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Up to the end of this section we fix a metric space (X, d).
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Upper and lower n-dimensional densities
Definition (3.1)

Let AC X, x € X, n> O real and i a measure on X. We define:
@ the n-dimensional upper density of A at x with respect to p:

ANB
©*"(u, A, X) := lim supw

r—0 a(n)rn € [0ock

v
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I —
Upper and lower n-dimensional densities
Definition (3.1)

Let AC X, x € X, n> O real and i a measure on X. We define:
@ the n-dimensional upper density of A at x with respect to p:

o u(AnB()
0™ (u, A, x) = |Ir;1_f([)lp a(m)r € [0, o).

@ the n-dimensional lower density of A at x with respect to y:

ANB
©7(u, A, x) := liminf M

r—0 a(n)rn € (0,00},
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Upper and lower n-dimensional densities

Definition (3.1)

Let AC X, x € X, n> O real and i a measure on X. We define:
@ the n-dimensional upper density of A at x with respect to p:

ANB
©*"(u, A, X) := lim supw

r—0 a(mr” € (0ol

@ the n-dimensional lower density of A at x with respect to y:

ANB
©7(u, A, x) := liminf M

r—0 a(n)rn € [0, 0].

If ©*"(u, A, x) = ©7(u, A, x), we denote their common value by
©"(u, A, x) and call it density of A at x with respect to p.
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Upper and lower n-dimensional densities

Definition (3.1)

Let AC X, x € X, n> O real and i a measure on X. We define:
@ the n-dimensional upper density of A at x with respect to p:

ANB
©*"(u, A, X) := lim supw

r—0 a(mr” € (0ol

@ the n-dimensional lower density of A at x with respect to y:

ANB
©7(u, A, x) := liminf M

r—0 a(n)rn € (0,00},

If ©*"(u, A, x) = ©7(u, A, x), we denote their common value by
©"(u, A, x) and call it density of A at x with respect to p.
For A = X, we use the notations ©*"(u, x), ©7(u, x) and ©"(u, x).
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Remark (3.2)

With the notation above:
@ Note that ©*"(u, A, x) = ©*"(1u LA, x) and
01, A, x) = O(u LA, x).
@ If Uc Xisanopensetand x € U,
O M, A, x) =0""(u LU, A, x) and ©](u, A, x) = 07(n LU, A, Xx)

v
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Lemma (3.3)

If i is a locally finite Borel measure on X, AC X, x € X and n > 0 real,
then, the definitions of ©*"(u, A, x) or ©7(u, A, x) do not change if we
use open balls instead of closed balls.
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Lemma (3.3)

If i is a locally finite Borel measure on X, AC X, x € X and n > 0 real,
then, the definitions of ©*"(u, A, x) or ©7(u, A, x) do not change if we
use open balls instead of closed balls.

Proposition (3.4)

If u is a locally finite Borel measure on X, A C X and n > 0 real, then
the functions X — [0, 0] given by x € X — ©*"(u, A, x) and
x € X+ ©(u, A, x) are Borelian.
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Lemma (3.3)

If i is a locally finite Borel measure on X, AC X, x € X and n > 0 real,
then, the definitions of ©*"(u, A, x) or ©7(u, A, x) do not change if we
use open balls instead of closed balls.

Proposition (3.4)

If u is a locally finite Borel measure on X, A C X and n > 0 real, then
the functions X — [0, 0] given by x € X — ©*"(u, A, x) and
x € X+ ©(u, A, x) are Borelian.

Corollary (3.5)

If i is a locally finite Borel measure on X, A C X and n > 0 real, then
the setY := {x € X | ©"(u, A, x) = ©7(u, A, x)} is Borel measurable
and ©"(u,A,-) : Y — [0, 0] is Borelian.

v
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Comparison density theorem

Theorem (3.6)

Let 1« be a Borel measure on a metric space X, n> 0 real, t > 0 and
AC Ay C X. Ifvx € A, ©*"(u, A1, x) > t then tH"(A) < p(Aq).
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Upper density theorem

Theorem (3.7)

Let 1« be a Borel regular measure on a metric space X, n > 0 real and
B € o(u) with u(B) < co. Then ©"(u, B,x) =0 for H"-a.e. x € X'\ B.
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Upper density theorem

Theorem (3.7)

Let 1« be a Borel regular measure on a metric space X, n > 0 real and
B € o(p) with ;(B) < co. Then ©*"(u, B, x) = 0 for H"-a.e. x € X \ B.

