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Abstract

We prove that the order of any subloop of a finite Moufang loop is a factor of the order
of the loop, thus obtaining an analog of Lagrange’s theorem for finite Moufang loops.

1. Introduction

The remarkable connection between Moufang loops and groups with triality, which was
first discovered by G. Glauberman [7] and then developed by S. Doro [4] and P. Mikheev
[11], proved to be very useful in the study of loops. Thus, M. Liebeck used this connection
in his classification [10] of finite simple Moufang loops. He proved that the unique simple
finite non-associative Moufang loops are the Paige loops M(q) = PSL(O(q)), where
O(q) is a simple alternative 8-dimensional Cayley-Dickson algebra over the finite field of
q elements (see [13]).

In the first part of this paper, we describe the correspondence between the maximal
subloops of a given Moufang loop and some subgroups of the corresponding group with
triality. In the second part, we apply this correspondence to solve a longstanding problem
in the theory of Moufang loops which asserts that the order of an arbitrary subloop M
of a finite Moufang loop M divides the order of M. In view of Lemma 2.1 on the page
93 in [1], this problem can be reduced to the case when M is a simple loop and, due to
M. Liebeck’s classification [10], to the case when M = M(q). It is also clear that the
subloop My can be assumed to be maximal in M.

It is known that the triality group corresponding to the loop M(q) is the finite simple
orthogonal group PQ4{ (q). Under the above correspondence, a maximal subloop My of
M (q) is linked to a certain subgroup Gy of PQF (g). We use P. Kleidman’s description
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[8] of maximal subgroups in the automorphism groups of PQg (¢) to find the possible
candidates for Gy and then determine the order of the corresponding subloops of M (q).
It turns out that all such orders divide the order of M (g), which proves

Lagrange’s Theorem. The order of any subloop of a finite Moufang loop M divides
the order of M.

The authors of [3] have concluded that a solution to Lagrange’s problem may be
achieved for any variety of loops, in which there exists a classification of (finite) simple
loops, by establishing that all simple loops in this variety satisfy the Lagrange property.
We do this for the variety of Moufang loops. In particular, our proof is dependent on the
classification of finite simple groups.

Every Moufang loop M is diassociative, i.e., any subloop of M generated by two
elements is a group. We note that, in general, for diassociative loops Lagrange’s theorem
is not true. For example, let V' be a vector space of dimension 2 over the field Fj of three
elements and let e € V' be a symbol. Define on the set L = V U {e} the structure of a
diassociative loop as follows. Put e-x = x-e = z for every & € L, v2 = e for every v € V,
and v - w = u whenever v,w € V, v # w, and {v,w,u} is an affine line in V. Clearly,
|L| = 10 and, for distinct elements v and w of V, the set {e,v, w,v - w} is a subgroup of
L of order 4. This is an example of a Steiner loop (see p. 23 in [5]).

A loop M is called a right Bol loop if the identity (zy - z)y = z(yz - y) holds for
all z,y,z € M. The class of Moufang loops is exactly the intersection of the classes of
diassociative and right Bol loops. We mention here that a counterexample to Lagrange’s
theorem among the right Bol loops is not known to the authors.

2. Moufang loops and groups with triality
A loop M is called a Moufang loop if

xy - zx = (x-yz)x forall z,y,z¢€ M.

A group G possessing automorphisms p and o such that p? = 02 = (po)? = 1 is called a
group with triality (relative to p and o) if the following relation holds for every = in G:

[z,0] - [z,0)° - [z,0]" =1, (2:1)
where [x,0] = 7127, We denote S = {p, o). The triality is called non-trivial if S # 1.
The most interesting situation is when S is isomorphic to the symmetric group Ss in
which case the relation (2-1) does not depend on the particular choice of the generators p
and o of S (see [4]) and we will thus speak of a group with triality S. This fact, together
with Lemma 3 - 2 in [10], implies

LEMMA 1. The condition (2-1) is equivalent to [xp,c]® = 1 for every x in G.

The expression [zp, o] here is to be regarded in the semidirect product GS.

Introduce some notation: Cp(Q) is the centralizer of @ in P. If P is a (normal) subgroup
of Q then we write P < Q (P < Q). Put [z,y] = 2 'y Loy, ¢" = h=lgh, g7 = (g7 1)".
If G is a group with triality .S then, for g € G, define

2 2

€(9)=9""9" =lg,0l, o(g) =9 9", n(g) = 99" ¢"” = glg, o] ~"".
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Also, put M = ¢(G) and H = Cg(o). Observe that

m’=m-teM forall me M. (2-2)

LEMMA 2. In the above notation, we have:

(i) n=""mn=" =mPnm*" €M YmmneM,
(i) [m,mP] = [m,mpz] = [mp,mpz] =1 VmeM,
(iii) [mp,nfpz] = [m’pQ,nP] €eH VmneM,

) n(g)eH VgegG,
) ¢(H) C M, ¢(M) C H.

(iv
(v
Proof. (1) By (2-1) and (2-2), we have f(mPQnPQ) =n=P m P’ moPnor =
n P m= P m=Pn =P =n=""mn=P € M for all m,n € M. Moreover, (2-1) also implies
77fp2mrfP(TFPQm7fp)"(n”’zmn’f’)p2 =n=" mn” mPnm?’ n! = 1.
Conjugating this equality by n, we obtain n~!
for all m,n € M. Replacing m by m~!, we have NP mn=P = m—Pnm="".

(ii) For every m € M, we have mmPmP” =1 by (2-1). Using (2-2), we obtain
L= m=. Replacing m by m™!
mm? mP = mmPmP’; therefore, [m”,m”z] =1
(iii) Let m,n € M. Then, by item (i), we have
=P = mPnm?”. Applying p? to this equality, we have
U= mn?’mP. This, together with (2-1), implies
n=Pm =P nfnf’ = m_me_pnPQmp; hence,
mP n=Pm =" nP =m=PnP mPn="" ie., [m*",nP] = [m?,n"""]. We also have by (2-2)
[m?,n="17 = [mP?,n="7] = [m=*",nP] = [m?,n=""]. Therefore, [m?,n*"] € H.

