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Linear functionals on spaces of continuous functions

General hypothesis

We fix a locally compact Hausdorff space X, which will be assumed
o-compact, unless otherwise specified.

Notation
We denote by

@ C,(X,R") the space of continuous functions f : X — R" with spt f
compact;

@ C,(X,R") the space of continuous functions f : X — R" which
vanish at infinity, i.e. such that Ve > 0, 3K C X compact such that
IIfl| <eon X\ K.

@ C,(X,R") the space of bounded continuous functions 7 : X — R".

4
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Linear functionals on spaces of continuous functions

R"-valued Radon measures

Definition (4.1)

We say that a linear functional p : C;(X,R") — R is an R"-valued
Radon measure on X if, for each compact K C X, the restriction of 1 to
CK(X,R") := {f € C,(X,R") | spt f C K}, endowed with ||-||,;, is linear
continuous; that is, if 3Cx > 0 such that

sup{u-f| f € CE(X,R"), [[flls < 1} < Ck. (LF cont)
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Linear functionals on spaces of continuous functions

R"-valued Radon measures

Definition (4.1)

We say that a linear functional p : C;(X,R") — R is an R"-valued
Radon measure on X if, for each compact K C X, the restriction of 1 to
CK(X,R") := {f € C4(X,R") | spt f C K}, endowed with ||-||,, is linear
continuous; that is, if 3Cx > 0 such that

sup{u-f| f € CE(X,R"), [[flls < 1} < Ck. (LF cont)

If the condition above holds with a constant C > 0 which does not
depend on K, i.e. if u is linear continuous on C.(X, R") endowed with
II|lu, we call i a finite R"-valued Radon measure on X.
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R"-valued Radon measures

Remark (4.2)

@ The definition adopted for an R"-valued Radon measure on X is
equivalent to saying that i : C;(X,R") — R is linear continuous
with respect to the natural topological vector space topology on
C.(X,R™), which is an inductive limit of Fréchet spaces (an LF
space for short).
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Linear functionals on spaces of continuous functions

R"-valued Radon measures

Remark (4.2)

@ The definition adopted for an R"-valued Radon measure on X is
equivalent to saying that i : C;(X,R") — R is linear continuous
with respect to the natural topological vector space topology on
C.(X,R™), which is an inductive limit of Fréchet spaces (an LF
space for short).

© For those fluent in locally convex spaces: if X is an open set in
some Euclidean space, C°(X,R)" has a continuous dense
inclusion in C,(X,R") = C.(X,R)". That means that the dual of
C.(X,R)" may be identified with a linear subspace of the dual of
C°(X,R)", i.e. every R"-valued Radon measure on X is an
R"-valued Schwartz distribution on X.
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Linear functionals on spaces of continuous functions

R"-valued Radon measures on open sets of Euclidean
spaces

Exercise (4.3)

Let X be an open subset of R™ and (U )ken be an increasing
sequence of relatively compact open subsets of X such that
UkenUk = X. Let i : CE(X,R™) — R be a linear map such that
Vk € N, pf (coo (U B o ) is continuous. Then i may be uniquely

extended to a continuous linear map C.(X,R") — R.
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Recall

Notation

Let X be a locally compact Hausdorff space, U ¢ X open and f a
function on X.

f<Umeansthat0 < f <1, fe C,X,R)andspt f C U.
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Recall

Notation

Let X be a locally compact Hausdorff space, U ¢ X open and f a
function on X.

f<Umeansthat0 < f <1, fe C,X,R)andspt f C U.

Lemma (Urysohn’s lemma for LCH; 4.5)

If X is a locally compact Hausdorff space, U C X openand K c U
compact, then there exists f € C,(X,R) such that xx < f < U.
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Recall

Notation

Let X be a locally compact Hausdorff space, U ¢ X open and f a
function on X.

f<Umeansthat0 < f <1, fe C,X,R)andspt f C U.

Lemma (Urysohn’s lemma for LCH; 4.5)

If X is a locally compact Hausdorff space, U C X openand K c U
compact, then there exists f € C,(X,R) such that xx < f < U.

