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Abstract

We develop a new notion of second-order complementarity with respect to the tangent subspace related to
second-order necessary optimality conditions by the introduction of so-called tangent multipliers. We prove
that around a local minimizer, a second-order stationarity residual can be driven to zero while controlling
the growth of Lagrange multipliers and tangent multipliers, which gives a new second-order optimality
condition without constraint qualifications stronger than previous ones associated with global convergence
of algorithms. We prove that second-order variants of augmented Lagrangian and interior point methods
generate sequences satisfying our optimality condition. We present also a companion minimal constraint
qualification, weaker than the ones known for second-order methods, that ensures usual global convergence
results to a classical second-order stationary point. Finally, our optimality condition naturally suggests
definition of second-order stationarity suitable for the computation of iteration complexity bounds and for
the definition of stopping criteria.

Keywords: second-order optimality conditions, complementarity, global convergence, constraint qualifica-
tions.

1 Introduction

This paper deals with the general smooth nonlinear optimization problem with constraints, where first- and
second-order information of objective functions and constraints are available. With the increase of computational
power, a renewed interest in second-order algorithms has appeared. It has been shown in [15] that the complexity
of finding a first-order stationary point is reduced when allowing more derivatives to be used. In this case, one
can expect to converge to a higher order stationary point. Recently, an efficient method for finding a third-
order stationary point in unconstrained problems has appeared in [1]. Also, complexity analysis for finding
higher-order stationary points in convexly-constrained nonlinear optimization is presented in [19].

When using second-order information, one could expect finding a second-order stationary point. This gives
a more robust method than a first-order one since it has more chances of finding a true minimizer. Even when
a true minimizer is not found, a second-order stationary point (even the weak notion considered here) can be of
interest in practical situations, in particular, in machine and statistical learning, where meaningful statistical
properties of a true solution can be recovered, see [34].

Different second-order optimality conditions can be found in the literature with distinct characteristics.
We deal with a perturbation of the so-called Weak Second-order Optimality Condition (WSOC), since this
is the optimality condition guaranteed by second-order algorithms, which requires positive semidefiniteness
of the Hessian of the Lagrangian over a perturbed critical subspace. One difficulty that arises is that the
critical subspace may have a discontinuous behavior at a solution (see [30]), which can trick second-order
optimality conditions based on perturbations, which are suitable for global convergence analysis. We remove
the dependency of the perturbed critical subspace by introducing so-called tangent multipliers. This concept is
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based on the well known fact that positive definiteness of a matrix P over the kernel {d|Ad = 0} of a matrix A
is equivalent to the positive definiteness of P + θATA for some θ > 0. In the semidefinite case, the equivalence
is achieved with the limit inferior of the least eigenvalue of P + θATA being non-negative, as θ goes to infinity.
However, if we allow θ to go to infinity too fast, the second-order information may be lost. Our optimality
condition controls the growth of the tangent multipliers in order for the second-order information to remain
present, whereas previous results allow for arbitrarilly fast growth ([5]). Also, our condition is satisfied at any
local minimizer without constraint qualifications.

We show that the sequence required to check our optimality condition is in fact generated by augmented
Lagrangian and interior point methods. By developing a minimal companion constraint qualification, we present
a global convergence result of these methods to a WSOC point under a weaker assumption.

To motivate our optimality condition, let us consider the one-dimensional problem of minimizing x such
that x2/2 = 0. The Karush-Kuhn-Tucker (KKT) conditions for this problem says that 1 + λx = 0 should
hold for the solution x∗ := 0 with some Lagrange multiplier λ ∈ R, which is impossible. Nonetheless, one may
still rely on the KKT conditions to stop the execution of a primal-dual algorithm. For instance, the sequence
(xk, λk) := (− 1

k , k) is such that the KKT residual |1 + λkxk| is zero, and an algorithm may safely stop once
xk is feasible within a tolerance. In this case, it is easy to see that in order for the KKT residual to be driven
to zero, the sequences {|λk|} and {1/|xk|} must go to infinity with the same speed, however, in general, the
KKT residual alone is not enough to conclude how to choose these sequences. In the Introduction of [10], an
example is shown where the KKT residual is driven to zero far from the solution. It then proceeds to consider
a redundant (for equality constraints) first-order complementarity condition, which would read as λx2/2 = 0
in our example, which suggests that one must build the sequences in such a way that λkx

2
k/2→ 0. In general,

this introduces additional information on the problem. In our example, this information would read as {|λk|}
should go to infinity slower than {1/x2

k}.
If we now consider the second-order information, the classical second-order optimality condition at the

solution x∗ would state that for an (inexisting) Lagrange multiplier λ, the Hessian matrix λ should be positive
semidefinite over the subspace Sx := {d ∈ R | dTx = 0}. At x := x∗, this states that λ ≥ 0, since Sx∗ = R,
but at x 6= x∗, the second order information vanishes, given that Sx = {0}. We will show that, in this case,
the second-order information can be recast by the introduction of a so-called tangent multiplier θ ≥ 0 such that
λ + θx2 ≥ 0. In particular, the sequential second-order optimality condition from [5] states the existence of a
primal-dual sequence {(xk, λk)} such that the KKT residual converges to zero and lim inf(λk + θkx

2
k) ≥ 0 with

some θk ≥ 0. However, without a control on how fast the sequence {θk} is allowed to grow to infinity, this
second-order information is meaningless when xk 6= 0, namely, it is sufficient to take {θkx2

k} going to infinity
as fast as {|λk|} in order to satisfy it, independently of the primal-dual sequence {(xk, λk)}. For the second-
order information to be meaningful, we introduce a second-order complementarity with respect to the tangent
multipliers that in this case says that θkx

4
k/4 → 0, which limits the growth of the tangent multiplier {θk} to

be slower than {1/x4
k}. In other words, {θkx2

k} must be slower than {1/x2
k}. Since first-order complementarity

gives that {|λk|} is also slower than {1/x2
k}, we have more chances of avoiding the critical case where the

second-order information is meaningless.
This paper is organized as follows: In Section 2 we present our new optimality condition, while also gen-

eralizing previous results by considering strictly feasible sequences. In Section 3 we prove that an augmented
Lagrangian and an interior point method generate sequences that fulfill our optimality condition. In Section 4
we measure the strength of our optimality condition by introducing a companion minimal constraint qualifica-
tion that makes our optimality condition equivalent to the classical one. This gives global convergence results
under a weaker assumption. Finally, Section 5 presents some conclusions.

Notation: Given a finite set E with cardinality |E|, we denote θi, i ∈ E the coordinates of a vector θ ∈ R|E|.
Given functions hi : Rn → R, i ∈ E , we denote ∇hi(x) and ∇2hi(x), for x ∈ Rn, the gradient and Hessian matrix
of hi(x), respectively, for i ∈ E . Given a subset E ⊆ E , we denote by hE the function hE : Rn → R|E| with
coordinate functions hi, i ∈ E. By ∇hE(x) we denote the n× |E| gradient matrix with columns ∇hi(x), i ∈ E.
When E := E , we denote h := hE and ∇h := ∇hE . We denote by Sym(n) the set of real n × n matrices and
λmin(P ) the smallest eigenvalue of P ∈ Sym(n). We also use the notation P � Q to denote that the symmetric
matrix P − Q is positive semidefinite. Finally, we denote I the n × n identity matrix and ‖ · ‖ the euclidean
norm.
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2 Optimality condition

Let us consider the smooth nonlinear optimization problem:

Minimize f(x),
subject to hi(x) = 0, i ∈ E ,

gi(x) ≤ 0, i ∈ I,
ci(x) ≥ 0, i ∈ S,

(1)

where E , I and S are distinct finite sets and all functions are twice continuously differentiable from Rn to R.
The reason for having two sets of inequalities is that we will assume the existence of a sufficient interior for the
constraints ci(x) ≥ 0, i ∈ S, which is relevant only for implications on the global convergence of interior point
methods.

We denote by Ω the feasible set. For any fixed x∗ ∈ Ω, we denote by Ix∗ the subset of indexes i ∈ I such
that gi(x

∗) = 0 and by Sx∗ the subset of indexes i ∈ S such that ci(x
∗) = 0. The index set of active constraints

at x∗ ∈ Ω is E ∪ Ix∗ ∪ Sx∗ .
For fixed (λ, µ, s) ∈ R|E| × R|I|+ × R|S|+ , we denote the Lagrangian function by x 7→ L(x, λ, µ, s) := f(x) +

〈h(x), λ〉+〈g(x), µ〉−〈c(x), s〉, with∇L(x, λ, µ, s) and∇2L(x, λ, µ, s) being its gradient and Hessian, respectively.
When E , I or S is ∅, we omit the corresponding argument of L and its derivatives.

