CHAPTER 2

Tensor fields and differential forms

2.1 Multilinear algebra

Let V be a real vector space. In this section, we construct the tensor algebra
T(V) and the exterior algebra A(V) over V. Elements of T(V') are called
tensors on V. Later we will apply this constructions to the tangent space
T, M of a manifold M and let p vary in M, similarly to the definition of the
tangent bundle.

Tensor algebra

All vector spaces are real. Let V and W be vector spaces. It is less important
what the tensor product of V' and W is than what it does. Namely, a tensor
product of V' and W is a vector space V' ® W together with a bilinear map
t:V xW =V ®W such that the following universal property holds: for
every vector space U and every bilinear map B : V x W — U, there exists
a unique linear map B : V @ W — U such that Bo . = B.

VeWw

Vx W —>
W g

There are different ways to construct V' ® W. It does not actually matter
which one we choose, in view of the following exercise.

2.1.1 Exercise Prove that the tensor product of V' and W is uniquely de-
fined by the universal property. In other words, if (V ®1 W, 1), (V @2 W, 12)
are two tensor products, then there exists an isomorphism ¢ : V ®; W —
V ®9 W such that £ o 11 = 5.

We proceed as follows. Start with the canonical isomorphism V** = V
between V' and its bidual. It says that we can view an element v in V' as
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44 CHAPTER?2 TENSORFIELDS AND DIFFERENTIAL FORMS

the linear map on V* given by f — f(v). Well, we can extend this idea
and consider the space Bil(V, W) of bilinear forms on V' x W. Then there
is anatural map ¢ : V. x W — Bil(V, W)* given by «(v, w)(b) = b(v,w) for
b € Bil(V,W). We claim that (Bil(V, W)*,.) satisfies the universal property:
given a bilinear map B : V x W — U, there is an associated map U* —
Bil(V, W), f — f o B;let B : Bil(V,W)* — U** = U be its transpose.

2.1.2 Exercise Check that Bo .= B.

Now that V' ® W is constructed, we can forget about its definition and
keep in mind its properties only (in the same way as when we work with
real numbers and we do not need to know that they are equivalence classes
of Cauchy sequences), namely, the universal property and those listed in
the sequel. Henceforth, we write v ® w = «(v,w) forv € V and w € W.

2.1.3 Proposition Let V and W be vector spaces. Then:
a. (Vi +v2) W =v1 @w + v2 W,
b v ®@ (w1 +w2) =vR@w +v@wy,
e av@w=v®aw = a(v@w);

forall v, v, v € V; w, wy, we € W;a € R.

2.1.4 Proposition Let U, V and W be vector spaces. Then there are canonical
isomorphisms:

a VeoW=2WeV,;

b. VeW)oU=Ve(WeU);

c. V*@ W = Hom(V,W); in particular, dimV @ W = (dim V')(dim W).

2.1.5 Exercise Prove Propositions 2.1.3 and 2.1.4.

2.1.6 Exercise Let {e1,...,e,,} and {f1,..., fn} be bases for V and W, re-
spectively. Prove that {e; ® f; : i =1,...,mand j = 1,...,n} is a basis
for Vo W.

2.1.7 Exercise Let A = (a;;) be a real m x n matrix, viewed as an element of
Hom(R",R™). Use the canonical inner product in R" to identify (R")* =
R". What is the element of R" ® R"™ that corresponds to A?

Taking V' = W and using Proposition 2.1.4(b), we can now inductively
form the tensor nth power @™V = Q" 1V @ V for n > 1, where we adopt
the convention that ®°V = R. The tensor algebra T(V) over V is the direct

sum
V)= Vv
r,s>0

where
Vs — (®7"V) ® (®5V*)
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is called the tensor space of type (r, s). The elements of T'(V') are called tensors,
and those of V"* are called homogeneous of type (r, s). The multiplication ®,
read “tensor”, is the R-linear extension of

(UM ® QU QU Q- Qus ) OV Q- Qup, V] Q-+ QUS,)
= U1®“‘®Un®U1®"'®Ur2®U’f®"'®u;®vi®'”®v:g-

T'(V) is a non-commutative, associative graded algebra, in the sense that
tensor multiplication is compatible with the natural grading:

\VARTES! ® V7282 - VT1+T2’31+32.

Note that V%0 = R, V10 = v, V&l = V* so real numbers, vectors and
linear forms are examples of tensors.

Exterior algebra

Even more important to us will be a certain quotient of the subalgebra
TH(V) = @0 V0 of T(V). Let T be the two-sided ideal of T (V') gener-
ated by the set of elements of the form

(2.1.8) VR v

for v € V. The exterior algebra over V is the quotient

AV) =THV)/3.

