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Chapter 1

Curves

1.1 Regular curves

A reqular parameterized curve in R" is a continuously differentiable map v : I —
R", where I C R is an interval, such that 7/(¢t) # 0 for ¢t € I. This condi-
tion implies that v admits a tangent line at every point. A regular curve is an
equivalence class of regular parameterized curves, where v ~ 7 if and only if
1 = vo for a continuously differentiable ¢ : J — I, ¢’ > 0. We shall normally
deal with curves satisfying some higher differentiability condition, like class
CFfork e {1,2,...,00}.

Examples 1.1 1. A line v(t) = p + tv = (a0 + at,y, + bt, 29 + ct), where p =
(20,90, 20) € R¥isa point and v = (a, b, ¢) € R" is a vector.

2. The circle y(t) = (cost,sint) in the plane, or, more generally, v(t) = (x¢ +
R coswt, yo + Rsinwt).

3. The helix ~(t) = (acost, asint, bt), where a, b # 0.

4. The semi-cubical parabola (t) = (t2,t3).

5. The cathenary ~(t) = (¢, cosh(at)), where a > 0.

6. The tractrix v(t) = (e, fot V1 — e 26 d¢).

The length of a regular parameterized curve v : [a,b] — R" is

b
L) = [ Il ae

It is invariant under reparameterization.

Lemma 1.2 Every regular curve y : [a,b] — R"™ admits a reparameterization by arc
length, that is, 1 : [0,£] — R", where { = L(v), such that L(n|j0,) = t; equivalently,
[1n'|| = 1, and we say that ~ has unit speed.

Proof. Define
t
v) = [ IV(©llde.
5



6 CHAPTER 1. CURVES

Then ¢ : [a,b] — [0, 4], ¢’ > 0 and we can take o = =1, 7 =y o . O

Unless explicit mention to the contrary, we shall generally assume that our curves
are parameterized by arc-length.

1.2 Plane curves

Let v : I — R? be a curve parameterized by arc-length of class C?. Then
[|7/(s)]| = 1 for all s. The curvature of  is the rate of change of the direction of
7. Namely, let

t(s) =7'(s)

be the unit tangent vector at time s, and complete it to a positively oriented
orthonormal base t(s), n(s) of R?. Then (t,t) = 1 implies (t,t') = 0,s0t’ = xn
for some continuous function « : I — R. Similarly, (n,n) = 1 yields n’ = —xt.

We can write

t\ (0 & t

n/ \ -k 0 n /’
the so-called Frenet-Serret equations in R?.

Proposition 1.3 Suppose y : I — R? is a curve parameterized by arc-length. Then «
is constant if and only  is either part of a circle (if k # 0) or part of a line (if k = 0).

Proof. 1f k is identically zero, then the Frenet-Serret equations give t' = 0
so v/ = t is a constant vector t¢ in the plane and (s) = v(so) + f:o v (&) d¢ =
v(s0) + (s — so)vp, for sg € 1.

If k is a nonzero constant, by changing the orientaion we may assume that
x > 0. We first show that

K
is a constant curve. In fact,
1
¢ = ")// + Zn'
K
t+ 1( t)
= —(—k
K
= 0.
Set ¢(s) = ¢q for all s € I. Since
1
ly(s) = coll =

for all s € I, we deduce that « is part of the circle of center ¢y and radius 1/«,
as wished. O
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Theorem 1.4 (Fundamental theorem of plane curves) The curvature is a com-
plete invariant of plane curves, up to rigid motion. More precisely, given a contin-
uous function « : [a,b] — R there is a unique curve in the plane defined on [a,b],
parametrized by arc-length, whose curvature at time s € [a, b] is a(s), up to a trans-
lation and rotation of the plane.

Proof. For the existence, set v(s) = (z(s), y(s)), where

o) = | " cos ( / "a(e) dg) an.u(s) = | sin ( / "ale) df) an

for s € [a, b]. Then v has curvature function given by a.

Conversely, suppose v : [a,b] = R, v(s) = (z(s),y(s)) is parameterized by
arc-length and has curvature . The Frenet-Serret frame ¢, n along ~ can be
written

t(s) = (cosf(s),sinf(s)), n(s) = (—sinb(s),cosb(s)).

Now

SO

Also, t = (2/,y') yields

2(s) = z(a) + / " cos(0(r)) dr, y(s) = y(a) + / " sin(0(r)) dr.

This determines completely v up to the values of z(a), y(a), 6(a), that is, up to
translation and rotation. g

Regular curves in R? of arbitrary speed

Ify: 71— R?isa regular parameterized curve not necessarily of unit speed, we
first find p : I — J with ¢/ > 0 so that ¥ = v 0 ™! is of unit speed and then
set the Frenet-Serret frame t, n and the curvature ~ of y to be the objects t, 0,5
associated to 7 in the corresponding point, namely,

t(t) = t(e(t),

n(t) = n(e(t)),
K(t) = R(e(1))

for t € I. Denote the velocity of v by v(t) = ||7/(¢)|| and recall that ¢’ = v
(Lemma 1.2). The function v is the appropriate correction term when we want
to write Frenet-Serret equations for a curve v of arbitrary speed, as we show in
the sequel.
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Since ¥ is of unit speed, we have the Frenet-Serret equations t' = &0, 0 =

—#it. Now

~/

t'(u) = t(p(u)e(u
F(p(u))v(u)n(e(u))
= k(uw)v(u)n(u),

and similarly
n'(u) = —k(u)v(u)t(u).

So we have the following Frenet-Serret equations for :
t ) . 0 kv t
n/) \ —kv 0 n )’

K = %(t',n). (1.5)

In particular,

In practice, sometimes can be hard to find the explicit reparameterization by
arc-length of a given regular curve, so equation (1.5) comes in handy to com-
pute the curvature in such cases.

Example 1.6 We compute the curvature of the catenary vy(u) = (u, coshu). We
have v/(u) = (1,sinhu) and v(u) = (1 4 sinh® u)'/2 = cosh u, so  has variable
speed. We first seek to reparameterize v by arc-length. We have p = [ v yields
©(u) = sinhu and ¢~ !(s) = arcsinh s = log(s + v/s2 + 1), so

Y(s) = (e~ (s)) = (log(s + V52 + 1), V/1 + s?)

is a reparameteriztion by arc-length. Pursuing this line of reasoning would
require us to differentiate 4 twice (in the end we would still need to change
back to the variable u), which is possible but not worth it. Instead, we start
again and use (1.5). We have

t(u) = mv’(u) = (sechu, tanh u),
)
n(u) = (— tanh u, sechu),
t/(u) = (— tanh u sech u, sech® u),
and

(tanh? usechu + sech®u) = sech®u.

() = coshu
Example 1.7 We can generalize Example 1.6. If v : I — R? is a regular parame-
terized curve of arbitrary speed and v(u) = (x(u), y(u)), then v = (2/2+y'?)1/2,
S0
o 1 r 1 ro
t= ;fy - (.'17/2 +y,2)1/2 (1' Y ))
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and )
— !/ !/
n= g gmyiE YT
Now
! 1 1,07
R rTr Yy U 1 " "
Vo= g g )
_;(///2 S I2 11 ////)
T (@2 4 y?)32 YT —rTyy ey —rxy).
So
1 . )
(t',)n) = m(—x"yld+x'y’2y"+x'5y"—I’Zx”y’)
1
= ey =y,
and (1.5) yields

B x/y// _ x//y/
T @2+ yR)2

Remark 1.8 (i) If v, : I; — R? and 7, : [, — R? are two unit speed reparam-
eterizations preserving the orientation of a given regular parameterized curve
v then 1 (t) = v2(e(t)) for some ¢ : I; — Iy with ¢’ > 0. Then v; = ¢4 with
71l = [|74l] = 1, so ¢’ = 1 implying that (t) = t + to for some t, € R. We
deduce that the definition of curvature of a regular parameterized curve ~ of
arbitrary speed does not depend on the reparameterization by arc-length that
we choose.

(ii) The curvature of a regular parameterized curve in the plane thus de-
fined is invariant under reparameterization preserving the orientation.

(iii) The curvature of a regular paparemeterized curve in the plane changes
sign under a change of orientation.

1.3 Space curves

Let v : I — R? be a unit speed curve of class C? and assume that 7"/ # 0
everywhere. Then we can associate an adapted trihedron to (s) for each s € I.
We put:

,7//
Il
The curvature is k = ||7"]|. It follows that t' = kn. Since n(s) is a unit vector for
alls,n’ L nso

t =/ (tangent),n = (normal), b = t x n (binormal).

n’ (n’,t)t + (n’,b)b
= —(n,t')t+ (n’,b)b.
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We define the torsion 7 = (n’, b). Now
n' = —kt + 7b.
Finally,
b’ = t'xn+txn

= knxn+tx (—kt+7b)

= —7n.

We summarize this discussion in matrix notation:

GY-(%50)(3)

the so-called Frenet-Serret equations in R®.

Remark 1.9 A space curve with nonzero curvature is planar if and only if 7 =
0.

Example 1.10 We compute the curvature and torsion of the helix

7(s) = (acos(s/c), asin(s/c),b(s/c)), s € R,
fora > 0,b € Rand ¢ # 0. We have

V() = (—(a/e)sin(s/c), (afc) cos(s/c), b/ec),
so v is parameterized by arc-length precisely when

a’+ 0% =¢2, (1.11)
and then t(s) = v/(s). Further,
7'(s) = (~(a/e?) cos(s/c), —(a/e?) sin(s/c), 0),

SO
n(s) = (—cos(s/c), —sin(s/c),0)

and

b(s) = ((b/c)sin(s/c),—(b/c)cos(s/c),a/c).
We compute

n'(s) = ((1/c)sin(s/c), —(1/c) cos(s/c),0)
and

b'(s) = ((b/c?) cos(s/c), (b/c?)sin(s/c),0).
It follows that

k(s) = V" ()l = a/c?
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and
7(s) = (n'(s),b(s)) = b/c?
are constant functions. Moreover x2 + 72 = 1/¢?, so

K T
Therefore, given «, 7, we can solve equations (1.11), (1.12) for q, b, ¢ and obtain
a unique helix with curvature s and torsion 7.

Theorem 1.13 (Fundamental theorem of space curves) The curvature and tor-
sion are complete invariants of space curves. More precisely, given continuous func-
tions o, B : [a,b] — R with a(s) > 0 for all s, there exists a unique reqular curve
in R® defined on [a, b], parameterized by arc-length, of class C°, whose curvature and
torsion at time s € [a, b] are respectively given by a(s) and B(s), up to a translation
and rotation of R®.

Proof. Consider

0 a 0
A= —a 0 p
0 -8 0

as a matrix-valued function [a,b] — R**?®. We consider the first order system
of linear differential equations

F' = AF

for a matrix-valued F : [a,b] — R**?, given by the Frenet-Serret equations.
Here the lines of F' will yield the Frenet-Serret frame of our curve v to be
constructed, namely, F(s) = (t(s),n(s),b(s)). For a given initial condition
F(a) = (e1, ez, e3), which is a positively oriented orthonormal basis of R3, the
system has a unique solution F(s) of class C* defined for s € [a, b].

We claim that F'(s) is an ortogonal matrix of determinant 1 for all s € [a, b].
The crucial fact involved here is that A(s) is a skew-symmetric matrix. In fact,
set G = FF'. Then G(a) = I and

G = (FFY
= F'F'+F(F"
= F'F'+ F(F")
= AFF'+FF'A'
= AG+GA"

Since the constant function given by the identity matrix also satisfies the differ-
ential equation G’ = AG + GA?, due to the fact that A(s) + A'(s) = 0 for all s,
by the uniqueness theorem of solutions of first order ODE, G(s) = I for all s.
This proves that F'(s) is an orthogonal matrix and hence det F'(s) = £1 for all
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s. Since the determinant is a continuous function and det F(0) = 1, we deduce
that det F'(s) = 1 for all s.

Now F(s) = (t(s),n(s),b(s)) is a trihedron for all s. For a given initial
point y(a) = p € R?, the curve is completely determined by

s =+ [ () de.

From the equation F’ = AF we see that (¢, n, b) is the Frenet-Serret frame along
v and «, (3 are its curvature and torsion respectively. Note that the ambiguity
in the construction of «y precisely amounts to the choices of point p and positive
orthonormal basis (eq, €2, €3), so any two choices differ by a translation and a
rotation. U

Remark 1.14 (Local form) Let~ : I — R® be a regular curve of class C> param-
eterized by arc-length and suppose that £ > 0 so that the Frenet-Serret frame
is well-defined. We may assume that 0 € I, v(0) = 0 and (¢(0), n(0), b(0)) is the
canonical basis of R?. Then the Taylor expansion of (s) = (z(s), y(s), 2(s)) at
s = 0 yields:

z(s) = 5—%0)2834-317

_ k(0) o K(0)
y(s) = 5 8 2= 6 s* + Ry,
RRRCL P

where lim,_,o % (Ry, Ry, R.) = 0. Therefore the projections of v in the (¢, n)-
plane (osculatmg plane) (n b)-plane (normal plane, (t,b)-plane (rectifying plane
plane) has the form of a parabola, semi-cubical parabola (if 7(0) # 0), cubical
parabola (if 7(0) # 0), respectively, up to third order.

Regular curves in R? of arbitrary speed

If v : I — R?is a regular parameterized curve not necessarily of unit speed, we
first find o : I — J with ¢/ > 0 so that § = yo0 ¢! is of unit speed and then set
the Frenet-Serret frame t, n, b the curvature x and the torsion 7 of « to be the
objects t, n, b, &, 7 associated to 4 in the corresponding point, namely,
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fort e I.
Set v = ||7/||. As in the case of R?, we deduce the Frenet-Serret equations
for ~:
t 0\’ 0 kv 0 t
n = —KV 0 TV n
b 0 —-tv 0 b

In the following, we find formuale for x and 7 in terms of the first three
derivatives of v. We have

v =,
’YN = Vt+ut
= V't + kvin,
and
" = V't 4+ (kn) + (K'Y + 2600 )0 4 k2 (=Rt + TUb)

(V' — K2Vt + (k'V? + 3kv)n + kT05b.

We deduce that v/ x 7" = k°b, so

//H

_ I x~

[l o)
Further ||y x v"|| = kv and (v x v") - 4" = k?71°, so
N A
=127 0 (1.16)
1y <"l

Example 1.17 It is very easy to compute curvature and torsion of the space
curve y(t) = (¢,¢2,t%) using (1.15) and (1.16), as opposed to the moethod of
finding a reparameteriztion by arc-length. Indeed

(1) = (1,2¢,3%),

~"(t) = (0,2, 6t)

and
7" (t) = (0,0,6).
Now
v x A" = (6t —6t,2),
and

5 9t4 4+ 9t2 + 1
R = —
(9t4 + 412 +1)3’

3
TTor o 1
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1.4 Global theory

Our discussion so far has been mostly local in nature, that is, we have studied
properties of curves that depend on the behavior of the curve in a neighbor-
hood of a point, like for instance the curvature and the torsion. The global
differential geometry of curves studies curves as whole objects. For example,
length is a global concept, and the property of being a closed curve is a global
property.

In this section we survey on some of the most famous and interesting ques-
tions pertaining to the global differential geometry of curves. We neither intend
to present an exhaustive treatment nor to delve into the details of proofs, but
just sketch a few geometric ideas.

