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Abstract

We develop a new notion of second-order complementarity with respect to the tangent subspace related to
second-order necessary optimality conditions by the introduction of so-called tangent multipliers. We prove
that around a local minimizer, a second-order stationarity residual can be driven to zero while controlling
the growth of Lagrange multipliers and tangent multipliers, which gives a new second-order optimality
condition without constraint qualifications stronger than previous ones associated with global convergence
of algorithms. We prove that second-order variants of augmented Lagrangian and interior point methods
generate sequences satisfying our optimality condition. We present also a companion minimal constraint
qualification, weaker than the ones known for second-order methods, that ensures usual global convergence
results to a classical second-order stationary point. Finally, our optimality condition naturally suggests
definition of second-order stationarity suitable for the computation of iteration complexity bounds and for
the definition of stopping criteria.

Keywords: second-order optimality conditions, complementarity, global convergence, constraint qualifica-
tions.

1 Introduction

This paper deals with the general smooth nonlinear optimization problem with constraints, where first- and
second-order information of objective functions and constraints are available. With the increase of computational
power, a renewed interest in second-order algorithms has appeared. It has been shown in [15] that the complexity
of finding a first-order stationary point is reduced when allowing more derivatives to be used. In this case, one
can expect to converge to a higher order stationary point. Recently, an efficient method for finding a third-
order stationary point in unconstrained problems has appeared in [1]. Also, complexity analysis for finding
higher-order stationary points in convexly-constrained nonlinear optimization is presented in [19].

When using second-order information, one could expect finding a second-order stationary point. This gives
a more robust method than a first-order one since it has more chances of finding a true minimizer. Even when
a true minimizer is not found, a second-order stationary point (even the weak notion considered here) can be of
interest in practical situations, in particular, in machine and statistical learning, where meaningful statistical
properties of a true solution can be recovered, see [34].

Different second-order optimality conditions can be found in the literature with distinct characteristics.
We deal with a perturbation of the so-called Weak Second-order Optimality Condition (WSOC), since this
is the optimality condition guaranteed by second-order algorithms, which requires positive semidefiniteness
of the Hessian of the Lagrangian over a perturbed critical subspace. One difficulty that arises is that the
critical subspace may have a discontinuous behavior at a solution (see [30]), which can trick second-order
optimality conditions based on perturbations, which are suitable for global convergence analysis. We remove
the dependency of the perturbed critical subspace by introducing so-called tangent multipliers. This concept is
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based on the well known fact that positive definiteness of a matrix P over the kernel {d|Ad = 0} of a matrix A
is equivalent to the positive definiteness of P + 0 ATA for some 6 > 0. In the semidefinite case, the equivalence
is achieved with the limit inferior of the least eigenvalue of P + 0 ATA being non-negative, as 6 goes to infinity.
However, if we allow 6 to go to infinity too fast, the second-order information may be lost. Our optimality
condition controls the growth of the tangent multipliers in order for the second-order information to remain
present, whereas previous results allow for arbitrarilly fast growth ([5]). Also, our condition is satisfied at any
local minimizer without constraint qualifications.

We show that the sequence required to check our optimality condition is in fact generated by augmented
Lagrangian and interior point methods. By developing a minimal companion constraint qualification, we present
a global convergence result of these methods to a WSOC point under a weaker assumption.

To motivate our optimality condition, let us consider the one-dimensional problem of minimizing x such
that 2/2 = 0. The Karush-Kuhn-Tucker (KKT) conditions for this problem says that 1 + Az = 0 should
hold for the solution z* := 0 with some Lagrange multiplier A € R, which is impossible. Nonetheless, one may
still rely on the KKT conditions to stop the execution of a primal-dual algorithm. For instance, the sequence
(zk, Ak) := (—1. k) is such that the KKT residual |1 4+ Apay| is zero, and an algorithm may safely stop once
x, is feasible within a tolerance. In this case, it is easy to see that in order for the KKT residual to be driven
to zero, the sequences {|\¢|} and {1/|z|} must go to infinity with the same speed, however, in general, the
KKT residual alone is not enough to conclude how to choose these sequences. In the Introduction of [10], an
example is shown where the KKT residual is driven to zero far from the solution. It then proceeds to consider
a redundant (for equality constraints) first-order complementarity condition, which would read as Az?/2 = 0
in our example, which suggests that one must build the sequences in such a way that A\p2?/2 — 0. In general,
this introduces additional information on the problem. In our example, this information would read as {|Ag|}
should go to infinity slower than {1/z7}.

If we now consider the second-order information, the classical second-order optimality condition at the
solution z* would state that for an (inexisting) Lagrange multiplier A, the Hessian matrix A should be positive
semidefinite over the subspace S, := {d € R | d"z = 0}. At z := z*, this states that A > 0, since S, = R,
but at x # z*, the second order information vanishes, given that S, = {0}. We will show that, in this case,
the second-order information can be recast by the introduction of a so-called tangent multiplier 8 > 0 such that
A+ 6022 > 0. In particular, the sequential second-order optimality condition from [5] states the existence of a
primal-dual sequence {(zj, Ax)} such that the KKT residual converges to zero and lim inf(\¥ + 0,22) > 0 with
some 6 > 0. However, without a control on how fast the sequence {6} is allowed to grow to infinity, this
second-order information is meaningless when xj # 0, namely, it is sufficient to take {f,z%} going to infinity
as fast as {|\g|} in order to satisfy it, independently of the primal-dual sequence {(zy, Ax)}. For the second-
order information to be meaningful, we introduce a second-order complementarity with respect to the tangent
multipliers that in this case says that Hkx% /4 — 0, which limits the growth of the tangent multiplier {6} to
be slower than {1/z}}. In other words, {6527} must be slower than {1/z%}. Since first-order complementarity
gives that {|\x|} is also slower than {1/z7}, we have more chances of avoiding the critical case where the
second-order information is meaningless.

This paper is organized as follows: In Section 2 we present our new optimality condition, while also gen-
eralizing previous results by considering strictly feasible sequences. In Section 3 we prove that an augmented
Lagrangian and an interior point method generate sequences that fulfill our optimality condition. In Section 4
we measure the strength of our optimality condition by introducing a companion minimal constraint qualifica-
tion that makes our optimality condition equivalent to the classical one. This gives global convergence results
under a weaker assumption. Finally, Section 5 presents some conclusions.

Notation: Given a finite set £ with cardinality |€|, we denote 6;,i € € the coordinates of a vector § € RI¢I.
Given functions h; : R® — R,i € £, we denote Vh;(z) and V2h;(x), for € R™, the gradient and Hessian matrix
of hi(z), respectively, for i € £. Given a subset E C &, we denote by hp the function hg : R* — RIZl with
coordinate functions h;,i € E. By Vhg(x) we denote the n x |E| gradient matrix with columns Vh;(z),i € E.
When E := &, we denote h := hg and Vh := Vhg. We denote by Sym(n) the set of real n x n matrices and
Amin (P) the smallest eigenvalue of P € Sym(n). We also use the notation P > @ to denote that the symmetric
matrix P — @ is positive semidefinite. Finally, we denote I the n x n identity matrix and || - || the euclidean
norm.



2 Optimality condition
Let us consider the smooth nonlinear optimization problem:

Minimize  f(x),
subject to  hi(z) =0,i € £, (1)
ci(z) >0,i€S,

where £,7 and S are distinct finite sets and all functions are twice continuously differentiable from R™ to R.
The reason for having two sets of inequalities is that we will assume the existence of a sufficient interior for the
constraints ¢;(z) > 0,4 € S, which is relevant only for implications on the global convergence of interior point
methods.