The induced multiplication is denoted by A, and read “wedge” or “exterior
product”. In particular, the class of v;®- - -®@v, modulo J is denoted vy A- - -A
vy. This is also a graded algebra, where the space of elements of degree k is

AV = VRO 3 VRO,
Since J is generated by elements of degree 2, we immediately get
A°(V)=R and AYV)=V.
A(V) is not commutative, but we have:
2.1.9 Proposition a A 3 = (=1)*BAafora e AF(V), B € AYV).
Proof. Since v®@ v € Jforall v € V, we have v A v = 0. Since R is not a

field of characteristic two, this relation is equivalent to v A v = —v2 A vy
forall vy, vy € V.
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By linearity, we may assume that « = w3 A -+~ Aug, B =v1 A--- A
Now

alANB = ur A ANugANviA--- Ay

—UL A ANUg_ 1 ANVL AU ANV ANy

UL N NUup_1 ANV ANvo Aug ANvg--- ANy

(—1)6111/\---/\uk_l/\vl/\---/\vg/\uk
(=1)% Uy Ao Ao Avp A Avg A ug_1 A g

= (-)¥BAaq,
as we wished. O

2.1.10 Lemma IfdimV = n, then dim A*(V) = 1 and A*(V) = 0 for k > n.

Proof. Let {e1,...,e,} be abasis of V. Since
(2.1.11) {e;, ®---®e; : i1,...,0, €{1,...,n}}

is a basis of V% (see Exercise 2.1.6), the image of this set under the pro-
jection V0 — A¥(V) is a set of generators of A"(V). Taking into account
Proposition 2.1.9 yields A¥(V) = 0 for k& > n and that A"(V') is generated
by e1 A --- A ep, 50 we need only show that this element in not zero.
Suppose, on the contrary, thate; ® --- ® e, € J. Thene; ® --- ® ey, is
a linear combination of elements of the form o ® v ® v ® 8 where v € V,
a eV, e ViOand k + £ + 2 = n. Writing a (resp. ) in terms of the
basis (2.1.11), we may assume that the only appearing base elements are of
the forme; ® - - - ® ey, (resp. ep,—p+1 ® - - - ® ey,). It follows that we can write

n—2
(2.1.12) €1®"'®€n:ch€1®---®€k®vk®vk®€k+3®---®en
k=0

where ¢, € Rand vy, € V for all k. Finally, write vy, = > a;xe; for a;, € R.
The coefficient of

€1 Q- Qep®epr2@ept1 Vep3® - Bep

on the right hand side of (2.1.12) is

n—2

Z Ck Ok+2, kAk+1,k»
k=0
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thus zero. However, the coefficient of e; ® - - - ® e,, on the right hand side is

n—2

g Ck Ok+1,k0k+2 k>
k=0

hence also zero, a contradiction. O
2.1.13 Proposition If {ei,...,e,} be a basis of V, then

{ea Ao Nejy, @i < -0 <iig}
is a basis of A*(V) for all 0 < k < n; in particular, diim AF(V') = (}).

Proof. Fix k € {0,...,k}. The above set is clearly a set of generators of
A¥(V') and we need only show linear independence. Suppose

E iy €3 N N € = 0,

which we write as
E arer = 0

where the I denote increasing k-multi-indices, and e = 1. Multiply through
this equation by e;, where J is an increasing n — k-multi-index, and note
that ey Aey = O unless [ is the multi-index J¢ complementary to J, in which
caseeje Aey =Fe; A--- Aey. Since ey A--- Ae, # 0by Lemma 2.1.10, this
shows that a; = 0 for all I. O

2.2 Tensor bundles

Cotangent bundle

In the same way as the fibers of the tangent bundle of M are the tangent
spaces T),M for p € M, the fibers of the cotangent bundle of M will be the
dual spaces T),M*. Indeed, form the disjoint union

T*M = UpeMTpM*.

There is a natural projection 7* : T*M — M given by n(7) = pif 7 € T, M*.
Recall that every local chart (U, ¢) of M induces a local chart ¢ : =1 (U) —
R" x R" = R* of TM, where ¢(v) = (¢(n(v)), de(v)), and thus a map @* :
(7)"L(U) > R" x (R")* = R2", 3*(r) = ((x"(7)), ((dp)")~1(r)), where
(dep)* denotes the transpose map of dy and we have identified R" = R"™
using the canonical Euclidean inner product. The collection

(2.2.1) {((=*)"1 V), ") | (U, ¢) € A},
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for an atlas A of M, satisfies the conditions of Proposition 1.2.8 and defines
a Hausdorff, second-countable topology and a smooth structure on 7 M
such that 7* : TM — M is smooth.

A section of T*M is a map w : M — T*M such that 7 o w = idyy.
A smooth section of T*M is also called a differential form of degree 1 or dif-
ferential 1-form. For instance, if f : M — R is a smooth function then
dfy : T,M — R is an element of T,,M* for all p € M and hence defines a
differential 1-form df on M.

2.2.2 Exercise Prove that the differential of a smooth function on M indeed
gives a a smooth section of 7" M by using the atlas (2.2.1).

If (U,x1,...,x,) is a system of local coordinates on M, the differentials
dxi,...,dz, yield local smooth sections of 7*M that form the dual basis to
8%1’ cee % at each point (recall (1.3.8)). Therefore any section w of T*M

can be locally written as w|y = >_;-; a;dz;, and one proves similarly to
Proposition 1.6.4 that w is smooth if and only if the a; are smooth functions
on U, for every coordinate system (U, z1,. .., zp).