1.4.1 The rotation index

A regular parameterized curve 7 : [a,b] — R"™ of class C¥ is said to be closed if ~
and its derivatives up to order k coincide at a and b:

v(a) = (), ...,7%(a) = v (b).

Equivalently, v extends to a C* (b — a)-periodic map R — R".

A closed regular parameterized curve 7 : [a,b] — R" is called simple if it has
no self-intersections, that is, 7|(a’b) is injective as a map.

For simplicity, hereafter we consider only curves with class C*°. Let v :
[a,b] — R? be a closed curve parameterized by arc length in the plane. Let 6(s)
be an angle determination of its tangent direction. On the one hand, we have
seen that ¢’ (s) = k(s), so

b
/ k(s)ds = 0(b) — 6(a).
On the other hand, since = is closed,
6(b) — 0(a) = 2wk

for some k € Z. The integer k is called the rotation index of ~y. It is clear that the
rotation index of a closed curves changes sign if we change the orientation of
the curve. For a closed regular parameterized curve 7 : [a,b] — R? of arbitrary
speed, its rotation index is defined as the rotation index of a reparameterization
by arc-length, so that it equals

b
3 | rol @l

Hence we can talk of the rotation index of a regular curve in R? (without refer-
ence to parameterization).
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Theorem 1.18 (Hopf’s Umlaufsatz 1935) The rotation index of a simple closed reg-
ular curve is 1.

The proof is not very difficult, but we omit it.
Two regular parameterized curves v, 71 : [a,b] — R" are called regularly
homotopic if there exists a map F : [a, ] x [0,1] — R" of class C*> such that:

* F(s,0) =0(s) and F(s,1) = 71(s) for all s € [a, b];

e if we set y(s) = F(s,t), then v, : [a,b] — R" is a regular parameterized
curve for all ¢ € [0,1].

If, in addition, vy and 7, are closed then +; is required to be closed for all ¢.

It is not difficult to see that if 9 and 7, are two closed regular curves which
are regularly homotopic then they have the same rotation index. Conversely,
we state:

Theorem 1.19 (Whitney-Graustein 1937) Two closed regular curves in the plane
are homotopic if and only if they have the same rotation index.

1.4.2 Total absolute curvature

Let v : [a,b] — R" be a closed regular parameterized curve. Recall that

b b
/wwmwﬁ/wws

a

equals 27 times the rotation index of , where s is arc-length parameter. The
total absolute curvature of ~ is

b b
/WdMMﬁmwz/Wamw

(note that the absolute value in the integrand is important only in case n = 2).
A closed regular curve 7 : [a,b] — R? is called convex if, for all s € [a, ],
v([a, b]) is contained in one half-plane determined by the tangent line at s.

Theorem 1.20 (Fenchel 1929) The total absolute curvature of a reqular curve in R?
is bounded below by 2m, and equality holds if and only if the curve is planar and
convex.

Proof. We work with a parameterization by arc-length. The total absolute
curvature of a curve 7 : [a,b] — R® parameterized by arc-length equals the
length of its spherical image « : [a,b] — S?(1), where a(s) = t(s) = 7/(s).

If « is contained in a hemisphere then «(s) - v > 0 for all s and some unit

vector v. But )

o=W@—v@rv=/cmvaza

a



16 CHAPTER 1. CURVES

so vy must be planar.

If o is not contained in a hemisphere, let s € [a, b] divide « into two curves
of the same length, a1 = (4,5, and a2 = a]j5, 4. Up to a rotation, we may
assume «(0) and a(sg) are symmetric with respect to the north pole. One of «y,
oy crosses the equator, say «g crosses the equator at p. Reflect ¢y on the plane
through «(0), the north pole and «a(sp) to obtain a closed curve as in S?(1)
passing through p and —p.

Since a is closed and passes through two antipodal points, clearly L(as) >
27, with equality holding only in case « is contained in the equator. On the
other hand,

L(Oég) = 2L(O{0) = L(Ozo) + L(Oél) = L(O()7

as desired.
To finish, note that a simple closed curve in R? has curvature k not changing
sign if and only if it is convex. O

Theorem 1.21 (Fary-Milnor) The total absolute curvature of a non-trivially knotted
regular curve in R® is strictly bounded below by 4.
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Surfaces: basic definitions

A reqular parameterized surface is a smooth mapping ¢ : U — R?, where U is an
open subset of R?, of maximal rank. This is equivalent to saying that the rank
of ¢ is 2 or that ¢ is an immersion. Such a ¢ is called a parameterization.

Let (u, v) be coordinates in R?, (z, y, z) be coordinates in R®. Then

<p(u, U) = (x<u’ U)’ y(u’ v), Z(“” U))7

z(u,v), y(u,v), z(u,v) admit partial derivatives of all orders and the Jacobian

matrix

has rank two. This is equivalent to
#0

Q
8

$21eE]
SIS

Q
<

Oz, y) 9y, 2) O(z,z)
O(u,v) d(u,v) O(u,v)

or to the columns of the Jacobian matrix, denoted ¢, and ¢,, to be linearly
independent.
A surface is a subset S of R? satisfying:

#0 #0,

(1) S = U;er, where V; is an open subset of S and ¢; : U; C R? - wi(U;) =V,
is a parameterization for all ¢ € I. In other words, every point p € S lies
in an open subset W C R? such that W N S is the image of a smooth
immersion of an open subset of R? into R”.

(2) Each ¢; : U; — V; is a homeomorphism. The continuity of <p;1 means
that for given i € I, g € V; and € > 0, there exists 6 > 0 such that

¢ '( B(q,0) NV;) C Bly; ' (q).€).
—— —_——
ball in R3 ball in R?

17
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2.1 Examples

1. The graph of a smooth function f : U — R, where U C R? is open, is a reg-
ular parameterized surface, where the parameterization is given by ¢(u,v) =
(u, v, f(u,v)). Note that

1 0

do)=| 0 1
of 9f

ou v

has rank two.

2.1f S C R? is a subset such that any one of its points lies in a open subset
of S which is a graph as in (1) (with respect to any one of the three coordinate
planes), then S is a surface. It only remains to check that the parameterizations
constructed in (1) are homeomorphisms. But this follows from the fact that
¢~ = 7|, () is continuous, where 7 (z,y, z) = (z,y) is continuous.

3. The unit sphere is defined as
5% = {(z,y,2) € R¥2? +¢* + 22 =1}

Any point of S? lies in one of the following six open subsets, which are graphs,
givenby z =+/1—-22 —y2, y=%tvV1—22 — 22, x =+/1 —y? — 22

2.2 Inverse images of regular values

Let F : W — R be a smooth map, where W C R? is open. A point p € W
is called a critical point of F is dF,, = 0; otherwise, it is called a regular point.
A point ¢ € R is called a critical value of F if there exists a critical point of F’
in F~1(q); otherwise, it is called a regular value. Note that a point ¢ € R lying
outside the image of F' is automatically a regular value of F.

Theorem 2.1 If q is a reqular value of F and F~'(q) # @, then S = F~1(q) is a
surface.

Proof. It suffices to show that every point of S lies in an open subset of S
7
(T% (p) | # 0by the
3. ()
assumption. Without loss of generality, assume that 2£ (p) # 0. By the implicit
function theorem, there exist open neighborhoods V of (z0, Y0, 20) in R3 and
U of (xg,30) in R? and a smooth function f : U — R such that F'(z,y,2) = g,
(z,y,2) € Vifand only if z = f(z,y), (z,y) € U. Hence V"= V' NS is the graph
of f and an open neighborhood of pin S. O

which is a graph. Let p = (20, y0,20) € S. Then dF}, =
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2.3 More examples

4. Spheres can also be seen as inverse images of regular values. Let F(z,y, z) =
2% +y? + 2% Then (dF(, ,..))" = (22 2y 22) = (000) if and only if (z,y,2) =
(0,0,0). Since (0,0,0) &€ F~1(r?) for r > 0, we have that the sphere F'~1(r?) of
radius r > 0 is a surface. Similarly, the ellipsoids z—i + %j + ‘Z—j =1(a, b, ¢c>0)
are surfaces.

5. The hyperboloids 2% + y? — 22 = r? (one sheet) and 22 + y? — 22 = —r
(two sheets) are surfaces, r > 0. The cone 22 4 y? — 22 = 0 is not a surface in a
neighborhood of its vertex (0,0, 0).

6. The tori of revolution are surfaces given by the equation 2%+ (y/z2 + y? —
a)? = r%, where a, r > 0.

7. More generally, one can consider surfaces of revolution. Let v(t) =
(f(t),0,9(t)) be a regular parameterized curve, t € (a,b). Define

2

p(u,v) = (f(u) cosv, f(u)sinv, g(u))

where (u,v) € (a,b) x (vo, v + 27). One can cover the surface by varying vy in
R. But there are conditions on + for ¢ to be an immersion. One has

. / . p a(z I SV
o(u,v) 17 o(u,v) 1g cosv, o(u,v) Jg'sinv,

~

SO

[giiiiif+ B&Zif* Bﬁu;} = FIKIP,

and ¢ is an immersion if and only if f > 0. Note also that ¢ is injective if
and only if ~ is injective. One also checks that ¢! is continuous by writing its
explicit expression.

8.Let & : [0,2n] — S? be the smooth curve given in spherical coordinates as
¢ = 0/2 (6: longitude, ¢; co-latitude) Then

&(t) = (costsin(t/2),sintsin(t/s), cos(t/2)),
and we can parameterize the Mobius band as
p(u,v) = a(u) +v€(u),

where a(t) = (cost,sint,0) is the unit circle in R?. Since ¢, - ¢, = 0, ¢ is an
immersion.

2.3.1 Graphs

According to Example 2.1(2), every subset S C R® which is locally a graph is a
surface. Conversely:
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Proposition 2.2 If S C R? is a surface then it is locally a graph, in the sense that,
for every p € S, there is an open subset W of R® containing p such that W N S is the
graph of one of the forms z = f(x,y), y = f(z,z) or x = f(y, z), where f is a mooth
function on a open subset V of R?.

Proof. Let ¢ : U — R be a parameterization of S around p = ¢(ug, vo),
where (ug,v9) € U. Since ¢ has rank 2 at (ug,vg), there is a non-zero 2 x 2
minor of its Jacobian matrix at (ug,vg). Without loss of generality, let us say

that
I(z,y)
O(u,v)

Denote the orthogonal projection from R* onto the plane z = 0 by 7 : R® — R?.
Then

(ug,v0) # 0.

100 O(z,y
J(ﬂ'O @)(uoﬂio) = ( 0 1 O ) [¢] (J(p)(“o-,vo) = BEU 1); (’u,o,vo) 75 0

Therefore we can apply the Inverse Mapping Theorem to m o ¢ : U — R2
at (ug, vo). It says there exist an open neighborhood U of (ug, vp) in R? and an
open neighborhoof V of 7o ¢(ug, 1) in R? such that mo : U — V is a bijection
and its inverse is smooth.

We claim that (U) is the graph of the map

f:w’ogpo(ﬂo<p|0)_lzv—>R,

where 7 : R® — R is the orthogonal projection onto the z-axis. Indeed: (x,y, z)
lies in the graph of f if and only if (z,y) € V and z = f(z,y). The latter is
equivalent to

p(moelg)H(z,y) = (Top(moply) (z,),7 op(moply) (z,y))
= (z,y,2).
But this says that (z, y, z) is the image of (7 o ¢|7) ! (z,y) (an arbitrary point of
U) under . This proves the claim and finishes the proof. O

Example 2.3 The cone C given by z = /22 + 32 is not a surface near (0,0, 0).
In fact, if C were a surface near the origin, it would be locally graph there. It
cannot be a graph of the form z = f(y, z) or y = f(z, z), since the projection of
C' to the planes x = 0 and y = 0 are not injective If it were a graph of the form
z = f(x,y), then we would need to have f(x,y) = \/22 + y2. But this function
f is not even differentiable at 0.

2.4 Change of parameters

Theorem 2.4 Let S C R® be a surface and let ¢ : U — p(U), ¢ : V — (V') be two
parameterizations of S, where U, V C R? are open. Then the change of parameters
h =9 toy: = YHpU)) = ¢ L(W(V)) is a diffeomorphism between open sets of
R
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Proof. h is a homeomorphism because it is the composite map of two home-
omorphisms. Note that a similar argument cannot be used to say that h is
smooth, because it does not make sense (yet) to say that ¢! is smooth.

Let p = (up,v0) € U, q € V, o(p) = 9(q). Since ¢ is an immersion, dy
has rank two and we may assume WLOG that ggigg (p) # 0. Write ¢(u,v) =
(z(u,v),y(u,v), z(u,v)), (u,v) € U and define

D (u,v,w) = (x(u,v),y(u,v), z(u,v) + w),

where (u,v,w) € U x R. Then ® : U x R — R? is smooth and

ge 2z
3 v 8 x,y

det(d® (0,00,0)) = % % 0 = 8Eu U; (p) # 0.
0 0 ’

(u0,v0,0)

Since d®(y,,v,,0) is non-singular, by the inverse function theorem, ®~! is de-
fined and is smooth on some open neighborhood W of ¢(p) in R*. Since
|y« {0y = ¥, we have that @;EU)QW = ¢ Hy)nw- Since W N ¢(U) is open in
S and v is a homeomorphism, v~ (W N ¢(U)) C V is open. Now

hly-1wy = ¢ o Ply—rwnew) = @71 0 Yly-1wnpwy)

is smooth, because it is the composite map of smooth maps.
Similarly, one sees that h~! is smooth by reversing the roles of ¢ and ¢ in
the argument above. Hence 4 is a diffeomorphism. O

Corollary 2.5 Let S C R? be a surface and suppose f : W — R? is a smooth map
defined on the open subset W C R" such that f(W) C S. Then o= o f : W — R?
is smooth for every parameterization ¢ : U — p(U) of S.

Proof. If @ is as in the proof of the theorem, we have that o~ o f = ®~1 o f
is the composite of smooth maps between Euclidean spaces. O

As an application of the smoothness of change of parameters, we can make
the following definition. Let S be a surface. An application f : S — R" is
smooth at a pointp € Sif fop : U — R" is smooth at ¢~ (p) € U, for some
parameterization ¢ : U — ¢(U) of S with p € o(U). Note thatif ¢ : V — (V)
is another parameterization of S with p € ¢)(V), then f o1 is smooth at 1~ (p)
if and only if f o ¢ is smooth at ¢ ~!(p), because

for™ = (fop Ho(p o)

1

and the change of parameters ¢~ o ) is smooth.

Example 2.6 If Sis a surface and F : R® — R is smooth, then the restriction f =
Fl|g : S — Rissmooth. In fact, fop = Fogpis smooth for any parameterization
@ of S. As special cases, we can take the height function relative to a, F(z) =
(z,a), where a € R? is a fixed vector; or the distance function from q, F(z) =
||z — ¢||?>, where ¢ € R® is a fixed point.
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In particular, if f : S — R? is smooth at p € S and S C R? is a surface such
that f(S) C S, then we say that f : S — S is smooth at p. A bijective smooth
map f : S — S whose inverse is also smooth is called a diffeomorphism.

2.5 Tangent plane

Let S C R® be a surface. Recall that a smooth curve v : I C R — S is simply a
smooth curve v : I — R? such that ~v(I) C S. Fixa point p € S. A tangent vector
to S at p is the tangent vector 4(0) to a smooth curve v : (—¢,¢) — S such that
v(0) = p. The tangent plane to S at p is the collection of all tangent vectors to .S
at p.

