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AMALGAMATION AND RAMSEY PROPERTIES OF L, SPACES

V. FERENCZI, J. LOPEZ-ABAD, B. MBOMBO, AND S. TODORCEVIC

ABSTRACT. We study the dynamics of the group of isometries of L,-spaces. In particular, we study the
canonical actions of these groups on the space of d-isometric embeddings of finite dimensional subspaces
of L,(0,1) into itself, and we show that for p # 4,6,8,... they are e-transitive provided that § is small
enough. We achieve this by extending the classical equimeasurability principle of Plotkin and Rudin. We
define the central notion of a Fraissé Banach space which underlies these results and of which the known
separable examples are the spaces L,(0,1), p # 4,6, 8, ... and the Gurarij space. We also give a proof of the
Ramsey property of the classes {{} }n, p # 2, 00, viewing it as a multidimensional Borsuk-Ulam statement.
We relate this to an arithmetic version of the Dual Ramsey Theorem of Graham and Rothschild as well
as to the notion of a spreading vector of Matousek and Rédl. Finally, we give a version of the Kechris-
Pestov-Todorcevic correspondence that links the dynamics of the group of isometries of an approximately
ultrahomogeneous space X with a Ramsey property of the collection of finite dimensional subspaces of X.

1. INTRODUCTION

It is a classical result of A. Pelczynski and S. Rolewicz [PelRol] that the spaces L,(0,1) are almost
transitive, in the sense that the group of linear isometric surjections Iso(L,(0,1)) acts almost transitively
on the corresponding unit sphere of L,(0,1). This was later extended by W. Lusky [Lu2] who proved
that in fact, the group Iso(L,(0,1)) also acts almost transitively on each metric space Emb(X, L,(0,1))
of linear isometric embeddings from a finite dimensional subspace X of L,(0,1) into L,(0, 1), but only
provided that p = 2 or p ¢ 2N. Other Banach spaces having this property are any Hilbert space or
the Gurarij space, and recently quasi-Banach spaces with the corresponding property have been found in
[CaGaKul. This almost “ultra” transitive’ property is the metric analogue of the so-called ultrahomogene-
ity property of algebraic structures, the core of Fraissé theory in model theory, and the proper context for
the combinatorial characterization of the extreme amenability of the corresponding automorphism group,
known as the Kechris-Pestov-Todorcevic (KPT) correspondence [KePeTo|. Recall that a topological group
is extremely amenable when each of its continuous actions on a compact space has a fixed point, and that
the KPT correspondence states that for ultrahomogeneous structures M the extreme amenability of its
automorphism group Aut(M) is exactly the Ramsey property of its class of finitely generated substruc-
tures, called the age and denoted by Age(M). By this means, many new examples of extremely amenable
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groups have been given (see [KePeTo]). The theory of abstract ultrahomogeneous metric structures has
been studied in [BYBeHeUs|, while the KPT correspondence has been recently extended to this context
by J. Melleray and T. Tsankov [MeTsal. The KPT correspondence for metric structures was for the first
time used in [BaLALuMbol|, [BaLALuMbo2] in showing, for example, that the isometry group of the
Gurarij space is extremely amenable by supplying an appropriate Ramsey type result which relies on
the Graham-Rothschild Theorem. We note that Gurarij space shares this this property with the infinite
dimensional Hilbert spaces and the spaces L,(0, 1), proved by M. Gromov and V. D. Milman [GrMi], and
by T. Giordano and V. Pestov |GiPe| respectively, relying on the method of concentration of measure.

It follows from the Banach-Lamperti description of isometries of L, spaces that the isometry groups
of the spaces Ly(0,1) and Lg(0,1), when 1 < p,q # 2 < oo, are topologically isomorphic. However, there
are canonical actions of the same nature that have very different properties, depending on p: while for
p ¢ 2N all the canonical actions by composition Iso(L,(0,1)) ~ Emb(X, L,(0,1)) are almost transitive,
it follows from a work of B. Randrianantoanina [Ran] based on an early result of H. P. Rosenthal [Ros],
that there are finite dimensional subspaces X of L,(0,1), n € N, n > 1, for which that action is far of
being almost transitive, because X has well complemented and badly complemented copies on Lo, (see
Proposition . One of the main goals of this paper is to study the canonical actions of isometry groups
of the Lebesgue spaces, not only on the spaces of isometric embeddings, but also on Emb;(X, L,(0,1))
the class of d-isometric embeddings from X into L,(0,1). While é-isometric embeddings were already
considered by M. Lupini [Lup|, in a general theory of stability including, for example, operator spaces
and systems, in this paper one of our objectives is to obtain finer results based on weaker (and/or more
precise) properties of homogeneity for structures, in such a way that L, spaces are included in the classes
we consider. With these examples in mind, we concentrate on the case of the Banach spaces, and develop
a theory which may be specific to the Banach space setting. In particular, although our results should
be extendable to the quasi-Banach setting and the case of L, spaces for 0 < p < 1, we shall not consider
that situation.

We say that a Banach space E is Fraissé when for every dimension k£ and € > 0 there is § > 0 such
that the canonical action by composition Iso(E) ~ Embs(X, E) is e-transitive for every X € Age,(E),
the collection of k-dimensional subspaces of E. We will see that L,(0,1) is Fraissé, provided that p is
not even. Other Fraissé spaces are any Hilbert space and the Gurarij space. The interest of these € — §
continuity properties can be appreciated by the following: First of all, they imply that for Fraissé spaces
E the Banach-Mazur and a restricted version of the Kadets pseudometrics are uniformly equivalent on
Age(FE); secondly, there is a characterization of the Fraissé Banach property by passing to the ultrapower
and involving homogeneity on isometric (instead of J-isometric) embeddings in the ultrapower; thirdly,
Fraissé spaces are isometrically determined by the collection of their finite dimensional subspaces and
there is a Fraissé correspondence; finally, the spaces who are finitely representable on a Fraissé space E
can be isometrically embedded into E, and, consequently, the Hilbert space /5 is the minimal Fraissé
space and G is the unique Fraissé space with trivial cotype.

The Gurarij space G is, by definition, an abstract inductive limit of 2 ’s. The proof of the Fraissé
property of G follows from a combination of the existence of general pushouts of finite dimensional spaces,
and the fact that d-isometric embeddings are in some precise sense 20-close to isometric embeddings. For
the class Age(Ly(0,1)) there is not known full pushout; instead, for p ¢ 2N there is a restricted version
stating that for every & € N and € > 0 there is § > 0 such that if X,Y, Z € Age(L,(0,1)) with dim X = k,
and v € Emb;(X,Y) and n € Emb;s(X, Z), then there are V' € Age(L,(0,1)) and isometric embeddings i :
Y — Vand j: Z — V such that ||ioy—jon|| < e. This is exactly, by means of the Fraissé correspondence
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(see Corollary , the Fraissé property of L,(0,1). We prove this by establishing the approzimate
equimeasurability principle, the continuous statement extending the classical equimeasurability principle
of Plotkin and Rudin: Suppose that p, v are Borel measures on R™ for which the coordinate functions
z;j are p-integrable. Then ") (a) = [ |1 + Yjen airlPdp(z) = [ |1+ 32, ajz;Pdv(x) = (%) (a) for all
a = (aj)j<n € R™ then the measures p and v are equal. We prove that p and v are close, for example with
respect to the Lévy-Prohorov metric, when the corresponding characteristics are close, and moreover we
obtain a full characterization.

We study the approximate Ramsey property (ARP) of the classes {/}},, that also can be seen as a
version of a multidimensional Borsuk-Ulam Theorem (see §§. In general, a class of finite dimensional
G has the (ARP) when for every X, Y € G and every € > 0 there is Z € G such that for every 1-Lipschitz
mapping ¢ : Emb(X, Z) — [0, 1] there is some isometric embedding v : Y — Z such that the oscillation of
¢ in the set of compositions yoEmb(X,Y") is at most ¢. It is interesting to mention that, while the proof of
the (ARP) of {¢Z },, uses the dual Ramsey Theorem (DR) of Graham and Rothschild (see [BaLALuMbo]]
), our proof of the (ARP) of {{}}, p # 2,00 utilize an arithmetical version of (DR), namely, that for
partitions of equal sized pieces.

We also analyze restricted versions of the previous notions: Given a class G of finite dimensional Banach
spaces, we introduce what we call G-Fralssé spaces, those for which the natural actions on §-embeddings
are e-transitive, provided that the embeddings have as domain an element of G. In this way, every
Ly(0,1), being p even or not, is the Fraissé limit of {{}},. We also restrict the type of embeddings we
are interested in, for example by analyzing Fraissé lattices, where now isometries and embeddings must
respect the lattice structure. We find the first Fraissé Banach lattice, an M-space, denoted by G°, that is
the lattice version of the Gurarij space, and that has an extremely amenable group of lattice isometries,
proved using a KPT correspondence for Banach lattices.

The paper is organized as follows. In §2| we introduce and study Fraissé Banach spaces, as well as the
local versions of them, meaning that the canonical actions of the rotations are restricted to embeddings
defined on spaces a fixed family. For those spaces, we see the uniform equivalence of the Banach-Mazur
and the Kadets pseudometrics. In §§2.1] we prove the Fraissé correspondence for Banach spaces, including
its local version, and in §§2.2] we characterize the Fraissé property of a Banach space in terms of a uniform
equivalence of metrics. In §3] we introduce the lattice versions, including the proof of the fact that every
L,(0,1) is lattice Fraissé, a fact that follows from an approximation result by G. Schechtman [Sch| on o-
isometric embeddings defined on £}. Section@is devoted to the proof of the approximate equimeasurability
principle for p ¢ 2N, in § we see how this is used to show that those L,(0,1) are Fraissé. The proof
the principle is given in §§4.2] Section [f] is devoted to the approximate Ramsey property, in particular
of the class {/}},, and its reformulation & la Borsuk-Ulam is given in §§ while its proof and the
relation with an approximate Ramsey statement form equisurjections is the content of §§5.21 The last
Section [0] is dedicated to the existence of a Fraissé M-space whose group of lattice isometries is extremely

amenable.

2. FRAISSE BANACH SPACES

We consider spaces over F = R, C; given n € N, the unit basis of F"*, denoted by (ugn)) j<n, or simply
(uj)j<n, is the sequence that for each j, the k' coordinate of ugn) is delta of Dirac 6. When needed,
will use the set theoretical convention of identifying an integer n with {0,1,...,n — 1}. Given Banach
spaces X and Y and § > 0, a d-isometric embedding (or §-isometry) T : X — Y is a linear map such that
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for all z € X one has that )

146
When § = 0 we will simply use isometric embeddings to refer to 0-isometric embeddings. Let Embs(X,Y)

] < [Tzl < (1 + ) [].

be the collection of d-isometric embeddings between X and Y, and let Iso(X) be the group of isometries
on X. Given two families H and G of finite dimensional spaces we write H =< G when for every X € H
there is Y € G that is isometric to X; then H = G denotes that H < G < H, and H= is the class of all
finite dimensional spaces with an isometric copy in H.

Definition 2.1. Given a Banach space E, let Age(E) be the class of all finite dimensional subspaces of
E. Following standard convention (see for example [Hol, pp 324]) we will say that X and Y have the same
age when Age(X) = Age(Y). Given a family H of finite dimensional spaces, let H,, be the subfamily of H
consisting of those spaces of dimension n. In particular, we write Age,,(X) to denote (Age(X)),. Given a
class of finite dimensional Banach spaces H and a Banach space F, let Hg be the collection of subspaces
of E isometric to some element in H.
Recall the gap or opening metric on Age, (E) is defined by
Ap(X,Y) := max {:?é%’i Jnin ||z —yllg, max min ||z — yIIE} ;

in other words, Ag(X,Y) is the ||- || p-Hausdorff distance between the unit balls of X and Y. This induces
the following Gromov-Hausdorff function, E-Kadets on Age, (E)?, defined as

ve(X,Y) :=inf{Ar(Xo, Yp) : Xo, Y € Age,(E), Xo=X, Yy =Y}

When E is universal v is the original Kadets pseudometric (see [Kad|, [KaOs|), although in general g
may not be a pseudometric. We will see that in other natural cases, yg satisfies the triangle inequality.
It is easy to see that yg(X,Y) = 0 if and only if X and Y are isometric. There is another well-known
pseudometric with this property. This is the Banach-Mazur pseudometric on Age,, (E):

. : -1
A (X,Y) i=log(_ it ||| 77)

where the infimum runs over all isomorphisms 7" : X — Y. It is well-known that dgy defines a pre-
compact topology on Age, (F); that is, every sequence in Age,(E) has a dpy-convergent subsequence,
not necessarily to an element of Age, (F).

Definition 2.2. Let E be an infinite dimensional Banach space, and let G < Age(FE).

(a) E is G-homogeneous (G—H) when for every X € G and every and every ,n € Emb(X, E) there is
some g € Iso(E) such that g oy = 7; in other words, when for each X € G, the natural action
Iso(E) ~ Emb(X, E) by composition is transitive.

(b) E isis called approzimately G-homogeneous (AGH) when for every X € G and every € > 0 the natural
action by composition Iso(E) ~ Emb(X, F) is e-transitive, that is, whenever v,7 € Emb(X, F) there
is g € Iso(FE) such that [[goy —n|| < e.

(c) E is is called weak G-Fraissé when for every X € G and every ¢ > 0 there is a § > 0 such that the
action Iso(E) ~ Embs (X, E) is e-transitive.

(d) E is G-Fraissé when for every dimension k& € N and every € > 0 there is a § > 0 such that the action
Iso(E) ~ Embs(X, E) is e-transitive for every X € G.

When G = Age(E), then we will use ultrahomogeneous (uH), approzimately ultrahomogeneous (AuH),

weak-Fraissé and Fraissé for the corresponding G-homogeneities. The particular case of Fraissé property

with modulus independent of the dimension was studied in [Lup] and it was named stable Fraissé property.
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We will say that a mapping w : S x [0, 00[— [0, 00, where S is an arbitrary set, is a modulus when
w(p, -) is increasing and continuous at zero with value zero for every s € S. The following is easy to prove.

Proposition 2.3. 1) E is weak-Fraissé if and only if for every there exists a modulus wg i : G % [0, co[—
[0, 00], called modulus of stability of G in E, such that for every X € G every § > 0 and every e > 0
one has that Iso(E) ~ Embs(X, E) is w(X,d) + e-transitive.

In this case wg g : G x [0,00[— [0,00[ defined for X € G and § > 0 as wx g(d) = inf{e >0 :
Iso(E) ~ Embs (X, E) is e-transitive} is the optimal modulus of stability of G in E.

2) E is G-Fraissé if and only if E is weak G-Fraissé with a modulus that does not depend on each
X € G but in its dimension. In this case, wgp : N x [0,00[— [0,00], wg g(k,0) = inf{e >0 :
Iso(E) ~ Embs(X, E) is e-transitive for all X € G} is the optimal modulus of stability of G in E.

3) If w : S x [0,00[— [0,00][ is a modulus, then

* : /!
w*(s,d) := g/r;faw(s,é)

is a continuous modulus such that w(s,d) < w*(s,0d). O
Example 2.4. A Hilbert space is (uH) and also is a Fraissé Banach space with modulus w(k,d) = 26.

PROOF. Suppose that H is a Hilbert space. Clearly, a subspace of H is again Hilbert, so, the Banach-
Mazur limit of subspaces of H is again (mod isometry) a subspace of H. Suppose now that v : F — H
is a d-isometry, with F' C H finite dimensional. Choose an orthonormal basis (z;)j<, of F', and such
that (yz;)j<n is an orthogonal sequence. Let ¢ : F' — H be the isometric embedding linearly defined by
t(xj) :==~y(x;)/]|v(z;)| for all j < n. Then given scalars (a;);<n we have that

| Zaﬂ%‘ - Z%‘%‘Hz =<Z a; (1 1) vri, Y a (1 ! ) YT;) =

[yl r [yl
= lajPllve;ll = 117 < 821 Y ajes)*.
J J
So, if we extend ¢ to an isometry I € Iso(H), then ||y — I [ F|| <6, as desired. O

Example 2.5. The Gurarij space G |Gu| is Fraissé with modulus w(k,0) = ¢ but not (uH).

PRrROOF. It was already known by Gurarij that G is not even transitive: It is well known that an isometry
moves a point of differentiability of the unit sphere to a point of differentiability. Since G is universal, its
unit sphere has points of differentiability and points of non-differentiability. On the other direction, G is
Fraissé with modulus w(k,d) = § (see [Lupl §§6.1] ). O

Problem 2.6. Are G and the Hilbert space H the only separable stable Fraissé Banach spaces?

Example 2.7. For every 1 < p < oo the space Ly[0,1] is {{}}n-Fraissé (see Proposition . In fact,
Lp[0,1] is the Fraissé limit of {£}}n (see Theorem .

Example 2.8. W. Lusky [Lu2], using the equimeasurability theorem of A. I. Plotkin [Plol] and W. Rudin
[Rul, proved that for p ¢ 2N the space Ly(0,1) is (AuHﬂ On the other hand, the isometry group never
acts transitively on the unit sphere of Ly(0,1) if p # 2. One of our main results will be to show that in
fact for p ¢ 2N the space L,(0,1) is Fraissé (Theorem |4.1)).

Problem 2.9. Are G, L,(0,1), p # 4,6,8,... the only separable Fraissé Banach spaces?

In that paper Lusky states that for every X € Age(E), ¢ > 0 and v € Emb(X, L,) there is a surjective 1+ e-isomorphism
of L,(0,1) extending ~, but its proof directly gives the (AuH) of L,(0,1) for those p’s



6 V. FERENCZI, J. LOPEZ-ABAD, B. MBOMBO, AND S. TODORCEVIC

It is well-known there are other almost transitive Banach spaces; for example E := L,(X) for any
almost transitive Banach space X. In particular, L,(G) could be (AuH) or even Fraissé. However this
is not so because there are well-complemented and not well complemented isometric copies of £}, hence
the corresponding Bochner spaces cannot be (AuH). A similar reasoning holds for L,(Ly), at least when
1 <p,q<2and p# q. Similarly, although much more complicated, we will see in next Proposition [2.10
that the spaces L,(0,1) for p = 4,6,8,... cannot be (AuH). This fact was already proved by Lusky by

using a counterexample of Rudin in [Ru] exposing the non-equimeasurability theorem for those p’s.

Proposition 2.10. Assume p € 2N, p > 4. For any C > 1 and § > 0, there are isometric E, F €
Age(Ly,(0,1)) such that for any bounded linear mapping T : L,(0,1) — L,(0,1), if T | E € Embs(E, F),
then ||T|| > C.

PRrOOF. It is proved by B. Randrianantoanina [Ran| that for p € 2N, p > 2, the uncomplemented subspace
Y}, of L, built by H. Rosenthal in [Ros| is isometric to a certain complemented subspace Z,, of L, spanned
by 3-valued independent symmetric random variables. Since the space Z, is the span of a sequence of
independent mean zero random variables, it has an unconditional basis, [Ros, Remark 2, page 278]. Let
(en) (resp. (fn)) be the associated basis of Y, (resp. Z,), and E, = (€j)j<n, Fn = (fj)j<n- On the
one hand the F),’s are uniformly complemented in Z, and therefore in L,(0,1); on the other hand the
E,’s are not, otherwise by reflexivity and a weak limit argument, Y}, would be. In other words, there are
projections @, onto F, with uniform bound ¢, but C,, := inf{C' : E, is C—complemented in L,(0,1)}
tends to +oo. For any extension 7" on L,(0,1) of a d-isometric map ¢ between E,, and F;,, we have that
t=1Q,T is a projection onto E,. Since |[t71Q,T| > C,, it follows that ||T|| > ¢~1C,/(1+6), which tends
to +o00. (|

The terminology “homogeneous” is commonly used in classical and metric model theory. In Banach
space theory, it has to be related to the concept of “disposition”, for example used by V. I. Gurarij in
[Gu] to define his space. A Banach space E is of approzimate disposition when for every X, Y € Age(E),
d >0, € Emb(X,Y) and every v € Emb(X, F) there is n € Embs(Y, E) such that no:t = ~. It is easy
to see that if E is (AuH) then it is of approximate disposition.

We have the following characterization of G-Fraissé Banach spaces. Note that when G < Age(FE) the
E-Kadets function g is well defined on G.

Theorem 2.11. The following are equivalent for a Banach space E and G < Age(E).

1) E is G-Fraissé and vg is a complete pseudometric on G.

2) E is weak G-Fraissé and vg is a complete pseudometric that is uniformly equivalent to dgy on Gy for
every k.

3) E is weak G-Fraissé and G is dpn-compact.

Consequently, E is Fraissé if and only if it is weak-Fraissé and Age(E) is dpn-compact.

It follows from this that the Hilbert and the Gurarij spaces are very special Fraissé spaces: Recall that
a Banach space Y is finitely representable in X if Age,(Y') is included in the dpy-closure Age, (X )BM of

Age, (X)) for every k.

Proposition 2.12. Let E be a Fraissé Banach space. The following are equivalent for a separable Banach
space Y.

1) X is finitely representable on E.
2) X can be isometrically embedded into E.
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Consequently,

3) Ly is the minimal separable Fraissé Banach space,
4) G is the only separable Fraissé Banach space with trivial cotype, and

5) G is the maximal separable Fraissé Banach space.

