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Extensions of Lipschitz maps

Extensions of Lipschitz maps

Recall: Lipschitz constant
Given metric spaces X and Y and f: X — Y Lipschitz,

(f(x), (¥))

, d
Lip f := sup{ de(x " | x #y e X},

is called Lipschitz constant of f.
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Extensions of Lipschitz maps

Extensions of Lipschitz maps

Recall: Lipschitz constant
Given metric spaces X and Y and f: X — Y Lipschitz,

(f(x), (¥))

, d
Lip f := sup{ de(x " | x #y e X},

is called Lipschitz constant of f.

Theorem (McShane’s lemma; 5.1)

LetAC R"and f: A— R a Lipschitz map. Define F : R" — R by:

F(x):=inf{f(a)+Lipf-||x —a|l | a € A}. (1)

Then F extends f and Lip F = Lip f.

v
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Extensions of Lipschitz maps

Theorem (Kirszbraun’s theorem; 5.2)

LetAC R"andf: A— R™ a Lipschitz map. Then there exists a
Lipschitz extension f : R" — R™ of f such that Lip F = Lip f.
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Weak derivaties

Weak derivatives

Motivation
If Q is an open subset of R” and X € CL(Q,R"),

/div XdL"=0.
Q
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Weak derivatives

Motivation
If Q is an open subset of R” and X € CL(Q,R"),

/div XdL"=0.
Q

If uc C'(Q) and ¢ € Cl(Q,R"), the previous equality applied to
X = uy yields the elementary Gauss-Green'’s identity in divergence
form:

/<Vu, pydL" = —/ udiv pdL".
Q Q
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Weak derivaties

Weak derivatives

Definition (weak derivatives and gradients; 5.3)

Let Q be an open subset of R” and u € L} (£"]q). We say that:
@ For 1 <i < n, uhas weak i-th partial derivative v; € L} ,(£"|q) if

Vo € CF(RQ), 5
/V,godL” /u LV
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Weak derivaties

Weak derivatives

Definition (weak derivatives and gradients; 5.3)

Let Q be an open subset of R” and u € L} (£"]q). We say that:
@ For 1 <i < n, uhas weak i-th partial derivative v; € L} ,(£"|q) if

Vo € CF(RQ),
/ VipdL! = / U&p e,
@ u has weak gradient v € L} (£"|q,R") if Vo € CZ(Q,R"),

/(v, pydL" = —/ udiv pdL". (2)
Q Q
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Weak derivaties

Weak derivatives

Exercise (weak gradients, bis; 5.4)

Weak gradients may be also characterized by means of Gauss-Green

identity in gradient form. That is, let Q be an open subset of R" and
1

u e Ll (£"q); then u admits weak gradient v € L} (£"|q,R")

iff Vo € C(Q),

/ngdL”——/ UV dL”. (3)
Q Q

Glaucio Terra (IME - USP) GMT October 21, 2019 6/40



Weak derivaties

Weak derivatives

Exercise (weak gradients, bis; 5.4)

Weak gradients may be also characterized by means of Gauss-Green
identity in gradient form. That is, let Q be an open subset of R" and

u e Ll (£"q); then u admits weak gradient v € L} (£"|q,R")

iff Vo € C°(Q),

/ngdL”——/ UV dL”. (3)
Q Q

Exercise (5.5)

LetQ be an open subset of R", u € L} (£"|q) and 1 < i < n. If there
exists U (L"q), then Vo € CL(Q),

MNu <p
de" = dc”.
o O0X; 4 / OX;

Ioc

v
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Weak derivaties

Weak derivatives; 5.7

Proposition (vanishing weak gradient)

LetQ C R" be a connected open set and u € L} (£"|q) such that

Vo € C°(Q), [quVepdL™ = 0. Then u coincides L"-a.e. with a
constant function.
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Sobolev spaces and functions

Definition (5.8)
Let Q be an open subset of R”, u: Q — Rand 1 < p < co. We say that

@ vuisa (1,p)-Sobolev function if u € LP(L"q) and, V1 < i< n,u
has weak partial derivatives g“ € LP(£"q). Notation: WW(Q).

|0C(L”\Q) and,
g)l;l < Lloc(Ln|Q)'