For the moment, let us consider for the ease of exposition that S = ∅. Under any constraint qualification a
local minimizer x∗ satisfies the Karush-Kuhn-Tucker (KKT) conditions, that is, there exist Lagrange multipliers

(λ∗, µ∗) ∈ R|E| × R|I|+ such that

h(x∗) = 0, g(x∗) ≤ 0, (2)

∇L(x∗, λ∗, µ∗) = 0, (3)

µ∗i gi(x
∗) = 0 for all i ∈ I. (4)

In a first-order algorithm, in order to try to find a local solution, one may aim at driving the KKT residual
defined below to zero, by controlling the primal-dual variables (x, λ, µ), µ ≥ 0:

R(x, λ, µ) := max{‖h(x)‖+ ‖max{0, g(x)}‖, ‖∇L(x, λ, µ)‖,
∑
i∈I
|µigi(x)|}.

In [10], it is suggested considering the redundant condition λ∗i hi(x
∗) = 0, i ∈ E in the definition of a

KKT point and hence, also driving the quantity
∑
i∈E |λihi(x)| to zero together with R(x, λ, µ). This can

be understood in the following way: Since one does not know, a priori, if a solution of the problem under
consideration is a KKT point, or, if the problem is regular enough in order for Lagrange multipliers to be
bounded at the considered solution, driving the KKT residual to zero may drive the primal variable x to a
local solution x∗, but some dual variable λi, i ∈ E or µi, i ∈ I may be driven to ±∞. Ensuring also that
λihi(x) → 0 introduces a bound on the growth of the Lagrange multiplier approximation, in the sense that
|λi| should grow slower than 1

|hi(x)| . The same reasoning apply in favor of measuring inequality constraints

complementarity (4) by driving
∑
i∈I |µigi(x)| to zero, rather than by driving

∑
i∈I |min{µi,−gi(x)}| to zero

(this is associated with the optimality condition AKKT, see [4] and [10]). Although this previous form accurately
detects that Lagrange multipliers associated with an inactive constraint i ∈ I\Ix∗ must be driven to zero, it
does not impose any limitation on the growth of the Lagrange multiplier approximation associated with an
active constraint i ∈ Ix∗ . The interesting property is that this controlled reduction of the KKT residual by
means of driving R(x, λ, µ) or C(x, λ, µ) := max{R(x, λ, µ),

∑
i∈E |λihi(x)|} to zero can always be done around

a local solution x∗, even if it has an unbounded set of Lagrange multipliers, or if x∗ is not a KKT point at
all. In particular, many algorithms (see [6]) are such that the primal-dual sequence {(xk, λk, µk)} generated
is such that max{‖∇L(xk, λk, µk)‖,

∑
i∈I |min{µki ,−gi(xk)}|} → 0+ for any subsequence of {xk} converging

to a feasible point. In [10], it is proved that an Augmented Lagrangian, under a mild additional smoothness
assumption, is such that C(xk, λk, µk)→ 0+ in a subsequence where xk converges to a feasible point.

The main purpose of this paper is to propose a generalization of these ideas to the second-order case. Under
some more specific constraint qualifications (see [11] for a discussion), it can be proved that a local solution x∗
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is such that there exist Lagrange multipliers (λ∗, µ∗) ∈ R|E| × R|I|+ such that (2)-(4) hold and

dT∇2L(x∗, λ∗, µ∗)d ≥ 0, for all d ∈ S(x∗), (5)

where S(x∗) := {d ∈ Rn | ∇h(x∗)Td = 0,∇gIx∗ (x∗)Td = 0} is the so-called critical subspace (or weak critical
cone). A point x∗ is said to satisfy the Weak Second-order Optimality Condition (WSOC) if (2)-(5) hold for
some Lagrange multiplier.

Under a different set of constraint qualifications, condition (5) can be strengthened to a larger set C(x∗)
(the critical cone) containing the subspace S(x∗). This is relevant given that condition (5) replacing S(x∗) by
C(x∗)\{0} and the inequality ≥ 0 by the strict inequality > 0 is sufficient for x∗ to be a strict local minimizer.
Even stronger sufficient and necessary results (under MFCQ alone) can be derived by considering the possibility
of verifying the inequality in (5) with different Lagrange multipliers for different directions d ∈ C(x∗), or
also, without constraint qualifications at all by considering Fritz-John multipliers. See, for instance, [18] for
details. We focus our attention on the weaker second-order notion (5) given that this is the optimality condition
associated with global convergence of second-order algorithms. In fact, we are not aware of any algorithm with
a global convergence theory based on a second-order optimality condition defined in terms of the critical cone
C(x∗). The discussion in [28] suggests that probably such algorithms do not exist. Also, the stopping criterion
of a second-order algorithm is, most of the times, based on checking the approximate fulfillment of (5) (see
[5, 16]), which can be done in the case of a subspace, but turns out to be NP-hard for a pointed cone. See
[11] and the references therein for a more detailed discussion on different second-order optimality conditions
and their consequences to global convergence analysis, which is our main goal. We note also that a point that
merely satisfies WSOC can be the goal in some important machine and statistical learning problems ([34]).

Let us start by motivating our results with the following characterization of WSOC:

Proposition 2.1. Let (x∗, λ∗, µ∗) ∈ Rn × R|E| × R|I|+ . Define Q(θ) := ∇2L(x∗, λ∗, µ∗) + θ(∇h(x∗)∇h(x∗)T +
∇gIx∗ (x∗)∇gIx∗ (x∗)T).

a) Condition (5) holds if, and only if lim inf
θ→+∞

λmin(Q(θ)) ≥ 0.

b) There is a finite θ > 0 such that λmin(Q(θ)) > 0 if, and only if, condition (5) holds and there is no
0 6= d ∈ S(x∗) such that dT∇2L(x∗, λ∗, µ∗)d = 0.

Proof: Let us prove a). Assume that lim inf
θ→+∞

λmin(Q(θ)) ≥ 0 and let d ∈ S(x∗). Then, there exists a

sequence {θk} → +∞ such that λmin(Q(θk)) > − 1
k . For all k, d = dk1 + · · ·+ dkn where {dki }ni=1 are orthogonal

eigenvectors of Q(θk) or zero. Hence, for all k,

dT∇2L(x∗, λ∗, µ∗)d = dTQ(θk)d ≥ λmin(Q(θk))

n∑
i=1

(dki )Tdki ≥ −
1

k
‖d‖2.

Taking the limit k → +∞ gives dT∇2L(x∗, λ∗, µ∗)d ≥ 0.
Conversely, let (5) hold and assume lim inf

θ→+∞
λmin(Q(θ)) < 0. Then, there is some ε > 0 and a sequence

{θk} → +∞ such that λmin(Q(θk)) < −ε. Let dk, ‖dk‖ = 1, be an eigenvector of Q(θk) associated with the
smallest eigenvalue. Hence, dTkQ(θk)dk = λmin(Q(θk)) < −ε, that is

dTk∇2L(x∗, λ∗, µ∗)dTk + θk(‖∇h(x∗)Tdk‖2 + ‖∇gIx∗ (x∗)Tdk‖2) < −ε. (6)

Let us consider a subsequence such that dk → d, ‖d‖ = 1. From (6), taking k → +∞ and thus θk → +∞, we
must have d ∈ S(x∗), which from the assumption implies dT∇2L(x∗, λ∗, µ∗)d ≥ 0. This gives a contradiction
with (6). The proof of b) is similar and well known.

Note that the additional condition imposed in b) is implied by the so-called noncriticality ([32]). Loosely
speaking, we can say that condition (5) can be equivalently stated as the matrix

Q(θ, η) := ∇2L(x∗, λ∗, µ∗) +
∑
i∈E

θi∇hi(x∗)∇hi(x∗)T +
∑
i∈I

ηi∇gi(x∗)∇gi(x∗)T
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being positive semidefinite possibly with “θi = +∞” for i ∈ E , “ηi = +∞” for i ∈ Ix∗ and ηi = 0 for i ∈ I\Ix∗ .
We call (θ, η) the tangent multipliers and we will develop a second-order complementarity measure for controlling
the growth of these parameters in a similar way as CAKKT controls Lagrange multipliers.

Let us now consider problem (1) including the additional set of inequality constraint ci(x) ≥ 0, i ∈ S and
let us specify our additional assumption with respect to these constraints.

Assumption 2.1. (Sufficient interior property) We will assume that for all local solutions x∗ ∈ Ω, there exists
a feasible sequence {z`} ⊂ Ω with z` → x∗ and c(z`) > 0, ∀`.

Assumption 2.1 is a typical necessary assumption associated with the application of a feasible interior point
method. Let us now present our general second-order optimality condition for problem (1).

