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ABSTRACT

We define block sequences (zr) in every block subspace of a variant of the space of Gowers and
Maurey so that the map x2p—1 — x2, extends to an isomorphism. This implies the existence of
a subsequentially minimal HI space, which solves a question in [11].

1. Introduction

We start this article by motivating our result with a presentation of W.T. Gowers’s program
of classification of Banach spaces, and its recent developments along the lines of [11, 12] and
[10].

1.1. Gowers’ classification program

W.T. Gowers’ fundamental results in geometry of Banach spaces [15, 16] opened the way to
a loose classification of Banach spaces up to subspaces, known as Gowers’ program. The aim
of this program is to produce a list of classes of infinite dimensional Banach spaces such that:

(a) the classes are hereditary, i.e., stable under taking subspaces (or block subspaces),

(b) the classes are inevitable, i.e., every infinite dimensional Banach space contains a subspace
in one of the classes,

(¢) the classes are mutually disjoint,

(d) belonging to one class gives some information about the operators that may be defined
on the space or on its subspaces.

We shall refer to such a list as a list of inevitable classes of Gowers. The reader interested in
more details about Gowers’ program may consult [16] and [11]. Let us just say that the class
of spaces ¢y and /,, is seen as the most regular class, and so, the objective of this program really
is the classification of those spaces which do not contain a copy of ¢y or £,. We shall first give
a summary of the classification obtained in [11] and of the results of Gowers that led to it.
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The first classification result of Gowers was motivated by his construction with B. Maurey
of a hereditarily indecomposable (or HI) space GM, i.e., a space such that no subspace may be
written as the direct sum of infinite dimensional subspaces [17]. The space GM was the first
known example of a space without an unconditional sequence. Gowers then proved his first
dichotomy.

THEOREM 1.1 First dichotomy [15]. Every Banach space contains either an HI subspace
or a subspace with an unconditional basis.

These were the first two examples of inevitable classes.

After GM was defined, Gowers was able to apply a criterion of P.G. Casazza to prove that
an unconditional variant of Gowers-Maurey’s space G, is isomorphic to no proper subspace,
solving Banach’s hyperplane problem [13]. Later on Gowers and Maurey proved that GM also
solves Banach’s hyperplane problem, but as a consequence of general properties of HI spaces,
based on Fredholm theory, rather than by applying the criterion. Let us note in passing that
our main result will suggest that Casazza’s criterion is indeed not satisfied in Gowers-Maurey’s
space.

Gowers then refined the list by proving a second dichotomy as a consequence of his general
Ramsey theorem for block sequences [16]. A space is said to be quasi-minimal if any two
subspaces have further subspaces which are isomorphic.

THEOREM 1.2 Second dichotomy [16]. Every Banach space contains a quasi-minimal
subspace or a subspace with a basis such that no two disjointly supported block subspaces
are isomorphic.

Finally, H. Rosenthal had defined a space to be minimal if it embeds into any of its subspaces.
A quasi minimal space which does not contain a minimal subspace is called strictly quasi
minimal, so Gowers again divided the class of quasi minimal spaces into the class of strictly
quasi minimal spaces and the class of minimal spaces.

Gowers deduced from these dichotomies a list of four inevitable classes of Banach spaces:
HI spaces, such as GM; spaces with bases such that no disjointly supported subspaces are
isomorphic, such as G,; strictly quasi minimal spaces with an unconditional basis, such
as Tsirelson’s space T [25]; and finally, minimal spaces, such as ¢o or ¢,, but also T*,
Schlumprecht’s space S [2], or its dual S* [5] (see also [19]).

In [11] several other dichotomies for Banach spaces were obtained. The first one, called the
third dichotomy, refines the distinction between the minimality of Rosenthal and strict quasi-
minimality. Given a Banach space X with a basis (e, ), a space Y is tight in X if there is a
sequence of successive subsets Iy < I} < Iy < ... of N, such that the support on (e,) of any
isomorphic copy of Y intersects all but finitely many of the /;. In other words, for any infinite
subset J of N,

Y [ei:ieN\ UIJ},
jed
where T means ”"embeds into”.
The space X itself is tight if all subspaces Y of X are tight in X.

As observed in [10], the tightness of a space Y in X allows the following characterization:
Y is tight in X if and only if

{ue2¥:YCle,:neul}
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is a meager subset of the Cantor space 2¥. Here we identify the set to subsets of w with the
Cantor space 2%, equipped with its usual topology.

After observing that the tightness property is hereditary and incompatible with minimality,
the authors of [11] prove:

THEOREM 1.3 Third dichotomy [11]. Every Banach space contains a minimal subspace or
a tight subspace.

Special types of tightness may be defined according to the way the I,, may be chosen in
function of Y. It is observed in [11] that the actual known examples of tight spaces satisfy
one of two stronger forms of tightness, called by range, and with constants. Thus e.g. Gowers
unconditional space G, is tight by range, and Tsirelson’s space T is tight with constants, see
also [12] for other examples.

We shall be mainly interested in tightness by range, which we define in the next subsection.
We refer to the end of the paper for definitions and comments about tightness with constants.

1.2. Ranges and supports

The following distinction is essential. If X is a space with a basis (e;);, then the definition
of the support supp = of a vector x is well-known: it is the set {i € N: x; # 0}, where x =
> ien Zici. On the other hand the range, ran z, of x is the smallest interval of integers containing
its support. So of course, having finite range and having finite support are the same, but the
range is always an interval of integers, while the support may be an arbitrary subset of N.

If Y = [y, : n € N] is a block subspace of X, then the support of Y is U,ensupp ¥, and the
range of Y is Upenran y,.

Let us now recall the criterion of Casazza, which appears in [13]. Two basic sequences
(n)nen and (yn)nen are said to be equivalent if the map x,, — y, extends to an isomorphism
of [x,,,n € N] onto [yn,n € N].

PROPOSITION 1.4 [4]. Let X be a Banach space with a basis. Assume that for any block
sequence (x,,) in X, (x2,) is not equivalent to (x2,41). Then X is isomorphic to no proper
subspace.

The criterion of Casazza leads to studying the possible isomorphisms between disjointly
supported or disjointly ranged subspaces. As proved in [11], this turns out to have an essential
connection with the notion of tightness. In what follows we shall say that two spaces are
comparable if one embeds into the other.

If no two disjointly supported block-subspaces are isomorphic, then equivalently no two
such subspaces are comparable. This is also equivalent to saying that for every block subspace
Y, spanned by a block sequence (y,), the sequence of successive subsets Ip < I; < ... of N
witnessing the tightness of Y in (e,) may be defined by I = supp yx for each k. When this
happens it is said that X is tight by support [11]. So Gowers’ second dichotomy may be
interpreted as a dichotomy between a form of tightness and a form of minimality, and G, is
tight by support.

If now for every block subspace Y = [y,], the sequence of successive subsets Iy < I; < ... of
N witnessing the tightness of Y in (e,,) may be defined by I}, = ran y;, for each k, then X is said
to be tight by range. This is equivalent to no two block subspaces with disjoint ranges being
comparable, a property which is formally weaker than tightness by support. Note that the
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criterion of Casazza applies to prove that a space which is tight by range cannot be isomorphic
to its proper subspaces.

The distinction between range and support is relevant here. While it is easy to check that
a basis which is tight by support must be unconditional, it is proved in [12] that HI spaces
may be tight by range; this is the case of an asymptotically unconditional and HI variant of
Gowers-Maurey’s space, due to Gowers [14], which we denote by G.

In [11] it was proved that there also exists a dichotomy relative to tightness by range. The
authors define a space X with a basis (z,,) to be subsequentially minimal if every subspace of
X contains an isomorphic copy of a subsequence of (). Tsirelson’s space T is the classical
example of subsequentially minimal, non-minimal space.

THEOREM 1.5 Fourth dichotomy [11]. Any Banach space contains a subspace with a basis
which is either tight by range or subsequentially minimal.

The second case in Theorem 1.5 may be improved to the following hereditary property of a
basis (z,,), that is called sequential minimality: (x,,) is quasi minimal and every block sequence
of [z,] has a subsequentially minimal block sequence.

1.3. The list of 6 inevitable classes

The first four dichotomies and the interdependence of the properties involved can be
visualized in the following diagram.

Unconditional basis * % 1st dichotomy x* x Hereditarily indecomposable
f \
Tight by support * % 2nd dichotomy * * Quasi minimal
4 )
Tight by range * % 4th dichotomy * * Sequentially minimal
! )
Tight * % 3rd dichotomy * * Minimal

The easy observation that HI spaces are quasi-minimal is due to Gowers (see subsection 1.5).
On the other hand it was shown in [17, Corollary 19] and [17, Theorem 21] that an HI space
cannot be isomorphic to any proper subspace. This implies that an HI space cannot contain a
minimal subspace.

Therefore by the third dichotomy, every HI space must contain a tight subspace, but it is
unknown whether every HI space with a basis must itself be tight.

Combining the four dichotomies and the relations between them, the following list of 6 classes
of Banach spaces contained in any Banach space is obtained in [11]:

THEOREM 1.6 [11]. Any infinite dimensional Banach space contains a subspace of one of
the types listed in the following chart:
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Type Properties Examples
(1) HI, tight by range G,G*
(2) HI, tight, sequentially minimal Xom
(3) tight by support Gu, G, X, X2 Xobr
(4) unconditional basis, tight by range,
quasi minimal ?
(5) unconditional basis, tight, T, T®

sequentially minimal

(6) unconditional basis, minimal S, 5%, T, co, ¥y

For information about the examples appearing in type (1) and (3)—(6) we refer to [12]. Two
major open problems of [11] were whether spaces of type (2) or (4) existed. The only known
proofs of sequential minimality used properties which implied unconditionality, so presumably
the construction of a type (2) space would require new methods.

The main result of this paper is the existence of an example Xgps of type (2), similar to
Gowers-Maurey’s space, which is reported on the chart above.

1.4. The main result

THEOREM 1.7. There exists a version GM of Gowers-Maurey’s space such that

(a) GM does not contain an unconditional basic sequence.
(b) Any block subspace of GM contains a block sequence (yy), such that (yay) is equivalent

to (Yan+1)-

The proof of Theorem will be accomplished in Section 6, Theorem 6.2. The modification
leading to GM is essentially technical. Note that by (a) and the first dichotomy, GM contains
an HI subspace. So this subspace is not isomorphic to its proper subspaces, although by
Theorem 1.7 (b), it does not satisfy Casazza’s criterion. Using also the third and fourth
dichotomy, we deduce that some subspace of GM satisfies:

THEOREM 1.8. There exists a tight, HI, sequentially minimal space Xgs.

It may be surprising to see that the answer to the existence of type (2) spaces is given by
a modification of the first known example of HI space. We actually believe that GM itself
satisfies Theorem 1.7 (b), and therefore fails to satisfy the criterion of Casazza.

We shall also observe that the space GM is locally minimal, which means that all finite
dimensional subspaces of GM embed into all its infinite dimensional subspaces, with uniform
constant. Problem 5.2 from [12] asked whether a sequentially and locally minimal should be
minimal or at least contain a minimal subspace. We therefore answer this by the negative.

THEOREM 1.9. There exists a locally minimal, sequentially minimal, tight space.
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To conclude this subsection let us mention that our results hold both in the real and in the
complex setting.

1.5. Some comments on our construction

Let us first recall why HI spaces are quasi-minimal. Let X be an HI space with a basis. If
€ > 0, and two block-subspaces U and V of X are given, then one can use the HI property
to obtain two normalized block-sequences (uy,), and (vy), in U and V respectively, so that
[l — vp]| < €27™ for all n € N. So there is a compact perturbation of the canonical injection
mapping [u,,n € N] onto [v,,n € NJ, which are therefore isomorphic. Note that if U and V are
disjointly supported, or even disjointly ranged, then each w,, is disjointly supported from v,,.