Theorem (Tietze’s extension theorem for LCH; 4.6)

If X is a locally compact space, K C X compactand f: K — R
continuous, then f admits a continuous extension f : X — R. Moreover,

we may take f with compact support and, if f is bounded, we may also
take f such that ||f||y = ||f||u-

v
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Recall

Theorem (Riesz representation theorem for positive linear functionals;
4.7)

Let X be a locally compact Hausdorff space and L : C,(X,R) - R a
positive linear functional, i.e. L is linear and L - f > 0 whenever f > 0.
Then there exists a unique Radon measure n on X which represents L,
i.e. Vf € C4(X,R), L- f = [ fdn. Moreover, on open sets ) is given by

n(U) =sup{L-f|f=< U}.
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Linear functionals on spaces of continuous functions

Remark (4.8)

Every positive linear functional on C.(X, R) is an R-valued Radon
measure on X, i.e. positivity implies continuity on C,(X, R).
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Linear functionals on spaces of continuous functions

Remark (4.8)

Every positive linear functional on C,(X, R) is an R-valued Radon
measure on X, i.e. positivity implies continuity on C,(X, R).

Proof.

Given K C X compact, take ¢ € C,(X,R) given by lemma 3 such that
YK < q> ~ X. Forall fe CK(X R) with f # 0, we have gl < @, so that
o+ W >0and ¢ + W € C.(X,R). Hence

0 < L(®+ ) = L(®) + L, which implies |L(f)] < L(®)|]ls. The
continuity condition (LF cont) is then satisfied with Cx := L(®). D)
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Riesz representation theorem for Radon measures

Theorem (4.9)

Let X be a o-compact locally compact Hausdorff space and
p: Ce(X,R") — R an R"-valued Radon measure on X. Then there
exists a unique Radon measure X on X and a Borel measurable map

v : X — R" unique up to \-null sets such that ||v|| =1 X-a.e. on X and
Vf e C.(X,R"),

M-f:/(f,u)d)\, (1)

where (-, -) denotes the Euclidean inner product in R".
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Riesz representation theorem for Radon measures

Theorem (4.9)

Let X be a o-compact locally compact Hausdorff space and
p: Ce(X,R") — R an R"-valued Radon measure on X. Then there
exists a unique Radon measure X on X and a Borel measurable map

v : X — R" unique up to \-null sets such that ||v|| =1 X-a.e. on X and
Vf e C.(X,R"),

M-f:/(f,u)d)\, (1)

where (-, -) denotes the Euclidean inner product in R". Moreover,
i) YU C X open,

A(U) = sup{u- f | f € Co(X,R), ]| < U}. @)

ii) w is a finite R"-valued Radon measure iff \ is a finite Radon
measure; if that is the case, | il (xrny = AMX).
GMT September 30,2019 9/43




Linear functionals on spaces of continuous functions

Riesz representation theorem for Radon measures

Remark (4.10)

Note that, in (2), sup{u- | f € Co(X,R"), ||f|| < U} =sup{|p-f| | fe
C.(X,R™M), |If|l < U}. Indeed, if f € C,(X,R™) and ||f|| < U, so does —f,
and p - (—f) = —u - f, hence either - f or - (—f) coincides with |u - f|.

Lemma (4.11)

Let X be a locally compact Hausdorff space, f : X — [0, c0) bounded
Borelian and ;v a o-finite Radon measure on #x. Then

A:i=fu: Bx —[0,00] given by A— [, fdu is a Radon measure on
PBx.
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Linear functionals on spaces of continuous functions

Total variation and polar decomposition

Definition (4.13)

Let 1 be an R"-valued Radon measure on a o-compact locally
compact Hausdorff space X. With the same notation of theorem 7, X is
called the total variation of i, and the pair (v, \) is called the polar
decomposition of .. Henceforth, we will use the notation |u| := A to
denote the total variation of x, and

= v|pul

with the meaning that (v, ||) is the polar decomposition of L.
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Linear functionals on spaces of continuous functions

Total variation and polar decomposition

Example (4.14)

@ Let 1 be alocally finite Borel measure on X. Then p induces a
positive linear functional /i on C;(X,R), given by ji - f := [ fdu. If
w is a Radon measure, then i = 1 - v is the polar decomposition of

il

v
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Linear functionals on spaces of continuous functions

Total variation and polar decomposition

Example (4.14)

@ Let 1 be alocally finite Borel measure on X. Then p induces a
positive linear functional /i on C;(X,R), given by ji - f := [ fdu. If
w is a Radon measure, then i = 1 - p is the polar decomposition of
fi.