ProOOF. 1)implies 2): Suppose that Y is finitely representable in E. Let (y;)jen be a dense set of Y, and
for each n, let Y, := (y;)j<n. Since Y is finitely representable and Age(E) is Banach-Mazur compact, we
can find for each n some 7, € Emb(Y,,, F). By the (AuH) of E, for each n > 1 we can find g, € Iso(E)
such that ||gn o vn | Yno1 — -1 < 1/2™. Let no := 0, n := g1 0 -+ 0 gy 0y, for n > 1. Tt follows that
| T Y1 — gn—1|l < 1/2%, (m | Yn)i>n is a Cauchy sequence with respect to the norm metric. Since
this is a complete metric, we can define 7 : (y;)jen = E, n(y) := limy>, m(y) if y € Y,,. Clearly this is an
isometric embedding that extends to Y.

3): By Dvoretzky’s Theorem /s is finitely representable in F, so f5 isometrically embeds into E if E is
Fraissé. 4): A classical result by B. Maurey and G. Pisier [MaPi| states that E has trivial cotype if and
only E contains all £2’s uniformly; that is, there is some C' > 1 such that dpnm (¢, Age, (E)) < C for all
n. By the finite version of James theorem, (2, € Agen(E)BM, so it follows that ¢, € Age(F) for every
n. Then E is universal for separable spaces. Since G is the unique, up to isometry, universal separable

(AuH) (see [KuSo| or Proposition [2.21)), E and G are isometric. O

For the proof of Theorem [2.11] we will use the next.

Proposition 2.13. Let E be a Banach space, and suppose that G < Age(E).

1) If E is (AGH), then vg is defined on Gg by the formula vg(X,Y) = infycreop) Ap(9X,Y). Conse-
quently, vg is a pseudometric on each Gy.

2) In general, dpv(X,Y) < 4kAp(X,Y) for every X, Y € Age,(F) such that Ap(X,Y) < 1/(2k), and
consequently, if E is (AGH), the identity (Gk,ve) — (Gk, dBM) is uniformly continuous for each k.

3) If E is weak G-Fraissé, then vg is a pseudometric on each Gy, topologically equivalent to dpy.

PROOF. 1): We use the following.
Claim 2.13.1. For ,n € Embs(X, E) one has that Ag(vX,nX) <2(1+90)|y —nl.

Proof of Claim: Given vz € X of norm one,

nx nx
vz — ml! <|lvz —nz|| + ||nz — WH = [|yz —nz| + |[Inz]| — 1| = [[yo — nz|| + [||Inz| — [[yvz||] <
L2|vr — x| < 2(1+6) ||y — 7l O

Fix X,Y € Gg with dim X = dimY. Fix also isometric embeddings v: X — E, n:Y — E and ¢ > 0,
let g, h € Iso(E) be such that [|g [ X — 7|, [|h 'Y —n[| <e. Since A is invariant for the natural action
of Iso(E) on Age(FE),

Ap(h™gX,Y) =Ap(gX,hY) < Ap(gX,7X) + Ap(hY,nY) + Ap(yX,nY) <
L2g I X =~ +2(n 1Y =0l + As(vX,nY) < Ap(yX,nY) + 4e.

2): Let (zj)j<r be an Auerbach basis of X, that is, (z;); is normalized and max; |a;| < || 32, ajz;]|
for every (aj);. Suppose that Ap(X,Y) < 1/(2k). For each j < k, let y; € By be such that ||z; —
yill < Ap(X,Y). Given (a;);, we have that || 32; a;y;| < |32, ajzl| + max;fa;| 305 |75 — vl < (1 +
EAp(X,Y))[ 30, ajx;ll, and similarly, || 32; a;y;l| > (1 — kAg(X,Y))|| 22, ajz;ll. Since Ap(X,Y) < 1/k,
it follows that 6 : X — Y defined linearly by x; + y; is an isomorphism between X and Y, and
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since Ap(X,Y) < 1/(2k) we obtain that (1 — kAg(X,Y)) > 1/(1 + 2kAg(X,Y)). This implies that
101, 1071 < 1+ 2kAg(X,Y), and so

dpv(X,Y) < log(|0] - 107Y)) < log((1+ 2kAg(X,Y))?) < 4kAp(X,Y).

It follows from this inequality and the fact that dgy is Iso( E)-invariant that Id : (Gk,vE) — (Gk, dBm) is
uniformly continuous for each k.

3): For suppose that F is weak G-Fraissé. To simplify the notation, we may assume that G C Age(F).
Suppose that (X,,), in G dpm-converges to X € Gi. Fix e > 0, and let 0 < § < 1 be such that
Iso(E) ~ Embs(X, E) is €/4-transitive. Let ng be such that dpm(X, X,) < log(l+ ), and for each
n > ng choose 0, : X — X, so that ||0,] - [|6,]~' < 1+ J. Observe that 6, € Embs(X, X,). It
follows that, for such n’s, there is g, € Iso(E) such that |0, — ¢g» | X|| < /4, and by Claim
YE(X, Xn) < Ap(Xn, g0 (X)) <2(140)e/4 <e. O

Proor oF THEOREM [2.11] Obviously, the statement we have to prove is equivalent to the corresponding
one for any other family H such that H = G, so for convenience we assume that G = Gg and that it is
Ap-closed in Age(E).

1) = 2): We already know by Proposition 2) that Id : (Gk,ve) — (Gk,dpm) is uniformly
continuous for each k. The other part readily follows from the next.

Claim 2.13.2. Suppose that ¢ > 0 and 0 < 6 < 1. If Iso(E) ~ Embs(X, E) is e-transitive, then
dpm(X,Y) < §/2 implies that vg(X,Y) < 4e for every Y € Age(E).

Proof of Claim: We assume the hypotheses, and suppose that dpy(X,Y) < §/2. Let 6 : X — Y be an
isomorphism such that ||0]|||§~!|| < e%/? < 148. Hence, there is some g € Iso(F) such that ||g | X —6| < e.
By Claim 2.13.1] Ag(¢9X,0X) <4e, so vg(X,Y) < 4e. O

2) = 3): Suppose that yg is a complete pseudometric that is uniformly equivalent to dgy on G
for every k. We have to prove that Gy is compact, so let (X,), be a sequence in Gi. Since dpy is a
compact pseudometric on the class of all k-dimensional Banach spaces, we can extract a dpy-Cauchy
subsequence (X, )nen. Since Id : (G, dm) — (Gk, ) is uniformly continuous, (X,,)nen is vg-Cauchy.
Since g is complete in G, it follows that (X,,)nen YE-converges to some X € Gi. Finally, the identity
Id : (Gk,vE) — (G, dBm) is continuous, hence, (X, )nen dpy-converges to X.

3) = 1) : It follows from Proposition 3) and the fact that we are supposing that Gy is dpm-
compact that vg is also a compact pseudometric, hence complete. Fix now k and ¢ > 0, and for each
X € Gy, choose 0 < dxy < 1 such that Iso(E) ~ Embs, (X, E) is €/2-transitive. By compactness of
(Gk, dBm), we can find (Xj);j<n such that Gr C U;.,, Bem(Xj,0x;/3). We claim that § := (1/3) min; dx;
works: For suppose that v, € Emb;(X, E) with X € G,. Let j < n and let § : X; — X be an
isomorphism such that [|0]|[|0~]| < ™3/, Since dx; <1, it follows that

_ _ Ox,
161, l1=H < ToMe~ < 1+ =2

Since (1+0)(1+dx,/2) < (1+dx,/3)(1 +dx,/2) <1+ dx,, it follows that yo 8,06 € Emby, (X;, E),
so there is g € Iso(F) such that [[goyof —nod| <e/2. Hence, [[goy —n| < (e/2)|671]| < e.
O

It is interesting to note that being Fraissé is an ultra property. Recall that given a Banach space F,
and given a non-principal ultrafilter I/ on N, we write Ey; to denote the ultrapower EN JU. For each n € N,
let m, : EY — E be the n™ projection, m,((Zm)m) = &,. We denote by Iso(E); the subgroup of Iso(FEy)
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consisting of all isometries of the ultrapower Ey of the form [(xy)n]u — [(gn(Tn))nlu for some sequence
(gn)n € Iso(E)N. It is well known that Age(Ey) = Age(E)BM.

Proposition 2.14. Let E be a Banach space, and let U be a non-principal ultrafilter on N. The following
are equivalent.

1) E is Fraissé.

2) Ey is Fraissé and (Iso(E))y is dense in Iso(Ey) with respect to the SOT.

3) For every X € Age(Ey) one has that (Iso(E))y ~ Emb(X, Ey) is almost transitive.

4) For every X € Age(Ey) one has that (Iso(E))y ~ Emb(X, Ey) is transitive.

5) For every separable X C Ey one has that (Iso(E))y ~ Emb(X, Ey) is transitive.

6) Ey is (uH) and (Iso(E))y is dense in Iso(Ey) with respect to the SOT.

Moreover, if any of the previous conditions hold we have that
In particular, it follows that if E is Fraissé, then its ultrapowers are Fraissé and (uH).

PROOF. 1) = 2):

Claim 2.14.1. For every k € N, X € Age,(Ey) and 0 < £ < ¢ we have that (Iso(E))y acts (wg(k,d) + &)-
transitively on Embs_¢(X, Ey). In particular, the action (Iso(E))y ~ Emb(X, Ey) is approximately
transitive for every X € Age(Ey), and wg, (k,0) < infy~swg(k,d’).

Proof of Claim: For suppose that X € Age,(Fy). Since we know that Age,(Ey) = Agek(E)BM =

Age,(E), we may assume that X € Agey(E). Let v € Embs_¢(X, Ey). It follows that the set A =
{neN : m,oy€Embs(X,E)} € U, so for each n € A, choose g, € Iso(E) such that |lg, | X —
0 Y]] < wi(d) + &/2. For each n ¢ A, let g, := Idg. Define I := [(gn)n]u; then A C {neN :
|mn ol | X —m, 0] < wg(d) + £}, so, this set is in &. This means that ||[I [ X — 7| < w(0) +& O

It follows from this, and the characterization in Theorem [2.11] that Ey, is Fraissé. Moreover, the Claim
also easily implies that (Iso(E))y is dense in Iso(Ey).

2) = 3): Since Ey is Fraissé, it is (AuH), and this together with the fact we are assuming that
(Iso(E))y is dense in Iso(Ey), readily implies 3).

3) = 4): Suppose that X € Age(Ey) and v € Emb(X, Eyy)). For each k € N, choose I}, := [(g%k))]u €
(Iso(E))y such that || I | X — || < 1/k. For each k, let Ay :={n e N : Hggk) | X —mpoy|| <1/k} eU.
By making a small perturbation if needed, we may assume that for every n € N one has that m, o~ is
not an isometry. So, in particular, (), Ar = 0. For each n € J;, Ak, let k(n) be the maximal k such that
n € Ag, and define g, := gf(lk(n)), while for n ¢ |, Ag, let g, := Idg. Let I := [(gn)]u. Then for every
EeN, A, C{n : |lgn | X —mpo~| < 1/k}, so, this set is in U, and as a consequence we have that
I1X=n.

4) == 5): the proof is very similar to the previous one of that 3) = 4). We leave the details to the
reader.

5) = 6): the fact that Ey is (uH) is trivial, and the second fact is a direct consequence of 4).

In order to obtain we will not prove 6) = 1) directly, but 6) = 2) and then 2) = 1).

6) = 1): Suppose otherwise that F is not Fraissé; by Theorem there is some k, € > 0 and for
every n some X, € Age,(E) and v, € Emb/,(X,, E) such that

inf X, — vl > e. 2
et g T Yull > € (2)
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(n)
j

and 5 : X — Ey, 4(X; ajz;) = [(y(X; aja"))]u. Then, v € Emb(X, Ey); By 6), there is I = [(gn)]u €
(Iso(E))y such that ||[I | X —~| < /2. In particular, A :={n : |[rpol | X —mpo07| <e/2} € U. Let

now B :={n : (x

(n)

For each n, let (z;) <) be an Auerbach basis of X,,, and for each j <k let z; := [(z; )]y, X = (@) <k,

jn))j<k and (z;) <k are 2-equivalent} € U. It follows that given n € AN B, and given

T=3; ajxgn) € X,,
€
lgn (@) = (@)l = llmn 0 I} ajz5) = mny (3 ajzy) | < Sl ajas] < el
J J J

This contradicts
Finally, suppose that Ey is Fraissé with modulus wg,,, and that (Iso(E))y is dense in Iso(Ey).

Claim 2.14.2. wg,(k,0) = @y, (k,0) = @iy, (p,9).

Proof of Claim: Fix v € Embs(X, Ey), for X € Age,(Ey), and ¢ > 0. Without loss of general-
ity, we assume that m oy ¢ Emb(X, Ey). For each k, let §; := 6 + 1/k, and let A := {neN :
™y € Embs, (X, Ey)}, that belongs to U. Let v, : X — Ey be such that m, oy, = m, oy for every
n € Ai. Then v, € Embs, (X, Ey), so there is some I := [(g%k))n]u € (Iso(E))y such that the set
By ={ne€ Ay : |lgn | X —mpovl <wg,(k,0k) +c} € U. For each n € |J,, Bi, let k(n) be the maxi-
mum of those k’s such that n € By. For such n, let g, := g,(f(n)), and for n ¢ U, By, let g, := Idg. It
follows that I := [(gn)n]u € (Iso(E))y satisfies that ||I [ X — || < infy w(k,d’) + €. O

Now let us see that wg(k,d) < wg,(k,0): given v € Embs(X, Ey), we define ¥ € Emb;(X, Ey),
¥(x) == [(v(x)]u. Let I = [(gn)nlu € (Iso(E))y be such that |[I [ X — 7| < wg,(k,d) +€/2, so
A={neN: g, | X -] <wg,(k,0) +e} € U;if we choose n € A, then ||g, | X —7| < wg, (k,J)+e.

From this, and the Claim [2.14.1| and Claim [2.14.2| we have that wg,, (k,0) = infy~s wp(k,d). O
Corollary 2.15. Forp #4,6,8,..., any non-trivial ultrapower of L,(0,1) is an (uH) Ly-space. O

It had been already observed in [AvCSCaGoMol Proposition 4.13] that any non-trivial ultrapower of G
is ultrahomogeneous. We shall now see that Fraissé Banach spaces are locally determined. The following
is a slight modification of a similar concept introduced in [Lup].

Definition 2.16. Given a family G of finite dimensional spaces, let [G] be the class of all Banach spaces
E such that the collection of subspaces of elements of Gg is Ag-dense in Age(FE).

REMARK 2.17. It is easily see that if £ € [{£]},], then E is a £ 14-space, that is for every ¢ > 0 and
every X € Age(E) there is some X CY € Age(E) such that dpp (Y, £5™Y) < 8. Conversely, if E is an
Ly 1+-space that is in addition a stable {£} },-Fraissé space, then E € [{{}},]. Stable G-Fraissé spaces
are those for which their moduli does not depend on the dimensions. Given X € Age(E) and € > 0, let
0 <6 <1 be such that wg g(d) < /4, and let X CY € Age(E), v € Embs(£},Y) and n € Emb({}, F)
for some n. Find g € Iso(E) such that ||y —gon|| <e/4. Let Z :=Im(gon). It follows from Claim [2.13.1]
that Ap(Y,Z) <2(1+6)|y—gonl <e.

Theorem 2.18. Suppose that X and Y are G-Fraissé Banach spaces, with G < Age(X), Age(Y) and
X € [G]. The following are equivalent.

1) Y € [G].
2) X is isometric to Y.

This result motivates the next notion.
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Definition 2.19. Let G be a class of finite dimensional Banach spaces. The Fraissé limit of G, denoted
by Flim G is, if exists, the unique separable G-Fraissé Banach space E such that E € [G].

We have the following interesting fact.
Proposition 2.20. If Flim G and Flim GBM exists, then they are isometric.

Proor. Set X = Flim G, Y = Flim ?BM and H = EBM. Since Y is G-Fraissé, by Theorem it suffices
to prove that Y € [G]: fix F € Age(Y) and € > 0, and let G € (?BM)Y be such that F' C /5 G. Let
0 < ¢ <1 be such that wy y(dimG,J) < /8, and let Gy € G, v € Embs(Go, G) and n € Emb(Gp,Y).
Find g € Iso(Y) such that ||y — g o n| < &/8. It follows that Gy := Im(gon) € Gy and by Claim [2.13.1]
Ay (G,G1) <¢e/2. Hence, F C. /9 G C. /5 G1 and so F' C¢ G O

PRrROOF OF THEOREM 218 2) = 1) is trivial. Let us prove that 1) = 2): Given two subspaces
F,G of a given space E, and € > 0, we write X C. Y when there is some Z C Age(Y) of dimension
dim Z = dim X such that Ag(X, Z) < e. Fix two rapidly decreasing strictly positive sequences (dx)x and
(ex ) with

i) 0 < e <1 for every k.

i) [T(1+6k) < V2, Spuren < e/d.
iii) wX(dika,6k),wY(dimYk,5k) S 5k/4

Fix now sequences (X)r in Gx and (Y;)r in Gy whose respective unions are dense, and such that
Da Xk S Xpand Y Y G, V). Using that both X and Y are G-Fraissé Banach spaces and that
Uk Xi and J;, Y are dense in X and Y, respectively, we are going to find two sequences of integers (mg )

and (ng)r with my < ng < mgy1, and v, € Embs,, (Xmp Yn,), Mk € Embs,, (Yo, Xm such that

k+1)
10 Ve = i, XN < Emy and |Iypgr 0 =iy, | < Eny- (3)

Suppose that v, : X, — Y, is defined. Since Y, € Gy, we can find f € Emb(Y,,,X) such that
|f oy — ika,X‘| < wx(dim Xy, , 0, ) + Om,,- Let myiq > ny be large enough so that there is some
linear mapping ¢ : f(Yy,) = Xpm,,, such that [|s — Z.f(Ynk);XH < 0p, /2. Then it follows that n; :=to f €
Embs,, (Yo, Xonyyy) and |1y 0 v — ldx,,, | < ém,,. Similarly one finds ngy1 and v54;. We re-enumerate

as follows: Let )A(k = Xy, Vi =Yy, €k = €m,, Ok := Om,, for every k.

Claim 2.20.1. Fix r € X and € > 0. Let m be such that {z} C_ ), X, and &,_1 < £/2. Then for every
k,1>m and v € X, w € X; such that ||[v — |, ||w — z|| < ¢||z|| we have that

[7(v) = m(w)| < 3efl]|-

Once this is established, we define v : X — Y as follows: Give z € X, let x[n] € X,, be such that
|z — z[n]|| = d(z,X,). By the choice of the sequences (X,)n, z[n] —, x. By the previous claim,
(7 (z[n]))n is a Cauchy sequence. Let y(z) := lim,, v, (z[n]). It is easily seen that v is a bounded linear
mapping v : X — Y such that ||y]| < 1. Similarly one defines n : Y — X and proves that v on = Idy,
noy=Idx.

Proof of Claim: Fix all data, and suppose that k > I. If k = [, then ||y, (v) — v (w)| < [|vllllv — w| <
4ellx||. Suppose that k = [ +n with n > 0. Set wy := w, and for each 1 < j < n, set wji1 =
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M+4; (V45 (wy)) € )A(IHH. Notice that [|vi4j(w;)| < IT,(1 4 6x)?|Jwo|| < 4]|z|. Now, it follows from (3)),

n—1
vk (wn) = ()l =l (wn) = n(wo)ll < D 141 (wjrn) — v (wy)l =
j=0
n—1 n—1
=Y Vg1 g (e (W5))) = i W D7 Gl lws | <
7=0 j=0
n—1 e
<dllz]l 3_ &ty < Sl (4)
j=0
On the other hand, since ||wj11 — wj|| = |5 (145 (w;)) — wj|| < &4j|lw;|, again invoking (3),
n—1 n—1 5
lwn = ol <3 llwjer = will + [lwo = vl = 3 Ejllwsll + 2¢all < Eallo] + 2¢l|2]l < Sellzll - (5)
j=0 j=0
Combining and (5) we obtain that ||vx(v) — v (w)|| < 3elz|]. O

Note now that given z € X,,,, of norm 1, and [ > k, we have that ||y;(z) —yr10omovi(x)| < elvi(z)] <
el(1+6;) < 2g. Also, [|[vir1(x) — w1 om o y(@)|| < ||vialler < 2e;. So, given | > k and m € N, we
have that [|v;4m(z) —vi(2)| < 42?;7‘_1 £j < €;—1. This proves that (v;(x));>k is a Cauchy sequence, and
similarly, (7;(y))i>k is also Cauchy for y € Y, . we define v : Uy, Xon, = Ui Yoo and 12 Uy Yo, = Ui X
by v(z) = limy>; x(x) and n(y) = limj<g nk(y) for z € X, and y € Y, . The extensions of v and 7
to X and Y, respectively are isometric embedding and one if the inverse of the other, so X and Y are
isometric. 2) = 1) is trivial. O

In particular, if X and Y are separable Fraissé spaces such that Age(X) = Age(Y), then X = Y.

However we have the following stronger characterization.

Proposition 2.21 (Uniqueness). For separable (AuH) spaces X and Y the following are equivalent.
(a) X =Y.
(b) Age(X) = Age(Y).

Proor. We will find C-increasing sequences (Xy), and (Y,,), and isometric embeddings v, : X, — Y,
and 7, : Y, = X,41 such that

1) X, € Fand Y, € G for every n, and UJ,, X,, and |J,, Y;, are dense in X and Y, respectively.

2) [[mnoym —ldx, || < 27" :=¢,.