If now we want to obtain a canonical isomorphism between [u,,n € N] and [v,,n € N], so
that (u,) and (v,) are disjointly ranged and seminormalized block sequences, then such a
crude approach does not work. Let us explain this when (u,) and (v,) are intertwined, i.e.
uy < vp < ug < vy < ug < ---. By using the projection on the range of u,, we see that the
norm ||u, — v, is bounded below by a constant depending on the constant of the basis, and
so the map u,, — u, — v, can never be compact. We may however hope to pick u, and v, so
that this map is strictly singular. Actually in the case when X is, say, complex HI, we must do
so. Indeed, we know in this case [9] that there must exist A € C and a strictly singular operator
S : [u; : jeN] = X, such that v,, — Au,, = S(uy); so by projecting on ran v, we get that S(u,)
is bounded below, and that S is strictly singular non compact from [u,,n € N] into X.

So our result of existence of two intertwined and equivalent block sequences in any subspace
of GM will be related to the techniques of the construction of strictly singular non-compact
operators on subspaces of Schlumprecht’s space S and of GM type spaces, as appears in [1]
and [23]. We shall replace the condition that |lu, — v,|| < €27 by the requirement that the
sequence u,, — v, generates a spreading model which is ”largely” dominated by the spreading
models of wu,, v, and wu, + v,. From some techniques of [23], this will imply that the map
taking u,, to u, — v, extends to a bounded (actually strictly singular) map, and the same for
the map taking v, to u,, — v,. Therefore (u,) and (v,) will be equivalent.

Note that our estimates will imply that || Zle(un —up,) || <€l Zle(un + vp, )| whenever
k<ng <---<ng and k is large enough with respect to e. Thus we recover the result of
saturation of GM with finite block-sequence (y;)25, such that || 2% (1) iyl < e| 278, will,
for some k = k(e) large enough, but of course our result is much stronger, since we can choose
(yi) to be any finite subsequence (Un,,Vn,, -, Un,, Un, ) as above. This estimate implies that
GM does not contain a subspace with an asymptotically unconditional basis, which means by
Gowers’ dichotomy that GM has a subspace which is HI (and even, by [26], satisfies the HI
property in a "uniform” way).

1.6. Some preliminary definitions

We use the usual definitions and notation for coo, (e;), E(x), supp(z), ran(z), E < F and
x <y for E,F CN, and z,y € cgo. The closed linear span of a basic sequence (Z,)nen iS
denoted [z,,n € NJ.

We say that two vectors x and y in cgg have the same distribution and write x =gis ¥ if
there there are natural numbers [ , m; < mo < ...my, and n; < ne < ...n;, and a sequence
(a;:i=1,2...1) CR, so that

l l
T = E Giem,; and y = E Gi€n, .
i=1 i=1

We say =z is the distribution of y if x and y have the same distribution and if the support of x
is an initial interval of N.
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Note that a vector = € ¢qg is uniquely defined by its distribution and its support.

DEFINITION 1.10. Let X be a Banach space with a basis (e;). We call a vector x in X an
(" -average, if z = L 3" xl, where (x;)_; is a block sequence (of (e;)) in Bx. For ¢ € (0,1]
an ({"-average  is called ¢{™-average of constant ¢, if ||z| > c.

If moreover (z;)?_, is l—1somorph10 to the (7 unit vector basis, we say that x is an ¢]-average
of constant c. In particular it follows in that case that ||y ., £x;|| > c.

REMARK 1. For a minor technical reason, we are not assuming in Definition 1.10 that the
sequence (x;) is normalized. But of course if z is supposed to be an {{"- or an (}-average, of
a constant c close to 1, then the norm of most of the x; has to be close to 1 too.

2. The space S
We recall the space introduced in [22]. We define

f(z) =logy(xz + 1), for > 1. (2.1)
The space S is the completion of cop under the norm | - ||s which satisfies the following
implicit equation.
1
|z/|s = max (Hm”oo, max  — Z \|5) for = € coo. (2.2)
leN o) =1
E1<Es<...E,
As observed in [22], there is a norm ||-||s on cpo, which satisfies Equation (2.2), the
completion S of (cqo, || - ||ls) is reflexive, and (e; : ¢ € N) is a l-subsymmetric (i.e 1-spreading

and 1-unconditional) basis of S.
Forl=2,3... and x € S we define

1
ol = 5, o Z 1Bl
Then || - ||; is an equivalent norm on S and for z € S,
1
—||z|| < ||z|l; < ||«]| and 2.3
70 [l < llzlle < [l (2.3)
]| = max (||2]|oc, sup [|z[]:)- (2.4)
leN

2.1. Upper bounds of || - ||s

We will need to show some upper estimates for || - ||s and for basic sequences which have
spreading models equivalent to the unit basis in S.

DEFINITION 2.1.  For a bounded sequence (§;) in R we denote the decreasing rearrangement

of ([€]i]) by (€F).
Assume that g :[l,00) — [1,00) is an increasing function with g(1) = 1. We define the
following two norms on cyg. For © = (z;) € cop we define

o0

1
and |loly = 3 —esat-

=1

||£L’||g <nzn<la n,lEN g Z ‘xnl
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It is clear that | - ||g < || - |lg- The following Lemma describes a situation in which we can
bound || - |lgr, 0 < p < ¢ by a multiple of || - || 4a.

LEMMA 2.2. For 0 < p < q there is a constant C(p,q) so that

Jellys < Co.llall o, for all v € coo.
Here f :]0,00) — [0,00) is defined as in (2.1) by f(z) = logy(z + 1), for z > 1.

Proof. We first observe that

= fP(n) — fP(n—1
Q):Z_:f()fq{n§ )<oo.

Indeed, by the Mean Value Theorem, there is for every n€N an n,, € (n,n+1), so that

) — 70— 1) = (logy(e))? @)

D] = (tog(e)) )

T="Mn Mn

and thus

a-px~ [P (n) = fP(n = 1) _ — 1 1 — 1 1
(o)™ 2 =~ o T Wt 1) < 2w

which is finite by the integral test.
Secondly we claim that for L € N

My, = max{|[z[|a : ran(z) C [1, L], and [jz]|;» <1},

is achieved for the vector
L

2B =3 (f7(5) = 75— D)ej with f(0) =
j=1
which would imply that My < C(p, q). Indeed, ||x(L)pr =1,and if z = (z;))L, e RL, ||z 4» =
1, and

L Z#
Zfa = J - = ML,

we can assume without loss of generality that z; > 25 > ...z > 0. Note that actually z; > 0.
Otherwise let o = min{j : z; = 0 for all ¢ > j}, and note for [ > [y that

l lo—1

1
o) 27 7 Z”<fM—1 Zzﬂ“

Thus we could increase the value of 7, and thus increase the Value of ||z f«, without increasing
the value of ||z|| t», which contradicts the maximality of z.

We want to show now that z = (%), which would imply our claim. If this were not true we
put

l=min{je{1,2,....L}: z; # fP(j) — fP(G - 1}.

First we note that zlo < fp( ) fP(j — 1), because otherwise z;, > fP(j) — fP(j — 1) and thus
fp(lO)Z fpl )Z (j)_fp(]_l)—l»

Note that lo #L 0therw1se we could increase zy, to fP(L) — fP(L — 1), which would not
increase ||z| s», but certainly increase |z||se. If lo < L we could increase z;, by min(f?(lp) —

fP(lp — 1), 2;,) > 0 and decrease z;,+1 by the same amount. This would not increase the | -
|| fa-norm but it would increase the || - || fp-norm of z. O
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The proof of the next Lemma could be shown using [23, Theorem 1.1] and its proof.
Nevertheless, since the arguments in this case are much simpler we prefer to present a self
contained argument.

Recall that a seminormalized basic sequence (z,) generates the spreading model E with
basis (&) if for any € > 0 and every k € N, there exists N € N such that for any N <n; <
ng < --- < ny, the sequence (z,,)1<i<k is 1 + e-equivalent to (%;)1<i;<k. From this it follows
that (Z,) is necessarily a 1-spreading basis of E. We also recall [3] that any seminormalized
basic sequence contains a subsequence which generates a spreading model.

LEMMA 2.3. Let (z,) and (y,) be two basic seminormalized weakly null sequences in a
Banach space X, having spreading models E and F with bases (Z,) and (g, ), respectively.
Assume that for some 0 < p < q and some 0 < ¢,C < o it follows that

o0 o0 o0 o0
H Z;anxn - > CH z;anen i and H Z;anyn . < C‘H z;anen
1= 1= 1= 1=

Then there is a subsequence (ny) of N so that the map x,, — yn, extends to a linear bounded
operator.

(2.5)

fa

REMARK 2. Using the arguments in [23] one can actually show that under the assumption
of Lemma 2.3 there is a subsequence (ny) of N so that the map x,, +— yn, extends to a linear
bounded and strictly singular operator.

Before proving Lemma 2.3 we will need the following

LEMMA 2.4. Assume 0 < p < q and define for € > 0

(o]
Ap.g)(€) = sup {H Z a;e;
i=1

Then

oo
:a; gs,i:1,2...,andH a;€; <1p. 2.6
il el <1} o

gl\I}) A(P:Q) (E) =0. (27)

Proof. Let n > 0 be arbitrary and choose n, € N so that fq%p(n) <, for all n > n,,, and

then choose
q
€ =1 min M

n<ny n

For any (a;) € coo, with |a;| < e, for i€N, and || ;2 ase;||f» < 1 it follows therefore that, for
some choice of n € N and i1 < iy < ...4, in N, we have

0o n n .
1 Exar~ <M ifn<n
H a;e; = 2 la;,| < qun) 0 . K
2wl = g & | S el <0 ifn >,

fa—r(n
which verifies our claim. ]

Proof of Lemma 2.3. We can assume that (g,) is not equivalent to the ¢ unit vector basis.
Otherwise we may replace the norm on [y, : n € N] by

”’ Zaiyi = H Zaiyi + H Zaiei

if (al) € Coo-
fa
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We can therefore assume that for every € > 0 the number

there are (a;)!_,, |a;| >¢,i=1,2...1, and }
<1

I(g) = max {l :

ni <ng < ...ny, so that H 22:1 aiYn,

exists.
Let r = (p + ¢)/2. By Lemma 2.4 we can choose a sequence (g,,) C (0,1) so that

D Apr(cen/6) < Tand Y ne, < 1. (2.8)

neN n=1

Using the Schreier unconditionality of basic sequences [20] (see also [6] for a more general
statement), the fact that (Z,) is the spreading model of (z,), and our assumption (2.5), we
can assume, after passing to simultaneous subsequences of (xn) and (yn)7 if necessary, that for
all (a;) € coo and all finite FF C N, with n < min F and #F < l(g,41) we have

1 5 2 6|
[5ee], < YT < 2o < 8 e
ieF ieF ieF i=1

and by using the fact that (§,) is the spreading model of (y,), our assumption (2.5), and
Lemma 2.2, we can assume that for some constant C3 and for all finite F' C N, with n < min F
and #F <l(en+1), and all (a;);er we have

H Zaiyi < 2H Zaiﬂi < 20‘” Zai
ek ek ek

By Elton’s near unconditionality [7] (see also [6, Theorem 6]) and the fact that I(e1) is finite
we can assume, after passing to subsequences, if necessary, that there are constants C; and Co
so that for every (a;) € cgo, with H > aixiH < 1, it follows that

H Z ajyjH S 01H Z ajz:jH S CQH ZCLjIjH S CQ. (211)
Jj=1

Jj=1,la;|>e1 j=L,]a;|>e1

, (2.9)

(2.10)

v S CgH Zaiei o
f i€l f

Now let (a;) € coo and assume that || Y1 | a;a;| = 1. Then, by (2.11),

o0 o0 (o)
| X aim] <|| 3 awl+] X am] <] X aw]+cr]Xaw
j=1 | j=1

aj|<e: laj|>e1 aj|<e:

and

o0
| > au

S,i” >

Jj=1la;|<ex =1 enpi<]aj|<en
(oo}
< E nen + H g a;y;
n=1 n<jent1<la;|<en
oo

<1+4+Cs Z ‘ Z ajeijr (by (2.8) and (2.10))

=1 n<jent1<|aj|<en

6C5 o
:14’?32‘ Z %ajej

=1 n<j75n+1<|aj‘gen

i
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Now it follows from (2.9) that

H Z Saje; <1
. 67l
n<jent1<|aj|<en
and thus (2.8) and the definition of A, , yield that
- 6C:
| e
Jj=1,|a;|<e: ¢
We proved therefore that if || Zfil Clﬂ?iH <1 then
- 6C
Hzaz‘yi <Cyt1+—2,
i=1 ¢
which finishes the proof of our claim.
We finally want to compare the norms || - || and | - ||s and first prove the following Lemma.