Tensor bundles

We now generalize the construction of the tangent and cotangent bundles
using the notion of tensor algebra. Let M be a smooth manifold. Set:

T73(M) = Upen(TpyM)"™*  tensor bundle of type (r, s) over M;
AM) = Upen A(T,M*) exterior k-bundle over M;
A(M) = Upen ATpM7) exterior algebra bundle over M.

Then T7*(M), A*(M) and A(M) admit natural structures of smooth man-
ifolds such that the projections onto M are smooth. If (U, z1,...,zy) is a
coordinate system on M, then the bases {aixi’p}?:l of T,M and {dz;|,}I

of T,M*, for p € U, define bases of (T, M)"*, A¥(T,M*) and A(T,M). For
instance, a section w of A¥(M ) can be locally written as

(2.2.3) wlo =Y Gy dzi A Adag,,
i1 <<
where the a;, . ;, are functions on U.
2.2.4 Exercise Check that TVO(M) = TM, TV (M) = T*M = AY(M)
and A°(M) = M x R.

The smooth sections of T7*(M), A*(M), A*(M) are respectively called
tensor fields of type (r, s), differential k-forms, differential forms on M. For in-
stance, a section w of A*(M) is a differential k-form if and only if the func-
tions a; in all its local representations (2.2.3) are smooth.
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We will denote the space of differential k-forms on M by QF(M) and
the space of all differential forms on M by Q*(M). Note that Q*(M) is a
graded algebra over R with wedge multiplication and a module over the
ring C*°(M).

A differential k-form w on M has been defined to be an object that, at
each point p € M, yields a map w, that can be evaluated on %k tangent
vectors vy, ..., v at p to yield a real number, with some smoothness as-
sumption. The meaning of the next proposition is that we can equivalently
think of w as being an object that, evaluated at k vector fields X, ..., X}
yields the smooth function w(Xjy,...,Xg) : p = wp(Xi1(p), ..., Xk(p)). We
first prove a lemma.

Hereafter, it shall be convenient to denote the C°° (M )-module of smooth
vector fields on M by X(M).

2.2.5 Lemma Let

w:XM) X xX(M)— C®(M)

k factors

be a C°°(M)-multilinear map. Then the value of w(Xy,..., X)) at any given
point p depends only on the values of X1, ..., Xy at p.

Proof. For simplicity of notation, let us do the proof for k£ = 1; the case
k > 11is similar. We first show that if X |y = X'|y for some open subset U
of M, then w(X)|y = w(X')|y. Indeed let p € U be arbitrary, take an open
neighborhood V of p such that V' C U and a smooth function A € C°°(M)
with M| = 1 and supp A C U (Exercise 1.5.1). Then

w(X)(p) = wp(Xp)
= wp(A(p)Xp)
= w(AX)(p)
= w(AX')(p

o
s T
X
S
>
S~—

= w(X')(p),

where in the fourth equality we have used that AX = AX' as vector fields
on M.

Finally, we prove that w(X)(p) depends only on X (p). By linearity, it
suffices to prove that X (p) = 0 implies w(X)(p). Let (W, z1,...,z,) be a co-
ordinate system around p and write X |y = > " | a; a%i fora; € C°(W). By
assumption, a;(p) = 0 for all i. Let A be a smooth function on M with sup-
port contained in W and such that it is equal to 1 on an open neighborhood
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U of p with U C W. Define also

~ AL onW Aa; onW
pp— ox; _ 0: — 4 _
Xi { 0 onM\U and &, { 0 onM\U.

Then NX’ := 3" | @;X; is a globally defined smooth vector field on M such
that X |y = X|y and we can apply the result in the previous paragraph to
write

w(X)(p) = w(X)(p)

=0
because a;(p) = a;(p) = 0 for all 7. O

2.2.6 Proposition Q* (M) is canonically isomorphic as a C°°(M )-module to the
C*°(M)-module of the C°° (M )-multilinear maps

(2.2.7) X(M) x -+ x X(M) = C®(M)

k factors

Proof. Letw € QF(M). Then w, € AF(T,M*) = A¥(T,M)* = Ax(T,M)
for every p € M, owing to Exercises 7 and 4, namely, w,, can be considered
to be an alternating k-multilinear form on 7,,M. Therefore, for vector fields
Xi,...,Xpon M,

W(X1, -, Xe)(p) = wp(Xa(p), - Xi(p))

defines a smooth function on M, &(Xy,...,X;) is C*°(M)-linear in each
argument X;, thus @ is a C°°(M )-multilinear map as in (2.2.7).