@ vuis alocal (1, p)-Sobolev functionif u € L
V1 < i < n, uhas weak partial derivatives

Notation: W!(Q).

loc
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Rademacher’s Theorem

Notation

Letu:R" - Randr e S"™'. For he R\ {0}, we denote by
Thu : R" — R the incremental ratio of u in the direction 7:

u(x + hr) — u(x)

ThU(X) = >
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Rademacher’s Theorem

Rademacher’s Theorem

Notation

Letu:R" - Randr e S"™'. For he R\ {0}, we denote by
Thu : R" — R the incremental ratio of u in the direction 7:

u(x + hr) — u(x)

ThU(X) = >

By the invariance of the Lebesgue measure under translations, if

ueLl (R"), v:R"— R bounded £L"-measurable with compact

supportand h € R\ {0}:

/ U(X + hr)v(x) AL (x) = / U(X)v(x — hr)dL"(x),

hence

/ThU(X)V(X) dL"(x) = —/u(x)rhv(x) dL"(x). (4)
GMT October 21,2019 9/40



Rademacher’s Theorem

Rademacher’s Theorem

Proposition (5.9)
Letf: R" — R be a Lipschitz function. Then f € W:°(R").

loc
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Rademacher’s Theorem

Fréchet Differentiability
Let U c R"openand f: U — R. Recall that f is differentiable at
Xo € U in the sense of Fréchet if there exists A € L(R",R) such that

im 00+ M) —f0)~A-h _
h—0 1]
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Rademacher’s Theorem

Fréchet Differentiability

Let U c R"openand f: U — R. Recall that f is differentiable at
Xo € U in the sense of Fréchet if there exists A € L(R",R) such that

im 00+ M) —f0)~A-h _
h0 1]

If that is the case, f has first order partial derivatives at xy, A satisfying
the above condition is unique and coincides with (Vf(xp),-) : R" — R;
Ais called Fréchet derivative of f at xo and denoted by Df(xp).
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Rademacher’s Theorem

Exercise (characterization of Fréchet differentiability; 5.10)

LetU Cc R" open andf: U — R. Then f is differentiable at xo € U
iff there exists A € L(R",R) such that

im f(xo + tv) — f(x0)
t—=0+ t

=A-v

uniformly in v € S"1. If so A = Df(xp).
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Rademacher’s Theorem

Rademacher’s Theorem

Exercise (characterization of Fréchet differentiability; 5.10)

LetU Cc R" open andf: U — R. Then f is differentiable at xo € U
iff there exists A € L(R",R) such that

im f(xo + tv) — f(x0)

=A-v
t—0+ t

uniformly in v € S"1. If so A = Df(xp).

Exercise (weak gradients under scaling and translations; 5.11)

Letx € R", h>0, T:R" — R" given by 7 ++ x + hr and u € W]
Thenuo T € W-I(R™) and V¥(uo T)(r) = hV" u(x + hr).

loc

().
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Rademacher’s Theorem

Theorem (Rademacher’s theorem; 5.12)

Letf: R™ — R be Lipschitz. Then f is differentiable in the sense of
Fréchet L"-a.e. and Vf=V"f L -a.e.
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Rademacher’s Theorem

Theorem (Rademacher’s theorem; 5.12)

Letf: R™ — R be Lipschitz. Then f is differentiable in the sense of
Fréchet L"-a.e. and Vf=V"f L -a.e.

Exercise (5.13)

Letf:R" — R be Lipschitz. The set D; of points where f is
differentiable in the sense of Fréchet is Borel measurable and
Df : D — L(R",R) is Borelian.
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Rademacher’s Theorem

Theorem (Rademacher’s theorem; 5.12)

Letf: R™ — R be Lipschitz. Then f is differentiable in the sense of
Fréchet L"-a.e. and Vf=V"f L -a.e.

Exercise (5.13)

Letf:R" — R be Lipschitz. The set D; of points where f is
differentiable in the sense of Fréchet is Borel measurable and
Df : D — L(R",R) is Borelian.