We denote by €2 the feasible set. For any fixed x* € €, we denote by Z,~ the subset of indexes i € Z such
that g;(x*) = 0 and by S~ the subset of indexes i € S such that ¢;(x*) = 0. The index set of active constraints
at 2* € Qis EUZLyx USy.

For fixed (\, p1,5) € RIEI x le‘ X lel, we denote the Lagrangian function by = — L(z, A\, p, s) = f(x) +
(h(x), \)+{g(x), u)—{c(x), s), with VL(x, \, 1, s) and V2L(x, \, i, s) being its gradient and Hessian, respectively.
When £, T or S is (), we omit the corresponding argument of L and its derivatives.

For the moment, let us consider for the ease of exposition that S = (). Under any constraint qualification a
local minimizer «* satisfies the Karush-Kuhn-Tucker (KKT) conditions, that is, there exist Lagrange multipliers

(A, p*) € RIENx Rfl such that

h(z*) = 0,9(z") <0, (2)
VL(z", A", p") =0, (3)
i gi(z*) =0 for all i € 7. 4)

In a first-order algorithm, in order to try to find a local solution, one may aim at driving the KKT residual
defined below to zero, by controlling the primal-dual variables (z, A, p), 1 > 0:

R(z, A, p) := max{[|h(x)|| + || max{0, g()}|, I VL(z, X, i), Y lpagi(@)[}-
=

In [10], it is suggested considering the redundant condition Afh;(z*) = 0,i € £ in the definition of a
KKT point and hence, also driving the quantity ), . |\;hi(x)| to zero together with R(x, A, u). This can
be understood in the following way: Since one does not know, a priori, if a solution of the problem under
consideration is a KKT point, or, if the problem is regular enough in order for Lagrange multipliers to be
bounded at the considered solution, driving the KKT residual to zero may drive the primal variable x to a
local solution z*, but some dual variable A;,i € £ or p;,i € Z may be driven to £oo. Ensuring also that
Aihi(xz) — 0 introduces a bound on the growth of the Lagrange multiplier approximation, in the sense that
|A;| should grow slower than m The same reasoning apply in favor of measuring inequality constraints
complementarity (4) by driving ), [u:gi(x)| to zero, rather than by driving >, ;[ min{u;, —gi(z)}| to zero
(this is associated with the optimality condition AKKT, see [4] and [10]). Although this previous form accurately
detects that Lagrange multipliers associated with an inactive constraint ¢ € Z\Z,+ must be driven to zero, it
does not impose any limitation on the growth of the Lagrange multiplier approximation associated with an
active constraint ¢ € Z,-. The interesting property is that this controlled reduction of the KKT residual by
means of driving R(z, A, ) or C(z, A, 1) := max{R(x, \, ), > ;¢ |[Aihi(w)|} to zero can always be done around
a local solution x*, even if it has an unbounded set of Lagrange multipliers, or if * is not a KKT point at
all. In particular, many algorithms (see [6]) are such that the primal-dual sequence {(z*, \* 1*)} generated
is such that max{[|[VL(z"* A\*, %), >, c7 | min{u¥, —g;(z*)}|} — 0T for any subsequence of {2*} converging
to a feasible point. In [10], it is proved that an Augmented Lagrangian, under a mild additional smoothness
assumption, is such that C(z*, \¥, u*) — 07 in a subsequence where z* converges to a feasible point.

The main purpose of this paper is to propose a generalization of these ideas to the second-order case. Under
some more specific constraint qualifications (see [11] for a discussion), it can be proved that a local solution z*



is such that there exist Lagrange multipliers (\*, u*) € RI€l x Rfl such that (2)-(4) hold and
d"V2L(x*, \*, 11*)d > 0, for all d € S(x*), (5)

where S(z*) := {d € R" | Vh(2*)"d = 0,Vgz,. (2*)"d = 0} is the so-called critical subspace (or weak critical
cone). A point z* is said to satisfy the Weak Second-order Optimality Condition (WSOC) if (2)-(5) hold for
some Lagrange multiplier.

Under a different set of constraint qualifications, condition (5) can be strengthened to a larger set C(z*)
(the critical cone) containing the subspace S(z*). This is relevant given that condition (5) replacing S(x*) by
C(z*)\{0} and the inequality > 0 by the strict inequality > 0 is sufficient for z* to be a strict local minimizer.
Even stronger sufficient and necessary results (under MFCQ alone) can be derived by considering the possibility
of verifying the inequality in (5) with different Lagrange multipliers for different directions d € C(z*), or
also, without constraint qualifications at all by considering Fritz-John multipliers. See, for instance, [18] for
details. We focus our attention on the weaker second-order notion (5) given that this is the optimality condition
associated with global convergence of second-order algorithms. In fact, we are not aware of any algorithm with
a global convergence theory based on a second-order optimality condition defined in terms of the critical cone
C(z*). The discussion in [28] suggests that probably such algorithms do not exist. Also, the stopping criterion
of a second-order algorithm is, most of the times, based on checking the approximate fulfillment of (5) (see
[5, 16]), which can be done in the case of a subspace, but turns out to be NP-hard for a pointed cone. See
[11] and the references therein for a more detailed discussion on different second-order optimality conditions
and their consequences to global convergence analysis, which is our main goal. We note also that a point that
merely satisfies WSOC can be the goal in some important machine and statistical learning problems ([34]).

Let us start by motivating our results with the following characterization of WSOC:

Proposition 2.1. Let (z*,\*, u*) € R® x RI€I x R‘fl. Define Q(0) := V2L(z*, \*, u*) + 0(Vh(z*)Vh(z*)T +
Vyz,. (z*)Vyz,. (z7)").

a) Condition (5) holds if, and only if 1eiminf Amin(Q(0)) > 0.
— 400

b) There is a finite 0 > 0 such that A\pin(Q(0)) > 0 if, and only if, condition (5) holds and there is no
0 # d € S(z*) such that d"V2L(z*,\*, p*)d = 0.

Proof: Let us prove a). Assume that lim inf )\mm(Q(G)) > 0 and let d € S(z*). Then, there exists a

sequence {0} — +o0o such that Apip (Q(Gk)) > —1L Forallk,d=df+ -+ dt where {dF}?_, are orthogonal
eigenvectors of Q(6x) or zero. Hence, for all k,
- 1
d"VPL(2*, X", p*)d = d"Q(0k)d > Amin (Q(0k)) Y _(dF)Td} > E||d||2.
i=1

Taking the limit k — +o0 gives d*V2L(z*, \*, u*)d > 0.
Conversely, let (5) hold and assume gm inf Appin (Q(6)) < 0. Then, there is some ¢ > 0 and a sequence
—+o0

{6k} — 400 such that A\pin(Q(0%)) < —e. Let dg, ||dk|| = 1, be an eigenvector of Q(fy) associated with the
smallest eigenvalue. Hence, di.Q(0x)dr = A\nin(Q(01)) < —¢, that is

dEV2L(a* A )L+ 0|V h(a* Vi |2 + [ Vgz,. (o) del|?) < —. (6)

Let us consider a subsequence such that dy — d, ||d|| = 1. From (6), taking k& — 400 and thus 0, — 400, we
must have d € S(z*), which from the assumption implies d"V2L(z*, \*, u*)d > 0. This gives a contradiction
with (6). The proof of b) is similar and well known. O

Note that the additional condition imposed in b) is implied by the so-called noncriticality ([32]). Loosely
speaking, we can say that condition (5) can be equivalently stated as the matrix

Q(O.n) = V2L(a", X, ") + Y _ 0,V (" V4D miVgi(a*) Vi)

i€ i€



being positive semidefinite possibly with “0; = +00” for i € £, “n; = +00” for i € Z,» and 1; = 0 for i € T\Z,~.
We call (0,7) the tangent multipliers and we will develop a second-order complementarity measure for controlling
the growth of these parameters in a similar way as CAKKT controls Lagrange multipliers.

