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1 Introduction.

In this work we begin to study the representations of the Lie ring S = sls(Z).
Denote by O the category of the torsion free finite-dimensional S-modules.
It means that if V € O, then for v € VVn € Z : nv =0 - n = 0 or
v = 0. Moreover, dimV = dimqV ® Q < co. A module V' € O is called
irreducible if the S ®z Q-module V ®z Q is irreducible. Fix a standard
basis {e, h, f} on S such that eh = 2e,ef = h, fh = —2f. For every module
V € O, denote by V; a submodule {v € V | 3¢ € Z,vh = iv}. A module
V is said to be diagonal if V.= V4. A module V is said to be semisimle
if it is the direct sum of diagonal irreducible submodules. Obviously, every
diagonal S-module contains a unique maximal semisimle submodule which
we denote by V;. The following proposition contains a complete description
of the irreducible diagonal S-modules.

Proposition 1 ([2]) Let a« = (o, ap—2,...,02_y) be a vector from Z'} such
that (i+1)(n—1i)/an—2i = Bn—2i+2 € Z. Denote by V(a) the S-module with
the Z-basis {vy,vn—9,...,v_pn} such that

vih = 1v;, vie = Bivito, vif = avi_o,i=n,n—2,...,—n.

Then V() is an irreducible diagonal S-module. Every irreducible diagonal
S-module has such a form for some a. Moreover, V(a) =~ V(y) if and only

if a=r.

A diagonal S-module V is said to be extremal if, for every diagonal S-
module W such that V' C W, we have V; # W,. Denote by £D the set of the
diagonal extremal S-modules. The main problem in the theory of diagonal
S-module is to describe the structure of an extremal S-module. Note that
Ve W e €D impliess V € ED and W € £D. The converse is not true (if
V and W are irreducible then V.W € D, but usualy Ve W ¢ ED). Let
us call a S-module V connected if V'~ W; for some indecomposible module
W € ED. 1t is intresting to describe the set of the connected S-modules.
Observe that every connected module is semisimple.

Conjecture 1 For V.W € £D we have VQ W € ED.



2 The tensor product of irredusible diagonal sl3(Z)-
modules.

In this section, we describe the structure of semisimple module (VW) and
calculate the index |V @ W : (V @ W),| for diagonal irreducible S-modules
V and W.

Let V = V(a) and W = W(v) be irreducile diagonal S-modules with
bases {vn,vn—2,...,v_n} and {wp,, Wyn_2,...,wW_n} respectively and with
the actions

’Uz'h = z'vi, v;e = Ozi’Ui+2,’Uz'f = ﬁivi_g,i =n,n— 2, B Ry
wih = tw;, wie = Tywigo, w; f = yiwi—e, i =m,m —2,...,—m,
and
n—2ifn—2i12 = —i(n —i+1), Ym—2iTm—2i42 = —i(m—i+1). (1)

We assume that n < m. If U = V @ W, then Uy ~ Y ' ,®U, where
Uy is an irreducible diagonal S-module and dimU, = n +m — 2k + 1 (see
[1]). Let {uf_ _opub ok o,--s u¥, 1o} denote the standard basis
of Up+m—2k- Then ufH_m_%e =0 and

k
’U’z—l—m—Qk = Z xflun—Zi ® Wimn—2k+2i5
1=0
where zF € Z,zk > 0 and ged(zf, ..., z¥) = 1. Here ged(X), X C Z means
the greatest common divisor of integers in X.
Similarly, uf, ~  f=0and uk, =3 jyFv_pi0 ® w_pm_2iiok,
where y(’f,...,y,lz € Z,yt > 0 with gcd(y(’)“,...,y’,g) = 1. Note that, by the

conditions, wlg, . ,wﬁ and y(’)“, . ,y’,j are uniquely defined.
—n,—m _ s
For every u = 5,000 a;jviw; € U, define |u| = ged{a;; | i =

ny...,—n,j =m,...,—m} and |[u]| = u/luf.
Denote af = uz+m_2kf’ and b¥ = ugk_m_nez, k=0,...,m,1=0,...,n+
m — 2k. Clearly uy_,,_y; = |laf_|| and ufy_,,_, = [[bf_l.