@ Similarly, let v be a signed measure on %x whose total variation
|v| is locally finite. Then v induces a continuous linear functional
on C,(X,R) givenby - f:= [ fdv.

v
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Total variation and polar decomposition

Example (4.14)

@ Let 1 be alocally finite Borel measure on X. Then p induces a
positive linear functional /i on C;(X,R), given by ji - f := [ fdu. If
w is a Radon measure, then i = 1 -y is the polar decomposition of
L.

@ Similarly, let v be a signed measure on %x whose total variation
|v| is locally finite. Then v induces a continuous linear functional
on C,(X,R) givenby - f:= [ fdv.

© Let X = R and / be the positive linear functional defined on
C.(X,R) by the Riemann integral, i.e. /- f := f: f(x)dxfora< b
such that spt f C [a, b]. The polar decomposition of /is [ =1 - L".
In particular, that could have been taken as the definition of the
Lebesgue measure, i.e. it is the total variation of the positive linear
functional induced by the Riemann integral.

v
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Properties of the total variation, part |

Proposition (4.15)
Let i and v be R"-valued Radon measures on a o-compact locally
compact Hausdorff space X and ¢ € R. Then:

i) |p+v| < |ul+ |v|, with equality if || L |v|.

i) Jou| = |cf|pl.
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Integration with respect to R"-valued Radon measures
Definition (4.16)

Let 1 be an R"-valued Radon measure on a o-compact locally
compact Hausdorff space X, with polar decomposition x = v/|u|.

v
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Linear functionals on spaces of continuous functions

Integration with respect to R"-valued Radon measures

Definition (4.16)

Let 1 be an R"-valued Radon measure on a o-compact locally
compact Hausdorff space X, with polar decomposition x = v/|u|.

@ A vector Borelian map f : X — R” is called summable with respect
to uif f € L'(Ju|,R") = L'(|u|)". For such f, we define

/f- dp = /(f,y)dm cR.

v
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Linear functionals on spaces of continuous functions

Integration with respect to R"-valued Radon measures

Definition (4.16)

Let 1 be an R"-valued Radon measure on a o-compact locally
compact Hausdorff space X, with polar decomposition x = v/|u|.

@ A vector Borelian map f : X — R” is called summable with respect
to uif f € L'(Ju|,R") = L'(|u|)". For such f, we define

/f- dp = /(f,u)dm cR.

@ An scalar Borelian map f : X — R is called summable with respect
to uu if f € L'(Ju|). For such f, we define

/fdu —/fyd|,u| /fl/1 d|yl, . /fl/nd,u) eR".
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Linear functionals on spaces of continuous functions

Integration with respect to R"-valued Radon measures

Remark (4.17)

@ Note that C,(X,R") c L'(|u|,R") and the integral defined above
extends u: C;(X,R") — R, i.e. Vf € C,(X,R"),

/f-du:p-f.

v
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Linear functionals on spaces of continuous functions

Integration with respect to R"-valued Radon measures

Remark (4.17)

@ Note that C,(X,R") c L'(|u|,R") and the integral defined above
extends u: C;(X,R") — R, i.e. Vf € C,(X,R"),

/f-d,u:,u-f.

@ The integrals defined above satisfy the usual linearity and
convergence properties and the following versions of the triangle
inequality:

!/f-dulsfuf!!d\u\ and H/fduHS/If\d\u\,

for f € L'(|u|,R™) or f € L'(|u|), respectively.

v
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Linear functionals on spaces of continuous functions

R"-valued measure on a o-algebra

Definition (4.18)

Let X be a set and M a o-algebra of subsets of X. We say that a map
p: M — R"is an R"-valued measure on M if

VM1) p(®) =0

VM2) u is o-additive, i.e. for all countable disjoint family (An)nen in M,

UneNAn Z M An

neN
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Linear functionals on spaces of continuous functions

R"-valued measure on a o-algebra

Definition (4.18)

Let X be a set and M a o-algebra of subsets of X. We say that a map
p: M — R"is an R"-valued measure on M if

VM1) p(®) =0

VM2) u is o-additive, i.e. for all countable disjoint family (An)nen in M,

UneNAn Z M An

neN

Notation

We denote by %% the set of Borel subsets of X which are relatively
compact.
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Linear functionals on spaces of continuous functions

R"-valued Radon measures as set functions

Definition (4.19)

@ a finite R"-valued Radon measure set function on X is an
R-valued measure on Zy.
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Linear functionals on spaces of continuous functions

R"-valued Radon measures as set functions

Definition (4.19)

@ a finite R"-valued Radon measure set function on X is an
R-valued measure on Zy.