(iv) n(9)7 = 979797 = 9(g7"97) (97" 97)" = g(97"9") ™" = g97*79*" = n(g).
(v) Let h and m be elements of H and M, respectively. Then (2-2) and (ii) imply
B(m)” =m=P"mP" " =mP m=" = m~PmP” = ¢(m) € H.

2

E(¢(h)P") = E(h™'hP) = hPhh="ho?" = h=Ph?" = ¢(h) € M. O

2 2 2 2 2
n= mn® mPnmP = n’mn® mPnmf =1

2
1=mmPmr 2 =m~ , we have

2
n=f"m-
2
n=P m=° n-

By item (iv) of this lemma, every g € G admits the decomposition g = n(g)f(g)pz with
n(g) € H and £(g) € M. In particular, for all m,n € M, we have by item (i)

m? nf” = n(m”?n"z)f(mPanz)p2 = [m_pz,n"](m_pnm_pz)pQ. (2:3)

Let G be an arbitrary group with triality. It was shown in Lemma 1 of [4] that the set
M*” is a right transversal of H in G. For g € G, we define m(g) to be the unique element
of M?” such that 7(g)g~t € H. Then the composition m - mo = m(myms) endows
M?” with the structure of a Moufang loop (see Theorem 1 in [4]). By (2-3), the mapping

~

m — mP form € M is an isomorphism of loops (M, .) & (Mp27 -), where, by definition,
mn=m P nm " for all n,m € M. (2-4)

We denote the loop (M, .) by M(G) and note that |[M(G)| = |G : H|. The relation
(2-4) implies that the identity of M(G) coincides with the identity of G and, for every
m € M(Q), taking the inverse m~! or any power m! is the same whether considered in
M(G) or in G.

Suppose that Gg is an S-invariant subgroup of G (shortly, S-subgroup). Then Gy is a
group with triality S and M(Gy) is a subloop of M = M(G). In the following Theorem 1,
we prove that all subloops of M may be constructed in this way. Note that the relation
G1 < G4 for S-subgroups G; and Gs of G implies the relation M(G1) < M(G2) for the
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corresponding loops. It is possible however that two distinct S-subgroups of G give rise
to the same subloop of M.

LEMMA 3. Let m,n,k € M then

(i) m~tn.m = h=inh, where h = ¢(m) € H,

(ii) ((k.m).n).(m.n)~' = h=1kh, where h = [m?,n~""] € H
(iii) m~'.n~Lom.n = ¢([mP,n""]) € M.

Proof. (i) By Lemma 2, h = ¢(m) € H. Note that (i) of Lemma 2 implies
the following alternative expression for the multiplication in M:

zy=y oy ? forall zye M. (2-5)

2 2 2
“tnm=m"t.(m P nmP) = mPm = nm PmP for alln € M.

Using it, we have m
We also have h~1nh = m="" mPnm=Pm?". The claim follows, since
mPm=" =m="mP by (ii) of Lemma (2).

(ii) For m,n,k € M, Wehaveby(25)

(k.m).n)(m.n)~* = ((m=""km~?).n).(n =" mn=r)~" =

n= " m=" km=Pn- p) (nPm=n") =

nPm =P’ )P 0P m P km PP (nPmnf") P =
—Pme” (n 17f"2)mff’Qlcmfp(n*pn’l)mprfp2 =
n”Jm‘)annf"2k:m*pnfﬁrn"n”’2 = [n”, m*PQ]k[mp, n”’Q].
On the other hand, h=*kh = [n=*", mP]k[m?, n=""].
However, Lemma 2 (iv) implies [n?, m~*"] = [n="", m”).

(iii) Using (2-5), (2-1) and (ii),(iil) of Lemma 2, we have
m~tntmn = (m L n"Y).(mn) = (0" mnP).(n"" " mn=r) =
(n’pZmn*p)fp2 (np2m71np)(n7"2mn7p)’p =nm~—"" (npnpz)mfl(npnf)mfﬂn =
nm = 0 im = In" m P = nm = 0" mP’ (m =P m = im P ymPn 1
n=1,m’|[m=",n] :2[mp,n P1=P[m=F" nP)P” =

[m?, =" [me, 0= = ([m#,n ")), O

(
(
(

m—Pn =

THEOREM 1. Let G be a group with triality S = (p,0), G = HM?", where H = Ca(o)
and M = {[g,0] | g € G}, and let M(G) = (M, .) be the corresponding Moufang
loop. Then, for every subloop P < M(G), there exists an S-subgroup Q < G such that
M(Q) = P. Moreover,

(i) if G is the S-subgroup generated by M then Gy < G,
(il) of G1 < Go is an S-subgroup such that M(G1) = M(Gy), then G1 = Gy.

Proof. Let P < M be a subloop, which means that P C M and, for m,n € P,
m.n =m~Pnm~"" € P. We denote by @ the subgroup of G generated by P U P? U P
It is clear that @ is p-invariant. Also, (2-2) implies

P’ =P, (P’ =P, (PP)7 =Ppr
Hence, @ is S-invariant. We wish to prove that M(Q) = P.
Let Hy be the subgroup of ) generated by the set T = {m*pmp(z, [mp,n’pz] |m,n €

P}. By (iii) and (v) of Lemma 2, Hy C H. Denote Qo = HoP?” and prove that Q = Qo.
This will imply that

M(Q) = M(Qo) = €(Qo) = {£(Wp”") | h € Ho,p € P}.
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However, f(hp”z) = p‘pzh_lh”pp% = p"’zh_lhp”” = p"’zp_p = p by (2-1). Therefore,
we will have M(Q) = P as is required.

Clearly, Q¢ € Q. On the other hand, observe that P C @¢. Indeed, if m € P then, by
(2-1) and (ii) of Lemma 2, we have

m=m"Pm " =m Pm’ (m_pz)2 = (771‘”7)1”2)(771_2)"2 € Qo.

Now, for m € P, we also have m” = (rnpn”t_pz)?n”2 € Qo and mr e Qo by definition.
Therefore, PU PP U pr’ C Q- Hence, for the equality QQ = Qq to hold, it suffices to show
that Qg is a subgroup.

