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1 RESUME

Si R est un anneau de polynomes et L est une R-algebre complétement
résoluble, c’est-a-dire qu’il existe une chaine d’idéaux L = Ly C L1 C ... C
L, C 0, avec L;/L;+1 un R-module libre de dimension 1, alors L admet une
représentation par matrices triangulaires sur R.



In this article we show that a completely solvable Lie algebra over a
ring of polynomials has a triangulable faithful representation. This fact
is important in the theory of analytic diassosiative loops. In 1955 Malcev
noted [5] that, every Binary Lie algebra B over the field R of real numbers,
some neighborhood D C B of zero can be considered as a local analytic
diassociative loop with the multiplication zxy = H(z,y) = z+y+[z,y]/2+
..., where H(z,y) stands for the Campbell-Hausdorf series. Recall that by
definition an algebra B is Binary Lie if every two elements of B generate a
Lie subalgebra. By the Cartan theorem, for every local analytic Lie group,
there exists a corresponding global analytic Lie group. An analogy is not
valid for local analytic diassociative loops [1]. The problem of existence of a
global analytic dissociative loop for a given Binary Lie algebra is not easy.
The following can help in solving the problem.

Let B be a Binary Lie algebra over R with a finite basis {b1,...,b,}
and Bx = B ®p K be corresponding Binary Lie over the polynomial ring
K =Rlz1,%2,..-,Y1,Y2,.-.]- Denote X = z1b1+...+z,b, and Y = y1b1 +
.-+ ynby, and let B(X,Y) be a Lie subalgebra generated by X,Y. By the
theorem [2], the algebra B is completely solvable, hence, B(X,Y) is so.
By the theorem 1 of the present work B(X,Y’) has a faithful triangulable
representation 7. Therefore, there exists a triangular matrix Z such that
exp(m(X))exp(n(Y)) = exp(Z). Suppose that Z = fim(b1) + ...+ fuw(bn),
where fi,..., f, are analytic functions on R?". Then R" is a global analytic
diassociative loop with a multiplication given by the rule

(@15 2n) - (Y15 Un) = (f1s---, fn)-

Moreover, this loop corresponds to B.

Let R be a polynomial ring, R = k[z1,...,Zm], where k is a field of
characteristic 0, let @) be the field of fractions of R. For every R-module V,
we denote by dimpgV the dimension of the Q-module V ®z Q). We call an
Lie algebra L over R completely solvable if L admits some normal series

L=L;>Ly>...>L, =0,

such that dimgp(L;/Li+1)=1,i=1,...,n— 1.

A module V over the Lie algebra Lg is called triangulable if V is free
R-module with a free basis {v1,...,vp}, such that V; = {v;,...,vp}g is an
L-submodule.

The main result of this section is the following



Theorem 1 Let R = k[z1,...,%Zm], L be a completely solvable Lie algebra
over R, and let L be free as an R-module. Then L has a faithfull triangulable
module.

Proof. Suppose that L is a splitting Lie algebra, i.e. L =T & N, where
N is the nilradical of L and T is a torus. Moreover, 7" and N are free R-
module. Let ¢,...,%, be a free basis of the R-module T First we will prove
the statement in this particular case by induction on q.

1. Case ¢ = 0. Let £L = L ®gr Q, a nilpotent Lie algebra over ). By
the Ado theorem [3], £ has a faithfull finite-dimensional representation p :
L — EndqgV such that all elements p(z),z € L are nilpotent. Fix a
@-basis in V and generators nq,...,n; of the R-module £. We can find

a € R such that all coefficients of the matrices ap(ni),...,ap(n;) are in R.
We denote D = diag(1,a,...,a" '), where n = dimgV. If the matrices
p(n1),...,p(n;) are upper triangular, then the matrices

D_lp(nl)Da cee a-D_lp('n’l)D

have coeflicients in R. It means that the Lie R-algebra L has faithfull
triangable module over R.

2. Case g > 0. Denote t = t,and Ly = To® N, where Ty = {t1,...,t4—1}r-
Now it is suffices to prove the following

Lemma 1 . Let L be a completely solvable Lie R-algebra and let L =
Rt @ Ly, where Ly is an ideal of L. Then, for every representation pg :
Ly — Endg(Vy), where Vi is a free R-module, there exists an extension
p: L — Endg(V) such that V is a free R-module and V =V, @ V1, Vi is an
R-submodule of V', plv, = po. Moreover, if Vi is a triangulable Lo-module,
then V is triangulable.

Proof. Let W be an L-module induced by Vy, W = ¥, @V, ® t*. The
lemma will be proved if we construct a unitary polynomial f(z) € R[z] such
that Vo f(t)L N'Vy = 0 with all the roots of f(z) are in R. We will construct
f(z) by induction on dimVy. If dimVy = 1, we can take f(z) = z2. In the
case of dimVjy > 0, we need the following

Lemma 2 Let s(z) and p(z) be unitary polynomials, s(z),p(z) € R[z].
Then there ezists an unitary polynomial f(x) € R[z] such that, in the ring
Rlz,y],

f+y) = Fly) + s(@)ri(z,y) + zp(z)ra(z,y) (1)
for some r1(z,y),r2(z,y) € R[z,y]. Moreover, if all the roots of s(xz) and
p(z) are in R then all the roots of f(x) are in R.