3) lvnr10omn —Idy, || <277

Once this is done, given x € X,, we have that that ||v,+1(z) — 7. ()| < 27" So, (9(2))m>n is a Cauchy
sequence. We define then ¢, : X;, = Y by gn(2) := limy,>p ym(x). Obviously, g, [ X5 = yn, so we can
define g : |J,, X5, = Y piece-wise, and we extend it to g : X — Y. Similarly one defines h : Y — X. It is
easy to see that ho g =1Idy and g o h = Idy. Let us argue that the sequences above exist: We fix {z,},
and {y,}, dense subsets of X and Y, respectively with o = yo = 0. Let Xo = Yy := {0}, 70(0) = 0.
Suppose defined Xo C --- C X, with {ap}r<; € X, Yo C --- C Y, with {yn}r<; C Yj, v 1 Xj = Y]
for j < mnand n; : Y; - X4 for j < n such that ||y 0n; —Id [ Y, [|n; oy —Id | Xj| < ¢; for
every j < n. We choose X,,+1 and 7, : Y;, = X,41 as follows. First fix § € Emb(Y,,, X'). This is possible
since Y,, € Age(Y) = Age(X). Now let g € Iso(X) be such that ||go @ o, —Idx, || < &,, and set
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Ny = go6 € Emb(Y,, X). Let X, 41 := X, + Imn,, + (2}) j<n+1. Then n, : Y, = X, 11 satisfies what we
want. Similarly one can find the desired Y, and vyp41 : Xpn+1 — Yot O

2.1. Classes of finite dimensional spaces. The question addressed now is for which families G of
finite dimensional spaces there is some separable Fraissé Banach space E such that G = Age(F), or more
generally, such that G < Age(E) and E € [G]. In the discrete algebraic case, this is the content of the
classical result by R. Fraissé [Fra] characterizing ultrahomogeneous countable first order structures in
terms of properties of their classes of finitely generated substructures. In the cases of Banach spaces there
is a similar characterization, that we pass to expose (see also [Lup| for similar results for stable Fraissé
operator spaces and systems, or [BY] in general for metric structures).

Definition 2.22 (Fraissé classes). Let G be a class of finite dimensional Banach spaces.

(a) G has the hereditary property (HP) when for every X € G and every Y, if Emb(Y, X) # 0, then
Y € G=,

(b) G has the amalgamation property (AP) when {0} € G and for every X,Y,Z € G and every isometric
embeddings v: X — Y and n: X — Z there is H € G and isometries ¢ : Y — H and j : Z — H such
that ioy=jon.

(c) G has the near amalgamation property (NAP) when {0} € G and for every ¢ > 0, X,Y,Z € G and
every isometric embeddings v: X — Y and n: X — Z there is H € G and isometries i : Y — H and
j:Z — H such that |[ioy—jon| <e.

(d) G is a weak amalgamation class when {0} € G and for every ¢ > 0 and X € G there is 6 > 0 such
that for every Y, Z € G and d-isometric embeddings v: X — Y and n: X — Z there is H € G and
isometries ¢ : Y — H and j : Z — H such that ||ioy —jon| <e¢;

(e) G is an amalgamation class when {0} € G and for every dimension k € N and € > 0 there is § > 0 such
that if X € G, Y, Z € G and v € Embs(X,Y), n € Embs(X, Z), then there is H € G and isometries
i:Y — H and j: Z — H such that |jioy —jon| <e.

(f) G is a Fraissé class when it is hereditary dgy-compact amalgamation class.

The modulus of a (weak) amalgamation class is defined similarly to the modulus of a (weak) G-Fraissé
space: the class G has modulus @ : N x R* — Rt when {0} € G and for every § > 0 every k and every
e>0,if X € G, Y,Z € Gand v € Embs(X,Y), n € Embs(X, Z), then there is H € G and isometries
i:Y — H and j: Z — H such that |[ioy —jon| < w(k,0) +¢e. We have the following interesting

implication.

Proposition 2.23. 1) The amalgamation and the near amalgamation properties are equivalent for com-
pact and hereditary families.
2) The Banach-Mazur closure of an hereditary amalgamation class is a Fraissé class.

PROOF. 1): Fix a compact and hereditary family G with the (NAP), and fix also X,Y, Z € G and isometric
embeddings v : X — Y and n: X — Z. Choose a sequence (&), of strictly positive real numbers and
decreasing to zero, and for each n, let V,, € G and 4,, € Emb(Y,V,,) and j, € Emb(Z,V,,) such that
lin oy —jnon| <ep. For each n, let W, := Imi,, +Imj, C V,,. Since G is hereditary, W,, € G. By passing
to a subsequence if needed, we assume that the all W,, have the same dimension, and that W, converge
with respect to the Banach-Mazur pseudometric to W, that belongs to G. For each n, let 6, : W,, = W
be such that lim,, max{[|0,], |0, |} = 1. Let i : Y — W, j : Z — W be accumulation points of (6, 0y )y
and of (6, o jn)n, respectively. It follows that ¢ and j are isometries and i oy = j o).
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2): Fix an hereditary amalgamation class G, and H be the Banach-Mazur closure of G. Notice that H
is also hereditary. Now fix a dimension k£ and € > 0. Let § > 0 be witnessing that G is an amalgamation
class for the parameters k and £/2. We claim that 6/2 works for H: Fix X € Hy, Y, Z € H and
v € Embg/o(X,Y), n € Embs/s(X, Z). For each n > 1 let 6, := d/(12n), choose Xo,Yy,Z, € G and
0% Xo— X, 00 .Y =Y, 077 — Z,, surjective isomorphisms such that ||(6X)7!| = 1, |6X|| < 1+6;
and 0) € Emb;, (Y,Y,,) and 07 € Embg, (Z, Z,). Notice that given n > 1, v, := 0¥ oyo0* € Embs(X,, Yy)
and 7, := 07 ono X € Embs(X,,, Z,) so we can choose V;, € G and i, € Emb(Y,,, V},), jn € Emb(Z,, V},)
such that ||iy o yn — Jn o M| < €/2. Since G is hereditary, as before in 1) we may assume that dim V}, is
constant, and the sequence (V},),, converges in the Banach-Mazur norm to V' € ?BM. Choose 0) : V,, =V
be such that 6% € Embyg (V. V). Choose a convergent subsequence of (6 o4, 060Y ), and of (8 o j,007),
with limits ¢ € Emb(Y, V') and j € Emb(Z, V), respectively. Then [[ioy —jon| <e. O

In the previous, the condition of being hereditary seems necessary: For example, Let F consists of
all 2-dimensional polyhedral spaces together with the spaces ¢2, of any dimension n. Then F is an
amalgamation class and its closure is the class of all 2-dimensional normed spaces together with £2 of
any dimension, that does not have the near amalgamation property.

In classical Fraissé theory for discrete algebraic structures, Fraissé classes G have in addition the joint
embedding property (JEP): For every X,Y € G there is some Z € G such that X and Y can be
isomorphically embedded into Z. However it is easy to see that this property in the context of Banach
spaces is a property of amalgamation classes (because {0} € G).

Amalgamation families with modulus not depending on the dimension & where introduced by M. Lupini
in [Lup]; they are said to have the stable near amalgamation property and in this case Fraissé classes are
called stable Fraissé classes. Examples of them are the class of all finite dimensional Hilbert, and Banach
spaces, corresponding to the two known stable Fraissé spaces: the Hilbert and the Gurarij, respectively.
We do not know if the class Age(L,(0,1)) is a Fraissé class for p # 4,6,8,.... It is easy to see that
Age(E) has always (HP), (JEP) and when E is (AuH), weak Fraissé, Fraissé then Age(E) has (NAP),
is a weak amalgamation class or is an amalgamation class, respectively, and in the (weak) Fraissé case
the respective moduli are the same (when E is Fraissé, the compactness of Age(F) follows from Theorem
. We call Fraissé correspondence the reverse implication, presented in Corollary Other limits
and correspondences of this type have been studied in [BY] and in [Ku].

As for the Fraissé and the weak Fraissé properties, there is also a metric explanation of the relation
between the weak amalgamation and the amalgamation. Given a family G of finite dimensional spaces
with the (JEP) and the (NAP), we can define a “Kadets-like” pseudometric on each Gy,

’yg(X, Y) = inf{Az(Xo,Yo) : Xo, Yy € Agek(Z), Z € g, Xo=X,Y = Y}

The following characterization is proved similarly as the equivalences in Theorem We leave the
details to the reader.

Proposition 2.24. The following are equivalent.

(a) G is an amalgamation class and g is a complete pseudometric.

(b) G is a weak amalgamation class and g is a complete pseudometric that is uniformly equivalent to
dpm on Gi for every k.

(c) G is a dpn-compact weak amalgamation class. O

Theorem 2.25. If G is an amalgamation class with modulus w, then Flim G exists and it has G-Fraissé
modulus w*.
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The existence of these spaces have been proved for stable Fraissé Banach spaces, and for other structures
in functional analysis in [Lup].

Corollary 2.26 (Fraissé correspondence). The following are equivalent for a class G of finite dimensional
Banach spaces.

(1) G is a Fraissé class.
(2) G = Age(E) of a unique separable Fraissé Banach space E = FlimG.

PROOF. Suppose that G is a Fraissé class, i.e. G is a compact, hereditary amalgamation class. It follows
from Theorem that FlimG exists. Let us see that Age(FlimG) = CBM: We already know that
G = Age(Flim G). Let us see that Age(FlimG) =< G: Since FlimG € [G] and G is hereditary, we obtain

that Age(FlimG) <G " = G. O

Corollary 2.27. Let G be a class of finite dimensional Banach spaces.

(1) If G is an hereditary amalgamation class, then Flim G is the unique separable Fraissé Banach space
E such that Age(E) =G ™.
(2) If E is a separable Banach space such that Age(E) is an amalgamation class, then Flim Age(E) is the

unique separable Fraissé Banach space X with an isometric copy of E such that Age(X) = Age(E)

PROOF. (1): If G is an hereditary amalgamation class, then by Proposition 2), ?BM is a Fraissé class,
SO FlimgBM exists and it is a Fraissé Banach space. Since Flim G also exists, it follows by Proposition
that FlimG = Flim G . (2): Set X := Flim Age(F). We know from i]i that X is the unique Fraissé

Banach space with Age(X) = Age(E)BM, and it follows from Proposition |2.12|that E can be isometrically
embedded into X. O

Before we present a proof of Theorem we give some examples of classes of spaces and limits.

Example 2.28. For 1 < p < oo, the family F = {E’;}keN it is clearly compact, and it is an amalgamation
class. For 1 < p # 2 < o0, this is done in Proposition using a work of G. Schechtman in [Sch]. In
this case, the Fraissé limit Flim{{};},, is Lp[0,1] (see Proposition .

For p = oo, it is rather easy to see that {{%}, is an amalgamation class, whose Fraissé limit is the
Gurarij space G.

When p = 2, {{5} is also hereditary, because a subspace of a Hilbert space is a Hilbert space; so {5}y,

is a Fraissé class, whose Fraissé limit is Flim{{3}, = {2 and it is automatically a Fraissé Banach space.
Example 2.29. Age(C|0,1]) is a Fraissé class, and Flim Age(C[0,1]) =G

PROOF. Being both C[0,1] and the Gurarij space G universal spaces, we obtain that Age(C[0,1]) =
Age(G) is a Fraissé class because G is Fraissé. O

Example 2.30. For p # 4,6,8,..., the class Age(L,(0,1)) is Fraissé, whose Fraissé limit is Ly(0,1).
We will see in Theorem that for these p’s, Ly(0,1) is weak-Fraissé; moreover, for all p’s Age(L,(0,1))
is compact: Observe that in general, given a Banach space, the closure MBM of Age(E) under the
Banach-Mazur pseudometric is exactly, modulo =, equal to Age(Ey) for every non-trivial ultrafilter U
over N. It follows from the S. Kakutani characterization of abstract L, spaces (see [Kak] or |LiTzal,
Theorem 1.b.2. of Vol. 2]) that each Ey is isometric to some L,(p) (in fact, W. Henson proved in [He,
Theorem 2.4] that this particular ultrapower is isometric to the ,-sum of ¢ copies of Ly([0,1]%), ¢ being

the cardinality of the continuum). Hence Age(L,(0, 1))BM = Age(Ly(p)). Finally, it is easy to see that

Age(Ly(p)) = Age(Lp(0,1)).
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We continue with the proof of the Fraissé correspondence. Recall that given a sequence (X,,, ¥ )n where
each X, is a normed space and v, € Emb(X,, X,+1), the inductive limit lim,,(X,,v,) of (Xu,¥n)n is
defined as the following normed space: We define isometric embeddings v, , € Emb(X,,, X,,) for m <n
as follows; vpm m = Idx,, and Ymnt1 = Y © Ymn; let V be the subspace of the product space [], X,
defined as

V :={(zn)n : there is some m such that x, = vy n(xm) for all n > m}.
In V one defines the seminorm
l@nal = 2l x.,

where m is such that vy, n(zp) = z, for all n > m. It is easy to see that || - || is well defined, and that
N :={(xp)n € V : there is some m such that x,, =0 for all n > m} = {(zp)n € V : ||(zn)n| = 0}.

Let Vj be the quotient space V/N endowed with the norm ||-||. Finally, let lim,, (X, y,) be the completion
of V/N. For each m, let 'y,(noo) : X — limy, (X, 1) be defined for z € X, by
(m—1)
’yﬁnoo) () :==(0,...,0,Z, Ym,m+1%, Ym,m+2%, - .. ) + N.

Obviously, %(noo) is an isometric embedding, and the sequence (X2°),, X° := 77({)0) (X,), is increasing with

dense union in lim, (X, v,).

Lemma 2.31. Suppose that G has the (JEP). Then G is an amalgamation class with modulus of stability w
if and only if for every A C R™T finite, ¢ > 0 and HU{Y'} C G finite there is Z € G and some I € Emb(Y, Z)
such that for every X € G and every 0 € A if v,n € Embs(X,Y) then there is J € Emb(Y, Z) such that
[Ioy—Jon| <w(dimX,d)+e.

PrROOF. Fix all data. Order H = {X;}71,, A = {§;}}_;. Foreach 1 < j <mand 1 <1 < n, let
{%(Cj,l)}zﬂ be a ¢/3-dense subsets of Embg, (X;,Y). Inductively we find a sequence (Vk)f:"lm“ in G,
Vi :=Y and isometric embeddings I, € Emb(Vj, Vii1), 1 < k < s?mn, such that for every 1 < ko, k1 < n,
1<j<mandl<1<n,setting k := s2(j —1)(I—1)+koky + 1 there is some J € Emb(Y, Vj41) such that
1Ty —~Iyoly_o---olioy?Y|| < w(dim X, ) +e. Then V := Vizpny g and I := Lzppolpm, 100l
work. U

PROOF OF THEOREM [2.25 The proof is an standard back-and-forth argument. Suppose that G is an

amalgamation class, with modulus of stability w. Let {§,}, := QN [0,1], do = 0, (e,), be a positive

sequence such that >,<,, e, < ep, and let A = {Z,},, C G be a countable dgy-dense subset of G. We

use Lemma to find a sequence (X, I,),, where

(a) Xp, € G and [, € Emb(X,,, Xp41);

(b) for every n € N and every X € {Z;}j<n U {X;}j<n and every k < n, if v,n € Embs, (X, X,,) then
there is J € Emb(X,,, X;,4+1) such that ||I, oy — J on| < w(dim X, §x) + &p;

(¢) Emb(Z,,, X, 41) # 0 for every m < n.

For (c) we use the (JEP) of G, that we know is true for amalgamation classes. We claim that the inductive

limit E := lim,(X,, I,,) is G-Fraissé with modulus w, FE € [G] and that G < Age(F).

Claim 2.31.1. E is G-Fraissé.

Proof of Claim: Fix 6’ > 6 >0, e > 0, and X € G and fix 7,7 € Embs(X, E). Choose n large enough
such that

i) en—1 <6
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ii) there are j,k < n, 6" < ¢/2 such that
ii.1) § < 0 < ¢ and (w(dim X, ;) +¢€)d” < ¢/3,
ii.2) there is an onto map § € Embsr (X, Z;) and 9,10 € Embs, (Z;, X,,) such that |[17° 0y o6 —
YW 1152 om0 00 —nll < /2.
For each r and s set I,.,r :=Idx,; Irrts+1 := Ip1s 0 Irpqs. We find now J; € Emb(X,, 424, Xy 425+1) and
L, e Emb(Xn+25+1, Xn+23+2) such that
(d) [[Joono — Invol < w(d,dk) + €n, being d := dim X
(e) |Ls+10Js — Int2sni2st2l| < enyasy1 for every s > 0.
(f) |Js o Ls = Inys—1ny2s+1|| < engas for every s > 1.

Setting &, := w(d, dx) + €, we have the following commutative infinite diagram.

Y2 n+1 n+2 n+3
2y, X3 Xnta
Xnt2 T Xnta
FIGURE 1
Given a sequence z = (zx)r € U; X°, we define for each k, 7y (z) := 17501 1 Jr(Tngar) € XS ou 1

It follows from the (e) and (f) that (7,(z))r is a Cauchy sequence, so we define J : |, X°* — E,
J(z) = limy, J(x), and then we extend it to J : E — E. Similarly, we define, given y = (y)r € U; X;°, one
defines the Cauchy sequence Ty (y) := 175 op 1o Lk (Tni2rt1) € XG040, and the corresponding L : E — E.
It is easy to see that Lo J = Jo L =Idg.

Set now v := I;° o and 1y := I;° ono. It follows that J(n1(2)) = limg I35 0.1 Jk(Tnnt2s(m0(2)))
for every z € Zj. Now for each s one has that ||Js(Innt2s(10(2))) — Innt2s+1(70(2))|| < w(dim X, o) +
> i<k Entt < w(dim X, &) + &,-1. This means that ||J on — y1|| < w(dim X, 6;) + &,—1. Consequently,

. €
170 =l <[l omb =m0l + I om8 — Jonll + |76 — || < (w(dim X, &) + en-1)[|10]] + 25 <
<w(dim X, §;) + & < w(dim X, §') + €. O

This proves that E is G-Fraissé with modulus w*. By definition of E, the sequence (X:°), witnesses

that E € [G].

Claim 2.31.2. G < Age(E).

Proof of Claim: For suppose that Z € Gi. Recall that (e,), was chosen so that Yon>m41En < Eme
Find a decreasing positive sequence (d,), such that wg g(k,d,) < &, for every n. Since Z € A and
A C Age(F)=, we can find for each n some 7, € Embs_(Z, F). Now for each n, let g,, € Iso(F) be such that

gn ©Ynt1—nll < €n, and set 1o :=70; N1 = g0© -0 Gn©Ynt1. Then [y —nall < )50 ey <epy,
s0 (Mn)n is a Cauchy sequence of d,-embeddings from Z into E, so its limit n : Z — E is an isometric
embedding, and consequently Z € Age(FE)=. O

g
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2.2. Characterization of homogeneities. We rephrase the homogeneity properties introduced in terms
of algebraic, topological and metric properties of some list of canonical functions. Let N}, be the collection
of all norms on the vector field F¥, let emb(F*, E) be the family of all 1-1 linear mappings from F* into
E. Given a collection G of normed spaces over F, let N;(G) be the collection of those norms M € Nj,
such that (F¥ M) € G—; we define emb(Gy) := Unrens () Emb((F*, M), E); we consider the natural
action Iso(F) ~ Emb(X,E), g-v := g o, and the consequent Iso(E) ~ Emb(G, E). We have now
U : emb(Gg, E) — Ni(G), defined as the norm vy (y)(x) := ||yz| g; obviously, 7 is Iso(E)-invariant, so
we have naturally defined the quotient mapping

Vg : emb(F* E) //Tso(E) — Ni(E),

ve([]) := Dr(y). In general, vg(emb(Gg, E)) C Ni(G), and when G < Age(FE) one has vg(emb(Gy, E)) =
Ni(9)
The following rephrases the approximate G-homogeneity of E in terms of an algebraic property of each

Vi.

Proposition 2.32. Suppose that G <X Age(E). Then E is approzimately G-homogeneous if and only if
each vy is 1-1 on emb(Gy, F) // Iso(E). O

The next is characterize E being weak G-Fraissé in terms of topological properties of each v. So, we
naturally endow N}, and emb(F¥, E) with the topology of point-wise convergence, that coincides with the
compact-open topology. The following is easy to prove.

Proposition 2.33. Both U, and v are continuous. Il
We introduce two metrics; let

w(M, N) = log (max{]| 1d || ar, e ), 111 o vy o003 ) »

that defines the point-wise topology on Nj; the second one d(n,7) = |7 — V[l £ = maxj_; [|[n(u;) —
v(u;)|| defines the pointwise topology on emb(F¥, E); notice that d is Iso(E)-invariant for the natural

action g -+ := g o~ introduced above, and that the quotient metric d([v], [n]) := infcreo(p) g0y — 77Heff,E
defines the quotient topology on emb(F¥, E) //Iso(E).

Proposition 2.34. Suppose that G < Age(FE).

1) E is weak G-Fraissé if and only if for every k one has that vy is 1-1 on emb(G, E) //Iso(E), and for
every v € emb(Gy, E) // Iso(E) the mapping vy is continuous and open at ['y]ﬂ

2) Consequently, if E is weak G-Fraissé, then each restriction vy : emb(G, E) J/Iso(E) — Nk(G) is an
homeomorphism.

3) E is weak Fraissé if and only vy is an homeomorphism for every k € N.