By (i) and (ii) of Lemma 3, we have P" = P for all h € T. Thus,

Ph =P forall he H,. (2-6)

First, show that

¢(Ho) C (2:7)

Let a,b € Hy and suppose that qﬁ( ), ¢(b) € P. Then
(ab) = (ab)~ (ab)p = b7P(a=a" )b = (bbb p(a)b(b1bP) =

(b6 )~ p(a)P (b7Pb") P = ¢(a).(b) € P by (2:6).

Hence, it suffices to prove that ¢(m="m?’) € P and ¢>([mp,n_p2]) € P. We have

gzﬁ(m_”mp2 =m~ImP " mimP =m=3 € P, and

é([mP,n=*"]) = m~t.n~L.m.n € P by (iii) of Lemma 3. This shows that (2-7) holds.
Now we can prove that Q¢ = HoPf" is a subgroup. Let mpz,nPQ e pr. Then, by (2-3),

m? nf’ = [m?, n*p2](m n)pg. (2-8)
Hence mP nP’ € Qo- Let h € Hy, m € P. Then we have

mPh = n(m” h)f(mp h)p = hlm1 , where

my = f(m” h)=h~ 1m ”m ph”—m GPby (26) and

hy = n(mP h) = mP’ hh=""m=mPh?" = m?" hh=""m="h?* = mP* h(mh)="" =

h(h=h?*) (W= mP b ) (h =" h)(m")=P" = h[h=P"h, (mh)=P"] =

hlp(R)?, (m")=P"] € Hy by (2:6) and (2:7).

Now we have for m,n § P and g,h € Hy

(gm?*)(hn?") = ghym® n?” = ghik(my.n)?" € Qo, where m?" h = hlm1 as above and

m’fznp2 = k(m1.n)?" as in (2-8) for k € Hy.
These remarks show that (g is a subgroup.

Let Go be the S-subgroup of G generated by M. Show that Gy < G. By (2-1), Gy
is generated by X = {M U M*}. Since G = HM?", it suffices to show that X# C G.
We have M" = M for h € H. Prove that h='m*h € Gy for h € H, m € M. Since Gy
is S-invariant, we show h=" mh?" € Go. We have h=""mh?" = (h=""h)m"(h=""h)~!
However, h="h = ¢é(h)? € M? and m" € M. Thus Gy is a normal subgroup of G.

The last assertion of the theorem is obvious. Indeed, if M(G1) = M(Gy), then M C G4
and Go Q G1 = Go. ]

An S-subgroup of G that is maximal among the S-subgroups is called S-mazimal.

COROLLARY 1. Let G be a group with triality S = (p,o) and let M = M(G) be
the corresponding Moufang loop. Suppose that G coincides with its S-subgroup generated
by M. Then, for any mazimal subloop My < M, there exists an S-mazimal subgroup
Go < G such that M(Gyp) = . Moreover, the order of the subloop My is given by
[Mo| = |Go : Cay(0)]-
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Proof. Let X = {P < G | P is S-invariant and M(P) = My}. By Theorem 1, the
set X is not empty. Choose some maximal element P € X. If P is not S-maximal then
there exists an S-subgroup P; such that P < P;. Hence, P, ¢ X and M; = M(P;) >
My. But My is a maximal subloop of M; hence, M(P;) = M. Then, by item (ii) of
Theorem 1, P| = G, since G coincides with the S subgroup generated by M. We have a
contradiction. [

LEMMA 4. If G is a finite non-abelian simple group with non-trivial triality S = {(p, o)
then G = Dy(q) and S is conjugate in Aut(G) to the group of graph automorphisms of
G which is isomorphic to Ss. If this is the case then M(QG) is isomorphic to M(q).

Proof. If both p and o are outer automorphisms, the result follows by [10]. Hence, we
may assume that p is inner. Then Lemma 1 implies that [g,0]> = 1 for all g € G. Let T
be a Sylow 2-subgroup of G{o) containing o. Since [g, 0] = 090, we have ¢“ N T = {5},
i.e., o is an isolated involution in 7. By Glauberman’s Z*-theorem, Z*(G(o)) # 1, which
contradicts simplicity of G and non-triviality of S. [J

Now suppose that M = M(q) is a non-associative simple Moufang loop. One of the
groups with triality corresponding to M is G = Dy4(q). By Lemma 4, we may assume
that S is the group of graph automorphisms of D4(q) and, by Corollary 1, the orders
of maximal subloops of M lie in the set of indices |Gy : Cg, ()] as Go runs through all
S-maximal subgroups of D4(q).

3. S-mazximal subgroups of PQJ (q)

For our purposes, it is more convenient to look at D4(g) as the orthogonal simple group
PQ{ (q). First, give some definitions. A quadratic form @ on a vector space V is called
non-degenerate if

{veV|(vw)=0 forall weV} N {veV|Qw) =0}

contains only the zero vector of V, where ( , ) is the bilinear form associated with Q,
ie, (v,w) = Qv +w) — Q(v) — Q(w). For v € V, we call Q(v) the norm of v and
say that v is (non-)singular if it has a (non-)zero norm. A subspace W < V is called
non-degenerate if Q|w is a non-degenerate quadratic form on W and totally singular
(t.s.) if Q vanishes on W. By definition, W+ = {v € V | (v,w) =0 for all w € W}. A
non-degenerate orthogonal space (V, @) of even dimension 2m is said to have type '+’ or
'~ if all maximal t.s. subspaces of V have dimension m or m — 1, respectively.

Now let V' be an 8-dimensional vector space over F' = GF(q), ¢ = p", equipped with
a non-degenerate quadratic form @ : V — F of type '+’. We choose a standard basis
(e1,... €4, f1,---, fa) of V such that

(ei, fi) =1, Qle;) = Q(fi) = (e, fj) = (es,€5) = (fi, f) =0 for i#j.
A reflection r, in a non-singular vector v is a linear transformation of V' given by

(r.0),

Qv)

Clearly, the reflections r, are involutions in GOg (¢). By 75 we denote the reflection in
a vector whose norm is a square in F*. If ¢ is odd then p denotes a non-square in F™*.
The image of the natural homomorphism GOg (¢) — PGOq (q) is denoted by an overline

ry(T) =z —
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“ 7

and the full preimage by an overhat T By Z,, we mean a cyclic group of order
n and by Da, a dihedral group of order 2n. Denote d = (2,q — 1).
Henceforth, we put G = PQ (q), Q = Qff (q), and M = M(q). It is known that

1 1
Gl = 5¢2(@* = D(¢" —1)*@* = 1), [M]=Z¢*(¢" — 1)

If H is a subgroup of G then [H]| denotes the G-conjugacy class of H.
We will be using the following lemma.