Proposition 2.7 The tangent space T,,S is the image of the differential
dpg : R? = R3, (2.8)
where ¢ : U — p(U) is any parameterization of S with p = p(a) and a € U.

Proof. Any vector in the image of (2.8) is of the form dy, (wo) for some wy €
R? and therefore is the tangent vector at 0 of the smooth curve t + ¢(a + twy).

Conversely, suppose w = +(0) is tangent to a smooth curve v : (—¢,e) — S
such that v(0) = p. By Corollary 2.5, 7 := ¢~ oy : (—e,¢) = U C R*isa
smooth curve in R? with 7(0) = a. Note that v = ¢ o 7. By the chain rule

v = da(1(0)) (2.9)
lies in the image of (2.8). 0

Corollary 2.10 The tangent plane T,S is a 2-dimensional vector subspace of R®. For
any parameterization ¢ : U — @(U) of S withp = p(a), a € U,

{55(a). 55 (a)) (2.11)
is a basis of T,,S.

It is also convenient to write y, := ?Ti and @, := g—f.

Consider a tangent vector w € 1,5, say w = ¥(0) where v : (—¢,e) — S
is a smooth curve with v(0) = p, as in the proof of Proposition 2.7. Then n =
¢~ !0 is a smooth curve in R? which we may write as 7)(t) = (u(t),v(t)). Since
n(0) = (v/(0),v'(0)), eqn. (2.9) yields that

w = u'(0)pu(a) +v'(0)py(a),

namely, v’ (0), v'(0) are the coordinates of w in the basis (2.11). This remark also
shows that another smooth curve 7 : (—¢,€) — S represents the same w if and

only if 7j(t) = o=t o 4(t) = (u(t), v(t)) satisfies (@' (0),v'(0)) = (u/(0),2'(0)).
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With the same notation as above, suppose now that f : S — S is a smooth
map at p € S. Note that f o v is a smooth curve in S. The differential of f at p is
the map

dfy : TpS = Ty(p)S

that maps w = 4(0) € T,,S to the tangent vector 7(0), where 7 = fo~. We check
that df, (w) does not depend on the choice of curve . Let ¢ : U — ¢(U) =V,
¢ : U — ¢(U) = V be parameterizations of S, S, resp., with p = ¢(a), a € U,
f(p) = ¢(a), a € U, and such that f(V) C V. Consider the local representation
of f, 3
g=¢ tofop:U—=U,

and write

g(ua U) = (gl(uv U)v 92(71'7 U))
for (u,v) € U C R% Then

F(t) = @ (g1(u(t), v(t)), g2 (u(t), v(t)) ),

T s0- (%2 w/(0)+ 22 /(0)) @a + (%2 w/(0) + %2 /(0)) 3.

This relation shows that 4(0) depends only on «(0), v(0) and hence has the
same value for any smooth curve representing w. This relation can also be

rewritten as 5 P
_( B N (O
woo=( & &) (Vo )

which shows that df,, is a linear map whose matrix with respect to the bases
{@u, v}, {Pa, s} is the 2 by 2 matrix above.

Example 2.12 If S is a surface given as the inverse image under F : R* — R of
a regular value, then 7,,S = ker(dF},) for every p € S. In fact, if v : (—¢,e) = S
is a smooth curve with v(0) = p, then F(v(t)) is constant for ¢ € (—e¢, ¢). By the
chain rule, dF,(4(0)) = 0. This proves the inclusion T},S C ker(dF},) and hence
the equality by dimensional reasons.

Example 2.13 Let S be a surface and consider the height function » : § — R
for a fixed unit vector £ € S?, given by h(z) = z - £ for z € S. We compute the
differential dh,, : 7,5 — Ratp € S. Given w € T,S5, there is a smooth curve
v :(—€,€e) = S with y(0) = pand 4(0) = w. Now

dhyw) = S| hr )= 5] (1) =4(0) £ =w-&

In particular, p € S is a critical point of h if and only if £ is normal to S at p.
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Chapter 3

Surfaces: local theory

3.1 The first fundamental form

Let S C R? be a surface. The first fundamental form of S is just the restriction I
of the dot product of R? to the tangent spaces of S:

I, = (-, )|T,sxT,5-

Ifo:U CR?® — oU) =V C S is a parametrization, we already know that
{pu(u,v), @y (u,v)} is a basis of T, ,)S. Then any tangent vector to S at a
point in V' can be written w = ay,, + by, and thus

I{w,w) = a® I(pu, u) +2ab 1(pu, p0) +b I(00, p0) -
——— ——— —————
E(u,v) F(u,v) G(u,v)
E, F, G are smooth functions on U, the so called coefficients of the first fun-

damental form. If {du, dv} denotes the dual basis of {¢.,, ¢, }, then a = du(w),
b = dv(w) and we can write

I = Edu® + 2Fdudv + Gdv?.

This is the local expression of I with respect to . The matrix associated to this
bilinear form is
E F
(1) = ( F G ) '

Examples 3.1 1. A plane can be parametrized by ¢(u,v) = p + vwi + vwy,
where p is a point in R3, {w1,wy} is an orthonormal set of vectors in R3, and
(u,v) € R?. Wehave ¢, = wy, ¢, = wy,50 E =G =1, F = 0and I = du®+dv?.

2. The (right circular) cilinder can be parametrized by ¢(u, v) = (cos u, sinu, v),
where ug < u < up + 27 and v € R. In this case, ¢, = (—sinu,cosu,0),
0, =(0,0,1),s0 E=G =1,F =0and I = du® + dv?.

25
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3. The helicoid is the union of horizontal lines joining the z-axis to the
points of an helix, namely, it is the image of the parametrization ¢(u,v) =
(vcosu,vsinu,au) (a > 0). We see that I = (a? + v?)du? + dv?.

4. Spherical coordinates ¢(u,v) = (cosvsinu, sinvsinu, cosu), where 0 <
u < /2,9 < v < v+ 2, yield that I = du? + sin® udv? on the sphere.

Remark 3.2 Two regular parameterized surfaces with the same fundamental
forms (like the cilinder minus a vertical line a strip of width 27 of the plane in
Example 3.1(2)) are called isometric.

Using the first fundamental form, we can define:
Length of a smooth curve v : (a,b) — S by

b
L) = [ 16/ @) at
Angle between two vectors wy, wa € TS by

I (wy, ws)
Iy (wy, w1) Y21, (we, we) /2

cos Z(wy,ws) =

Surface integral of a compactly supported continuous function f : S — R.
If the support D of f is contained in the image of a parametrization ¢ : U — 5,

then
[ sas=] / oy 0Dl < 0l dud,

where the left hand side is a double integral. Taking another parametrization
¢ : U — S, the change of parameters (u,v) = (¢! o ¢)(u,v) is smooth with

Jacobian determinant gggg; . Note that

|
a2l = | 5ot

[[pu X @u]-

The formula of change of variables in the double integral yields that

[ s@@miips < golldade
¢~1(D)

= [, FEm Dl x|
= [, el el dud

9| qads
)

so the definition is independent of the choice of parametrization. In general,
onde needs to cover the support of f by finitely many parametrizations and
define the surface integral as a sum of double integrals. The proof of indepen-
dence of the choices involved is more complicated in this case, and we will not
go into details. The relation to the first fundamental form is that

||2 - <50u790v>27

[[pu X :||@U||2||@v||2
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SO

H‘Pu X@UH = VEG - F2

Area of a compact domain D C S (say, with piecewise smooth boundary)

area(D)://D 1dS.

In particular, if D is contained in the image of ¢,

area(D) = // VEG — F? dudv.
e~ (D)

is

3.2 The Gauss map and the second fundamental form

Let S C R® be a surface. For each p € S, we want to assign a unit vector v(p)
which is normal to 7},S; note that there are exactly two possible choices. If it is
possible to make such an assigment continuously along the whole of S, we say
that S is orientable. The resulting map

v:S— 52

into the unit sphere is called the Gauss map. We will always assume that the
Gauss map is continuous.

Examples 3.3 1.If ¢ : U — S is a parametrization, then we can take

Pu X Py
v= T
[[ou X @yl

This construction shows that every surface is locally orientable. It also shows
that the Gauss map is smooth.
2. If S is given as the inverse image under F' of regular value, then we can

take
VF

~IVE|]

v

Next, we note that the differential
dvy : T,8 = Ty, S* = T,8
is an operator on 7},S, since T, S? is always normal to ¢, for ¢ € S2. The operator
Ap = —dv, : 1,8 = T,8

is called the Weingarten operator.
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Proposition 3.4 The Weingarten operator is symmetric:
(Ap(w1), wa) = (w1, Ap(w2)),
where w1, wa € T),S.

Proof. By linearity, it suffices to check the relation for a basis of 7,,S. Let
¢ : U — Sbe a parametrization; then {¢,,, ¢, } is a tangent frame. Set N = vop.
Then

av(pu) = dv (52) = B (vor) = 3.

Similarly dv(p,) = 2¥. Since (g—f, N) = 0 on U, differentiating with respect to
u,

fontts 9o BN
<8u6v’ )+ {50 5w =0
and similarly
8250 d¢ ON\ __
<8U6U’N> + {50 5 =0,

Taking the difference of these equations,

which says that
(@o, dv(pv)) — (u, dv(pw)) =0,

as we wished. 0
The associated symmetric bilinear form
Iy (w1,w2) = (Ap(w1), ws)

is called the second fundamental form.

Proposition 3.5 Let 7y : (—e,€) — S be a smooth curve parametrized by arc-length,
~v(0) = p, v (0) = w € T,S. Then

(¥"(0),v(p)) = IL,(w,w).

Proof. Start with the equation (7/(s), v(y(s))) = 0 and differentiateitat s = 0
to obtain

0 (0), () + (w, L lsor(7() = 0.
Then (v"(0), v(p)) = —(w, dv,(w)) = II,(w,w), as desired. O

There is a geometric interpretation of last proposition (Meusnier). Given a
unit vector w € T),5, the affine plane through p spanned by w and v(p) meets S
transversally along a curve which is called the normal section of S along w. If v
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is a parametrization by arc-length of this normal section as in the proposition,
then the curvature of v at p = v(0) is

Kw = <’7H(0)’ V(p)> = IIp(wvw)v

where we view v as a plane curve and we view its supporting plane as oriented

by {w,v(p)}.
Since the Weingarten operator A is symmetric, there exists an orthonormal
basis {e1, e2} of T),S such that

Ap(el) = Ki1€71, Ap(eg) = Kg€3.

The eigenvalues 1, k2 are called principal curvatures at p, and the eigenvectors
e1, es are called principal directions at p. Of course, I1(ey,e1) = k1, I1(ea,e2) =
ko, II(e1,e2) = 0. It follows that for a unit vector w = cosfe; + sinfes € T),S
we have Euler’s formula:

Kw = Ip(w, w) = K1 cos? 0 + ko sin? 0.

Since this a convex linear combination (sin?# + cos?# = 1), Euler’s formula
also shows that k1, k9 are the extrema of the curvatures of the normal sections
through p.

In general, a smooth curve v in S is called a line of curvature if v/(t) is a
principal direction at «y(¢) for all ¢. Note that if 1 (p) # x2(p), then the principal
directions at p are uniquely defined, but not otherwise. If k1(p) = k2(p), we
say that p is an umbilic point of S.

Proposition 3.6 If all the points of a connected surface S are umbilic, then S is con-
tained in a plane or a sphere.

Proof. We first prove the result in case S is the image V' of a parametrization
p: U —=V.Set N =vop. Byassumption, dv = A-I, where A : V. — Risa
smooth function. It follows that

N, = dV(SOu) = ()‘ © 90)901“
Ny =dv(py) = (Aop)py.

We differentiate the first (resp. second) of these equations with respect to v
(resp. u) to get

Ny = (/\ o QO)UQOU + (>‘ o @)@uva
Nvu = (/\OQO)UQOU + (AOQD)QOUu-

Taking the difference,

0=Ao@)ppu— (Ao p)ups-
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Since {¢., ¢y} is linearly independent, the partial derivatives of A o p on U are
zero. Since U is connected, \ o ¢ is constant.

Next, we consider two cases. If Ao = 0, then N, = N, = 0so N is
constant. This implies %(w, N) = %(@, N) = 0 and hence V is contained in
an affine plane parallel to (N)*. On the other hand, if A o ¢ = R # 0, then

N, = R@uv N, = R@vv

so ¢ —+ N isa constant ¢ € R® and hence V is contained in the sphere of center
g and radius 1/|R).

In the case of arbitrary S, fix a point p € S and a parametrized connected
open neighborhood V; of p. By the previous case, V} is contained in a plane or
a sphere. Given = € S, by connectedness of S, there exists a continuous curve
v : [0,1] — S joining p to z (S is locally arcwise connected, so it is arcwise
connected). For any ¢ € [0,1], there exists a parametrized neighborhood of
~(t) which is contained in a plane or a sphere. By compactness of v([0,1]),
it is possible to cover it by connected open sets Vp, Vi,...,V,, such that each
Vi is contained in a plane or a sphere and V; N V;4; # @ (check this!); the
latter condition implies that V;, is contained in the same plane or sphere that
contains V;. The result follows. O

3.3 Curvature of surfaces

Let S ¢ R® and consider its Weingarten operator A = —dv, : T,S — T}S.
Recall that A, is symmetric and its eigenvalues 1 (p), k2(p) are the principal
curvatures of S at p. We define:

Gaussian curvature : K(p) = det(4,) = r1(p

=

- ka2(p),
(k1(p) + K2(p)) -

N

1
Mean curvature : H(p) = §trace (Ap) =

Note that k1, ko = H =V H? — K; we will soon see that H and K are smooth
functions on S, and so it follows from this equation that x;, x2 are continuous
functions on S which are smooth away from umbilic points (points character-
ized by H? = K).

If we change v to —v, then H is changed to —H but K is unchanged. The
next example analyses the meaning of the sign of K.

Examples 3.7 1. Let us compute the Gaussian curvature of the graph S of
a smooth function f : U — R, where U C R” is open. In general, for a
parametrization p and N = v o g,

I (pu; pu) = —(dv(pu), u) = —(Nu; 9u) = (N, Puu)-

Similarly,
I (pu, ov) = —(Nu, o) = (N, Quw)
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and
II(WUNPU) = 7<Nv;90v> = <N7 ‘va>'

In our case,

ou = (1,0, fu),

oo = (0,1, 1),
Ouu = (0,0, fuu),
Puv = (0,0, fu),
Yoo = (0,0, fuu),

(_fua _fm 1)

Hence

\/1+f3+f3 fvu fv’u
1
= ————— (Hess(f)).
We specialize to the case p = (0,0,0) = f(0,0) and T,,S is the zy-plane. Then
fu(0,0) = £,(0,0) = 0 and I, = Hess(o,0)(f). In particular, if f(u,v) = au® +

bv?, then
2a 0
(1) = ( 0 2 ) '

It follows that K (p) = 4ab is positive (resp. negative) if a and b have the same
sign (resp. opposite signs), and it is zero if one of a, b is zero.

Another interesting case is f(u,v) = u + v*. We get IT = 0.