LEMMA 2.5. For every 2* = (&) € Bg- and n € N, we have that

1
&< —. (2.12)
f(n)
Proof. By the l-unconditionality of both norms in S and S* we need to prove (2.12) only
for non negative sequences z* = (fj) in coo. Let E = {j1,42,...,Jn} C N have n elements, so
that

§ip 2 5.7'2 >...&, = §#,
and put

yr=&E> e
Since the basis of S* is suppression 1-unconditional, it follows that ||y*|| < 1, and since
f(n) ¢
Yy = Tzlejs S SS,
5=

(see [22]) it follows that
1> <y*’y> = f(n>€#’

which proves our claim. |

COROLLARY 2.6. For x € cgg we have

lzlls < lllls- (2.13)

2.2. Yardstick vectors

The following type of vectors were introduced by D. Kutzarova and P.-K. Lin in [18].

DEFINITION 2.7 Yardstick Vectors. We call a finite or infinite sequence of natural number
my, Mg, M3, ... admissible, if for any i, for which m; exists, m; is even and is a multiple



Page 12 of 40 V. FERENCZI AND TH. SCHLUMPRECHT

of the product []4c¢10, -1y (ZjeA mj> (as usual [, = 1). Note that any subsequence of
admissible sequences is also admissible.

By induction we define the vector y(my,ms,...my) for each k and each admissible
finite sequence (mq,ma,...,my) C N; the support of y(my,ma,...my) will be the interval

[17 Zf:l ml]

If k=1 we put for m € N
_ flm) <
y(m) = - ;:1 €;.

Assume that y(m1,ma, ... my ) has been defined for each k' < k and each admissible sequence

(my,ma,...,mg) CN.
From our induction hypothesis the support of y(mi, ma,...,mg_1) is [I,m1 +ma+ ...+
mg—1] and we write y(my, ma,...,mp_1) as
mi+ma+...+mg_1
y(my,ma,...,my_1) = Z ;€.
i=1
Now we define §j to be the vector, which has the same distribution as y(my,ma,...,,Mr_1),
and whose support is
m k—1
. . k .
su =<q¢1+(@—-1 e =1,2... m;
PP(y) ( )m1+m2+...mk_1 7 ’jz::l !

(i.e we spread out the coordinates of y(my,ma, mi_1), so that between any two successive non
zero coordinates there are ———"5——— zeros).

mi+ma+..mE_1
Then we define

_ J(myg
y(m17m2""?mk):y+ ( ) Z .
my ) ~
i€[l,m1+mao++...mg]\supp(y)

(i.e. we are replacing the zeros on the interval [1,mq + ma + ... my]| by the value f(my)/my)).
So, for example, y(my) and y(mq,ms) are the following vectors:

_(fma) flma) f(mi)
y(ml) - ( my ’ my yete my )
m times
_( flma) f(ma) f(ma2) f(m1) f(ma) f(ma)
y(ml,mg)—< e e e e )
mg/m1 times mo/m1 times

mq times

If T = (x,,)nen is a block sequence in coo, and if (my,...my) C N is admissible, we define

yz(my,ma,...,my) to be a linear combination of the x,’ s with the same distribution as
y(my,ma,...,mg) has on the e,, i.e.
yz(mi, me, ..., my) = Z a;Ti,

i€supp(y(mi,ma,...,mg))

where the a; are such that

y(my, ma,...,my) = Z a;e;.

i€supp(y(mi,mz,...,mg))
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It follows from the arguments in [18] that for £ € Nand € > 0 one can find m; < ma < ...my
in N so that |ly(myi, ma,...my)|ls <14 e. Since y(my, ma,...my) is the sum of disjointly
supported vectors zi, 2o, ...z, with z; having the same distribution as % Z;’L’l ej, for
i=1,2...k, (and thus || z;|| = 1, by [22]), it follows that ¢%_, k € N are uniformly represented in
S. Something stronger is true. Using similar arguments as in [18] it is actually possible to prove
under appropriate growth conditions on (m;) that the sequence (y(ml,mg7 coomg) keN) is
uniformly bounded in S. For completeness we will present a self contained proof of this fact.
First we prove the following lemma, which will serve as the induction step for choosing the
sequence (m;).

LEMMA 2.8. Assume we are given k,m € N, with k <m, C > 1 and some ¢ € (0, f(2) —
1)/ f(2)) satistying the following conditions:

m is divisible by k (2.14)

50 f(lo)f(o —1) )
m)>Cmax | —, —F———— " 2.15
7om) > Omas (3 70 W (219)
where lp = min{l € N: f(I) > 6}
f(m) €
<l+-. 2.16
Fn/k) =G (210
Assume further (j5)™, C N and (x5)™, C S have the property that
ej, <1 <€j, <Ta...€j , <Tm_1<ej, <Tm, and (2.17)
lzs] < g, fors=1,2...m. (2.18)
m
Then it follows that
Hzmejs +as| <C(l+e¢€) and (2.19)
— m 5
L s C(L+e)
> e 4| < ———"Lfori=1,23,...,k (2.20)
. m S k
s=(i—1)(m/k)+1
In particular the vectors
im/k
k f(m) .
yl:m Z T@j5+$s, forz:l,Z,...,k

s=(i—1)(m/k)+1

are in Bg and (y;) is C(1 + €) -equivalent to the unit vector basis in (¥.

Proof.  We note that for any scalars (a;)¥_;, we have
k m k k im/k
I a2 fom) " () (Caw) = fm) 7 e Y ew).
i=1 s=1 i=1 =1 s=(i—1)(m/k)+1

It follows easily, assuming (2.20) and using the l-unconditionality of the basis, that (y;) is
C(1 + ¢€) -equivalent to the unit vector basis in ¢}.
To prove (2.19) and (2.20) we put

Tr =

m

m

I )ejs Lz,
=1 m

S
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We will prove by induction for each n€{1,2,...m}, that whenever 0<sg < 51 <m, with s; —
sop =n, and I C N is an interval with j,, < I < jg,4+1 (where we let jo =0 and jj,+1 = 00),
then
\H@H%<i@9—ﬁ—0(l+f)+~ﬁcf (2.21)
- m f(n) 3/ m 3 '
From that we deduce (2.19) by letting I=N and n =m. Moreover, if we put [=
[(i=1)(m/k)+15> Jitm/k)+1— 1], for i = 1,2 ...k, we deduce from (2.21) and (2.16) that

H Z fm) €j, T Ts
m
s=(i—1)(m/k)+1

= (@)

f(m) m/k € m/k e
=T f(m /)C(1 §)
} )

kf

)

/\
\m
N— +
+
?MH
CAD\(")
A3

which implies (2.20).
First let n € N, so that f(n) < £, and let I C N be an interval with js, < I < js, 41 for some
choice of sp,s1 € {1,2...,m}, and s; — sg =n, [ > 2. Then

it < | Z fm)

_ i)
="
fim) o

7o

)+C”;1

nt1 /()
51+ o= ]
f(m) 12 7_fm) =n
< 7w o) < S

which implies our claim for n € N, for which f(n) < &.

Fix now neN, with f(n) > 6/e, and assume that our induction hypothesis is true for all
n/ < n, that is, that (2.21) holds with n’ instead of n for all intervals I C N for which there are
Jso < I < jsy+1 with 0 < sg <81 <m and s3 —sg =n/.

Let I € N, [ > 2, such that ||z|| = ||z||; (since n > 2 it follows that [|I(z)|lec < ||I(z)]]2, and
thus I > 2).

We choose numbers /5 and I in NU {0}, with I = Iy + I3, and intervals E§1) < Eél), . El(ll)

and EiZ) < ESQ), o El(lz), so that

0[1 + 0[1 + g] (by (2.15) )

151 I 5 l1
UEnJE? =0and | JEM U JE? =1
t=1 t=1 t=1 t=1

and so that each of the Et(l) contains at least one of the js, sp < s < s; and none of the Et(z)

intersects with {jso+1, Jso+2; - - - s, }» and so that

I7(z)] = (Zn |\+Z||E<2 ) (2.22)

We note that [; > 2, otherwise it would follow that [y =1 and for all ¢t =1,2...l5 either
Jso < Et(Q) < Jsg+1 OF sy < E(Q) < j51+17 and thus, by (2.18)
2C 1

z)|| = — 1B — 4 —=
@)= ()] < + ()IIE @I= 7+ 7@
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and thus
fm Ly <2¢
m fO/, = m
which contradicts (2.15) and the restrictions on e.

We can therefore apply our induction hypothesis and deduce that there are numbers sg =
S50 <581 <...5, =s1s0that fort=1,2,...[3

(1) f(m) §t - §t_
1B @) < =2 ﬂ&_&000+3)+

)

§t — §t_1 3
——C-. 2.23
p- 3 (2.23)

Moreover it follows that

<Cn+1

§1w® |<H§j%

EEEN

(2.24)

Case 1. If 6 < f(I), then we deduce that

l2
11(z)|l; = (ngm |+§]w9@n>

SCn-l—l %CZ{ Sy — 54— 1)(14_%)_’_%%}

m fSt—St 1

§0n+1+10[fw n (1_’_5)4’_25
m 3

f 1 m f(n/h) m3
(by the concavity of the map & — £/ f(§))
_ f(m) n 3 n l 15
= ST (1r3) ol 3f(z)}

Ao (5) e )

where the last inequality follows from the fact that f(a/b)f(b) > f(a) for a,b > 2 (see [22])
and (2.15). This finishes the proof of our induction step in this case.