Conversely, let @ be a C°°(M )-multilinear map as in (2.2.7). Due to
Lemma 2.2.5, we have @, € Ay(T,M) = A¥(T,M*), namely, & defines a
section w of A¥(M): given vy,...,v; € T,M, choose Xi,..., X}, € X(M)
such that X;(p) = v; for all ¢ and put

wp(m, e ,T)k) = (Z)(Xl, . ,Xk)(p)
The smoothness of the section w follows from the fact that, in a coordinate
system (U, z1, ..., xy,), we can write w|y = Zi1<~~~<ik @iy ooip iy A - A da,
where a;,..;, (¢) = wq(% o % q) = GJ(%, ce %)(q) forallq € U,
and thus a;,..;, € C*°(U). It follows that w is a differential k-form on M. O

Henceforth we will not distinguish between differential k-forms and
alternating multilinear maps (2.2.7). Similarly to Proposition 2.2.6:
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2.2.8 Proposition The C°°(M)-module of tensor fields of type (r,s) on M is
canonically isomorphic to the C*° (M )-module of C*°(M )-multilinear maps

QN M) x - x QYM) x X(M) x -+ x X(M) — C=(M).

T factors s factors

2.3 The exterior derivative

Recall that A°(M) = M x R, so a smooth section of this bundle is a map
M — M x R of the form p — (p, f(p)) where f € C°°(M). This shows
that Q°(M) = C°°(M). Furthermore, we have seen that the differential of
f € C*°(M) can be viewed as a differential 1-form df € Q!(M), so we have
an operator C®°(M) — QY(M), f — df. In this section, we extend this
operator to an operator d : Q*(M) — Q*(M), called exterior differentiation,
mapping QF(M) to Q¥T1(M) for all k& > 0. It so happens that d plays an
extremely important role in the theory of smooth manifolds.

2.3.1 Theorem There exists a unique R-linear operator d : Q*(M) — Q*(M)
with the following properties:
a. d(QF(M)) Cc Q¥ V(M) forallk >0 (dhas degree +1);
b dlw An) = dw An+ (=1)w Ady  for every w, n € Q*(M)
(d is an anti-derivation);
c. d>=0;
d. df is the differential of f for every f € C>°(M) = QO(M).

Proof. We start with uniqueness, so let d be as in the statement. The first

case is when M is a coordinate neighborhood (U, z1,...,z,). Then any
w € QF(U) can be written as w = 5 ;ardxr, where I runs over increasing
multi-indices (i1, ...,7;) and a; € C*°(U), and we get

do = Y d(aydzi A---Ndx;,) (by R-linearity)
I

= Zd(aj) Ndxi A - A dy,
I
k
(2.3.2) +3 ardzi, A--- Ad(dzi,) A Adag, (by (b))
r=1

> 09 o A dg, A -+ A dr;, (by (c) and (d).)

ox
I r=1 r

Next we go to the case of a general manifold M and show that d is a
local operator, in the sense that (dw)|yy = 0 whenever w|y = 0 and U is an
open subset of M. So assume w|yy = 0, take an arbitrary point p € U, and
choose A € C°(M) such that 0 < A < 1, Ais flatequal to 1 on M \ U and
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has support disjoint from V, where V is a neighborhood of p with V' C U.
Then w = Aw on the entire M so that, using (b) we get

(dw)p = d(Aw)p = dA\y A wp + A(p) dwp, = 0,
=0 =0

as wished.

To continue, we verify that d induces an operator diy on Q*(U) satis-
fying (a)-(d) for every open subset U of M. So given w € QF(U) and
p € U, construct @ € QF(M) which coincides with w on a neighborhood
V of p with V' C U, as usual by means of a bump function, and define
(dyw)p = (d@),. The definition is independent of the chosen extension,
as d is a local operator. It is easy to check that di; indeed satisfies (a)-(d);
for instance, for (b), note that & A 77 is an extension of w A 1 and hence
dy(w A )y = (d@ A7)y = (d)p Al + (1)@, A (di))p = (dyw)p A
np + (—1)38“w, A (dyn),. Note also that the collection {dy;} is natural with
respect to restrictions, in the sense that if U C V are open subsets of M then
dvly = dy.

Finally, for w € Q*(M) and a coordinate neighborhood (U, z1, ..., z,),
on one hand dy (w|y) is uniquely defined by formula (2.3.2). On the other
hand, w itself is an extension of w|y, and hence (dw), = (dy(w|v)), for
every p € U. This proves that dw is uniquely defined.

To prove existence, we first use formula (2.3.2) to define an R-linear
operator dyy on QF(U) for every coordinate neighborhood U of M. It is clear
that diy satisfies (a) and (d); let us prove that it also satisfies (b) and (c). So
letw=>";ardxs € QF(U). Then dyw = >-;dar Adxy and

Oag
2 — E
dUw = 2 dU <a—xrd$r AN dl’])

820,]
= drs Ndx,. Nd
D20z, Ts N\ dx, N\ dx]

I,rs

= O’




2.3. THE EXTERIOR DERIVATIVE 53

0%ay

O0x0x,
n=> ;bsdr;. ThenwAn= ZLJaled:c[ A dxyand

since is symmetric and dz; A dx, is skew-symmetricin 7, s. Let also

dy(An) = > dylarbsdes Adzy)

I,J
aa[ 8bJ
— Z awerdxr Adxy Adzy + Z ar5 des Adxy Adry
1,Jr I,J;s
- 0ar 4o ndwy | A S byda
— < 8.%'7» r I - J J

+(=)Hl (Zafdxl> A ( %dws /\de>
I Jys s

= dyw An+ (—1)%8w A dy,

where we have used Proposition 2.1.9 in the third equality to write dzs A
dry = (—1)ldz; A da,.

