CHAPTER 4

Curvature

4.1 Introduction

The curvature of a plane curve is the measure of change of the direction of the curve. Assuming the
curve parametrized by arc-length and expressing this direction as a unit tangent vector along the
curve shows that the (unsigned) curvature is the modulus of the second derivative of the curve. In
the case of a surface in R3, Gauss had already shown how to measure curvature: this is the rate of
change of the normal direction of the surface. Locally, one chooses a unit normal vector field and
differentiates it at a point as a map into the unit sphere. Since the surface is two-dimensional, the
result is now a map, namely a linear endomorphism of the tangent space at that point. This turns
out to be symmetric, hence diagonalizable over R.. Its eigenvalues are called the principal curvatures
A1 and Ao. They represent the extreme values of the curvatures of the plane curves given by the
normal sections to the surface. Equivalently, one can look at 2H = A\; + Ay and K = A\ \s. The
second expression is called the Gaussian curvature and, according to Gauss’ celebrated theorema
egregium, has an intrinsic meaning in the sense that it can be expressed solely in terms of the
coefficients of the metric in a coordinate system.

Riemann generalized Gauss’ results and explained how to define the curvature of a Riemannian
manifold M. Here the dimension of M is at least two, so we start by selecting a 2-plane F
contained in T,M. Exponentiating a small neighborhood of 0, in E gives a piece of surface S
through p contained in M. The curvature of M at F is defined to be the Gaussian curvature of S
at p. This gives the sectional curvature function.

As it is, this definition cannot be very useful: it is difficult to compute and, especially, it does
not reflect relations between the sectional curvatures of neighboring planes. After Riemann, the
matter took a few decades more of study to be settled, until tensor calculus entered the scene.

Throughout this chapter, (M, g) denotes a Riemannian manifold and V denotes its Levi-Civita
connection.

4.2 The Riemann-Christoffel curvature tensor

The curvature tensor is the tri-linear map R : T'(TM) x I'(TM) x T'(TM) — I'(T M) given by
R(X,Y)Z = VxVyZ - VyVxZ - Vixy| 2

It is an easy consequence of the Leibniz rule for V that R is C°°(M)-linear on each argument. As
in the case of connections, this suffices to show that the value of R(X,Y)Z at p depends only on
Xp, Yp, and Z,,. Hence we have a tri-linear map

R, :T,M x T,M x T,M — T, M.
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The following are the fundamental symmetries of this map.

4.2.1 Proposition (algebraic properties of the curvature tensor) We have that
a. R(X,Y)Z =—-R(Y,X)Z
b. (R(X,Y)Z, W) =—(R(X,Y)W, Z)
c. (RIX,Y)Z,W)=(R(Z,W)X,Y)
d. RX,Y)Z+R(Y,Z)X + R(Z,X)Y =0 (first Bianchi identity)
for every X, Y, Z e I'(TM).

Proof. (a) This is clear from the definition.
(b) We compute
(R(X,Y)Z,Z) = (VxVyZ,Z) = (NyVx 2, Z) — (Vix 1% Z)
=X(VvZ,2) —(VyZ,VxZ)

(Y(VxZ,2) — (VxZ,Vy2)) - %[X, Y](2, 2)

= %XY(Z, Z) — %YX(Z, Z) - 51X, Y(Z,2)

1
2
= O’
where we have used several times the compatibility of the Levi-Civita connection with the metric.
The identity follows.
(d) We compute
R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y =VxVyZ - VyVxZ - Vxy|Z
+VyVzX = VzVy X — Vy 721X
+VzVxY = VxVzY —Viz Y
=Vx(VyZ -VzY)~-VixyZ
+Vy(VzX —-VxZ) — V[y,z]X
+Vz(VxY = VyX) - V7 x)Y
=Vx[Y,Z] = Viy 51X
+Vy[Z,X] = Vizx)Y
+Vz[X,Y] - Vixy)Z
=X, [V, 2]+ [V, 12, X]| + [2,[X, Y]]
= O’

where we have used the fact that the Levi-Civita connection is torsionless several times, and the
Jacobi identity in the last line.
(c) We use (a), (b) and (d) to compute
(R(X,Y)Z,W)=—(R(Y,Z)X,W) —(R(Z,X)Y,W)
=(R(Y,Z)W,X) + (R(Z, X)W,Y)
=—(R(Z,WV)Y,X)—(RW,Y)Z,X) — (R(X,W)Z,Y) — (R(W,Z)X,Y)
2R(Z,W)X,Y)+ (RW,Y)X + R(X, W)Y, Z)
2(R(Z,W)X,Y) ~ (R(Y, X)W, 2)
2AR(Z,W)X.,Y) —(R(X,Y)Z, W),
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which gives the result. O
Let p € M and let £ C T),M be a 2-plane. The sectional curvature of M at E is defined to be

— T _ —<Rp($,y)$,y>
K =K@ = LRlye =

where {z,y} is a basis of E. One checks that this expression does not depend on the choice of basis
of F as follows. It is very easy to see that K(y,z), K(Az,y) (A #0), K(x + y,y) are all equal to

K (z,y). But one can get from {z,y} to any other basis of E' by performing a number of times the
simple transformations

{xn—>y {um—))\m {x'—ma—i-y
y—ax y—y Yy '

4.2.2 Proposition We have the following identity

(Bp(z,y)z, w)
1 02

" 60008 (Rp(z + az,y + fw)(z + az),y + Bw) — (Bp(z + aw,y + Bz)(z + aw),y + 7)),

where x, y, z, w € T,M.