Corollary (5.14)

IfQ Cc R" open and f : Q — R is locally Lipschitz, then f is L"|q-a.e.
differentiable in the sense of Fréchet.

v
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Rademacher’s Theorem

Corollary (5.16)

IfQQ C R" open and f : Q — R™ is locally Lipschitz, then f is L"|q-a.e.
differentiable in the sense of Fréchet.
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Rademacher’s Theorem

Rademacher’s Theorem

Corollary (5.16)

IfQQ C R" open and f : Q — R™ is locally Lipschitz, then f is L"|q-a.e.
differentiable in the sense of Fréchet.

Corollary (5.17)

@ Letf:R" — R™ be locally Lipschitz and Z; := {x € R" | f(x) = 0}.
Then Df(x) =0 for L"-a.e. x € Z;.

Q Letf,g:R" — R" be locally Lipschitz and
Y :={x e R"| g(f(x)) = x}. Then Dg(f(x)) o Df(x) = idgn for
LM-ae xeY.
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Linear maps and Jacobians

Definition (5.18)

Let V and W be finite-dimensional Hilbert spaces.
@ Alinear map O : V — W is called an orthogonal injection if
Vx,y eV, (0 -x,0-y)=(x,y). Notation: O(V,W).
@ Let T:V — W be alinear map. We denote by T* the adjoint of T

with respect to the inner products on V.and W. If V= W and
T = T*, we call T self-adjoint or symmetric (notation: Sym(V)).

© We say thatalinearmap T : V — V is positive if it is symmetric
andVx eV, (T-x,x) > 0.
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Polar Decomposition

Theorem (5.20)

LetV and W be finite-dimensional Hilbert spaces and L : V — W be a
linear map.
@ /fdimV < dimW, there exists a positive S € Sym(V) and
O € O(V, W) such that
L=0oS.

Moreover, in the above decomposition, S € Sym(V) positive is
unique, and so is O € O(V, W) if L is injective.

v
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Polar Decomposition

Theorem (5.20)

LetV and W be finite-dimensional Hilbert spaces and L : V — W be a
linear map.

@ /fdimV < dimW, there exists a positive S € Sym(V) and
O € O(V, W) such that
L=0oS.

Moreover, in the above decomposition, S € Sym(V) positive is
unique, and so is O € O(V, W) if L is injective.
@ /fdimV > dim W, there exists a positive S € Sym(W) and
O € O(W, V) such that
L=So00O".

Moreover, in the above decomposition, S € Sym(W) positive is
unique, and so is O € O(W, V) if L is surjective.

v
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Linear maps and Jacobians

Jacobian of a linear map

Definition (Jacobian of a linear map; 5.21)

Let V and W be finite-dimensional Hilbert spaces and L € L(V, W), with
polar decomposition Oo SifdimV < dimW or So O* ifdimV > dimW.

We define the Jacobian of L by:

[L] := |det S|.
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Linear maps and Jacobians

Jacobian of a linear map

Definition (Jacobian of a linear map; 5.21)

Let V and W be finite-dimensional Hilbert spaces and L € L(V, W), with
polar decomposition Oo SifdimV < dimW or So O* ifdimV > dimW.

We define the Jacobian of L by:
[L] := |det S|.

Remark (5.22)

@ Note that [L] is well-defined, by the uniqueness of S in the polar
decomposition.

Q ltis clear that

L] = [L7] = VdetlsL  if dimV <dimW
~ VYT ) VdetLr  if dimV > dimW.

October 21, 2019 17/40

v
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Binet-Cauchy formula

Theorem (5.23)

LetV and W be finite-dimensional Hilbert spaces with
n=dmV <dimW =m. IfL € L(V,W), then

L= | > (detB)?

Bep(m,n)

where 11(m, n) is the set of n x n minors in some matrix representation
of L with respect to orthonormal bases onV and W.

v
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Linear maps and Jacobians

Jacobian of Lipschitz maps

Definition (5.25)

Let f: R” — R™ be Lipschitz.
We define, for each point x where f is differentiable, the Jacobian of f
at x,

Jf(x) := [Df(x)].