We finish by noting that the operators d;; for each coordinate system U
of M can be pieced together to define a global operator d. Indeed for two
coordinate systems U and V/, the operators diy and dy induce two operators
on Q*(U N'V) satisfying (a)-(d) by the remarks above which must coincide
by the uniqueness part. Note also that the resulting d satisfies (a)-(d) since
it locally coincides with some dy;. O

2.3.3 Remark We have constructed the exterior derivative d as an operator
between sections of vector bundles which, locally, is such that the local
coordinates of dw are linear combinations of partial derivatives of the local
coordinates of w (cf. 2.3.2). For this reason, d is called a differential operator.

Pull-back

A nice feature of differential forms is that they can always be pulled-back
under a smooth map. In contrast, the push-forward of a vector field under
a smooth map need not exist if the map is not a diffeomorphism.

Let f : M — N be a smooth map. The differential df), : T,M — Ty,
at a point p in M has a transpose map (df,)* : Ty, N* — T,M* and there
is an induced algebra homomorphism df, := A((dfp)*) : ATy N*) —
A(T,M*) (cf. Problem 6). For varying p € M, this yields a smooth map
Of : A*(N) — A*(M). Recall that a differential form w on N is a section of
A*(N). The pull-back of w under f is the section of A*(M) given by f*w =
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0f ow o f,so that the following diagram is commutative:

A*(M) g A*(N)
A
f*wT ‘

;w
M—>N

f

(We prove below that f*w is smooth, so that it is in fact a differential form
on M.) In more detail, we have

(ffw)p = df(wy(p))

for all p € M. In particular, if w is a k-form, then (f*w), € AK(T,M*) =
A¥(T,M)* = A(T,M) and

(23.4) (F@)pv1,- -, vk) = Wy (dfp (01), - dfp (00))

for all vy,...,v, € T,M.

2.3.5 Exercise Let f : M — N be a smooth map.
a. In the case of 0-forms, that is smooth functions, check that f*(g) =
go fforall g € Q°(N) = C>®(N).
b. In the case w = dg € Q'(N) for some g € C*°(N), check that f*(dg) =
d(g o f).

2.3.6 Proposition Let f : M — N be a smooth map. Then:
a. f*: QY (N) — Q*(M) is a homomorphism of algebras;
b. do f*= f*od;
C. (f*w)(Xl, - ,Xk)(p) = Wdf(p) (df(Xl(p)), . ,df(Xk(p))) fOI" all w €
O*(N)and all Xq,..., X € X(M).

Proof. Result (c) follows from (2.3.4). For (a), it only remains to prove
that f*w is actually a smooth section of A*(M) for a differential form w €
Q*(M). So let p € M, choose a coordinate system (V,y1,...,y,) of N
around f(p) and a neighborhood U of p in M with f(U) C V. Since f*
is linear, we may assume that w is a k-form. As w is smooth, we can write

wly = Zajdxil A-- Ndwy, .
I

It follows from Exercise 2.3.5 that

(2.3.7) Frolu => (aro fyd(wi, o f) A+ Nd(wi, o f),

I
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which indeed is a smooth form on V. Finally, (b) is proved using (2.3.7):

df'w), = d(Z(dzOf)d(fvnOf)A---Ad(wz‘kOf)> i
I
= > (daro f) Ad(a, o ) - A © )y

1

= f (;wmd%w-wdm) ‘p
- f*(dw)lh

as desired. n

2.4 The Lie derivative of tensors

In section 1.6, we defined the Lie derivative of a smooth vector field Y on
M with respect to another smooth vector field X by using the flow {¢;} of
X to identify different tangent spaces of M along an integral curve of X.
The same idea can be used to define the Lie derivative of a differential form
w or tensor field S with respect to X. The main point is to understand the
action of {(} on the space of differential forms or tensor fields.

So let {¢;} denote the flow of a vector field X on M, and let w be a
differential form on M. Then the pull-back yjw is a differential form and
t — (pjw), is a smooth curve in T, M*, for all p € M. The Lie derivative of w
with respect to X is the section Lxw of A(M) given by

(2.41) (Lxw)y = L

dt t:O((pt w)p'

We prove below that L xw is smooth, so it indeed yields a differential form
on M. In view of (2.3.4), it is clear that the Lie derivative preserves the
degree of a differential form.

We extend the definition of Lie derivative to an arbitrary tensor field S
of type (r, s) as follows. Suppose

Soip) =V1I® QU QU] ® -+ ® ;.
Then we define (¢} S), € (T,,M)"* to be
ng_t(Ul) X ® ng_t(Ur) ® (5%&(’0;) X ® 5§0t(1);k)

and put

(2.4.2) (LxS), = d (7 9)p-
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Before stating properties of the Lie derivative, it is convenient to intro-
duce two more operators. For X € X(M) and w € QF(M) with k > 1, the
interior multiplication 1xw € QF~1(M) is the (k — 1)-differential form given
by

txw(Xq, ..., Xg) =w(X, Xy, ..., Xk)

for Xy,..., X € X(M), and tx is zero on 0-forms.