PROOF. 1): Suppose that E is weak G-Fraissé, and fix k& € N. We know that vy is 1-1, so let v €
emb(G, E'), and we see that vy is open at [y]. Fix € > 0; we have to prove that there is some § > 0
such that if n € emb(F*, E) satisfies that w(vx([7]), vx([n])) < 6, then there is some g € Iso(E) such that
d(gn,v) < e. We set M := vj(y) and X := (F¥, M). Let £ > 0 be such that Iso(E) ~ Emb¢(X, E) is
e/||1d ||X’Z§—transitive. We claim that & := log(1 + &) works. For suppose that n € emb(F*, F) is such
that w(M,N) < 6, where N := vy(n). Then (nllx e < [|Inll@rn)E - e!MN) < (1 + ¢) and similarly

2recall that f: X — Y is open at  when for every open neighborhood U of x there is some open neighborhood V of f(z)
such that V C f(U).
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one has that ||z||g > (1 +&)"'N(z), so n € Emb¢(X, E). Hence there is some g € Iso(E) such that
lgy = nllx.z < e/l 1d || x g, and consequently [|gy —nllp p < e

Suppose now that for every k one has that vy is 1 — 1 on emb(G, E) // Iso(E) and open at each [y] with
v € emb(G, E). Fix X € G and € > 0; let M € N.(G) be such that X = (F¥, M) and let 6 : (F¥, M) — X
be an isometry, and vy € emb(G, E) be such that v (y) = M; let § be such that if n € emb(F*, E) is such
that w(M,v(n)) < 6, then d([y],[n]) < & := 5/(2||9*1HX’£;1€). We claim that Iso(E) ~ Embs(X, F) is
e-transitive; for suppose that 79,71 € Embs(X, E); we set M; := 7(nj 0 0) € Ni(F) for j = 0,1. Since

w(M, Mp),w(M, M;) <6, we get that d([no o 8], [v]),d([n o8], [y] < &, hence d([ng o 8], [n1 o 8]) < 2€; this
means that there is some g € Iso(E) such that ||gongof —n o 0”gllc7E < 2¢, and hence

lgom —mllxz < llgonoob.m o bl - 10 Iy g <e.

2) and 3) is a direct consequence of 1) using that continuous bijection is an homeomorphism exactly when
it is open at each point. O

We pass now to reformulate E being G-Fraissé as a metric property of each vg. So, we introduce a
metric on emb(F*, E) in a way that bounded sets are sent to w-bounded sets by the mappings vj. Given
v,n € emb(FF, E), let

b

this is an Iso( F)-invariant metric that defines the pointwise convergence topology on emb(IF'k7 E), and the

b

Proposition 2.35. vy, : (emb(F*, E) //Iso(E),0) — (Ni(E),w) is uniformly continuous on bounded sets.

o(y.m) 1= max {|ly — nllg - [ a0 1 - ) — Qi) |- )

quotient topology is defined by the quotient metric

w0 - llg) = i), - )

o([y], [n]) == max {geﬁfw) I = gnller &5

We have the following

PROOF. Fix 79 € emb(F*, E) and K > 0, and let us see that v is uniformly continuous on the d-ball
with center [yo] and radius K. Given z € F¥ we have that

(@) <lv@)I + 17 = 1l - V@) <A@+ DIy =1l g - 11 ], ) e 1y (@]

< (1+3() ) - 11 .t ) 1)

and similarly [|7(2)]| < (1+ (7], [n]) - [11d [, (3 ¢e) In()]]. This means that

w(wk (7)), vi([nl)) < log (1 +0([), [n) - [|1d ||z/,€('y),£’f) < [11d 1y, (),e60(17) 1) < €00, ). O

This is the metric characterization of being G-Fraissé.

Proposition 2.36. Suppose that G < Age(FE).

1) E is G-Fraissé if and only if for every k € N the mapping vy, : (emb(F*, E) /) Iso(E),0) — (Np(E),w) is
uniformly open on bounded subsets of Ni(G), i.e., given A C Ni(G) that is w-bounded and given € > 0,
there is some § > 0 such that if vi([y]) € A and n € emb(F¥, E) is such that w(vi([7]), ve([n])) < 9,
then (), [n]) < e )

Consequently, if E is G-Fraissé then every restriction vy : (emb(G, E) // Iso(E),0) — (Nx(9),w) is
an homeomorphism that is uniform when restricted to bounded sets.

2) E is Fraissé if and only for every k € N one has that v : (emb(F*, E) //Iso(E),0) — (N (E),w) is an
homeomorphism that is uniform when restricted to bounded sets.
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PROOF. 1) is proved following the same ideas as in the proof of Proposition 1). 2) readily follows
from 1). O

3. LATTICE AND Eg—HOMOGENEITY

In the next Section we will prove that L,(0, 1) for p not even are Fraissé Banach spaces. As we mentioned
before this not the case for p = 4,6,8,.... However “partial” homogeneity properties are valid for all
Ly(0,1). This is the case when dealing with partial isometries defined on /;’s. The aim of this section is
to study those. In trying to understand these embeddings and isometries of L, (0, 1) the setting of lattices
is very natural. In this context we consider lattice isometries and lattice embeddings on a Banach lattice
X, i.e., linear isometries or isometric embeddings which preserve the lattice structure. In the important
case of a finite dimensional sublattice F, i.e. F' = (f;)j<n where the (f;);’s is a pairwise disjoint sequence
of positive elements of X, a lattice isometric embedding is an isometric embedding 7" such that (T'(f;)); is
a pairwise disjoint sequence of positive elements. For a complete information of them we refer the reader
to [LiTzal Vol. 2].

With this in mind, we may consider lattice versions of homogeneity, by replacing isometries (resp.
isometric embeddings) by lattice isometries (resp. lattice isometric embeddings) and (finite dimensional)
subspaces by (finite dimensional) sublattices. So, given a sublattice Y of X, let Emb,(Y, X) be the space
of lattice isometric embeddings from Y into X, let Iso,(X) be the topological group of surjective lattice
isometries on X with its SOT, and let Iso,(X) ~ Embs (Y, X) be the canonical action g -7 :=yo0g. In
particular we shall be interested in the following definitions:

Definition 3.1. Let X be a Banach lattice.

(a) X is lattice ultrahomogeneous (o —uH) if Isoo(X) ~ Emb,(F, X) is transitive for every finite dimen-
sional sublattice F' of X;

(b) X is approzimately lattice ultrahomogeneous (o —AuH) if Iso,(X) ~ Emb,(F, X) is e-transitive for
every finite dimensional sublattice F' of X.

There is a third natural notion in the case of lattices which is as follows. We say that an isometry
(resp. isometric embedding) is disjoint preserving (or d.p.) if it sends disjoint vectors to disjoint vectors,
and that a subspace is disjointly generated if it is generated by a sequence of disjoint vectors. So, the
difference between these versions and the lattice ones is that now we do not impose positivity. Then
a Banach lattice X is disjointly homogeneous if any d.p. isometric embedding defined on a disjointly
generated finite dimensional subspace of X extends to a global d.p. isometry. It is approzimately disjointly
homogeneous if for any d.p. isometry ¢ defined on a disjointly generated finite dimensional subspace F' of
X and for any € > 0, there is a global d.p. isometry T such that |7 | F' —t|| < e. These properties will
not be as relevant as the previous ones because of the following observation.

Proposition 3.2. Assume X is a Kothe function space (see [LiTzal, Vol. 2]). If X is (resp. approximately)

lattice homogeneous then it is (resp. approxzimately) disjointly homogeneous.

PRrROOF. Assume X is lattice homogeneous. Let F' = (f;)j<n with (f;); pairwise disjoint, and ¢ an
isometric d.p. map from F' onto G = (tf;)j<n. There exist isometric maps u and v on X acting by
changes of signs, and sending each f; to |f;], and tf; to [tf;|, respectively. The map vtu~! is a lattice
isometric map from (| f;])j<n onto (|tf;])j<n. If T is a lattice isometry on X extending vtu~! then v~ 'Tu
is a d.p. isometry on X extending t. The same proof holds for approximate lattice homogeneity. U
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3.1. Stable approximate {/} },-homogeneity of L,(0,1). We start with a few classical definitions. Let
1 < p < +4o0. A simple space is a finite dimensional subspace of L,(0,1) generated by simple functions.
By copy of £, we mean some linearly isometric copy of a finite dimensional ¢ inside L,(0,1). It is a
classical result by S. Banach that if 1 < p < +o00,p # 2, any isometric embedding between L,-spaces is
automatically d.p. ([FleJa, Theorem 3.2.5]). In particular, any isometric embedding of a copy of £} into
a copy of £} is disjoint preserving, and any copy of £ is a disjointly generated subspace. It is also an
easy observation that, for 1 < p < 400, any finite dimensional subspace generated by simple functions
in L,(0,1) is a subspace of some simple copy of some £} (with same support). S. Banach, [Ba] p. 178,
stated the general formula of surjective isometries on L,(0,1), 1 < p < 400,p # 2; any such isometry T
is defined by
T(f)(t) = ht) f(6(1)) for every t € [0,1],

where ¢ is a measurable non-singular transformation of [0, 1] onto itself, and h is a function satisfying
|h|P = d(X o ¢)/dA\, where X is the Lebesgue measure (see [FleJal Chapter 3]). When p = 2 this formula
defines a linear isometry but there are, obviously, other isometries on Ly (0, 1).

For 1 < p < +o0, we shall say that an isometry on L,(0,1) is simple preserving if it maps simple
functions to simple functions. If A is a subset of [0, 1] of positive measure, and F' is a subspace of L,(A),
then the support of F' is the union of the supports of all f, f € F’; in particular, for a vector in, or a
subspace of X, full support in L,(A) means that the corresponding support is equal to the support of X.

Lemma 3.3. Let 1 < p < 4o00. Let A, B be subsets of [0,1] of positive measure, and let v € L,(A),
v € Ly(B) be functions with full support and with equal norms. Then there exists a (disjoint preserving)
isometry T from Ly(A) onto L,(B) such that T'(u) = v. Furthermore if u and v were simple functions
then T is simple preserving, and if u and v were non-negative then T is a lattice isometry.

PROOF. It is enough to show this for A = [0,1] and u = Ljp,1}- Furthermore using a natural isometry
between L,(B) and L,(0,1) we may assume B = [0,1]. Since |v| > 0, It is then clear that if V(x) =
Jo lv(t)[Pdt, then

T,(f)(z) = f(V(z))v(z) for every x € [0,1]
defines a linear isometry of L,(0,1) sending u to v. The fact that this map is disjoint preserving (and
respectively simple preserving, a lattice isometry) is obvious from the definition of T;,. O

It is well-known that when 1 < p < 400, p # 2, any isometry of L,(0,1) sends full support vectors to
full support vectors see [EleJal Theorem 3.2.2]. This proves that L,(0,1) cannot be ultrahomogeneous in
this case, nor even lattice ultrahomogeneous (so, as we commented before, the isometry group does not
even act transitively on the unit sphere of L,(0,1) when p # 2). The next lemma will be useful to deal
with perturbations in this context.

Lemma 3.4. Let 1 < p < +oo. Let F be a finite dimensional subspace of Ly(0,1) and let ¢ > 0. Then
there exists a linear, disjoint preserving, isometric embedding v of L,(0,1) into itself, whose image does
not have full support, and such that ||(y — Id) | F|| <e. If F was a sublattice then L may be chosen to be

a lattice isometric embedding.

Proor. Write F' = (f;)j<n, where the f;’s have norm 1. It is enough to find some isometric embedding
v whose image does not have full support and such that |(y — Id)(f;)|| < € for all j and for some
¢ small enough. By a perturbation argument we may also assume that each f; is continuous. Let
M = maxi<j<nl fjlloc, and let 6(s) be a common modulus of uniform continuity of all f;’s, i.e. such
that |z — y| < 6(s) implies |f;(z) — f;(y)| < s for every j = 1,...,n. Let A < 1 be close enough to 1 so
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that A(1/A — 1)M + 6(1/X — 1))” + (1 — A)M? < e. We define an isometric embedding v whose image is
L,(0,\) C Ly(0,1) by

AD@) =L @) (5):
Then for j = 1,...,n one has that

A " 1
WD =57 = [ 155D - @)Pda+ [ 155@)Pde < M~ DM +8(; ~ 1)+ (1= NMP < 2. O

Proposition 3.5. For every 1 < p < oo the Banach lattice L,(0, 1) is approzimately lattice homogeneous,
or in other words, the actions Isoo(Ly(0,1)) ~ Emb,(£7, L,(0,1)) are almost transitive.

ProOOF. We start with the following.

Claim 3.5.1. Fix n € N, and let & and £y be the families of lattice embeddings of ¢ into L,(0,1)
whose image has full support and does not have full support, respectively. Then the canonical actions
Isos(Lp(0,1)) ~ Ep and Isos(Ly(0,1)) ~ En are transitive.

Proof of Claim: We prove only that Iso,(L,(0,1)) ~ Ep is transitive; the other proof is similar, and we
leave the details to the reader. Let F" and G be two copies of some £, with full support, and let ¢ be an
isometry from F' onto G. Write F' = (f});j<n, where the f;’s are normalized disjointly supported, and let
A; = supp f;. Likewise we define G = (tfj)j<n and B; = supptf;. By Lemma we may for each ¢
define an isometry T; from L,(A;) onto L,(B;) sending f; to tf;. This defines a global linear isometry T’
on L,(0,1) = @®;L,(A;) = ®;Ly(B;) which extends t. O

We use the above notation, where ¢ is an isometric embedding of F onto G in Ly([0, 1]), and assume for
example that F does not have full support and G has. By Lemma [3.4] there exists an isometric embedding
t' of F onto some G’ without full support with ||t —#'|| < e. By the Claim, ¢’ extends to a global isometry
on Ly(0,1) and we are done. O

REMARK 3.6. Note that by Lemma [3.3] the isometry T considered in the proof of Claim [3.5.1] is simple
preserving when the f;’s and ¢f; are simple functions.

We finish with the following very strong amalgamation property.

Proposition 3.7. Let 1 < p < o0o. Then
1) the class {€; }nen is an amalgamation class with modulus independent of the dimension.

2) Ly(0,1) is the Fraissé limit of {{} }s.

For the proof we use the following remarkable result by G. Schechtman (as observed by D. Alspach
[Als])

Theorem 3.8 (Schechtman [Sch]). For any 1 < p < oo there is a modulus of stability w, :]0, co[—]0, 00|
such that

Emb; (€, Lp(11)) S (Emb(€y, Ly(1))) ()
for everyn € N, § > 0 and finite measure p. Consequently, for every d,m € N there is n € N such that

tmn © Embs (64, 07) € (Emb(£2, 02) 1 (5)
where Ly, p : £, — Ly is the canonical isometric embedding (a;)j<m € F™ +— (ao, ..., am-1,0,...,0) € F".

PROOF OF PROPOSITION [B.7l 1):We may assume p # 2 and let F be the collection of finite dimensional
simple subspaces of L, (0, 1) without full support.
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Claim 3.8.1. F has the amalgamation property. Consequently, {K}?}n has the amalgamation property.

This, combined with Schechtman’s result readily gives the proposition.

Proof of Claim: Let E,F,G € F, and let v € Emb(E, F), n € Emb(E,G). By the Claim (see the
Remark [3.6)) there is a simple preserving T' € Isoo(Ly(0,1)) such that T'oy = n. Let J € Emb(G, L,(0,1)
be simple preserving and such that TF + JG does not have full support, and let V € F be containing
TF+ JG, let I : F — V be the restriction I :=T [ F. Then clearly [ o~y = J o).

2): From 1) and the Proposition we obtain that Ly (0,1) is {£;},-Fraissé. Since L,(0,1) € [{£} }a],
we obtain from Theorem that L,(0,1) = Em{£})},.

4. THE FRAISSE PROPERTY OF L,(0,1): APPROXIMATE EQUIMEASURABILITY IN L, SPACES
The main result of this section is the following
Theorem 4.1. If 1 < p < oo, p not even, then Ly(0,1) is Fraissé.

Lusky proof of the approximate ultrahomogeneity of the spaces L,(0,1) for p ¢ 2N is a consequence
of the following result, known as the equimeasurability principle, proved independently by A. I. Plotkhin
[Plol] and W. Rudin [Rul.

Theorem 4.2 (Equimeasurability principle). Suppose that p ¢ 2N, (Qo, o), (21, 11) are finite measure
spaces, and fo, ..., fn—1 € Lp(Qo, po) and go, ..., gn—1 € Lp(1, 1) are such that

/

for every scalars ao,...,an—1. Then, F = (f;); and G = (g;); are jointly equidistributed, that is, for
every Borel subset A C F",

Fipo(A) = po({w € Qo = (fj(w))j<n € A}) = Gup1(A) = pi({w € U 1 (g5(w))j<n € A}).

In other words, if [[1a, + >2; a; fillL,(0.u0) = I1ey + 225 @395, (01 ) for every scalars ag, ..., an-1,
then the pushforward measures Fyug and Gy are equal. Our demonstration relies on an extension of

p

dpo(w) = /

p

1+ Z ajfj (w) dpy (w)

j<n

1+ ajgi(w)

j<n

the Equimeasurability principle. In order to state it we will use the well-known Lévy-Prokhorov metric.
Let (X, d) be a separable metric space. Let B(X) be the collection of Borel subsets of X, and let M(X)
be the collection of Borel measures on X.

Definition 4.3 (Lévy-Prokhorov metric). The Lévy—Prokhorov metric dgp : M(X)? — [0, +00) is defined
by setting the distance between two finite measures p and v to be

dep(p,v) :=inf{e >0 | u(A) <v(A;)+eand v(A) < u(A;) +e forall A e B(X)}.
This metric defines the complete convergence on M(X) (see [Bi, Section 6]).

Theorem 4.4 (Approximate Equimeasurability principle). Suppose that p ¢ 2N, (Qo,po) is a finite
measure space. Then for every e > 0, I C [0,p] finite and fo,..., fn—1 € Ly(Qo, pto) there is 6 > 0 such
that if (Qq, 1) is a finite measure space and go, . .., gn—1 € Lp(S21, 1) are such that

1

— <
1+90 -

< (1+40)

Lo, + ) ajg; Lo, + Y aifj Lo, + Y a;9
j j '

Lp(Q1,11) Lp(Qo,10) J Lp(Q1,u1)
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for every scalars ag, . ..,an—1, then,

max dep(|2i|"d(Fipo), |2 d(Gipa)) < €.

Here we are using the standard euclidean metric on F™, and the fact that Fypug, G.p1 € M(F™). A well-
known consequence of the equimeasurability principle is that if v : X C Ly(n0) = Lp(p1) is an isometric
embedding, and u € X has full support in X, then yu has full support in yX. Similarly, Theorem [.4]
will provide the corresponding approximate result. Given ¢ > 0, we say that f € X has e-full support if
| Pu=o | X|| <e. We have then the following.

Theorem 4.5 (Approximate full support). Suppose that X is a finite dimensional subspace of Ly(p) with
p ¢ 2N, u € X has full support in X and suppose that ¢ > 0. Then there is some 6 > 0 such that if
v € Embs(X, L,(n)) then yu has e-full support in vX.

The study of the approximate equimeasurability will be done in the next Subsection first by
finding the topological correspondence determining the convergence of p-characteristics (Theorem ,
and finishing with its metric version in terms of the Lévy-Prohorov metric (Theorem . Before, we
present how to use Theorem and Theorem to prove the Fraissé property of L,(0,1) of p ¢ 2N.

4.1. The proof of Theorem We have already seen that Age(L,(0, 1)) is always compact, so we just
need the weak-Fraissé property of L,(0,1) for p ¢ 2N. Let us explain the strategy of the proof. Suppose
that X € Age(Ly(0,1)) and v : X — Lp(0,1) is a -isometric embedding, ¥ := Im+. Suppose that 1y ) €
X and choose a basis (f;);j<n of X. In Definition we introduce appropriate partitions R of F" whose
pieces are products [[; I; where each I; is an interval with small diameter or an unbounded one such that
J1; 1f5|P is small enough. By considering pullback partition F7YR), F:[0,1] = F", 2 — F(x) := (fj(2));,
we can naturally almost embed X into the finite dimensional L,-space (1 p-15)rer (Proposition . By
the approximate equimeasurability principle, Y is almost embedded into <1G—1( R)> rer and the mapping
1p-1(g) = lg-1(g) linearly defines an almost isometry that almost extends v, and that can be easily
perturbed to become a surjective isometry I (Lemma . Now we use the extension result for isometric
embeddings defined on £' (Proposition to find the isometry almost extending v. If 1jg ;) ¢ X, then
we choose some normalized v € X of full support in X, and by the approximate full support principle we
know that yu will have approximate full support of Y. We can now rotate both v and vu to 1, and use
the case when X was unital. We start by introducing appropriate partitions.

Definition 4.6 (Appropriate partitions). Let F' = (fj)j<n be a sequence of functions in L,(Q, %, i),
0 <e <1, and let K > 0 such that max; f|fj|2K |filP < % We say that a finite partition R of F” is
(e, K)- appropriate for F when each P € R is of the form P = Hj<n I; where each I is either an interval
of diameter strictly less than /(3||u||)/?, or else equal to F \ B(0, K).

Associated to such partition R, we consider the finite partition P := F~}(R) = {F"'R : R€ R} of
2, and the corresponding conditional expectation E(-;P) : L,(2, X, ) — Lp(, P, ),

1
E(f;P) = Z <M0(F1(R)) /F—I(R) fduo) ]lF—l(R).

p(F=1(R))>0
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It is a consequence of Jensen’s inequality that the conditional expectations is a norm one projection.
Given an (e, K)-appropriate partition R for F' := (f});<n, let

RY :={Re€R : Fuu(R) >0},

RY =RI\RY, RY = UT\’,OF and for each k < n,
RY p ={R € RY : m(R) is bounded}, RY  :=JRY ; and
RE ;. =RE\RY . and RE ;= RL .

