The algorithm decides whether or not the set X belongs to the closure of F under ρ. For instance, X has the finite power property if and only if X^∗ belongs to the closure of { X } under union and concatenation. This algorithm uses, in a very significant way, the finite section problem for the tropical semiring. Actually, we are unaware of any other proof which avoids the finite section problem. For more details consult [17, 30].

Building on this idea, Hashiguchi, in a veritable “tour de force”, solved last year the entire star-height problem in [19] after a partial solution he obtained in [16] in 1982. More precisely, he developed an algorithm to compute the star-height of a given recognizable set. It is worth recalling that this classical problem, formulated by Eggan [11] in 1963, remained open for 24 years in spite of the many attempts to solve it. Unfortunately, the ideas in this deep paper are too complex to be reported here.

4 The nondeterministic complexity of finite automata

Another application of the tropical semiring is connected to the capture of the nondeterministic complexity of a finite automaton. The idea here is to associate to every word the minimum number of “decisions” necessary to spell it out in a given nondeterministic automaton. This can be realized by associating multiplicity 1 to every nondeterministic edge. The behavior of the resulting M-A-automaton is precisely the desired series. This idea, for Turing Machines, first appeared in [23] and was later considered for finite automata by J. Goldstine, C. Kintala and D. Wotschke [24].

More precisely, let A = (Q, I, T ) be a (not necessarily deterministic) finite automaton over the alphabet A. We say that edge (p, a, q) of A is deterministic if there are no other edges (p, a, r) in A, with r ≠ q.

We convert A into an M-A-automaton by defining the multiplicity of (p, a, q) in Q × A × Q:

(p, a, q)E = 0 if (p, a, q) is a deterministic edge 1 if (p, a, q) is not a deterministic edge ∞ if (p, a, q) is not an edge of A.

The behavior ‖A‖ of A (‖A‖ : A^∗ → M) is called the nondeterministic complexity of the finite automaton A. Thus, s‖A‖ is the minimum number of nondeterministic edges needed to spell s from I to T .

An important aspect of the nondeterministic complexity of automaton A is the assymptotic behavior of the coefficients in ‖A‖. This can be measured by the function sh defined as follows. Let F : A^∗ → M be an M-subset of A^∗. For F and for m ≥ 0, we define sh(F, m) = min{ |s| | s ∈ A^∗, m ≤ sF < ∞ }. Thus, sh(F, m) is the minimum length needed to achieve a finite coefficient which exceeds m. Note that if F is limited then sh(F, m) is undefined for sufficiently large m and if F is unlimited then sh(F, m) is always defined and unbounded. In particular, we use the function sh(‖A‖, m) to measure the assymptotic behavior of the nondeterministic complexity of automaton A.

It was shown in [38] that the nondeterministic complexity ‖A_p‖ of automaton A_p, shown in Figure 2, satisfies sh(‖A_p‖, m) ∈ Θ(m^p).

A_1 : œ-

œ

ffiflfflfiz^{?1} z^{?1}

A_2 : œ-

œ

ffiflfflfiz^{?1,2}

ffiflfflfiz6_{1,2}

   �
  �
�

  � 2

 -^2

  œ_2

ffiflfflfiz^{?1} z^{?1}

A_3 : œ-

œ

ffiflfflfiz^{?1,2,3}

ffiflfflfiz6_{1,2,3}

   �
  �
�

  � 3

 -^3

  œ_3

ffiflfflfiz^{?1,2}

ffiflfflfiz6_{1,2}

   �
  �
�

  � 2

 -^2

  œ_2

ffiflfflfiz^{?1} z^{?1}

A_p : œ-

œ

ffiflfflfiz^{?[1,p]}

ffiflfflfiz6_{[1,p]}

   �
  �
�

  �^p

 -^p

  œ_p

ffiflfflfiz^{?[1,p−1]}

ffiflfflfiz6_{[1,p−1]}

   �
  �
�

  �^{p−1}

 -^{p−1}

  œ_{p−1}

ffiflfflfiz^{?[1,p−2]}

ffiflfflfiz6_{[1,p−2]}

   �
  �
�

  �^{p−2}

· · ·

-^{p−2} ffiflfflfiz?

[1,p−3] ffiflfflfiz6_{1,2,3,4}

   �
  �
�

  � 4
  œ_4

· · · ffiflfflfiz? 1,2,3 ffiflfflfiz6_{1,2,3}

   �
  �
�

  � 3

 -^3

  œ_3

ffiflfflfiz^{?1,2}

ffiflfflfiz6_{1,2}

   �
  �
�

  � 2

 -^2

  œ_2

ffiflfflfiz^{?1} z^{?1}

Figure 2: Automata A_p

Inspired by this fact we define, for every p, the family H_p of M-subsets in Rec_M A^∗ for which sh grows not faster than a p-degree polynomial. More precisely, we put

H_p = { F ∈ Rec_M A^∗ | sh(F, m) ∈ O(m^p) }.

In particular, H_0 results to be the family of limited recognizable M-subsets of A^∗.