2.4.3 Exercise Prove that .xw is indeed a smooth section of A*~1(M) for
w € QF(M). Prove also that ¢ x is an anti-derivation in the sense that

ix(WAN) =ixwAn+ (=) w A uxn

for w € QF(M) and n € Qf(M). (Hint: For the last assertion, it suffices to
check the identity at one point.)

Let V be a vector space. The contraction ¢; j : V™ — V=15~ s the
linear map that operates on basis vectors as

VR QU QU Q- QU
=i (U) V@ QTR QU U QU @ U

It is easy to see that ¢; ; extends to a map 7"*(M) — T" 1= (M).

2.4.4 Exercise Let V' be a vector space. Recall the canonical isomorphism
Vbl =~ Hom(V,V) = End(V) (Proposition 2.1.4). Check that ¢y : V11 —
V90 is trace map tr : End(V) — R.

2.4.5 Proposition Let X be a smooth vector field on M. Then:
a. Lxf=X(f)forall f e C®(M).
b. LxY = [X,Y] forall X € X(M).
c. Lx isatype-preserving R-linear operator on the space T (M) of tensor fields
on M.
d. Lx : T(M) — T (M) is a derivation, in the sense that

Lx(S®8")=(LxS)® S +S®(LxS")
e. Lx :T"*(M) — T"*(M) commutes with contractions:
Lx(e(5)) = e(LaS)
for any contraction ¢ : T"5(M) — T~ 1571(M).
f. Lx isadegree-preserving R-linear operator on the space of differential forms

Q(M) which is a derivation and commutes with exterior differentiation.
g. Lx =1x od+doux on Q(M) (Cartan’s magical formula)
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h. Forw € QF(M) and Xy, ..., Xy € X(M), we have:

Lxgw(X1, .-, Xp) = Xo(@(X1,- .., Xp))
k

_Zw(Xla s 7Xi—17 [X07Xi]7Xi+17' .. 7Xk)
i=1

i. Same assumption as in (h), we have:

k
dw(Xo, ..., Xp) = ZXiw(XO,...,XZ-,...,Xk)
=0

+ Z(—l)iJrjw([Xi,Xj],Xo, R ,Xi, R ,X]‘, R ,Xk)
1<j

Proof. (a) follows from differentiation of (¢} f), = f(y:(p)) att = 0.
(b) was proved in section 1.6. (c) is clear from the definition. For (d), note
that ¢; defines an automorphism of the tensor algebra 7'(7),M ), namely,
i (S ® Sy = (¢5S)p ® (7 S")p. The result follows by differentiation of
this identity and the using the fact that multiplication is R-bilinear.

(e) follows from the fact that ¢} commutes with contractions. As a con-
sequence, which we will use below, if w € QY(M) and Y € X(M) then
w(¥) =c(Y ®w) so

Xw(Y)) = Lx(c(Y ®w)) (using (a))

¢(Lx(Y ®@w))

¢(LxY @w+Y ® Lxw) (using (d))
= w(X,Y])+Lxw(Y)  (using (b))

in other words,
(2.4.6) Lxw(¥)=Xw()) —w(X,Y]).

For (f), we first remark that Lx is a derivation as a map from Q(M) to
non-necessarily smooth sections of A(M): this is a pointwise check, and
follows from (d), viewing the exterior algebra A (7}, M) as a quotient of ten-
sor algebra T+ (T, M). Next, check that Lx commutes with d on functions
using (2.4.6):

Lx(@d)(Y) = X

(R
Ja
\ —
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forall f € C*°(M)and Y € X(M). To continue, note that L x is a local oper-
ator: formula (2.4.1) shows that Lxw| depends only on w|y;, for any open
subset U of M, and the same applies for (2.4.1). Finally, to see that Lxw is
smooth for any w € Q(M), we may assume that w has degree k and work
in a coordinate system (U, x1, . . . , &), where w has a local representation as
in (2.2.3). Using the above collected facts:

LXw’U - Z X(air--ik)dxil /\"'/\dwik

11 <<

k
+Z ail...ikdxil VANRIERIVAY d(X(.%'ZJ)) VANRIERIVAY d.%'ik
=1

as wished.

To prove (g), let Px = dotx+txod. Then Px and Lx are local operators,
derivations of (M), that coincide on functions and commmute with d.
Since any differential form is locally a sum of wedge products of functions
and differentials of functions, it follows that Lx = Px.

The case k = 1in (h) is formula (2.4.6). The proof for £ > 1is completely
analogous.