Note that Jf is a Borelian function defined on the complement of a
Borel subset of R” of £-null measure.
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Linear maps and Jacobians

Notation

For a Lipschitz map f : R” — R™, we will use henceforth the following
notation:

@ D; = {x ¢ R"| ADF(x)};
e J:={xe Ds|Jf(x) > 0};
o JO = {x e Dy | Jf(x) = 0}.
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Area Formula

Area Formula, linear case

Lemma (5.27)

IfL:R" — R™ js linear and n < m, thenvVA C R",

H"(L(A)) = [L]L"(A). (5)
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Area Formula

Area Formula, linear case

Lemma (5.27)

IfL:R" — R™ js linear and n < m, thenvVA C R",

H"(L(A)) = [L]L"(A). (5)

Exercise (5.28)

LetT e L(R",R™), n < m.
Q@ IfR e L(R"), then[T o R] = [T][R].
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Area Formula

Area Formula, linear case

Lemma (5.27)

IfL:R" — R™ js linear and n < m, thenvVA C R",

H"(L(A)) = [L]L"(A). (5)

Exercise (5.28)

LetT e L(R",R™), n < m.

Q@ IfReL(R"), then[T o R]=[T][R].

Q [T)<|T|" i Tis1-1,then |[T'|~" < [T] < |IT|"
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Area Formula

Area Formula, linear case

Lemma (5.27)

IfL:R" — R™ js linear and n < m, thenvVA C R",

H"(L(A)) = [L]L"(A). (5)

Exercise (5.28)

LetT e L(R",R™), n < m.

Q@ IfR e L(R"), then[T o R] = [T][R].

Q [TI<|TI" fTis1-1, then || T |~" < [T] < | T|"

@ Ifm<kandRcL(R™RK), then[Ro T] < ||R||"[T]. IfR is 1-1,
then |R~"||"[T] < [Ro T] < ||R|"[T].
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Area Formula

Lemma (5.29)

Letf: R™ — R™ be Lipschitz, withn < m, and A C R" L"-measurable.
Then:

Q 1(A) is H"-measurable.

@ The function N(f|4) : R™ — [0, oc] given by y +— HO(ANTF~1{y})is
H"-measurable.

O [ HUANF{y}) dH"(y) < (LipH)7L(A).

Definition (multiplicity function;5.30)

With the notation from the previous lemma,
N(f|a) : y — HO(AN F~1{y}) is called the multiplicity function of f| 4.
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Area Formula

Remark (5.31)

If X is a complete, separable metric space, Y a Hausdorff topological
space, 1 a Borel measure on Y and f : X — Y continuous, then
VA € By, f(A) is u-measurable.
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Area Formula

t-linearization

Definition (5.32)

Let f: R" — R be a Lipschitz map with n < mand t > 1. We say that
(E, S) is a t-linearization for f if E € %rn and S € Sym(n) N GL(R")
satisfy:

i) Vx € E, fis differentiable at x and Jf(x) > 0;

i) Vx,y € E, 7S x = Syl < [If(x) = f(y)| < tIS-x = S-y;

i) Vx € E,Yv € R", t71||S - v| < ||IDf(x) - v|| < t||S - v||.
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Area Formula

t-linearization

Proposition (5.33)
Let E € %rn such that condition i) in the previous definition holds and
S € Sym(n) N GL(R"). Then (E, S) is a t-linearization for f iff f|g is 1-1
with Lipschitz inverse and satisfies:

i) LipfleoS™' <tandLipSo (flg)~'<t;

i"y Vx € E, |IDf(x) o S71|| < tand ||S o Df(x)~"|| < t.
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Area Formula

t-linearization

Proposition (5.33)

Let E € %rn such that condition i) in the previous definition holds and
S € Sym(n) N GL(R"). Then (E, S) is a t-linearization for f iff f|g is 1-1
with Lipschitz inverse and satisfies:

i) LipfleoS™' <tandLipSo(flg)~' <t;

i) Vx € E, |IDf(x) o 87| < tand|SoDf(x)"| <t

Corollary (5.34)

Letf:R" — R™ be a Lipschitz map withn < m, t > 1 and (E,S) a
t-linearization for f. ThenvVx € E,

t="det S| < Jf(x) < t"|det S. (6)

4
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Federer’s Lipschitz Linearization Theorem

Theorem (5.35)

Letf:R" — R™ be a Lipschitz map withn < m, t > 1 and

JI = {x € R" | 3Df(x) and Jf(x) > 0}. Then there exists a countable
disjoint family (Ex)kew in Brn such that J = Uken Ex and, Vk € N,
there exists S € Sym(n) N GL(R") such that (Ex, Sk) is a
t-linearization for f.
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Area Formula