@ an R"-valued Radon measure set function on X is a set function
p: B% — R" such that, for all K C X compact, |z, : Bk — R"is
an R"-valued measure on %B.

v
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Linear functionals on spaces of continuous functions

R"-valued Radon measures as set functions

Definition (4.19)

@ a finite R"-valued Radon measure set function on X is an
R-valued measure on Zy.

@ an R"-valued Radon measure set function on X is a set function
p: B% — R" such that, for all K C X compact, |z, : Bk — R"is
an R"-valued measure on %B.

v

Notation
@ M(X)" or M(X,R") for finite R"-valued Radon measures on X
@ Mioe(X)™ or Mipe( X, R™) for R™-valued Radon measures on X
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Linear functionals on spaces of continuous functions

Remark (4.20)

Each . € M(X,R") determines an element of Moc(X,R") by
restriction of 1 : Bx — R" to %Y.
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Linear functionals on spaces of continuous functions

Remark (4.20)

Each € M(X,R") determines an element of Moc(X, R") by
restriction of 11 : Bx — R" to %5,.

Since X is o-compact, i is uniquely determined by its restriction to
#, 1.e. the association p € M(X,R") = p[ze € Mioc(X,R") is linear
1-1 and allows us to identify M(X,R") with a linear subspace of
MIOC(Xa Rn)
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Linear functionals on spaces of continuous functions

Induced R"-valued Radon measure set functions

Definition (4.21)

Let 1 be an R"-valued Radon measure on a o-compact locally
compact Hausdorff space X. The R"-valued Radon measure set
function induced by u is the set function i : 25 — R" defined, for all

A€ B, by
A(A) = /XA dp € R

If 1 is finite, we define i : Zx — R" by the same formula.
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Induced R"-valued Radon measure set functions

Proposition (4.22)

With the notation from the previous definition:
i) f1is a (finite) R"-valued Radon measure set function on X if i is a
(finite) R"-valued Radon measure on X.
ii) The maps I : Co(X,R™)* — Moc(X,R") and
I: Cy(X,R")* — M(X,R") defined by 1. — [i are linear 1-1 and
commute with the inclusions, i.e. the following diagram is
commutative:

C.(X, RN —Ls Myoe(X,R")

] ]

Co(X,R7)* —L— M(X,R")

v
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Linear functionals on spaces of continuous functions

Induced R"-valued Radon measure set functions

Remark

If X is a locally compact separable metric space,
[ Co(X,R™)" = Mie(X,R™) and /: Cy(X,R")* — M(X,R") are
surjective, i.e.

Co(X, R")* = Mige(X, R")
Co(X. R")* = M(X,R")
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Restrictions of R”-valued Radon measures

Definition (4.31)

Let X be a locally compact separable metric space, i € C;(X,R")" an
R"-valued Radon measure and g € L} _(|u|) (in particular, if g : X — R
a bounded Borelian function on X). We define the restriction of 1. to g,
denoted by 1 L_g, as the continuous linear functional on C,(X,R")

given by
plg fi= [lg.v)du

if (v, |p|) is the polar decomposition of .
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Restrictions of R”-valued Radon measures

Definition (4.31)

Let X be a locally compact separable metric space, i € C;(X,R")" an
R"-valued Radon measure and g € L} _(|u|) (in particular, if g : X — R
a bounded Borelian function on X). We define the restriction of 1. to g,
denoted by 1 L_g, as the continuous linear functional on C,(X,R")

given by
plg fi= [lg.v)du

if (v, |p|) is the polar decomposition of .