Case 2. If f(I) < 6 we claim that [ = 0. Indeed, otherwise [ = [; + I3 > 3 (we already observed
that {; > 2) and

HmwmA_ju [anﬂn+§]wf ]

™ @), L1\ fm
llZE ||+Z||E +<f(l_1) f(l)) -
[EjEmn+§]w@ i+ =

+ ——[|EF (@) (by (2.15))
:w<m,

f)
which contradicts the assumption that ||I(z)|| = ||[I(z)||;. So it follows that | =[; and from
(2.23) and the concavity of the map £ — f(£)/€, £ > 1 it follows therefore that

- St — St—1
)z::[ m fSt—;;l)C(1+3>+tTC§]
< S i < S mC (5 RS

=7

A

“\
_

(@)l <

fa
(m c(i+5)+=cC

g_ m f(n)o< 3
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which finishes the proof of the induction step and the proof of our lemma. ]

LEMMA 2.9.  Assume that (g;) C (0, (f(2) — 1)/ f(2)) is summable, and put C; = [[,5,(1 +
€j), for i e NN {0}. B
Assume that the sequence (m; : i € NU{0}) C N is an admissible sequence and satisfies the
following growth conditions. For all i € N we assume that
50 lo)f(lop—1

f(my) > C;max (52 7o) = flo— 1)

where lp = min{l € N : f(I) > 6}, and

f(m;) &
ALY 2.26
f(mi/mi—1) 6 (2.26)
Then it follows for all i < j in N that
lly(mi, mita,...m;)|| < C;, and (2.27)
ay(mi, Mit1,...m;) is an €]~ -average of constant 1/C;. (2.28)

REMARK 3. For the sequence (m;) as chosen in Lemma 2.9 we deduce therefore that, if
keN and €>0 and if ig €N is chosen so that k<m,, and H;’iio(l +¢&;)<1+e¢, then for all
sequences ig < i1 < i1 < --- <1y, | € N, it follows that

ly(mi,, miy,...,my)|ls <1+¢€ and (2.29)
1 m;
my(mil s My, - ., My,) is an £y °-average of constant e (2.30)

Proof of Lemma 2.9. Let the sequence (m; : j€NU{0}) be chosen as required. Let j€N.
By induction on i =0,1,2...,j5 — 1 we will show that

||y(mj,i,mj,i+1,...,mj)|| < C'j,i7 and (2.31)
1
Ty(mj—i, Mj_iy1,...m;) is an £Mi-~1-average of constant 1/C;_;. (2.32)
j—i
More precisely, we can write y = y(m;_;, ma,...m;) as
C' ) my—i—1
Y= mi Z ys where y1 < y2 <...Ym,_,_, are in Bg,
j—i-1

equally distributed and C;_;-equivalent to the basis of £7"/ """,
For i = 0 it follows that y(m;) = % Y es € Sg, and the conditions of Lemma 2.8 are
satisfiled with m =m;, e =¢;, and C=1<Cj;q, k=mj_1, and 2, =0, for s =0,1,...m;.
Since C;j = (14 ¢;)Cj41, this implies our claim for ¢ = 0.

Assuming (2.31) and (2.32) are true for ¢ —1 with 1 <4 < j—1. Using the recursive
definition of y(m;_;, m;_iy1,...m;) one can write it as
f(m;—:)

Y(Mj—iy My i1, oo, my) = E e, T s,
mMj_;

mG—q

s=1

so that the z,, s <m;_;, are equally distributed vectors, and Yo x, has the same
distribution as y(m;_;y1, ... m;). It follows therefore from the induction hypothesis (2.32) (for
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i —1) that ||zs]| < Cj_it1/mj—;, for s =1,2...m;_1. Thus Lemma 2.8 is satisfied with m =
m;_i, k=mj_j_1,€ =¢j_; and C = Cj_;11, and we deduce that Hy(mj_i,mj_Hl, . ,mj) <
(14+¢;-:)Cj_it1 = Cj_;, which implies (2.31). Moreover, the second part of the conclusion of
Lemma 2.8 yields that if we write y(m;_;,mj_it1,...,m;) as sum of a block of m;_;_; equally
distributed vectors g1 < @2 < ...¥m;_,_,, we deduce that ||g| < (1+¢;_4)Cj_it1/mj_i—1 =
Ci—i/mj_i—1, t=1,2,...,mj_;—1. Since the unit vector basis in S is 1-unconditional this
implies that (yt 01 <t< mj_i_l), with Yt = mj_i_lgt/Cj_i, for t = 1, 2, ceey My —4—1, is Cj—i‘
equivalent to the ¢7"/ ="~ basis. Thus y(m;j_;,mj_it1,...,m;)/Cj_i, is an €17~ '-average up
to the constant 1/C;_;, in the way it is described by (2.32).

3. Construction of a version of Gowers Maurey space

To define the space GM, which will be a version of the space GM introduced in [17], we
need to choose several objects.
First, assume that € = (g,,)n>0 C (0,1) satisfies the following standard conditions

f2) -1

e <
0 2

1
,en < 27™ and E i%e; < l—osm for neN. (3.1)
>n

Secondly, let Q be a countable set of elements of ¢qg, so that

1
{Zaiei €N, a; €Q, fori= 1,2,...,1} ALY € QCepon |1, 1], (3.2)
=1
if z € Q and E C N is finite, then E(z) € Q, (3.3)

! !
1 1
if (z;)!_, €Q' is a finite block sequence, then —— Y z; and ——— Y 15 (3.4)
1)i=1 f(l) ; [ /7f(l) ; 7
are in Q.

Next we introduce a lacunary set J C N. We write J as an increasing sequence {j1, jo, ...},
and require the following four growth conditions

2 1
— < ——, foralln e N, (3.5)
(4i)724 is admissible, and satisfies the conditions (2.25) and (2.26) imposed (3.6)

on (m;)i2; in Lemma 2.9 (relative to the sequence (e,,) as chosen above).

In order to formulate the last condition on J, we first need to state an observation which is
an easy consequence of James’ blocking argument.

LEMMA 3.1. Foralln € N and alle > 0 there is an N = N(n, €) so that the following holds:
Assume that (E, || - ||g) is a Banach space with a normalized and subsymmetric basis (e;),
and there is a c€ (0, 1] so that for all k€N

k
|2
i=1

Then, for alle > 0 and n € N, there is an m € [n, N(n, )| which is divisible by n, and there are
n subsets A1 < Ay < ... A, of {1,2,...,m}, all of cardinality m/n, so that (z; :i=1,2,...,n)

>ci.
e~ f(k)
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is ¢!/ (1 — €)-equivalent to the (}-unit vector basis, where
ZjGAi €i

Ti =7

| Zseaces]

fori=1,2...,n.

Our fourth condition on J = {j1,j2,...} can now be stated as follows (the first inequality
being trivial):

. . 1 .
js < N(js,€5) < §Es+1f(]s+1)~ (3.7)

Finally we will need an injective function o from the collection of all finite sequences of elements
of Q to the set {ja, jua,...} such that if { € N, 2§, 25, ... 2 € Q and N = max ( Uiy supp(z;‘)),
then

enflo(z],...,2)) > N. (3.8)

i
Depending on our choice of €, Q, J and ¢ we can now define recursively subsets GM in

coo N [—1,1]N, for each m € Ny, which will serve as a set of normalizing functionals of GM.
Let

GMG ={)Xel :neN, |\ <1}

Assume that GM;, has been defined for some m € No. Then GM;, ,; is the set of all
functionals of the form E(z*) where F C N is an interval and z* has one of the following
three forms (3.9) , (3.10) or (3.11):

!
2" = Zaizf (3.9)
i=1

where 22:1 la;| <1and zf € GM; fori=1,... k.

* 1 : *
z :m;zi, (3.10)

where 2 € GM;, fori=1,...,1, and 2} < --- < 2.
2 =—= ) zland zf = —— ) =z, (3.11)
V7 2 ) 27
where

a) 21 < <2, <2y <o <2,
b) z;; € GM;, NQ, for 1 <i<kand1<j<mn; (and thus 2} € Q, fori = 1,2...k), and
¢) ny = jaw, for some k' > k, and n;y1 = o(z],...,2), fori=1,...,k — 1.

Finally, the norm of GM is defined by

[ellgan = sup{z"(2) : 2* € UZ_oGM;,}

REMARK 4. There are two main technical differences between the original space GM
defined in [17] and the space GM defined here:
(i) we allow in (3.11) k to take any value in N, while in [17] k had to be chosen out of the
very lacunary set {jas41, s € N} and o in [17] could only take values in {jas : s € N}.
(i) in (3.11) we allow that n; is of the form ny = joys, with k' > k, while in [17], it is required
that k' = k.
The point is that it is not enough to use the coding procedure of [17] to obtain as they do,
given € > 0, some k and two intertwined finite sequences uy < vy < --- < up < v such that



SUBSEQUENTIAL MINIMALITY IN GOWERS AND MAUREY SPACES Page 19 of 40

I Z?Zl(u,- —v)|l <€ Zle(ui +v;)||- To deduce estimates about spreading models, we need
this to be valid for any k large enough and for any initial vector u; far enough along the basis.

The proof that our construction still does not contain an unconditional basis becomes
therefore a bit harder. Nevertheless the main ideas of the proof stay the same.

Notation. For m € N, and if X is a Banach space with a normalized basis (e;) (we will use
this notation for S as well as for g./\/l).

A ( { Zx x1<x2<...xfinBX*ﬂcoo}.

Note that A%, (GM) C Bgam- and A%, (S) C Bg-.
We define for x € X and meN

= E;(
el = sup |o*@) =, _max oo Z I
and observe that
1
——lzlls < llzflm < llzlls < [[2llgm-
f(m) "

For k € N we also define

1 k x] <x5 <...zjin Bgam- NQ
;= 7255; xy € A}, (GM) with my,ma,...mp € M ,
my ngk»/,k/ Zk, and M1 ZO'(CCT,:L‘:) ifi <k

and put for z € GM

lzllgy, = sup |z*(z)|.

xz*el'x,

4. Some technical observations concerning the space GM

In this section we prove several properties of the space G M, as defined in the previous section.
In particular we will conclude that also this version does not contain any unconditional basic
sequences. In this section we will abbreviate || - ||lgam by || - |-

The following observation follows from James’ blocking argument (See Lemma 3.1).

LEMMA 4.1. The space {1 is finitely block represented in every infinite dimensional block
subspace of GM.

The next Lemma is easy to show (c.f. [22] or [17])

LEMMA 4.2 Action of || - ||; on ¢ averages. Assume that x € Bgpq is an (}-average and
leN. Then

[zl < f()(1+ l) (4.1)

DEFINITION 4.3 (Rapidly Increasing Sequences). We call a block sequence (x,) C Bgam
rapidly increasing sequence of constant ¢ or ¢-RIS, with ¢ € (0, 1] if the following two conditions
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(4.2) and (4.3) are satisfied (recall that the sequence &, is given by (3.1)):

For n € N, z,, is an (¥ -average of constant ¢, if ¢ < 1, or of constant (4.2)

1/(1+4¢€,), if c =1, and the following two inequalities are satisfied:

max (f(QZn)’ fsin)) <¢e2 and f(en\/a) > Eizmaxsupp(xn_l), ifn>2,

(z,,) has a spreading model E with a 1-unconditional and seminormalized (4.3)

basis (e;) and for 1 € N and (a;)}_; CR and I<n;<ny < ...n; in N

l l l
1
< | < (12| e
S, < [ < 0 e S

E.

We say that a sequence (x,,) is an RIS, if it is an ¢-RIS for some constant c. If ¢ = 1, we say
that (x,) is an asymptotically isometric RIS.

We note that from Lemma 4.1 it follows immediately that any infinite dimensional block
subspace Y of GM contains an asymptotically isometric RIS.

REMARK 5. Let (x,) be a ¢-RIS, and (F, || - ||) be the spreading model of (x,). Define for
leN

l l
g(l) = T = lim T (4.4)
H D i1 € 2 snasm D i1 Tn;

From the construction of GM it follows that
g(l) < f(l)/c for all leN, (4.5)

in particular the spreading model E of (x,,) satisfies the conditions of Lemma 3.1.
It follows therefore that for n € N and € > 0 we can choose an appropriate m € [n, N(n,¢)]

and m elements from (z;) so that their sum is up to a scalar multiple, which is as close to
g(m)
m )

as we wish, an (] average of constant c — €.
Thus it is justified to introduce the following notion of Special Rapidly Increasing Sequences.