2. Consider the sphere S?(R) of radius R > 0. We can take v(p) = — 4 p, so
—dvy, = %idr,s and K(p) = z > 0, H(p) = +.

A point p in a surface S is called elliptic (resp. hyperbolic, parabolic) if K (p) >
0 (resp. K(p) < 0, K(p) = 0).
3.4 Local expressions for K, H
Fix a parametrization ¢ of S. Then {p,, ¢, } is a tangent frame with respect to

which we consider the matrices of the fundamental forms and the Weingarten
operator and introduce a new (index) notation for the coefficients.

m=( e e )=(F 6)=(m m)

=i ot )= (o ) =0 i)
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_( hi B
can=( 3 33 )
We have that

hir = I1(pu, pu) = —(dv(@u), @u) = (hiou + higy, Pu),

SO
hii = hign + h%gm-

Similarly,
hia = higi2 + higsa,

ho1 = h3g11 + h3gon,

has = h3g12 + h3gas.

( hi hi > < g11 912 > _ ( hi1 hio )
hy h3 921 G22 ha1 hap )°
Recall that (I) is invertible since it is positive definite. Thus
( hy hi ) — 1 ( hir hio ) ( 922 —012 )
h% h% 911922 — 912921 \ h21  hae —g21 9d11 '

Back to the classical notation,

Ca) = s (m ) (5 7))

_ 1 (EG—mF —€F+mE)

In matrix form.

EG—-F2\ mG—-—nF —mF+nkE
Hence
K= fn—m?  det(I])
 EG-—-F2  det()
and
I7— (G —2mF +nkE

2(EG — F?)

It follows from these expressions that K, H are smooth on S.

3.5 Surfaces of revolution
Consider the parametrized surface of revolution

p(u,v) = (f(u) cosv, f(u)sinv, g(u))
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where (u,v) € (a,b) x (vo,vo + 2m) and the geratrix v(s) = (f(s),0,g(s)) is
parametrized by arc length. Then

0y = (f' cosv, f'sinv, ¢'), vy = (= fsinv, f coswv,0),

SO
E=f?+¢%=1, F=0, G=f~
Moreover,
Ouwuw = (f"cosv, f"sinv,g"),
Ouw = (—=f'sinv, f' cosw,0),
Y = (—=fcosv,—fsinv,0).

We compute the coefficients of I1.

/ ! o3

(u X o, Puu) 1 fleosv o fisino g

£ = (N,puu) = = —fsinv  fcosv 0
||90u X SOUH VEG — F? f"cosv  f’sinv g”

= fq" —f'q.
Similarly,
1 flcosv  f'sinv g
mz(N,<pW>:? —fsinv  fcosv 0 |=0

—f'sinv  f'cosv 0

and
flcosv  f'sinv g
n={(N,pp)=—| —fsinv fcosv 0 |=fg.
f —fcosv —fsinv 0

Note that f'g” — f” ¢’ is the signed curvature x, of v, for k, = (", (=¢’,0, f')).

NOW 2 (/// 1 I)/ !
n—m 19" —1"9")g g
K = — _. 9 _
EG - F? f "y G8)
and )
(G —2mF +nE 1 g
H= == . i
2(EG — F?) 2 (HV+ f> (39)

It follows that the principal curvatures

K1 = K+, Rg = — .
! f
The identities F* = m = 0 mean that the fundamental forms are diagonalized
in the frame {¢,, ¢, }. In particular, ¢,,, ¢, are always principal directions and
thus the curves u-constant (parallels) and v-constant (meridians) are lines of
curvature.
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We can also derive some other useful formulas for K, H. Differentiation of
f?+ g% =1gives f'f" + ¢g'g” = 0. Substituting this identity into (3.8) yields

_f//
K = .
f
The identity also gives k1 = Kk, = 9% if f'#0,s0
1(g" g’) (fg')
HoLl(9 9 _ _ 3.10
(7)o 10

We use this formula to prove the following theorem. A surface satisfying H = 0
is called minimal. This terminology will be explained in section 3.7.

Theorem 3.11 The only minimal surfaces of revolution are the plane and the catenoid
(the surface of revolution generated by a catenary, which is the graph of hyperbolic
cosine).

Proof. We use the above notation. If f/ = 0 on an interval, then x, =
f'g” — f"¢ also vanishes on that interval, and eqn. (3.9) gives ¢’ = 0, which
is a contradiction to the fact that v is regular. Therefore we can work on a
neighborhood where f’ is never zero. By formula (3.10), we need to solve the

equation f¢’' = k, where k is a constant. Using ¢’ = £+/1 — f2, we get
fr=EV1=(k/f)

Note that |f| > |k| is a necessary condition. This equation can be easily inte-
grated by rewriting it as

_Sd g

Vi

f(s) =VE2+ (s + 1)
The constant ¢; can be chosen to be zero by redefining the instant s = 0, and
we recall that f > 0, so we have

f(s) = Vk2+s2.
If £ = 0 then f(s) = £s and g is constant, which corresponds to the case of the
plane. Suppose k # 0 and integrate ¢’ = k/ f to get

We get

g(s) = klog(s + VK2 + s2) + ca.

We choose the constant ¢ = —klog|k| so that v(0) = (|[,0,0). Changing
the sign of k is equivalent to changing the sign of g, which corresponds to a
reflection on the plane z = 0, so we may assume k£ > 0. Finally, we make the
change of variable

t =g(s) = klog(\/1+ (s/k)? + s/k)

7(t) = (kcosh(t/k), 0, 1)
which is a catenary. O

to get
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3.6 Ruled surfaces

A ruled surface is a surface generated by a smooth one-parameter family of
lines. More precisely, a (nonnecessarily regular) parametrized surface ¢ : U C
R? — S is called a ruled surface if there exist a smooth curves v : I — R? and
w: I — S? such that

p(u,v) = 7(u) + vw(u)

where (u,v) € I x R = U. The curve v is called a directrix and the lines Rw(u)
are called the rulings.

Obvious examples of ruled surfaces are planes, cilinders and cones. Other
examples are the helicoid, the one-sheeted hyperboloid and the hyperbolic
paraboloid (given by the equation z = 2y in R”).

We make some local considerations. Assume that w’(u) # 0 for all u, in
other words, w is regular; this condition is sometimes expressed by saying that
the ruled surface is noncylindrical. Then it is possible to introduce the so called
standard parameters on S.

Proposition 3.12 There exists a unique reparametrization

ASYl

(@,0) = 7(a) + vw(a)
such that ||@'|| = 1 and (7', %"y = 0.
Proof. Since w is regular, we can introduce arc-length parameter @ so that

() = w(u(w)), and then ||@'|] = 1. Next, we write (@) = (@) — 9(@)w(a)
and impose the condition (7, @') = 0 to get #(@1) = — (L, @' (u)). O

The curve 7 is called the striction line of the surface and its regular points
are called central points of the surface; note that 7 is not necessarily regular.

Using the standard parametrization, we can compute the curvature of a
ruled surface

o(u,v) = y(u) + vw(u)
where ||w|| = ||w'|| = 1, (#/,w’) = 0. We have
ou="7 v, Oy = W,

SO
E=|I?P+v*, F={(,w), G=1

Since w’ is orthogonal to w and +/, there exists a smooth function A = A(u),
called the distribution parameter, such that

v oxw = \w'. (3.13)
It follows that

l|ou X 0ol = VEG — F? = ||’Y/||2 — <’V/,w>2 + 02 = A2 4%
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In particular, the singular points of ¢ occur along the striction line (v = 0)
precisely when A\(u) = 0.
Next, we compute the coefficients of 7. We have

Puu = 7// + ’UU}/, Puv = wly Povv = 0.

This implies
m_(gpuxgov,gom,)_()\w’+vw><w'7w’>_ A
|lou X @ul] VA2 £ o2 VAZ + 02
and
n =0,

what is sufficient to get the formula for the Gaussian curvature:

= In —m? _ A(u)?
EG-F2  (A(u)?+02)?

Note that K < 0, and K = 0 precisely along the rulings that meet the striction
line at a singular point (A(u) = 0), except of course the singular point itself
(v #£ 0). If A(u) # 0, this formula also shows the striction line is characterized
by the property that the maximum of K along each ruling occurs exactly at the
central point.

The computation of ¢ is more involved. We have

(Pu X Pu;s Puu) (3.14)
= M, 7") + M@, w") +olw’ x w, ") +v*(w x w,w").

We analyse separately the four terms on the right-hand side. Introduce the
parameter
J = {(wxw, w".

Since {w, w’,w x w'} is an orthonormal frame,
v = wyw+ (Y, wx w)wxw = Fw+ Aw x w’
and
(w’,v”} _ _<w//77/> _ —F<w”,w> _ )\<w//7w % w/> —F_ /\J,

where we have used (w”, w) = —(w’, w’) = —1. Equation ||w'|| = 1 also implies
(w',w”) = 0. In order to analyse the third term in eqn. (3.14), differentiate
eqn. (3.13) to get

V' x w4y xw =Nw' + A",
and multiply through by w’ to write

(" xw,w'y = N.
Now eqn. (3.14) is

(bu X Pu, Puu) = =Jv* = XNv + A(F — AJ)
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and
/- —2N2T + No+ NF = \J)
Hence
o (G —2mF +nE _JU2+)\/’U—|-)\(/\J—|-F)
- 2(BEG-F?) 2(A2 + 02)3/2

Example 3.15 The standard parametrization of the helicoid has v(u) = (0,0, bu)
and w(u) = (cosu, sinw, 0). Since v’ x w = bw’, the distribution parameter A = b
is constant and K = —b?/(b? + v?)2. Note that F' = 0 and, since w” = —w, we
also have J = 0. Hence H = 0.

Proposition 3.16 The only minimal ruled surfaces are the plane and the helicoid.
Proof. We have just seen that H = 0 says that
JvE+ Nv+ XA+ F) =0.

This is a quadratic polynomial in v whose coefficients, being functions depend-
ing only on u, must vanish. It follows that A is constant and J = AF = 0.

Since J = 0, w” is a linear combination of w, w’. But (w”,w’) = 0 and
(w” w)y = —1,s0 w”’ = —w and w is a circle.

If X = 0 then /1 = 0, which corresponds to the case of the plane. Suppose
A # 0. Then F = 0 implying that v/ = Aw x w’. Differentiation of this equation
yields 4" = 0. It follows that + is a line perpendicular to the circle defined by
w. Hence the surface is the helicoid. O

3.7 Minimal surfaces

Let S C R® be a surface. We say that S is a minimal surface if the mean cur-
vature H = 0. Historically speaking, this concept is related to the problem of
characterizing the surface with smallest area spanned by a given boundary, a
problem raised by Lagrange in 1760. The question of showing the existence of
such a surface is called the Plateau problem, in honor of the Belgian physicist
who performed experiments with soap films around 1850, and it was solved
completely only in 1930, independently by Jesse Douglas and Tibor Radé, for
which they were awarded the first two Fields Medals in 1936.

In order to explain the relation between mean curvature and minimization
of surface area, consider a parametrization ¢ : U C R*> - S, N = vo g the
induced unit normal, and a smooth function f : U — R. Then we can introduce
the normal variation of ¢ along f:

Y =p+efN.
Let us compute the first fundamental form of °:

0o = pu +e(fulN + fNu), @, =@y +e(fulN + fNy).
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Since <80u7N> = <(pU7N> = 0 and <90uaNu> = _fl <<)0UaNu> — <@vaNu> = —m,
(v, Ny) = —n, we obtain

E¢ = E —2fl+0O(e),
F¢ = F —2efm+O(e),
G° = G—2fn+0(),

where O(e?) denotes a continuous function satisfying lim._,o O(€?)/e = 0. It
follows that

E‘G°— (F)?> = EG—F?—2ef({G+nE —2mF) + O(é?)
= (BEG - F*(1—4efH) + O(e?).

Let now D C U be a compact domain and introduce

A(e) = area(¢(D)) = //D E<Ge — (F9)? dudv.

We have
a0 = 2 // (B<G* — (F)%)'? dudv
Oele=0 J Jp
0 E<Ge — (F¢ 2
= // 0¢ le=0 (F) dudv.
p  2(EG - F?)1/2
Hence

A'(0) = —2 //Dfﬂmdudv.

This formula is called first variation of surface area. As a corollary, we obtain
the following characterization of minimal surfaces as critical points of the area
functional.

Proposition 3.17 A surface S is minimal if and only if A’(0) = 0 for every parametriza-
tion ¢ : U — S, every normal variation of o, and every compact domain D C U.

Proof. If H(p) # 0 for some p € S, we choose a compact neighborhood D of
p in S such that H does not vanish on D and D is contained in the image of a
parametrization ¢ : U — S, set D = p~!(D), and take f = H|y. We get

A'(0) = -2 //D H?*\/EG — F2dudv < 0,

so the given condition is suficient for the minimality of S. That it is also neces-
sary is obvious. O
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3.7.1 Isothermal parameters

When studying minimal surfaces, it is useful to introduce special parameters.
A parametrized surface ¢ : U — S is called isothermal if

E=G=)\, F=0,

where A > 0 is a smooth function on U; in this case, the parameters (u,v) € U
are also called isothermal. Note that ¢ is regular if and only if A > 0. An isother-
mal parametrization ¢ is also called conformal or angle preserving because angles
between curves in the surface are equal to the angles between the correspond-
ing curves in the parameter plane.

Note that the mean curvature expressed in terms of isothermal parameters

becomes
_ G —2mF +nE _ {+n

i= 2(EG — F?2) 227

(3.18)

Proposition 3.19 If ¢ is isothermal, then Ay = 2)\2HN (here N = v o p is the unit
normal along o).

Proof. Here A denotes the Laplacian operator and Ay = ¢, u + ¢,v. Con-
sider the equations (@, vu) = (pu, y) and (@, ,) = 0; differentiating the
first one with respect to u and the second one with resptec to v, we obtain

<S0uu7 (Pu> = <<}9vua 90u> and <Sﬁuv7 Sﬁv> + <S0u7 vav> =0.

Putting these together yields (Ay, ¢,,) = 0. Similarly, differentiating the first
equation with respect to v and the second one with resptec to u, we get that
(Ap, py) = 0. This shows that Ay is a normal vector. Finally,

(AP, N) = (Quus N) + (@oo, N) = £ +n = 2\2H
by eqn. (3.18). a

Corollary 3.20 An isothermal regular parametrized surface ¢ : U — S is minimal if
and only if the coordinate functions of  are harmonic functions on U.

Isothermal parameters exist around any point in a surface. In the next sec-
tion, we present a proof of their existence in the case of minimal surfaces.

Theorem 3.21 There exist no compact minimal surfaces in R®.