Let us now consider problem (1) including the additional set of inequality constraint ¢;(z) > 0,i € S and
let us specify our additional assumption with respect to these constraints.

Assumption 2.1. (Sufficient interior property) We will assume that for all local solutions x* € ), there exists
a feasible sequence {z*} C Q with 2* — x* and c(2*) > 0, V/.

Assumption 2.1 is a typical necessary assumption associated with the application of a feasible interior point
method. Let us now present our general second-order optimality condition for problem (1).

Theorem 2.1. Under Assumption 2.1, let * € Q be a local solution of (1). Then, there exist a sequence

of approzimate (primal) solutions {z*¥} C R™ with ¥ — z*, a sequence of approzimate Lagrange multipliers
1€
X

{(NF, 1%, s%)) c RIEN x ]le‘ X R‘fl and a sequence of approzimate tangent multipliers {(0%,n*, v*)} C RY
R‘fl X lel such that:
i) VL(a*,\*, ¥, s%) = 0 and ||h(1‘k)|| + [ max{0, g(a*)}| — 0%,
ii) %gl_il_{.lf Amin(Qr) = 0, where Qg := V2L(z® N, 1F | sF) 437, ¢ 0¥V hi (2F)Vhi(a*) + 3, 7 nFV gi (2F) Vg (%) T+
Yies vEVe;(a*)Vei(zh)T,
), hi(ack))Jf — 0,5 € & gi(x*)uk — 0,i € T and c;(a)sF — 0,i € S,
i) hi(z%)20F — 0,i € € g:(2%)*nF — 0,i € T and c;(a*)?vF = 0,i € S,
v) for all k, c(z*) > 0.
Proof: Let 2* be a local solution of (1) and § > 0 small enough. Consider the regularized problem
Minimize  f(z) +

illz =%,

subject to  h;(x) =0,1 €&,
gi(z) <0,i €I, (7)
c(x) >0,i€S,

Clearly, z* is the unique global minimizer of (7). Let {pr} — +oc and {rr} — 0 be arbitrary sequences. For

all k, consider the problem
Minimize  pg(z),
subject to  ¢;(x) > 0,i € S, (8)
lz = 2*|* < 4,

where i (z) = f(z) + Flz — z*||* + 2 (|[h(2)[]* + || max{0, g(x)}?) — 7% >_;eslog(ci(x)). It is well known
that under Assumption 2.1, a global solution z* of (8) is well defined for all k and % — 2* ([4] and [26]).
Let 2% be the sequence given by Assumption 2.1 around z*. Hence, for all k£ and ¢ large enough, we have

p(a®) < pr(2) = F(2) + 1120 — " [[* = ri 3, log(ei (1)), hence,

Pk
3 Az I + | max{0, g(«")}|?) — i Y log(ei(z"
i€S

1 * 1 *
PG = F@F) + 4l =t = et = 2|t = > log(ci(z"))
=5
Since £ is independent from k, for each k large enough, let us fix £ := ¢j with ¢, — +00 as k — +o00 such that
=Y iesloglci(z)) < \/% This can be done by possibly taking non-distinct £, until the right hand side is
large enough. Taking the limit k& — +o0o we have

prhi(x%)? — 0% for all i € T, pp max{0, g;(z*)}? — 0% for all i € Z, (9)
i log(c;(z%)) — 0 for all i € S.



Now, for k large enough, z* is an unconstrained local minimizer of ¢y, hence, Vo (2*) = 0, that is,

V@b) + (2" —a)|a* — ¥ + X ice prhi(a®) Vhi(2*)+

5 ez o max{0, g, ()} Vg, (a*) = 3y s e Ves(ak) = 0. (10)
Also, by [9, Lemma 3.2], the following matrix is positive semidefinite:
V2f(2b) + Z prhi(x®)V2h; (") + Z pr max{0, g;(2")}V2g;(z")
ic€ i€T
P> g Ve + 2 TR ()il (1)

+ Z Pk Vi () Vg ()T + Z LVci(:ﬂk)Vq(mk)T

i:gi(zF)>0 i€S ci(ak)?
+2(2* — 2*)(z* — 2*)T 4 ||2F — 2|21
Let us define for all k, \¥ := pyh;(z%) and 6F := p;, for all i € &, ¥ := prg:(z*) and n¥ := py for all i € T such
that g;(z*) > 0 and pf := 0,7F := 0 if g;(2¥) < 0. Finally, define s¥ := Ciz;k) and vF = 6&7’1)2 for allz € S.
Thus, (9), (10) and the positive semidefiniteness of (11) together with z* — x* € Q, ¢(z*) > 0 gives i)-v). O
Remark 1. Note that we have in fact proved that log(c;(z*))c;(2%)s¥ — 0 and log(c;(x%))ci(x*)?vF — 0,i € S

but we have omitted the log term in the definition of the optimality condition since this does not seem to hold
at sequences generated by the algorithms we analyse.

Condition #44) implies that if g;(z*) < 0, then the corresponding Lagrange multiplier approximation ,ui? — 0,
and hence, by the continuity of the gradient Vg;(x*) and the Hessian V2g;(x*), one can replace uf by zero, for
k large enough, without altering the other properties. Similarly with s*. Hence, iii) implies

iii)” for all i € T, uk = 0 if g;(z*) < 0 and for all i € S, s¥ = 0 if ¢;(z*) > 0.
Similarly, due to the continuity of the gradients at z*, iv) implies
i)’ for all i € Z,nF = 0 if g;(2*) < 0 and for all i € S,v* = 0 if ¢;(z*) > 0.
Definition 2.1. Let 2* € Q and a sequence {(z*, \¥, ¥, s*, 0% n¥ %)} € R™ x RIEI x RL_I‘ X ]lel X ]R‘f‘ X RE‘ X
R‘fl with 2% — z*.
e If i), iii)’, v) hold, then x* is called an Approximate-KKT (AKKT) point ([4]).
o If §), ii), iii)’, v)’, v) hold, then x* is called a Second-Order Approximate-KKT (AKKT2) point ([5]).
e If i), iii), v) hold, then x* is called a Complementarity-Approximate-KKT (CAKKT) point ([10]).
o If4), 4i), iii), w), v) hold, then z* is called a Second-Order Complementarity-Approximate-KKT (CAKKT2)
point.

We will also name the sequence according to the property of x*. For instance, if z* satisfies CAKKT?2, then the
sequence will be called a CAKKT?2 sequence. Also, {z*} will be referred as the primal sequence, {(\F, u*, s*)}
as the dual sequence/Lagrange multipliers and {(6%,7%, %)} as the tangent sequence/multipliers.