Proof. By direct computation. O

It is important to remark that the identity in the preceding proposition is proved using only the
algebraic properties of the curvature tensor. Of course, the next corollary is of an algebraic nature
as well.

4.2.3 Corollary The sectional curvature function E — K(FE) and the metric at a point p deter-
mine the curvature tensor at p.

A Riemannian manifold (M, g) of dimension n > 2 is said to have constant curvature r if
for every point p € M and every 2-plane E C T,M, the sectional curvature at E equals k. A
Riemannian manifold (M, g) of dimension n > 2 is called flat if it has constant curvature x and
k = 0. This terminology is consistent with the one introduced in section 1.3: since local isometries
must preserve the sectional curvature (see end of this section), a Riemannian manifold locally
isometric to Euclidean space must have vanishing seccional curvatures; conversely, we will see in
chapter 6 that a Riemannian manifold with vanishing sectional curvatures is locally isometric to
Euclidean space. A one-dimensional Riemannian manifold is also called flat, although its tangent
spaces do not contain 2-planes, since in this case we have R = 0 by Proposition 4.2.1(a). A
Riemannian manifold is said to have positive curvature (resp. negative curvature) if the sectional
curvature function is positive (resp. negative) everywhere.

If dim M = 2, then a 2-plane F must coincide with T),M, and then we have a scalar-valued
function K(p) = K(T,M), which can be shown to coincide with the Gaussian curvature of M in
the case in which M is a surface in R? equipped with the induced metric (cf. Add. notes §2).

Next, suppose that dim M > 3. In this case, we say that M has isotropic curvature at a point
p if K(E) = k) for every 2-plane E C T,,M, where £, is a real constant. From the definition of
sectional curvature, we have that

(Ry(z,9)z,y) = —ryp ([l Pllyl]* — (2,9)?)
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forallpe M and x, y € T,M. Set

(Rp(x,y)2,w) = —(z,2)(y,w) + (2, w){y, 2),

where p € M and z, y, z, w € T,M. Then R is a tensor that has the same symmetries as R.
Corollary 4.2.3 implies that

(4.2.4) R, = KR},

Obviously, a Riemannian manifold with constant curvature has isotropic curvature at all points.
It is a result due to Schur that the converse is true in dimensions at least 3.

4.2.5 Lemma (Schur) Let M be a connected Riemannian manifold. If M has isotropic curvature
at all points and dim M > 3, then it has constant curvature.

We will prove the above lemma in section 4.4. Note that the curvature tensor of a Riemannian
manifold of constant curvature satisfies identity (4.2.4) where k), does not depend on p. We also
remark that local isometries must preserve the curvature tensor in the following sense, as is easily
seen by using arguments from section 2.5. If f : M — N is a local isometry between two Riemannian
manifolds, then

Rf(p) (dfp(Xp)’df(Y})))dfp(Zp) = Rp(Xp’YIv)Zp
for every p € M and every X, Y, Z € T'(T'M). Of course, it also follows that K(df(E)) = K(F)
for every 2-plane E contained in 7,,M and every p € M.

4.2.6 Remark Let ¢ : N — M be a smooth map, let X, Y € I'(T'N) be vector fields in N and let
U € T'(¢*T M) be a vector field along ¢. Recall the induced connection along ¢ that was introduced
in Proposition 2.6.1. Then one can check that the following identity holds:

R(pe X, oYU = VEVIU = Vi VRU = Vi3 U.

4.3 The Ricci tensor and scalar curvature

One can say that the Riemann curvature tensor contains so much information about the Riemannian
manifold that it makes sense to consider also some simpler tensors derived from it, and these are
the Ricci tensor and the scalar curvature.

The Ricci tensor Ric at a point p € M is the bilinear map Ric, : T,M x T,M — R given by

Ricy(z,y) = trace (v — —Ry(z,v)y),

where z, y € T, M. Note that the Ricci tensor is defined directly in terms of the curvature tensor
without involving the metric. It follows immediately from the symmetries of the curvature tensor
given by Proposition 4.2.1 that Ric is symmetric, namely,

Ric,(z,y) = Ric,(y, x)

for x, y € T,M and p € M. So the Ricci tensor is of the same type as the metric tensor g, and
it makes sense to compare the two. An Finstein manifold is a Riemannian manifold whose Ricci
tensor is proportional to the metric. If dim M > 3, it follows from Lemma 4.2.5 that the constant
of proportionality is independent of the point, and hence the condition is that there exists A € R
such that