DEFINITION 4.4 Special Rapidly Increasing Sequences. A block sequence (x,) in Bga
is called a Special Rapidly Increasing Sequence of constant ¢, with c¢€(0,1], or ¢-SRIS, if
there is a ¢-RIS (Z,) C Bgm, so that for each neN there is p=p(n) € P, p > n, m(n) €
[5(n)> N(Jp(n)s €5(n))] (here N(-,-) is chosen as in Lemma 3.1) and natural numbers m(n) <
5(n,1) < 3(n,2) <...8(n,m(n)), so that

m(n)
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where

_ l . l
) = T lim
H Zi:l € Zi:l T, i

ni<ngz<...ng
7 -

and E is the spreading model of (&,) with semi normalized 1-unconditional basis (&),

Zp IS an Ejl"j(”) -average of constant c, if ¢ <1, or 1/(1 +¢5()), if c =1, (4.7

(7,,) is an RIS of constant c, with k, = j(,) in condition (4.2). (4.8

REMARK 6. From the remark before Definition 4.4 it follows that every block subspace
contains special rapidly increasing sequences. The point of Definition 4.4 is that we may regard
the x,, at the same time as Elf" -averages for fast increasing k., but also, up to some factor, sums
of elements of an RIS. We shall use this to prove that SRIS generate spreading models equivalent
to the unit vector basis of S. Note that every normalized block basis of GM dominates the
unit basis of S.

LEMMA 4.5 Action of A on sums of elements of an RIS. Assume that (z,) is a c-RIS,
ce (0,1]. Let m <ny <ny <...ny bein N and (a;)™, € R™. Put y = 1", a;Ty,.
a) If f(I) < 2m/e,, then there are numbers ly and ls in N, with l; + lo < min(2l, m), inter-

vals [} < I < ...<1Ij, in {1,2...m}, so that Iy = #Iy, with Iy = {1,2.. . }\U}_, I,

and
It
1 1+ 2e,,

Il < 5 [0 ] 22 asn | + 2 haal =22 el | (4.9)

j=1 SEI]' s€ly
b) If (1) > 2m/e, for some € € [ey,,1), then
< ; ) < i . .
lylle < maxa|[2e + max 2 lli] < maxai|[2e +1] (4.10)

Proof. We put z5 =z, for s =1,2...m. In order to prove (a) we choose finite intervals
Ey < E> <...E; of N, so that

1 l
lyll = m; I1E:(y)l-

Without loss of generality we can assume that
!
U E; = ran(y) = [minsupp(z1 ), max supp(zn, )].
t=1

Fort =1,2...1 we divide F; in three intervals Eél), Et@), Et(s) (some of them possibly empty)
as follows: we let, if it exists, m(t) be the unique number in {1,2,...m} so that minran(z,,) <
min £; < maxran(z(m,)) and put

Egl) = E; N [1, max ran(Zm(t))]-

If m(t) does not exists we let Elgl) = (). Then we let m/(t) be the unique number m’(t), if it
exists, so that minran(z,, ;) < max E; < maxran(z(m)) , and put

E® = (E; N [minran(zp, (1)), 00)) \ B

If m/(t) does not exists we let Egl) = (). Finally we let Et(Q) \ (Et(l) U Et(B)). Let € be the non
empty elements of {Et(l)7 Et(Z), Et3) :t <1} and [ the cardinality of &.
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We note that € consists of pairwise disjoint~ intervals which can be ordered into E’l < EQ <
..E[, and that for any 7 < m and any j <[, either F; contains ran(z;), or is contained in
ran(z;), or E; and ran(z;) are disjoint.
For s € {1,2,...,m} we deduce from our condition on f(I) and (4.2) that

f < 2m < 2ng <i
flkn,) = eny f(kn,) = eny f(kn,) ~ en,

<

L <en,.
kn. s
We let
Iy = {5 =1,2...,m: #{t: E; Cran(z,)} > 2},
Lemma 4.2 yields that for every s € Iy

l|2s]| + 2en,

~ l
S MBS 14+ S 1e,, <00

- n
t,EyCran(zs) s

We reorder the set & of all sets Et, te{l,2... l~}, which contain the range of at least one z,,_,
into B} <...E; and we definet=1,...1

={se{1,2...m} :ran(z,) C E;},

and conclude that I; + lo < min(m, 2l), where Iy = #1j, and
1 < 1 -
7 2B < 75 2 1E)
= 5 [ T + Zm@ﬂ&%n

t=1 sel; sely

L [ZH S apz|| + 3 fap el Ene
f s€ly ¢

sely

which implies (a).
In order to prove our claim (b) let € € [e,,,, 1] and define

ig =max {i =1,2...k : max(supp(z;—1)) < f(l)e}
(with max(supp(zp)) := 0).
Then by (4.2) it follows for ¢ € {ig + 1,99 + 2,...,m} that

1 1
f(kn;) > —— maxsupp(zi—1) 2 - maxsupp(zi,) = /(1)

Uz

and thus,

m
| > e
i=1

< Z lailllzille + lai[[|zio [l + Z il 2l

=1 1=10+1

max supp(zi,—1) 1 « l
<max|a;| | ———— + |zigli + == 14+ —
|| l F() Izioll F() iz%;l ( kn>

(by Lemma 4.2)
2m
< max fag[e + 2 |1 + 70

f)
which proves part (b). O

| < max jail [22 + 121, i
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LEMMA 4.6 Action of I'; on sums of elements of an RIS. Assume that (x,) is a block-
sequence in GM, c € (0,1], and let z* € T';. Let m <nj <ng <...n, bein N and (a;)]2; €
R™. Puty =>1" 1 a;Tn,.

a) If (x,,) is a c-RIS, then

% ‘z;‘k (y)| MaXs<p, [0
z < L = 2men, + max ||z, ||z, 4.11
) < S [ o+ 3wl m] (a.11)

i

1 m
o]+ —— > il D 2 (@)
ssm f(k) s=so+1 teTy
where zf, t =1,...,k, so €{1,...,m}, to € {1,2...k}, Ts C{to+ L, to+2... k}, s =
0,1,2...m, and Sy C {1,2...m},t € Ty are defined as follows:

k
1
z" = Q) Z z; € Iy, with z{ € A}, where l; = jops for some k' > k,and z; € A},
t=1
with l; = o(27,25,...,2]_1),fori =2,.. .k,

so =min{s =1,2...m : maxsupp(z,,_,) > e,/ f(k)}

(with the usual convention that max supp(z,,) = 0),

to=min{t =1,...k: z/(y) # 0}

(we assume that t, exists, otherwise z*(y) = 0),

T, = {t=to+1,...k : supp(z;) C [minran(z,, ), minran(z, ., ))}, if s=1,...m

(with minran(zy,,,,) := 00)

k
To={to+1,...k}\ UTS
s=1
Sy ={se{1,2...m} :ran(z;) Nran(z,) # 0}, for t € Tp.
b) If (x,,) s a ¢-SRIS, then

|Z;k (y)‘ maXgs<m |a5| .
z* < 2 = min(m, k max Zslli, + 3 max|as|. 4.12
< s+ T it k) [l 3ol (412

Proof. We first assume that (z,) is only a ¢-RIS . For m <nj; <ns <...ns in N and
(as)™; C R\ {0} we put

m
Yy = Z AsTn, -
s=1

Secondly since
1 k
>z ery,
VIE) =

we note that for ¢g as defined in the statement it follows that

ZzF =

max(supp(zfo)) > min(supp(x,, )).
We abbreviate z; = asxy,, for s =1,2...m. Since for t €Ty,

Sy ={se{1,2...m} :ran(z) Nran(zs) # 0},
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S is an interval in {1,2,...m} and each s € {1,2...,m} may be element in at most two of
the sets S;, t €Tp. Using these notations, we can now write z*(y) as

2 413
W)= NGO tEZTO ; NGO Zl t; (4.13)

In order to estimate the second term in (4.13) we first deduce from (3.8) and the trivial estimate
min supp(z1) > 2nq, that for t€Ty

) > max supp(z;, ) > min supp(z ) - 2 > 2m7

Emax supp(z;‘O ) Eny Enq Eny

and Lemma 4.5 (b) yields therefore that

i(5)

SES:

< max |as|[2en, + max @5, lli,], whenever ¢ € Tp. (4.14)

In order to estimate the third term in (4.13) we recall that

so=min{s=1,2...m: maxsupp(zs_1) > &n,\/ f(k)}. (4.15)
We first note that if sq > 2
S0— 1
Z Z |2} (zs5)] < maxsupp (2s9—1) max |as| < &p,, max |as|. (4.16)
s=1 teT;, \ ssm s<m

Secondly, if Ty, # () we let
I= [min U ran(z} ), max U ran(zf)],

teTs, €Ty,

and deduce that
2 ’ teT,,
Adding up the estimates obtained in (4.16) and (4.17) and inserting them into (4.13), we obtain

|25, (W)l Z max|ag\[max||zn i, + 2ep, ] (4.18)

12" (y)| < ﬁf(kﬁWteTo
rapglel 7 3 b £t

s=s0+1 teTs

= [(2")(250)| < laso - llwn,, || < maxas]. (4.17)

z; ma. a
< Bl maxen o) [Qmsm 3 maxr, M

JI® Ik =
1 “ .
— SZ%IH%M S (e,

teTs

+ max |ag| +
s<m

which proves (4.11).
In order to prove part (b) we now assume that (x,) is an SRIS of constant ¢, and want for
s=s59+1,...m, with Ty # (), to find an upper estimate for

1 ’ N
—==| 2 % (@)
Vi &
Thus, we assume that there is an RIS (Z,,) C Bga of constant ¢, and for each n € N numbers
ﬁ(n) € Na ﬁ(n) 2 n, ﬁz(n) € []ﬁ(n)aN(]ﬁ(n)aEﬁ(n)] and ﬁl(n) < §1(n) < 52(”) <.. 'g’rh(n) (n) S0
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that
_ li(n) &
o= T Y, e

where g : [1,00) — [1,00) is an increasing function with §(§) < f(§)/c, £ > 1 and so that k,, =
Jp(n) (thus z,, is an ") _average of constant c).
We fix s = so + 1,50 +2,...m, with T} # 0, and apply now our estimate (4.18) to x,, =

Tzl(nrzs))) Z jsT(nS) lnstead of yand to z* = W ZteT z¢, instead of z*. Strictly speaking

Z* is not in F’,g, but it is of the form I(z*), where I C N is an interval, and it is easy to see that
it satisfies the same estimates (4.18). From the definition of sg and by the second condition on
kn, in (4.3) we deduce that

FR) < ——supp(za_1) < \/ flen, ki),

ni

and thus
k < 5n5k1£2 = €nsj%/js) < €n5m§/2(ns)a

which yields

Put t; = min Ty (which takes the role of ¢y). If we apply (4.18) to x,,,, the sets Ty and T will
be replaced by sets Ty and T, § < m(n), for which we know (and only will need to know)
that
~ m(ns) ~
#Ty <kand Y  #T5 <k
§=1

Using also the estimate 2me,, + || %5, (n.)|| < 2, we obtain from (4.18), applied to Z*(z,, ), that

(g |Z;;('Tns g(m(ns)) 2k g(m(ng)) = g(m(ng)) k |Zii,($nb) A
o < T T TR I T i) T mln) IR S R
Inserting this estimate back into (4.18) for |z*(y)| we get