Area Formula

Theorem (5.36)
Letf:R" — R™ be Lipschitz, n < m. Then, forall A € o(L"),

/ JFdL" = [ HOANF{y})dH ().
A RrRM
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Area Formula

Corollary (5.37)

Iff: R" — R™ js Lipschitz, n < m, then for H"-a.e. y € R™, f~'{y} is
countable.
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Area Formula

Change of variables formula

Corollary (5.38)

Letf:R" — R™ be Lipschitz, n < m. Then forallg : R" — R
L"-measurable with g > 0 or g summable,

RnngdL”:/Rm( S g(x) d3(y).

xef=1{y}
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Area Formula

Change of variables formula

Corollary (5.39)

Letf:R" — R™ be Lipschitz 1-1, n < m.
Q VAc o(L"), H"(f(A)) = [,JfdL". In particular, we have

fu(L" LJF) = H" Limf (7)

(equality as Borel regular outer measures on R™).

Glaucio Terra (IME - USP) GMT October 21, 2019 30/40



Area Formula

Change of variables formula

Corollary (5.39)

Letf:R" — R™ be Lipschitz 1-1, n < m.
Q VAc o(L"), H"(f(A)) = [,JfdL". In particular, we have

fu(L" LJF) = H" Limf (7)

(equality as Borel regular outer measures on R™).

@ Ifg:R" — R is L"-measurable with g > 0 or g € L'(L"), then
Jing 9o f~1dH" = [.,gJfdL". In particular, if g : Im f — [0, oc] is
Borelian, then

gde”:/gofdeL”. (8)
Imf

v
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Area Formula

Applications of the area formula

Example (5.40)

@ (length of a curve) Let —oo < a< b< oo and v : [a, b] — R™ be
Lipschitz 1-1. We may extend ~ to a Lipschitz function on R, which
we still denote by ~. Then

b
/a I/ (D]l dt = 3¢ (+([a, b])).

v
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Area Formula

Applications of the area formula

Example (5.40)

@ (length of a curve) Let —oo < a< b< oo and v : [a, b] — R™ be
Lipschitz 1-1. We may extend ~ to a Lipschitz function on R, which
we still denote by ~. Then

b
/a I/ (D]l dt = 3¢ (+([a, b])).

@ (area of a graph) Let g : R” — R be Lipschitz and f : R" — R

be given by f(x) := (x,9(x)).
For each U c R" open, the “surface area” of the graph of g over
U, T =T(g:U) :={(x,9(x)) | x € U} = f(U), is given by:

/chw" /,/1+||Vg )12 dx.
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Area Formula

Area Formula for locally Lipschitz maps

Exercise (5.41)

The area formula and its corollaries remain valid for locally Lipschitz
maps defined on open subsets of R".
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Area Formula

Hausdorff dimension and Lebesgue measure of a
k-dimensional Riemannian submanifold of R"

Exercise (5.42)

For any smooth embedded k-Riemannian submanifold M C R", the
measure induced by the Riemannian metric on M (i.e. the Lebesgue
measure of M) coincides with the trace 3(¥|y. Conclude that

H-dim M = k and, if M is closed (i.e. topologically closed), 3 LM is
a Radon measure on R". )
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Coarea Formula

Theorem (5.48)

Letf:R" — R™ be Lipschitz, n > m. Then, for each L"-measurable
AcCR",

/deL”:/ H-MAN £y dEm(y). )
A RrRM

Glaucio Terra (IME - USP) GMT October 21, 2019 34/40



Coarea Formula

Coarea Formula

Remark (5.49)

Q@ Iff:R"=R™x R"™™™ — R™ is the projection on the first factor, we
have Jf = 1 and the coarea formula reduces to Fubini-Tonelli’s
theorem.

v
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Coarea Formula

Coarea Formula

Remark (5.49)

Q@ Iff:R"=R™x R"™™™ — R™ is the projection on the first factor, we
have Jf = 1 and the coarea formula reduces to Fubini-Tonelli’s
theorem.