Notation
If X is a positive measure on X and h € L*()\),

ALLh:=h\

v
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Operations with R"-valued Radon measures

Restrictions of R”-valued Radon measures

Remark (4.32)
Qo The polar decomposition of . L_g is (ﬁ; |g||n]), where we define
|g| := 0 on the Borel set {g = 0}. In particular,

gl = [ul Llgl-

Glaucio Terra (IME - USP) GMT September 30, 2019 23/43



Operations with R"-valued Radon measures

Restrictions of R”-valued Radon measures

Remark (4.32)

Qo The polar decomposition of . L_g is (fg”‘ |g||n]), where we define

|g| := 0 on the Borel set {g = 0}. In particular,

gl = [ul Llgl

Q If 11 is a positive Radon measure on X (which we identify with the
element of C.(X,R)" whose polar decomposition is (1, 1)) and
A € %x, then i L x4 coincides with the positive Radon measure
n L_A. We extend this notation for an arbitrary . € C,(X,R"), i.e
we use the notation u LA in place of i Lxa. It then follows from
the previous item that

i LA| = |u| LA

v
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Operations with R"-valued Radon measures

Restrictions of R”-valued Radon measures

Remark (4.32)
© We may similarly define p LLg € C(X,R™)" for u € C,(X,R)" and
g € Ligo(Jul,R):

jLg:feCy(X.R" s / (f, gyl

where (v, |p|) is the polar decomposition of x. Then (H%H’ llgll]])
is the polar decomposition of 1 L_g. In particular,

gl = [ul L9l

&
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Restrictions of R”-valued Radon measures

Remark (4.32)

© We may similarly define p LLg € C(X,R™)" for u € C,(X,R)" and
g € Ligo(Jul,R):

pLg:feCyX,RM /<f,g>yd\m

where (v, |p|) is the polar decomposition of x. Then (H%H’ llgll]])
is the polar decomposition of 1 L_g. In particular,

gl = [ul L9l

© As a final generalization of the restriction operation, we may
define u LT € C4(X,R™)* for u € C;(X,R")" and
T e LL. (|l LR™R™)) by f € Co(X,R™) — [(T - f,v)d|u|, where
(v, |p]) is the polar decomposition of .
aMT September 30, 2019 3
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Restrictions of R”-valued Radon measures

Remark (4.32)

Note that, defining T* : X — L(R",R™) by x — T(x)", we have,
Vf € Co(X,RM):

T v N
uLT-f=/<T-f,u>d|ur=/<f,M>||T vl dlul.
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Operations with R"-valued Radon measures

Fundamental lemma of the Calculus of Variations

Exercise (4.34)

Let X be an open setinR™. If i : C,(X,R") — R is an R"-valued
Radon measure on X such that i - f = 0 for all f € C°(X,R"), then
i = 0. In particular, if g € L} ,(£™|x,R") and

/)((f,g)dﬁ’” =0

for all f € CF(X,R"), theng =0 L™-a.e. on X.
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Operations with R"-valued Radon measures

Trace of R"-valued Radon measures

Definition (4.35)

Let X be a locally compact separable metric space and A C X a locally
compact subspace of X (i.e the intersection of an open with a closed
subset of X). If  is an R"-valued Radon measure on X with polar
decomposition (v, |u|), we define an R"-valued Radon measure p|4 on
Aby

f € CoA R s / F,v) dlpl,

where f : X — R is the extension of f by 0 in the complement of A.
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Operations with R"-valued Radon measures

Trace of R"-valued Radon measures

Proposition (4.36)

With the notation above, 1|4 is a well-defined R"-valued Radon
measure on A and it is finite if so is ;.. Moreover, the polar
decomposition of pi| 4 is (v|a, |11l | ,)-
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Continuity of linear maps on C_ (X, R")

Definition (4.37)

Let X and Y be locally compact separable metric spaces.

i) We say that A C C,(X,R") is bounded it there exists K ¢ X
compact such that A ¢ CK(X,R") and A is bounded in the latter
space (i.e. it bounded as a subset of the Banach space
CK(X,R™)).
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Operations with R"-valued Radon measures

Continuity of linear maps on C_ (X, R")

Definition (4.37)

Let X and Y be locally compact separable metric spaces.

i) We say that A C C,(X,R") is bounded it there exists K ¢ X
compact such that A ¢ CX(X,R") and A is bounded in the latter
space (i.e. it bounded as a subset of the Banach space
CK(X,R™)).