Ric = Ag.
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Riemannians manifold satisfying Ric = 0 are called Ricci-flat. Of course, a Riemannian manifold
of constant sectional curvature is Einstein, and a flat Riemannian manifold is Ricci-flat.
We can also use the metric to view the Ricci tensor at p € M as a linear map T, M — T, M by
setting
(Ric(z),y) = Ric(z,y).

for x, y € T, M. Then it makes sense to take the trace of Ric: the scalar curvature is the smooth
function scal : M — R given by

scal(p) = trace Ricp,

where p € M.
Fix a point p € M and an orthonormal basis {e1,..., ey} of T,M. Then

n

Ricp(x, y) = — Z(R(% ej)y7 €j>7

where x, y € T, M. In particular, if x is a unit vector, we can assume that e; = = and then
n
(4.3.1) Ricy(z,z) = Z K(z,ej).
j=2

The quadratic form (4.3.1) is sometimes called the Ricci curvature; of course, its values on the unit
sphere of T, M completely determine the Ricci tensor at p, and (4.3.1) shows that Ric,(z, x) is the
(unnormalized) average of the sectional curvatures of the 2-planes containing . We also have that

scal(p) = ZRicp(ei, ei) = ZK(@Z-, ej) = QZK(ei, e;),
1=1

i#j i<j

and this equation shows that the scalar curvature at p is the (unnormalized) average of the sectional
curvatures of the 2-planes in T}, M.

4.4 Covariant derivative of tensors %

At this juncture, we feel like it is time to discuss how to differentiate tensors on a manifold. If
M is a Riemannian manifold, there is a canonical way of differentiating smooth vector fields on
M, namely, this is given by the Levi-Civita connection V. Viewing vector fields as tensor fields of
type (1,0), we can prove that V naturally extends to a connections on all tensor bundles Trs) M.
Denote by ¢ : TSI M — TO=Ls=D [ an arbitrary contraction.

4.4.1 Proposition There is a unique family of connections on the tensor bundles T"*)M for r,
s >0, still denoted by V, such that the following conditions hold for X € I'(TM):
a. Vxf=Xf for f € C®°(M)=T(TO)M);
b. VxY forY € T'(TM) is the covariant derivative associated to the Levi-Civita connection.
c. Vx commutes with contractions, that is, Vxc(T) = ¢«(VxT) for T € T(T")M) with r,
s> 0;
d. Vx is a derivation, that is, Vx(T @ T") = VxT @ T' + T @ VxT' for T € T(T"™*)M) and
T e T(T' ) M).
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As a first application of Proposition 4.4.1, we view g as a tensor field of type (0,2) and note that
the condition that the Levi-Civita connection be compatible with the metric (Proposition 2.2.5(b))
can be restated as simply saying that Vg = 0, since

Vxg(Y,Z) = Xg(Y,Z) —g(VxY,Z) - g(Y,Vx2).

As another application of the proposition, we view R as a tensor field of type (1,3) and we
prove the second Bianchi identity.

4.4.2 Proposition (Second Bianchi identity) We have that
(4.4.3) VxRY,Z)W +VyR(Z, X)W + VzR(X, Y)W =0
forevery X, Y, Z, W e T(TM).
Proof. From the definition of Vx acting on I'(T™03) M), we have
VxR(Y,Z)W =Vx(R(Y,Z)W) - R(VxY,Z)W — R(Y,VxZ)W — R(Y, Z)VxW
Droping the W and using the identity R(X,Y)Z = [Vx, Vy] — V|x y], we get

VxR(Y.Z) = [Vx,R(Y,Z)] - R(VxY,Z) - R(Y,VxZ)
= [Vx,[Vy,Vz]] = [Vx,Viyz] = R(VxY,Z) - R(Y,VxZ)
= [Vx,[Vy,Vz]l = Vix vz — R(X,[Y, Z]) = R(VxY, Z) — R(Y,Vx Z).

Summing this formula with the other two obtained by cyclic permutation of (X,Y, Z), we see that
the first two terms on the right hand side cancel out because of the Jacobi identity, and invoking
the relation VxY — Vy X also makes remaining terms also disappear. The identity is proved. [

Finally, we use the second Bianchi identity to prove Lemma 4.2.5.

Proof of Lemma 4.2.5. We view k, = k(p) as a function on M. Note that formula (4.2.4)
implies that this function is smooth. We use that formula to get

VxR(Y,Z)W = (Xk)R(Y, Z)W + kVxR(Y, Z)W.
Summing over the cyclic permutations of (X,Y, Z), we have
(Xr)RY(Y, Z)W + (YR)RY(Z, X)W + (Zr)R* (X, Y)W =0

by an application of the second Bianchi identity (4.4.3) to R°. Let X be arbitrary. As dim M > 3,
we can select Y, Z so that {X,Y, Z} is orthonormal. Also, put W =Y. Then

Xr=0.