Note that if x* satisfies any one of the definitions in Definition 2.1, then Assumption 2.1 holds (around
x*). When § = () this assumption holds vacuously, and we recover the classic definitions from [4, 5, 10]. The
proof that i) and #7)” hold (an AKKT point with S := }) was implicitly done in [12]. See also [4], where i),
iii)” and v) was proved. Conditions i), ), 4i)” and )’ (an AKKT2 point with S := ) were proven in [5].
Conditions i) together with the stronger complementarity measure 1) (a CAKKT point with S := () were
proven in [10]. Theorem 2.1 proves that i)-v) (what we call a CAKKT?2 point) can be satisfied simultaneously
by the same set of sequences. In particular, it gives a second-order version of the optimality condition from
[10], including a new strong complementarity measure iv) also for the approximate tangent multipliers, while



also proving condition v) (interiority) for the constraints fulfilling the sufficient interior property (Assumption
2.1), in a similar fashion as [4]. Note that Theorem 2.1 also extends the definitions of AKKT2 and CAKKT to
consider v) under Assumption 2.1.

The main contribution of Theorem 2.1 is the inclusion of the complementarity measure iv) for the approx-
imate tangent multipliers, stronger than iv)’. Note that iv) and )’ impose the same requirement for tangent
multipliers associated with inactive constraints (Z\Z,~) U (S\Sz+), that is, for k large enough, they must be
zero, or replaceable by zero, but for the active constraints £ UZ,« US,«, where tangent multipliers are expected
to go to +o0, iv)’ allows for arbitrarily fast divergence of tangent multipliers with respect to the other param-
eters, while 7v) requires the growth of tangent multipliers to be slower than the square of the reciprocal of the

constraint value, that is, % = o (m) forie & nf=o0 (ﬁ) for i € Z,- and vf =0 (ﬁ) 11 € Sgn.
Theorem 2.1 immediately suggests the following stopping criterion for algorithms that generate CAKKT2
sequences:

o [[7(z*)]| + [ max{0, g(z*) }|| < eseas (feasibility),

o |[VL(z* N}, P, sF)|| < eope1 (first-order optimality),

® Nnin (Qr(zF, NP pF % 0F nF vF)) > —e, 0 (second-order optimality),

o e (@) AF] + 30 o7 1gi (2P k| 4+ D0 e s ci(a®)s¥ < ccompr (first-order complementarity),

o > ice hi(a®)20F + 3 7 gi(@F)nE + 3, cs ci(a®)?vF < ecompe (second-order complementarity),

for tolerances € feqs > 0,€0pt1 > 0, €0pt2 > 0, €compr > 0 and €comp2 > 0. In the case of an AKKT?2 sequence,
a stopping criterion based on a perturbation of the critical subspace can be developed. See [16].
The following example shows that CAKKT?2 is strictly stronger than AKKT2 and CAKKT together.

Example 2.1. Consider the problem

Minimize  f(x1,x2) := o — €2,
subject to  h(x1,z2) =21 =0,
g1 (1, 22) := 23 <0,
g2(x1,2) 1= 216" <0,

at the feasible point z* := (0,0) and let us take the sequences z¥ := %,xlg = 0,\F =0, b := 0,5 == 0 for
k > 1. Clearly, this sequence attests that x* satisfies CAKKT. To prove that this sequence also attests that
AKKT?2 holds, let us look at the matrix of second derivatives Qg (2%, A\¥, u*, 0%, n*), given by

Qu() = [ O2THE+ O H ()’ Fgern piers it
pse™ +nyke’s: —e" + pirie” +njy(ay)%e?

For 0% := k>, n¥ := 0,15 := k3 we have

kS + k> k2
k \kE k gk k\ _
Qk(vavﬂvgan)_< k‘2 —1+k‘ )

which is positive definite for k¥ > 1, hence, AKKT2 holds. Note that the stringent criterion v) does not hold
for this sequence. In fact, let us prove that 2* is not a CAKKT?2 point. From iv), any CAKKT?2 sequence must
be such that n%(z%)2e2* — 0, while iii) gives p5azke™ — 0. Hence the bottom-right element of the matrix
converges to —1. This shows that lklg-il-g Amin(Qk) < 0, hence CAKKT?2 fails.

This example shows that an algorithm may generate a sequence converging to a non-minimizer where the
AKKT2 and CAKKT stopping criteria are satisfied, but CAKKT?2 fails. This suggests that a second-order
algorithm should include the more stringent stopping criterion associated with CAKKT?2 to rule out as much
as possible the possibility of declaring convergence to a non-solution.



Theorem 2.1 states that, in theory, around a local minimizer, one is always able to drive the second-order
stationarity residual to zero while controlling the size of Lagrange multipliers i) and tangent multipliers iv).
In the next section we prove that this can be done in practice by Augmented Lagrangian and Interior Point
Methods.

We end this section by commenting that CAKKT2 does not give rise to a sufficient optimality condition.
The reason is that it does not completely avoid the choice of a tangent multiplier that ignores the second-order
information, in the sense that it can still go to infinity too fast. A counter-example would be the problem of
minimizing 1 + x5 subject to 22z, = 0 at x* := (0, 0) with sequences z* := (1/k, 1/(2k)), \¥ := —k2, 0% := 2k,
where CAKKT2 holds with the matrix @ being positive definite for all k. In fact, it was not expected that
CAKKT?2 would give rise to a sufficient optimality condition, given that it is based on the critical subspace
S(z*), and not the critical cone C(z*), but the example shows that this is not the case even when these sets
coincide.

3 Algorithms satisfying the optimality condition

In the recent years, many algorithms with second-order global convergence properties have been developed for
several classes of constrained optimization. See, for instance, [25, 38, 37, 36, 13, 3, 27, 35, 24, 21, 23], and many
others. Recently, [5] has shown that it is expected that many different second-order algorithms generate AKKT2
sequences. In particular, it has been shown that trust region ([24]), augmented Lagrangian ([3]) and regularized
sequential quadratic programming ([27]) generate AKKT2 sequences. For first-order algorithms, [10] shows that
the general lower-level augmented Lagrangian ([2]) generate CAKKT sequences. The same holds true for the
regularized sequential quadratic programming (see the Discussion at the end of Section 3 in [27]). Our proof of
Theorem 2.1 suggests that first-order interior point methods would also generate CAKKT sequences. Indeed,
to show this, we consider the first-order quasi-feasible interior point method from [20]. We consider a general
nonlinear objective function f and inequality constraints ¢(z) > 0 conforming to Assumption 2.1. It is sufficient
to note that [20, Equations (2.7) and (3.13)] ensures that CAKKT holds. See also [6, Equation (5.17)].

In this section we will show that, at least second-order variants of augmented Lagrangian and interior point
methods are expected to fulfill the stronger second-order optimality condition CAKKT2. This is essentially due
to the way constraints are penalized in those methods.

We start by showing that augmented Lagrangian methods satisfy our optimality condition under an addi-
tional smoothness assumption.

Let us consider S := ) and let us consider an augmented Lagrangian method for solving problem (1). For
fixed Lagrange multipliers approximations (A, u) € RIEl x le‘ and penalty parameter p > 0, let us define the

augmented Lagrangian function R™ 3 x +— L,(x, A\, ) as
2 2
+ Hmax {O,g(x) + M} ) .
p

The algorithm consists of approximately minimizing the augmented Lagrangian function at each iteration and
updating the Lagrange multipliers and penalty parameter accordingly. See [14] for details. The gradient of L,
with respect to x is given by VL, (x, A, 1) = V f(2)+)_,ce(Ni+phi(x))Vhi(2)+> ;.7 max{0, u;+pgi(x) } Vgi (),
and the matrix below plays a role of its Hessian matrix:

Ly(@, ) = f(2) + £ <Hh(x) T %

V2L,(z, A\ p) = VAf(z)+ Z(Ai + phi(x))V2hi(x) + Z max{0, pu + pgi ()} V2 gi(x)
€€ 1€L
+> " pVhi(z)Vhi(z)" + > Vi (2)Vgi(z)T.