Using a characterization of limited recognizable subsets of A^∗ obtained by Hashiguchi in [18] one can prove that the families H_p exhaust Rec_M A^∗. In other words, the families H_p form a proper hierarchy of the recognizable M-subsets of A^∗. More details can be found in [38].

We mention that the aluded characterization of Hashiguchi is done in terms of the star-height of rational expressions which do not use unions. Further, the existence of such an expression of height p implies pertinence to H_p. Also, it can be shown that the algorithm of the previous section applied to the automaton A_p converges with exactly p closures under perforation. These facts hardly happen by coincidence but we do not yet have a satisfactory explanation for them.

5 Further research

We close this paper mentioning some open problems. The first challenge is to obtain a deeper understanding of the existing results. This is needed because the proofs of many of the reported results are utterly intricate and rely on very elaborated combinatorial arguments. Better and more informative proofs have to be found! A brilliant example in this direction is given by the introduction of the topology on the tropical semiring done by Leung. I hope that many other such simplifications will be found which will finally lead to a better understanding of the the star-height problem. Indeed, the existing proof, putting all pieces together, takes more than a hundred pages of very heavy combinatorial reasoning.

The most important open problem seems to be to settle whether the equivalence problem for recognizable M-subsets of the free monoid is decidable or not. In spite of the fact that this problem is dangerously close to known undecidable problems I believe that it is decidable. I offer two (admittedly unrelated) facts to support my belief. Indeed, the same problem is decidable for the semiring IN [12, page 143]; on the other hand, the basic tool [12, page 156] to prove undecidability results related to M_nIN cannot be used for the tropical semiring. This is so because it is easy to see that every finitely generated subsemigroup of M_nM has polynomial growth function, i.e. for every f : A^∗ → M_nM, A finite, |A^mf| ∈ O(m^{n2} ). Thus, M_nM does not contain free subsemigroups generated by at least two letters.

Another open problem is to characterize the classes H_p in the hierarchy of the previous section. In particular, are there decision procedures for each of those classes? I vagely believe and strongly hope that the p-th family in the hierarchy is intimately related to the family of sets of star height p.

Another problem: I conjecture that the complexity of every recognizable M-subset is basically a polynomial. More precisely, for every recognizable M-subset F of A^∗ there exists p such that sh(F, m) ∈ Θ(m^p).

Still another one: in [9] Choffrut embedded M in some other semirings of interest such as the semiring K of the recognizable subsets of { a }^∗. Mascle showed in [29] that the Schur-type result of [33] extends to this semiring. He also showed that the finite closure problem remains decidable. However, let us take an excursion to the theory of recognizable rational relations [2,

8, 21, 10, 4]. Recently it was proved [13] that it is undecidable whether a rational subset of A^∗ × { a }^∗ is recognizable or not. This was made even more precise in [1] where “tight bounds” are given for the decidability of related questions. But a construction of Choffrut [9, 10] can be used to reduce the above question to the finite section problem for the semiring K. Hence, the finite section problem for K is undecidable. A similar argument can be used to show that the equivalence problem for K-recognizable sets is also undecidable. These facts motivate further investigations to try to make more precise the transition of the finite section problem from decidable to undecidable when extending the tropical semiring. In particular, what happens for the semiring (Z ∪ { ∞ }, min, +), where Z is the ring of integers?

A final question: can one characterize the family of victorious paths of M-A-automata, seen as subsets of the free monoid generated by the edge set? These sets seem to be peculiar, whatever that means, and more information on them could well clarify the problems we addressed in this paper.

References

[1] I. J. Aalbersberg and H. J. Hoogeboom. Decision problems for regular trace languages. In T. Ottman, editor, Automata, Languages and Programming, pages 250–259, Berlin, 1987. Springer-Verlag.

[2] J. Berstel. Transductions and Context-Free Languages. B. G. Teubner, Stuttgart, 1979.

[3] J. Berstel and C. Reutenauer. Les Séries Rationnelles et leurs Langages.

Masson, Paris, 1984.

[4] J. Berstel and J. Sakarovitch. Recent results in the theory o rational sets. In J. Gruska, B. Rovan, and J. Wiedermann, editors, Mathematical Foundations of Computer Science 1986, pages 15–28, Berlin, 1986. Springer-Verlag. Lecture Notes in Computer Science, 233.

[5] T. C. Brown. An interesting combinatorial method in the theory of locally finite semigroups. Pacific J. Math., 36:285–289, 1971.

[6] T. H. Chan and O. Ibarra. On the finite-valuedness problem for sequential machines. Theoretical Comput. Sci., 23:95–101, 1983.

[7] P. Chemouil, G. Cohen, J. P. Quadrat, and M. Viot, editors. Algebres Exotiques et Systemes a Evenements Discrets. Institut National de Recherche en Informatique et en Automatique, Le Chesnay, 1987.

[8] C. Choffrut. Sur les transductions reconnaissables. R.A.I.R.O. Informatique théorique, 12:203–212, 1978.