The connectedness of M implies that « is constant, as desired. ]

4.5 Examples

Flat manifolds
Euclidean space is flat, since
R(X.Y)Z = X(Y(2)) - Y(X(2)) - [X.Y)(2) = 0.

Since local isometries must preserve the curvature, it follows that the tori R"/T" are also flat.
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S™ and RP"
Since S” is a Riemannian submanifold of R, for its Levi-Civita connection we have that
(4.5.1) VxY =X(Y) - (X(Y),p)p,
where X, Y € I'(T'S™) and we have denoted by p the position vector. It follows that
VxVyZ = X(VyZ)—(X(VyZ),p)p
= XY(Z) - (XY(Z),p)p - (Y (2), X)p — (Y(Z),p)X
—(XY(Z),p)p+ (XY (Z),p)p + (Y (Z), X)p

— XY(Z)— (XY(2).p)p + (Z,V)X
where we have used that (Y (Z),p) = —(Z,Yp) = —(Z,Y) since (Z,p) = 0. Therefore,
(4.5.2) RX,)Y)Z =(Y,Z)X — (X, Z)Y.
Comparing with (4.2.4) shows we have proved that S™ has constant curvature 1. Since RP" is
isometrically covered by S™, it also has constant curvature 1.
RH™

Consider the hyperboloid model of RH" sitting inside the Lorentzian space R»". Although the
metric in the ambient space is now Lorentzian, the Levi-Civita connection of RH" is given by a
formula very similar to (4.5.1), namely,

VxY = X(Y) + (X(Y), p)p.

Indeed, one cheks easily that this formula specifies a connection on RH"™ that satisfies the defining
conditions for the Levi-Civita connection. A computation very similar to that in the case of S™
thus gives that

(4.5.3) R(X,Y)Z = —(Y,Z)X + (X, Z)Y.

Hence RH™ has constant curvature —1.

Riemannian products

Let (M,g9) = (Mi,91) x (Ms,g2) be a Riemannian product. It follows immediately from the
description of the Levi-Civita connection on M for decomposable vector fields (2.7.1) that the
curvature tensor of M is given by

Rp(z,y)z = R}, (v1,91)21 + R, (%2, y2) 22,

where z, y, z € T,M for p = (p1,p2) € My X My, x = 21 + T2, Yy = y1 + Y2, 2 = 21 + 2 are
the decompositions relative to the splitting 7, M = T}, M1 @© T}, Mo, and R denotes the curvature
tensor of M°.

In particular,

9(Ry(21,y2)71,y2) = g1(R}, (21,0)21,0) + g2(R2,(0,2)0, y2) = 0.

This shows that a mized plane in M, i.e. a plane with nonzero components in both M; and Mo,
has sectional curvature equal to zero. It also shows that the product of two positively curved
Riemannian manifolds has non-negative curvature.
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Riemannian submersions and CP" @

Let 7 : (M, §) — (M, g) be a Riemannian submersion and consider the splitting TAM = H @ V into
the horizontal and vertical distributions. A vector field X on M is called:

e horizontal if Xz € H for all p € M.

o vertical if X5 € Vj for all p € M;

e projectable if, for fixed p € M, dr(X;) is independent of p € 7 1(p).

e basic if it is horizontal and projectable.
Note that if X is a smooth projectable vector field on M, then it defines a smooth vector field X
on M by setting X, = dr(X;) for any p € 7—1(p); in this case, X and X are m-related. It also
follows from the definitions that a vertical vector field is projectable and, indeed, a vector field on
M is vertical if and only if it is 7-related to 0.

If X is a smooth vector field on M, it is clear that there exists a unique basic vector field X on
M such that X and X are m-related; the vector field X is necessarily smooth and it is called the
horizontal lift of X.

4.5.4 Lemma Let X, Y be horizontal lifts of X, Y € I'(TM), resp., and let U € T'(TM) be a
vertical vector field. Then the vector fields [X,Y] — [X,Y] and [U, X] are vertical.

Proof. Since U is m-related to 0 and X is m-related to X, we have that [U, X] is m-related to
[0, X] = 0. A similar argument proves the other assertion. O

The next proposition describes the Levi-Civita connection V of M in terms of the Levi-Civitd,
connection V of M. Denote by (-)" the vertical component of a vector field on M.

4.5.5 Proposition Let 7 : (~]\~4,§) — (M, g) be a Riemannian submersion. If X, Y € T'(T M) with
horizontal lifts X, Y € I'(T'M), then

—~—

@X}} =VxY + [X,?]U

DO =

Proof. Apply the Koszul formula (2.2.6) to §(V Xf/, Z), where Z is the horizontal lift of Z €
I'(T'M). Since dr restricted to each M is a linear isometry onto T,M for p = w(p),

X;9(Y,2) = X,9(Y, Z).
Also, by the first assertion of Lemma 4.5.4,
gﬁ([Xv?LZN) = gp([X7 Y]? Z)'
Hence
(4.5.6) 3(V5Y,2) = g,(VxY, Z) = §5(VxY, Z).