LEMMA 5. Given a reflection of form rg in GO, (q), where ¢ = £1 and m = 2t, we
have |GOZ,(q) : Caos, (q) ()l = 34" (¢" — <)
Proof. See Proposition 3 and Lemma 5 in [12]. [

Let S = (p,0) = S5 be a subgroup of Aut(G) such that G is a group with triality S.
Although, by Lemma 4, S can be chosen arbitrarily up to Aut(G)-conjugacy, we choose
it so that o be equal to 75 for some fixed reflection rg (see discussion on p. 182 in [8]).
Denote G; = G{(o).

A subgroup in GS that is Aut(G)-conjugate to S is called a triality Ss-complement. An
involution in GS is called a triality involution if it lies in a triality S3-complement. We
remark that, in view of the structure of Aut(G) (see, e.g., section 1.4 in [8]), all triality
S3-complements in GS are in fact conjugate in G\S and all triality involutions in G are
conjugate in Gp. It follows that the triality involutions in (G are precisely the involutions
7o for all reflections ro in GOg (g).

LEMMA 6. The number of triality involutions in Gy is |M|, and the number of triality
Ss-complements in GS is |[M|%.

Proof. The assertion follows from the above remarks about conjugacy, Lemma 5, and
the fact that |Ng(S)| = |G2(q)| (see Proposition 3.1.1 in [8]). O

Now let Gy be an S-maximal subgroup of G. Then Ngs(Go) is a maximal subgroup
of GS. We make use of the main result of [8] which, in particular, classifies all maximal
subgroups of GS. Table 1 contains the list of representatives G of the G-conjugacy classes
[Go] of subgroups of G such that Ngs(Gp) is a maximal subgroup in G'S. The notation is
mostly borrowed from [8]. Column IT indicates for which values of ¢ (with ”—” meaning
"for all ¢”) the corresponding subgroup Gy is defined and the normalizer Ngs(Go) is
maximal in GS. Column IIT shows ”v” (”—) if Gy is always (never) maximal in G, or
indicates specific values of g for which it is maximal. Column IV gives the size of Gj.
Column V gives the order of the corresponding subloop M(Gg) which happens not to
depend on the choice of an S-maximal representative in [Gy] (for details, see Theorem 2
below).

Note that all subgroups Gy from Table 1 satisfy Ng(Go) = Go. We wish to determine
which subgroups P in [Gy] are S-maximal and, if so, what the order of the correspond-
ing subloop M(P) is. Since all subgroups in [Gy] are conjugate to Gy, this problem is
equivalent to the study of triality Ss-complements in the normalizer Ngg(Go) of a fixed
representative Gg.

For proving the main theorem, we will need some more auxiliary lemmas.

LEMMA 7. If H is a subgroup of G such that GNgs(H) = GS then Ngs(H) contains
a triality Ss-complement if and only if it contains a triality involution.
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Table 1. S-mazimal subgroups of P (q)

I I 111 v \%
restrictions maxima-

Go on q lity in G |Gol |M(Go)|
L Py — — 242 (a -1 a+1) 26%(a—1)
2 R — v #0 (a1 +1)° i@ = 1)
5. Ny — — #¢C(@+ D@+ @-1) e+
. Na q=4 — 2@ -D(q-1)%¢+1)  3(q-1)
5. Ns q#3 — B +1)? —
6. Ni g=p=>3 — 212.3.7 8
7. Iyo q=1 q=7 -1t Gla—1)
8. I_o q#3 q#3 (q+1)* 2@+1)
0. I4 q=>3 q=3 +q* (¢ —1)* 2a(¢* - 1)
0. G} — — qﬁ(q6 - 1)(‘12 -1) 1
1. PQI(2) gq=p=3 v 212.35.52.7 120
12. PQd(qo) q :(3§}€/; prime, v d%qy((k% —1)(g6 —1)*(g6 — 1) %qg(qg -1
13, PQZ(qo).2° g = qs odd v ¢Clg—1)(F -1 -1) a5 (g0 — 1)
. PGL5(q) 2 < qfls(?)), v *(¢® —e)g® - 1) —

g

Proof. Tt suffices to prove that any two triality involutions that belong to different
cosets in GS : G generate a triality S3-complement. By lemma 6, we see that each triality
involution in G; = G(o) lies in |M]| triality S3-complements each of which intersects the
two cosets Gop and Gpo by a triality involution. However, each of these two cosets
contains exactly |M| triality involutions and the claim follows. [J

LEMMA 8. Suppose that a reflection r, normalizes a subspace W < V. We have
(i) eitherve W orve W+,
(i) if W is totally singular then v € W=,

Proof. The fact that r, normalizes W is equivalent to the condition that (w,v)v € W
for all w € W, since v is a non-singular vector. The claim readily follows. [J

By definition, an m-subspace of V' is a subspace of dimension m. If m is even then an
em-subspace W of V| where € = £1, is a non-degenerate m-subspace such that (W, Q|w )
is an orthogonal geometry of sign €. For ¢ odd, a +1-subspace (—1-subspace) is a 1-
subspace spanned by a non-singular vector whose norm is a square (non-square). For ¢
even, a +1-subspace is an arbitrary non-degenerate 1-subspace.

LEMMA 9. Suppose that q is odd and Qg is a quadratic form defined on a vector space
W over F. If dim W — dim Ker Qg is even then the number of +1-subspaces of W is
equal to the number of —1-subspaces of W .