Finally, (i) is proved by induction on k. The initial case £ = 0 is imme-
diate. Assuming (i) holds for £ — 1, one proves it for k by starting with (h)
and using (g) and the induction hypothesis. O

2.4.7 Exercise Carry out the calculations to prove (h) and (i) in Proposi-
tion 2.4.5.

2.5 Vector bundles

The tangent, cotangent and and all tensor bundles we have constructed so
far are smooth manifolds of a special kind in that they have a fibered struc-
ture over another manifold. For instance, T'M fibers over M so that the
fiber over any point p in M is the tangent space T,,M. Moreover, there is
some control on how the fibers vary with the point. In case of 7'M, this
is reflected on the way a chart (7~1(U), ) is constructed from a given
chart (U, ) of M. Recall that ¢ : 7=1(U) — R" x R" where $(v) =
(p(m(v)),de(v)). So ¢ induces a diffeomorphism U,y T,M — o(U) x R"
so that each fiber 7),M is mapped linearly and isomorphically onto {¢(p)} x
R". We could also compose this map with ¢! x id to get a diffeomorphism

TM|y = UpeyT,M — o(U) x R" = U x R™.

Of course each T,M is abstractly isomorphic to R", where n = dim M,
but here we are saying that the part of TM consisting of fibers lying over
points in U is diffeomorphic to a product U x R" in such a way that 7, M
corresponds to {p} x R". This is the idea of a vector bundle.
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2.5.1 Definition A (smooth) vector bundle of rank k& over a smooth man-
ifold M is a smooth manifold E, called the fotal space, together with a
smooth projection 7 : E — M such that:
a. E, := 7 !(p) is a vector space of dimension k for all p € M;
b. M can be covered by open sets U such that there exists a diffeomor-
phism E|y = 7~'(U) — U x R* mapping E,, linearly and isomorphi-
cally onto {p} x R* forall p € U.

The trivial vector bundle of rank k over M is the direct product M x R
with the projection onto the first factor. A vector bundle of rank £ = 1is
also called a line bundle.

An equivalent definition of vector bundle, more similar in spirit to the
definition of smooth manifold, is as follows.

2.5.2 Definition A (smooth) vector bundle of rank k over a smooth mani-
fold M is a set E, called the total space, together with a projection 7 : E — M
with the following properties:
a. M admits a covering by open sets U such that there exists a bijection
ou : Bly = 7Y U) = U x RF satisfying m = m; o ¢y, where 7 :
U x R* — U is the projection onto the first factor. Such a ¢y is called
a local trivialization.
b. Given local trivializations ¢, oy with UNV # &, the change of local
trivialization or transition function

puopy 1 (UNV)xRY - (UNV) x RE

has the form
(z,a) = (z,guv(z)a)
where

gy :UNV — GL(k‘,R)

is smooth.

2.5.3 Exercise Prove that the family of transition functions {g;y } in Defi-
nition 2.5.2 satisfies the cocycle conditions:

guu(r) = id  (zel)
guv(@)gyvw(x)gwu(z) = id (xeUNVNW)

2.5.4 Exercise Let M be a smooth manifold.

a. Prove that for a vector bundle 7 : E — M as in Definition 2.5.2, the
total space E has a natural structure of smooth manfifold such that =
is smooth and the local trivializations are diffeomorphisms.

b. Prove that Definitions 2.5.1 and 2.5.2 are equivalent.
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2.5.5 Example In this example, we construct a very important example of
vector bundle which is not a tensor bundle, called the tautological (line) bun-
dle over RP™. Recall that a point p in real projective space M = RP" is a
1-dimensional subspace of R"H! (Example 1.2.7). Set E = Upep E,, where
E, is the subspace of R"! corresponding to p, namely, E,, consists of vec-
torsv € R" ! such thatv € p. Letw : E — M map E, to p. We will prove
that this is a smooth vector bundle by constructing local trivializations and
using Definition 2.5.2. Recall the atlas {¢; }!!/' of Example 1.2.7. Set

Gim WU = Ui xR v (n(v),z(v)).
This is a bijection and the cocycle
gij(xla - ,InJrl) = xi/iﬂj S GL(l,R) = R\ {0}

is smooth on U; N U}, as wished.

2.6 Problems

§2.1

1 LetV beavectorspaceandlet:: V" — ®@"V be defined as t(vy,...,v,) =
V1 ® - ® vy, where V" =V x ... x V (n factors on the right hand side).
Prove that ®"V satisfies the following universal property: for every vector
space U and every n-multilinear map 7" : V" — U, there exists a unique
linear map 7 : "V — U such thatT o1 =T.

"V
L
vVt ——=U
T

2 Prove that ®"V is canonically isomorphic to the dual space of the space
n-multilinear forms on V™. (Hint: Use Problem 1.)

3 Let V be a vector space. An n-multilinear map 7" : V" — U is called
alternating if T'(vy(1), - - -, Vo(n)) = (sgn )T (v1, ..., v,) for every v, ..., v, €
V and every permutation o of {1,...,n}, where sgn denotes the sign +1 of
the permutation.

Let¢: V™ — A™(V) be defined as ¢(vy,...,v,) = v1 A -+ Avy,. Note that
¢ is alternating. Prove that ®"V satisfies the following universal property:
for every vector space U and every alternating n-multilinear map 7" : V" —
U, there exists a unique linear map 7" : A”(V) — U such that T o¢ = T.