Next, apply the Koszul formula to g(@X}},U), where U € (T M) is vertical. Since §(X,Y) is
constant along the fibers of 7, Ug(X,Y) .

Using the second assertion of Lemma 4.5.4 yields

that
P 1 o5
The desired result is equivalent to (4.5.6) and (4.5.7). O

The next proposition relates the sectional curvatures of M and M.
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4.5.8 Proposition Let 7 : (M,§) — (M, g) be a Riemannian submersion. If X, Y € I'(TM) is
an orthonormal pair with horizontal lifts X, Y € T'(T M), then

K(X,Y)=K(X,Y)+ ZH[X,?]”H?.

Proof. We start by observing that for a vertical vector field U on M,
- . e - 1, e ey

by Proposition 4.5.5, and

g(@UX7Y/) = g(@XUv }7) +§([U7X]7Y/) = g(@XU’ Y)a

by Lemma 4.5.4. Using these identities and (4.5.5) a few times, we have

~ ~ ~ ~ ~—— 1 - - _ v
ViVeX = Vg (VX)) 45V (V. 5])
1. 1o /o -
— VxVyX+-[X,VyX]"— -V ([X,y]v> ,
2 2
and
S S o 1o oo w
§(VRVeX,Y) = §(VxVyX,Y) - 55(Vx[X,Y]",Y)
1 ~ o~
= g(VxVy X,Y) + Z[IIX V]|
Similarly
i(VgVgX, V) =§(VyVxX,Y) = g(VyVxX,Y),
and
IV X Y) = 9V X V) +3(Vig 3. X, Y)

It follows that 3

and this clearly implies the desired formula. O

We now apply the above results to the question of computing the sectional curvature of CP".
Consider as usual the Riemannian submersion 7 : M = §2"+1 — M = CP". We will first define a
complex structure on each tangent space to M.™® Since the horizontal space Hs C TpSQ"H, for
p € S?F1 s the orthogonal complement of R{p,ip} = Cp in C2t1 it follows that H is a complex

®®Eor a real vector space V, a complex structure is an endomorphism J : V — V such that J? = —idy. A complex
structure J on V allows one to view V as a complex vector space with half the real dimension of V', namely, one puts
(a+ib)v = av + bJv for all a, b € R, v € V. A complex structure on V' can exist only if the dimension of V is real
(since (det J)* = (—=1)¥™V), in which case there are many such structures, for the general linear group of V' acts on
the set of complex strutures by conjugation. Finally, if V' is an Euclidean space, a complex structure J on V is called
orthogonal if J is an orthogonal transformation. The standard complex structure of R*™ is given by Jo(z,y) = (—y, )
for all z, y € R", so that the complex vector space (R?", Jy) is isomorphic to C™ via (x,y) — x + iy.
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vector subspace of C"t1. We transfer the complex structure of H; to T,M, where p = w(p), by
conjugation with the isometry dmp|3, : Hp — T, M, namely we set

Jpv =dmpo Jyo (d7‘(‘13|7.[ﬁ)_1(v) = dr(iv),

where Jy : R?"2 — R?"*2 is the standard complex structure on R?"*2 that allows us to identify
R?"*2 = C"*! and ¥ is the horizontal lift of v at p. Let us check that Jp is well defined in the
sense that if we had started with a different point § € 7—1(p), we would have gotten the same
result. Indeed §' = zp for some z € S'. Denote by ¢, : C""1 — C"*! the multiplication by z.
Then 7 o ¢, = 7 which, via the chain rule, yields that dny o ¢, = dry and hence

dmy o Jo o (dmylu,)™" = dmsop.odyop.1o(dmlu,) "

= dﬂ'ﬁ o JQ 9] (dﬂ'ﬁ"Hﬁ)_l,
since ¢, maps Hy onto Hy. Next, it is clear that

2 .
J, = —idr, M,

so Jp, introduces on T, M the structure of a complex vector space. It is also easy to see that .J, is
a linear isometry because

g(Jp?}, Jpw) = g(iﬁviﬁ}) = g({}?ﬁ}) = g(v7w)7

where v, w € T,M and v, w € Hj are their corresponding lifts, and we have used the fact that
multiplication by 7 is an isometry of C"*1. Now consider J), for varying p € CP". If X is a smooth
vector field on CP"™, then, plainly, JX = dr(iX ), and this implies that also JX is a smooth vector
field on CP"™. Hence J is a smooth tensor field of type (1,1) on CP™. Next, we introduce the
vertical vector field £ by putting
(4.5.9) €)= 2| (¢"8) = ip = Jolp)

o df lo=o OV
Note that & is a smooth, unit vector field on S$?**'. Then X (¢) = Jo(X) = iX, so using the
expression of the Levi-Civita connection in S?"*! (4.5.1), we have

Vil = X(©—(X(),p)p

= iX — (iX,p)p
= X,
as iX is tangent to the sphere. Therefore
G(&[X, YY) =24(¢, @X?) (by Proposition 4.5.5)
= —25(V&,Y)
= —2j(iX,Y)
= —2¢9(JX,Y).