Proof. Denote by n®(Wg,) the number of el-subspaces in W with respect to Qo,
e = £1. Clearly, we may assume that Ker(Qo) = 0 and thus dim W is even. Consider
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the quadratic form @1 = uQq. It is known that @i is equivalent to QQg. We thus have
n+(WQ0) = n+(WQ1) = n_(WQo)' |

LEMMA 10. Suppose that q is even, W is a non-degenerate orthogonal +2m-space over
F, and T is a t.s. m-subspace in W. Then, for g € GO, (W), m — dim(T NTg) is even
if and only if g € QF, (W).

Proof. See Description 4 on p.30 in [9]. [

LEMMA 11. Let X be the field automorphism of La(q?) of order 2. Then the isomor-
phism L2(q?)(\) =2 PGOy (q) holds.

Proof. Note that the isomorphism Lo(¢?) = PQj (q) is well-known. Let U be the
natural 2-dimensional SLs(g?)-module with basis (u1,us). Since SLa(q?) = Spa(q?),
there exists a non-degenerate symplectic form k on U that is invariant under SLo(q?).

The SLa(g?)-module U ® U is extended to an SLy(q?)(\)-module if we make X act on
the basis u = (u; ® u1, u1 ® uz, us ® U1, ug ® uz) as the linear mapping with matrix

1 .
1
1
Introduce a bilinear form k* on U ® U> by putting
K (i @ wjyus @ ug) = k(ug, us)k(uy, up)

for all basis vectors in u and extending it to U ® U* by linearity. If ¢ is odd, there
exists a unique quadratic form K, associated with k*. For ¢ even, define, additionally,
K(ui ® uj) = 0, i,j = 1,2. Note that U ® U* possesses an SLs(¢?)()\)-invariant F,-
subspace W spanned by the vectors wy = w1 @ u1, we = Uz @ U, W3 = U] ® Uz + Uz R U7,
wa = Oug @ ug + 0 uy ® uy, where 0 lies in F;\F, and 0% e F, for ¢ odd. We thus have
an embedding SL2(¢%)(\) < GL4(q) = GL(W). Moreover, K (w) € F, for all w € W and
K is a non-degenerate quadratic form on W of sign —1 which is preserved by SLa(¢?)()\);
thus, SL2(¢%)(\) < GOy (q). It remains to notice that the element A acts on W as the
reflection r,,, for ¢ odd and r,, for ¢ even. [

LEMMA 12. If a reflection r, permutes two subspaces Wi and Wy of V' such that
WiN Wy =0 then dim Wy, = dim Wy < 1.

Proof. Choose a basis o = (wq,...,wg) of Wi, where kK = dim Wj. Then o™ =
(w1ry, ..., wEry) is a basis of Wa and w U w™ can be extended to a basis v of V. By
considering the matrix of r, in v, it is clear that, in odd characteristic, the number of
eigenvalues of r, distinct from 1 is at least k£ and, in even characteristic, the number of
non-trivial Jordan blocks of r, is at least k. Thus, k < 1, since r, is a reflection. [

We are now ready to prove the main theorem of this section.

THEOREM 2. If Go is a group from Table 1 then the class [Go] contains S-mazimal
subgroups unless Gy is an N3-subgroup or a PGL§(q)-subgroup. The order of the subloop
M(P) is the same for all S-mazimal members P of [Go] and is given in column V of
Table 1.

Proof. By Lemma 7, we have to check whether G is normalized by an involution 75. To
prove that the order | M(P)| is independent of the choice of an S-maximal representative
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P in [Gy], we show that all triality involutions in Go(Tg) are Gy-conjugate. This is
equivalent to proving that all reflections rg that normalize é?) are a)—conjugate.

We proceed with a case-by-case analysis of the subgroups from Table 1. For a more
detailed description of their structure, see [8].

1. Gg is a Ps-subgroup. The parabolic subgroup P, is the normalizer in G of three
totally singular subspaces U, R, T of V', where U < RNT,dim U =1,dim R=dim T =
4, and dim RN 7T = 3. Since each totally singular 3-space is contained in exactly 2
totally singular 4-spaces which are interchanged by a reflection of form rg, it follows that
Gy is normalized by the triality involution 75. By Lemma 8, a reflection r, normalizes
Go = No(U,RNT) if and only if v € U+ N (RN T)* = (RN T)*L. Thus, the number of
such reflections of form rg is equal to the number of +1-subspaces in (RN T)+. Without
loss of generality we may assume that R = (e, ea,e3,e4) and T = (eq, ea, €3, f4). Then
(RNT)* = (e1,e2,e3,e4, f1). Let v € (RNT)*. Write

v =u+ aeq + Bfy, (3-1)

where u € (e, e2,e3). Then Q(v) = af # 0 if and only if o # 0 and 8 # 0. Consequently,
the number of non-singular vectors in (RNT)"* is ¢*(¢ — 1)? and thus, by Lemma 9, the
number of +1-subspaces in (RNT)* is 2¢3(¢—1). It remains to show that all reflections
rg normalizing éB are é‘B—conjugate. This holds if and only if (/775 acts transitively on all
+1-subspaces in (RN T)~ or, equivalently, on all vectors v with Q(v) = 1. Such vectors
have form (3-1) with a8 = 1. We show that the vector w = e4 + f4 is moved by some
g€ é‘B to any vector v of form (3-1) with u = aje; + ases + azes and 3= o~ L. Put

e1g = e1, fig = —aaqeq + f1,
e2g = ea, fog = —aaseq + fo,
esg = es, f3g = —aazeq + f3,
€49 = ey, f19 = oner + azes + ages + ot f,

and extend the action of g to all of V' by linearity. It can be seen that wg = v and
Q(zg9) = Q(z) for all x in V, ie., g € GOZ(q). It is clear that in fact g € SOF (q).
Since g|gnr is the identity mapping, we have g € Nsog(q)(a RNT).If g is even then

g € éB by Lemma 10. Suppose that ¢ is odd and g € SOg (¢)\Q. Consider the linear
mapping gi = Te,+f Tei+uf,- Clearly, g1 € NSO;(q)(U,R NT)\Q and ¢; centralizes w.

Then g19 € é; is the required element.