Theorem 2.1. Under Assumption 2.1, let x∗ ∈ Ω be a local solution of (1). Then, there exist a sequence
of approximate (primal) solutions {xk} ⊂ Rn with xk → x∗, a sequence of approximate Lagrange multipliers

{(λk, µk, sk)} ⊂ R|E| × R|I|+ × R|S|+ and a sequence of approximate tangent multipliers {(θk, ηk, νk)} ⊂ R|E|+ ×
R|I|+ × R|S|+ such that:

i) ∇L(xk, λk, µk, sk)→ 0 and ‖h(xk)‖+ ‖max{0, g(xk)}‖ → 0+,

ii) lim inf
k→+∞

λmin(Qk) ≥ 0, where Qk := ∇2L(xk, λk, µk, sk)+
∑
i∈E θ

k
i∇hi(xk)∇hi(xk)T+

∑
i∈I η

k
i∇gi(xk)∇gi(xk)T+∑

i∈S ν
k
i ∇ci(xk)∇ci(xk)T,

iii) hi(x
k)λki → 0, i ∈ E ; gi(x

k)µki → 0, i ∈ I and ci(x
k)ski → 0, i ∈ S,

iv) hi(x
k)2θki → 0, i ∈ E ; gi(x

k)2ηki → 0, i ∈ I and ci(x
k)2νki → 0, i ∈ S,

v) for all k, c(xk) > 0.

Proof: Let x∗ be a local solution of (1) and δ > 0 small enough. Consider the regularized problem

Minimize f(x) + 1
4‖x− x

∗‖4,
subject to hi(x) = 0, i ∈ E ,

gi(x) ≤ 0, i ∈ I,
ci(x) ≥ 0, i ∈ S,
‖x− x∗‖2 ≤ δ.

(7)

Clearly, x∗ is the unique global minimizer of (7). Let {ρk} → +∞ and {rk} → 0+ be arbitrary sequences. For
all k, consider the problem

Minimize ϕk(x),
subject to ci(x) > 0, i ∈ S,

‖x− x∗‖2 ≤ δ,
(8)

where ϕk(x) := f(x) + 1
4‖x − x

∗‖4 + ρk
2 (‖h(x)‖2 + ‖max{0, g(x)}‖2) − rk

∑
i∈S log(ci(x)). It is well known

that under Assumption 2.1, a global solution xk of (8) is well defined for all k and xk → x∗ ([4] and [26]).
Let z` be the sequence given by Assumption 2.1 around x∗. Hence, for all k and ` large enough, we have
ϕk(xk) ≤ ϕk(z`) = f(z`) + 1

4‖z
` − x∗‖4 − rk

∑
i∈S log(ci(z

`)), hence,

ρk
2

(‖h(xk)‖2 + ‖max{0, g(xk)}‖2)− rk
∑
i∈S

log(ci(x
k)) ≤

f(z`)− f(xk) +
1

4
‖z` − x∗‖4 − 1

4
‖xk − x∗‖4 − rk

∑
i∈S

log(ci(z
`)).

Since ` is independent from k, for each k large enough, let us fix ` := `k with `k → +∞ as k → +∞ such that
−
∑
i∈S log(ci(z

`k)) ≤ 1√
rk

. This can be done by possibly taking non-distinct `k until the right hand side is

large enough. Taking the limit k → +∞ we have

ρkhi(x
k)2 → 0+ for all i ∈ I, ρk max{0, gi(xk)}2 → 0+ for all i ∈ I,

rk log(ci(x
k))→ 0 for all i ∈ S. (9)
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Now, for k large enough, xk is an unconstrained local minimizer of ϕk, hence, ∇ϕk(xk) = 0, that is,

∇f(xk) + (xk − x∗)‖xk − x∗‖2 +
∑
i∈E ρkhi(x

k)∇hi(xk)+∑
i∈I ρk max{0, gi(xk)}∇gi(xk)−

∑
i∈S

rk
ci(xk)

∇ci(xk) = 0.
(10)

Also, by [9, Lemma 3.2], the following matrix is positive semidefinite:

∇2f(xk) +
∑
i∈E

ρkhi(x
k)∇2hi(x

k) +
∑
i∈I

ρk max{0, gi(xk)}∇2gi(x
k)

−
∑
i∈S

rk
ci(xk)

∇2ci(x
k) +

∑
i∈E

ρk∇hi(xk)∇hi(xk)T (11)

+
∑

i:gi(xk)≥0

ρk∇gi(xk)∇gi(xk)T +
∑
i∈S

rk
ci(xk)2

∇ci(xk)∇ci(xk)T

+2(xk − x∗)(xk − x∗)T + ‖xk − x∗‖2I.

Let us define for all k, λki := ρkhi(x
k) and θki := ρk for all i ∈ E , µki := ρkgi(x

k) and ηki := ρk for all i ∈ I such
that gi(x

k) ≥ 0 and µki := 0, ηki := 0 if gi(x
k) < 0. Finally, define ski := rk

ci(xk)
and νki := rk

ci(xk)2
for all i ∈ S.

Thus, (9), (10) and the positive semidefiniteness of (11) together with xk → x∗ ∈ Ω, c(xk) > 0 gives i)-v).

Remark 1. Note that we have in fact proved that log(ci(x
k))ci(x

k)ski → 0 and log(ci(x
k))ci(x

k)2νki → 0, i ∈ S
but we have omitted the log term in the definition of the optimality condition since this does not seem to hold
at sequences generated by the algorithms we analyse.

Condition iii) implies that if gi(x
∗) < 0, then the corresponding Lagrange multiplier approximation µki → 0,

and hence, by the continuity of the gradient ∇gi(x∗) and the Hessian ∇2gi(x
∗), one can replace µki by zero, for

k large enough, without altering the other properties. Similarly with sk. Hence, iii) implies

iii)’ for all i ∈ I, µki = 0 if gi(x
∗) < 0 and for all i ∈ S, ski = 0 if ci(x

∗) > 0.

Similarly, due to the continuity of the gradients at x∗, iv) implies

iv)’ for all i ∈ I, ηki = 0 if gi(x
∗) < 0 and for all i ∈ S, νki = 0 if ci(x

∗) > 0.

Definition 2.1. Let x∗ ∈ Ω and a sequence {(xk, λk, µk, sk, θk, ηk, νk)} ⊂ Rn×R|E|×R|I|+ ×R|S|+ ×R|E|+ ×R|I|+ ×
R|S|+ with xk → x∗.

• If i), iii)’, v) hold, then x∗ is called an Approximate-KKT (AKKT) point ([4]).

• If i), ii), iii)’, iv)’, v) hold, then x∗ is called a Second-Order Approximate-KKT (AKKT2) point ([5]).

• If i), iii), v) hold, then x∗ is called a Complementarity-Approximate-KKT (CAKKT) point ([10]).

• If i), ii), iii), iv), v) hold, then x∗ is called a Second-Order Complementarity-Approximate-KKT (CAKKT2)
point.

We will also name the sequence according to the property of x∗. For instance, if x∗ satisfies CAKKT2, then the
sequence will be called a CAKKT2 sequence. Also, {xk} will be referred as the primal sequence, {(λk, µk, sk)}
as the dual sequence/Lagrange multipliers and {(θk, ηk, νk)} as the tangent sequence/multipliers.

Note that if x∗ satisfies any one of the definitions in Definition 2.1, then Assumption 2.1 holds (around
x∗). When S = ∅ this assumption holds vacuously, and we recover the classic definitions from [4, 5, 10]. The
proof that i) and iii)’ hold (an AKKT point with S := ∅) was implicitly done in [12]. See also [4], where i),
iii)’ and v) was proved. Conditions i), ii), iii)’ and iv)’ (an AKKT2 point with S := ∅) were proven in [5].
Conditions i) together with the stronger complementarity measure iii) (a CAKKT point with S := ∅) were
proven in [10]. Theorem 2.1 proves that i)-v) (what we call a CAKKT2 point) can be satisfied simultaneously
by the same set of sequences. In particular, it gives a second-order version of the optimality condition from
[10], including a new strong complementarity measure iv) also for the approximate tangent multipliers, while
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also proving condition v) (interiority) for the constraints fulfilling the sufficient interior property (Assumption
2.1), in a similar fashion as [4]. Note that Theorem 2.1 also extends the definitions of AKKT2 and CAKKT to
consider v) under Assumption 2.1.