Proposition 4.7. Suppose that R is (e, K)-appropriate for F' = (f;)j<n. Then, for every k <mn,

(a) IE(fisP) T FHREG NGy < e T FH(Rooe)FIT (o < €P/3,
(0) IE(fi; P) I RY o = fi | REGIT () < €773,
() [1fx = E(f; Pl L) < &

PRrROOF. The proof is standard. To simplify the notation we will avoid the superindex ¥'. Fix k < n. The
fact that |E(fi;P) | Ffl(Roo,k)H]zp(M) < fe d Ffl(Roo,k)ng(u) follows from Jensen’s inequality; Now
observe that Ro + C {|fx| > K}, hence,

p

i 1 E= Boo ) I i TSR] = K ) < 5

Given R € Ry i, and given w € F-1C,

1 / 1 €
— fidp = )| €~ [ (i) = i)l daf) < diam(zy) < .
W) Jr-ram = WE TR Sy )~ Il dute) < diamll) < ey
Hence,
P
/ T [ e @) due) < SR (R))
porr | W(F(R) Jpry e |
Putting all together,
P
E(fiiP) | Ry — fi | Ryl /. | fedn= fl@)] due) <
[E(fiP) 1 Ry il = 3 [ D e (@) dua)
e 3 &P
SW Z p(F1(R)) < 3
I (P =1 (R))>0, m (R B(0,F)¢
(c) follows easily from (a) and (b). O
In the next, z; : F* — F is the j*"-projection mapping (ag,...,an—1) — aj, and given f € L,(, %, p),

let fdu be the measure (fdu)(A) := [, fdp. The following is easy to prove.

Proposition 4.8. Suppose that R is (¢, K)-appropriate for F. There is 6 > 0 such that if G = (g;); in
Ly(v) is such that max; dep(|2;|Pd(Fip), |25Pd(Gyv)) < 0, then R is also (e, K)-appropriate for G. O

For the next, recall that a p-measurable set is of p-continuity when p(90A) = 0, where JA is the
topological boundary.

Lemma 4.9. For every X C L,(Qo, X0, po) finite dimensional containing 1o, and every € > 0 there are

§>0, E(Xse) C Lyp(Qo, X0, o) and Exc : X — E(X;¢) such that

(a) E(X;¢) is isometric to some £}};

(b) H§X7a - iX”MO <e;

(c) for every unital §-isometric embedding v : X — Ly(Q1, %1, 1) there is an isometric embedding I :
E(X;e) = Lp(, X1, 1) such that [[[o&x . — 7] <e.
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We will say that the pair (£(X;€),{x,) is an e-envelope of X.

PROOF. Fix €¢, and let I := (f;);j<n be an Auerbach basis of X, that is max; |a;| < || 37, a; fill Lo(0u0)-
Let R be an (¢/(6n), K) appropriate partition for F', consisting of Flpuo-continuity sets and let P :=
F~1(R). It follows from Proposition [4.7) that max; [|f; — E(f;; P)|| < &/6n, and since F' is an Auerbach
basis, we obtain that ||f — E(f;P)| < /6. Let then £(X;e) := (Ip)pep and let £x. : X — X°©
be the restriction to X of the conditional expectation E(-;P). We use Theorem of approximate
equimeasurability to find > 0 such that if T': X — L,(Q, %1, p1) is a J-embedding such that T'(1q,) =
Lq,, and setting G := (g;)j<n, 9; := T(f;), then

(i) (1+e0)™" < (G 'R)/uo(F'R) <1+ ¢g for R € REY, where g := ¢/(4nK (3]|pol])*/?);

(ii) max; fcfle lgj[Pdpy < e1 = eP/(nP6);

(iii) R is (¢/2n, K)-adequate;

(iv) G is a 2-biorthogonal sequence of T'X, that is max; [a;| < 2| 325 a;j9;ll o0y 1)-
(i) is possible because each C is a Fipo-continuity set, and (ii) and (iii) are possible because we can
force each |z;|Pd(Fipo) and |2;|Pd(Gyp1) to be close enough with respect to the Lévy-Prokhorov metric.
Suppose that v : X — L,(€1, 1) is a unital é-embedding. Let G := (g;)j<n, 9; = V(fj), @ = G7'R.
Observe that by (iv) and (v) we have that |li,x —E( Q) [ X1,y u) < & Let I : E(X5e) — Lp(, p11)
be linearly defined for each R € RS by

po(F~'R)

I(1p- =10 My
(FIR) ,u(GlR)GIR

Note that by (i) above, RY C Rg; hence, for scalars (aR)Renf’

-1
R) _
110> arlp-1p)lli,m =1 D aRM( )||Lp iy = Y arpo(F'R) = | Y arlp-1glli, ()
ReRY ReRY ReRE ReRY
So, I is an isometric embedding. The proof will be finished once we establish that

[Ioéxe—E(;Q)on| <e.

Fix k < n. We have that

I(éX,s(fk)) :I(E(fk§P)) = Z (,ul(Gll(R)) /F—l(R) fkdu0> ]lG—l(R)§

F
ReRF

1
E(gk; Q) = Z (M /G—l(R) gkdm) ]].G—I(R).

I3
ReRE

Fix R € R+ > and let o € m(C). Then we have that

s/ rfk—arduw/
F-1(R) G-

9 9

R _1 R
N T <6nF3Huo\

gk — 7“0(1?_1 o
L(R) m(GTH(R)

e

frdpo — / grdpn
F-1(R) G-1(R)

+ 60K> Ml(G_l(R)) <

3e _
< (W> (G (R)).
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Hence,

M(Exe(fi) | GNRE ) —E(gis @) 1 GREDIE ) =
Z / 1(R) ,Ul (R)) (/Fl(R) fkduo_/Gl(R) gkdﬂl>

RERF

B R e 327 m(G(R)
gRe%k<4n 3HM0H> (G (R))SRgz;jk(“”) 3Tl

On the other hand, by (iii) above,

P
<

Ep
- 6np

Finally, since R is (¢/6n, K )-adequate for both F' and G, we obtain from (a) in Proposition [4.7] that

1E(g1: Q) 1 G REE (0 <llgw | GBI oy < g 1 GBI,

P
3(6n)p’

IE(gr; Q) rGil(Rgo,k)Hip(pl) <

Since

I(Exe(fie) 1 G (R ) = IE(fis P) T FH(RE )
and I is an isometry, we obtain, using again (a) in Proposition that

1 (Ex.e(fr) T GTHRG T, (i) = IEFsP) T EHREG T, (i) < Sy
Putting all together,

10 &xc(fi) = Elgrs QP =11 0 Exe(fir) —E(gr: Q) I GTHRE)IP + [1E(gr: Q) T GHEDIT, )
H(T o éxe(fi) = Elgr; Q) T GTHREIP <

p -1 v P P P
< > (35) mlG ) "y c <2<3€) <=
RER 4n 3|l ol 3(6n)r " 3(6n)r — 3 (6n)P — np

Since (fk)k<n is an Auerbach basis of X, we obtain that || o&x: —E(; Q) oV 1, (Q0u0)Lp (@1 ) <€ T
We are ready for the proof of the weak Fraissé property of L,(0,1) for p ¢ 2N:

PROOF OF THEOREM [l Suppose that X € Age(L,(0,1)), and 0 < ¢ < 1. Let A be the support of
X. By making a small perturbation if needed, we assume that A(A) < 1. Let u € Sx be such that
suppu = A, and let Ox € Tso(L,(A)) be such that Ox(u) = A(A)"'/P14 (see for example Lemma .
Let now Xy := 6(X). We apply Lemma to Xp and e to find the corresponding 0 < §y < ¢, and
then Theorem to u X and dp/2 > 0 to find the corresponding 0 < d; < dyg. Let 0 < 6 < §; be such
that (1 +6)% < (1+30)(1 — dp/2). We claim that such § works: For suppose that v : X — L,(0,1) is a
d-embedding. It follows that v(u) has dp/2-full support in v(X). Let B := supp~y(u), that without loss
of generality we assume that A(B) < 1, and let 7o : X — L,(0,1) be

= @7 P on.

By the choice of d, we have that v9 € Embs, (X, L,(B)) and |70 — || < 3e. Let now & : L,(B) — L,(A)
be an isometry onto. Let Y := ®(Pp(y(X))) :={®(g [ B) : g € v(X)}. We consider now 71 : X - Y C
Ly(A),

71 = ® o,
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and note that v, € Embs, (X, L,(A)). Set v := 71(u), that is normalized and has support A, and let
Oy € Tso(L,(A)) be such that Oy (v) = A\(A)"1/P14. We set now 72 : Xo — 0y (Y) = Yp,

Yo 1= Oy o1 0 05" | Xp.

Observe that 14 € Xp N Yy, and that v2(14) = 14, so by the choice of &y, there is some X = o,
¢ : Xo — X and an isometric embedding I : X — L,(A) such that || —ix,|| <¢€, and [|[[ o0& — 7| <e.
By Proposition there is an isometry 6 € Iso(L,(A)) such that || | X — I|| < e. Then, [|6 — 2| < 4e,
or, equivalently,

162 = ol < 4e,

where 0 := &~ 100 0oy : L,(A) — Ly(B) is an isometry onto. Let J € Iso(L,(0,1)) be extending 6.
Let us see that this is possible: since we have that 0 < A(A4), A(B) < 1, we have that L,(A¢) and L,(B¢)
are isometric, so we fix a surjective isometry © : L,(A°) — L,(B€), and then J(f) := 62(f | A)+O(f | A°)
makes the job. Since we know that ||y — || < 3e, putting all together we obtain that

11X — Al < 7e. O

Corollary 4.10. For p # 4,6, ... the class Age(L,(0,1)) of finite dimensional subspaces of L,(0,1) is a
Fraissé class whose limit is Ly(0,1).

In a personal communication I. Ben Yaacov [BY1] mentioned to us that there might be connections
of this result with the Ryll-Nardzewski-type theorem and the quantifier elimination in the context of

continuous logic.

4.2. The approximate equimeasurability principle. As mentioned before, Plotkhin and Rudin in-
dependently proved that for p ¢ 2N the transform ) (a) := ||1 + (a, 2)|| L,(n) determines the measure p
(for which E,(|2|P) < 00), much like the Fourier-Stieltjes transform fi(a) := [ €@ du(u) does for an
arbitrary measure u. In this case, there is also a continuity aspect of it, called Lévy’s continuity theorem,
stating that for finite measures [, — [i converges uniformly on compacta, then p, —, @ completely. The
goal now is to see that a similar statement holds for the transform 7(®). In fact, the distance between the
transforms i®®) and 7(P) will also determine the distance between the finite measures |z|*du and |z|*dv
for every 0 < av < p. Our proof follows some ideas of the standard proof of Levy’s continuity theorem (see
for example [Cul, Theorem 2.6.8]) and the proof of the equimeasurability principle given by C. D. Hardin
in [Harl Theorem 1.1a] (see also [FleJal Theorem 3.3.2]).

We start by recalling some basic concepts in measure theory. We refer the reader to [Ha] or [Cul for
more details. Given a separable metric space (X, d), let M(X) be the collection of all finite measures on
B(X), the class of Borel subsets of (X,d). Given p € M(X), A € B(X) is called a p-continuity set if
u(0A) = 0, where JA is the topological boundary of A. Recall that a sequence (i), of finite measures
converges weakly to p € M(X) when p,(A) —, u(A) for every bounded continuity set A € B(X). The
sequence (uyn)n converges completely to p if it converges weakly and ||un| —n [|pf]. It is well-known
that (un)n converges completely to p exactly when (p,), converges weakly to u and (uyn)n is tight, or,
equivalently, when g, (A) —,, p(A) for every continuity set A € B(X). Recall that (), is tight if for
every £ > 0 there is a compact set K C X such that sup,, u,(X \ K) < e. Given a function f: X — R
that is integrable with respect to u € M(X) one defines the (signed) measure fdu by fdu(A) = [, fdu.
The Fourier-Stieltjes transform of p € M(F™) is the function zi : F* — C,

fila) = [ ™ ap(o)
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where R(a) is the real part of a, and (b, ..., b,) = (b1,...,b,) is the sequence of conjugates of by, ..., by,.
Notice that when F = C, the definition above coincides with the standard definition of the Fourier-
Stieltjes transform for measures on R?"?, via the canonical identification of C with R?. Recall also that
given u € M(F™) and given f : F” — R that is integrable with respect to A and p, one defines the
convolution f * u: F" — R,

(F+m®) = [ £~ a)dula)
that corresponds to the convolution (fd\) x p of the measures fd\ and p. A basic property we will use
is that fxpu=f-fi.
Definition 4.11. Let M®)(F") be the collection of all Borel measures on F” such that |z|Pdy € M, (F™),
that is, [|z[Pdu(z) < oo.

In the previous definition |z| is the euclidean norm of the vector z. It follows that M) (F") = M(F")
is the collection of finite Borel measures on F", and that u € M) (F?) if and only if [ |z;[Pdu(z) < oo
for every 1 < j < n, where each z € F" — z; € F is the canonical j™-projection. Recall that given a
measurable function 7" : (0, Xo) — (21, 21) and a measure p on g one defines the pushforward measure
Ty on ¥y by (Tup)(A) := p(T71(A)) for A € 1. In particular, each sequence F = (fi,..., fn) of
elements of a Lebesgue space L,(€, %, 1) defines the measure F,p on F”, where F' is interpreted as the
measurable function F' : Q@ — F”, F(w) = (fi(w),..., fn(w)). Notice that for H(z1,...,2,) € Lp(Fip)

one has that [(H(z1,...,2,)d(Fsp)(21,...,2n) = [ H(fi(w), ..., fu(w))dp(w).

Definition 4.12 (p-characteristics). Given u € M®P)(F"), we define the p-characteristics iP) : F* — R
of u by

1
i®(a) = |1 + (a, D, = (/ |1+ (a, z>|pd,u(z)) " for every a € F".

With this terminology, Plotkin and Rudin results states

Theorem 4.13 (Uniqueness of the p-characteristics). Suppose that p ¢ 2N. If u,v € M) (F™) are such
that o?) = @) then p = v.

This is the corresponding continuity statement for p-characteristics.

Theorem 4.14 (Continuity of the p-characteristics). Suppose that p ¢ 2N. The following are equivalent
for a sequence (ux)r and a measure p all in MP)(F™):

(|z|*duk)x converges completely to |z|*du for all 0 < o < p;
2) (|z|Pdpg )i converges completely to |z|Pdp and ||pkl| =k ||p]];
3) (

4) (i

ux)g converges completely to p and (|z|Pduy)r is tight;
m p))k converges to i) uniformly in all compacta of F™.

The proof of each implication is done in several steps, being 4) = &) the more interesting one.

Proposition 4.15. Let f : (X,d) — R" be a continuous function and suppose that (ug)r and p satisfy
that [ fdun, [ fdu < oo. If (p)r converges weakly to p and (fduy)y is tight, then (ug)x is tight and
(fdug)r converges completely to fdu. Consequently 3) = 1) of Theorem holds for every p.

PROOF. By one of the several characterizations of weak convergence (Portmanteau Theorem, [Bi, Theorem
2.1]) we have to check that limsupy, [ fdur < [ fdu for every closed subset C' C X. Fix ¢ > 0. and
let K C X be a compact subset such that supy(fdux)(K¢) < £/2. Now the function g := L1xnc - f
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is upper semicontinuous and bounded, since K N C' is closed. Since ur —p p weakly, it follows that
limsupy, [ gdur < [ gdp. Consequently,

limsup/ fdug < limsup/gduk + lim Sup/ fdu, < /gdu +e< / fdu+ €.
k C k k Ke C
Since ¢ is arbitrary, we are done. O

Proposition 4.16. Suppose that (|z|Pdug)x converges completely to |z[Pdu and suppose that || k|| —& ||p]-
Then (), converges completely to p. Consequently 2) = 3) of Theorem holds for every p.

PROOF. The fact that (|z|Pdug ), converges completely gives that it is tight, and since p > 0, we obtain
that (ux)g is tight. Since this implies that every subsequence of (uy)x has a further completely converging
subsequence, the next claim implies that (ug)r converges completely to p.

Claim 4.16.1. Every complete converging subsequence of (u)x converges to p.

Proof of Claim: Suppose that (ux)reasr converges completely to v. It follows from Proposition that
|z|Pdpr —kenm |2|Pdv(z) completely, so |z[Pdv = |z|Pu. We are going to see that this implies that v = u:
Fix 6 > 0. Let 0 < v < § be such that (1 + J)(1 — py/d) > 1, and let P be a countable partition of
K5 :=F"\ B(0,9) of (Borel) subsets of diameter at most y. A simple computation gives that if A C K
as diameter at most v, then sup,c4 |a[? < (1 +6)inf,ca |afP. This implies that given P € P one has that

mf la|P u( / |z|Pdu(z) / |z|Pdv(z) < sup\a|py( ) < (1+9) iggya\py(P),

and hence p(P) < (14 0)v(P). It follows that given E C Kj and setting Pg:={P € P : PNE # 0} we
have that £ C Upep, P € (E),, and consequently,

wEB)<u( U P)= D uP)<(1+0) D v(P) < (1+0)u(B),) < (1+8)v((E)s).

PcPg PcePg PePg
Since § was arbitrary, we obtain that u(E) < v(E) and v(E) < u(E) for every Borel E C F*\ {0}. In
particular u(Ks) = v(Kjs) for every § > 0, so u(F™\ {0}) = v(F™\ {0}). Using that ||u|| = ||v| we obtain
that 1({0}) = v({0}). Now fix a Borel continuity subset £ C F” for yu and v, and let (d,,)5, be a decreasing
sequence of strictly positive real numbers with limit 0 such that ©(9B(0,6,)) = v(0B(0,6,)) = 0. Since
I(ENKs,) COEUOB(0,4,), it follows that EN Kj, is a continuity set, so u(E N Ks, ) = v(EN Ks,)
for all n. Hence, u(E \ {0}) = limy, 0o p(E N Ks,) = limy, oo V(E N K;5,) = v(E \ {0}) and consequently
w(E) =v(E). O

0

We need the following simple estimates.

Proposition 4.17. Suppose that ju,v € MP)(F™). Then
(a) 0 < P (a) < |l + |al - || |2[Pdpl /P for every a € F";
(b) i®) is uniformly continuous; in fact, |A® (a) — @ (b)| < |a — b| - |||2|Pdp| /.

1

PROOF. (a): Using Cauchy-Schwarz, i) (a) = |1 + (a, My < ML, + lallllzlllz,g = el +
1 . .

lallllz1Pdull¥. (b): 5% (a) = g® B)] < [{a = b, 2) 1,0y < la = Blll[zll| Ly = la = 0] - [[|2[Pdul /7. O

Proposition 4 18 Suppose that (|z|*dus), converges completely to |z|%dp for a = 0,p. Then (ix®)s
converges to i%P) uniformly in all compacta of F". Consequently 1) = 4) of Theorem_ holds for
every p.
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PROOF. Fix M > 0 and € > 0. We know that (|z[Pug)x is tight, so there is some K > 1 such that
Jis> i 21Pdpi(2) < €. Let D be a finite e-dense subset of B(0, M), and let ko be such that

<e

/ZISK 1+ {a. 2P dun(z) = /Z|§K 11+ {a, 2)[Pdu(z)

for every a € D and every k > ko. This is possible since 1,j<x|1 + (a, 2)[P is bounded and py — p
completely. Then for such &k and a,

1% (a) = 1% (a)| < +p(B(0, K)°)+

[ P = [ 1+ G alPdud:)
5I<K

|z|I<K

+1u(B(0, K)) + |afP ((|2[Pdp)(B(0, K)°) + (|2[Pdpx) (B(0, K)€)) < £(3 4 2[al’) <
<e(3+2MP).

Using this and Proposition (b), for every |a| < M and k > ko,
1% (a) — AP (a)| <e(|[|2Pdpl| + [[|21Pdps | + 3 + 2MP).
This shows that 75® — f® uniformly on B(0, M). O

We have already seen that 1), 2) and 3) of Theorem are equivalent (1) implies 2) trivially) and
also that 8) = /) in there. We finish by showing that /) = 3). We start with the following
interesting criteria for complete convergence extending the proof given by Hardin in [Har, Theorem 1.1a]
of the equimeasurability principle for n = 1.

Lemma 4.19. Suppose that (jux)r and p are measures in M(F) such that ||pi| =& ||| and such that there
is a continuous 0 # f € L1(F, \) such that [ f(a+bz)dux(z) =k [ f(a+bz)du(z) for every (a,b) € FxF.
Then (), converges completely to .

Proor. We fix all data. We start with the following.
Claim 4.19.1. (pg )k is tight.

Proof of Claim: Fix € > 0. Let zg be such that |f(20)| = || f|lcc, and let § > 0 be such that (1 —¢)|f(z)| <
|f(20)] for |z — 20| < 6. Fix K > 0 such that u(B(0,K)°) < € and let g(z) := |f(20)| "' f((§/K)z + 20).
Notice that [ g(a+ bz)dur —r [ g(a+ bz)du for every (a,b) € F x F, that 1 = ¢(0) = max, g(2) = ||9]|co,
and that 1 —¢ < g(2) <1 for every |2| < K. Let L > K be such that max,>1, [g(z)| < e. Let ko be such
that | [ gdpr — [ gdul, |||uk|| — ||p]]] < e for every k > ko. Then for such k,

pk(B(0, L)) 2/ g(z)dpx(z) > /g(Z)duk(Z) —ellpxll > /g(Z)du(Z) —e(1+ [lpkll) >

|z|<L
= /z|<K9<Z>dﬂ<z> — 2+ ule > (1 — (B0, K)) — (2 + [|ue)e >
>(L=e)(lull —e) = 2+ e = 1 —e)([lpxll — 28) — (2 + [[pxl)e =
—lawll = (4 + 2l g ])e.