€€ €L ;i +pgi(x)>0

Algorithm 3.1. (Second-order Augmented Lagrangian ([9]))
Step 0 (Initialization): Set parameters Amin < Amaz, tmaz > 0, ¥ > 1, 7 € [0,1) and an iteration counter

k:=1. Choose initial approzimations z° € R™, \! € RI®l| ' e R‘fl, and an initial penalty parameter p; > 0.



Set VO :=max{0, g(z°)} and a sequence of subproblem tolerances {ex} — 07.
Step 1 (Solve subproblem): Find x* € R™ such that

HvLm« (xka S\kvﬂk)” < €k
Amin (V2L (2% NF @7)) > —¢y..

Step 2 (Estimate multipliers): Define \* := A\ + pph(2¥) and p* = max{0, i* + prg(«*)}. Compute
Nt e RIEN gnd pht! le‘ on the safequarded boxes Xf“ € Mmins Amaz),? € € and ﬂf“ € [0, maz),t € Z.
(Typically, these are computed as the projections of \¥ and u* on the corresponding safequarded bozes.)

Step 3 (Update penalty parameter): Set V* := max {g(xk), 7’3—:}.

If max{||h(z*)]| oo |[V*|loo } < 7max{||A(z* )| lco, V¥ oo}, then define pri1 > pi. Otherwise, define pji1 >
YPk-

Step 4 Set k:=k+ 1 and go to Step 1.

To prove that Algorithm 3.1 generates CAKKT?2 sequences, we will need the following smoothness assump-
tion:

Assumption 3.1. Any feasible limit point x* € Q of Algorithm 3.1 satisfies the Generalized Lojasiewicz in-
equality below:

There exist 6 > 0 and a function ¢ : B(xz*,8) = R with p(x) — 0 as © — =* such that for all x € B(x*,)),
|[@(2) — (2%)] < @(2)[|VE(2)|, where ®(z) := ||h(z)]|* + || max{0, g(=) }*.

The Generalized Lojasiewicz inequality holds, for instance, when all functions h;,7 € £ and g¢;,7 € Z are
analytic, see [10]. For example, since ®(z*) = 0 at a feasible z*, it is easy to see that for polynomial functions h;
and g;, we have % — 0 as ¢ — ¥, implying that the condition holds. Much weaker smoothness conditions
also imply Assumption 3.1, see [17] and [33].

Theorem 3.1. Let x* € Q be a feasible limit point of a sequence {x*} generated by Algorithm 3.1 such that
Assumption 3.1 holds. Then x* satisfies CAKKT2.

Proof: By the definition of A¥ and u* from Step 2, the definition of the augmented Lagrangian function,
and the resolution of the subproblems, we have |V L(z*, \¢, uF)|| < e and Apnin(Qr) > —é, with

VL(®, NF, b)) = V(%) + 3T + piha(2") Vi (%) + Y~ max{0, if + pgi(a*)} Vgi ()
€€ €L

and

Qr = V2" + Z(Xf + phi(z*))V2h; (2%) + Z max{0, if + prgi(z*)}V2g;(z*)
ice ieT
+ > peVhi(a*)Vhi(2")" + > PV gi(z*)Vgi(z")".

ic€ i€Z:if +prgi (z*)>0

Defining 0% := py,i € € and nF = py if @¥ + prgi(z¥) > 0 and ¥ := 0 otherwise, we have that i) and i) in
the definition of CAKKT?2 holds. If g;(z*) < 0 we have two cases: If p, — +oo, since {f*} is bounded, we
have ji¥ + prgi(2*) < 0 for all k sufficiently large. If {pz} is bounded, Step 3 of the Algorithm implies that

Pk = pr, for k large enough and V* — 0. In particular, pﬁTk — 0%, thus, fi¥ + prgi(2¥) < 0 for all k sufficiently
0

large. Hence, from both cases, the definition of u* and n* gives u¥ = 0 and n¥ = 0 for k large enough, which
implies ;¥ g;(z*) = 0 and ¥ g;(2*)? = 0 for k large enough (this gives, in particular, i)’ and iv)’ of the AKKT?2
definition). To prove the stronger conditions ii7) and iv), let us look at the set of active constraints £ U Z-.
When {p} is bounded we have by definition that {\*}, {u*},{6*} and {v*} are all bounded sequences, hence
i11) and 4v) hold. Assume p; — +o00.

Noting that {VL(x*, \¥, u*)} is bounded, we can follow the proof of [10, Theorem 5.1] to see that under the
Generalized Lojasiewicz inequality, we have pgph;(z¥)? — 0,i € £ and pp max{0, g;(z*)}*> — 0,i € T.



Hence, for i € &€, by the boundedness of {\*} we have AFh;(z*) = (\F + prhi(2%))hi(2*) — 0. Similarly, by
the boundedness of {fi*}, for i € T,

0 < ub mas{0, gy (a*)} = max{0, 7 + prgs(s*)} max{0, gs(x*)}
< (ﬂf + Pk maX{O,gi(ack)}) maX{O,gi(xk)} — 0.

Now, if g;(z¥) > 0 for all k sufficiently large, we have 1¥g;(2*) — 0, otherwise, we can take a subsequence
such that p¥ := max{0, i¥ + prg;(z*)} < ¥ and {uF} is bounded, which implies u¥g;(z*) — 0 and iii) holds.

To prove i), for i € &, we have 0Fh;(z%)? = pph;(z¥)? — 0. Now let i € Z,-. By the definition of n¥, if
there is an infinite subsequence such that ji¥ + pp.g;(2*) < 0, we have n¥ = 0 and we can take the limit for this
subsequence to get 7¥g;(z%)? — 0. Otherwise, ji¥ + prgi(z*) > 0 and n¥ = pj. for all sufficiently large k. Hence,
nF max{0, g;(2¥)}? = pr max{0, g;(*)}?> — 0 and the result holds if g;(z*) > 0 for all k sufficiently large.

Finally, assume that there is a subsequence such that g;(z*) < 0 for all k in this subsequence. Since
BF + prgi(z¥) > 0, we have |prg:(z*)| < ¥ and {prg;(z*)} is bounded, which implies n¥g;(z*)? — 0. O

Without Assumption 3.1, condition #i) may fail. See [10].

We mention that even though an approximate second-order stationary point is not guaranteed to be found
at Step 3 in most well-known implementations of augmented Lagrangians such as the ones in [22] and [2],
computational heuristics are included in the subproblem solver in such a way that second-order stationary points
are usually found. A rigorous implementation of Algorithm 3.1 can be found in [3]. See also the discussion in
[16], where more general augmented Lagrangian methods are shown to generate CAKKT2 sequences.

The natural case where our optimality condition is satisfied is in the relm of interior point methods due to the
way first-order complementarity is treated in the definition of the central path. We will show that second-order
complementarity is also fulfilled.

Let us consider the problem

Minimize  f(z),
subject to x>0,

where f is smooth, and let us show that the interior-point trust-region algorithm from [13] is such that
tangent multipliers can be defined such that second-order complementarity holds (Theorem 2.1, item iv)). The
same holds true for the classical affine scaling method from [39, 40] when f is a possibly non-convex quadratic
function under linear constraints.