Since £ is a unit vector field, in view of Proposition 4.5.8, we finally have that
(4.5.10) K(X,Y)=1+3(JX,Y)>
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In particular, the sectional curvatures of CP™ lie between 1 and 4. Further, the sectional curvature
of a 2-plane E is 4 (resp. 1) if and only if E is complex (resp. totally real).®®™ On the other hand,
if we change the metric on CP™ to the quotient metric coming from the Riemannian submersion
70 §?FL(2) — CP™ where S?"*1(2) denotes the sphere of radius 2, then its sectional curvatures
will lie between 1 and 1 (cf. exercise 2).

For a general even-dimensonal smooth manifold M, a smooth tensor field J of type (1,1)
satisfying Jg = —idp,p for all p € M is called an almost complex structure If J is an almost
complex structure on M, a Riemannian metric g on M is called a Hermitian metric if J,, is a linear
isometry of T,,M with respect to g, for all p € M. If, in addition, J is parallel (VJ = 0) with
respect to the Levi-Civita connection of (M, g), then (M, g, J) is called an almost Kdhler manifold.

A complex manifold is an even dimensional smooth manifold M admitting a holomorphic atlas,
namely, an atlas whose transition maps are holomorphic maps between open sets of C", after
identifying R?" 22 C™. It is easy to see that a holomorphic atlas allows one to transfer the complex
structure of R?*" to the tangent spaces of M so that a complex manifold automatically inherits
a canonical almost complex structure. Not all almost complex structures on a smooth manifold
are obtained from a holomorphic atlas in this way and the ones that do are called integrable.
The celebrated Newlander-Nirenberg theorem supplies a criterium for the integrability of almost
complex structures, similar to the Frobenius theorem. An almost Kahler manifold with integrable
complex structure is called a Kdhler manifold. An introduction to the theory of complex manifolds
is [Wel08].

We come back to the Riemannian submersion 7 : S?"*1 — CP” and the almost complex
structure J on CP"™. Note first that C" is obviously a complex manifold and indeed a Kahler
manifold: for vector fields X, Y : C" — C" the Levi-Civita connection V{'Y = dY (X), so the
chain rule yields

VS (HY) =d(JyoY)(X) =dJyodY (X) = JoVS Y

and hence VC".Jy = 0. Now Jy restricts to an endomorphism of A and the Levi-Civita connection
of §2"+1 is obtained from V€" by orthogonal projection, so

V(YY) =JVzY

from which follows that
Vx(JY)=JVyY,

for all X, Y € I'(T'CP™). This proves that the almost complex structure of CP™ is parallel. That
CP" is a Kahler manifold finally follows from the fact that the transition maps (1.3.3) of the
smooth atlas constructed in chapter 1 are holomorphic.

Lie groups

Let G be a Lie group equipped with a bi-invariant metric. In this example, we will compute the
sectional curvatures of G. Denote by g the Lie algebra of G. Any 2-plane E contained in T,G,
g € G, is spanned by X,, Y, for some X, Y € g, so K(E) = K(X,,Y,). Further, since left-
translations are isometries, we can write K (X,4,Y;) = K(X,Y) unambiguously. Next, recall the

W2M A subspace E of an Euclidean vector space V with orthogonal complex structure J is called totally real (resp. com-
plex) if J(E) L E (resp. J(E) C E).
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formula (2.7.8) for the covariant derivative. It yields

1 1 1
VxVyX = §[X, VYX] = Z[Xa [Y’XH = Z[[X’Y]’X]’
VyVxX =0,
1
v[X,Y}‘XV: 5[[X?Y]5X]’
hence 1

Assuming that {X,Y} is orthonormal and using (2.7.7), we finally get that

K(X,Y) = -||[X, Y]]~

Il

We conclude that G has nonnegative curvature. Let X € g be a unit vector and let {E1,..., E,}
be an orthonormal basis of g with E; = X. Due to (4.3.1), we also have

Ric(X, X) ZKXE Z||XE||2

It follows that G has positive Ricci curvature in case its center is discrete. We can also rewrite the
preceding equation as

Ric(X, X) :—iZg([[X, (X, Ej]] :——Zg (ad% E; :—itrace(ad?x).

Thus, by bilinearity and polarization,
(4.5.11) —4Ric(X,Y) = trace (adX o adY)

for every X, Y € g.
For a general Lie group G, the right-hand side of equation (4.5.11) defines a bilinear symmetric
form By on g called the Killing form (or Cartan-Killing form) of g, and one easily checks that

By(adzX,Y) + By(X,adzY) =0

for every X, Y, Z € g. If, in addition, G is compact and the center of g is trivial, then one
shows (see ™M) that — By is also positive definite. Assuming further that G is connected, it follows
by Proposition 2.7.5 and the discussion in chapter 1 that —Bj induces a bi-invariant metric on
G. Hence, in the special case in which the bi-invariant metric on G comes from the Killing form,
equation (4.5.11) shows that the Ricci tensor is a multiple of the metric tensor, and G is thus an
Einstein manifold.