) < D]y e bl S g (4.19)

f(k) f(k) teTy

m
+maX|aS|—|—\/7 Z |a5‘|:|zfs($ns)|+4€ns}

s=1,Ts#0

m

|z ( )| maxs<m |a
to + s_m‘ s Zmax”xm I, + Z ||xns||lt5 +2 +£n<a1u7>1<|as\

\/ V f(k) teTy s=1,Ts#0

Z*
| tﬂ( )| MaXs<m |as| min(m, k)  max ||CEstt + 3max las|,

\/7 m s<m,to<t<

which proves our claim (b). O

LEMMA 4.7. Assume that (x,) is an SRIS of constant ¢, ¢ > 0 and assume z* € I'*. As

before write z* as
1 k
ST T
VIk) =
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with zi € A}, and [y = joys, for some k' > k, and z; € A}, with l; = 0(27,23,...,2} ), for
i =2,...k and assume that

to=min{t =1,...k: 2/ (y) # 0},

exists (otherwise z*(y) = 0). Let m andm < nj < ng < ...n., beinN, (as)7; C R and assume
that the numbers js,,) (as chosen in Definition 4.4) are all different from the numbers Iy, 1,

ligt2, -l
Then it follows that
|2f (xn, )| < €ny, fort =to+ 1,60 +2,...k and s=1,2...m, and (4.20)
|z*(y)| < |Zt}<(:2)) + 4In<ax las|, where y = Z AsTn, - (4.21)
ssSm o—1

REMARK 7. The assumption of Lemma 4.7 are for example satisfied if in Definition 4.4
the numbers p(n), n€N, are chosen to be odd numbers (since the image of o is a subset of

{j?i : ZEN})

Proof of Lemma 4.7. We need to estimate ||z,
2,...k and then apply (4.12). Recall that

i, for se{1,2...} and t =to+ 1, +

s m(nS) r=1 87.(’”5), .
where § : [1,00) — [1,00) is an increasing function with g(¢) < f(£)/c, € > 1 and so that k,, =
Jp(ns)s (Zn) is an RIS of constant ¢, and m € [jn.)s N (Jp(n.)s Ep(n.))]> and m(n,) < 51(ns) <
o< Sp (ns) )

We note that either Iy < k,, = js(n,), then, since z5 is an Kjl’a(”“—average, we deduce from
Lemma 4.2, and (3.8) that

2 2

zn. i, < < — —— < gy,. (4.23)
fl) = flo(z], 23, .. 21)) '
Or we have that I; > kn, = js(n,). This implies by (3.7) that
. 2 ) 2m(ng) _ 2m(ns)
() > f(ptmay+1) = ————NUpn.)s Epna)) = > y
Ep(ns)+1 Ep(ns)+1 Eny

But then it follows from (4.22), Lemma 4.5 (b), and (4.2) that

|Zn. [, < 2‘(752?(:5))) < 2f§Z‘((n”3))) < 2f(kk”s) < ép, (4.24)
Thus, (4.12) yields
‘Z;fkg (y>| maXs<m |as| |Z£k0 (y)l

|2* ()] < min(m, k)e,, + 3 max |a| <
s<m

VI(E) VI(k)

which proves our claim.

f(k)

We now can formulate and prove our Key Lemma.

LEMMA 4.8. For each c € (0,1] there is a constant C' = C, > 0 so that the following holds.
Let (x,) be a ¢-SRIS, and assume that the p(n), n € N, as in Definition 4.4 are chosen to be
odd numbers. Let m <nji <ng < ...n, bein N and put y = ZT:l Zp,. Then
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a) ¢ CFim )< [yl <C , if ¢ <1 and (1_5711)% Iyl <C ,ifc:l.
b) Forle N, 1> 2

C m .
lyls < d TO Ty ) < m/en,
=20 it £(1) > m/en,.

REMARK 8. Of course we can (and will later) replace 2C' in the second case of (b) in Lemma
4.8 by an another constant. Nevertheless the “2C” is needed so that the induction argument
in the proof will work out.

Proof. The first inequality in (a) follows from the fact that
o> Wl > 5 " 2 e
Yl Z W¥lim = 77— Tngll 2 C—s
" fm)y = f(m)
if ¢ < 1. A similar argument works for ¢ = 1.

Using the first condition in (3.1) it is easy to see that one can choose mgy € N so that

f() f(m/21) f(m)
T&o’ 2me,, < c€m—1 and W <2, (4.25)

whenever m > mg and 2 <1 < m/4

f(m) <

(note that the second inequality is satisfied as long as ¢ > 1/m, by the third condition in (3.1)).
Put C = 4my.

We will prove the second inequality in (a) and (b) by induction for each m € N. If m < myq
(a) and (b) are trivial.

So assume (a) and (b) are true for all m’ < m, for some m > mg. Let m <n; <ng <...<
n., be in N and put

m

Yy = ans.
s=1

For Il € N, | > 2, we first estimate ||y||;.

If f(I) > m/ep, then Lemma 4.5 (b) implies that ||y||; <2 < C.

If f(I) <m/ey, it follows from the second part of (4.25) and Lemma 4.5 (a) that there are
natural numbers 0 = 5o < s1 < ...sy = m, with I’ = min(2l,m) so that

~ 1 4 Sj
Iyl < St 4 o n
=T f<l>§HS_SZH””

If | > m/4 then by the third part of (4.25)

€ni—1 ﬂ €ni—1 m Eni—l m mn
lyll: < ﬂ ) S 70 T fm/4) = Q) f(m) = f(m)’
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If I < m/4 we are using the induction hypothesis and the fact that the map [1,00) 3  — x/f(z)
is concave to obtain

Eni—1 1 il
Mmsﬂ”+fmgw ;Lfm

IN

e, O 5j — 851
0 T 2 = s
< Eni—1 i C / m/l’

- f() o fA) fm/l)

o C m e
< + by first condition in (4.25
7@ T o )
m

<0,

o f(m)
for the last inequality note that

o €0 2 1 2 1 m
<c —ofi- ]2 <o L]
f(2) 7 1+e0f(2) { 1+€0]f() [ 1+50}f(m)

This proves that ||y|; < Cm/f(m), for every [ > 2. Together with Lemma 4.7 (which
estimates ||y||r; for & € N) this yields that [ly[| < C'm/f(m). That finishes the induction step
and the proof of (a).

Part (b) follows if f(I) > m/e,, directly from Lemma 4.5 (b). If f(I) < m/e,, we apply
Lemma 4.5 (a), the concavity of the map [1,00) 3 z — z/f(x) and part (a) of this lemma, to
obtain for some choice of natural numbers 0 = sp < $1 < ...sp =m, with I’ = min(2l,m) so
that

€ 1
lolh < 57 zw

—1+1
< 5”1 -+ —Z
f() f SJ - SJ 1)
< Eng—1 +£ m < E m
= fO FD) fmfl) T FW) fm/l)
which proves our claim. ]

REMARK 9. Following now the proof in [17] (from [17, Lemma 7] on) one deduces that
GM, as defined here has also no unconditional basis sequence. In Section 6 (see Theorem 6.1)
we will prove that in every block subspace of GM there are two seminormalized block sequence
(up) and (v,), which are intertwined, i.e. u3 < v < ug < vg < ..., with the property that for
some constants 0 < ¢,C < oo

<ol

1 l
H ;uns +up, || > c\/% and H ;uns — Up, D)

for all | € N and all choices of | < nj < ng < ...n; in N. This certainly implies that GM has
no unconditional block sequence.

We do not know whether or not GM is HI, but we suspect it is. The point is that to use
spreading models and other refinements, we needed to pass to subsequences of the Rapidly
Increasing Sequences as defined in GM . Therefore we lost the freedom to pick the vectors of
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an RIS-sequence in arbitrary subspaces, as would be needed to repeat Gowers-Maurey’s proof
that GM is HI.

Nevertheless, Gowers’ first dichotomy yields that GM contains at least an infinite
dimensional block subspace which is HI.

5. Yardstick Vectors in GM

We will prove that every block basis in GM has a further block basis whose spreading
model is equivalent to the unit vector basis of S. Thus, we can define in GM the yardsticks as
introduced in Section 2. The following observation follows from Lemmas 4.5 and 4.8, and an
argument in [2].

PROPOSITION 5.1.  Assume that (zy,) is a ¢-RIS in GM, for which the following condition

is satisfied:

There exists a constant C' > 1, so that for all m,k € N, m<ni; <no<...Mm (5.1)
in N, all (a;)7%, and all z* € T}, it follows that
m 1 m
z*( asxns)‘ < —— max H s,
2 v el

Then the spreading model of (z,,) is equivalent to the unit vector basis of S. More precisely
there is a constant C' so that for every ¢-SRIS (x,,) in GM

m m m

E ases|| < H § QsTp, SCH E ases
S gM

s=1 s=1 s=1

whenever m <mnj <ng < ...n, are in N and (as)7; CR, where ¢ =c if c<1 and ¢ =
1—¢,, ifc=1.

1

+ C' max |as|.
j s<m

/
2
C 57 (5 )

REMARK 10. Note that Lemma 4.7 and the remark thereafter establishes a case in which
the assumption (5.1) is satisfied.

Proof of Proposition 5.1. Counsider the norm (-) on ¢gg given by the implicit equation

1 1
(z) = max (HJJHoo, ZGHI;’O});B 7/2) ;(Ez(x»)), T € coo
E1<E><..E,

and recall [2, Lemma 3.3] which states that (-) is an equivalent norm on S.
We put

e

By induction we will show for each m € N and all choices of (a;)7; C Rand m < nj; < ng <
..My, in N, that

/
c

SCRN L D ST IUELC § SRS 1(RED SO RS

This will, together with the above cited result from [2], prove our claim. The first inequality
in (5.3) is clear, and it is also clear that (5.3) holds for m = 1. So assume that (5.3) holds for
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allm’ <m, m>2 m <n; <ng <...n, in N, and (as);”:,1 CR. Letm<ni <ng <...ng,
(as)™; CRand put y = Yo", asz,,. We distinguish between two cases: If

>
c” max las| hax, lylle,

then we note that for all [ € N, [ > 2,

Iyl < " max fa,| < C"( 3 ages ),
s=1

and, thus, for any k € N, £ > 2, and z* € I'}, it follows from our assumption (5.1) that

1

f2)

max lyll; +C’ maX|aa| < { + C’] max |as| = C” max|as|.
s<m s<m

_\/7
If

c’ max|as| < ZHI%%};(Q lyllz,

we proceed as follows.
If l € N, with f(I) > 2m/e,,, then Lemma 4.5 (b) implies that

ol < 2max o] <2( S aie) < ' Saes).
a i=1 i=1

If I > 2 and f(I) < 2m/e,,, then Lemma 4.5 (a) yields for some choice of 0 = sy < $1 < 53 <
. sy with I’ = min(m, 21), that

Il < 55 lZH Gsm, QM+§ S e,

s=si_1+1 t<l,st=14s¢_1
o

<& Z<Z w1+ z%)]

(By applying the inductlon hypothesis in cases that s; > 2+ s;_1)

<or(Yne) (14336

Our assumption (5.1) yields for k € N, k > 2 and 2* € I'}, that

as, |] (5.4)

i< L O
BRVID) i@ O

which together with (5.4)7 finishes the proof of our induction step.

ax [lyll; + ¢’ max |as| < [

ax [yl = max [yl

Lemma 3.1 and Proposition 5.1 imply therefore

COROLLARY 5.2. There is a constant D, so that for every asymptotically isometric SRIS
T = (x,) In GM, for which p(n) is odd for alln € N, and every | € N and any s; < s2 < ...S$
in N we have

1 L .
5 < Hyi"(]spjsw .. ']Sz)

where T' is a far enough out starting tail subsequence of .

. D
g, Sz (Gsys Jsas - Js)llom < - foralli=1,2,...1 (5.5)
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6. Construction of two equivalent intertwined sequences

We now want to construct in a given block subspace Y of GM two seminormalized block
sequences (u,) and (v,), which are equivalent and so that u; < vy <wug < ....