Exercise (3.8)

If u is an open o-finite Borel regular measure on a metric space X, the
thesis in the previous theorem holds for all B € o(u), i.e. the
hypothesis of 1/(B) being finite may be dropped.
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Density theorem for the Lebesgue measure

Corollary (3.9)

If BC R" js L"-measurable, then ©"(L", B, x) exists for L"-a.e.
x e R", ©"(L" B, x)=1forL"-a.e. x € Band©"(L",B,x) =0 for
LM-ae xeR"\B.
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Differentiation Theorems

Upper and lower densities of a measure relative
another

Definition (3.12)

Let X be a metric space, 1 and v measures on X, and x € X. We
define the upper and lower density of 1. relative to v at x by,
respectively:

0™ (u, X) := Iir:m:(l;p l:gﬁg? 2% € [0, 0],
O (u, x) = Iimgflm € [0, o0,

where we adopt the extended arithmetic rules % =0,

88
i
o
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Upper and lower densities of a measure relative
another

Definition (3.12)

Let X be a metric space, 1 and v measures on X, and x € X. We
define the upper and lower density of 1. relative to v at x by,
respectively:

0™ (u, X) := Iir‘rnj(l;p 'ZEﬁg’ 2% € [0, 0],
Y (u, x) = Iimgflm € [0, o0,

where we adopt the extended arithmetic rules 3 := 0, 2 := 0.
If ©*(u, x) = ©%(u, X), we say that the density of 11 relative to v at x
exists and denote it by ©"(u, x) := ©*(u, X) = ©%(u, X).

.

Glaucio Terra (IME - USP) GMT August 18, 2019

9/29



Differentiation Theorems

Remark (3.13)

If X =R", ACR", x € R" and u a measure on R", the n-dimensional
upper and lower densities of A at x with respect to u, defined in 1, are
special cases of the previous definition: ©*(y, A, x) = ©**" (1 LA, )
and ©/(p, A, x) = " (1 LA, X).
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Lemma (3.14)
If w and v are locally finite Borel measures on a metric space X, and

x € X, then the definitions of ©*(u, x) or ©%(u, x) do not change if we
use open balls instead of closed balls.
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Differentiation Theorems

Lemma (3.14)

If w and v are locally finite Borel measures on a metric space X, and
x € X, then the definitions of ©*(u, x) or ©%(u, x) do not change if we
use open balls instead of closed balls.

v

Proposition (3.15 and 3.16)

Let i and v be locally finite Borel measures on a metric space X.
Suppose that X is separable or that v is finite on all closed balls of X.
Then the functions X — [0, co] given by x € X — ©*¥(u, x) and

x € X — ©Y%(u, x) are Borelian.
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Differentiation Theorems

Lemma (3.14)

If w and v are locally finite Borel measures on a metric space X, and
x € X, then the definitions of ©*(u, x) or ©%(u, x) do not change if we
use open balls instead of closed balls.

v

Proposition (3.15 and 3.16)

Let i and v be locally finite Borel measures on a metric space X.
Suppose that X is separable or that v is finite on all closed balls of X.
Then the functions X — [0, co] given by x € X — ©*¥(u, x) and

x € X — ©Y%(u, x) are Borelian.

Corollary (3.17)

Let i and v be locally finite Borel measures on a metric space X, with
X separable or v finite on all closed balls of X. Then the set
Y ={xeX|0"¥(u,x)=04u,x)} is Borel measurable and
©"(u,-) : Y — [0, 0] is Borelian.
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Differentiation Theorems

Recall

Definition (2.12)

Let X be a metric space, F a collection of ballsin X and A c X. We
say that ¥ is a fine cover A, or that F covers A finely, if F is a cover of A
such that, Vx € A, inf{diam B|x € B€ F} = 0.
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Differentiation Theorems

Recall

Definition (2.12)

Let X be a metric space, F a collection of ballsin X and A c X. We
say that ¥ is a fine cover A, or that F covers A finely, if F is a cover of A
such that, Vx € A, inf{diam B|x € B€ F} = 0.

v

Corollary (Vitali’s covering theorem for the Lebesgue measure;2.14)