2. Gy is an Rg-subgroup. The parabolic subgroup Rgs is the normalizer in G of a
totally singular 2-subspace U < V. We may assume that U = (ej,es). Note that the
triality involution 7e,, normalizes Go. As is the case above, we show that |[M(Gp)]| is
equal to the number of +1-subspaces in U+. By Lemma 8, an arbitrary reflection that
normalizes é} is the reflection in a non-singular vector v € U+. Write

v=u+aes+ [fs+ves + 6fa, (3-2)

where u € (e1,e2). Then Q(v) = aff + ~§. Thus there are ¢*>(q — 1)%(¢ + 1) vectors
in U+ with Q(v) # 0 and, by Lemma 9, the number of +1-subspaces is éq?’(q2 —1).
As above, it remains to show that Gy = Nq(U) acts transitively on the vectors (3-2),
where u = aje; + ages and aff + v9 = 1. We show that any such vector is the image of
w = ez + f3 under some element g € é\o. First, find an h € Qf (¢) = Q((es, f3, €4, f1))
such that (e3 + f3)h = aez + Bf3 + ves + 6 f1. Such an h exists inasmuch as 2 (q) acts
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transitively on the set of vectors v with @Q(v) =1 (see [9], Lemma 2.10.5). Now put

€19 = e1, J19 = —aiezh + f1,

€2g = €2, fag = —azezh + fa,

esg = esh, f3g = are; + agep + fah,
eqg = eqh, f1g = [fah,

and extend the action of g to all of V. Clearly, g stabilizes U, and det g = 1. It can be
seen that Q(zg) = Q(z) for all z € V; thus, g € SOF (q). If ¢q is even then denoting
T = {e1,e9,€3,e4) and Ty = {e3,e4) we see that dim (T'NTg) = 2 + dim (Tp N Toh) is
even and thus g € Go by Lemma 10. Suppose that ¢ is odd and g € SOF (¢)\Q. Consider
the element g1 = re, 45, 7e; 44y, - Clearly, g1 € Nso;(q)(U)\Q and g; centralizes w. Then

g19 € C/JB is an element that sends w to v.

3. Gy is an Ny-subgroup. By definition, an R_g-subgroup of G is the normalizer Ng (W)
of a —2-subspace W of V| and an Fy-subgroup is a subgroup F' < G such that F is the
normalizer of an irreducible subgroup of €2 isomorphic to SU4(q). It is known that R_o-
and Fy-subgroups are isomorphic. If K is either an R_5 subgroup or an Fh-subgroup
then n(K) denotes the unique cyclic normal subgroup of K of order r, where r is the
largest prime divisor of (¢ + 1)/d. By definition, a subgroup N < G is an Nj-subgroup if
N = RN F, with R an R_s subgroup, F' an Fy-subgroup, and [n(R),n(F)] = 1.

Suppose that W is a 4-space over Fj» with a non-degenerate unitary form k. Then
W has a basis {w, ws, w3, ws} orthonormal with respect to k. Denote W; = (w;), i =
1,...,4, and Wy = Wit = (wo, w3, wy). The space W can be regarded as an 8-space W*
over F' with quadratic form Q* defined by the rule Q*(w) = k(w,w) for every w € W*.
It is known (see [9], Proposition 4.3.18) that (W*,Q*) and (V, Q) are isometric and thus
can be identified. Consequently, we have an embedding ¢ : GU(q) — GOj (q).

Let N be the image under ¢ of a subgroup in GUy(q) isomorphic to GU;(q) x GUs(q)
such that, in a suitable basis of V', N has the block diagonal form

(" 5)

A= GU(q) < GOy (q) = GO(WY),
B = GUs(q) < GOy (q) = GO(W).

where

Note that A 2 Z,,1. Denote by 7; the unique subgroup of A of order r, where r is the
largest prime divisor of (¢ + 1)/d. Now, define ]Tf\l to be the subgroup of 2 generated by
NNQ and § = ry, Tw,TwsTw,- Let N1 be the image of ]/\7\1 in G. We show that N7 is an
Ni-subgroup of G in the sense of the definition given above.

Clearly, N; lies in the normalizer R = Ng(W7) of the —2-subspace Wy, which is
an R_s-subgroup of G, and n(R) = n;. Moreover, N; lies in the Fy-subgroup F' =
Nqo(SUs(q)¢) and m2 = n(F) is the cyclic subgroup of order r in Zyp, where Z =
Z(GU4(q)). It can be seen that [n1,7n2] = 1 which implies that N7 is contained in the
Ni-subgroup R N F. The equality follows from the coincidence of the orders of these
subgroups. We thus may assume that G is the subgroup Nj constructed above.

Since the reflection r,, normalizes NV and €2, and centralizes ¢; it follows that the triality
involution 7,,, normalizes Gy. We have |a) 1 Cg, (rw)| = [N : On(rw,)| = [A: Calruw,)]
and, since (A, 7y, ) = Dy(g41), this index is equal to (¢ +1)/d.
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We now show é;—conjugacy of all reflections rg that normalize é\o. Since any such
reflection normalizes N, it suffices to show that all rg’s normalizing N lie in (A, ry, ).
Suppose that r, = rg normalizes N. Note that W and W7 are the unique N-invariant
6- and 2-subspaces of V', respectively. Since the subspace W;r,, i = 0,1, is N-invariant,
we have W}r, = W}. Lemma 8 now implies that v € W* for ¢ = 0 or ¢ = 1. If
v € Wi then r, € (A,ry,). It remains to show that there exists no v € W{ such that
r, would normalize N or, equivalently, there is no r, in GO(W{) that would normalize
B = GUy(q) < GOg (4) = GO(W).