We use the following notation
P TP D _ TP~ o
o, = H i—0 (2i+2j—n, BZ = Hj:() Bn—Zz—Z]a

p_tp-l,. p_ 1Pl o
Ui Hj:() A242j—my  V; _Hj:() /Bm—2z—2]-

The main result of this section is the following



Theorem 1 Let V and W be diagonal irreducible S-modules with the bases
defined above. Then (VQW), has a basis {HG;H |i=0,...,m,j=0,...,n+
m — 2i} and

VoW : (VW) =

(g = T (=)™ T (yg) ™ (m) ™™ IS (gt m2et

(armn)n—m—l—l H(T:_ll (ag)m—q—i—l Hzn:—ll (’Bg_q)m—q H;L;gn—Q( ;n—f—l)n—m—l—q_

n I —1y(pym-1
(Hq—l Hk:O |uz| )( q=0 Hz:()'bzrl),

[ 2(n + m — p)o@),

p=0
(3)
where
(t) = [(t+2)/2)(n+m —3[t/2] =2+ (-1)!), if 0<t<m—2,
A g2m —4—t)+n—m+1, if m—1<t<2m—4.
Here [z] is an integer part of .
Proof. If U? = {u € U | uh = pu} and UP = U; N UP, then
n+m n+m
U= > eUlU= )Y ol
p=—n—m p=—n—m
Hence
n+m
Vew:(VeW)l= [ U?:U (4)
p=—n—m
Note that UP = UP =0, if p # n+m (mod 2). Fix ¢ € {1,...,m}. Then the
elements {a’;_k,k =0,...,q} form a basis of UJ. If a’;_k =3 (thvn_2i ®
Wp42i—2¢ then
q
U Ud| = 00 [T lagsl (5)
k=0
where A, = det||t2||g,k:0. From the definition of ¢{, we obtain
, i— o
N A= ©
j=0
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We will prove that

q . .
Dg=Dgo1(Q_ (1) 2iB ;) (7)
§=0
Decompose A, by the last raw which has the form (zf,...,zZ). Then
q .
= > (st 0
§=0
Denote by Wy, ..., W4_1 the columns of the determinant A,_; and by ¥y, ..., ¥,

the columns of A, without the last line. Then

_ 1 1 — i k— 1 —
WZ:((q_]-)lBZ’)’q_Z_l,,Z.’Ef(q_kj_l)ﬂ; J')’k] i+j— ,...,513;.1 1).
J=0

We transform linearly the columns of the determinant s7; for a fixed 0 <
1 < ¢q. Denote by Vz(j) the determinant v/; obtained by a substitution
of the first (j + 1) columns by Wy,...,w;. Note that Vo = v,_2p+2Wo.
Hence, v7; = 'ym_2q+2vz(0). Suppose that, by induction, we have an equality

Vi=7_;v¥ " for 0<j <i—1. Then

_ _5n_2j+2V_Vj—1:(---aZl Ozl (; L )ﬁ k —j+
Br2j+2(X]=y = <;:]l€_ >5J lyamimath ).

Since Br—oj+280 " = Bu_ot - Bu—sjraPu—2jr2 = B!, we have
Vi — Bn—2j12Wj_1 =
comtat (204 ) - (2040 )) gk k) =
(- Ym—2gt2j42 Yi—o F ( q 'k ) Bl ya k) =

Ym—2q+2j+2W;-
| (9
From (9), it follows that 7; = 7,_ zvz( . Now denote by V£ 71 the determi-
(i-1)

nant \/; obtained by substituting the last j columns by Wq_j11,..., Wq.



As above, we can see that vgi_l) = Bg_ivgq_i]. Since vgq_i]

obtain v7; = 'yé,iﬂf_iAq,l and the equality (7) follows from (8). Now we
have to calculate

= Aq—la we

g o
Sy= 3 (1l

Jj=0
Clearly,
k _ (kL k _
Uptm—2k€ = (Ej:o T;Un—25 ® Win—2k+2j)€ =

ko k _
> =0 z; (On—2jVn—2j+2 ® Wrm—_2k+2j + Tm—2k+2jVn—2j ® Wm_2k+2j4+2 =

k k k
Zj:o($j+1an—2j—2 + ijm—2k+2j)’Un—2j ® Wm—2k+2j+2-

IIBI]CB,
Ty 10n—24 + T Tm—2 =0 (10)
j+1G%n—25-2 7 Tm—2k+2j .