So, uk(B(0,L)¢) < (4 4 2||uk||)e, and since (ug)x is bounded, the previous inequality shows that (uy)x is
tight. (|

Claim 4.19.2. Suppose that v is such that ||| = ||v| and that [ f(a + bz)du(z) = [ f(a + bz)dv(z) for
every a,b € F. Then p =wv.
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Proof of Claim: This is essentially proved in [Har]. For the sake of completeness we give a proof. Given
c € F, let fo(2) := f(ez). For a,c € F we have (f. * p)(a) = [ fola — w)du(u) = [ f(ca — cu)dp(u) =
[ flea— cu)dv(u) = [ fula —w)dv(u) = (f +v)(a), o,

foi=Ffoxp=foxv="FD (6)

We prove that i = 7, that, by the uniqueness of Fourier-Stieltjes transform, implies that © = v. So, fix
a € F. First of all, if a = 0, then u(0) = ||u|| = ||v|| = P(0). So, suppose that a # 0; let 0 # ag € F be
such that f| (ap) # 0. This is possible because f # 0, and by the continuity of f. Set ¢ := a/ag. It follows
from @ that

L flao)i(a) = Fu@)i(a) = Fu(@)p(a) = - Flao)P(a),

C C

hence fi(a) = v(a). O

We are going to see now that every subsequence of (ux)r has a further subsequence converging
completely to u, which proves that (uy)r converges completely to p: Fix a subsequence (ug)rens of
(pk)k; by Helly’s first Theorem, there is a further subsequence (ug)ren of (uk)kens converging com-
pletely to v. Since for each a,b € F the function f(a + bz) is continuous and bounded, we have that
J fla+bz)dug(z) —ken [ fla+ bz)du(z) for every a,b € F. Hence, [ f(a+ bz)du(z) = [ f(b+ bz)dv(z)
for every a,b € IF, and this implies, by Claim that v = p. O

We are going to use Lemma to show the implication /) = &), so we have to find the appropriate
function. This is the content of the next result.

Proposition 4.20. For every p ¢ 2N and every m > 2|p| + 6 there exists a sequence (a;j)j<m of real
numbers such that the function f(z) 1= > a;|z + j|P satisfies

(a) f#0;

(b) f € L1(>\)7

(c¢) lim,_s % = qag.

PRrOOF. Recall that for |z| > m and 0 < j < m one has that
P b > B g P_f_P_ | . L+l
ZilP = (402G = 3 (2)(] )2 =
k,l=0 k)\1

while if |z] < 1,

[NS]

. NP .
|z +jIP = (2 +7)2(Z+j)

> (
Let (aj)j<m be a non-trivial solution of the system

Yoaij* =0  0<k<|p|+2
S ai Pt =0 0<1<|p]+1.
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Let f(z) := 271 ajlz + j|P. It follows that for |z| > m,

e G
B 200

1% (5] 2 00+
r=|p|+3 k+l=r

—0(|3| 7 7+2).

[f(2)] = Zag|2+.7lp

~ NI
v
b
NS
|
B
W
[MlpS]
L
(=
3

m
> a;j"

Jj=0

>

r=|p]+3

>

k+l=r

277 =

T ol

)

Since |p| —p+ 2 > 1, the previous inequality shows that f € Li(\). On the other hand, for |z| < 1 and

similarly as before,

1f(2) —aolzl’| = Z%IHJ\”

-y (z ajj“) ,@) (5
r>0 \j=1 k+l=r

> B B s m p p
|5 (Eer) 2 (0)) < £ B 2| ()()]r-
r=|p|+2 k+l=r r=|p|+2|j=1 k+l=r
:O(]z]Lle) as z — 0.
So, lim, 0 | f(2) — ao|z[P|/|2|P < lim,_0 O(|z|LpJ+1)/|z|p =0. O

Lemma 4.21. Suppose that (ug)y converges to f uniformly on compacta of F™. Then (|z|Pdux(2))k is
tight and (k) converges completely to p. Consequently, 4) = 3) of Theorem holds.

ProOOF. We start with the following:
Claim 4.21.1. (|z[Pduk(2))x is tight.

Proof of Claim: For each 1 < j < n, let Ml({j) = (1))t € My(F), where m; : F” — F is the canonical
projection 7;(z1, ..., z,) = zj. Observe that for each K > 0,

[EE / el dyun(2) < / tPdu (1), (7)
/nzoo>1< Z K<|z]loo=]2i] Z

so, it suffices to show that each (]t]pd,ukj (t))r is a tight sequence for each 1 < j < n. We fix one
of such j, and to simplify the notation we set v := (7;).p and v = plgj) for every k. Note that
7P . D, so in particular ||| — |[v]|. Let f be a function as in Proposition for m := 2|p| + 6.
Then for each a,b € F one has that [ f(a + bz)dvy, — [ f(a + bz)dv, so it follows from Lemma [4.19]
that 1, —, v completely. Since ;) — 7, in particular one has that ||[t[Pdu(t)| —k ||[t[Pdv(2)].
Set F(z) := f(2)/|2|P. For each a,b € F we have that F(a + bz)|z|P is bounded and continuous, so
it follows that [ F'(a + bt)[t|Pdvk(t) —, [ F(a + bt)[t|Pdv(t). Again using Lemma we obtain that
|t|Pduvg(t) — |t[Pdr(t) completely, so in particular (|t|Pdvg(t))y is tight, as desired. O

Let us prove now that pgp — pu completely. Since (ug)g is tight, by Helly’s first Theorem, it suffices to
show that each completely convergent subsequence of (uy ), converges completely to u; so, fix one such
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completely convergent subsequences p, —; v; Since (|z|Pduy,(2)); is in addition tight, it follows from
the implication 8) = 4) of Theorem that /Iﬁl(p) —; 0, in particular ?) = () and by the

uniqueness theorem of the p-characteristics, we have that v = pu, as desired. O

4.2.1. Inversion formulas for F = R and p € 2N+1. When working on real numbers and p an odd integer,
there is a more direct and elementary proof of 3) = 2) of Theorem

Lemma 4.22. For a # 0 we have

_ooa—l #imlp_j P+ jep (a® ! ’
(] : ])_2+2_(p!)ELO+€pZ( 1) +1<j>\ + Jel (u (a+jg))

=0

Observe that the previous formula shows that a sequence (uz); in M®(R) converges completely to
1€ MP(R) when (153, converges to i?) uniformly on compacta. Given a € R and & > 0, let

Gp(z,a,¢) ::% + 2(p1!)gp jz:;)(_l)jﬂ (?) |z — (a + je)|P.

FIGURE 2. G3(x,2,1)

Proposition 4.23. Gy(z,a,e) =1 if z < a, Gp(z,a,e)(x) =0 if 2 > a+ep and 0 < Gp(+,a,e) < 1;

consequently,

p(1 = o0,)) < [ Gylar,a,)du(e) < ) = 00,0+ <pl); ®
PROOF. (a): Suppose that x < a; then |z — (a + je)|P = (a — x + je)P, so

Gp(z,a,e) = L + 1 Zp: (p) (a — z)PF(—e)k (Zp:(—l)j*'1 (p)jk) =1
TR T apler &k s j ’
j
because Zé?:()(—l)jJrl (?)jk =0for0 <k < pand Z?ZO(—l)j+1 (?)jp = p!, because p is odd. The estimate
for x > a + ep is similar. Then note that Gp(z,a,e) + Gp(2a + pe — z,a,¢) = 1 so it is enough to check
the inequality 0 < Gp(z,a,¢) <1 for a <x <a+ep/2. For 1 <r < p/2 we consider the 2r-derivative of

Gp(z,a,e) with respect to z,

1 1 P ,
(2r) - - _1\j+1 p _ - _\|p—2r
G (,0.8) = 5 gz (1) (j>|w (-t )P

§=0

and note that it assumes the value 0 in x = a and in © = a+¢ep/2, and that when p = 2r+1 then it is affine
on each interval [a+ je,a+ (74 1)e],0 < j < p—1 and therefore admits at most % zeros on [a,a+¢ep/2]
(an easy computation shows that actually exactly % zeros are obtained). By standard analysis we also
note that if for r > 1, GI(DQT) (x,a,e) admits at most m zeros (including a and a + ep/2) in [a,a + ep/2],
then G,(?T_l)(x, a,e) admits at most m — 1 zeros (including a), and then again G,(32T_2) (x,a,e) admits at
most m — 1 zeros in the same interval. From these two facts we deduce that G,(z,a,c) admits at most
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one zero in [a,a + ep/2], which must be a, and therefore Gy(z,a,¢) is monotonous (actually decreasing)
there and in particular takes values between % and 1. This concludes the proof. O

Now Lemma, follows from this Proposition, simply using that for ¢ # 0 one has that

[l elrante) = e (2 (1))

4.2.2. Metrics on M(F™). We give now a quantitative version of the Continuity Theorem

Definition 4.24. Given u,v € M®P)(F"), we define

Ap(p, v) := inf{K >1 : %a@)(a) < i (a) < K0 (a) for all a € F"}.

Such K always exists because the basic sequence (1, z0,...,2n—1)) in Ly(p) and in C L,(v) must
be equivalent. The function J, is a multiplicative pseudometric, that because of the uniqueness of the
p-characteristics, it is a multiplicative metric. It is easy to see that 0, defines the compact convergence
on M) (F™).

We give now a quantitative version of the continuity theorem of the p-characteristics. Given 6 : N — N,
let

1
To :={pu € ME") : ||p]| <0(0) and p(F™\ B(0,0(m +1))) < om for every m € N}.
Notice that geny To = M(F™). As a consequence of the continuity theorem, we obtain the following.

Corollary 4.25 (Quantitative Continuity Theorem). Let 8 : N — N and let € > 0.

(a) Given 0 < o < p there is some & > 0 such that if |z[Pdu € MP)(F)NTy, ||u] < 6(0) and v € MP)(F™)
is such that O,(p,v) < 140, then dep(|z|“dp, |2|%dv) < e.

(b) There is some § > 0 such that if p,v € M®)(F™) are such that ||u|], |v|| < 6(0), |z[Pdu, |z[Pdv € Tp
and dep(p,v) < 6, then Op(p,v) < 1+e¢.

PROOF. (a): Suppose otherwise; we can find sequences (|z[Pdpuy ) in M®) (F") 0Ty and with supy, ||p]| <
6(0), and (v,);, in M®) (F™) such that limy, Op(px, vi) = 1 and infy, dep(|2|*dp, |2|“dyg) > €. Since (ug)y is
bounded in norm and tight, there is a completely convergent subsequence to . Without loss of generality,
we assume that (p)x converges completely to pu, Since (|z|Pdu) is tight, it follows from the implications
2. = 3.and 2. = 1. in Theorem [4.14] that limy, 9, (pu, 1) = 1 and that limy, dep(|2|*dp, |2|“dp) = 0.
Resuming, limy, 0,(p, v) = 1 and infy dep(|2|“dp, |2|“dyy;) > €, contradicting the implication 3. = 1.
in Theorem The proof of (b) is similar. We leave the details to the reader. O

4.2.3. Approximate full support. We finish the section by proving the approximate full support principle
in Theorem We assume that L,(p) is separable. Recall that for a p-measurable subset A, P4 denotes
be the Boolean projection on Ly(u) defined by P4(f) := f - 14, and that given a subspace X of L,(u),
and let ¢ > 0, we say that f has e-full support in X if ||Pgj—oy [ X|| < e. We recall that Theorem
states that if u € X has full support in X then for every € > 0 there is some § > 0 such that if
v € Embs(X, Ly(p)) then ~u has e-full support in vX. We will follow the same strategy than in [Har,
Section 3]. We need the following preliminary result.

Lemma 4.26. Let D C L,(2) be countable. For every 0 < e < 1 there is a1,az € [0,1] such that for
every f1, fo € D one has that ay f1 + aafa has full support in (f1, f2) and 1 —ay, a2 < €.
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PROOF. Fix g1, 92 € Ly(p). Let S :=supp g1 Usupp gz and let g : S x[0,1] = F, g(w,t) := (1 —e)tg1(w)+
£(1 — t)ga(w). We consider the product measure  x A on S x [0,1], where X is the Lebesgue measure
on [0,1]. Let A C S x [0,1] be the set A := {(w,t) € S x [0,1] : g(w,t) = 0}. Notice that given w € S
we have that A\(A,) = 0, where A, := {t €[0,1] : (w,t) € A}: We have that ¢ € A, if and only if
t((1 —e)g1(w) — ega(w)) = —eg2(w), and since w € S, we obtain that (1 — ¢)g;(w) — ega2(w) # 0, so
Ay = {—eg2(w)((1 — €)g1(w) — ega(w)) !} is a singleton. We define also, given t € [0,1], A’ = {w e S :
(w,t) € A}. Now using Fubini Theorem,
0= [ AA)du(w) = ux (A = [ p(A)dA®).
wes t€[0,1]

So Hy, 4, :={t €]0,1] : u(A") = 0} has Lebesgue Measure 1 in [0, 1]. Notice that for ¢ € Hy, 4, we have
that u(S \ suppg(-,t)) =0, so g(-,t) has full support in (g1, g2). Notice also that Now Nig1.923cD Hg1 .92
has measure 1, and a; = (1 —t)e, a2 = t(1 — ¢) for ¢ in that intersection will work. O

Lemma 4.27. Let X be a finite dimensional subspace of L,(p) and suppose that w € X has full support
in X and it is normalized. Suppose that T : X — L,(u) is an isomorphic embedding such that Tw has full
support in TX. Given f € X of norm one, let v := (f/u)«(|ulPdu) and n := (T'f/Tu)«(|Tu|Pdw). Then
v,n € MP)(F) and 8,(v,n) < max{||T|, | T~}

PROOF. This follows from the simple observation that 7()(a) = ||u + f|| Lo(n)- O

PROOF OF THEOREM [4.5] Fix 0 < ¢ < 1, and a finite dimensional subspace X C L,(u). Let fo € X
with full support, that without loss of generality we assume that fp is normalized. Let (fi,..., fn) be a
normalized basis of X, and let D be a countable dense subset of the centered ball B(0,2) of L,(x) that
contains fo, f1,..., fn, and let aj,as € [0,1] be the result of applying Lemma to D and g such that
(4e0)P + ep|p]| + 30 < e. For each 1 < j < n, let ¢} := agfo + a1 fj; notice that p(supp fo \ supp ¢;) = 0,
so fo/¢j € Lp(|@j|Pdu). For each j =1,...,n, let pj := (fo/¢;j)«(|¢;Pdu). Observe that

w0 = [, leildn= [ fesPdp=o,
*.:0 f():O
®j

because fy has full support in X. Let 0 < &1 < g¢ be such that p;(B(0,2¢1)) < gg for every j =1,...,n,
and let e5 < &1 be such that for j = 1,...,n, if v € M®)(F) is such that Op(pj,v) < 1+ €9, then
dep(pj,v) < e1. We claim that 0 := €3/2 works. For suppose that 7' : X — L,(u) is such that
||, 1T~Y < 1+ 4. We will show that Jrpo=0 | TfiIP < e Fix 1 < j <n. We assume that f; and fo are
linearly independent, since otherwise supp T fo = supp1'f;. Let v9,v; € D and 0 < €3 < e2 be such that

(a) e3 < \/Ee Pt
(b) f|Tfj\> 1 |Tfj|pd,u < €03

—1/2
(©) 1T fo =0l ITf5 = 75l IT(p5) — ¥l < e3 where 9 = aoro + a175;
(d) the linear mapping U defined by U(fo) := o and U(f;) = ; satisfies that [|U|],||U|| <1+
Since 9; := agyo + a17y;, has full support in (y0,7;), it follows that v; := (y0/%;)«(|¢;[Pdu) € MP)(F)
and 0,(pj,v;) < 1+ €9, by (d) above. Hence, by Lemma dep(pg,vy) < e1. It follows that

W;Pdp = v;(B(0,e1)) < vj(B(0,2e1)) + &1 < 2¢0. 9)

20 |1<¢
|'¢’j‘7 1

Now observe that

[ o< | 0y P+ [ UilPdu < Sl + 250, (10)
0| <e2 Iyo|<e3&lw;]<er Ivol<ef&ly;l>e1
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Since 0 < ag < g9 and 1 —¢gp < a; < 1, it follows that ||T'f; — o5l < |Tf; — vl + v — vl <
ez + eo(llvoll + llvjll) < e3+ 3e0. Hence,

o TSP < (o 320)” 4 <l 4220, (1)
Yo|x€7
Now,
[ ITgPdn < (e + 320 + Sl + 220 + [ 75,7 (12)
T fo=0 T fo=0&|o|>€3
Since

2
WuTh=0khol > < [ hoPdu< T~ lP < (13)
0=0&|v0[>e7

it follows that

/ Tsldn < | Tsdu+ T4 dn
T fo=0&|yo|>e€2 T fo=0&|vo|>e2&|T f;|<1/\/z2 T fo=0&|vo|>e2&|T f;|>1/\/e2
p
€3
< +e1 <2 14
> < 525%) 1> 1 ( )

Combining and we obtain that

/ T fi[Pdp < (g3 + 3e0)P + &b ||p|| + 220 + 261 < e. 0
T fo=0

5. APPROXIMATE RAMSEY PROPERTIES OF L, SPACES

The approzimate Ramsey property (ARP) is an extension of the near amalgamation property that is
known to characterize the extreme amenability of the isometry group of (AuH) Banach spaces. This is
a particular instance of the Kechris-Pestov-Todorcevic (KPT) correspondence (see Proposition for
Banach spaces. We will give a proof of the (ARP) of the class {{}},, and we will relate it with some
approximate Ramsey principles of certain regular partitions. Our proof uses a discrete form of the method
of concentration of measure applied to these partitions.

5.1. Approximate Ramsey properties of classes of finite dimensional spaces. We start by re-
calling some combinatorial useful concepts and terminology. Let (A, d4) be a metric space. Given r € N,
an r-coloring of a set A is simply a mapping ¢ : A — r = {0,1,...,r — 1}. A monochromatic set of an
r-coloring ¢ of A is a subset B of A on which c is constant. We say that B C A is e-monochromatic, € > 0,
if there is some 7 € r such that B C (¢ '{7}).. A continuous coloring of A is a 1-Lipschitz mapping
c:A—0,1].

Definition 5.1. Let F be a family of finite dimensional normed spaces.

(a) F has the Approzimate Ramsey Property (ARP) when for every X and Y in F and every € > 0 there
exists Z € F such that every continuous coloring ¢ of Emb(X, Z) e-stabilizes on 7 o Emb(X,Y) for
some v € Emb(Y, Z), that is, such that

osc(c [yoEmb(X,Y)) = sup e(yod) —c(yon)| <g;
¥,n€Emb(X,Y)
(b) F has the Approzimate Ramsey Property™ (ARPT) when for every X and ¢ > 0 there is § > 0

such that for any Y in F there exists Z € F such that every continuous coloring ¢ of Embs(X, Z)
e-stabilizes on v o Embs(X,Y) for some v € Emb(Y, Z);
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(c) F has the Steady Approzimate Ramsey Property™ (SARP™) with modulus of stability @ : N x [0, co[—
[0,00[ when for every X € Fy, every Y € F, ¢ > 0 and § > 0 there exists Z € F such that
every continuous coloring ¢ of Emb, 5)(X, Z) (w(k,d) + €)-stabilizes on v o Embs(X,Y’) for some
~ € Emb(Y, Z).

It is defined in [BaLALuMbo2] that when @ does not depend on the dimension, F is said to have
the stable approximate Ramsey Property™.

Up to now, the following classes are known to have approximate Ramsey properties.

Example 5.2. The class {{3}, of finite dimensional euclidean spaces has the (SARPT). First of all,
M. Gromov and V. Milman [GrMi] proved that the unitary group Iso(¢a) with its strong operator topology
is a Lévy group, so it is extremely amenable. Since 5 is (uH), this last fact is equivalent to saying
that Age(l2) has the (ARP) (see Theorem below). Moreover, {3 is Fraissé, hence Age({s) is an
amalgamation class. This implies that Age(fs) = {€5}, has the (SARPT) (see Proposition .

Example 5.3. For 1 < p < oo, p ¢ 2N, the class Age(L,(0,1)) has the (SARP™): The (ARP) of
Age(Ly(0,1)) is a consequence of the fact that Iso(L,(0, 1)) is extremely amenable, proved by T. Giordano
and V. Pestov |GiPe], and that those L, spaces are (AuH). Moreover, we proved that these spaces Ly(0,1)

are Fraissé, so, Age(L,(0,1)) is an amalgamation class.

Example 5.4. For all1 <p # 2 < oo the class {{;}, has the (SARP™): We give a direct proof in Section
@ of the (ARP) of {{}}n. This, and the fact that {€;}, has the amalgamation, proved in Pmposz’tion
gives the desired (SARP™) of {6y }n, and that also gives another proof of the extreme amenability of the
isometry group Iso(L,(0,1)).

Example 5.5. The classes {2}, the finite dimensional polyhedral spaces, and all finite dimensional
normed spaces have the (SARP+) (proved by D. Bartosovd, M. Lupini, B. Mbombo and the second author
of this paper, in [BaLALuMbo2] (see also [BaLALuMbol] ).

The (ARP) has the following reinterpretation in terms of finite colorings.

Proposition 5.6. [BaLALuMbo2| For a class F of finite dimensional spaces the following are equivalent:

1) F has the approximate Ramsey property;

2) F has the discrete approximate Ramsey property, that is, for every X and Y in F, every r € N and
every € > 0 there exists Z € F such that every r-coloring of Emb(X, Z) has a e-monochromatic set of
the form ~v o Emb(X,Y) for some v € Emb(Y, Z).

Similar equivalences are true for the (ARPT) and the (SARP™).