[9] C. Choffrut. Series rationelles d’image finie. Technical Report 79-6, Laboratoire d’Informatique Théorique et Programmation, Paris, 1979.

[10] C. Choffrut. Free partially commutative monoids. Technical Report RT-MAP-8504, Instituto de Matemática e Estatística da Universidade de São Paulo, 1985.

[11] L. C. Eggan. Transition graphs and the star height of regular events.

Michigan Math. J., 10:385–397, 1963.

[12] S. Eilenberg. Automata, Languages, and Machines, Volume A. Academic Press, New York, NY, 1974.

[13] A. Gibbons and W. Rytter. On the decidability of some problems about rational subsets of the free partially commutative monoids. manuscript, 1987.

[14] K. Hashiguchi. A decision procedure for the order of regular events.

Theoretical Comput. Sci., 8:69–72, 1979.

[15] K. Hashiguchi. Limitedness theorem on finite automata with distance functions. J. Comput. Syst. Sci., 24:233–244, 1982.

[16] K. Hashiguchi. Regular languages of star height one. Information and Control, 53:199–210, 1982.

[17] K. Hashiguchi. Representation theorems on regular languages. J. Comput. Syst. Sci., 27:101–115, 1983.

[18] K. Hashiguchi. Improved limitedness theorems on finite automata with distance functions. Manuscript, 1986.

[19] K. Hashiguchi. Algorithms for determining relative star height and star height. Manuscript, 1987.

[20] C. E. Hughes and S. M. Selkow. The finite power property for contextfree languages. Theoretical Comput. Sci., 15:111–114, 1981.

[21] O. Ibarra. The unsolvability of the equivalenc problem for ϵ-free NGSM’s with unitary input (output) alphabet and applications. SIAM J. Comput., 7:524–532, 1978.

[22] G. Jacob. La finitude des representations lineaires de semi-groupes est decidable. J. Algebra, 52:437–459, 1978.

[23] C. M. R. Kintala and P. Fischer. Computations with a restricted number of nondeterministic steps. In Proc. of the Ninth Annual ACM Symposium on Theory of Computing, pages 178–185, New York, 1977. Association for Computing Machinery.

[24] C. M. R. Kintala and D. Wotschke. Amounts of nondeterminism in finite automata. Acta Inf., 13:199–204, 1980.

[25] H. Leung, 1987. Private communication.

[26] H. Leung. An Algebraic Method for Solving Decision Problems in Finite Automata Theory. PhD thesis, Department of Computer Science, The Pennsylvania State University, 1987.

[27] M. Linna. Finite power property of regular languages. In M. Nivat, editor, Automata, Languages and Programming, pages 87–98, Amsterdam, 1973. North-Holland Pu. Co.

[28] A. Mandel and I. Simon. On finite semigroups of matrices. Theoretical Comput. Sci., 5:101–111, 1977.

[29] J.-P. Mascle. Torsion matrix semigroups and recognizable transductions. In L. Kott, editor, Automata, Languages and Programming, pages 244–253, Berlin, 1986. Springer-Verlag. Lecture Notes in Computer Science, 226.

[30] J. E. Pin. Langages rationells et reconnaissables. Technical Report 85-60, Laboratoire d’Informatique Théorique et Programmation, Paris, 1985.

[31] A. Salomaa. Jewels of Formal Language Theory. Computer Science Press, Rockville,MD, 1981.

[32] A. Salomaa and M. Soittola. Automata-Theoretic Aspects of Formal Power Series. Springer-Verlag, New York, 1978.

[33] I. Simon. Limited subsets of a free monoid. In Proc. 19th Annual Symposium on Foundations of Computer Science, pages 143–150, Piscataway, N.J., 1978. Institute of Electrical and Electronics Engineers.

[34] I. Simon. On Brzozowski’s problem: (1 ∪ A)^m = A^∗. In M. Fontet and I. Guessarian, editors, Seminaire d’Informatique Théorique, annee 1979-1980, pages 67–72, Paris, 1980. Laboratoire d’Informatique Théorique et Programmation.

[35] I. Simon. Word Ramsey theorems. In B. Bollobás, editor, Graph Theory and Combinatorics, pages 283–291, London, 1984. Academic Press.

[36] I. Simon. Caracterização de conjuntos racionais limitados. Tese de Livre-Docência, Instituto de Matemática e Estatística da Universidade de São Paulo, 1987.

[37] I. Simon. Factorization forests of finite height. Technical Report 87-73, Laboratoire d’Informatique Théorique et Programmation, Paris, 1987.

[38] I. Simon. The nondeterministic complexity of a finite automaton. Technical Report RT-MAP-8703, Instituto de Matemática e Estatística da Universidade de São Paulo, 1987.

[39] H. Straubing. The Burnside problem for semigroups of matrices. In L. J.

Cummings, editor, Combinatorics on Words, Progress and Perspectives, pages 279–295, New York, NY, 1983. Academic Press.

[40] A. Weber and H. Seidl. On finitely generated monoids of matrices with entries in IN. Technical Report 9/87, Fachbereich Informatik, Universität Frankfurt, 1987.