By (10), we have

D D
LTiTm—2k4+25 _ Lj_1Tm—2k+2jTm—2k+2j-2

Tiv1 = T Tom—aj—2 Qp—2j—20p_2; -
. (11)
k . $k7.1+1
(—1)7+1 LoTm—2k+2j - - - Tm—2k _ (—1)i+ 0 'm—k
Qp—2j—2---Qp_3 a]—H_ .
n—j—1

Note that (1) and (2) yield
'Yg—j'rr]r'z—i = Ym—2i+2j - - - Ym—2i4+2Tm—2 - - - Tm—2i42j—2 =
(-G —j+D)m—i+1) - (i—f)(m—i+j) =
(=1)9(i — 7 + 1) (m — i + 1)l1,
Analogously,

o= (1Y (i = +1)0(n — i+ 1)UL,



Therefore,

J
q57

J
q=j
q—J
oz;]anq

(1]
nq

J
TTTL
Sq = Z?:o
—1)924 ) . , .
( }I)q Zg Y4 (g — 7+ D)0(m — g+ )UIG + D)l (n — g+ 1)la3) =

(= )qxo Z] O_T( q!])!(m_q+1)U](n_q+ Dle=3l =

q

e J_o(j)cm g+ 1)l — g+ 1))

(12)
Recall the following formula which one can easily prove by induction on

(a + b)l :Z( > pla—dl. (13)

=0
From (12) and (13), we conclude
Sg=azdql(n +m —2q+ 2)[‘1}/043.
Hence, by (7),
Ag =TT 2Bp!(n + m — 2p + 2)Pl(ad) 1. (14)

Analogously, if bg_k =X, s%vgi,n ® Wok—_2i—m,k = 0,...q and A1 =
det] ||y, then

and .
[Umin=a gt = AT (b5l (15)

0<qg<m.
In the same way as we got the formula (14), we can obtain

AT =T] ypp (n+m —2p+2)PI(pE p)*l. (16)



Now we have to calculate the indices |U? : UP| for m < p < n. In this case,
for a fixedm < p <n, p=n+m(mod 2) we have a’;—k = Zf:p_m 1002 ®
Wp2i—2p and
m
UP - U2 = O [ lag—el ™", (17)
k=0

i=p—m, k=0 Denote by v? the i-th column of A,,. Similarly
p+1

where A, = det||ti| "

to (9), we can prove that v = B, _9i oVl | + v m_opi0ivl, s0 Apyq =
/8n72p,6n72p+2 )6n 2p+2m D —,Bm+1A and

Dy =By Byt o B A (18)
From (4),(5),(14),(15),(16),(17) and (18), we obtain
U U| =125 U2 : Ud| =

(Tg=1 A4 HZ:o luf| ) (T A HZ:o 1b7| 1) =
(mgz)n—m—l—l H;n:_ll (xg)n—q—l—l Hzn:—ll (yg)m—q (m!)n—m—i—l HZn:_ll (q!)n+m—2q+1 .
(e ™ I g™ o4 T (B )™ T8y b

(Mo I 1y (Tt 1T

oo 11 k=0 EI™ h).

(n = m+ D) ™ TS (4 — 2g o+ 2)fd)n 2041,

(19)
Clearly, there exists a function g(p),p € Z such that
m—1 2m—2
((n_m+2)[m])n—m+1 H ((n+m_2q+2)[q])n+m—2q+1 _ H (n+m_p)9(13)_
q=1 p=0
It is not difficult to verify that
g2t)=(t+1)(n+m—3t—-1), 0<2t<m-—1,

g2t +1)=({t+1D)(n+m—-3t—-3), 0<2+1<m—1,

glm —2+1t) =g(m —2—1), 0<t<m-—1.

From here and (19) we derive the formula (3).
The theorem is proved.
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