Proof. Suppose, to the contrary, that S is a compact minimal surface. With-
out loss of generality, we may assume S is connected. Consider the coordinate
function z : R* — R. There exists a point p € S where the restriction z|s attains
its maximum. Let ¢ : U — ¢(U) be an isothermal parametrization around p
with U connected. Then z o ¢ is a harmonic function on U which attains its
maximum at an interior point p € U. By the maximum principle, z o ¢ is a
constant function on U, or, z = z(p) on p(U).
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Next, let ¢ € S be arbitrary and choose a continuous curve v : [0,1] —
S joining p to ¢. Cover ~([0,1]) by finitely many connected open sets V, =
e(U), V1,...,V,, each V; equal to the image of an isothermal parametrization
wi, such that V; NV, 1, # @ foralli =0,1,...,nand ¢ € V,,. Since z|s attains
its maximum value along Vp, N Vi # @, the maximum principle applied to
x o ¢ yields that this function is constant along V3, namely, z = z(p) on V4.
Proceeding by induction, we get that = z(p) on V,, and hence z(¢) = z(p).
Since g is arbitrary, this argument proves that z|S is a constant function. The
same argument applied to the other coordinate functions y, z : R* — R finally
shows that S must be a point, a contradiction. O

3.7.2 The Enneper-Weierstrass representation

We discuss now an unexpected connection beween minimal surfaces and the-
ory of functions of one complex variable. Let ¢ : U — S be a parametrized
surface. Denote by 1, x2, 3 : U — R the coordinate functions of ¢. We
introduce the complex functions (j = 1, 2, 3):

6.23]' ox yi

fj(C):%—W, where ¢ = u + iv. (3.22)

The function f; is smooth as a real function U ¢ R* — R?, so a necessary and
suffcient condltlon for f; to be holomorphic is given by the Cauchy-Riemann
equations ZRf; = 23 f;, ZRf; = —23f;. We deduce that

(a) f;is holomorphic in ¢ if and only if ; is harmonic in u, v.

Note also the identities:

[T+ 5+ 13

i(axjf 23:(‘%1> _ %.%
— = — Oou Ov
= F-G-2uF
and
2 2 2 aIJ ? - ﬁxj
|f1l? + | f2l® + 1 f5] Z +Z _E+G. (3.23)
j=1 j=1

It follows from these identities that

(b) ¢ isisothermal if and only if
fi+fi+fi=0. (3.24)

(c) If pis isothermal, then ¢ is regular if and only if

AP+ 1 f2l® + | f3] # 0. (3.25)
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Proposition 3.26 Let ¢ : U — S be an isothermal reqular parametrized minimal
surface. Then the functions f; defined by (3.22) are holomorphic and satisfy (3.24)
and (3.25). Conwversely, if f1, f2, fs are holomorphic functions defined on an simply-
connected domain U which satisfy (3.24) and (3.25), then (j = 1, 2, 3)

e
z;(() =R i fi(2)dz, Cel,

(for fixed (o € U) are the coordinates of an isothermal regular parametrized minimal
surface ¢ : U — S such that equs. (3.22) are valid.

Proof. One direction follows from assertions (a), (b), (c) above and Corol-
lary 3.20. For the converse, note that ¢ — [ CCO fj(z) dz is well defined because U

is simply connected and f; is holomorphic, and yields a holomorphic function
on U for which we can apply the Cauchy-Riemann equations:

ddc/gfj = i%/ij+i£L%/ij

o, [ 0. [
= [ s [

so eqns. (3.22) are valid; the rest now follows from (a), (b), (c) and Corollary 3.20
applied in the opposite direction. O

Note that the functions x; in the preceding proposition are defined up to an
additive constant so that the surface is defined up to a translation.

Thus we see that the local study of minimal surfaces in R? is reduced to
solving equations (3.24) and (3.25) for triples of holomorphic functions. We
next explain how this can be done. Rewrite (3.24) as

(fr+ife)(fi —ife) = —f5. (3.27)

Except in case f1 = if; and f3 = 0 (which is easily seen to correspond to the
case of a plane), the functions

__f
f1—ife

are such that f is holomorphic and ¢ is meromorphic. Clearly, f3 = fg, and it
follows from eqn. (3.27) that

[=f—ifs, g

_ 2
fitifo = 7 _fi’l{fz = —fg¢% (3.28)

Hence 1 }
hi=5f0=g), and fo= S f(1+g?).

By (3.28), fg? is homolorphic and this says that at every pole of g, f has a zero
of order at least twice the order of the pole. Further, eqn. (3.25) says that fi, f2,
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f3 cannot vanish simultanelously, and this means that f can only have a zero
at a pole of g, and then the order of its zero must be exactly twice the order of
the pole of g. We summarize this dicussion as follows.

Theorem 3.29 (The Enneper-Weierstrass representation) Every minimal surface
which is not a plane can be locally represented as

0= R[S0 - PO
o= R [ LHO0+ P
o= R [ 100

where: f is a holomorphic function on a simply-connected domain U, g is meromorphic
on U, f vanishes only at the poles of g, and the order of its zero at such a point is exactly
twice the order of the pole of g.

Conversely, every pair functions f, g satisfying these conditions define an isother-
mal reqular parametrized minimal surface via the above equations.

Examples 3.30 1. The catenoid is given by f(z) = —e™ %, g(z) = —e*.

2. The helicoid is given by f(z) = —ie™?, g(z) = —e*.

3. The minimal surface of Enneper (discovered in 1863) is given by f(z) =1,
g(z) = 2. Solving for the parametrization, we obtain z1 = u — $u® + wv?,
XTo = —U — wv + %v?’, xr3 = u? — 2.

4. The minimal surface of Scherk (discovered in 1834) is given by f(z) =
4/(1 — 2%), g(z) = iz. It can also be parametrized as the graph of (z,y)

COoS T
log cosy

The Enneper-Weierstrass representation not only allows us to construct a
great variety of minimal surfaces having interesting properties, but also serve
to prove general theorems about minimal surfaces by translating the state-
ments into corresponding statements about holomorphic functions. Unfortu-
nately, developing this philosophy would take us beyond the scope of these
notes, so we content ourselves with a small remark. Let us express the basic
geometric quantities of an isothermal regular parametrized minimal surface
¢ : U — Sinterms of f, g. We have

E=G=)\, F =0,

where
13
2 _ 2
X = 5]§=1:\ij by (3.23)

1 1
= Z|f|2|1 +gI” + Z|f\2|1 +91* +1fgl

_ <|f|(1;|gl2)>2.
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Moreover,
oux oy = (S{fafs}, S{fs/1},S{f1f2})
= w (2Rg,239, 9> — 1),
and
lou X ol = VEG — F2 = X2,
S0

N 2Rg 289 g -1
P+ g+ 1 g2 +1) "

Recall that stereographic projection 7 : 5%\ {(0,0,1)} — C is the map

x1 + 129

77(331133275(;3): 1 T ’
— 43

and its inverse is

. 2Rz 23z |22 -1
e (Z) = 3 5 .
2P+ 17 |22+ 17 |22+ 1

Hence
N=n"log. (3.31)

Proposition 3.32 Let ¢ : U — S be an isothermal reqular parametrized minimal
surface, where U is the entire (-plane. Then either S lies in a plane, or the image of the
Gauss map takes on all values with at most two exceptions.

Proof. If S does not lie in a plane, we can construct the function g(¢) which
is meromorphic on the entire (-plane; by Picard’s theorem, it either takes all
values with at most two exceptions, or else it is constant. Eqn. (3.31) shows
that the same alternative applies to IV, and in the latter case S lies in a plane. O

3.7.3 Local existence of isothermal parameters for minimal sur-
faces

Lemma 3.33 Let S be a minimal surface. Then every point of S lies in the image of
an isothermal parametrization of S.

Proof. Let p € S. First all, we can find a neighborhood of p in which S is the
graph of a smooth function which, by relabeling coordinates, can be assumed
in the form z = h(z,y) for (z,y) € U (Check!). The minimal equation for
graphs is easily computed to be

(1 + h;)hwx - 2hmhyha:u + (1 + hi)hlﬂl = O‘

We then have equation
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satisfied on U, where W = /1 + h2 + hZ. Taking U simply-connected, this
implies that we can find a smooth function ¢ on U with

@_hmhy 87@_14—}%2/
or W'’ oy W

Introduce new coordinates

One checks

hahy,

or __ oz oy o
1, 22 =0 - =2
’ 1+h2" % 1+h

5 =

and the coeffcients of the second fundamental form with respect to z, § are

_ _ w?2 _
F=G=——+ F=0
1+h22]7 bl

as desired. O



Chapter 4

Surfaces: intrinsic geometry

It is the geometry of objects associated to the surface which depend only on
the first fundamental form. Obvious examples are lengths of curves, angles
between tangent vectors and areas of regions in the the surface. Less obvious
examples are geodesics (yet to be defined) and the Gaussian curvature (Theo-
rema Egregium). We will first discuss local questions.

4.1 Isometries and local isometries

A diffeomorphism f : S — S between two surfaces S and S is called an isome-
try if it preserves the first fundamental forms, namely,

Ip(wr,w2) = Ly (p) (dfp(w1), dfp(w2))

forall p € S and wy, we € T,S. Equivalently, the coefficients of the first funda-
mental forms at corresponding points are equal:

E(u,v) - E(uvv)v F(ua 1}) - F(uvv)a G(“?”) - G(uvv)

for any parameterization ¢ : U — S and all (u,v) € U, noting that g = fop:
U — S will be a parameterization of S, where E, F, G are computed with
respect to ¢, and E, F', G are computed with respect to @.

Amap f:V — S of aneighborhood of p € S is a local isometry at p if there
exists a neighborhood V of f(p) such that f : V' — V is an isometry. If there
exists a local isometry into S at every p € S, we say S is locally isometric to S.
Finally, S and S are said locally isometric if S is locally isometric to S and S is
locally isometric to S.

It is clear that if ¢ : U — S and ¢ : U — S are two parameterizations with
E=EF=F,G=GonU,thengoyp!:plU)— Sandgpop~t:plU)— S
are local isometries.

Examples 4.1 1. If S and S are isometric surfaces, then they are locally isomet-
ric. However the converse is not true. In fact, the plane and cylinder are locally

45
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isometric, since they have the same first fundamental forms in suitable pa-
rameterizations. However, they cannot be isometric because they are not even
homeomorphic (any closed curve in the plane is continuously deformable into
a point, but there are curves in the cylinder which cannot be deformed contin-
uously into a point).

2. The catenoid and helicoid are locally isometric.

4.2 Directional derivative

We start by recalling the concept of directional derivative of vector fields on
R™. LetY : W — R" be a smooth vector field defined on an open subset W of
R", let v € R" be a fixed vector and p € W. Then the directional derivative of Y
alongvatpis

DY, = dY,(v) = lim Yip+ “’t) — YY)
—

Note that if v : (—e,€) — R" is a smooth curve with v(0) = p and 7/(0) = v,
then

YY) -Y((0) _ d

ji OO XO0) 2 o)
= dY, (7' (0)) (by the chain rule)
Y
- DvY‘pa

in other words, D, Y|, depends only on the values of Y along a smooth curve
through p with velocity v.

As a particular case, consider the canonical basis {e1,...,e,} of R" and
denote by (x!,...,2") the standard coordinates in R". Then

and, if v = ", v'e;, then
DY =) v'4r.

A word about notation: If X : W — R" is another smooth vector field, then
X (p) is a vector in R™ and we write

DxY|, = DxpYlp-

4.3 Vector fields on surfaces

Let S be a surface in R?, and let V' C S be an open subset. A (smooth) vector
field on V is a (smooth) map X : V — R?; recall that this means that X o ¢ :
U — R? is smooth for any parameterization ¢ : U — S of S with p(U) C V. In
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addition, We say that X is tangent to S (resp. normal to S) if X (p) € TS (resp.
X(p) LT,S) forpe V.

Let: U C R* = p(U) = V C S be a parametrization. In the following, we
use (u',u?) to denote coordinates on the parameter plane R* and (z!, 22, 2°) to
denote coordinates in the ambient R?. According to the above definition,

[oJ%) 0@*1,6—“’o<p*1:V—>R3

oul ou?

are vector fields on V tangent to S. For the sake of convenience, henceforth
we will abuse terminology and say that gfl , % are vector fields tangent to S.
Note then that any vector field X on V' tangent to S can be written as a linear

combination

_ 1 0¢p 2 J¢
X=0 g1+ 52

where a!, a2 : V — R. Itis an easy exercise to check that X is smooth if and

only if a', a® are smooth functions (do it!). Similarly, any smooth vector field

on V normal to S is of the form

_ 09 9o
X = b8u1 X ou?

for a smooth functionb: V — R.

4.4 Covariant derivative

In this section we explain how to differentiate a vector field tangent to a surface
along another tangent vector field to obtain a third tangent vector field. Let S
be a surfaceinR?, V C San open subset, p € V. Consider vector fields X, Y on
V such that X is tangent to S. Our previous discussion about the directional
derivative shows that DyY|, is well defined, namely, it equals 4 [,—oY (y(t))
where v : (—¢,€) — S is smooth and (0) = p, 7/ (0) = v. The association

D= DXY|p

is a vector field on V. As a special case, if ¢ : U — V is a parametrization of S
and ¢(u) = p for some u € U,

Do Y1, = 2558 (u).
dut
Further, if Y = %,
dy 0%
Doe 5l = Gurs V-
Back to the general case, we now assume that both X and Y are tangent to
S. The covariant derivative of Y along X at p is

vXY|p = (DXY|p)T
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where (-)" denotes the orthogonal projection onto 7},S. The symbol “V” is
read “nabla”. In this way, the association

p— \Y% XY| P
is a vector field on V tangent to S.

Lemma 4.2 (Properties of D and V) Let X, X,Y,Y be vector fields tangent to S
and let f be a smooth function on S. Then:

1 Vi, x¥ = fVxY +VgV;
2. Vx(Y +7) =VyY + VxY;
3. Vx(fY) =df(X)Y + fVxY;
4. X(Y,Y) = (VxY,Y) + (Y, VxY);
and the same identities hold for V replaced by D.

In this statement, fX denotes the tangent vector field p — f(p)X(p), and
(Y,Y) denotes the scalar function p — (Y (p), Y (p)) so that X (Y, Y)(p) denotes
the directional derivative in the direction of X (p).

Proof. We prove (3) and (4) and leave the rest as an exercise. Lety : (—¢,€) —
S be a smooth curve with v(0) = p, 7/(0) = X (p). Then

Dx(PV)ly = oY) (0)
= Lo f NV ()

= Llmof(1(8) - Y (4(0)) + F(1(0)) =¥ (1)
= dfy(X()Y (p) + f(p)DxY]p.

Hence

V() = (Dx(fY)’
= (df(X)Y + fDxY)"
= df(X)Y" +f(D XY)—r (orthogonal projection is linear)
= df(X)Y + fVxY (Y is tangent).

X)) = Tlemo(Y (1), T (1(0))

- <%\t:oy< (). ¥ (10)) + (Y0, LoV (1)

(DxY1,. ¥ (p)) + (Y (), Dx )

= <(DXY|p) Y (p)) + (Y ()(DXY|p) ) (Y, Y are tangent)
(VY] 7 (p)) + (¥ (), VT,
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as we wished. O

Let X, Y be tangent vector fields. Of course, v is a normal vector field, so
(Y,v) = 0 and Lemma 4.2(4) says that

<l)XYV7 I/> + <K Dxl/> = 0.

Le A = —dv be the Weingarten operator. Then A(X) = —dv(X) = —Dxv and
we have

VxY = (DxY)'
= DXy — <DXy, V>V
—_———
normal component
= DxY + <K Dxu>V
= DxY —(Y,AX)v
= DxY -1I(X,Y)v.

Hence we arrive at the Gauss formula
DyxY = VxY +II(X,Y).

In the remaining of this section, we show that the covariant derivative V
of a surface S is an intrinsic object, namely, it is completely determined by the
first fundamental form I; in particular, locally isometric surfaces have the same
covariant derivative. This is not an obvious assertion in view of the fact that
VxY was defined as the orthogonal projection onto the surface of the direc-
tional derivative DxY, and so the ambient space R? was used in this defini-
tion.