Given a sequence of tolerances {¢} — 07 and 2% > 0, the next iterate z**! := ¥ + X;d > 0 is built by
computing the global minimizer d of the following ball-constrained quadratic programming:

Minimize %dTXkVQf(xk)Xder (XY f(2™)Td, s.t. ||d| < Bex,

for some fixed 0 < 8 < i, where X is the diagonal matrix defined by z*. An efficient procedure for computing
d is given in [39, 40]. In [13, Theorem 2] it was proved that for k sufficiently large, it holds that

My, := XEV2 f(2*) X% + T = 0.

Since X* is positive definite by construction, we have that (X*)=2Mj, = 0, where (X*)72M,, = V2f(2F) +
ep(XF)72 = V2f(ab) + X1, (;T’“)zeief, with e; being the i-th canonical vector, ¢ = 1,...,n. Defining the

tangent multipliers to be v/F := ¢ /(z¥)%,i = 1,...,n, we have that second-order complementarity holds given
that ¢(z) := x. For more general interior point methods generating CAKKT?2 sequences, see [31].

We note that the validity of CAKKT?2, in contrast with AKKT2, is essentially due to the way constraints
are penalized in augmented Lagrangian and interior point methods. To complete this discussion, we will show
that when an active-set strategy is employed, CAKKT?2 is not expected to hold. Consider the problem

Minimize  f(x),
subject to  h;(z) =0,i €&,
x>0,



that is, ¢(z) := z and Z := () in (1). We will show that the regularized sequential quadratic programming
from [27] and the active-set method for box-constraints (£ := ) from [3] are not expected to generate CAKKT?2
sequences, even though both methods generate AKKT?2 sequences. To simpifly the exposition we consider only
the case £ := (), but the argument generalizes easily to the more general case. In both methods, let {ex} — 0T
be a given sequence of tolerances. A primal sequence {z*} is generated in such a way that the second-order
condition is imposed by ensuring that the least eigenvalue of the matrix Hj is at least —ei, where Hy is a
matrix obtained from V2 f(2*) associated with the ei-free variables, that is, Hy is obtained from V2 f(z*) by
removing its i-th row and i-th column whenever ¥ < e;. In other words, it holds that d*V?2 f(2*)d > —ey| d||?
for all d such that eld = 0,3 : xf < &k, where e; = Vci(a:k) is the i-th canonical vector. In this case, it can be
seen that the critical subspace is dealt explicitly by the algorithm, in such a way that tangent multipliers can
be obtained only by means of Proposition 2.1, where there is no indication that second-order complementarity
(Theorem 2.1, item iv)) would hold.

Finally, we note that checking that an algorithm satisfies our optimality condition, or its weaker variants,
is usually easier than checking directly that it satisfies KKT or WSOC on its limit points under a suitable
constraint qualification, since we can deal explicitly with the actual sequences generated by the algorithm
without the need to bound the dual variables in order to take limits. Depending on which optimality condition
is verified, a companion minimal constraint qualification is available (see the next section) such that KKT or
WSOC is guaranteed to hold.

We end this section by noting the connection of our optimality condition with results on the iteration
complexity for achieving a second-order stationary point perturbed by € > 0, even when only linear constraints
are considered. See, for instance, [13]. Usually, the introduction of such perturbations are motivated only by
the fact that usual second-order stationarity is recovered when € := 0. Our result suggests a way to formulate
such perturbed conditions in such a way that complexity results are meaningful with respect to optimality.

For the connection of CAKKT2 with complexity analysis and more general interior point methods, we refer
the reader to [31].

4 Strength of the optimality condition

It is clear that CAKKT?2 implies the second-order optimality condition AKKT2 ([5]) and the first-order opti-
mality condition CAKKT ([10]). In order to measure the strength of CAKKT?2, let us review previous results
about the strength of CAKKT and AKKT?2.

We begin this discussion by considering & = @) in (1). Under a constraint qualification, KK'T conditions hold
at a local minimizer. In other words, different constraint qualifications (CQ) gives rise to different optimality
conditions of the form:

KKT or not-CQ. (12)

The weaker the CQ, the stronger the optimality condition (12) is. It has been proved that AKKT is strictly
stronger than (12), with CQ replaced by MFCQ, (R)CRCQ, (R)CPLD, CRSC or CPG. See [6] and references
therein. Or the even weaker one CCP (AKKT-regularity) from [7]. Since CAKKT implies AKKT, we also
have that CAKKT implies (12) for these CQs. Recently, an even weaker constraint qualification that precisely
characterizes the strength of CAKKT has been defined in [8] under the name of CAKKT-regularity. In order
to define it, we will consider the notion of outer semicontinuity of set-valued mappings.

Given a set-valued mapping F : R® = R? with R®* > o + F(z) C R? and a set D C R®, the sequential
Painlevé-Kuratowski outer limit over D of F(z) as z — z* is given by:

lim sup F(z) = w* € RY: 2k — 2% wF — w* for some {(2*, w¥)}
D92_>ZB T with w* € F(zF),w* € D for all k ’

and F(z) is said to be outer semicontinuous at z* over D if limsup F(z) C F(z*). When D := R*, the set D is
D>z—z*
omitted from the notation.

Definition 4.1 ([8]). We say that z* € Q satisfies CAKKT-regularity if the set-valued mapping R"™ x R} >
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(z,7) — KY(x,r) is outer semicontinuous at (z*,0), where

Z)\ZVhZ(!L') + Z /MVgi(CC) : Zi€5 |)\zhl(m)| + Zielw*

KCx,r):={ ice IE€T

pigi(x)] <,
|
(A, p) € RIENX RY

The following theorem states that the constraint qualification CAKKT-regularity is the weakest constraint
qualification such that the optimality condition (12) is implied by CAKKT.

Theorem 4.1 ([8]). A feasible point x* € Q satisfies CAKK T-regularity if, and only if, for every continuously
differentiable objective function f such that x* is CAKKT, x* is also a KKT point.

Similarly, under some constraint qualifications (CQ2), the following second-order optimality condition holds:
WSOC or not-CQ2. (13)

It has been proved in [5] that AKKT?2 is strictly stronger than (13) with CQ2 replaced by MFCQ+WCR or
(R)CRCQ. See [5] and references therein for details. In particular, global convergence to a second-order sta-
tionary point of several algorithms has been proved even when the solution has an unbounded set of Lagrange
multipliers (that is, without MFCQ). Also, since linear constraints imply (R)CRCQ), the results from [5] imply
that second-order nonlinear solvers can find second-order stationary points in the case of linear constraints with-
out removing redundancies introduced by linear dependent constraints. An even weaker constraint qualification
is introduced in [5] that exactly measures the strength of AKKT2, that we define below:

Definition 4.2 ([5]). We say that z* € Q satisfies the second-order cone continuity property (CCP2, or
AKKT2-regularity) if the set-valued mapping R™ 35 2 — Ks(x) is outer semicontinuous at z*, where

(w,W) € R™ x Sym(n) :
w + Z )\thi(l‘) + Z ngi(x) =0,

€€ P€L,*

Ky(z) == U ) ) : (14)
elellzl [ A LW+ S AiVEhi(z) + Y Vi) | d >0,
;=0 for i¢T = €€ PE€EL *

Vd € S(z,x*)
where S(x,2*) := {d € R" | Vh(z)"d = 0, Vgz,. (x)"d = 0} is the perturbed critical subspace.

Theorem 4.2 ([8]). A feasible point x* € Q satisfies AKKT2-regularity if, and only if, for every twice contin-
wously differentiable objective function f such that z* is AKKTZ2, x* also satisfies WSOC.