Suppose, by way of contradiction, that r, is such a reflection. The group GOg (q) is
naturally embedded into the group GO (¢?) of orthogonal transformations of the vector
space U = Wi ® Fy2 with quadratic form K such that K|w: = Q*. (We regard Wy as a
subset of U. See the remarks after Proposition 2.8.1 in [9].) Note that r, can be extended
to a reflection of U. There exists a decomposition U = Uy + Us of U into the direct sum
of two totally singular 3-subspaces such that every element of B has the block diagonal

(7 )

with respect to this decomposition, where b7 is the image of b under the matrix Frobenius
map, corresponding to the map [x — 9] of Fi2. The B-submodules U; and U, of U are
irreducible and non-isomorphic. Since U;r, is a B-submodule of U isomorphic to U;, it
follows that 7, normalizes U;, i = 1,2. By Lemma 8, v € U; or v € U,. This contradicts
the fact that U; and Us are totally singular.

form

4. Gg is an No-subgroup. In this case, assume g > 4.

By definition, an R o-subgroup of G is the normalizer Ng(W) of a +2-subspace W of
V', and an Ig4-subgroup is the stabilizer of a decomposition of V' into the direct sum of two
totally singular 4-subspaces. It is known that R.s- and Ig4-subgroups are isomorphic. If
K is either an Rys subgroup or an Ig4-subgroup then n(K) denotes the unique cyclic
normal subgroup of K of order r, where r is the largest prime divisor of (¢ — 1)/d. By
definition, a subgroup N < G is an Na-subgroup if N = RN I, with R an R, 9 subgroup,
I an Iy4-subgroup, and [n(R),n(I)] = 1.

Take a matrix ¢ € GL4(g) and consider the linear transformation of V' that, in the
standard basis (e1,...,eq4, f1 ... f1), has the matrix

(7o)

where ¢~T denotes the inverse-transpose of c. Clearly, this is an element of GOZ (¢) and
thus we have an embedding ¢ : GL4(q) — GOg (q).

Let N be the image under ¢ of a subgroup in GL4(q) isomorphic to GL;(q) x GL3(q)
such that, in a suitable basis of V', N has the block diagonal form

(7 5)

where
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with V4 = (e1, f1) and Vg = Vi*. Note that A = Z,_;. Denote by 7; the unique subgroup
of A of order r, where 7 is the largest prime divisor of (¢—1)/d. Now, define N> to be the
subgroup of €2 generated by NNQ and § = 1y, TwyTws Tw,; Where w; = e;+fi, i =1,...,4.
Let N3 be the image of ]/V\g in G. It is not difficult to show that N5 is an Na-subgroup of
G in the sense of the above definition. We thus may assume that G is the subgroup Ny
constructed above. As in the previous case, it can be shown that the triality involution
Tw, normalizes Go and that |é5 : Cg, (rw,)| = [A: Ca(rw,)| = (¢ —1)/d. The conjugacy
of the triality involutions in Go (7, ) is also verified in a similar way. Namely, we only
need to show that there exists no r, in GO(Vp) that would normalize B & GL3(q) <
GO (q9) = GO(Vp). This, however, also follows from the fact that V, decomposes into
the direct sum Vy = Uy + Uz of two totally singular 3-subspaces U; = (ea, e3,€4) and
Us = (fa, f3, f4) which are non-isomorphic irreducible B-submodules of V}.

5. Gy is an N3-subgroup. By definition, an N3-subgroup of G is the normalizer of a
Sylow r-subgroup of G, where r is an odd prime divisor of g2+ 1. We show that no triality
involution normalizes G. Suppose, by way of contradiction, that 7, is such an involution.
Then r, normalizes a Sylow r-subgroup R in §2. There exists a decomposition V =Vi+Vs,
where V; and Vi = Vit are —4-subspaces of V, such that R < Neot(q ({1, V2}) =
(GOy (¢) x GO; (q))-2. This implies that r, normalizes the set {V;, V5}. By Lemmas 12
and 8, v € V;, with ¢ = 1 or 4 = 2. In particular, r, normalizes a Sylow r-subgroup
R; < Q7 (V;) = Q5 (q). Since Qy (q)(ry) & PGOy (q), we may assume by lemma 11
that, in the group L2(g?)(\), A normalizes a Sylow r-subgroup or, equivalently, the field
automorphism A of SLy(q?) of order 2 normalizes a Sylow r-subgroup X = (x), with
|z| = r. This implies that 2 = z or 2* = 27!, Let # and #~! be the characteristic roots
of . Note that #9°~1 # 1, since otherwise 87 =1 = 1 and 7"+ = 1 would imply that
22 = 1 contrary to the fact that r is odd. Since the characteristic roots of z* are 9 and
6=9, we have {07,079} = {6,607}, which implies 89 = 0 or 9 = §~L. In either case,
09 ~1 =1, a contradiction.

6. G is an Nj-subgroup. Suppose that ¢ = p is an odd prime. Choose a basis v =
(vi,...,vs) of V such that (v;,v;) = 0,4 # j, and Q(v;) = 1 for ¢ = 1,...,8. An
Ni-subgroup is conjugate in G to the normalizer Ng(P) of the subgroup P of order 8
generated by the involutions T, y, Z, where

x = diag,(1,1,1,1,-1,-1,—-1,-1),
y = diag, (1,1, —1,~1,1,1,—1, —1),
» = diag,(1,—1,1,~1,1,~1,1, 1)

are elements of 2. We assume that Gy = Ng(P). Notice that P = (—1,z,y, z), where
-1 is the central involution of €2, and that NGO+( )(P) consists of monomial matrices.

We prove that the only reflections rg that normalize P are To, 0 =1,. , 8. Since these
reflections are GO conjugate (which follows from the fact that GO acts trans1t1vely on the
vectors v;’s), this will imply that |[M(Gy)| = 8.

Let r, = rg normalize P. Then r, either normalizes each +1-subspace (v;), i =1,...,8,
or permutes two of them while centralizing the others. In the former case, Lemma 8
implies that r = v; for some i and we show that the latter case is impossible. Suppose, to
the contrary, that 1 < ¢ < j < 8 are such that (vi)ry = (v;). We make two observations
about every matrix g € P

(i) the number of —1’s in (g11, 922, 933, g44) is even and so is the number of —1’s in

(9557 ge6, 977, 988)7
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(i) (911,922,933, 9aa) = £(9s5, go6, 977, gss)-

By (i), it follows that either 1 < i < j < 4 or 5 < i < j < 6, since otherwise 2™ ¢ P.
Without loss assume that 1 < i < j < 4. Clearly, there is a g € P with 9ii 7 gj;- But
then the matrices g and g™ have all entries equal except for those at positions (i,7) and
(4, 7). This, however, contradicts (ii) which says that the upper four diagonal entries of
every element in P are uniquely determined by the lower four entries and one arbitrary
upper diagonal one.