Let X, Y be vector fields on S. Since we are dealing with a local assertion,
we can work in the image of a parametrization ¢ of S and write

2
— i 9p — Jj O
szaaui, Yfzbauj.
) =1

By using Lemma 4.2, we first obtain a local expression for VxY:

i 0p
VxY = Zav% <bﬂ8uj)
4,7
_ (VO o D¢
= Za <aui o + b v%%j . 4.3)

Y]

Since V o % is tangent to S, we can write
ou?

Vo 22 3ok 08 (4.4)
k

Bt Oud U guk’
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for some smooth functions T'%,

ij» the so called Christofell symbols (of the second
kind). Substituting into (4.3),

VxY =) a (a Z+ZbJF )a -, (4.5)
ik

which shows that V depends only on {I'}; }.
We can also define the Christofell symbols of the first kind by putting

Lije =1 (V g o e Ov )

du? au‘j auk

By using (4.4), we have
9p Oy
o = 3 (5 55)
Z Fijgék~
[
Multiplying through by ¢g*™, where (g"™) denotes the inverse matrix of I =
(9i5), we get
= Zrij,kgkm
k

Hence {T'};} depends only on {I';; .} and I.

In order to complete our argument, we need to show that {I';; .} depends
only on I. It is important to notice that I'}; (and I';; ) is symmetric with respect
to the indices i, j, namely,

This is immediate from

9 T
v, 2o (PP
out OUJ outoud

Next, by using Lemma 4.2(4), we write
9gij _ 9y Op 9 9
dul <VM o o ) T\ w2 gu

09i;
ouk

Doing cyclic permutations on (3, j, k), we also obtain

SO

= sz,] + Fk‘J i

8gjk
out

7F7]k+1—‘1k]
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and
Ogri
ouJ

Summing the last two equations and subtracting the first one finally yields that

=Dk + Ljig.

_ Ogjk 0gij | Ogri
ik = 30 ~ ouk T oui (46)

which completes the proof that V depends only on I = (g ).

Example 4.7 Consider a surface of revolution parametrized as in section 3.5.
Since F' = 0, we can write

T Pu (25
Vo, pu = (Dwu‘PU) = (‘Puu)—r = <<Puu790u>f + <@uu;§0v>6~

Using the formulas from section 3.5,

1
<S0uu7@u> _ f/f// _l_g/g// — §(f/2 +gl2)/ — 0
and

<80uu7 ‘pv> =0.

Hence
vtpu (pu = O

Similarly, one computes that

I

/
vtpu@v = vc,aq, Pu = 7801;

and
vtpu@v = —ff/<Pu-
We thus obtain
/
F%l = F%1 =0, F%z =0, F%2 = f77 F%Q = —ff/’ F%2 =0.

In particular, all Christofell symbols vanish along the parallels © = constant
corresponding to critical points of f.

4.5 The Lie bracket

If X, Y are vector fields on R™ or on a surface, then, in general, DxY # Dy X.
For instance, take X = 22 - e;, Y = es. Then

DxY = D20, 60 = 22D, e3 = 0,
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where D., es = 0 because e; is constant, and

Dy X = D,,(2? - e1) = daz*(es)er + 2% De,e1 = e,

6;52 —

where dzs(es) = 322

the Lie bracket

1. In general, the lack of comutativity is measured by

[X,Y]:=DxY — Dy X.
If X, Y are tangent to S, then

VxY —VyX = (DxY —II(X,Y)v)— (DyX — II(Y,X)v)
— DxY —DyX
= [X,Y]

As another example, for a parametrization ¢ of S we have

Do Do dp %o

(25, 22]= Doy - — Doy 20> = ——1— =
: But Oud oud OUt  OutOul  OuIout

This example shows that given a tangent frame {X;, X5} to a surface, a neces-
sary condition for it to be of the form {%, %} for some parametrization ¢ is
that [X17X2} =0.

Let X, Y be vector fields on S. We obtain a local expression for their Lie
bracket. In the image of a parametrization, we can write

2
_ i Op _ i Op
X—E a'55, Y—E V55
=1 3

Using (4.5) and the symmetry of I'}; with respect to i, j, we have, on the image
of v:

[X,Y] = VyV -VyX
B Z ; Ob Y da’ Do
N > @ Bui out ) Oud”

4.6 Parallel transport

Let S C R® be asurface and lety : I — S be a smooth parametrized curve (non-
necessarily regular). A (smooth) tangent vector field on S along + is a (smooth)
map X : I — R® such that X (¢) € T,y S forall t € I.

Examples 4.8 1.1f Y is a tangent vector field on S and v : I — S'is a parametrized
curve, then X (t) = Y (y(t)) defines a tangent vector field on S along +.

2. If vy : I — S is a smooth parametrized curve, then X = 7 defines a
tangent vector field on S along ~.
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The covariant derivative of a tangent vector field X on S along v is defined

to be -
VX d
= (Ex0)) .
dt It (dt ())
In example (1) above,
VX d i
= = (Sv(
=, = (Grem)
= VywYho
In example (2) above,

L =oro

A tangent vector field X on S along v is said to be parallel if ¥X = 0. A
smooth parametrized curve v : I — S is said to be a geodesic if ~' 1s parallel
along .

In the sequel, we write a local expression of the equation ¥X = 0. In the
image of a parametrization ¢ of S, we can write

1) =@ 0), X0 = Y a5

(ul (£),u2(t))

2
X'(t) = (a') L 8.2“” (u)’
; ou’ ) ouroul

and
VX T
—— = (X’
)
2 2
i\ O 9
— 1\/
B Z(a)ﬁui+_. @'(u )vaaf oul
i=k 1,j=1
2 B
— k
= 2@ auk t 2 W) Thgg
i=k i,7,k=1
2 | 9,
- Z )+ Z L3y () a? duk”
k=1 i,7=1
Hence Y2 = 0 is the following system of first order linear ordinary differential

equations in a'(t), a(t):

2

(@) + D TH@! (), w*(0) W) () o’ (t) =0 (k=1,2). (4.9)

i,j=1
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The theorem on existence and uniqueness of solution of linear ordinary differ-
ential equations says that, given the initial values a'(ty) = a}, a®(ty) = a3, for
some ty € I, there exists a unique solution (a'(¢), a?(t)) defined on I and satis-
fying the given initial values. Geometrically this means that, given v € T, (;,)S

and taking a parametrization ¢ : U — S around v(ty) with v = aé% + ag%,

the vector field X (t) = a'(t) 2% + a?(t)2% is the only parallel vector field
along 7 such that X (¢y) = v, defined on an interval centered at ¢, and lying in
7~ 1(¢(U)). By covering the image of ~ by finitely many opens sets Vi, ..., V,,
each of which the image of a parametrization, such that V; N V11 # @, and

applying this result to each one of Vi, ..., V,, in order, we deduce

Proposition 4.10 Given a smooth parametrized curve ~ : [a,b] — S and a tangent
vector v € T, (q)S, there exists a unique tangent vector field X : [a,b] — R* on S
along ~ which is parallel and satisfies X (a) = v.

The vector X (b) € TS is called the parallel transport of v = X (a) along
7. The parallel transport along v defines a map P” : T, (4yS — Ty;)S which
is obviously linear, since the solutions to a linear ODE depend linearly on the
initial values.

Proposition 4.11 If X, Y are parallel vector fields along ~, then (X (t),Y (¢)), || X (¢)||
and the angle between X (t) and Y (t) are constant functions.

Proof. We compute

/‘\
Jal
~
~
~
—
~
~—
Nt
|

(X'(6), V(1)) + (X (1), Y'(t))

= (R Y0+ (X0,

= 0.

) (since X, Y are tangent)

Hence (X (t),Y (t)) is constant, and the other assertions follow. O
Corollary 4.12 P : T, ()S — TS is a linear isometry.

Examples 4.13 1. For the plane, ¢(u,v) = (u,v,0) is a parametrization and
I = du® + dv?. Since the coefficients of I are constant, eqn. (4.6) yields that
¥, = 0 for all i, j, k. The equations of parallel transport are thus (a*)" = 0,
k =1, 2. Hence the parallel vector fields along v are the constant vector fields.
In particular, the parallel transport along v depends on the endpoints of v, but
not on the curve itself.

2. We consider the cone C of equation z = ky/z2 +y? for £ > 0 and
(z,y) # 0. Itis obviously a graph of a smooth function, so it is a surface.
We can also parametrize it as a surface of revolution by taking the generating
curve to be v(s) = (f(s),0,g(s)), where f(s) = ﬁs, g(s) = \/kljﬁs. Then
the Gaussian curvature K = —f"/f = 0.

In the sequel, we show that the cone is locally isometric to the plane. Note
that the angle at the vertex of the cone is ¢ = arccot k € (0, 7/2). Consider the
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open sector of the plane V' given in polar coordinates by r > 0,0 < 6 < 27 sin .
We define a map

d:V = C, F(r,0) = (rcos (sigw) sin, r sin (sni)w) sinq/),rcosz/}) .

Then @ is smooth and its image ®(1) is the cone minus the geratrix y = 0,
x > 0, z = kz. The inverse map

(V) =V, O(z,y,2) = (S,lwx/ﬂ + y2, sin ¢ arccot (m))
in Yy

is also smooth, since it is smooth as a function of (z,y) for y # 0. Hence
® :V — &) is a diffeomorphism. We finally show that ® is an isome-
try, namely, the first fundamental forms of the plane and the cone coincide on
points corresponding under ®.

The open set V' is a regular surface parametrized by ¢(u, v) = (ucosv, usinv, 0),
where (u,v) € U = (0, +00) x (0,27 sin ), and the corresponding coefficients
of the first fundamental form are then £ = 1, F = 0, G = u?. Since ® is a
diffeomorphism, ¢ = ® o ¢ can be taken as a parametrization of ®(V') and then
the corresponding coeffcients of the first fundamental form are £ = 1, F' = 0,
G =u? Since E = E, F = F, G = G, ® is an isometry.

From the local expression (4.9), we see that parallel transport is an intrinsic
object. Hence the parallel transport along a curve in the cone can be read off
the parallel transport along the corresponding curve in the plane. Consider a
parallel curve v in the cone given by z = zy; we compute the parallel transport
of its initial tangent vector v after one turn around the cone. The corresponding
curve 7 in the plane is an arc of a circle of angle 27w sin. The tangent vector
to 4 rotates by an angle of measure 27 sin ¢ after one turn, whereas the parallel
transport is the identity. It follows that the parallel transport of v along v is
rotation by —27 sin 1.

3. Consider the unit sphere 22 + y? + 22 = 1 in R®. We describe parallel
transport around a small circle v of colatitude ¢. There exists a cone which is
tangent to the sphere along ~; the angle at the vertex of this coneis ) = § — ¢.
Since the tangent spaces of the sphere and the cone coincide along v, also par-
allel transport along + is the same whether we view it as a curve in the sphere
or in the cone. Therefore parallel transport along the small circle of colatitude
( is rotation of angle —2m cos ¢ (with respect to a suitable orientation). Taking
¢ — 0, by continuity we see that parallel transport along the equator (after one
complete turn) is the identity.

4.7 Geodesics

As we have already mentioned, a smooth parametrized curve vy : I — Sisa

geodesic if 4/ is parallel along ~. This means that 0 = %}’/) = (v)7, so the
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acceleration 7" in R? is everywhere normal to S. In other words, v does not
accelerate viewed from S, so that “geodsics are the straightest curves in S”.

If v is geodesic, then ||y'|| is constant by Proposition 4.11. There are two
cases: either ||7/|| = 0 and 7 is a constant curve; or ||7/|| is a nonzero constant
and v is regular and parametrized proportionally to arc-length.

Equations for geodesics contained in the image of a parametrization ¢ are
immediately deduced from the equations for parallel vector fields (4.9); if v(¢) =
o(ul(t),u?(t)), we take (a')’ = (u’)’ and then

2
W)+ > Th@) (W) =0, (k=1,2). (4.14)

i.j=1

This a system of second order non-linear ordinary differential equations. Those
equations show that geodesics are intrinsic objects. On the other hand, the
nonlinearity implies that in general geodesics are only defined locally. Namely,
the theorem of existence and uniqueness for such equations is local in nature,
so we have

Proposition 4.15 Given p € S and v € T,,S, there exist € > 0 and a unique geodesic
v : (—€,€) = S such that v(0) = p and +'(0) = v.

Examples 4.16 1. For the plane, I'}; = 0, so the geodesic equations are (u')"” =
(u?)" = 0. Hence the geodesics are the straight lines.

2. In the sphere S%, let p € S? and v € T,,5% = (Rv) ", v # 0, and consider
the great circle

7(0) = cos(elfol )+ sin(e el

Then v(0) = p, v/(0) = vand 7" (t) = —|[v|[*y(t) L Ty )S? so great circles are
geodesics. Since there exist great circles thorugh any point with any speed, by
the uniqueness part of Proposition 4.15, the great circles are all the geodesics.

3. The cilinder 2 + y? = 1 is locally isometric to the plane. In fact, ¢(u,v) =
(cos v, sinv, u) is a local isometry, since by restricting to (u, v) € (ug, uo+27) xR
it becomes a parametrization with £ = 1, F = 0, G = 1. It follows that the
geodesics of the cilinder are images of the geodesics of the plane under ¢. In
particular, the geodesics through ¢(0, 0) are of the form

t — (cos(at), sin(at), bt),

where a, b € R. Note that we get horizontal circles (a # 0, b = 0), vertical lines
(a =0, b # 0) and helices (otherwise).

4. Consider a surface of revolution parametrized as in section 3.5. For a
curve v-constant, n(t) = ¢(t,vg), we have n/ = g—‘i, so by the computations in
example 4.7,

%/
dt

= anﬁ' = vs@u@u =0.
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Hence meridians are always geodesics. Similarly, for the curves u-constant,
u = ug, we have Vo, ¢y lu=u, = —f(u0)f (uo)p, and f > 0, so precisely the
parallels corresponding to critical points of f are geodesics.

More generally, using the Christofell symbols computed in the quoted ex-
ample, we can write the geodesic equations as

u’ = fu)f (W) = 0
f'(w)
f(u)

v+ 2 v = 0

Note that

(f2w) = 2f()f (wu'v' + f*(u)o”

= f*(u) (v”+2mu’v’)
= 0

along a solution curve, so f2(u)v’ is constant along a geodesic (this function is
a first integral of the system).

As an application, we consider a geodesic y(t) = (u(t),v(¢)) and, for each
t, the parallel {(r) = ¢(u(t), r) which crosses v(t) at r = v(¢), and compute the
inner product

(¢ = (w52 +0' 58, 58) = u/F +0'G = f*(u)o/

to be constant with respect to t. On the other hand,

(s ¢y = [II1I¢' ][ cos 6 = [|7']|f (w) cos 6,

where ||7/|| is constant and §(t) is the angle between ~/(¢) and ¢’ (v(t)) = g—f (u(t),v(t)),
and f(u(t)) is the radius of the parallel ¢. Hence the cosine of the angle at which
~ meets a parallel multiplied by the radius of that parallel is constant; this is
known as Clairaut’s relation.