Proof. Let R; be an extension of R such that s(z) = (z—a1) ... (z —an)
and p(z) = (. — 1) ... (x — Bm) for some aq,...,apn,B1,...,0m € R1. We

define
f@) =p"(@) [[ (2 — ci = B)).
2
Note that f(z) € R[z] if s(z),p(z) € R[z]. We will prove (1) by induction
on n. For n =1,

flz+y) - flz) =

plz+y) I +y—ar =) —pW) Iy — a1 — B)) =
plz+y) [z —a1) + (y = B)] —p(W) [1;(y — a1 — Bj) =
plz+y) Iy — B;) + (z — a)ri(z,y) —pW) [1;(y — a1 — Bj) =

(z — ar)ri(z,y) +pW)IL; (= +y — B;) — [1;(y — a1 — B;)]-

Since
[I;(z+y—B5)= =r3(z,y) +py),
Hj(y—al—ﬁj): Hj[@—al)"‘(y—ﬁj)_x]:
(33 - 041)‘1“4(.7,‘,y)+ $T5(I,y) +p(y)a

we obtain

Mz +vy—-8) -] — a1 - Bj)] = x(rs —r5) = (x — o1)7a
J J
The equality (1) is proved for n = 1.
Let n > 1. Denote s1(z) = [["( — o). By induction,

fet+y) —f) =p"@+yLi+y—o-B) - fly) =

{P" e+ ) iz +y— i - B)Hp(z + ) [1i(z +y — on — Bj)} -
Fy) = {s1@)ri (@, y) + 2py)ry(z,y) + 2" ¥) [licn; (v — @i — B)) }-
{(z — an)r3(z,y) + zp(y)ri(z,y) + py) [[;(y — o — Bj)} -

P"W) ILij(y — ci = Bj) = s(z)r1(, y)r3(2, y) + zp(y)ra(e, y)-

4
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Now we return to the proof of Lemma 1. As Ly is triangulable Lg-
module, then there exists an Lg-submodule V; < Vj such that Vy = V; &
Rv,v € V. By induction, there exists a polynomial p(z) such that the
induced L-module W; = 3"3°, ®V;#! contains a submodule V3 D Vip(t) and
Vo NVi = 0. Moreover, W1 /V; is a triangulable L-module. Denote by s(z)
a minimal polynomial such that Ls(ad(t)) = 0. By induction, all the roots
of p(z) are in R and all the roots of s(z) are in R, since L is completely
solvable. By Lemma, 2, to given s(z) and p(x), we can associate a polynomial
f(z) such that equality (1) holds. We will prove that Wy = Vo + W f(¢) is
an L-submodule what we need. As Wyt C W), we have to prove that
W f(t)a C Wy for any a € Lyg. Denote a* = [a,t,...,t],v € W. From ([3],

p.50), it follows that

t)a = Z va' £ (t) /4. (2)
By Lemma 2, in the commutative ring R[z,y] we get
2o a' fO(y)/it = f(z +y) =
fy) + s(@)ri(z, y) + zp(y)ra(z,y) = (3)

Fy) + s(@) T ri(@)yt + 282 rai(z)p(y)y',
where

Zmz y ro(z,y) 27”21

Denote s;(z) = s(z)r1;(z). From (3), we derive

) k1 k2
YD) it =fly) + D si@)y + Y rai(@)p)y’. (4)
=0 i=0 i=1

Let Ass be a free associative algebra over R with free generators {y, z1, z2,...}.
Then (4) yields in Ass

Z-Tzf y)/it = f +ZS z)y" +Zr2z g (5)



where o is a linear map: R[z] — Ass,

k k ]
Za z;, if g(z Zaixz.
i=0 i=0
Finally, (5) implies
k1 k2 .
vf(t)a =vaf(t —I—Z a, si(adt)]t! —I—Z a,ro;(adt)|p(t)t" € Wy,
1=0 i=1

since [a,T2;(adt)] € Ly,[L, s(adt)] = 0 and s;(z) = s(z)l;(x). We constructed
an L-module U = W/W),, which is free as R-module since f(z) is unitary
polynomial. The L-module U is triangulable since all the roots of f(x) are
in R.

O

With this lemma we can complete the inductive step and prove theorem
in the of L splitting.

Suppose now that L is not splitting. Recall that @ is the field of fraction
of R. A Lie Q-algebra Ly = L ®g @ is embedded to a splitting QQ-algebra
L=Tea&N.Here, N =3 ,c, ®Ny, where 7 C Q* and N, = {n € N|nt =
a(t)n,Vt € T} (see [4]). Let {g1,...,9n} C L be free basis of L. In L,
we have g; = t; + ni,t; € T,n; € N,i = 1,...,n. Note that g1,...,g9, €
T ={teT]|alt) € RVa € 7} and T is a free R-module. In L, we
have n; = Y ,cr NiasNia € Na,i = 1,...,n. Let N1 be an R-algebra Lie
with generators njq|a € 7,4 = 1,...,n}. It is obvious that N; is a finite-
dimensional R-module and NiT' C N;. Hence Ly = T @ N is a splitting

complitely solvable R-algebra and L is subalgebra of L.
Od
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