i) We say that a sequence (xn)nen in Co(X,R") converges to
x € C,(X,R") if there exists K C X compact such that the image
of the sequence is contained in CK(X,R™), x € CK(X,R") and
Xn — X in CK(X,R™).
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Operations with R"-valued Radon measures

Continuity of linear maps on C_ (X, R")

Definition (4.37)

Let X and Y be locally compact separable metric spaces.

i) We say that A C C,(X,R") is bounded it there exists K ¢ X
compact such that A C CL((X, R") and A is bounded in the latter
space (i.e. it bounded as a subset of the Banach space
CK(X,R")).

i) We say that a sequence (xn)nen in Co(X,R") converges to
x € C,(X,R") if there exists K C X compact such that the image
of the sequence is contained in CK(X,R™), x € CK(X,R") and
Xn — X in CK(X,R™).

i) We say that alinear map T : C;(X,R") — C,(Y,R™) is continuous
if one of the following equivalent conditions hold:
e T(A) is bounded whenever A C C,(X,R") is bounded.

e T(x,) — 0 whenever (x,)nen is @ sequence in C,(X,R") such that
X, — 0.
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Operations with R"-valued Radon measures

Transposition

Proposition (4.39)

Let X and Y be locally compact separable metric spaces and
T : Cy(X,R") — C,(Y,R™) a linear map.

i) If T is continuous and . is an R™-valued Radon measure on Y,
then po T is an R"-valued Radon measure on X.

ii) If T is continuous with respect to the C topology (i.e. the topology
induced by ||-||u) on both domain and codomain, and v is a finite
R™-valued Radon measure on Y, then u o T is a finite R"-valued
Radon measure on X. )
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Transposition

Definition (4.40)

With the notation from the previous proposition, we define the
transpose of T, Tt : C,(Y,R™)* — C,(X,R")" in case (i) or
T': Co(Y,R™" — Cy(X,R™)" in case (i), by T'- p:=po T.
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Transposition

Example (4.41)

Let X be a locally compact separable metric space.

1) Let T : X — L(R™,R") be a continuous map. We define
T:C.(X,R™) = C,(X,R") by (T - f)(x) := T(x) - f(x). Then T is
linear continuous and its transpose is given by p+— u L T.

2) Let U ¢ X open. The inclusion C;(U,R") c C,(X,R") (which maps
f € C,(U,R") to its extension by 0 on the complement of U) is
clearly continuous; its transpose coincides with p — uly.
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Operations with R"-valued Radon measures

Pushforward

Proposition

Let X and Y be locally compact separable metric spaces and

f: X — Y a continuous proper map. Then both

(of) : C(Y,R") = C¢(X,R™) and (of) : Cy(Y,R™) — Cy(X,R") given
by g — g o f are well-defined and linear continuous.

Glaucio Terra (IME - USP) GMT September 30, 2019 33/43



Operations with R"-valued Radon measures

Pushforward

Proposition

Let X and Y be locally compact separable metric spaces and

f: X — Y a continuous proper map. Then both

(of) : C(Y,R") = C¢(X,R™) and (of) : Cy(Y,R™) — Cy(X,R") given
by g — g o f are well-defined and linear continuous.

Definition

With the notation from the previous definition, the transposes

(of)': Co(X,R™)* — Cy(Y,R")* and (of)' : Cy(X,R")* — Cy(Y,R")*
are called pushforward by f and denoted by £ : p — fup.
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Operations with R"-valued Radon measures

Pushforward

Proposition

Let X and Y be locally compact separable metric spaces, f: X — Y a
continuous proper map and 1. € C,(X, R™)* with polar decomposition
(vx, |1|). Suppose that there exists a Borelian map vy : Y — R" such
that vy o f = vx. Then the polar decomposition of fyp is (vy, fx|u|). In
particular, if 11 is a positive Radon measure on X, the pushforward of
by f in the sense of definition above coincides with the pushforward in
the sense of positive measures.
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Weak-star convergence

Weak-star convergence

Definition (4.47)

Let X be a locally compact separable metric space. We say that
i) asequence (uk)ken in C.(X,R")" is weakly-star convergent to
1 € Co(X,R™)* (notation: px — p) if, for all f € C4(X,R™),
[f-duk — [f- dp;
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Weak-star convergence

Weak-star convergence

Definition (4.47)

Let X be a locally compact separable metric space. We say that
i) asequence (uk)ken in C.(X,R")" is weakly-star convergent to
1 € Co(X,R™)* (notation: px — p) if, for all f € C4(X,R™),
S dpe— [f-du;
i) asequence (yu)ken in Co(X,R™)" is weakly-star convergent in the

sense of finite measures to 1 € Cy(X,R™)" (notation: 1k =L ) i, for
all f € Cy(X,R"), [f- duk — [ f- du.