The main contribution of Theorem 2.1 is the inclusion of the complementarity measure iv) for the approx-
imate tangent multipliers, stronger than iv)’. Note that iv) and iv)’ impose the same requirement for tangent
multipliers associated with inactive constraints (I\Ix∗) ∪ (S\Sx∗), that is, for k large enough, they must be
zero, or replaceable by zero, but for the active constraints E ∪Ix∗ ∪Sx∗ , where tangent multipliers are expected
to go to +∞, iv)’ allows for arbitrarily fast divergence of tangent multipliers with respect to the other param-
eters, while iv) requires the growth of tangent multipliers to be slower than the square of the reciprocal of the

constraint value, that is, θki = o
(

1
hi(xk)2

)
for i ∈ E , ηki = o

(
1

gi(xk)2

)
for i ∈ Ix∗ and νki = o

(
1

ci(xk)2

)
, i ∈ Sx∗ .

Theorem 2.1 immediately suggests the following stopping criterion for algorithms that generate CAKKT2
sequences:

• ‖h(xk)‖+ ‖max{0, g(xk)}‖ ≤ εfeas (feasibility),

• ‖∇L(xk, λk, µk, sk)‖ ≤ εopt1 (first-order optimality),

• λmin(Qk(xk, λk, µk, sk, θk, ηk, νk)) ≥ −εopt2 (second-order optimality),

•
∑
i∈E |hi(xk)λki |+

∑
i∈I |gi(xk)µki |+

∑
i∈S ci(x

k)ski ≤ εcomp1 (first-order complementarity),

•
∑
i∈E hi(x

k)2θki +
∑
i∈I gi(x

k)2ηki +
∑
i∈S ci(x

k)2νki ≤ εcomp2 (second-order complementarity),

for tolerances εfeas > 0, εopt1 > 0, εopt2 > 0, εcomp1 > 0 and εcomp2 > 0. In the case of an AKKT2 sequence,
a stopping criterion based on a perturbation of the critical subspace can be developed. See [16].

The following example shows that CAKKT2 is strictly stronger than AKKT2 and CAKKT together.

Example 2.1. Consider the problem

Minimize f(x1, x2) := x2 − ex2 ,
subject to h(x1, x2) := x1 = 0,

g1(x1, x2) := x3
1 ≤ 0,

g2(x1, x2) := x1e
x2 ≤ 0,

at the feasible point x∗ := (0, 0) and let us take the sequences xk1 := 1
k , x

k
2 := 0, λk := 0, µk1 := 0, µk2 := 0 for

k ≥ 1. Clearly, this sequence attests that x∗ satisfies CAKKT. To prove that this sequence also attests that
AKKT2 holds, let us look at the matrix of second derivatives Qk(xk, λk, µk, θk, ηk), given by

Qk(·) :=

(
6xk1µ

k
1 + θk1 + 9ηk1 (xk1)4 + ηk2e

2x2 µk2e
xk2 + ηk2x

k
1e

2xk2

µk2e
xk2 + ηk2x

k
1e

2xk2 −exk2 + µk2x
k
1e
xk2 + ηk2 (xk1)2e2xk2

)
.

For θk1 := k5, ηk1 := 0, ηk2 := k3 we have

Qk(xk, λk, µk, θk, ηk) =

(
k5 + k3 k2

k2 −1 + k

)
,

which is positive definite for k > 1, hence, AKKT2 holds. Note that the stringent criterion iv) does not hold
for this sequence. In fact, let us prove that x∗ is not a CAKKT2 point. From iv), any CAKKT2 sequence must

be such that ηk2 (xk1)2e2xk2 → 0, while iii) gives µk2x
k
1e
xk2 → 0. Hence the bottom-right element of the matrix

converges to −1. This shows that lim inf
k→+∞

λmin(Qk) < 0, hence CAKKT2 fails.

This example shows that an algorithm may generate a sequence converging to a non-minimizer where the
AKKT2 and CAKKT stopping criteria are satisfied, but CAKKT2 fails. This suggests that a second-order
algorithm should include the more stringent stopping criterion associated with CAKKT2 to rule out as much
as possible the possibility of declaring convergence to a non-solution.
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Theorem 2.1 states that, in theory, around a local minimizer, one is always able to drive the second-order
stationarity residual to zero while controlling the size of Lagrange multipliers iii) and tangent multipliers iv).
In the next section we prove that this can be done in practice by Augmented Lagrangian and Interior Point
Methods.

We end this section by commenting that CAKKT2 does not give rise to a sufficient optimality condition.
The reason is that it does not completely avoid the choice of a tangent multiplier that ignores the second-order
information, in the sense that it can still go to infinity too fast. A counter-example would be the problem of
minimizing x1 +x2 subject to x2

1x2 = 0 at x∗ := (0, 0) with sequences xk := (1/k, 1/(2k)), λk := −k2, θk := 2k5,
where CAKKT2 holds with the matrix Qk being positive definite for all k. In fact, it was not expected that
CAKKT2 would give rise to a sufficient optimality condition, given that it is based on the critical subspace
S(x∗), and not the critical cone C(x∗), but the example shows that this is not the case even when these sets
coincide.

3 Algorithms satisfying the optimality condition

In the recent years, many algorithms with second-order global convergence properties have been developed for
several classes of constrained optimization. See, for instance, [25, 38, 37, 36, 13, 3, 27, 35, 24, 21, 23], and many
others. Recently, [5] has shown that it is expected that many different second-order algorithms generate AKKT2
sequences. In particular, it has been shown that trust region ([24]), augmented Lagrangian ([3]) and regularized
sequential quadratic programming ([27]) generate AKKT2 sequences. For first-order algorithms, [10] shows that
the general lower-level augmented Lagrangian ([2]) generate CAKKT sequences. The same holds true for the
regularized sequential quadratic programming (see the Discussion at the end of Section 3 in [27]). Our proof of
Theorem 2.1 suggests that first-order interior point methods would also generate CAKKT sequences. Indeed,
to show this, we consider the first-order quasi-feasible interior point method from [20]. We consider a general
nonlinear objective function f and inequality constraints c(x) ≥ 0 conforming to Assumption 2.1. It is sufficient
to note that [20, Equations (2.7) and (3.13)] ensures that CAKKT holds. See also [6, Equation (5.17)].

In this section we will show that, at least second-order variants of augmented Lagrangian and interior point
methods are expected to fulfill the stronger second-order optimality condition CAKKT2. This is essentially due
to the way constraints are penalized in those methods.

We start by showing that augmented Lagrangian methods satisfy our optimality condition under an addi-
tional smoothness assumption.

Let us consider S := ∅ and let us consider an augmented Lagrangian method for solving problem (1). For

fixed Lagrange multipliers approximations (λ, µ) ∈ R|E| × R|I|+ and penalty parameter ρ > 0, let us define the
augmented Lagrangian function Rn 3 x 7→ Lρ(x, λ, µ) as

Lρ(x, λ, µ) := f(x) +
ρ

2

(∥∥∥∥h(x) +
λ

ρ

∥∥∥∥2

+

∥∥∥∥max

{
0, g(x) +

µ

ρ

}∥∥∥∥2
)
.

The algorithm consists of approximately minimizing the augmented Lagrangian function at each iteration and
updating the Lagrange multipliers and penalty parameter accordingly. See [14] for details. The gradient of Lρ
with respect to x is given by∇Lρ(x, λ, µ) = ∇f(x)+

∑
i∈E(λi+ρhi(x))∇hi(x)+

∑
i∈I max{0, µi+ρgi(x)}∇gi(x),

and the matrix below plays a role of its Hessian matrix:

∇2Lρ(x, λ, µ) := ∇2f(x) +
∑
i∈E

(λi + ρhi(x))∇2hi(x) +
∑
i∈I

max{0, µ+ ρgi(x)}∇2gi(x)

+
∑
i∈E

ρ∇hi(x)∇hi(x)T +
∑

i∈I:µi+ρgi(x)≥0

ρ∇gi(x)∇gi(x)T.

Algorithm 3.1. (Second-order Augmented Lagrangian ([9]))
Step 0 (Initialization): Set parameters λmin < λmax, µmax > 0, γ > 1, τ ∈ [0, 1) and an iteration counter

k := 1. Choose initial approximations x0 ∈ Rn, λ̄1 ∈ R|E|, µ̄1 ∈ R|I|+ , and an initial penalty parameter ρ1 > 0.
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Set V 0 := max{0, g(x0)} and a sequence of subproblem tolerances {εk} → 0+.
Step 1 (Solve subproblem): Find xk ∈ Rn such that

‖∇Lρk(xk, λ̄k, µ̄k)‖ ≤ εk,
λmin(∇2Lρk(xk, λ̄k, µ̄k)) ≥ −εk.