Let A C R" and F a collection of nondegenerate closed balls in R"
which covers A finely. Then, for every ¢ > 0, there exists a disjoint
subfamily G C F such that L"(USG) < L"(A) + e and L"(A\ UG) = 0.
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Symmetric Vitali property (SVP)

Definition (3.18)

Let X be a metric space, F a collection of balls in X and A ¢ X. We
say that F is a strongly fine cover A, or that F covers A finely in the
strong sense, if F is a cover of A such that, Vx € A,

inf{r >0 |B(x,r) € F} =0.
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Symmetric Vitali property (SVP)

Definition (3.18)

Let X be a metric space, F a collection of balls in X and A ¢ X. We
say that F is a strongly fine cover A, or that F covers A finely in the
strong sense, if F is a cover of A such that, Vx € A,

inf{r >0 |B(x,r) € F} =0.

It is clear that every strongly fine cover of A is a fine cover of A in the
sense of definition 12, but the converse does not hold.
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Symmetric Vitali property (SVP)

Definition (3.18)

Let X be a metric space, F a collection of balls in X and A ¢ X. We
say that F is a strongly fine cover A, or that F covers A finely in the
strong sense, if F is a cover of A such that, Vx € A,

inf{r >0 |B(x,r) € F} =0.

It is clear that every strongly fine cover of A is a fine cover of A in the
sense of definition 12, but the converse does not hold.

Definition (3.19)

We say that a measure 1 on a metric space X satisfies the symmetric
Vitali property (SVP) if, for all A € X with u(A) < oo and for all F
strongly fine cover of A by nondegenerate closed balls, there exists a
countable disjoint subfamily § ¢ J such that u(A\ USG) = 0.

v
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Symmetric Vitali property (SVP)

Remark (3.20)

@ ltis clear that, if a measure 1 on a metric space X has SVP, so
does any restriction of u, i.e. VY C X, u LY has SVP.

v
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Symmetric Vitali property (SVP)

Remark (3.20)

@ ltis clear that, if a measure 1 on a metric space X has SVP, so
does any restriction of u, i.e. VY C X, u LY has SVP.

@ If a measure p on a metric space X is o-finite and has SVP, then
is concentrated on its support, i.e. p(X \ spt 1) = 0.

v
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Symmetric Vitali property (SVP)

Remark (3.20)

@ ltis clear that, if a measure i on a metric space X has SVP, so
does any restriction of p, i.e. VY € X, u LY has SVP.

@ If a measure p on a metric space X is o-finite and has SVP, then
is concentrated on its support, i.e. p(X \ spt 1) = 0.
Proof: Let X = UkenAk, With Vk € N, Ax € o(p) and p(Ak) < oo.
For each k € N, the family of nondegenerate closed balls
F={B(x,r)| x € X\spt u,r>0,u(B(x,r)) =0} covers
A \ spt u finely in the strong sense.

v
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Symmetric Vitali property (SVP)

Remark (3.20)

@ ltis clear that, if a measure i on a metric space X has SVP, so
does any restriction of p, i.e. VY € X, u LY has SVP.

@ If a measure p on a metric space X is o-finite and has SVP, then
is concentrated on its support, i.e. p(X \ spt 1) = 0.
Proof: Let X = UkenAk, With Vk € N, Ax € o(p) and p(Ak) < oo.
For each k € N, the family of nondegenerate closed balls
F={B(x,r)| x € X\spt u,r>0,u(B(x,r)) =0} covers
Ak \ spt u finely in the strong sense. Hence, there exists a
countable disjoint subfamily G, c F such that
1((Ax \ spt 1) \ USk) = 0; since u(USk) = 0, we conclude that
w(Ak \ spt 1) = 0. Therefore X \ spt p = Uken(Ak \ spt 1) has
p-measure zero.

v
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Doubling property implies SVP

Proposition (3.21)

Let X be a separable metric space and . a finite Borel regular
measure on X. Assume that .. satisfies the doubling property:

3C > 0, VB C X nondegenerate closed ball, 1.(5B) < Cu(B).