A"V
L
vVt —>

T
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4 Denote the vector space of all alternating multilinear forms V" — R by
A (V). Prove that A" (V) is canonically isomorphic to A, (V)*.

5 Provethatvy,...,v; € V arelinearly independent if and only if v A- - - A
vg # 0.

6 LetV and W be vector spaces and let T : V' — W be a linear map.

a. Show that T naturally induces a linear map A*(T) : A¥(V) — AF(W).
(Hint: Use Problem 3.)

b. Show that the maps A*(V) for 0 < k < n induce an algebra homo-
morphism A(T) : A(V) — A(W).

c. Letnow V = W and n = dim V. The operator A"(T) is multiplication
by a scalar, as dim A"(V') = 1; define the determinant of T to be this
scalar. Any n x n matrix A = (a;;) can be viewed as a linear operator
on R". Prove that

det A = Z(sgn o) QAio(i) """ An,o(n)>

where sgn o is the sign of the permutation o and o runs over the set of
all permutations of the set {1, ...,n}. Prove also that the determinant
of the product of two matrices is the product of their determinants.

d. Using Problem 7(a) below, prove that the transpose map A¥(T)* =
AF(T™).

7 Let V be vector space.
a. Prove that there is a canonical isomorphism

AF(V*) = AR (V)
given by
vi‘/\---/\v}:'—>(u1/\"'/\uk'—>det(vf(uj)) ).

b. Leta, B € V* 2 AY(V*) =2 Ay (V). Show that a A 8 € A2(V*), viewed
as an element of A2(V)* = A5(V) is given by

ap(u,v) =a(u)bv) — a(v)s(u)
forallu,v e V.

8 Let V be a vector space.
a. In analogy with the exterior algebra, construct the symmetric algebra
Sym(V), a commutative graded algebra, as a quotient of 7'(V').
b. Determine a basis of the homogeneous subspace Sym™ (V).
c. State and prove that Sym(V) satisfies a certain universal property.
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d. Show that the Sym™ (V') is canonically isomorphic to the dual of the
space Sy, (V') of symmetric n-multilinear forms V" — R.
In view of (d), Sym(V*) is usually defined to be the space P(V') of polyno-
mials on V.

9 Anelementof A"(V) is called decomposable if it lies in the subspace A (V))A
-~ AAY(V) (n factors).
a. Show that in general not every element of A" (V) is decomposable.
b. Show that, for dimV < 3, every homogeneous element in A(V) is
decomposable.
c. Letw be a differential form. Isw A w = 0?

§2.2

10 Let M be a smooth manifold. A Riemannian metric g on M is an assign-
ment of positive definite inner product g, on each tangent space 7,, M which
is smooth in the sense that ¢(X,Y)(p) = g,(X(p), Y (p)) defines a smooth
function for every X, Y € X(M). A Riemannian manifold is a smooth mani-
fold equipped with a Riemannian metric.
a. Show that a Riemannian metric g on M is the same as a tensor field
of g type (0,2) which is symmetric in the sense that g(Y, X) = g(X,Y")
for every X,Y € X(M).
b. Fix a local coordinate system (U, z, ..., x,) on M.

(i) Letgbea Riemannian metric on M. Show that g|y = ZZ ; 9ijdz;®
dxj where g;; = g(a%i, %) e C>®(U) e gij = gji-
(ii) Conversely, given functions ¢;; = g;; € C*(U) show how to
define a Riemannian metric on U.
c. Use part (b)(ii) and a partition of unity to prove that every smooth
manifold can be equipped with a Riemannian metric.
d. On a Riemannian manifold M there exists a natural diffeomorphism
TM ~ T*M taking fibers to fibers. (Hint: There exist linear isomor-
phisms v € T,M — g,(v,-) € T,M*).

§2.3

11 Consider R? wit coordinates (z,%, z). In each case, decide whether
dw = 0 or there exists 1 such that dn = w.

a. w = yzdr + rzdy + vydz.

b. w = zdx + 2%y’dy + yzdz.

c. w=2xy’dr Ady + zdy A dz.

§ 2.4
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12 Let M and N be smooth manifolds where M is connected, and consider
the projection m : M x N — N onto the second factor. Prove that a k-
form w on M x N is of the form 7*n for some k-form n on N if and only if
txw = Lxw = 0 for every X € X(M x N) satisfying dm o X = 0.

13 Let M be a smooth manifold.
a. Prove that txtx = 0 for every X € X(M).
b. Prove that 1 x yjw = Lxtyw — Lyixw for every X, Y € X(M) and
w € QF(M).

§ 2.5

14 The Whitney sum E; & E5 of two vector bundles my : By — M, my @ By —
M is a vector bundle 7 : E = E; & E5 — M where E, = (E,), ® (E2), for
allp € M.
a. Show that E; @ E, is indeed a vector bundle by expressing its local
trivializations in terms of those of E'; and E; and checking the condi-
tions of Definition 2.5.2.
b. Similarly, construct the tensor product bundle £; ® E5 and the dual
bundle E*.