In fact, the first integral allows to explicitly integrate the geodesic equations.
For the sake of simplicity, assume the geodesic v is parametrized by arc-length;
together with Clairaut’s relation, this gives the system

(u/)Z +f2(,U/)2 1
20 = ¢

where c is a constant; by changing the orientation of v if necessary we may
assume that ¢ > 0. If v is not a meridian, v is never zero and we can use v as a
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parameter along -, so that u = u(v). We have

() -

B 1— f2(v/)2
B (v)?
1
= (v2) - f?
4
= JC% —f?
2
- Lo
It follows that
f>c

and, if v is not a parallel, d—;j # 0and f > cso that

/f Vit

4.8 The integrability equations and the Theorema
Egregium

Our next goal is to investigate how true is the fact that the first and second
fundamental forms locally determine a surface. We will start by looking at
necessary conditions for I, 1] to correspond to a surface.

Suppose ¢ : U — S is a regular parametrized surface defined on an open
setU Cc R? and let I = (9ij), 1T = (h;j) be its fundamental forms. Recall the
Gauss formula

DxY = VxY +II(X,Y)v (4.17)

and the Weingarten equation
Dxv =—-A(X), (4.18)

where
I(AX,)Y)=1I(X,Y).

Writing the Gauss formula in terms of the parametrization, we get

% Dy
P _ D 22
auZaU] (;9“ 3u]
0% 99 9%
= Vs:w“”am@W

= Zrm 5o hijv (4.19)
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Doing the same with the Weingarten equation,

ov
- = Do,V
out ut

dp
‘A<6w)
- Z hl 3uﬂ

- thmg a ]. (4.20)

We would like to integrate the equations (4.19) and (4.20) in terms of . There
are obvious neccesaary conditions for that, namely

0 B 0
Oukoutous  OuIdutour

9 . 9 9 . O
:%%Z%WHW%M%ZMWHW>

ors. 2 3
= Z( ’Jai+1"$, 84,0 )+ahljy+h,,al/

ouk Ous Y Quk Qus ouk  Ouk

72 <3sz dp i ot > B ahiky Q

oud ou” * Oud dur

_ aFf- or; dp
B ; <8ukj a 3qu) ou®
DNAPE- TS )Zm (052

Bhij (9th
+ <8uk - Ou ) hz] thmg 8 s + hzk Zh]mg

m,s

Considering separately the tangential and normal components, we respectively
get the Gauss equation

ors, s
z]_%_"_Z(fs F]_-\s)

ouk oud ik

Zh”hkm— hixhjm)g™  foralli, j, k, s (4.21)

and the Codazzi-Mainard equation

Ohy  Ohu . ) N
3uzg T ow T Z (Ti;her — Tixhey) =0 foralli, j, k. (4.22)
"
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Taken together, they are known as the integrability (or compatibility) equations.

As a by-product of our computation, we derive the following consequence
of the integrability equations. Puti = j = 1, k = 2 in the Gauss eqn. (4.21),
multiply through by g,>, and sum over s to get

8F2 aFS T S T S
Z ( aulzl - 8u112> gs2 + Z (1117 = TL) gs2

= (hirham — hizhim)g™ gs2

m,s
= hi1has — (hi2)?
— det(I1).

The left-hand side of this equation involves only the g;;’s and the Ffj’s, and we
already know that the Christofell symbols are completely determined by the
gi;’s. Hence det(II) depends only on I. Recalling that K = det(/I)/ det(I), we

finally get the Theorema Egregium.

Theorem 4.23 (Gauss, 1826) The Gaussian curvature of a surface is an intrinsic in-
variant of the surface.

In other words, locally isometric surfaces have the same Gaussian curvature
at corresponding points.

Remark 4.24 The expression

a]'—‘z aFS T S T S S
8u121 - 8u112 + Z (T = T1I) = Riy

is a component of the so called Riemann curvature tensor, and

S
E Ri519s2 = Ri212,
S

so the Theorema Egregium can be restated in the form

R
K — 1212 .
g11922 — (912)

4.9 Avery quick digression on systems of first order
partial differential equations

In constrast to the case of ordinary differential equations, systems of PDE’s do
not always have solutions. We start with a simple example. Consider a vector

field X = Pi + Qj defined on an open set U C R?, where P, Q : U — R? are
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smooth functions. Finding a potencial for X, i.e. a smooth scalar function f on
U such that grad f = X, is equivalent to solving the system

af

= P
e (z,9)
of
Since % = %afy, a necessary condition for the existence of solutions is that
or _oQ
oy oz’

namely, the rotational rot X = 0. It is also known that if U is a rectangle, or
star-shaped, or even simply-connected, then this condition is also sufficient.
A more general system has the form

0z
% - P(x,y,z)
0z
67]./ - Q((E,y,Z)

In this case, the necessary condition is easily seen to be
oP  OP 0Q  0Q
—++—Q=—-—+—P.
oy + 0z ox + 0z
The general case is dealt with the following theorem, for whose proof the

reader is referred to app. B in J. ]. Stoker, Differential Geometry, Wiley Inter-
science, 1969.

Theorem 4.25 (Frobenius, 1877) Consider the first-order system of partial differen-
tial equations

oy’ ;
ag] = P]?(z]""'7'rm;y17"'7yn)7

wherel <i<nand1<j<mand Pj admit continuous derivatives of second order
in all arquments. Suppose that the P/ satisfy the integrability conditions

OP? OP? HPi opPi
j i pk _ 9F% k pi
Ok + Zz: oyt~ t T O + XE: oyt ¢

Then there exist a unique solution satisfying the initial conditions

Y (@0, 20) = uh

forl <i<n.
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410 The fundamental theorem of the local theory
of surfaces

The first result asserts the invariance of the fundamental forms of a surface
under orientation-preserving rigid motions of Euclidean space, and contains
the uniqueness part of Theorem 4.29.

Lemma 4.26 Let ¢ : U — S be a reqular parametrized surface, and let T : R® — R?
be an orientation-preserving rigid motion, i.e. T(x) = A(x) + b where A € SO(3)
andb € R®. Put $ = Top. Then ¢ : U — Sisa regular parametrized surface
and the coefficients of the fundamental forms Gi; = gij, hij = hi;. Conversely, given
two regular parametrized surfaces ¢ : U — S and ¢ : U — S, where U is connected,
satisfying gi; = §ij, hij = hi;, there exists an orientation-preserving rigid motion T
of R? such that g = T o .

Proof. Differentiate » = Ap + b; owing to the constancy of A, b, we get

gﬁ =A ( gf,., ) . Using this and the fact that A is orientation-preserving,
05 o 95 A9 = 55)
b= oul 6u — v “ A(l/)
Hau au || ||A (du du2> ||

Since A is ortogonal, we immediately see that §;; = gij, hij = hij.
For the second part, define A(u) : R® — R for u € U by setting

Op |\ _ 9¢

Plainly, A(u) € SO(3); we next show that A is constant. On one hand,

0%p 0 190 0A Oy 0%
ouidus — Oui (A@ui> T oul dud 4 <8ui8uj) '

On the other hand, by the Gauss formula (4.19),
0% ok 0P 9%¢
, h rr hi; A A —— | .
Autoud Z i guk Z < > +hi Aly) = (8u’8u3)

Putting this together yields

(i =1, 2)’ A(“’)(”(“)) = D(u)

04 05 _
out Oud

ov  0A LA ov
oui oui’ out )’

(4.27)

Similarly,
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and the Weingarten equation

v
- _ ~k7 — kj —
6u’ Z hig 8 J Z haeg™ A <8u1> A <8u1)

together imply that

0A
ou?
From (4.27) and (4.28), we get that 2 87“ = 0 on U and hence A is constant.

Finally, also ¢ — A o ¢ is a constant b, for a (p—Aogp) = gfi — A(au,) =0,

which finishes the proof. U

v =0. (4.28)

Theorem 4.29 (Bonnet, 1867) Let be given smooth functions g;;, h;; defined on an
open set U C R? (1 < 4,5 < 2) such that 9ij = Gji, hij = hj; and the matrix (g;;)
is positive-definite. Suppose that g;;, hi; satisfy the equations of Gauss (4.21) and
Codazzi-Mainardi (4.22). Then, for given initial conditions

uyp € U, po € R?, X109, X209, 1o €R?

with vy a unit vector and (X; 0, X; o) = ¢i;(wo), there exists an open neighborhood V
of ug contained in U and a unique reqular parametrized surface ¢ : V — R® whose
Gauss map is v with the following properties:

1. ¢(uo) = po;
3;’2 (uo) = Xio;

v(ug) = v,

s L

(gs5) and (h;;) are the fundamental forms of .

Proof. We introduce new vector-valued variables X;, X»

Oy

and write the Gauss formula and the Weingarten equation in the form of a
first-order system of PDE’s in X, X», v

9X; k

5t = § TE X+ hygv

ov e

8ui = - E hijg] Xk. (431)

We first solve (4.31): the integrability conditions of Theorem 4.25 are exactly the
equations of Gauss and Codazzi-Mainardi, which are satisfied by assumption,
so there exists a unique solution (X, X5, ) defined on a neighborhood of ug
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and satisfying the initial conditions (X1 ,9, X2,0, 7o) at ug. Let us check that the
solutions satisfy

(vv)=1, (1, X;) =0, <Xi7Xj> = 9Gij (4.32)

on a neighborhood of u. We differentiate the left-hand sides of these equations
to get

0 B v _ ok
@O/,u} = 2<w,l/> = 2;hlkg (v, Xi)
0 ov 0X;
W<%Xj> - <%an>+< ary z>
= = hag® (X0, X5) + > TE (v, Xi) + haj(v,v)
k.l k
0 _ 00X - 0X;
XXy = (X 4 (%, )

= ZF (X0, X;) + han (v, X;)

+Zr (X, Xi) + hyn v, Xi).

These identities show that the functions (v, v), (v, X;), (X;, X;) satisfy a system
of PDE’s in U. It is easy to check that the functions 1, 0, g;; satisfy the same sys-
tem of PDE’s. (Do it!) Since the values of the two triples of functions coincide
at the point ug, by the uniqueness part of Theorem 4.25, the equations (4.32)
are satisfied on a neighborhood of wy.

The final step is to solve (4.30) in ¢. The integrability conditions %X; Lo
are satisfied because I'}; = I'}; and h;; = hj;. Therefore there exists a smaller

neighborhood V' of v and a unique solution ¢ : V — R® with ¢(ug) = po.
Since (v,v) = 1, (v, am> = (v, X;) = 0, v is a unit normal vector field along ¢.
Moreover, the fundamental forms of ¢ are

0
(e

22y = (X1, X;) = gij

and

0%
duioui’’ )~ ZFU&) R T higvv ) = hi,

as we wished. As a final remark, note that

0 )
L= our X 5z
HT?ﬁ 8u2||

where the sign is “+” or “—" according to whether { X o, X2, 0} is a positive
basis of R? or not. O
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411 Differential forms

Let U be an open set of R". A differential 1-form (or a differential form of degree 1)
on U is a map
w:pelU— (R")

w is said to be smooth if, for all 4, the functionw(e;) : U — R givenby w(e;)(p) =
wp(e;) is smooth, where {e1, ..., e,} is the canonical basis of R".

Suppose {X1i,...,X,} is a smooth orthonormal frame on U, that is, the
X; are smooth vector fields and {X;(p),...,X,(p)} is an orthonormal basis
for p € U. Then we can consider the dual coframe {w!,... ,w"} by specifying
wi(X;) = (5; (Kronecker delta). For instance, the dual coframe to the canonical
basis of R" is usually denoted {dz!,...,dz"}. Of course, dz’ is just the linear
projection onto the z’-axis of R".

Example 4.33 On U = R?\ {(0,0)}, consider the orthonormal frame

X t b2
1 = €1 €2,
\/z%Jr:L’% \/x%Jr:c%
—X2 &
X2 = €1 —+ €.
Vi + a3 Vi + 3
Then the dual coframe has
1 L1 1 L2 2
w = dx™ + dx”,
Vi + 3 Vi + a3
2 —Z2 1 L1 2
w® = dx™ + dx”.
Vi + o2 V2 + x3

We will also consider differential forms of degree 2. A differential 2-form on
U C R" is amap  that takes p € U to a skew-symmetric bilinear map

Q, :R" xR" = R;

s said to be smooth if Q(e;, e;) : U — Ris a smooth function for all ¢, j. There
are two important ways of manufacturing 2-forms starting with 1-forms.

The first one is the exterior product. If w, n are 1-forms on U, their exterior
product is defined to be the 2-form w A 1 given by

(W AN)p(u,v) = wp(u)np(v) — wp(v)p(u),

where p € U and u, v € R". It is immediate to see that (w A ), is skew-
symmetric and bilinear. It is also easy to see that w A n is smooth if w, 7 are
smooth. For future use, we note the following properties:

l. wAn=—"nAuw;

2. wAw=0.
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The second way of constructing 2-forms from 1-forms is exterior derivation.
If wis a 1-from on U, we can write w = Z?zl a*dxr;, where a; : U — R are
smooth functions. The exterior derivative of w is the 2-form

dw = zn:dai/\dmi
i=1

n

ad’ 7.3 i
g 5a7dx? Ndz'.
ij=1

Example 4.34 Referring to Example 4.33, we have

dw''=0 and dw?= . dx1 N dxs.

\/m%er%

The next lemma shows how to compute dw without invoking coordinates.
However, note that on left-hand side of (4.36), X and Y need to be vector fields,
whereas (dw),(X,Y) makes sense even if X, Y are just vectors.

Lemma 4.35 If w is a smooth 1-form on an open set U of R", and X, Y are smooth
vector fields on U, then

dw(X,Y) = Dx (@(Y)) = Dy (w(X)) = w([X,Y]). (4.36)

Proof. Write w = 3, a’dx;. Since both hand sides of (4.36) are linear in
w, we may assume that w = adx;, where a : U — R is smooth. We write
X =5 ,X%;,Y =>,Y",; and compute
Dx(w(Y)) = Dy (w(X)) —w([X,Y])
= Dx(adz'(Y)) — Dy(adz' (X)) —adx*([X,Y])
= (Dxa)Y'+aDxY" - (Dya)X' —aDy X" —a[X,Y]
= da(X)Y' —da(Y)X'+a(DxY'— Dy X' —[X,Y]))

=0

= daAdzr'(X,Y)
dw(X,Y),
as we wished. O
Examples 4.37 1. Every vector field X defines a 1-form via the equation w(Y") =

(X,Y).
2. The line integral of a 1-form w in U along a smooth curve v : [a,b] — U is

defined to be )
/w:/ (3 (1)) dt.
¥ a

3. The differential of a smooth function f : U — R is the 1-form

df =Y Shda’.
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Then

df = ddf)

_ Zd(gj,-

’Pf o ;
= ;8xi8xjdx A dx

)/\d;vi

Pr P\
= 2 (axiaxa‘ - axjaxi> do’ A dx
1<J
_

In particular, d(dz?) = 0.

4. More generally, a 1-form w is called exact if there exists a function f such
that df = w. A 1-form w is called closed if dw = 0. We have shown that every
exact 1-form is closed. The converse is true if the domain U simply-connected;
this can be proven using Theorem 4.25.