4.6 Additional notes

§1 We make a small digression into the classical theory of surfaces in R3, see e.g. [Car76], and prove
the following proposition.

WSMRef?
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4.6.1 Proposition Let M be a reqular surface in R? equipped with the induced metric. Then the
sectional curvature and the Gaussian curvature of M coincide at each point p € M.

Proof. Let x : U — M be a parametrization, where U is an open subset of R?. We have
that {x,,x,} span the tangent plane to M at each point. The smooth functions E = (x,,Xy,),
F = (xy,%y), G = (Xy4,X,) are the coefficients of the first fundamental form of M (the induced
Riemannian metric). The unit normal vector field is given by

Xy X Xy
N

REEEIN

This defines the Gauss map N : M — S2. Its differential at p € M is a symmetric linear map
dN, : T,M — T,M which is represented in the basis {x,,X,} by the matrix

< >
f .9 .

Xpu = TDix,+T3x,+eN
Xuw = I‘bxu + I’%2xv + fN
Xpp = I%qu + F§2xv + gN

The sectional curvature of M is given by

- <R(Xua Xv)xu, Xv>

K —
(u30) = TP P = (o 02

<vxu VX'UXU - VX'U vXuX'lL’ X1)>
EG — F? ’

since [xy,X,] = 0. The Levi-Civita connection V is just the tangential component of the derivative
in R3, so Vx, Xy = (Xpu) | = 'lyXy + 2%, and

+
Vx,Vx,xy = ( (F%2)uxu + F%2xuu + (F%2)uxv + F%2Xuv)
( (Tlg)u + Tiol ]y + T, ) xu + ( (T39)u + TioT] + ()3 ) Xy-

Similarly, one computes that
Vx, Vi, Xu = ((Ti1)e + T11 0o + T30 ) xu + ((TF)e + T1iT + 171155 ) X0

It follows from formulas (5) and (5a) in [Car76, section 4.3] that K(x,,x,) equals the Gaussian
curvature of M. We realize that this proof is really a restatement of the proof of the theorema
egregium. In chapter 77, we will present an alternative way of proving this proposition. O

§2 Curvature, in any of its manifestations, is the single most important invariant in Riemannian
geometry. It is a local invariant that severely restricts the possibilities for local isometries of a
Riemannian manifold; this is partially reflected in the fact the group of global isometries of a
Riemannian manifold is a finite-dimensional Lie group. At the same time, it is really the presence
of curvature that gives rise to the huge variety of non-equivalent Riemannian metrics on a given
smooth manifold that we can see. The curvature tensor and its covariant derivatives are indeed
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the only Riemannian invariants if one demands that they be algebraic invariants stemming from
the connection. However, if one requires only tensors that are invariant under isometries — the so-
called natural tensors — then there is not even hope of achieving a classification without imposing
further restrictions [Eps75].

§3 Does the curvature determine the metric? This is a very natural question, and an interest-
ing result of Kulkarni [Kul70] asserts that diffeomorphisms preserving the sectional curvature are
isometries if the sectional curvature is not constant and the dimension is bigger than 3. On the
other hand, it is important to realize that the curvature tensor, in general, does not determine
the metric, even given that for n > 3 the dimension of the space of (pontwise) curvature tensors
% is much larger than the dimension of the (pointwise) metric tensors % Indeed, there
are many examples of nonisometric Riemannian manifolds admitting diffeomorphisms that preserve
the respective curvature tensors. Of course, the difference between the curvature tensor and the
sectional curvature is that the latter involves the metric.

4.7 Exercises
1 Let M be an n-dimensional Riemannian manifold of constant curvature x. Compute that
Ric=(n—1)kg and scal =n(n—1)k.

2 Let g and g be two Riemannian metrics in the smooth manifold M such that g = Ag for a
constant A > 0. Show that the curvature tensor, the sectional curvature, the Ricci tensor and
the scalar curvature of the Riemannian manifolds (M, g) and (M, g) are related by the following
equations:

R=R, K=M'K, Ric=Ric and scal = A\ 'scal.

3 Use the symmetries of the curvature tensor to show that the Ricci tensor determines the curva-
ture tensor in a Riemannian manifold of dimension 3.

4 Let M be a Riemannian manifold with the property that for any two points p, ¢ € M, the
parallel transport map from p to ¢ along a piecewise smooth curve - joining p to ¢ does not depend
on 7. Prove that M must be flat.

5 As a partial converse to the previous exercise, suppose M is a flat manifold, p, ¢ € M, and ~,
~1 are two smooth curves joining p to ¢q. Prove that if 79 and 7, are smoothly homotopic with the
endpoints fixed, then the parallel transport maps from p to g along 7y and along ; coincide.

6 Prove that the curvature tensor of CP" is
RX.Y)Z =—(X,2)Y + (Y, 2))X +(X,JZ)JY — (Y, JZ)JX +2(X,JY)JZ
for vector fields X, Y, Z on CP". (Hint: Use formula (4.5.10).)