Clearly, since CAKKT2 implies AKKT2, CAKKT2 implies (13) with CQ2 replaced by MFCQ+WCR,
(R)CRCQ or AKKT2-regularity. Let us now define a weaker constraint qualification that exactly measures the
strength of CAKKT?2. Let us consider again the additional constraints ¢;(z) > 0,7 € S.

Definition 4.3. We say that z* € 2 satisfies CAKKT2-regularity if the set-valued mapping R" x Ry xRy >
(z,71,72) — K§ (x,r1,73) is outer semicontinuous at z* over D := {(z,71,72) € R” x R, x Ry : ¢(z) > 0},
where

KS (z,1r1,79) = U limsup A(x, \, i, 8,71, 79,0, €), (15)

0— ,e—0+
(M, p,8)ERIEI fo' XR‘f‘ tooe
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with A(z, \, 1, 8,71, 72,0, €) given by

(w,W) € R"™ x Sym(n) :

WD ice MVhi(x) + 327 1iVgi(x) — Y s siVei(z) =0
Yice |Nihi (@) + g [migi(@)] + Xies sici(z) <71,

Yice O0ihi(x)? + ez migi(x)? + X5 vici(x)? <2, and
AR) = § Amin (W Eiee MV2hi(@) + Eier 1:V20i() : (16)
+ Y ies 5iV2¢(x) + 2 ,ce 0:Vhi(z)Vhi(x)T

+>iez miVi(2)Vgi ()T + s Vchi(x)Vci(x)T) > —e,
0> ice i+ Xier i+ Lics Vi

for some (0,n,v) € le‘ X ]le‘ X ]le‘

The following lemma shows that we can recast WSOC in terms of the cone K (z*,0,0).
Lemma 4.1. z* € Q satisfies WSOC if, and only if, (Vf(x*), V2 f(z*)) € KS (z*,0,0).

Proof: Let x* satisfy WSOC. Let (A", u*,s*) be correspondent Lagrange multipliers associated with x*.
From Proposition 2.1, lim inf Ay, (Q(6)) > 0, where
00— +oo

Q) := +Z)\ V2h; Z wiV2gi(x* Z siV2ci(x*) +
i€E 1€L €S,
> 0Vhi(x*)Vhi(z*)" + Y 0Vgi(x*) V(@) + Y 0Ve;(a”)Vei(z*)"
€€ 1€L 1E€ES,*

Thus, for €, := f, there exists a sequence {0} — 400 With Apin (Q(0k)) > —ex, hence, for all k, (V f(z*), V2 f(z*)) €

A(x*, N, pu*,8%,0,0, 0y, 1), which implies (V f (z*), V2 f(2*)) € K (2*,0,0). Conversely, assume (V f(z*), V2 f(x

K§ (x*,0,0). Then, there is (\*, u*, s*) € RI€l x R‘fl X le‘ and sequences {0} — +oo, {ex} — 07, {w*} —
Vf(z*), {WF} — V2f(z*) such that (w* WF) € A(x*,\*, u*,5*,0,0,0;,e;) for all k, corresponding to some
sequences { (6%, 0¥, vF)} C lel X R‘fl X lel. From the definition of the set A(-) (16), we have that z* is a KKT
point and

wk 4 Z)\*VQ Z wivigi(x Z siV2ci(z*) +
€€ €L, * 1€S,*
> 0EVhi(x)Vhi(@*) + > nFVgi(a) Vi)' +
€€ €L *
Z vV e (Ve ()T + e = 0.
1ES*

Thus, for d € S(z*), since Wk — V2f(2*) and &1, — 0% we have
A"V L(z*, \*, p*,8%)d >0

and WSOC holds. O
We now present our characterization of the strength of CAKKT2.

Theorem 4.3. A feasible point x* € Q satisfies CAKK T2-regularity if, and only if, for every twice continuously
differentiable objective function f such that x* is CAKKT?2, x* also satisfies WSOC.

Proof: Let us assume that z* € (2 satisfies CAKKT2-regularity. Let f be a twice continuously differentiable
objective function such that z* is a CAKKT?2 point with sequences {(z*, \¥, u¥, s* 0k nk 1)} c R™ x RIEI x

13
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R‘fl X R‘fl X Rl_f‘ X R'f‘ X R‘fl such that #¥ — 2* and conditions 4)-v) from Theorem 2.1 hold, that is, ¢(2*) > 0,
VL(xF N ik %) — 0, Qr = Qr(z®, N, uk, s 0F n* vF) with lkimJirnf)\mm(Qk) >0,
— 00

b im0 )+ 3 k) + 3 shes (o) > 0F

€€ €T i€S
and
¥ ::Zﬂfhi(xk)QJanfgi +Zl/ ci(zF)? =0T,
i€ i€l i€S

For each k, let us define w* := V f(z*) — VL(xk,Ak,uk,sk) and Wk := V2 f(zF) + 1.
Let us take a subsequence such that Apnin(Qr) > —3 for all k. Hence, for 0, :=>", .o 0F+>" . onF+>,c5 vF,
we have (wk, Wk) € A(z*, Nk, u* sk, rk vk 0;,0) and in particular (wk, W) Kc(x ,r% r5). From the conti-

nuity of V f and V2 f, we have (w*, WF) — (Vf(z*), V2f(z*)), hence (Vf( "), V2f(z*)) € lim sup K$ (x,r1,m2),

D>(z,r1,r2)—(x*,0,0)
which, by CAKKT2-regularity implies that (Vf(z*),V2f(z*)) € K (2*,0,0). By Lemma 4.1, z* satisfies
WSOC.

To prove the reciprocal inclusion, let us take

(w,W) € lim sup K (z,11,79)
D>(z,r1,r2)—(x*,0,0)

and let us prove that (w, W) € K (z*,0,0). By definition, there are sequences z* — m*,c(mk) > O,T{C —

0t, 7% — 0% and w¥ — w, W* — W where W* is a symmetric n x n matrix with (w*, Wk) € K (zk, rk rk)
for all k. Hence, for all k, there are (\*, u¥, s*) € RI€I x R‘Il X ]Rlsl and sequenceb {Hk ¢} = oo, {eg e} —
0, {wh !t Wk — (wk Wk) as £ — 400 such that (w®* Wk 5) € A( Rk sk ek vk 0y 0 er.0) for all k and
all £, associated with some (6% n¥* vF*) € R‘fl X R‘fl X R‘fl given in the definition of the set A(-) (16).

Let us fix a subsequence ¢ := ¢}, such that ¢, — +o0o when k — 4o00. Let us define the objective function
f(@) == w"(z —2*) + 4(z — 2*)"W(x — 2*) and let us show that 2* satisfies CAKKT? for this function. Note
that Vf(2F) = w + W(2* — 2*) and V2 f(2*) = W. From the definition of the set A() (16) we have:

wh i N NVR(aF) + Y Vg (ah) = Y sE Ve (ah) = (17)
€€ i€T €S
A (w TR 4 3 ) 4 3 s
i€E €L €S
PUARIC) T 0 Vg (aF) Vg (h) T+ (18)
€€ €T
ZV VC’L VCZ( ) > Z €kl
€S
and
DN+ lufgi (@) + ) sFeia®) <o,
€€ i€ i€S
SR )2+ 3 b gu(ah)? + 3 ke (e < v
ic€ ieT =
with 3708 457 1 ST <
ic€ = =

Note that VL(zF, \e-be | yoole skte) = ¥ f(2%) — wk* — 0 and
Qi == V2L(2®, N B sP) + > 05 Vhy (%) Vhi (aF)T +

€&

Z etV g (2F)V gi (2F)T + Z Ve () Ve (2F)T

i€ €S
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is such that Qp — W + W 4 e, I = 0. Since W5 — W and k0, — 07 we have 1kiminf Amin(Qr) > 0.
— 400

The fact that r¥ and 7§ go to zero gives the remaining properties in the definition of CAKKT2. The hypothesis
implies that z* satisfies WSOC, which by Lemma 4.1 implies that (w, W) € K$(z*,0,0) and CAKKT-regularity
holds. O

Note that Theorems 2.1 and 4.3 imply that CAKKT2-regularity is a constraint qualification, that is, it can
take the place of CQ in the first-order optimality condition (12). It can also take the place of CQ2 in the
second-order optimality condition (13). Theorems 4.2 and 4.3 together with the fact that CAKKT2 implies
AKKT2 shows that AKKT2-regularity implies CAKKT2-regularity. We note also that Definition 4.3 gives
an alternative definition of AKKT2-regularity when S := () by simply removing the third condition from the
definition of the set A(-) (16).