4.12 Connection forms and the integrability equa-
tions

Our next goal is to express the Gauss and Codazzi-Mainardi equations in terms

of differential forms. In order to express the covariant derivative of a surface

in terms of differential forms, we first consider the directional derivative in the

ambient space; fix a frame {X;, Xo, X3} in R® with dual coframe {w',w?, w3}
and define 1-forms by setting

wj(Y) = w'(Dy X;)

fori,j =1,2,3. Then

3
DyX; = wi(Y)X;.
i=1

We also have that _
wi+w! =0
for all 4, j, because
Wi (V) +wl(Y) = (DyX;,X:)+ (Dy X, X;)
= Dy(X;, Xj)
p— 07

since (X, X;) is constant.
Henceforth we suppose that a surface S in R® is given and we take an
adapted orthonormal frame, namely, assume that X;, X, are tangent to S and
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X3 = visnormal to S. Let {w!,w? w3} denote the dual coframe. Since the

covariant derivative is the tangential component of the directional derivative,
for a tangent vector Y and 4, j = 1, 2, we have that

wi(Y) =w'(Dy X;) = w' (Vy X;).

The restrictions of the w;- (¢, 7 = 1, 2) to the tangent spaces of S are called
connection forms of S. They determine (and are determined by) the covariant
derivative. Since w} is skew-symmetric in s, j, there is in fact only one curvature
form wj.

If Y is tangent to S and j = 1, 2, then

2

VyX;=(DyX;)" => wi(Y)X; (4.38)

i=1
and
wi(Y) = (Dy X;, X3) = —(X;, Dyv) = (X;, AY) = 11(X;,Y) (4.39)

Equations (4.38), (4.39) are the Gauss formula (4.17) and Weingarten equation
(4.18) written in the language of differential forms. In order to do the same
with the integrability equations (4.21) and (4.22), let us first prove the following
lemma.

Lemma 4.40 If X, Y, Z are smooth vector fields defined on an open set U of R", then
DxDyZ — DyDxZ = DIX,Y]Z.

(Equivalently, [Dx, Dy]| = D\x,y) as operators)

Remark 4.41 In case X = ¢;, Y = ¢;, the lemma follows form the equality

of mixed second partial derivatives. Indeed, D.,D.,Z — D, D.,Z = % —
8%z

77957 = 0and Dy, .,) = 0 (since lei, ;] = 0).

Proof of lemma 4.40. Write X = 3°, X'¢;and Y = 37, Y7e;. Then

DxDyZ —DyDxZ = Y X'D. [> Ye;| => YD, (Z)@)
A J J %

= > XD, D Z+» X'90D, 7
1,7 @]

N YIX'D. D, Z+Y Y9 D, z

OxI
,J 1,7
_ i9Y? i9X7
- Z(X Ozt -Y 83:i)De.1Z
]
= > [X,YVD.,Z

J
= DixyZ,
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as desired. 0
Proposition 4.42 (Maurer-Cartan structural equations) Forall i,, j, we have that
3
dw;- + Zw,‘€ /\wf =0.
k=1
In particular

dwy +wis Aws = 0 (Gauss eqn.)
dwy +wy Aws = 0  (Codazzi-Mainardi eqn.)

Proof. If X, Y are smooth vector fields on R3, then

3
(dw;i +) wi A w§> (X,Y)

k=1

3
-‘rZwk/\w )
k=1

= Dx(wj(Y)) — Dy (wj(X)) —wj([X,Y])

) (W (X)WF(Y) = wi (V)w] (X))
k
= ZDW? W (X)) Dy (Wh(Y)w' (Xi)

k
—Zw (X, Y])w' (Xk)

-I-Zw DxXk Zw Dka)
= o DX ij Xi) — Dy ( ij
k k
=D wi (X, Y Xz)
k
= wi(DXDij — DyDXxj — D[X’y]Xj)
= O’
using Lemma 4.40, as we wished. O

The curvature form of S is the 2-form defined on S (meaning that it is restricted
to the tangent spaces of 5)
Q) = dw,.

The relation to (Gaussian) curvature is expressed by the following proposition.
Proposition 4.43 We have that
Q5 = Kw' Aw?,

where K is the Gaussian curvature of S.
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Proof. By skew-symmetry, he only nontrivial ordered pair of vectors on
which to evaluate a 2-form on S is (X7, X3). On one hand,

(X1, Xy) = dwi(Xy, Xy)
= —wjAwi(X1,Xs2) (byPropostion4.42)
= —wy(X1)ws (X2) +ws (X2)ws (X1)
= Wi (X1)ws(X2) — wi(X2)ws(X1)
= II(Xy, X1)II(X2, Xo) — II(X1, X2)II(Xa, X1)
= det(I])
= K (since {X;, X3} is orthonormal).

On the other hand,
wh /\w2(X1,X2) =1.

Finally, Q1(X1, X2) = Kw! A w?(X1, X3) implies that Q) = K w! A w?. O

Remark 4.44 The reasoning in the proof of Proposition 4.43 shows in fact that
any smooth 2-form 2 on S can be written Q = fw! A w? for some smooth
function f : S — R. Suppose ¢ : U — § is a parametrization and B C U is
compact. The integral of the 2-form Q on B = ¢(B) is defined to be the surface
integral of f on B:

[ o= [ [ raa= [ [ roov/Bo=Fau,

and its value is known not to depend on the parametrization. On the other
hand, by taking {X7, X5} to be the result of the Gram-Schmidt orthonormal-
ization of {52, 57},
dp 9 0 0 0 0
w' A w2(37:j7 Tf) = <X17 3%6><X27 ,975> - <X17 ng><X27 ,97::)>

= VEG-F2.

It is also easy to see that for any other positively oriented orthonormal frame
{X{, X4}, the dual coframe {w',w?} satisfies w A w? = w! A w? For this
reason, w! A w? is called the area element of S and written w! A w? = dA.

413 The Gauss-Bonnet theorem

The Gauss-Bonnet is one of the most important theorems in Differential Ge-
ometry. The global version expresses the invariance the total (Gaussian) cur-
vature of a closed orientable surface under deformations in the ambient space
preserving the topology. For this reason, it is said that this theorem relates the
geometry and topology of a closed surface.

We start our discussion with the notion of geodesic curvature. Let vy :
I — S be a curve parametrized by arc-length whose image lies in a regular
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parametrized surface ¢ : U — S. We want to consider the curvature of  from
the point of view of an observer in S. We construct a frame along v which is
adapted to S: take e; = 4/ and es = £e; x v, where the sign is chosen so that
{e1, e, v} is a positive basis of R®. The curvature « of v as a curve in R? is of
course

k= lei]| = |[De,exl]-

Since e; has constant length 1, (D, e1,e1) = 0. The normal component is the
normal curvature,
Ky = (De,e1,v) = —(e1, De,v) = (e1, Aey) = I1(eq, e1),
and the tanegential component is the geodesic curvature,
kg = (De, €1, €2).

In particular,
2

K = Iilz, + Ii;.

Note that k, = 0 if and only if (V,, e1, e2) = 0 (since e, is tangent) if and only
if Ve, e1 = 0 (since (V¢ eq,e1) = 0), which is the same as V7' = 0, namely, v
is a geodesic. This shows that the geodesic curvature is a measure of how far
from being a geodesic the curve is. Plainly, we also have the equations

Ve 1 = Kgea

Ve g2 = —kKgeq.
We can now state the first theorem.

Theorem 4.45 (Gauss-Bonnet, first local version) Let ¢ : U C S be a regular
parametrized surface, and consider a subset B C U diffeomorphic to a closed disk,
where the boundary 0B in oriented in the counter-clockwise sense. Then

KdA+/ kg ds = 2m.
»(B) »(0B)

Examples 4.46 1. For a disk of radius r in the plane R? C R3, we have K =0
and kg = 1,50 [KdA+ [kyds =1 [ds=12mr =27,
2. For the closed hemisphere

S2 ={(z,y.2) €R®:2? + 42 +22 =1, 2 >0}

we have K = 1, s, = 0 (the equator is a geodesic), so [ KdA + [kgds =
[ dA = area(S?) = 47 = 2.

Proof of Theorem 4.45. Recall that S is oriented by the unit normal v coming
from ¢. Consider a parametrization v : [a,b] — OB (in the counter-clockwise
sense) so that ¢ oy : [a,b] — ¢(0B) is a parametrization by arc-length. To
compute the geodesic curvature, we need an adapted positive orthonormal
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frame {e1, eo} along where e; = (p o y)’. We also consider {X;, X}, positive

orthonormal frame on S which is the result of the Gram-Schmidt process to

gi, gf} in particular, X; = / I g“" [|. Then there exists a smooth function

6 : [a,b] — R such that

er \ _ cosf sinf X1

es /] \ —sinf cosf Xy )
Writing 7(s) = (x(s), y(s)), we have

I((¢on), au) _ gn+y'g
(e o) |Il122]] Vi

We define a one-parameter family of inner products

COS 4(617X1)

g = (1= t)gij + tdij,

continuous deformation of the first fundamental form of S into the standard
inner product of R?%. The angle /(e;, X;)(s,t) is continuous as function of s
and ¢. Since the difference Z(eq1, X1)(b,t) — Z(e1, X1)(a,t) is always an inte-
gral multiple of 27, it must be a constant function of ¢t. By the Umlaufsatz,
A(el,Xl)(b, 1) — Z(el,Xl)(a, 1) = 27. Hence e(b) — 9(&) = A(el,Xl)(b, 0) —
4(61, Xl)(a, O) = 2.

We compute

21

0(b) - 6(a)

df
= /a E dS
1
sin 0

/b
ab 1
7/ —(cos 0 (Ve,e1,e1) —sinb(Ve, e, ea)
a sin 6 N————

=0

+cos0 (X1, Ve, X1) +sin0(Xs, Ve, X1)) ds
—_——

=0

b

= / (Kg +wa(er))ds

= / kg ds +/ w;
»(0B) ©0B)

= / kg ds + / dwy  (by Stokes theorem)
»(0B) »(B)

/ Kgds + / K dA,
»(0B) »(B)

as desired. O

((Ve,e1,X1) + (€1, Ve, X1)) ds
(
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In the second version of the local Gauss-Bonnet theorem, we alllow 0B to
have corners.

Theorem 4.47 (Gauss-Bonnet, second local version) Same assumptions as in 4.45,
except that now B is only homeomorphic to a closed disk and 0B is piecewise smooth.
Let o be the exterior angle at the ith vertex of 0B. Then

KdA+/ kg ds + «; = 2.
»(B) »(9B) ;

We only make some remarks about what needs to be changed in the proof of
this theorem in relation to Theorem 4.45. The first ingredient is the Umalufsatz
for piecewise smooth closed curves. Suppose v : [a,b] — OB is continuous,
closed (y(a) = ~(b)), and piecewise smooth in the sense that there exists a
partition a = so < 81 < ...8p,41 = b such that v|j, ,, ] is smooth for i =
0,...,n. For the sake of convenience, we also assume that vy(so) = (s,) is
not a vertex. By smoothing + near its vertices, one shows that the Umlaufsatz
remains valid, te index of rotation of -y is 1. Now we can write

2r = 6(b) —6(a)

n

= > (0(six1=) = 0(si+)) + > _(O(si+) — 0(si—))

=0 i=1
n Sitl g n
S TR g
=0 "t i=1
and the rest of the proof goes as before.

Corollary 4.48 (Geodesic n-gon) If the sides of OB are geodesic segments, then

KdA =27 — Q.
»(B) ;

Corollary 4.49 (Theorema Elegantissimum, Gauss) For a geodesic triangle (n =
3), we have that
KdA=p1+ B2+ Ps —m,
#(B)

where B; = ™ — «; is the interior angle.

Corollary 4.50 The sum of the interior angles of a geodesic triangle in a surface S is
> T K>0
=7 if¢ K=0,resp.
<7 K <0

As an application of the second version of the local Gauss-Bonnt theorem,
we have the following proposition.
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Proposition 4.51 If the Gaussian curvature K < 0 on a simply-connected surface
S, then two geodesics that start at a point p € S cannot meet again (i.e. there is no
geodesic 2-gon in S).

Proof. Suppose the geodesics meet again. Then they bound a region R
diffeomorphic to a disk, by simply-connectedness of S. By Theorem 4.47,
/ fR K dA + aq + ay = 2. Note that o, o < 7 since two distinct geodesics
cannot be tangent at a point, and the integral term is nonpositive, so we get a
contradiction. O

In particular (case a1 = a = 2):

Corollary 4.52 There is no simple closed geodesic in a simply-connected nonposi-
tively curved surface.

Of course, a cilinder is not simply-connected and violates the conclusion of
the preceding corollary.

Theorem 4.53 (Gauss-Bonnet, global version) Let S be a compact orientable sur-

face. Then
// K dA =2mx(S),
5

where x(S) is the Euler characteristic of S.

Remark 4.54 (Digression on the Euler characteristic of a compact surface) A tri-
angulation T of a compact surface S is a decomposition S = UA; into finitely
many triangles such that a non-empty intersection A; N A; (i # j) consists of
one common side or one common vertex. Radé proved in 1925 that every com-
pact surface admits a triangulation. The Euler characteristic of S with respect
to T is defined to be x(S,T) = V3 — Er + Fr, where V1, Er, Fr denote re-
spectively the total numbers of vertices, edges, faces of triangles in 7. It is not
difficult to see that x(S,7) = x(S,7") for two triangulations 7, 7’ of S. This
can be proved in two stages: first one checks that it is true in case 7" si a refine-
ment of 7; in the general case, one sees that 7, 7' admit a commn refinement.
This being so, one can define the Euler characteristic of S as x(S) = x(S,T)
for any triangulation 7 of S. In fact, Poincaré showed that x(S) is a topo-
logical invariant of .S, that is, two homemorphic surfaces have the same Euler
characteristic. Theorem 4.53 then says that the total curvature [ [ K dAis a
topological invariant.

The sphere S? has x(S?) = 2, as is easily seen. This relation is reminiscent
of formulas by Descartes and Euler (Euler’s relation for convex polyhedra).
Similarly, one sees that the torus 72 has x(7"?) = 0. More generally, every com-
pact orientable surface is homeomorphic to a sphere with g handles (cylinders)
attached; the number is a topological invariant of the surface called genus. So
g = 0 for the sphere and g = 1 for the torus. Also, the relation x = 2 — 2g is
easily checked.
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Proof of Theorem 4.53. 1t is possible to choose a triangulation 7 of .S such
that each triangle A; is contained in the image of a parametrization compatible
with the orientation of S. By Theorem 4.47,

3
KdA+/ Kqds + ;= 27,
//Ai on; © Z !

i j=1

where «;; are the external angles of A;. Summing overi =1,..., F, we get

F F 3
//KdAJrZ/ /-igderZZaij:ZWF.
s = Jon,

i=1 j=1

The second term vanishes, because each edge is counted twice, each time with
a different orientation induced by the corresponding triangle. Moreover, if
Bij = ™ — ay; is the internal angle,

F: F 3 F
S WD IS 3}
i=1 j=1 i=1 j=1 i=1 j=1

= 3Frm -2V,

since the sum of the internal angles around a vertex is 27. The proof is com-
pleted by noting that 3F' = 2F since each edge is shared by two faces. O
As an easy application, we have:

Corollary 4.55 A compact orientable surface in R* with constant (Gaussian) curva-
ture is homeomorphic to the sphere.

Proof. Indeed, a compact surface S in R* admits a point p with K (p) > 0, so
the constant curvature must be positive. By Gauss-Bonnet, 2 — 2g = x(S) > 0
implying g = 0. O

Indeed Liebmann’s theorem (1899) says that S must be a round sphere of
radius 1/vVK.