Step 2 (Estimate multipliers): Define λk := λ̄k + ρkh(xk) and µk := max{0, µ̄k + ρkg(xk)}. Compute

λ̄k+1 ∈ R|E| and µ̄k+1 ∈ R|I|+ on the safeguarded boxes λ̄k+1
i ∈ [λmin, λmax], i ∈ E and µ̄k+1

i ∈ [0, µmax], i ∈ I.
(Typically, these are computed as the projections of λk and µk on the corresponding safeguarded boxes.)

Step 3 (Update penalty parameter): Set V k := max
{
g(xk),− µ̄

k

ρk

}
.

If max{‖h(xk)‖∞, ‖V k‖∞} ≤ τ max{‖h(xk−1)‖∞, ‖V k−1‖∞}, then define ρk+1 ≥ ρk. Otherwise, define ρk+1 ≥
γρk.
Step 4 Set k := k + 1 and go to Step 1.

To prove that Algorithm 3.1 generates CAKKT2 sequences, we will need the following smoothness assump-
tion:

Assumption 3.1. Any feasible limit point x∗ ∈ Ω of Algorithm 3.1 satisfies the Generalized Lojasiewicz in-
equality below:
There exist δ > 0 and a function ϕ : B(x∗, δ) → R with ϕ(x) → 0 as x → x∗ such that for all x ∈ B(x∗, δ),
|Φ(x)− Φ(x∗)| ≤ ϕ(x)‖∇Φ(x)‖, where Φ(x) := ‖h(x)‖2 + ‖max{0, g(x)}‖2.

The Generalized Lojasiewicz inequality holds, for instance, when all functions hi, i ∈ E and gi, i ∈ I are
analytic, see [10]. For example, since Φ(x∗) = 0 at a feasible x∗, it is easy to see that for polynomial functions hi
and gi, we have Φ(x)

‖∇Φ(x)‖ → 0 as x→ x∗, implying that the condition holds. Much weaker smoothness conditions

also imply Assumption 3.1, see [17] and [33].

Theorem 3.1. Let x∗ ∈ Ω be a feasible limit point of a sequence {xk} generated by Algorithm 3.1 such that
Assumption 3.1 holds. Then x∗ satisfies CAKKT2.

Proof: By the definition of λk and µk from Step 2, the definition of the augmented Lagrangian function,
and the resolution of the subproblems, we have ‖∇L(xk, λk, µk)‖ ≤ εk and λmin(Qk) ≥ −εk, with

∇L(xk, λk, µk) = ∇f(xk) +
∑
i∈E

(λ̄ki + ρkhi(x
k))∇hi(xk) +

∑
i∈I

max{0, µ̄ki + ρgi(x
k)}∇gi(xk)

and

Qk := ∇2f(xk) +
∑
i∈E

(λ̄ki + ρhi(x
k))∇2hi(x

k) +
∑
i∈I

max{0, µ̄ki + ρkgi(x
k)}∇2gi(x

k)

+
∑
i∈E

ρk∇hi(xk)∇hi(xk)T +
∑

i∈I:µ̄ki+ρkgi(xk)≥0

ρk∇gi(xk)∇gi(xk)T.

Defining θki := ρk, i ∈ E and ηki := ρk if µ̄ki + ρkgi(x
k) ≥ 0 and ηki := 0 otherwise, we have that i) and ii) in

the definition of CAKKT2 holds. If gi(x
∗) < 0 we have two cases: If ρk → +∞, since {µ̄k} is bounded, we

have µ̄ki + ρkgi(x
k) < 0 for all k sufficiently large. If {ρk} is bounded, Step 3 of the Algorithm implies that

ρk := ρk0 for k large enough and V k → 0. In particular,
µ̄ki
ρk0
→ 0+, thus, µ̄ki + ρkgi(x

k) < 0 for all k sufficiently

large. Hence, from both cases, the definition of µk and ηk gives µki = 0 and ηki = 0 for k large enough, which
implies µki gi(x

k) = 0 and ηki gi(x
k)2 = 0 for k large enough (this gives, in particular, iii)’ and iv)’ of the AKKT2

definition). To prove the stronger conditions iii) and iv), let us look at the set of active constraints E ∪ Ix∗ .
When {ρk} is bounded we have by definition that {λk}, {µk}, {θk} and {νk} are all bounded sequences, hence
iii) and iv) hold. Assume ρk → +∞.

Noting that {∇L(xk, λk, µk)} is bounded, we can follow the proof of [10, Theorem 5.1] to see that under the
Generalized Lojasiewicz inequality, we have ρkhi(x

k)2 → 0, i ∈ E and ρk max{0, gi(xk)}2 → 0, i ∈ I.
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Hence, for i ∈ E , by the boundedness of {λ̄k} we have λki hi(x
k) = (λ̄ki + ρkhi(x

k))hi(x
k)→ 0. Similarly, by

the boundedness of {µ̄k}, for i ∈ Ix∗ ,

0 ≤ µki max{0, gi(xk)} = max{0, µ̄ki + ρkgi(x
k)}max{0, gi(xk)}

≤ (µ̄ki + ρk max{0, gi(xk)}) max{0, gi(xk)} → 0.

Now, if gi(x
k) ≥ 0 for all k sufficiently large, we have µki gi(x

k) → 0, otherwise, we can take a subsequence
such that µki := max{0, µ̄ki + ρkgi(x

k)} ≤ µ̄ki and {µki } is bounded, which implies µki gi(x
k)→ 0 and iii) holds.

To prove iv), for i ∈ E , we have θki hi(x
k)2 = ρkhi(x

k)2 → 0. Now let i ∈ Ix∗ . By the definition of ηki , if
there is an infinite subsequence such that µ̄ki + ρkgi(x

k) < 0, we have ηki = 0 and we can take the limit for this
subsequence to get ηki gi(x

k)2 → 0. Otherwise, µ̄ki + ρkgi(x
k) ≥ 0 and ηki = ρk for all sufficiently large k. Hence,

ηki max{0, gi(xk)}2 = ρk max{0, gi(xk)}2 → 0 and the result holds if gi(x
k) ≥ 0 for all k sufficiently large.

Finally, assume that there is a subsequence such that gi(x
k) < 0 for all k in this subsequence. Since

µ̄ki + ρkgi(x
k) ≥ 0, we have |ρkgi(xk)| ≤ µ̄ki and {ρkgi(xk)} is bounded, which implies ηki gi(x

k)2 → 0.
Without Assumption 3.1, condition iii) may fail. See [10].
We mention that even though an approximate second-order stationary point is not guaranteed to be found

at Step 3 in most well-known implementations of augmented Lagrangians such as the ones in [22] and [2],
computational heuristics are included in the subproblem solver in such a way that second-order stationary points
are usually found. A rigorous implementation of Algorithm 3.1 can be found in [3]. See also the discussion in
[16], where more general augmented Lagrangian methods are shown to generate CAKKT2 sequences.

The natural case where our optimality condition is satisfied is in the relm of interior point methods due to the
way first-order complementarity is treated in the definition of the central path. We will show that second-order
complementarity is also fulfilled.

Let us consider the problem

Minimize f(x),
subject to x ≥ 0,

where f is smooth, and let us show that the interior-point trust-region algorithm from [13] is such that
tangent multipliers can be defined such that second-order complementarity holds (Theorem 2.1, item iv)). The
same holds true for the classical affine scaling method from [39, 40] when f is a possibly non-convex quadratic
function under linear constraints.

Given a sequence of tolerances {εk} → 0+ and xk > 0, the next iterate xk+1 := xk + Xkd > 0 is built by
computing the global minimizer d of the following ball-constrained quadratic programming:

Minimize
1

2
dTXk∇2f(xk)Xkd+ (Xk∇f(xk))Td, s.t. ‖d‖ ≤ βεk,

for some fixed 0 < β ≤ 1
4 , where Xk is the diagonal matrix defined by xk. An efficient procedure for computing

d is given in [39, 40]. In [13, Theorem 2] it was proved that for k sufficiently large, it holds that

Mk := Xk∇2f(xk)Xk + εkI � 0.