Let T = (x;) be any asymptotically isometric SRIS in Y, so that p(n) is odd for n € N. Using
Proposition 5.1 and the remark thereafter, it follows that the spreading model of T is equivalent
to the unit vector basis of S, and, since Corollary 5.2 applies we let D < oo be chosen so that
(5.5) holds true.

By induction we choose a block sequence (z,) of T. The vectors u, and v, will then be
chosen so that u,, < v, and z, = u, + v,.

For n = 1 we first choose kf, so that f(k})/k} < 2 (which means that k] satisfies condition
(4.2) for n = 1), and then let

. J2q1 (1)
X ‘ 1 f(20,1) "N~ -
o1 ] = 2 2all)/ X )
1= 5 @ (J2q:(1)) D jag, 1) tz:; t

where ¢;(1) € N is chosen large enough so that y(jaq, (1)) is an (% -average of constant 1 — &1,
with k1 > k] (using Lemma 2.9), 7 is a tail subsequence of Z, which starts far enough out
so that ||z1]| <1 and so that z; is an ¢}'-average of constant + (using Proposition 5.1 and
Corollary 5.2). Finally we choose

J2q1(1)/2 J2q1 (1)

1 ] 1 ]
v — 1 fU2q.1)) S 20 and vy = 1 fU2a) T

D daay i D d2a) oy o)

(recall that the elements of J are even).

Assume now that for some n > 2, we have chosen z1 < 25 < ...z,_1 in Bgaq, and assume
that the following conditions are satisfied:

- for each i < n, z; is an €’f"'—average of constant 1/D, so that

1
flki) /i < €7 and f(eiv/k;) > ?maXSUpp(zi—l)in >2 (6.1)

?

(in other words z; < 23 < ...z,—1 satisfies the condition (4.2) of the first n — 1 elements of
an RIS).
- secondly z; is of the form

1 . . .
Zi = U +U; = 5%(1‘) (]2qi(1);J2qi(2)a .. 'jqu(li))v (6.2)

where I;, and ¢;(1) < ¢;(2) < ... < ¢;(l;) are in N and (¥ is a tail subsequence of 7, starting
far enough out to ensure that (z;)7=}' is a block sequence and is in Bgaq (using Corollary 5.2).
By Definition 2.7 of the yardstick vectors in Section 2 we can write z; as z; = er"zl z(i, )
where the z(é,7), r = 1,2...1;, have pairwise disjoint support and so that for each r <; the

vector z(i,7) is of the form

J2q;(r)

(i) = 5L LS i), ©3)

s=1
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where x(i,7,5), s = 1,2,... jaq,(r) are elements of the sequence f(i), and we have

L IR FUaan) ) J2q;(r) /2
2qi(r .
U = — E E x(i,7,s) and (6.4)
D r=1 J2qi(r) s=1

l; J2q;(r)

v = % Z M Z x(i,r, s). (6.5)

=20y ()
- moreover we assume that so far the following condition is satisfied:
For each sequence 7= (i : t =1,2...,0) C{1,2,...,n— 1}, with 1 < i1 <ig <...9 <n—
1, and for each p= (p; : t =1,2...,1) € {—1,1}! there is a sequence of functionals z*(z, p) =
(2 1t =1,2,...0) = (2(;;(t) : t =1,2...,1) in Bga~ so that forallt =1,2...,1 - 1:

(a) supp(z]) C Uh‘“(”)) ran(x(i¢, 4, 8)), for some ry€{1,2...1;,}, (6.6)
(b) GA]Zq (re) nQ,
(€) #(2(ie;re))pe > 5, 2 (u(i)) = 2 (v(ir)) = 52 (2(ie,; 7)), and,
(d) if t>2, then 2j2qi(rt) - (P12f7 p22>2k7 v aptflzzkfl)'
In order to choose z, we proceed as follows. We first choose k!, € J so that f(k})/k!, < &2
and f(en\/kl) > 6% max supp(z,—1). Assume that g, € N satisfies the following properties:

| ——  naxsupp(zo_)
Jan > ki, and £/ f(jg.n) > — . (6.7)

For each increasing sequence 7 = (i, : t = 1,2...,1) C {1,2,...n—1},and each p = (p; : t =
1,2...,1) C {£1} we can assume that

U(ZFZ,ﬁ)(l)v Z?Z,ﬁ)(2)a cee Z?z,ﬁ)(l)) 2 Jgn+1s (6.8)

foranyz=(iz:t=1,2...,01) C{1,2,...n— 1}, with 1 <43 <iy < ...i; <n—1, and for each
p=(p::t=1,2...,1) C {£1}. Note that this can be accomplished by only perturbing the last
element z(zﬁ)(l), and thus still satisfying condition (6.6) (c¢) (and all the other conditions of
(6.6)). Then we consider the set
_ N . N 7= (i :t<l) C{l,...n —1} increasing
Zn — {U(Z(l,,p)(1>7 Z(Z,ﬁ) (2), ceey Z(Z,ﬁ) (l)) : p _ (pt = 1, 9 ’ l) C {:tl}

and order it into
jQQn(l) < j2Qn(2) <...< j2Qn(ln)' (69)

We then choose a tail subsequence T of T whose first element starts after z,_; and so that
its first Zi":l J2q.(r) €lements are (1 +&,)C (C as in Proposition 5.1) equivalent to the first
er"zl J2gn(2) elements of S, and then put

1 . . .
Zn = Byf(.]2q"(l)7.]2qn(2)7 e 7~]2qn(ln))' (610)

Then z, > z,—1 and ||zpllgm <1 by Proposition 5.1. Lemma 2.9, Proposition 5.1 and
Corollary 5.2 yield that z, is an f’f" average of constant %, with k, > kI
As before we can, by the definition of the yardstick vectors, write z, as

ln
=S ). (6.11)
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where the z(n,r) have pairwise disjoint support and z(n,r) is for each r <, of the form

1 f(qun(r)) J2qn (1)
zn,r)= ————— rn,r,s),
(n,r) = 5 Jom ;:1 (n,7,5)

where z(n,r,s), s = 1,2,... jaq, (r)) are elements of the sequence 7" and we let

J2qn(r)/2

Up DZ hq"(r)) Z x(n,r,s) and (6.12)

r=1 J2(In (r) s=1

J2qn (r)

ln .
Uy = % Z 7]8(.]2%(”) Z z(n,r,s).

r=1 .]2q,,L(r) t:s—&-(qun(,,,)/Q)
It is now easy to find forevery 7 = (4, : t = 1,2...,1) C {1,2,...,n}, with1 <4 <iy <...4; <
n, and for each p= (p; : t =1,2...,1) € {—1,1} a sequence of functionals z*(7,p) = (2} : t =
1,2,...0) = (2(;5)(t) : t =1,2...,1) € Bgaq- so that (6.6) holds. Indeed, if the last element i; <
n, then we already have chosen z*(z,p). So let us assume ¢ =n. Let 7 = (i : t =1,2...,1— 1)
and p' = (py: t=1,2...,01—1). If 7 and p’ are empty we choose r = 1. Otherwise we choose
r=r(,p) €{1,2...,1,} so that

jQQn(T) = O-(Zz}lyﬁ/)(l)’ Z?Z/,ﬁ’)(2)’ ey Zz}lyﬁ,)(l — 1))
(by choice of g, (i), i =1,2...1l,, this is possible). Then choose for every s =1,2,..., jaq. (r)
a functional ¥ = 2*(n, s,7,p) € Bgam+ N Q, so that

zi(z(r,n,s)) = x5 (z(r,n,s")) > 1 —2e,, for s # s in {1,2...joq, ()}
and supp(z;) C ran(z(r,n,q)).

Let
1 J2an ()
NGRS z,
() F(G2gn ) ;
and

7{2@ = (2?7,5’)7 Z*(2,p) (l)) .
It follows therefore that (6.6) is satisfied, which finishes our recursive definition of z,, u, and
Up.-
Note that the construction of the z, accomplishes the following:

IfmeNand m <nj; <ngz <...<mny arein N and (as)"; C R, we can choose T = (ns)%
and p = (sign(as))?,, and conclude that

and

HZ“S'Z” = (Zazns) FDZI . (6.13)

After passing to a subsequence we can assume that (z,) has a spreading model and that it is
a +5-RIS. We define w,, = u,, — v,,. Then (w,,) also satisfies (4.2) of the definition of --RIS, and
passing to a subsequence, we may also assume that (w,) has a spreading model satlsfylng (4.3)
and is therefore also a #-RIS. We claim that (w,) satisfies the condition (5.1) of Proposition
5.1 and it follows therefore that (w,) has a spreading model which is equivalent to the unit

vector basis in S.
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We first estimate ||z,||; for n € N and [ € J. Let
ro =max{r =1,2...1, : jaq, (r—1) <1} With jaq (o) := 0.

Then by the definition of z, and the z(n,r), by condition (3.6) on the sequence (j;), and by
Lemma 2.9, it follows that Zf;":m z(n,r) is an ¢¥ average for some k > J2gn (ro)—1 > 1. It follows
therefore from Lemma 4.2 that

2
< — 6.14
1~ fl ( )

In

T=To

If r=1,2...70 — 1, and thus jy,, -y < I, we deduce from (3.7) that

. 2 .
FO) 2 Flizauor1) 2 =g
2¢n (r)+1
and thus, by Lemma 4.5 (b)
2f (J2g, (r
e, )l < L2000, (6.15)
J2qn (1)

It follows therefore from (6.14), (6.15) and (3.5) that for I € J\ {¢n(1),¢n(2),...qn(ln)}

" 2f (jag,r) | 2 1 2 1 2
||Zn||l§;m+m§m+m§jqfn+m. (6.16)

Using the same argument we observe similar inequalities for wu,, v,, w, :

nll < — + =2 onll < —= + —= and [Jwnlli < — + —=—. (6.17)
Jan f(l) Jan f(l) Jan f(l)

In order to verify condition (5.1) of Proposition 5.1 let m < n; <ns < ...ns be in N and
(as)™; C R\ {0} we put y = > | aswy,. Secondly let k € N and z* € T';. As before we write
z* as

k
1
zF = z; €T,
NP

with 2§ € A}, and I} = jops, for some k' >k, and 2z} € A}, with [; = o(z3,25,...,27_), for
i =2,...k and assume that

to=min{t =1,...k: z/(y) # 0},

exists (otherwise z*(y) =0). Note that the equalities in condition (6.6)(c) imply that
2*(T,p)(t)(w;) =0 for every j €N, every increasing sequence 7= (i;:t=1,2...,])C
{1,2,...,},foreach p= (p; : t =1,2...,1) € {—1,1} and for every t = 1,2...1. So it follows
that the sequence (z7,23,...2) cannot be one of the sequences z*(z,p)(t), where 7 =
(ig :t=1,2...,1) C{1,2,...,}, is increasing and p = (p; : t = 1,2...,1) € {—1,1}. From the
injectivity of o it follows therefore that the sets {l; : t > to} and the set {jaq, () : 2 € N,7 <1}
are disjoint.
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We can now apply (4.11) and (6.17) to deduce that

|Zt ( )‘ maXs<m |as|
|2*(y)] < —2 + — ax [lwn, |1, + 2men,
MY Z s
+ m<ax|as\ + Z (W, )
s<m s 1 bt
< |Z;,k0<y)‘ + maXs<m |as| |: Z Z 1 :|
S Vfm o im LT t+1f o

MaXs<m |@s
+ max || + 22%e< ' '[ > > (- )}
s<m jQHS )

s=so+1teTs
<'Zfo@”maxm|+*Wé;m'”é'[ i oD Ve
B f(k) ssm f =to f JQns

s=so+1 jq"*

where by (4.15) so = min {s = 1,2... maxsupp(ws—1) < &n,+/f(k)}. It follows for s > sq from
(6.7) that
max supp(zs, )

flo) < ———— </ f(endan,)

Enq

and thus, that k/j,, <e¢e, <e,, which yields,

|27, ()]
f(k)
and allows us to conclude from Proposition 5.1 that the spreading model of (w,,) is equivalent

to the unit vector basis in S.
Together with (6.13) we therefore proved the following result.

s

2" (y)| < + 8 max |as|
s<m

THEOREM 6.1. There is a constant ¢ > 1 so that in every block subspace of GM we can find
block sequences u,, and v,, with u; < v; < ug < v2 < ..., so that (u, — v,) has a spreading
model which is c-equivalent to the unit vector basis of S, and the sequences (uy), (vy) (un +
vy) have spreading models which ¢~'-dominate the norm || - |12 which was introduced in
Section 2. Le. if we put x, = un, vy Or Uy + v, for n € N, and we denote by (E,| - | g) the
spreading model of (x,,) and its basis by (e;) then

[e'S)
CH E Ag€Cg
E
s=1

Z |as,| for (as) € coo. (6.18)

> (a)lje = max

meN,s1 <sa,.. A /

Thus, Corollary 2.6 and Lemma 2.5 yield our final result:

THEOREM 6.2. Let (uy,) and (vy,) be as in Theorem 6.1. Then there is a subsequence (ny,)
of N so that (un, ) and (v, ) are equivalent.