PROOF. For the sake of completeness we sketch the proof. 2) = 1): Given any continuous coloring
c¢: Emb(X,Z) — [0,1] and given € > 0, one can induce the discretization of ¢, ¢ : Emb(X, Z) — r, where r
is chosen such that there is a partition of [0, 1] into r-many disjoint intervals of diameter less than €. Since
this assignment does not depend on X or Z, we can use 2) to deduce 1). The proofof 1) = 2) is done by
induction on the number of colors r: Given an r+ 1-coloring ¢ : Emb(X,Z) — r+1={0,1,...,7}, we can
define the induced continuous coloring ¢(v) := (1/2)d(y,c *(r)), and then use the inductive hypothesis
for r and 1). O

Similarly to the case of discrete structures, approximate Ramsey properties extend the corresponding

amalgamation properties.
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Proposition 5.7. Suppose that F has the (JEP). If F has the (ARP), (ARP™), (SARP™), then F has
the (NAP), is a weak amalgamation class, is an amalgamation class, respectively.

PrROOF. We only prove that (ARP+) implies weak amalgamation; the other implications are proved in a
similar way. Suppose that X € F and € > 0. We claim that 0 < § < 1 witnessing the (ARP™) for the
initial parameters X and F works. For suppose that v € Embs(X,Y"), n € Embs(X, Z). Let V € F, and
f € Emb(Y,V), and ¢ € Emb(Z, V). By the (ARP"), we can find W € F such that for the particular
coloring ¢ : Embs(X, W) — [0,1], ¢(h) := (1/4)d(h, Emb(V,W) o f o v) we can find ¢ € Emb(V, W) for
which Osc(c | o o Embs(X,V)) < e. Observe that c¢(oo f o) =0, so there is v € Emb(V, W) such that
lvogon— oo fory| <e, as desired. U

Problem 5.8. Does there exist a Fraissé class of finite dimensional spaces not having the (ARP)?

Proposition 5.9. Let F be a class of finite dimensional normed spaces. Then,

1) F has the (ARPT) if and only if F has the (ARP) and weak amalgamation.
2) F has the (SARPY) if and only if F has the (ARP) and it is an amalgamation class.

PROOF. We use the following, that has to be compared with Lemma and that is proved similarly.

Claim 5.9.1. F has weak amalgamation if and only if for every € > 0 and X € F there is § > 0 such that
for every Y, Z € F there is some V € F and some I € Emb(Y, V) such that for every v € Emb;(X,Y)
and n € Embs(X, Z) there is J € Emb(Z, V) such that ||[[ oy — Jon| <e. O

Now suppose that F has both the (ARP) and weak amalgamation. Fix ¢ > 0 and X € F. We use
first the claim to find the corresponding § for £/3. Now given Y € F we use the property of § to find
V € F and I € Emb(Y, Z) such that, in particular, I o Embs(X,Y) C (Emb(X,V))./3. Now we use the
(ARP) of F applied to X,V and ¢ to find Z, that we claim that it works for our purposes: For suppose
that ¢ : Embs(X, Z) — [0, 1] is a continuous coloring. By the (ARP) of F, there is J € Emb(V, Z) such
that Osc(c | J o Emb(X,V)) < ¢/3. Let us see that Osc(c | J oI o Embs(X,Y)) < e: For suppose
that 7,7 € Embs(X,Y). There are ¢,§ € Emb(X, V) such that |t — I o], || — I on| < e/2. Hence
lc(JoTowy)—c(Jolon)|<l|c(Joloy)—c(Jou)|+]|c(Jor)—c(Jo&)|+|c(Jo&)—c(Jolon)|<e. 2)
is proved similarly. O

The following connects the approximate Ramsey property of Age(F) and the extreme amenability of
Iso(E). It is a slight extension of the correspondence given in [BaLALuMbo2|, and a particular case of
the metric KPT correspondence for metric structures (see [MeTsa, Theorem 3.10]).

Theorem 5.10 (KPT correspondence). Suppose that E is (AuH). The following are equivalent:

1) The group Iso(E) with its strong operator topology is extremely amenable; that is, every continuous
action of Iso(E) on a compact space has a fixed point.
2) Age(E) has the (ARP).

Suppose that G < Age(E) is an amalgamation class such that E € [G] (See Definition [2.16). Then the
previous are equivalent to

3) G has the (ARP) (equiv (SARP™)).
Before giving the proof, two interesting consequences.

Corollary 5.11. Suppose that G is an hereditary family with the (SARP™).
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1) There is a unique separable Fraissé Banach space E such that Age(E) = ?BM and such that its isometry

group is extremely amenable. Moreover E = Flim?BM.

2) G*M s (SARP™).

PROOF. 1) and 2): Set H := ™. We know by Proposition 2) that G is an amalgamation class,
hence, by Proposition 2), also H is an amalgamation class. Hence, H is a Fraissé class. Let F be its
Fraissé limit Flim H. The family G fulfills the conditions in the last part of Theorem so Iso(E) is
extremely amenable and H has the (ARP).

O

Proof of Theorem[5.10L We prove that 1) implies 2): We need to introduce some concepts. Given two
metric spaces (A,d4) and (B, dp), let Lip(A, B) be the collection of 1-Lipschitz mappings from A to B.
When A is compact, we endow it with the uniform metric d(c,d) := sup,c 4 dg(c(a),d(a)). Observe that
when B is also compact, (Lip(4, B),d) is also compact. For each W € Age(E), let (W) := {X € Age(E) :
W C X}. Note that {(W)}weage(p) has the finite intersection property. Let U be a non-principal
ultrafilter on Age(F) containing all (W). Define the ultraproduct

Lipy (Emb(X, E), [0,1]) := ( Il Lip(Emb(X,Y),]0, 1])) / ~u;
XCYeAge(E)

where (cy)y ~y (dy)y if and only if for every (vj)j<n in Emb(X, E), and every € > 0 one has that
Y e 3,0 Imyy) ¢ [maxjcn ey (v;) — dy(v;)| < e} € U. We consider the canonical action of Iso(E)
in Lip(Emb(X, E),[0,1]), (g - ¢)(7) := ¢(g o), and the corresponding (algebraic) action Iso(E) ~
Lipy,(Emb(X, E),[0,1]), g - [(¢cy)yv]u = [(dy)y]u, where each dy(y) := Cg(y)(g o). Finally, let ® :
Lip(Emb(X, E), [0,1]) — Lip,,(Emb(X, E), [0,1]), ®(c) = (¢y )y, where cy (y) := ¢(7).

Claim 5.11.1. @ is a Iso(E)-bijection.

Proof of Claim: Suppose that ®(c) = [(cy)y|y and ®(g - ¢) = [(dy)y|y- Then for each Y and v €
Emb(X,Y), ¢y (7) = ¢(v) and dy () = (9 - ¢)(7) = c(g07), s0 g - [(ey)ylu = [(dy)y]u. It is easy to see
that @ is 1-1. We prove that ® is onto: Fix [(cy)yy. We are going to find ¢ such that ®(c) = [(ev)y|u-
Fix v € Emb(X, E). Since (Imy) € U and since (cz(y))wcz is a bounded sequence, the U-limit ¢(7y) =
limy 7/ cy () exists. It is ease to see that ¢ € Lip(Emb(X, E), [0, 1]) and that ®(c) = [(¢y)y]u- O

Now suppose that Iso(E) is extremely amenable, and let us prove the (ARP) of Age(F): Fix X,Y €
Age(FE) and € > 0, and let ¢ : Emb(X, E) — [0,1] be 1-Lipschitz. Let d € Iso(E)c be such that g-d = d
for every g € Iso(E), i.e., d(vy) = d(g o) for every v € Emb(X, E). Since we are assuming that E is
(AuH), it follows from this that d is a constant function. Now, since Emb(X,Y") is compact, we can find
g € Iso(E) such that sup,cpmb(x,v) |9 c(7),d(7)] < /2. Let us see that Osc(c [ go Emb(X,Y)) < e: For
suppose that 7,7 € Emb(X,Y); Then, |c(gov) —c(gon)| < |e(gov) —d(v)[+[e(gon) —d(n)| < e. Since
® is a Iso(E)-bijection, given (cz)z € [1zecage(r) LiP(Emb(X, Z), [0,1]) one has that

{Z € Age(FE) : there is v € Emb(Y, Z) such that Osc(cz | yo Emb(X,Y)) <e} €U,
and consequently,
{Z € Age(E) : Ve € Lip(Emb(X, Z),[0,1]) 3y € Emb(Y, Z) withOsc(c | Emb(X,Y)) <e} el

We prove that 2) implies 7). We use the following known characterization of existence of a fixed point.
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Claim 5.11.2. Let G be a topological group, G ~ K, and suppose that p € K has dense orbit. The
following are equivalent.

a) There is a fixed point for the action G ~ K.
b) For every entourage U in K and every finite set F' C G there is some g € G such that F' - (g - p) is
U-small, that is, for every fy, f1 € F one has that (fo-(g-p),f1-(9-p)) € U.

Proof of Claim: We assume that all entourages considered are symmetric. For suppose that ¢ € K is a
fixed point; Fix F' C G finite and an entourage U; let V' be an entourage such that V oV C U. Using
that ¢g- : K — K is uniformly continuous, we find an entourage W such that gW C V for every g € F.
Let h € G be such that (h-p,q) € W. It follows that (gh - p,q) = (gh - p,g9q) € V for all g € F'; hence
(gh - p,g’h -p) € U. Suppose now that b) holds, and for every finite set F' and entourage U choose
gru € G such that (FU{e})- (gruv - p) is U-small, hence {f - (9rv - p)} fer C Ulgru - p] for every F' and
U. Then any accumulation point g of {gr - p}ru is a fixed point. U

Now suppose that Age(F) has the (ARP). Again, we assume that all entourages considered are sym-
metric. Fix Iso(E) ~ K, p € K, an entourage U and a finite set F' C Iso(E). Set H := F~! and let
V' be an entourage such that VoV oV oV C U. For each X € Age(F), we define the pseudometric dx
on Iso(E) by dx(g,h) :=|lg | X —h | X|. The family D = {dx } xcage(r) defines the left-uniformity of
Iso(E), hence its SOT. Now the mapping Iso(E) — K, g + ¢~ 'p is uniformly continuous with respect
to the family D, so there is some X € Age(F) and some ¢ > 0 such that dx(g,h) < J implies that
(97" -p,hlp) e V. Let Y =3 cygX. Finally, let {z;};<, € K be such that K = U;., Vl]z],
where Viz] := {y € K : (z,y) € V}. We apply the (ARP) of Age(FE) to X, Y, §/3 and r to find the
corresponding Z. We define the coloring ¢ : Emb(X, Z) — r for v € Emb(X, Z) by choosing g € Iso(FE)
such that ||g [ X —v|| < §/3, and then by declaring c(y) = j if j is (the first) such that g~'p € V[z;].
By the Ramsey property of Z, we can find ¢ € Emb(Y, Z) and j < r such that, in particular, for every
n € Emb(X,Y) there is some g, € Iso(E) such that (g,)"! - p € V[z;] and ||oon — g, < 2§/3. Choose
h € Iso(E) such that |k [ Y —p|| < /3. Then, for every f € H, setting n := f [ X, then dx(hof,g,) <9,
and g;l -p € V[z;]. Consequently, (fooh™t-p, fioh™'-p) € U for every fo, fi € F, as desired.

Suppose that G < Age(E) is an amalgamation class such that E € [G], that is, such that the collection
of subspaces of elements of Gg is Ag-dense in Age(E). Then the family of pseudometrics {dx}xeg,
defines the SOT of Iso(E). The strategy of the proof used to see that 2) implies 1), with the natural
modifications, works here. We leave the details to the reader.

Suppose now that Age(E) has the (ARP). Fix X, Y € G, r € Ny and e > 0. Let 0 < g9 < ¢/3 and
let Z € Age(E) be such that every r-coloring of Emb(X, Z) has an gp-monochromatic set of the form
voEmb(X,Y) for some v € Emb(Y, Z). Since E € [G] and G is an amalgamation class, we can find 0 < § <
£/(3g0) —1, some V' € G and some 6 € Emb;s(Z, V') such that for every v € Emb(X, Z) and n € Emb(Y, Z)
there are isometric embeddings i € Emb(X, V') and j € Emb(Y, V) such that ||§ oy — ||, [0 on — j|| < 0.
We claim that V' works for our purposes: For suppose that ¢ : Emb(X,V) — r. We induce the coloring
¢ : Emb(X, Z) — r by choosing for each v € Emb(X, Z) some i € Emb(X, V) such that ||[i — 0 o~| < eg
and declare ¢(7y) := ¢(i). Let n € Emb(Y,Z) and 7 < r be such that 7 o Emb(X,Y) C (¢~ !(7))s,. Then
one can show that j o Emb(X,Y) C (¢7!(7))., where j € Emb(Y, V) is such that || — 6 o | < &o. O

Observe that the previous requirement on G is satisfied when E = Flim G. Observe also that in the
proof we are not assuming that E is necessarily separable, and since for Fraissé spaces we have that
Age(F) = Age(Ey) for any ultrafilter U, we obtain the following.
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Corollary 5.12. Suppose that E is a Fraissé space such that Age(E) has the (ARP) then Iso(Ey) is
extremely amenable for every ultrafilter U on N. In particular, Iso(Gy) and Iso(L,(0,1)y) are extremely

amenable non separable groups. O

5.1.1. Multidimensional Borsuk-Ulam. The approximate Ramsey property of the family {Eg}n has a nat-
ural reinterpretation as a version of a multidimensional Borsuk-Ulam Theorem. Recall that the equivalent
reformulation by Lusternik and Shnirel’'man [LuSch] (see also [Mal, Theorem 2.1.1]) of the Borsuk-Ulam
theorem states that if the sphere S ot is covered by n+ 1 open sets, then one of these sets contains a pair
(x,—x) of antipodal points. Given 0 < p < oo, let ny(d, m,r, €) be the minimal number n such that for ev-
ery coloring c : Emb(ég,ﬁ;‘) — 1 there is v € Emb(£}, £}}) and i < r such that yoEmb(fg,Eg”) C (c7Hi})e.
The (ARP) of {£}}, is exactly the statement saying that ny(d, m,r,¢) exists.

Recall that given 0 > 0 and a subset A of a metric space X, one defines A_5 := X \ (X \ A)%)s. It
is easy to see that (A_5)s € A. We will say that an open covering U of a metric space X is called e-fat
when {V__}yey is also a covering on X.

The following is a sort of Lebesgue’s Number Lemma.

Proposition 5.13. Suppose that X is a compact metric space. Then every open covering of X is an

g-open covering for some € > 0.

PROOF. Suppose that for some open covering U of X such € > 0 does not exists. For each n € N we can
find a point z, of X not in Uycy U_o-n. Since X is compact, there is a subsequence (zy, ); converging
to some = € X. Choose U € U such that x € U, and also § > 0 such that the ball B(z,2§) C U. Observe
that B(z,d) C (B(z,20))_s € U_s. Now let k € N be such that on; > 1 and such that d(z,,,z) <. It
follows then that z,, € U_5 C U_y-n,, a contradiction. Il

Definition 5.14. Given 0 < p < oo, integers d, m, and r and € > 0, let ngy p(d, m,r,€) be the minimal
integer n such that for every e-fat open covering U of Emb(fg, E;‘) with at most » many pieces there exists
v E Emb(ﬂg, ;') and some U € U such that

v o Emb(¢, 00") C U.

Notice that by assigning to each = € Sgg the embedding 1 — z we can identify topologically Sg; and
Emb (£}, 7). Since Emb(£},, 1) = {+£Id}, it follows that npy p(1,1,7,¢) is the minimal integer such that
for every open covering of Sgg of cardinality r there exists U € U containing some pair of antipodal
vectors. Hence, by Borsuk-Ulam, ngy p(1,1,7,¢) < r for every € > 0. In this way, we have Borsuk-Ulam
Theorem is the following statement.

Theorem 5.15 (Lusternik and Shnirel’'man). ngu p(1,1,7r,¢) < for every e > 0.
We have the following relation, easy to prove.
Proposition 5.16. For every 0 < p < oo every d,m, r and every 0 < e < d one has that
ny(m,d,r,0) < npup(d,m,r,e) <np(m,d,re).
Problem 5.17. Is always nu p(d, m,r, <) independent of €?

5.2. The (ARP) of the family {(}},. We give a direct proof of the Approximate Ramsey property of
the family {£2}, for 1 < p # 2 < co and then of the (ARP™) of Age(L,(0,1)) for p ¢ 2N.

Theorem 5.18. For 1 < p # 2 < oo the family {{}}n has the (ARP).
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Its proof is done by relating this (ARP) with the (ARP) of approximate equipartitions, that is shown
to be true by an instance of the phenomenon of concentration of measure. First of all, we try to reduce
Theorem [5.1§|to the case of p = 1. Notice that it follows from the Banach-Lamperti Theorem on isometries
of L,(0,1), p # 2,00, that all isometry groups for those p’s are topologically isomorphic, as was observed
and used in |GiPe]. There is some similar fact concerning embeddings using the Mazur mapping.

Definition 5.19. Given 0 < p,q < oo, and given n, let My : £ — €7, be the Mazur map defined for
x € £ by
. P
My gn(2) = sign(z(€))]z(€)] 7 ue. (15)

£<n
The following facts are known and easy to prove:
(a) My, q4,n preserves the support and the signs of the coordinates; in fact, if z and y are disjointly supported
then M, g n(Ax + py) = sign()\)|/\\p/qu’q7n(x) + sign()\)\)\\p/ql\/[p,q’n(y).
(b) MgpnoMpgn= Idgp.
(c) My ¢ is a uniform homeomorphism between the corresponding unit spheres (note that | M, 4 »(x)||

q _
g =
|][D). If 74 is the modulus of uniform continuity of My, 4, then

Lt ifp>gq

P
cpate it p<q.

Tpq(t) < {

For 1 < p,q < o0, p,q # 2, the Mazur mapping naturally extends to Mg,q,n : Emb(ﬁg,ég) — Emb(fg,ﬁg)
defined for v € Emb(fg, ;) by

Mp,gn(7) := Mpgn © 7o Mgpa.
M, 4n(7) is a linear isometric embedding because v sends disjointed supported to disjointed supported,

and in fact,

ME DO aw) = aiMy g0 (y(ui)).

i<d i<d
Proposition 5.20. Mg,q,n is an uniform homeomorphism with modulus of continuity 7, , with inverse
d
Mq7p7n‘
Proor.
d d
HMp,q,nW) - Mp,q,n(n)uq,q :fel%ﬁ IMp,gn(Y(Mgp.a(®))) — Mpgn(n(Mgpa(z)))llq =
Zq
= max [|Mygn(7() = Mpgn(n®))llg < max 7,4([1v(y) — n(y)llp) =
yESZg yGSZg

=wpq([l7 = 1llp.p),

because 7, 4 is increasing. O

Given p,d,m € N and € > 0, the integer ny(d, m,r,¢) is the minimal integer n witnessing the (ARP)
of {E'Ij}k for the initial parameters d, m and €. We obtain the following

Proposition 5.21. n,(d,m,r,e) = ng(d,m,r, 7, 4(¢)) for every 0 < p,q < oo, p,q # 2.

PRrROOF. Fix p, q as above, and fix all the parameters. Let n := np(d, m,r,¢), and let ¢ : Emb(ﬂg, by) =

Let ¢ : Emb(¢2,£2) — r be the induced coloring ¢ = coMZ% . Then, let v € Emb(£", (), and i < r
be such that ~ o Emb(ﬁg,ézl) C (@ '{i})e. Let 7 = M, (7). We claim that 5 and ¢ < r do the

job. Fix o € Emb(fg,ﬁf]”). Then o := Mgm,m(o’) € Emb(ég,%”), so there is some ) € Emb(fg,fg)
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with ¢(M2 (1)) =i and ||y 06 — ¥[lpp < &. Hence M2 (yo05) =M%, (¥)]lgq < Tpq(e), and since

Mg (70 7) = Mg (v o Mg, 1 () = My, () 0 0, we are done. O

So, in order to have the (ARP) of {£}}n, p # 2,00, it suffices to prove the (ARP) of {{]},, and this is
what we do next. The proof we give is a byproduct of an extension of the fact that n;(1,m,r, ¢) exists,
proved by J. Matousek and V. Rodl [MaRo], and the existence of the Ramsey number corresponding
to unital embeddings. The proof of the existence of nj(1,m,r, ) was done, as we mentioned before, by
Matousek and Rodl using combinatorial methods (spread vectors), and, independently, by E. Odell, H. P.
Rosenthal and Th. Schlumprecht in [OdRoSchl|, by using tools of Banach space theory, such as different
type of bases.

We introduce some notation. In (1, we denote by 1 to the sequence (1/n)> ", u; = (1/n,...,1/n) €
F". We will denote by Emb((¢¢,1), (¢,1)) the collection of unital isometric embeddings. We have the
following consequence of the equimeasurability principle of Plotkin and Rudin mentioned above in (
Theorem [4.2]).

Proposition 5.22. An isometric embedding v : (§ — €} is unital if and only if dn and v(u;) =
(d/n) > kes; Wk for j < d such that {8j}j<a is a d-equipartition of n, that is, #s; = #s, = n/d for
every j,l < d. 0

Definition 5.23. Given d|n let £Q(n,d) be the set of equipartitions of n with d many pieces. Given in
addition d|m|n, and R € £Q(n,m) let (R)5! be the collection of d-equipartitions of n coarser than R.

We identify it with the set of all rigid surjections that is, onto mappings F' : n — d such that
min F~1(i) < min F~1(j) for every i < j < d.