Since Xk is positive definite by construction, we have that (Xk)−2Mk � 0, where (Xk)−2Mk = ∇2f(xk) +
εk(Xk)−2 = ∇2f(xk) +

∑n
i=1

εk
(xki )2

eie
T
i , with ei being the i-th canonical vector, i = 1, . . . , n. Defining the

tangent multipliers to be νki := εk/(x
k
i )2, i = 1, . . . , n, we have that second-order complementarity holds given

that c(x) := x. For more general interior point methods generating CAKKT2 sequences, see [31].
We note that the validity of CAKKT2, in contrast with AKKT2, is essentially due to the way constraints

are penalized in augmented Lagrangian and interior point methods. To complete this discussion, we will show
that when an active-set strategy is employed, CAKKT2 is not expected to hold. Consider the problem

Minimize f(x),
subject to hi(x) = 0, i ∈ E ,

x ≥ 0,
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that is, c(x) := x and I := ∅ in (1). We will show that the regularized sequential quadratic programming
from [27] and the active-set method for box-constraints (E := ∅) from [3] are not expected to generate CAKKT2
sequences, even though both methods generate AKKT2 sequences. To simpifly the exposition we consider only
the case E := ∅, but the argument generalizes easily to the more general case. In both methods, let {εk} → 0+

be a given sequence of tolerances. A primal sequence {xk} is generated in such a way that the second-order
condition is imposed by ensuring that the least eigenvalue of the matrix Hk is at least −εk, where Hk is a
matrix obtained from ∇2f(xk) associated with the εk-free variables, that is, Hk is obtained from ∇2f(xk) by
removing its i-th row and i-th column whenever xki ≤ εk. In other words, it holds that dT∇2f(xk)d ≥ −εk‖d‖2
for all d such that eTid = 0, i : xki ≤ εk, where ei = ∇ci(xk) is the i-th canonical vector. In this case, it can be
seen that the critical subspace is dealt explicitly by the algorithm, in such a way that tangent multipliers can
be obtained only by means of Proposition 2.1, where there is no indication that second-order complementarity
(Theorem 2.1, item iv)) would hold.

Finally, we note that checking that an algorithm satisfies our optimality condition, or its weaker variants,
is usually easier than checking directly that it satisfies KKT or WSOC on its limit points under a suitable
constraint qualification, since we can deal explicitly with the actual sequences generated by the algorithm
without the need to bound the dual variables in order to take limits. Depending on which optimality condition
is verified, a companion minimal constraint qualification is available (see the next section) such that KKT or
WSOC is guaranteed to hold.

We end this section by noting the connection of our optimality condition with results on the iteration
complexity for achieving a second-order stationary point perturbed by ε > 0, even when only linear constraints
are considered. See, for instance, [13]. Usually, the introduction of such perturbations are motivated only by
the fact that usual second-order stationarity is recovered when ε := 0. Our result suggests a way to formulate
such perturbed conditions in such a way that complexity results are meaningful with respect to optimality.

For the connection of CAKKT2 with complexity analysis and more general interior point methods, we refer
the reader to [31].

4 Strength of the optimality condition

It is clear that CAKKT2 implies the second-order optimality condition AKKT2 ([5]) and the first-order opti-
mality condition CAKKT ([10]). In order to measure the strength of CAKKT2, let us review previous results
about the strength of CAKKT and AKKT2.

We begin this discussion by considering S = ∅ in (1). Under a constraint qualification, KKT conditions hold
at a local minimizer. In other words, different constraint qualifications (CQ) gives rise to different optimality
conditions of the form:

KKT or not-CQ. (12)

The weaker the CQ, the stronger the optimality condition (12) is. It has been proved that AKKT is strictly
stronger than (12), with CQ replaced by MFCQ, (R)CRCQ, (R)CPLD, CRSC or CPG. See [6] and references
therein. Or the even weaker one CCP (AKKT-regularity) from [7]. Since CAKKT implies AKKT, we also
have that CAKKT implies (12) for these CQs. Recently, an even weaker constraint qualification that precisely
characterizes the strength of CAKKT has been defined in [8] under the name of CAKKT-regularity. In order
to define it, we will consider the notion of outer semicontinuity of set-valued mappings.

Given a set-valued mapping F : Rs ⇒ Rd with Rs 3 x 7→ F (x) ⊆ Rd and a set D ⊆ Rs, the sequential
Painlevé-Kuratowski outer limit over D of F (z) as z → z∗ is given by:

lim sup
D3z→z∗

F (z) :=

{
w∗ ∈ Rd : zk → z∗, wk → w∗ for some {(zk, wk)}
with wk ∈ F (zk), wk ∈ D for all k

}
,

and F (z) is said to be outer semicontinuous at z∗ over D if lim sup
D3z→z∗

F (z) ⊆ F (z∗). When D := Rs, the set D is

omitted from the notation.

Definition 4.1 ([8]). We say that x∗ ∈ Ω satisfies CAKKT-regularity if the set-valued mapping Rn × R+ 3
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(x, r) 7→ KC(x, r) is outer semicontinuous at (x∗, 0), where

KC(x, r) :=


∑
i∈E

λi∇hi(x) +
∑
i∈Ix∗

µi∇gi(x) :
∑
i∈E |λihi(x)|+

∑
i∈Ix∗ |µigi(x)| ≤ r,

(λ, µ) ∈ R|E| × R|I|+

 .

The following theorem states that the constraint qualification CAKKT-regularity is the weakest constraint
qualification such that the optimality condition (12) is implied by CAKKT.

Theorem 4.1 ([8]). A feasible point x∗ ∈ Ω satisfies CAKKT-regularity if, and only if, for every continuously
differentiable objective function f such that x∗ is CAKKT, x∗ is also a KKT point.

Similarly, under some constraint qualifications (CQ2), the following second-order optimality condition holds:

WSOC or not-CQ2. (13)

It has been proved in [5] that AKKT2 is strictly stronger than (13) with CQ2 replaced by MFCQ+WCR or
(R)CRCQ. See [5] and references therein for details. In particular, global convergence to a second-order sta-
tionary point of several algorithms has been proved even when the solution has an unbounded set of Lagrange
multipliers (that is, without MFCQ). Also, since linear constraints imply (R)CRCQ, the results from [5] imply
that second-order nonlinear solvers can find second-order stationary points in the case of linear constraints with-
out removing redundancies introduced by linear dependent constraints. An even weaker constraint qualification
is introduced in [5] that exactly measures the strength of AKKT2, that we define below:

Definition 4.2 ([5]). We say that x∗ ∈ Ω satisfies the second-order cone continuity property (CCP2, or
AKKT2-regularity) if the set-valued mapping Rn 3 x 7→ K2(x) is outer semicontinuous at x∗, where

K2(x) :=
⋃

(λ,µ)∈R|E|×R|I|
+

,

µi=0 for i/∈Ix∗



(w,W ) ∈ Rn × Sym(n) :

w +
∑
i∈E

λi∇hi(x) +
∑
i∈Ix∗

µi∇gi(x) = 0,

dT

W +
∑
i∈E

λi∇2hi(x) +
∑
i∈Ix∗

µi∇2gi(x)

 d ≥ 0,

∀d ∈ S(x, x∗)


, (14)

where S(x, x∗) := {d ∈ Rn | ∇h(x)Td = 0,∇gIx∗ (x)Td = 0} is the perturbed critical subspace.

Theorem 4.2 ([8]). A feasible point x∗ ∈ Ω satisfies AKKT2-regularity if, and only if, for every twice contin-
uously differentiable objective function f such that x∗ is AKKT2, x∗ also satisfies WSOC.

Clearly, since CAKKT2 implies AKKT2, CAKKT2 implies (13) with CQ2 replaced by MFCQ+WCR,
(R)CRCQ or AKKT2-regularity. Let us now define a weaker constraint qualification that exactly measures the
strength of CAKKT2. Let us consider again the additional constraints ci(x) ≥ 0, i ∈ S.

Definition 4.3. We say that x∗ ∈ Ω satisfies CAKKT2-regularity if the set-valued mapping Rn × R+ × R+ 3
(x, r1, r2) 7→ KC

2 (x, r1, r2) is outer semicontinuous at x∗ over D := {(x, r1, r2) ∈ Rn × R+ × R+ : c(x) > 0},
where

KC
2 (x, r1, r2) :=

⋃
(λ,µ,s)∈R|E|×R|I|+ ×R

|S|
+

lim sup
θ̄→+∞,ε→0+

A(x, λ, µ, s, r1, r2, θ̄, ε), (15)
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with A(x, λ, µ, s, r1, r2, θ̄, ε) given by

A(·) :=



(w,W ) ∈ Rn × Sym(n) :

w +
∑
i∈E λi∇hi(x) +

∑
i∈I µi∇gi(x)−

∑
i∈S si∇ci(x) = 0∑

i∈E |λihi(x)|+
∑
i∈I |µigi(x)|+

∑
i∈S sici(x) ≤ r1,∑

i∈E θihi(x)2 +
∑
i∈I ηigi(x)2 +

∑
i∈S νici(x)2 ≤ r2, and

λmin
(
W +

∑
i∈E λi∇2hi(x) +

∑
i∈I µi∇2gi(x)

+
∑
i∈S si∇2ci(x) +

∑
i∈E θi∇hi(x)∇hi(x)T

+
∑
i∈I ηi∇gi(x)∇gi(x)T +

∑
i∈S νi∇ci(x)∇ci(x)T

)
≥ −ε,

θ̄ ≥
∑
i∈E θi +

∑
i∈I ηi +

∑
i∈S νi,

for some (θ, η, ν) ∈ R|E|+ × R|I|+ × R|S|+



. (16)

The following lemma shows that we can recast WSOC in terms of the cone KC
2 (x∗, 0, 0).