Proof. Using Corollary 2.6 and Lemma 2.3 twice, we may assume that

Sy [up : ne€N] = [u, — v, : n€N],  defined by u, — u, — v,, and
Sy i [up : n€N] = [u, — v, : n€N], defined by v, — u, — v,, for neN
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are bounded. So the bounded map Id|y,,,,; — 51 defines w,, +— vy, while Id|,, ] + Sz defines v,,
Uy, proving the claim. ]

REMARK 11. It is worth noting that while (u,) and (v,) are intertwined and equivalent
in GM, the sequences (v,) and (u,+1) are not, in general, equivalent. Otherwise the shift on
[un, : n€N] would be an isomorphism and we would obtain an isomorphism of a subspace of
GM with its hyperplanes. But this is impossible if (u,) was picked inside an HI subspace of
GM.

7. Consequences of the main result

7.1. Asymptotic unconditionality

Recall that a seminormalized basis (e,) is said to be asymptotically unconditional if there
exists a constant C' > 1 such that for any £ € N and any successive blocks k < 1 < --- < 2} on
the basis, the sequence (x1,...,2) is C-unconditional. The following is an easy consequence
of Theorem 6.1.

ProPOSITION 7.1. The space GM does not contain any asymptotically unconditional block
sequence.

We recall that the asymptotically unconditional HI space G of Gowers is tight by range [12]
and therefore contains no intertwined and equivalent block sequences.

The sequences (u,) and (v,) are chosen in an arbitrary, but fixed subspace Y of GM, and
this is why our techniques do not seem to imply that GM is HI (although we suspect it is).
This restriction is essentially technical, however, since as we shall now see, by using Gowers’
Ramsey theorem, it disappears when passing to an appropriate subspace of GM.

7.2. Applications of Gowers’ Theorem

Recall that Gowers’ game Gx in a space X with a basis is a game between two players, where
Player 1 plays block subspaces Y,, of X and Player 2 successive blocks y,, € Y,,, the outcome
of the game being the block-sequence (ys,).

The set b(X) of block-sequences of X is seen as a subset of X“ equipped with the product
of the norm topology on X. Also for A = (4,,), a sequence of positive numbers, and A C b(X),
the set A is defined as

Ap = {(xn) € b(X) ’ 3(yn> €A, ”yn - xn” < 6nvn}"

THEOREM 7.2 Gowers’ Ramsey Theorem, [16]. Let X be a space with a basis, and A
an analytic subset of b(X). Let A > 0. Then there exists a block-subspace Y of X such that
ANb(Y) =0, or such that Player 2 has a winning strategy in Gowers’ game Gy to produce an
outcome in An.

Given p > 1, consider the set A, of block sequences (z,), in GM such that for all ¥ € N and
all k <nj <ng <...nginN (zq,, — xzn,ﬁl)f:l is p-equivalent to the unit vector basis of S,
and the sequences (Tan,)I_1, (Zan,+1)f—1 (Zan, + T2n,+1)j—; p~ ' dominate the norm || - [| ;12 (as
introduced in Definition 2.1). It is easily checked that A, is closed (with respect to the product
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of the discrete topology on GM). Theorem 6.1 implies that for p < ¢, every block subspace of
GM contains a block sequence in A,. So up to modifying the constant ¢ to take into account
a small enough perturbation A, we may apply Gowers’ Theorem to find a block-subspace Y of
so that the vectors u,, and v, of Theorem 6.1 may be chosen in arbitrary block-subspaces of
Y prescribed by Player 1.

PROPOSITION 7.3. There exists ¢ > 1 and a block subspace of GM in which Player 2 has a

winning strategy to produce u; < v1 < ug < vg < ..., so that (u, — v,) has a spreading model
which is c-equivalent to the unit vector basis of S, and the sequences (uy,), (vy) (un + vy,) have
spreading models which ¢~ dominate the norm || - || y1/2.

Note that || Y27, eill 12 = mf(m) /% while | Y1, e;lls = mf(m)~'. So for any € > 0, one
can find m € N with following property: for any U, V' block subspaces of Y, there exist u; < v <

< Uy, < Uy, with u; € U,v; €V for each i, such that || 07" w; — vl < €| Doimy us + vi|,
which of course implies the HI property. This property is actually the uniform version of the
HI property which appears as the counterpart of asymptotic unconditionality in the dichotomy
proved by Wagner [26].

The third dichotomy implies that we may assume that the space of Proposition 7.3 is tight,
and the fourth dichotomy that it is subsequentially minimal. Actually slightly more may be
observed.

THEOREM 7.4. There exists a tight HI block-subspace Xgp of GM with a normalized
basis which is subsequentially minimal. More precisely, there exists ¢ > 1, such that for any
block-subspace Y of X, there exists a block-sequence (yi) of Y and a subsequence (fy) of
the basis of Xg s such that

(@) m<fi<yz<fo<-

(b) (yx), (fr)s (yx + fr) have spreading models which ¢™" dominate the norm || - | 41/,
(¢) (yx — fx) has a spreading model which is c-equivalent to the unit vector basis of S,
(d) consequently, (fi) is equivalent to (y).

This is a variation on [11, Proposition 6.5]. Since the proof is much shorter than the
demonstration of the fourth dichotomy, we give a sketch of it.

Proof. Let A, C b(GM), for small enough p, be defined as after Theorem 7.2. Using Gowers’
first dichotomy (see Theorem 1.1), the fact that no HI space has a minimal subspace, and the
third dichotomy proven in [11] (see Theorem 1.3) we may pass to an HI tight subspace. By
Theorem 6.2 and Gowers’ Ramsey Theorem (Theorem 7.2) we can, after choosing p small
enough, assume that Player 2 has a winning strategy in Gowers’ game to play inside A, on
some further infinite dimensional subspace; also we may and shall only use blocks with rational
coordinates in this proof (and assume Gowers’ game is played with such blocks). Then the finite
block-sequences of initial moves prescribed by the winning strategy of Player 2 form a non-
empty tree T which does not have any maximal elements. We denote by [T] the infinite block
sequences (z;) for which all the initial segments (z;)7_;, n € N, lie in T". Since A, is closed it
follows that [T'] C A, and for all (y1,...,ym) € T and all block sequences (z,), there is a block
Ym+1 Of (zn) such that (Y15 -y YmsYm+1) € T, [11, Lemma 6.4]. Since T is countable, we can
construct inductively a block sequence (vy,,) such that for all (uy,...,u,) € T there is some
neN with (uy, ..., um,v,) €T.
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We claim that Xgpr := [vn, n € N] works. Indeed, if (z,) is any block sequence of (vy,), we
may construct inductively a block-sequence (y;) of (z,,) and a subsequence (f;) of (v,,) such that
(y1, f1,-* , Yn, fn) belongs to T for all n. Therefore, since A, is closed (y1, f1, Y2, f2, - - - ) belongs
to A,. Finally the normalized basis (v, /||vn||) of Xgasr satisfies the conclusion of Theorem 7.4.

O

Since this construction can be done in any block-subspace of GM, we may assume that Xgps
is actually sequentially minimal.

7.3. Local minimality

We briefly expose the fifth dichotomy obtained in [11], which is related to the second general
kind of tightness called tightness with constants. A space X = [e,,] is tight with constants when
for for every infinite dimensional space Y, the sequence of successive subsets Iy < I; < ... of N
witnessing the tightness of Y in X may be chosen so that Y Zx [e, | n € N\ I] for each K.
Equivalent no infinite dimensional space embeds uniformly into the tail subspaces of X [11,
Proposition 4.1]. This is the case for Tsirelson’s space T or its p-convexified version T®),

On the other hand we already mentioned that a space X is said to be locally minimal if
there exists a constant K > 1 such that every finite dimensional subspace of X K-embeds into
every infinite dimensional subspace of X.

THEOREM 7.5 Fifth dichotomy [11]. Any Banach space contains a subspace with a basis
which is either tight with constants or locally minimal.

Since S contains ¢2 ,n €N, uniformly and since GM is saturated with sequences with
spreading model c-equivalent to the basis of S, GM also contains ¢7 , n € N, uniformly in
every subspace. So by the universal properties of these spaces, GM is locally minimal.

THEOREM 7.6. There exists a locally and sequentially minimal HI Banach space.

Since an HI space does not contain a minimal subspace, this answers [12, Problem 5.2], that
is, the space GM demonstrates that there are other forms of tightness than tightness by range
or with constants.

The fifth dichotomy and a dichotomy due to A. Tcaciuc [24] are used in [11] to refine the
types (1)—(6) into subclasses. In their terminology, Xgas is of type (2b).

7.4. Open problems

The most important problem which remains open in Gowers’ classification program is
whether there exist spaces of type (4). Note that such a space would satisfy the criterion
of Casazza, and therefore would not be isomorphic to its proper subspaces.

PROBLEM 7.7. Find a space with an unconditional basis, tight by range and quasi-minimal.

The nature of the tightness of Xz remains to be understood. This property is a consequence
of the non-minimality of HI spaces and of the third dichotomy, with no information on how
the sequence (I,) of subsets of N depends on the subspace Y.
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PROBLEM 7.8. Find information on the sequences (I,,) in the definition of the tightness of
Xy Is GM or GM itself tight?

C. Rosendal [21] defined notions of a-minimality and a-tightness, where o < wy is an ordinal.

Local minimality implies that Xgas is w

2_minimal and not w-tight. On the other hand, being

tight, it must be a-tight for some o < wy, [21, Theorem 3].

PROBLEM 7.9. Find min{a € wy | Xgus is a—tight}.

It is unknown whether an HI space may be tight with constants. With the exception of the
uniformly convex HI space of [8], examples of the Gowers-Maurey family usually contain ¢7,
n €N, uniformly - and therefore are locally minimal.

ProBLEM 7.10. Find an HI space which is tight with constants.

10.

11.
12.
13.

14.

15.

17.
18.
19.
20.

21.
. TH. SCHLUMPRECHT, ‘An arbitrarily distortable Banach space’, Israel J. Math. 76 (1991) no. 1-2 81-95.
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