7-8. Gg is an I.o-subgroup, ¢ = 1. An I.5-subgroup Gg is the normalizer in G of
a decomposition V = V7 4+ ...+ V; of V into the direct sum of pairwise orthogonal £2-
subspaces V;, i = 1,...,4. A reflections r, = r5 normalizes a) if and only if it normalizes
the set {V4,...,V4}. By Lemma 12, r, centralizes this set. By Lemma 8, v € V; for some
i. By Lemma 5, the number of +1-subspaces of V; is % (¢ — ). Thus there are 4(q — ¢)
reflections of form rg that normalize {V1,...,V4}. They are all é}-conjugate since C/?B
permutes transitively the subspaces V;’s and the +1-subspaces inside each V; (see [9],
Proposition 4.2.11).

9. Gy is an I;4-subgroup. An Iy4-subgroup Gy is the normalizer in G of a decom-
position V' = V; + V5 of V into the orthogonal sum of two +4-subspaces. As above, a
reflections r, = rg normalizes é; if and only if v € V; for ¢ = 1 or i = 2. By Lemma 5,
the number of +1-subspaces of V; is 1¢(¢? — 1). Thus there are 2¢(q* — 1) reflections of
form rg that normalize {V;,V2}. They are all a)—conjugate for the same reasons as in
the case above.

10. Gy is a Gi-subgroup. A G3-subgroup is a subgroup Gy of G isomorphic to Ga(q)
and such that GNgs(Go) = GS. By Proposition 3.1.1 in [8], we may assume that Gy =
Cc(9); thus, Gy is a group with trivial triality relative to S. The fact that GS contains
no other triality S3-complements follows from Lemma 4. Therefore, the Moufang loop
M(Gp) is trivial.

11. Gy is a PQF (2)-subgroup. Consider a rational 8-dimensional vector space W with
a basis w = {wy,...,ws} orthonormal with respect to some non-degenerate quadratic
form K : W — Q. It can be proven (e.g., using GAP [6]) that the linear mappings of W
that have matrices

-1 1 111

1 . 1 11 -1

1 1 1ol -1

1. NI R

A= T . . | B=3 1 o141 )

T 1111
1. 1 -1 11
1 1 -1 -1 1

in the basis to generate a subgroup of GL(W, Q) isomorphic to the bicyclic extension
2.PQZ(2).2. Note that A is the matrix of the reflection 7y, 14, of W. Moreover, AAT =
BBT = E, i.e., these mappings respect the above quadratic form K. Now suppose that
g = p is an odd prime. Choose a basis {v1,...,vs} of V which is orthonormal, i.e.
such that (v;,v;) = 0, ¢ # j, and (v;,v;) = 1 for ¢ = 1,...,8. Then r,, 4., has form
70, the p-reduced matrices A, and B, lie in GOZ (p), and A, is the matrix of 7y, 4,.
Denote Gy = (A, B,Y = 2.PQF(2). It is clear that Gy lies in © and its image Gq in
G is an PQg(2)—subgroup normalized by the triality involution 7, 1,,. By Lemma 7,
assume that Gy is S-invariant. Lemma 4 now implies that there is a unique subloop of
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M corresponding to PQ (2)-subgroups of G whose order is |M(2)|. We remark that a
computer-free proof of the embedding PQg (2) — PQg (p) can be obtained using the fact
that the group 2.PQ§' (2).2 is isomorphic to the Weyl group of the root system of type
Es.

12-13. Gy is a PQ (qo)- or a PQZ (go).22-subgroup. Suppose that ¢ = ¢&, with k prime.
First, let (d,k) = 1. In G, there exists a maximal subgroup Gy isomorphic to P (o)
which is S-invariant. Clearly, M(Gp) = M (qo). Now let d = k = 2; in particular, ¢ is
odd. Then A = 2 is a non-square in F,,. Let H be a natural copy of Qg (go) in Q that
acts on the F, -subspace Vy of V spanned by the standard basis v = (e1,..., f4) and
respects the quadratic form Qo = Q|v;. Define

b = diag, (4, o, o prs = = ),
c=diag,(A71,1,1,1,\,1,1,1).

Note that b,c € Q and ¢ = 7¢,4f,Te,+2f,- We assume that Go = Ng(H) = (H,b,¢) =
InnDiag(PQg (¢0)), i.e. the group of inner-diagonal automorphisms of P (go) (see [8],
Proposition 2.2.9). The group Gy is normalized by the triality involution 7, where v =
e1 + f1. Moreover, since H™ = H, ¢ = ¢~ and b"™ = be, it follows that Cg,(7y) <
(H,¢). Note that the coset He¢ contains an element @ that commutes with 7, (put, for
instance, @ = re, 4 f,Te, 4 )- Therefore, |Go : Cay (7)) = 2|H : C(Ty)| = 2|M(qo)|. The
conjugacy of triality S3-complements in G5 follows from Lemma 4.

14. Gy is a PGL5(q)-subgroup. Suppose that ¢ = e(mod 3), ¢ = £1. Then G contains
a maximal subgroup Gg isomorphic to PGL§(q). If Gy were S-invariant then, by Lemma
4, the subgroup of Gy isomorphic to L§(q) would have trivial triality relative to S. But
then Go would be a subgroup of Ci(p) = G2(q), which contradicts maximality of Go. [

We can now make the concluding remarks. As was explained in the introduction, we
only need to check whether the orders of maximal subloops of M(q) divide |M(q)|. The
group PQJ (¢) being simple satisfies the conditions of Corollary 1. Hence, all maximal
subloops of M (q) = M(PQ{ (¢)) have form M(G) for certain S-maximal subgroups Gy
of PQF (g). By Theorem 2, the orders | M(Gy)| for all S-maximal subgroups G are listed
in column V of Table 1. Since they all divide |M(q)|, Lagrange’s theorem holds.
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