@ If n = m, the coarea formula coincides with the area formula 22.

v
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Coarea Formula

Coarea Formula

Remark (5.49)

Q@ Iff:R"=R™x R"™™™ — R™ is the projection on the first factor, we
have Jf = 1 and the coarea formula reduces to Fubini-Tonelli’s
theorem.

@ If n = m, the coarea formula coincides with the area formula 22.
@ If we take the Borel set
A:=(R"\ Df)uU J}) = {x € R" | #Df(x) or Jf(x) = 0} in the
coarea formula, we conclude that H"~"(An f~1{y}) = 0 for
LM-a.e. yeRM

V.
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Coarea Formula

Coarea Formula

Remark (5.49)

Q@ Iff:R"=R™x R"™™™ — R™ is the projection on the first factor, we
have Jf = 1 and the coarea formula reduces to Fubini-Tonelli’s
theorem.

If n = m, the coarea formula coincides with the area formula 22.

If we take the Borel set

A:=(R"\ D) UJ? = {x € R" | #Df(x) or Jf(x) =0} in the
coarea formula, we conclude that H"~™(AnN f~'{y}) = 0 for
LM-a.e. yeRM

That may be interpreted as a measure theoretic version of
Morse-Sard’s theorem: £L™-a.e. y € R™ is a measure theoretic
“regular value” of f, in the sense that, up to 3"~ null sets, f~'{y}
lies in the set J,f+ of points where Df has maximal rank.

2]
o

4
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Coarea Formula

Coarea Formula

Corollary (curvilinear Fubini-Tonelli’s theorem; 5.50)

Letf:R" — R™ be Lipschitz, n > m. Then forall g : R" — R
L"-measurable with g > 0 or g summable,

| gJfact = /Rm (/ﬂ{y} g(x) diH”_m(x)) dc™(y),  (10)

meaning that the iterated integrals in second member make sense and
the equality holds.

v

Glaucio Terra (IME - USP) GMT October 21, 2019 36/40



Coarea Formula

Exercise (Coarea Formula for locally Lipschitz maps; 5.51)

The coarea formula and its corollary remain valid for locally Lipschitz
maps defined on open subsets of R".
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Coarea Formula

Applications of the Coarea Formula

Proposition (polar coordinates; 5.52)

Ifg:R" — R is L"-measurable and g > 0 or g € L'(L"), then

/gdL”:/ (/ gdﬂ-(”‘1)dr. (11)
RN 0 OB(0,r)

Glaucio Terra (IME - USP) GMT October 21, 2019 38/40



Coarea Formula

Applications of the Coarea Formula

Proposition (polar coordinates; 5.52)

Ifg:R" — R is L"-measurable and g > 0 or g € L'(L"), then

/gdL”:/ (/ gdﬂ-(”‘1)dr. (11)
RN 0 OB(0,r)

Proposition (5.53)

LetQ C R" open and f : Q — R be locally Lipschitz. Then

n__ > n—1 o
/QHVfHdL —/_OO:H ({f = t})dt.

Glaucio Terra (IME - USP) GMT October 21, 2019 38/40



Gauss-Green theorem for Lipschitz epigraphs

Gauss-Green theorem for Lipschitz epigraphs

Theorem (6.45)

Letn>2,f:R"' = R Lipschitz and Q := epig f (hence 0Q = gr ).
Then

i) H"=1 LLoQ is a Radon measure on R";

ii) there exists a Borel measurable unit vector field v : 90Q — R",
unique up to H"~' LoQ-null sets, such that, for all p € C1(R"),

/ Vepdl" = / v dH" T (12)
Q Glel
or, equivalently, such that, for all o € CL(R",R"),
/div @dL":/ @-vdH" T, (13)
Q 09 )
Glaucio Terra (IME - USP)
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Gauss-Green theorem for Lipschitz epigraphs

Definition

With the notation from the previous theorem, v is called outer unit
normal to 012.
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Gauss-Green theorem for Lipschitz epigraphs

Definition

With the notation from the previous theorem, v is called outer unit
normal to 012.

Remark

Up to " LoQ-null sets, on each point point x = (x’, f(x")) in
00 = gr f whose abscissa x’ is a differentiability point of f,

V(x) = (VF(x'),-1) '
V1 IIVEX)|?

In particular, if fis C', v coincides with the usual outer unit normal
from Differential Geometry.

(14)
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