Lemma 4.1. x∗ ∈ Ω satisfies WSOC if, and only if, (∇f(x∗),∇2f(x∗)) ∈ KC
2 (x∗, 0, 0).

Proof: Let x∗ satisfy WSOC. Let (λ∗, µ∗, s∗) be correspondent Lagrange multipliers associated with x∗.
From Proposition 2.1, lim inf

θ̄→+∞
λmin(Q(θ̄)) ≥ 0, where

Q(θ̄) := ∇2f(x∗) +
∑
i∈E

λ∗i∇2hi(x
∗) +

∑
i∈Ix∗

µ∗i∇2gi(x
∗) +

∑
i∈Sx∗

s∗i∇2ci(x
∗) +

∑
i∈E

θ̄∇hi(x∗)∇hi(x∗)T +
∑
i∈Ix∗

θ̄∇gi(x∗)∇gi(x∗)T +
∑
i∈Sx∗

θ̄∇ci(x∗)∇ci(x∗)T.

Thus, for εk := 1
k , there exists a sequence {θ̄k} → +∞ with λmin(Q(θ̄k)) ≥ −εk, hence, for all k, (∇f(x∗),∇2f(x∗)) ∈

A(x∗, λ∗, µ∗, s∗, 0, 0, θ̄k, εk), which implies (∇f(x∗),∇2f(x∗)) ∈ KC
2 (x∗, 0, 0). Conversely, assume (∇f(x∗),∇2f(x∗)) ∈

KC
2 (x∗, 0, 0). Then, there is (λ∗, µ∗, s∗) ∈ R|E| × R|I|+ × R|S|+ and sequences {θ̄k} → +∞, {εk} → 0+, {wk} →
∇f(x∗), {W k} → ∇2f(x∗) such that (wk,W k) ∈ A(x∗, λ∗, µ∗, s∗, 0, 0, θ̄k, εk) for all k, corresponding to some

sequences {(θk, ηk, νk)} ⊂ R|E|+ ×R|I|+ ×R|S|+ . From the definition of the set A(·) (16), we have that x∗ is a KKT
point and

W k +
∑
i∈E

λ∗i∇2hi(x
∗) +

∑
i∈Ix∗

µ∗i∇2gi(x
∗) +

∑
i∈Sx∗

s∗i∇2ci(x
∗) +

∑
i∈E

θki∇hi(x∗)∇hi(x∗)T +
∑
i∈Ix∗

ηki∇gi(x∗)∇gi(x∗)T +

∑
i∈Sx∗

νki ∇ci(x∗)∇ci(x∗)T + εkI � 0.

Thus, for d ∈ S(x∗), since W k → ∇2f(x∗) and εk → 0+ we have

dT∇L(x∗, λ∗, µ∗, s∗)d ≥ 0

and WSOC holds.
We now present our characterization of the strength of CAKKT2.

Theorem 4.3. A feasible point x∗ ∈ Ω satisfies CAKKT2-regularity if, and only if, for every twice continuously
differentiable objective function f such that x∗ is CAKKT2, x∗ also satisfies WSOC.

Proof: Let us assume that x∗ ∈ Ω satisfies CAKKT2-regularity. Let f be a twice continuously differentiable
objective function such that x∗ is a CAKKT2 point with sequences {(xk, λk, µk, sk, θk, ηk, νk)} ⊂ Rn × R|E| ×
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R|I|+ ×R|S|+ ×R|E|+ ×R|I|+ ×R|S|+ such that xk → x∗ and conditions i)-v) from Theorem 2.1 hold, that is, c(xk) > 0,
∇L(xk, λk, µk, sk)→ 0, Qk := Qk(xk, λk, µk, sk, θk, ηk, νk) with lim inf

k→+∞
λmin(Qk) ≥ 0,

rk1 :=
∑
i∈E
|λki hi(xk)|+

∑
i∈I
|µki gi(xk)|+

∑
i∈S

ski ci(x
k)→ 0+

and
rk2 :=

∑
i∈E

θki hi(x
k)2 +

∑
i∈I

ηki gi(x
k)2 +

∑
i∈S

νki ci(x
k)2 → 0+.

For each k, let us define wk := ∇f(xk)−∇L(xk, λk, µk, sk) and W k := ∇2f(xk) + 1
k I.

Let us take a subsequence such that λmin(Qk) ≥ − 1
k for all k. Hence, for θ̄k :=

∑
i∈E θ

k
i +
∑
i∈I η

k
i +
∑
i∈S ν

k
i ,

we have (wk,W k) ∈ A(xk, λk, µk, sk, rk1 , r
k
2 , θ̄k, 0) and in particular (wk,W k) ∈ KC

2 (xk, rk1 , r
k
2 ). From the conti-

nuity of∇f and∇2f , we have (wk,W k)→ (∇f(x∗),∇2f(x∗)), hence (∇f(x∗),∇2f(x∗)) ∈ lim sup
D3(x,r1,r2)→(x∗,0,0)

KC
2 (x, r1, r2),

which, by CAKKT2-regularity implies that (∇f(x∗),∇2f(x∗)) ∈ KC
2 (x∗, 0, 0). By Lemma 4.1, x∗ satisfies

WSOC.
To prove the reciprocal inclusion, let us take

(w,W ) ∈ lim sup
D3(x,r1,r2)→(x∗,0,0)

KC
2 (x, r1, r2)

and let us prove that (w,W ) ∈ KC
2 (x∗, 0, 0). By definition, there are sequences xk → x∗, c(xk) > 0, rk1 →

0+, rk2 → 0+ and wk → w, W k → W where W k is a symmetric n × n matrix with (wk,W k) ∈ KC
2 (xk, rk1 , r

k
2 )

for all k. Hence, for all k, there are (λk, µk, sk) ∈ R|E| × R|I|+ × R|S|+ and sequences {θ̄k,`} → +∞, {εk,`} →
0+, {wk,`,W k,`} → (wk,W k) as `→ +∞ such that (wk,`,W k,`) ∈ A(xk, λk, µk, sk, rk1 , r

k
2 , θ̄k,`, εk,`) for all k and

all `, associated with some (θk,`, ηk,`, νk,`) ∈ R|E|+ × R|I|+ × R|S|+ given in the definition of the set A(·) (16).
Let us fix a subsequence ` := `k such that `k → +∞ when k → +∞. Let us define the objective function

f(x) := wT(x− x∗) + 1
2 (x− x∗)TW (x− x∗) and let us show that x∗ satisfies CAKKT2 for this function. Note

that ∇f(xk) = w +W (xk − x∗) and ∇2f(xk) = W . From the definition of the set A(·) (16) we have:

wk,`k +
∑
i∈E

λki∇hi(xk) +
∑
i∈I

µki∇gi(xk)−
∑
i∈S

ski∇ci(xk) = 0, (17)

λmin

(
W k,`k +

∑
i∈E

λki∇2hi(x
k) +

∑
i∈I

µki∇2gi(x
k) +

∑
i∈S

ski∇2ci(x
k)+∑

i∈E
θk,`i ∇hi(x

k)∇hi(xk)T +
∑
i∈I

ηk,`i ∇gi(x
k)∇gi(xk)T+ (18)

∑
i∈S

νk,`i ∇ci(x
k)∇ci(xk)T

)
≥ −εk,`k ,

and ∑
i∈E
|λki hi(xk)|+

∑
i∈I
|µki gi(xk)|+

∑
i∈S

ski ci(x
k) ≤ rk1 ,∑

i∈E
|λki hi(xk)2|+

∑
i∈I

µki gi(x
k)2 +

∑
i∈S

ski ci(x
k)k ≤ rk2

with
∑
i∈E

θk,`i +
∑
i∈I

ηk,`i +
∑
i∈S

νk,`i ≤ θ̄k,`.

Note that ∇L(xk, λk,`k , µk,`k , sk,`k) = ∇f(xk)− wk,`k → 0 and

Qk := ∇2L(xk, λk, µk, sk) +
∑
i∈E

θk,`ki ∇hi(xk)∇hi(xk)T +∑
i∈I

ηk,`ki ∇gi(xk)∇gi(xk)T +
∑
i∈S

νk,`ki ∇ci(xk)∇ci(xk)T
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is such that Qk −W + W k,`k + εk,`kI � 0. Since W k,`k → W and εk,`k → 0+ we have lim inf
k→+∞

λmin(Qk) ≥ 0.