V.
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Weak-star convergence

Weak-star convergence

Remark (4.48)

Both types of convergence above are actually the same notion, i.e.
convergence of sequences with respect to weak star topologies: the
first type in the weak-star dual of C,(X,R") and the second in the
weak-star dual of G, (X, R").
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Weak-star convergence

Weak-star convergence

Proposition (relation between weak-star convergence and weak-star
convergence in the sense of finite measures; 4.49)

Let X be a locally compact separable metric space, (1 )ken a
sequence in C,(X,R™)" and u € C,(X,R")*. The following conditions
are equivalent:

i) pk = p and supy ey | (X) < oc.

i) (1k)ken is @ sequence in Co(X,R")*, 1w € Co(X,R™)* and ux = pu.

.

Glaucio Terra (IME - USP) GMT September 30, 2019 37/43



Weak-star convergence

Weak-star convergence

Proposition (4.50)

Let X and Y be locally compact separable metric spaces and

T :C.(X,R") — C,(Y,R™) linear continuous. Then

Tt: C.(Y,R™M)* — C.(X,R")" preserves weak-star convergence of
sequences. The same holds for weak-star convergence in the sense of
finite measures if T is continuous with respect to the C, topologies.

v
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Weak-star convergence

Foliations by Borel sets for positive Radon measures

Proposition (4.53)

Let X be a locally compact separable metric space, 1. a positive Radon
measure on X and (E,).ca a disjoint family of Borel sets in X. Then
{a € A| u(E,) > 0} is countable.
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Weak-star convergence

Characterization of weak-star convergence for positive
Radon measures

Theorem (4.54)

Let X be a locally compact separable metric space, (jik)ken @
sequence of positive Radon measures in X and . a positive Radon
measure in X. The following conditions are equivalent:

i) pik = p.
i) Forall K C X compact and for all U C X open,

w(K) > limsup ux(K) and p(U) < liminf u,(U).

iii) Forall E € %5 such that W(0E) =0, ux(E) — w(E).
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Weak-star convergence

Weak convergence and total variation

Proposition (4.57)

Let X be a locally compact separable metric space and (i )ken @
sequence in C,(X,R™)" weakly-star convergent to ;1 € C,(X,R")".
Then, for every A C X open, |u|(A) < liminf|ux|(A).
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Weak-star convergence

Weak convergence and total variation

Proposition (4.57)

Let X be a locally compact separable metric space and (i )ken @
sequence in C,(X,R™)" weakly-star convergent to ;1 € C,(X,R")".
Then, for every A C X open, |u|(A) < liminf|ux|(A).

Proposition (4.58)

Let X be a locally compact separable metric space and (px)ken @
sequence in C,(X,R™)" weakly-star convergent to . € C,(X,R")*. If

|1k (X) = [l(X) < oo, then || = |ul.
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De La Vallée Poussin Theorem

Theorem (4.61)

Let X be a locally compact separable metric space and (ux)ken be a
sequence of finite R"-valued Radon measures on X such that
sup{|uk|(X) | k € N} < co. Then there exists a finite R"-valued Radon
measure p on X and a subsequence (pu;)jen Of (1k)ken such that

ju = 1. Moreover, |p|(X) < liminf|u[(X).
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Weak-star convergence

De La Vallée Poussin Theorem

Corollary (4.63)

Let X be a locally compact separable metric space and (. )ken be a
sequence of R"-valued Radon measures on X such that, for any

K C X compact, sup{|ux|(K) | k € N} < co. Then there exists an
R"-valued Radon measure ;1 on X and a subsequence (jix)jen Of

(1k)ken Such that ju, = pu.
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