7 Prove that the curvature tensor and the Ricci tensor of a Kéhler manifold (M, g, J) satisfy the
following identities:

R(X,Y)J=JR(X,Y), R(JX,JY)=R(X,Y) and Ric(JX,JY)=Ric(X,Y),
for all vector fields X and Y on M.
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8 Prove that the curvature tensor of a Riemannian manifold satisfies the following identities:
a. For tangent vectors x, y, z and w, we have

6(R(z,y)z,w) = (R(z,y+2)(y+2),w) — (R(z,y —2)(y — 2),w)
+(R(y,xz — 2)(z — 2),w) — (R(y,x + 2)(z + 2), w)

b. For tangent vectors a, b, ¢, we have
4(R(a,b)a,c) = (R(a,b+ c)a,b+ ¢) — (R(a,b — c)a,b — c)
Deduce an alternative proof of Corollary 4.2.3.

9 (Riemannian volume) Let (M,g) be an oriented Riemannian manifold of dimension n. Let
& = (Fy,...,E,) apositively oriented orthonormal frame on an open subset U (that is, F1,..., E,
are smooth vector fields defined on U which are orthonormal at each point), and let (6%,...,6") be
the dual coframe of 1-forms on U. Define the n-form wg =6 A--- A ---6" on U.

a. Prove that for another positively oriented orthonormal frame £’ defined on U’ we have wg =
wgr on U NU’. Deduce that there exists a smooth differential form voly; of degree n on M
such that

(volpr)p(er, ..., en) =1

for every positively oriented orthonormal basis e1,...,e, of T,M and all p € M. The n-form
volys is called the volume form of (M, g) and the associated measure is called the Riemannian
measure on M associated to g.

b. Show that for a positively oriented basis v1,...,v, of T,M, we have

(volar)p(v1, ..., vn) = 1/ det (gp(vs, v5)).

Deduce that, in local coordinates (U, ¢ = (x!,... 2")),

volpr = y/det(gi;) dat A -+ A da™.

10 Let (M,g) be an n-dimensional Riemannian manifold.
a. For any smooth function f : M — R, the gradient of f is the smooth vector field gradf
defined by g((gradf),,v) = dfy(v) for all v € T,M and all p € M. Prove that

grad(fi1 + f2) = gradf1 +gradfy and grad(fif2) = f1gradfs + fogradfy

for all smooth functions f1, fo on M.
b. For any smooth vector field X on M, the divergence of X is the smooth function div X =
trace (v — V,X). Prove that

div(X+Y)=divX +divY and div(fX) = (gradf, X)+ fdivX

for all smooth fuctions f and smooth vector fields X, Y on M.
c. For any smooth function f on M, the Laplacian of f is the smooth function A f = div gradf.
The function f is called harmonic is Af = 0. Prove that

A(f1f2) = [iAfa + (grad fi, grad fo) + f2Af1

for all smooth functions f1, fo on M.
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d. For any smooth function f on M, the Hessian of f is the (0,2)-tensor Hess(f) = Vdf. Prove
that
Hess(f)(X,Y) = X(Y[) = (VxY) [

and

Hess(f)(X,Y) = Hess(f)(Y, X)

for all smooth vector fields X, Y on M. Show also that the trace of the Hessian coincides
with the Laplacian.

11 (Divergence theorem) Let M be an oriented Riemannian manifold.
a. Prove that for any smooth vector field

Ly (dV) = (divX)dV

where dV denotes the volume form volp;. A vector field is called incompressible if it is
divergence free. Deduce that a vector field is incompressible if and only if its local flows are
volume preserving.

b. Suppose now ) is a domain in M with smooth boundary and let 02 be oriented by the
outward unit normal v. Denote the Riemannian volume form of 02 by dS. Use Stokes’
theorem to show that for any compactly supported smooth vector field X on M we have

/dideV:/ (X,v)dS
Q [2/9]

12 (Green identities) Let M be an oriented Riemannian manifold and let Q2 be a domain in M as
in exercise 11.
a. Prove the “integration by parts formula”

/Qf1Af2 dV + /Q(gradfl,grad foydV = /aQ fl% ds

for any compactly supported smooth functions fi, fo on M. Deduce the weak maximum
principle: if f is compactly supported and sub- or super-harmonic (i.e. Af >0 or Af <0)
then f is constant. (Hint: first show Af = 0; then apply integration by parts to f = f1 = fo
and Q= M.)

b. Prove that o) o
— grz o 9J1
/Q(flﬁfz—f2Afl)GW—/8Q <f1 £y 281/) ds

for any compactly supported smooth functions fi, fo on M. Deduce that if f; and f5 are two
eigenfunctions of the Laplacian on a compact oriented Riemannian manifold M associated to
different eigenvalues A1, Ag, resp., then fi and f2 are orthogonal in the sense that [ v f1fedV =
0.
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