In comparison with the definition of AKKT-regularity ([7]), CAKKT-regularity ([8]) and AKKT2-regularity
([5]), our definition of CAKKT2-regularity also includes additional constraints ¢;(x) > 0,i € S (satisfying As-
sumption 2.1, in the non-trivial case). Our Theorem 2.1, in particular, proves that AKKT, CAKKT and AKKT2
sequences can always be build around a local minimizer that satisfies Assumption 2.1 with the additional prop-
erty c(z¥) > 0 for all k. It is straightforward to generalize the corresponding minimal constraint qualifications
associated with these optimality conditions by simply replacing, in the definition, the outer semicontinuity of
the corresponding cone by the outer semicontinuity over the interior of the constraints in ¢ € S. Note that
constraint qualifications can become stronger by the inclusion of Assumption 2.1, for instance, when £ := () and
T := (), Assumption 2.1 together with CPLD is equivalent to MFCQ ([29]).

Let us revisit Example 2.1. In this example, the critical subspace at z* is S(z*) = {(0)} x R, while the
perturbed critical subspace S(z,z*) = {(0,0)} for  # z*. That is, the perturbed critical subspace does not
recover the information of the true critical subspace, no matter how close x is from z*. When the perturbed
critical subspace is a trivial set, the second-order information of the problem is neglected by AKKT2. This can
be seen, for instance, in the cone given in Definition 4.2. The definition of CAKKT?2 tries to avoid this situation,
controlling the size of tangent multipliers in order to give a chance for second order information to be considered.
In the following example we show that CAKKT2-regularity is strictly weaker than AKKT2-regularity. Let us
prove that the constraints from Example 2.1 conforms to CAKKT2-regularity, while AKKT2-regularity fails.

Example 4.1. Let us consider the constraints of Example 2.1.

g2(1,22) == 1”2 <0,
at the feasible point z* := (0,0). Let us first compute the cone K (2*,0,0). This cone is formed by
elements (w*,W*) € R? x Sym(2) such that there are some (A\*,u},u5) € R x Ry x Ry and sequences
el = 07, {(60, 0% m%,m5)} C RY, {(w®, W5} C R? x Sym(2) such that w® — w*, W* — W*,0, > 0° + nt +nt,

w’ + XN'Vh(z*) + @i Vo1 (x*) + 5 Vga(z™) =0, (19)
WE+ N V2h(x") + i V2391 (x") + usVige(x*) + 0°Vh(z*)Vh(z*)T +
ViVai(a*) Vg (a*)" + (20)

ViV ga(2*)Vga(z*) 4 e, = 0.
Computing derivatives we have that (19) and (20) can be written as:
wf+>‘*+u;:0aw§:07 (21)

1 1 1
W£+u§(2 O>+0f(0 8>+y§<0 8>+su§o. (22)

These sequences can be built if, and only if, w} = 0 and W3, > 0, which defines the cone K (2*,0,0). To prove
that CAKKT2-regularity holds, let us take (w*, W*) € lim sup K§ (x® 7% r5) and let us prove that

(ak,ry,rE)—(x*,0,0)
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(w*, W*) € K¢ (x*,0,0), that is, ws = 0 and W3, > 0. From the definition, we have that there exist sequences
(zF, 7k k) — (2%,0,0), {(\F, u¥, u5)} C R x Ry x Ry and (w®, WF) — (w*, W*) such that

0—~+00,e—0+

that is, there exist sequences {(w®*, W*)} — (wk, W*) as £ — +o00, Op — +00 as £ — +o0o and ex ¢ — 0T as
¢ — 400 such that (wh* Wkt) € A(xk Ne 1 0, 7% 7k 0 4,e.0) for all k and £. Computing derivatives, from
the definition (16) of the set A(:), for a fixed sequence £ := ¢}, such that £ — +oo when k — +oo we have:

WhS £ AR(1,0) + pb(2(2h)2,0) + p (e, 2be) = (0,0), (23)
INEh| 4 pbad| + |ubakem | < rh, (24)
OF (2h)? + i ()0 + gl (ah)2e272 < v, (25)

k k k
ke o 6TERT O H o (@)t Fuge pbe +miaterns (26)

k ak ko .k 2k ko k_ xk k(..k\2, 2k
Hoe™2 +nyzye psrier? 4+ ns(xy)’e
+eped =0,

Ok, > grte 4 T]lf’e"' + ng’e’“ for some (Hk*l’“,nf’g’“,ng’z’“) IS Ri. (27)

From (23) and (24) and from the fact that w* — w* = (w},w}) we have wj = 0. From (24) and (25), since

b e _ (W W
W W= ( Wiy Wi,
matrix in (26) converges to W,. Hence (26) gives W3, > 0, which proves CAKKT2-regularity. By a simple
calculation, WSOC does not hold at z* for any Lagrange multiplier, thus, since Example 2.1 exhibited an
objective function such that z* satisfies AKKT2, Theorem 4.2 implies that AKKT2-regularity fails. Note that
even if we somewhat include first-order complementarity in the definition of AKKT2 and AKKT2-regularity, we
would have equation (24) but not (25), which would not be enough to conclude continuity of the corresponding
cone. This shows that the inclusion of second-order complementarity plays a key role in this example.

) and £50, — 07, the element in the second column and second row of the

This example shows that for some objective function f(:), an algorithm may generate an AKKT2 and
CAKKT sequence that converges to a point that does not satisfy WSOC as in Example 2.1, hence, not a
solution, while whenever it generates a CAKKT2 sequence, it necessarily satisfies WSOC at a limit point.

5 Conclusions

We have developed a new second-order optimality condition CAKKT2 without constraint qualifications by lim-
iting the rate of growth of Lagrange and tangent multipliers. This suggests that stopping criterion associated
with the new optimality condition should be included in an algorithm in order to avoid, as much as possible,
declaring convergence to a non-optimal solution. Usually, algorithms do not compute tangent multipliers explic-
itly, but at least for augmented Lagrangian and some interior point methods, the “hidden” tangent multipliers
associated is such that CAKKT2 holds. We also developed a new constraint qualification that captures the rate
in which Lagrange and tangent multipliers grow in these algorithms. This gives a new global convergence result
to a second-order stationary point with a weaker assumption. We believe that the formulation of our optimality
condition will help to guide the development of second-order algorithms by providing an adequate way to handle
the critical subspace. Also, our optimality condition naturally suggests a way to define a perturbed version of
the classical second-order necessary condition, even with simple constraints, which is relevant to the definition
of a stationarity concept suitable to the development of iteration complexity bounds and stopping criteria.
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