Then . has the symmetric Vitali property.
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Besicovitch covering theorem

Theorem (3.24)

For each n € N, there exists a natural constant N = N(n), depending
only on n, which satisfies the following property: if ¥ is any family of
nondegenerate closed balls in R" with sup{diam B | B € F} < co and A
is the set of centers of the balls in F, then exist G4, . .., Sy such that, for
1 <i< N, S;is a disjoint subfamily of ¥ and UV , G; covers A.

v
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Differentiation Theorems

Besicovitch covering theorem

Theorem (3.24)

For each n € N, there exists a natural constant N = N(n), depending
only on n, which satisfies the following property: if ¥ is any family of
nondegenerate closed balls in R" with sup{diam B | B € F} < co and A
is the set of centers of the balls in F, then exist G4, . .., Sy such that, for
1 <i<N,§,is adisjoint subfamily of ¥ and Uf\i 19i covers A.

v

Corollary (3.25)

Let i be a Borel measure inR", A C R" with ;/(A) < co and F a family
of nondegenerate closed balls which covers A finely in the strong
sense. Then, for any open set U O A, there exists a countable disjoint
subfamily § C F such that UG C U and p(A\ US) = 0.
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Differentiation Theorems

Proposition (Borel measures on subsets of R” satisfy SVP; 3.23)

Let X be a metric subspace of R" and . a Borel measure on X. Then
w satisfies the symmetric Vitali property.
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Differentiation Theorems

General comparison density theorem

Theorem (3.26)

Let i and v be open o-finite Borel regular measures on a metric space
X such that v has the symmetric Vitali property, t > 0 and A C X. If
Vx € A, ©%(u, x) > t then tv(A) < u(A).
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General comparison density theorem

Theorem (3.26)

Let i and v be open o-finite Borel regular measures on a metric space
X such that v has the symmetric Vitali property, t > 0 and A C X. If
Vx € A, ©%(u, x) > t then tv(A) < u(A).

Corollary (3.27)

Let . and v be open o-finite Borel regular measures on a metric space
X such that v has the symmetric Vitali property. Then ©*"(u, X) < oo
forv-a.e. x € X.

Glaucio Terra (IME - USP) GMT August 18, 2019 18/29



General upper density theorem

Theorem (3.28)

Let 1« be a Borel regular measure on a metric space X, v an open
o-finite Borel regular measure on X with the symmetric Vitali property,

and A € o(p) with 1(A) < co. Then ©*(u LLA,x) =0 forv-a.e.
xe X\ A
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General upper density theorem

Theorem (3.28)

Let 1« be a Borel regular measure on a metric space X, v an open
o-finite Borel regular measure on X with the symmetric Vitali property,
and A € o(p) with 1(A) < co. Then ©*(u LLA,x) =0 forv-a.e.

xe X\ A

Theorem (general density theorem; 3.29)

Let . be an open o-finite Borel regular measure on a metric space X
with symmetric Vitali property and A € o(u). Then the density
©H(u LLA, ) coincides i-a.e. on X with xa, I.e.

O (u LA, x) = lim w(ANB(x,r) _[1 foru-ae xeA,
=0 p(B(x, 1)) 0 foru-a.e. xe X\ A

v
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Lusin’s theorem

Theorem (1.112)

Let i« be a Borel regular measure on a metric space X (respectively, a
Radon measure on a locally compact Hausdorff space X), Y a
separable metric space, f : dom f C X — Y a u-measurable map.
Then, for each A € o () with 1(A) < co and for each e > 0, there exists

a closed (respectively, compact) set C C A such that u(A\ C) < e and
fl¢c is continuous.
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General Lebesgue differentiation theorem

Corollary (3.30)

Let i be an open o-finite Borel regular measure on a metric space X

with symmetric Vitali property and f : X — C a p-measurable function
satisfying one of the following conditions:

Q@ fel'(p)or

@ X isseparable and f € L} (), i.e. Vx € X, 3r > 0,
fB(XJ)\f] du < oo.
Then, for u-a.e. x € X:

1
lim / fdu = f(x).
r—0 M(]B(X, I’)) B(x,r) H ( )
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Lebesgue Points

Corollary (3.31)

Let X be a separable metric space, 1. an open o -finite Borel reqular
measure on X with symmetric Vitali property, 1 < p < oo and
felf.(u),ie vxeX,3r>0, Jsn|fIP dpe < co. Then, for p-a.e.