The fact that rk1 and rk2 go to zero gives the remaining properties in the definition of CAKKT2. The hypothesis
implies that x∗ satisfies WSOC, which by Lemma 4.1 implies that (w,W ) ∈ KC

2 (x∗, 0, 0) and CAKKT-regularity
holds.

Note that Theorems 2.1 and 4.3 imply that CAKKT2-regularity is a constraint qualification, that is, it can
take the place of CQ in the first-order optimality condition (12). It can also take the place of CQ2 in the
second-order optimality condition (13). Theorems 4.2 and 4.3 together with the fact that CAKKT2 implies
AKKT2 shows that AKKT2-regularity implies CAKKT2-regularity. We note also that Definition 4.3 gives
an alternative definition of AKKT2-regularity when S := ∅ by simply removing the third condition from the
definition of the set A(·) (16).

In comparison with the definition of AKKT-regularity ([7]), CAKKT-regularity ([8]) and AKKT2-regularity
([5]), our definition of CAKKT2-regularity also includes additional constraints ci(x) ≥ 0, i ∈ S (satisfying As-
sumption 2.1, in the non-trivial case). Our Theorem 2.1, in particular, proves that AKKT, CAKKT and AKKT2
sequences can always be build around a local minimizer that satisfies Assumption 2.1 with the additional prop-
erty c(xk) > 0 for all k. It is straightforward to generalize the corresponding minimal constraint qualifications
associated with these optimality conditions by simply replacing, in the definition, the outer semicontinuity of
the corresponding cone by the outer semicontinuity over the interior of the constraints in i ∈ S. Note that
constraint qualifications can become stronger by the inclusion of Assumption 2.1, for instance, when E := ∅ and
I := ∅, Assumption 2.1 together with CPLD is equivalent to MFCQ ([29]).

Let us revisit Example 2.1. In this example, the critical subspace at x∗ is S(x∗) = {(0)} × R, while the
perturbed critical subspace S(x, x∗) = {(0, 0)} for x 6= x∗. That is, the perturbed critical subspace does not
recover the information of the true critical subspace, no matter how close x is from x∗. When the perturbed
critical subspace is a trivial set, the second-order information of the problem is neglected by AKKT2. This can
be seen, for instance, in the cone given in Definition 4.2. The definition of CAKKT2 tries to avoid this situation,
controlling the size of tangent multipliers in order to give a chance for second order information to be considered.
In the following example we show that CAKKT2-regularity is strictly weaker than AKKT2-regularity. Let us
prove that the constraints from Example 2.1 conforms to CAKKT2-regularity, while AKKT2-regularity fails.

Example 4.1. Let us consider the constraints of Example 2.1.

h(x1, x2) := x1 = 0,
g1(x1, x2) := x3

1 ≤ 0,
g2(x1, x2) := x1e

x2 ≤ 0,

at the feasible point x∗ := (0, 0). Let us first compute the cone KC
2 (x∗, 0, 0). This cone is formed by

elements (w∗,W ∗) ∈ R2 × Sym(2) such that there are some (λ∗, µ∗1, µ
∗
2) ∈ R × R+ × R+ and sequences

ε` → 0+, {(θ̄`, θ`, η`1, η`2)} ⊂ R4
+, {(w`,W `)} ⊂ R2 × Sym(2) such that w` → w∗,W ` →W ∗, θ̄` ≥ θ` + η`1 + η`2,

w` + λ∗∇h(x∗) + µ∗1∇g1(x∗) + µ∗2∇g2(x∗) = 0, (19)

W ` + λ∗∇2h(x∗) + µ∗1∇2g1(x∗) + µ∗2∇2g2(x∗) + θ`∇h(x∗)∇h(x∗)T +

ν`1∇g1(x∗)∇g1(x∗)T + (20)

ν`2∇g2(x∗)∇g2(x∗)T + ε`I � 0.

Computing derivatives we have that (19) and (20) can be written as:

w`1 + λ∗ + µ∗2 = 0, w`2 = 0, (21)

W ` + µ∗2

(
0 1
1 0

)
+ θ`

(
1 0
0 0

)
+ ν`2

(
1 0
0 0

)
+ ε`I � 0. (22)

These sequences can be built if, and only if, w∗2 = 0 and W ∗22 ≥ 0, which defines the cone KC
2 (x∗, 0, 0). To prove

that CAKKT2-regularity holds, let us take (w∗,W ∗) ∈ lim sup
(xk,rk1 ,r

k
2 )→(x∗,0,0)

KC
2 (xk, rk1 , r

k
2 ) and let us prove that
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(w∗,W ∗) ∈ KC
2 (x∗, 0, 0), that is, w∗2 = 0 and W ∗22 ≥ 0. From the definition, we have that there exist sequences

(xk, rk1 , r
k
2 )→ (x∗, 0, 0), {(λk, µk1 , µk2)} ⊂ R× R+ × R+ and (wk,W k)→ (w∗,W ∗) such that

(wk,W k) ∈ lim sup
θ̄→+∞,ε→0+

A(xk, λk, µk, ∅, rk1 , rk2 , θ̄, ε),

that is, there exist sequences {(wk,`,W k,`)} → (wk,W k) as `→ +∞, θ̄k,` → +∞ as `→ +∞ and εk,` → 0+ as
` → +∞ such that (wk,`,W k,`) ∈ A(xk, λk, µk, ∅, rk1 , rk2 , θ̄k,`, εk,`) for all k and `. Computing derivatives, from
the definition (16) of the set A(·), for a fixed sequence ` := `k such that `→ +∞ when k → +∞ we have:

W k,`k + λk(1, 0) + µk1(2(xk1)2, 0) + µk2(ex
k
2 , xk1e

xk2 ) = (0, 0), (23)

|λkxk1 |+ |µk1x3
1|+ |µk2xk1ex

k
2 | ≤ rk1 , (24)

θk(xk1)2 + ηk1 (xk1)6 + ηk2 (xk1)2e2xk2 ≤ rk2 , (25)

W k,`k +

(
6xk1µ

k
1 + θk + 9ηk1 (xk1)4 + ηk2e

2xk2 µk2e
xk2 + ηk2x

k
1e

2xk2

µk2e
xk2 + ηk2x

k
1e

2xk2 µk2x
k
1e
xk2 + ηk2 (xk1)2e2xk2

)
(26)

+εk,`kI � 0,

θ̄k,`k ≥ θk,`k + ηk,`k1 + ηk,`k2 for some (θk,`k , ηk,`k1 , ηk,`k2 ) ∈ R3
+. (27)

From (23) and (24) and from the fact that wk,`k → w∗ = (w∗1 , w
∗
2) we have w∗2 = 0. From (24) and (25), since

W k,`k → W ∗ =

(
W ∗11 W ∗12

W ∗12 W ∗22

)
and εk,`k → 0+, the element in the second column and second row of the

matrix in (26) converges to W ∗22. Hence (26) gives W ∗22 ≥ 0, which proves CAKKT2-regularity. By a simple
calculation, WSOC does not hold at x∗ for any Lagrange multiplier, thus, since Example 2.1 exhibited an
objective function such that x∗ satisfies AKKT2, Theorem 4.2 implies that AKKT2-regularity fails. Note that
even if we somewhat include first-order complementarity in the definition of AKKT2 and AKKT2-regularity, we
would have equation (24) but not (25), which would not be enough to conclude continuity of the corresponding
cone. This shows that the inclusion of second-order complementarity plays a key role in this example.

This example shows that for some objective function f(·), an algorithm may generate an AKKT2 and
CAKKT sequence that converges to a point that does not satisfy WSOC as in Example 2.1, hence, not a
solution, while whenever it generates a CAKKT2 sequence, it necessarily satisfies WSOC at a limit point.

5 Conclusions

We have developed a new second-order optimality condition CAKKT2 without constraint qualifications by lim-
iting the rate of growth of Lagrange and tangent multipliers. This suggests that stopping criterion associated
with the new optimality condition should be included in an algorithm in order to avoid, as much as possible,
declaring convergence to a non-optimal solution. Usually, algorithms do not compute tangent multipliers explic-
itly, but at least for augmented Lagrangian and some interior point methods, the “hidden” tangent multipliers
associated is such that CAKKT2 holds. We also developed a new constraint qualification that captures the rate
in which Lagrange and tangent multipliers grow in these algorithms. This gives a new global convergence result
to a second-order stationary point with a weaker assumption. We believe that the formulation of our optimality
condition will help to guide the development of second-order algorithms by providing an adequate way to handle
the critical subspace. Also, our optimality condition naturally suggests a way to define a perturbed version of
the classical second-order necessary condition, even with simple constraints, which is relevant to the definition
of a stationarity concept suitable to the development of iteration complexity bounds and stopping criteria.
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