x e X,

1

I ) o 0~ TP 800 =0 (

~
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Differentiation Theorems

Lebesgue Points

Corollary (3.31)

Let X be a separable metric space, 1. an open o -finite Borel reqular
measure on X with symmetric Vitali property, 1 < p < oo and

felf. (u),ie vxeX,ar> 0, Ju.n)|fIP diu < c0. Then, for p-a.e.

xeX, ]
I ) o 0~ TP 800 =0 (

~

Definition (Lebesgue Points; 3.32)

With the same notation from the previous corollary, a point x € X for
which (1) holds is called Lebesgue point of f with respect to ..
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Lebesgue points with noncentered balls

Corollary (3.33)

Let1 <p<ooandfe LE)C(L”). Then, for each Lebesgue point x of f
with respect to L" (in particular, for L"-a.e. x € R"),

. 1 neoy
dim gy L0~ 0P ae(y) =0,

where the limit is taken over all closed balls B containing x with
diam B — 0.
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Absolute continuity and mutual singularity

Definition (3.34)

Let 1 and v be Borel measures on a topological space X. We say that:

@ .. is absolutely continuous with respect to v (notation: u < v) if
VA C X, v(A) = 0 implies p(A) = 0.
@ 1 and v are mutually singular (notation: p L v) if there exists

A € %x such that p is concentrated on A and v is concentrated on
X\ A.

v
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Differentiation Theorems

Lebesgue decomposition theorem

Lemma (3.36)

Let i be a o-finite Borel measure and v a Borel regular measure on a
metric space X. Then there exists B € #x such that v is concentrated
on B¢ and . LB° < v, so that

p=pLB+pulB plLBLlvpulB® <. (LD)
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Lebesgue decomposition theorem

Lemma (3.36)

Let i be a o-finite Borel measure and v a Borel regular measure on a
metric space X. Then there exists B € #x such that v is concentrated
on B¢ and . LB° < v, so that

p=pLB+pulB plLBLlvpulB® <. (LD)

Moreover:

@ B < %y satisfying (LD) is unique up to p-null sets, i.e. if B' € Bx
also satisfies (LD), then B \ B’ is u-null.

@ the decomposition (LD) is unique in the sense that, if v = g + a2
with us L v and ug < v, then ps = u LB and iz = p L_B°.

Glaucio Terra (IME - USP) GMT August 18, 2019 25/29



Differentiation Theorems

Comparison theorem for lower densities

Theorem (3.38)

Let i and v be open o-finite Borel regular measures on a metric space
X, t>0andAcC X withvx € A, ©%(u, x) < L.

Q Ifu has SVP, then u(A) < tv(A).

@ Ifv has SVP and B is given by the previous lemma, so that (LD)
holds, then u(A\ B) < tv(A).
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Differentiation Theorems

Differentiation theorem for Borel measures on metric
spaces

Theorem (3.39)

Let i and v be open o-finite Borel regular measures on a metric space
X. Suppose that X is separable or that v is finite on closed balls of X.

Q ThesetY :={xe X|O©%(u,x)=0%u,x)} is Borel measurable
and ©”(u,-) : Y — [0, o] is Borelian.

Q Ifvhas SVR, Y;:={x e Y| ©"(u,x) < oo} is a Borel measurable
subset of X whose complement is v-null.

@ Ifboth uandv have SVB, u(Y°) =v(Y°) =0.
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Differentiation Theorems

Lebesgue-Besicovitch-Radon-Nikodym differentiation
theorem

Theorem (3.40)

Let i and v be open o-finite Borel regular measures on a metric space
X. Suppose that X is separable or that v is finite on closed balls of X,

and that v has SVP.
Q Letu = pus+ ua be the Lebesgue decomposition of 1. with respect

tov,ie pus=p LB andus=p LBC where B € By is given by
lemma 29. Then, forall A e %y,

1a(A) = /A ©" (41, ) du(x),

so that, for all A € Bx, (A) = [, 0" (1, x) dv(x) + ps(A).
@ Ifu also has SVPR in lemma 29 we can take

B ={x e X|©"(u,x)=oc} in place of B.
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Differentiation Theorems

Corollary (3.41)
With the same hypothesis from the previous theorem, ©" (p, -)

coincides v-a.e. with the Radon-Nikodym derivative CZ,((“V ‘7‘;;’()) )
X
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