It follows that d-dimensional unital subspaces of ¢} that are isometric to ¢{ are the of the form
((d/n) Xoges; uk)j<a for d-equipartitions {s;};<q of n. This means that the following are equivalent:

(i) The class {(¢7, 1)}, has the Structural Ramsey Property, that is, for every d, m and every r there is
(e3,1)
(e)

monochromatic set of the form ((E;i)(]l)) for some unital X € (
1

) of unital subspaces of £} isometric to ¢{ has a
(5?71))
(e
(ii) The collection of equipartitions have the Structural Ramsey Property, that is, for every d,m and

n such that every r-coloring of the collection (

r there is n such that every r-coloring of £Q(n,d) has a monochromatic set of the form (R)5? for
some R € £Q(n,m).
It is interesting to compare the previous equivalence between Ramsey properties with what happens in

(er,1)
(¢d.1)
d. Now we define (Eg%’ig) in the same way as the collection of d-dimensional unital (i.e. containing the
unit Y-, u; of £3,) sublattices of £7 . Then we have the following similar equivalence.

the case of p = co: Observe that ( ) is exactly the collection of unital sublattices of ¢} of dimension

(iii) The class {(¢%, 1)}, has the Structural Ramsey Property, that is, for every d, m and every r there
(0%.1)
(¢,.1)

) for some unital X € (

) of unital subspaces of £ isometric to 4,
X (Zi.‘o,ll))
03,1 (em,1))
(iv) The collection of partitions have the Structural Ramsey Property, that is, for every d,m and r

is n such that every r-coloring of the collection (

has a monochromatic set of the form ((

there is n such that every r-coloring of the collection £(n,d) of partitions of n with d many pieces
has a monochromatic set of the form (P), the collection of d-partitions coarser than P, for some
P e &(n,m).
This latter statement is the well-known Dual Ramsey Theorem of Graham and Rothschild [GrRo], that
was recently used in [BaLALuMbo2] to prove the (ARP) of {¢Z },. We have the following open problem
posed by A. S. Kechris, M. Soki¢ and S. Todorcevic in [KeSoTa].
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Problem 5.24. Does the collection of equipartitions have the structural Ramsey property?

We now present a positive answer for the approximate version of this problem, and that will be used
to show the (ARP) of {{}},. First, endow £Q(n,d) with the normalized Hamming metric as follows: We

identify each equipartition P with the corresponding rigid surjection Fp, and then we define

An(P,G) = du(Fp, Fg) =~ #[Fp # Fol = #{j < n : Fp(j) # Fali)}
We will prove that

Theorem 5.25 (Approximate Structural Ramsey Property of Equipartitions). For every d|m, everyr € N
and every € > 0 there is n divided by m such that for every r-coloring of £EQ(n,d) has an e-monochromatic
set of the form (R)3 for some R € £Q(n,m).

To prove this, we introduce the notion of approximate equipartitions and equisurjections and using
a discrete case of the method of concentration of measure we prove the approximate Ramsey result in
Theorem below, that easily implies Theorem [5.25

Definition 5.26. Given two finite sets S and T, let 'S be the set of mappings from T to S, and let
Epi(T,S) be the subset of the surjective ones. Given 6 > 0, let Equis(7,S) be the collection of all
d-equisurjections F : T — S; that is, those T such that

T T
1:9(1 _5) < #F\(s) < :Zisa +6) for all s € S. (16)
So §-equisurjections are “up-to 0" equisurjections, that is, surjections F : T — S such that #F~1(s) is
always the same. Notice that when § < 1, we have
_ ~1
1 5<#F (5)<1—|—5
146 =~ #F1(t) —1-9§
for every F' € Equi (7, S) and s,t € S. The set Equiy(7’, S) will be denoted by Equi(7T, S) and its elements
equisurjections instead of 0-equisurjections.
Finally, observe also that Equis, (S, R) o Equig, (T,5) € Equis(T, R) if 6 is such that (1 —¢) < (1 —
60)(1—61) < (1+80)(1+01) < (146). We consider also 7S as a metric space endowed with the normalized
Hamming distance

(17)

1
In(F.C) = (L€ T 5 F) # GO (18)
We will prove the following slight generalization of the (ARP) of equisurjections.
Theorem 5.27 (Approximate Ramsey property for d-equisurjections). Let dm, r € N, § > 0 and € > 0.
There is a multiple n of m such that every r-coloring of Equig(n,d) has an (0 4+ €)-monochromatic set of
the form Equig(m,d) o R for some R € Equi(n,m).

It follows for example from the approximate equimeasurability principle that if v : ¢ — ¢} is a unital
approximate isometric embedding, then y(u;) and y(ux) are almost disjointly supported for j # k < d,
so these unital quasi isometric embeddings can be approximated by those linear mappings of the form
uj > (1/4fs;)1s, where (s;);j<q is an approximate equisurjection of n. As a consequence, the (ARP)
of approximate equipartitions is exactly a reformulation of the (ARP) of unital approximate isometric
embeddings between ¢7’s. The proof of Theorem will be given later on Subsection but before
we come back to it, we introduce a combinatorial tool that will be used. We recall the notion of spread
vector introduced by Matousek and Rodl to prove the existence of n,(1,m,r,€).
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Definition 5.28. Given a vector a = (a;);j<n € R", we say that v € ¢y is a spread of a if v = Zj<n AU,

for some increasing sequence (m;);<y of integers. In this case, we write that v = Spread(a, {m;};<n).

Theorem 5.29 (The spreading vector Theorem). [MaRo| For every ¢ > 0 and m there exists k and a
normalized vector a € szlc with the following property: for each j < m, let

Ty = fﬂf’m) = A2 ()
I<k
Then for every x = 3, bjz; of norm 1 there is s C k*m of cardinality k such that |z — spread(a, s)||1 < €
and such that s C Ubﬂéo[ij + k/2,k%(j + 1) + k/2[. Consequently, for every isometric embedding -y :
O — () jom there is an isometric embedding n : ($ — 05*m such that ||y — nlli1 < e and such that each
n(uj) = spread(a, s;) for some s;. O

This statement and the classical Ramsey theorem easily proves the existence of n; (1, m,r,¢).

Proor oF THEOREM [5.18 By Proposition[5.2]] it suffices to prove the case p = 1. We use the Spreading
Theorem applied to m and €/2 to find the corresponding a = (a;)i<x € Sﬁ’f' Fix d,m,r € N
and € > 0. We use the Approximate Ramsey property for equipartitions in Theorem (see the
comment after the statement) applied to d = k?m, k?>m, number of colors r, § = 0, and admitted error
/2 to find the corresponding n divided by k?m, i.e., n has the property that for every r-coloring of
Emb((¢5°™ 1), (¢7,1)) has an ¢/2-monochromatic set of the form v o Iso(¢5°™) for some unital isometric

embedding v € Emb((f’f2m, 1), (£7,1)). Let us see that this n works. We fix ¢ : Emb(¢¢,¢7) — r. Let
(e/2,m)
J

the canonical isometric embedding +(u;) := u; for every i < d. Now let @ : Emb((¢5*™ 1), (¢7,1)) — r be

defined by &) := ¢(y o7 o01). By the (ARP), there is some unital g : /£°™ — /7 and some s < r such
that 7 o ISO(EIme) C (¢7(s))e/2. Finally, we claim that (9o 7)o Emb(¢¢,¢7") C (c~'(s))-: For suppose
that v € Emb (¢4, £7*). By the property of (:vg-s’m)) j<m in the spreading vector Theorem, there are pairwise

T 4 — (¥’ be the linear mapping defined by T(uj) == for every j < m, and let ¢ : £¢ — (7" be

disjoint subsets (s;);<q of k*m, each of cardinality k, such that ||7(v(u;)) —spread(a, s;)|1 < €/2 for every
j < d. Let now 6 € Iso(£¥"™) be such that H(m(.a’m)) = spread(a, s;) for every j < d. Note that is possible

J
because xgg’m) = spread(a, {k?j + k(I + 1) }i<x) and (s;) <4 is a pairwise disjoint sequence. It follows that

g
1807 01— 7o, = max||(z\""™) — 7(v(u;)) |1 < max [spread(a, s;) — (v(u;)) |1 < =
j<d j<d 2

hence [[gofoTor—poToy|11 <e/2. Let ¢ : (k*m 5 7 be unital such that é(¢)) = s and such that
| — 00811 <e/2. It follows that ¢(¢p) o T 01) = s and

|WoTor—poToy||<|[poTor—poboToi+]|oofoTor—poToy| <e. O

5.2.1. The proof of the (ARP) for approzimate equisurjections. The intention here is to give a proof of
the (ARP) of approximate equisurjections in Theorem This statement is a consequence of the
concentration of measure phenomenon that approximate equisurjections have. Let us recall some basic
fact and definitions on this.

Definition 5.30. Recall that an mm-space is a triple (X, d, u) where (X,d) is a metric space and p is
a (probability) measure on X. Recall that the extended concentration function ax(d,e) for £,6 > 0 is
defined by

ax(0,e) =1 —nf{u((A): : p(A) = d}.
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The concentration function ax(e) is ax(1/2,¢). A sequence (X,,), of mm spaces is called Lévy when
ax, () =p 0 for every € > 0.
The sequence (X,,), is called normal Lévy when there are ¢, ca > 0 such that
ax, (€) < c1exp(—cae?n). (19)

We say that (X,), is asymptotically normal Lévy when there are c¢1,co > 0 such that for every e > 0
there exists n. such that for every n > n. the inequality in holds.

Proposition 5.31. Suppose that (X, dp, tin))n is a normal Lévy sequence, and suppose that A, C X,
for every n is such that inf,, p,(An) > 0. Then (An, dp, pin(:|An))n is an asymptotic normal Lévy sequence.

The proof is based on the following simple fact.
Proposition 5.32. ax(0,0+¢) < ax(e) for every § such that ax (o) < 0.

ProOF. Fix A such that p(A) > §. We see first that p(A,) > 1/2: Otherwise, u(X \ A,) > 1/2, hence
p(A) <1—p((X\Ay),) < ax(p) <d,and this is impossible. So it follows that u(Ayss) > 1—ax(e). O

A standard way to estimate the concentration functions is by studying lengths of filtrations. Recall
that given a measure space (Q2,), a filtration is an C-increasing sequence (X,,), of o-subalgebras of X.
For what we are interested in, we assume that the filtration is finite, starting and finishing with the trivial
subalgebras {0, 2} and ¥. A finite metric space (2, d) is of length [ (see for example [MiSch]) if there are
numbers ao, . .., a, and a filtration (Fj)}_, such that [ = ( ia%)l/ 2 and such that for every k and every
A, B € Fj, such that A, B C C € Fj_; there is a bijection 6 : A — B such that max,c4 d(a,8(a)) < ag. It
follows then (see [Le, Theorem 4.2]) that if (€2, d) is of length [, and if uo denotes the normalized counting
measure on ), then,

Qdpc) (€) < exp(—e?/(81%)) (20)
It is well known that the mm space X, := ("S,dgq, pc), where dy is the normalized Hamming distance
and pc is the normalized counting measure, is of length 1/1/n, so it follows from the inequality that
2
e“n
ax,(€) < eXP(*?)- (21)
The following is a well-known result that follows from the weak law of large numbers (see below). We

give an alternative proof using concentration of measure.

Proposition 5.33. Suppose that § > 0 and #S > 2. Then there exists some ng such that for every
n > ng one has that
52
57
(#S(#5 - 1))
PROOF. For each s € S, let As := {F €S : #F~1(s) > n/#S}. Notice that uc(As) > 1/#S: Observe
that puc(As) = pc(A:) because the transposition 7 sending s to ¢ transforms Ay into A; in a measure

#(Equis(n, §)) 21— exp(— ). (22)

preserving way. Since "S = [J,cg As, we obtain the desired bound. Now we see that

ﬂ (As)s € EQUiJ#S(#S_l)(TL, S):
ses

Given F € (Ay)s, let G € Ag be such that do(F,G) < 6. It follows that
#FL(s) > #GY(s) — dc(F.G) > %(1 — 5#5). (23)
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So, if F' € Nyeq(As)s, then, using , one has that

-1 o -1 oono oy
#E(s)=n #ZS#F (t) <n #S(l o#S)(#S 1)—#5

Since by hypothesis #S > 2, it follows from and that F € Equi(;#s(#s,l)(n, S). Let v > 0 be
such that 8/9 < (1 — )2, and let ng be such that for all n > ns one has that

(L+#SHS—1).  (24)

2

52(1 — )2 exp(—2-n) 5v)? 1
exp(— ( 3 ) n) < #5’9 and exp(—( 8) n) < %5
Fix n > ns. Then, ax, (0y) < % It follows from this, and Proposition that a;(n(%,d) <
_o? _22
ax, (0(1—7)) < w. Hence, for every s € S, uc((As)s) > 1— w, so, we have that

2

. )
po(BEquisygus—1)(n,S)) > po( ﬂ (Ag)s) > 1— exp(—gn).
SES

Since § > 0 is arbitrary, we obtain . U
As a consequence,

Corollary 5.34. Given 6 > 0, the sequence (Equis(n,S),du, ic)n is an asymptotically normal Lévy
sequence. O

Proposition 5.35. Let T, S be two finite sets, §,6' > 0. For every ¢ € Equig(T,S) and ¢ € Equig (T, S)
there is some permutation w of T such that dy(pom, ) < (0+40")/2. In particular, if in addition #S|#T,
then Equis (T, S) C (Equi(T, S))s/2-

PROOF. For each s € S, let Ay := ¢~ 1(s) and B, := ¥~ 1(s). Let also Sy := {s €S : #A; > #B;}
and S7 := S\ Sp. By symmetry, without loss of generality we assume that 2#S; < #S. We define
w: T — T as follows: For every s € Sy, let g5 : Bs — As be an injection, and similarly for s € Sy,
let fs : As — Bs be also an injection. Let w : T' — T be any bijection such that © [ As; = fs for
s € S1, and such that 7 | gs(Bs) = g5 ! for every s € Sp. It follows that for every s € S; and every
t € Ag one has that ¢(t) = s = (w(t)), while for s € Sy and t € g4(Bs), t = gs(t) one has that

d(t) = ¢(gs(t)) = s = (t) = (m(t)). This means that

1 1
du (¢, o) SoT ; #(As \ gs(Bs)) = 4T gsjo(#(fls) — #(Bs)) <
S#So((l—l—é)#:s—(l—é')#:s) < %(6+5’). O

Proposition 5.36. Let ¢o, ¢1 € Equis, (T, S) and vo,¢1 € Equig, (S, R). Then du(vo o ¢o,%1 0 ¢po) <
(1 + 60)du (o, Y1) and du (o o ¢o, Yo o ¢1) < du(po, ¢1)-

PROOF. We have that du (1 © ¢o, 91 © d0) = (FT) ™ Xy s)2un(s) #(00  (5)) < (#T) 7" - du(to, 1) -
(#S)(1 + 80)#T(#S)~!. The other inequality is easy to check. O

The following particular case of Theorem [5.27] will be used later to show the general case. In the next,
Sx denotes the group of permutations of a set X.

Lemma 5.37. For every finite set X, d,e > 0 and r € N there is n € N such that every r-coloring of
Equig(n, X) has an e-monochromatic set of the form Sx o F' for some F € Equis(n, X).
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PROOF. The group of permutations Sx of the set X acts by bijections on Equis(n, X), hence by uc-
preserving transformations. This implies that if A C Equig(n,X) is such that pc(A4) > 1 — (#X!), then
Nresy ™A # 0. Let n € N be such that ax, (1/r,e) < 1/#X!, where X,, := (Equis(n, X), dn, ic). Then
n works: Given a coloring ¢ : Equig(n, X) — 7, let j < r be such that A = ¢1(j) has puc-measure > 1/r.
Hence, puc((A)e) > 1—1/m!. Let F € N,eg, 7((A)). Then, - F € (¢71(j))e for every m € Sx. O

ProoF oF THEOREM [5.27] Fix all parameters. We choose n € N given by Lemma when applied to
m, d,e and r, and such that m|n. We claim that such n works. For suppose that ¢ : Equig(n,d) — r.
Fix o0 € Equi(m,d), and define ¢ : Equig(n,m) — r, by ¢(0) := c(o o p). By the choice of n, there is
some F € Equig(n,m) and j < r such that S,, o F C (¢71(j)).. We apply Proposition to F to find
Fy € Equi(n, m) such that dy(F, Fy) < 6/2. We claim that Equig(m,d)o Fy C (¢71(j)).. For suppose that
7 € Embs(m, d). We apply Proposition [5.35|to 7 € Emb;(m, d) and o € Equi(m, d) to find a permutation
0 € S, such that dy(o o8, m) < §/2. Since S, o F C (¢71(j))e, we can find G € Equig(n, m) such that
¢(o0G) =¢(G) = j and such that dg(G,0 0 F) < e. We use Proposition to conclude that

du(mo Fy,00G) <du(mo Fy,c080 Fy)+du(coboFy,o00G) <du(m,og00)+du(foFy,G) <
<dg(m,000)+dy(Fo,F) +du(fo F,G) <J+e. O

6. GURARIJ M-SPACE

We finish the paper by presenting a Fraissé space in the category of M-spaces. Recall that a Banach
lattice X is called an M-space when || >
disjoint elements of X. In particular, for finite dimensional Banach lattices X this is equivalent to saying

jen Tj|l = max;jp [|z;]| for every sequence (z;)i<, of pairwise

that X is lattice isometric to 4™ X We are going to prove that the class of finite dimensional M-spaces

is a Fraissé class, and we will find the corresponding Fraissé M-space G,. For this we revisit some results

of F. Cabello-Sanchez [CaSal on the existence of an almost transitive renorming of C[0,1]. To extend his

results to the setting of extensions of partial isometries between finite dimensional subspaces, we shall

extend the notions of ultrahomogeneity which are specific to normed lattices that were introduced in

Section [B] In this context, suppose that A and B are Banach lattices and suppose that § > 0. Let

~v: A — B be a 1-1 linear mapping.

(a) v is é-disjoint preserving if |||y(a;)| A |y(ax)|l| < 9,5 # k,

(b) v is d-positive if d(y(a), By) < ¢ for every positive a € A1, where A, , By denote the corresponding
set of positive elements.

(c) v is a d-isometric disjoint-preserving embedding when ~ is d-disjoint preserving and J-isometric em-
bedding.

(d) v is a d-isometric lattice embedding when it is d-disjoint preserving, d-positive and J-isometric embed-
ding.

Some of these definition already appear in [OiTr] Let Emb$(A, B) and Embs (A, B) be the collection of

d-isometric lattice embeddings and d-isometric disjoint preserving embeddings, respectively. Let £ be a

Banach lattice. We introduced in Definition the notion of approximately lattice ultrahomogeneous

(o —AuH). Let Age®(€) be the collection of finite dimensional sublattices of £. Similarly, let Iso, (&) and

Iso, (£) be the group of lattice and of disjoint-preserving isometries on &, respectively.

Definition 6.1. We say that £ is a Fraissé Banach lattice when there is a modulus of stability w :
10, 00[xN —]0, oo] such that for every X € Age (&), every § > 0 and € > 0 the canonical action Isos(€) ~
Emb$(X,E) is (w(k,d) + ¢)-transitive for every k € N and every X € Agei(€).
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It follows from Proposition and Schechtman’s Theorem that L,(0,1) is a Fraissé Banach
lattice for every 1 < p < oco. Now we present a new one. In [CaSa], F. Cabello-Sanchez defined
X = (IS5 Ly, (0,1))y, where p, — 400, and proved that the non-separable Banach lattice X is an
M -space that is transitive, meaning that the isometry group acts transitively on the unit sphere of X. We
prove with similar methods that his results may be improved as follows.

Theorem 6.2. The lattice X is a Fraissé Banach lattice with modulus w(d,k) < 3-k-0. In addition, for
every X € Agep(X), every § > 0 and € > 0 the canonical action Iso; (X) ~ Emb§(X,X) is (3-k-d+¢)-
transitive for every k € N and every X € Agej(%).

The proof readily follows from the following two lemmas.

Lemma 6.3. The lattice X is lattice ultrahomogeneous and disjointly ultrahomogeneous, that is, for every
X € Age®(X) the action Iso (X) ~ Emb® (X, X) is transitive.

PrOOF. Let F,G be finite dimensional sublattices of X and ¢ be an isometry from F onto G. Write
F = (fj)j<d and G = (tf})j<d, where (f;)j<q is a normalized, positive and pairwise disjoint sequence.
The vectors fo, ..., f4—1 may be represented as f; = (f#),, where for each n the (f}')j<a’s is a normalized,
positive and pairwise disjoint sequence in L, (0, 1) (see in [CaSal the proof of Lemma 3.2]), and the same
holds for each tf; = (gi)n. If we call ¢, the isometric map sending f7 to g/ we know by Lemma on
the approximate lattice ultrahomogeneity of L,’s that there exists a lattice isometry T}, on L,, such that

|Tn | Fr —tn|l < 27" We note that T' = (1,),, is a lattice isometry on X and that T'(f;) = (Tn(f]'))n =
(tn( fJ”)) = (¢i)n = t(f;), for each j < d. Disjoint ultrahomogeneity follows from a similar proof and the
fact that each L,, (0,1) is approximately disjointly ultrahomogeneous (see Proposition . U

It seems to remain open whether X is actually ultrahomogeneous as a Banach space.

REMARK 6.4. It follows that X is also of lattice disposition, that is, for any F C G, where F' and G
are finite sublattices of X, and for any lattice isometric embedding ¢ of F' into M, there exists a lattice
isometric embedding T of G into X such that T' [ F = t.

The other lemma which is needed is a form of amalgamation property, in the lattice setting, of the

class of finite dimensional M-spaces:

Lemma 6.5. Suppose that A and B are two finite dimensional M -spaces and suppose that § > 0. Then
Emb§(4, B) C (Emb®(A, B))ssaim a and Embg (A, B) € (Emb™ (4, B))35 dim 4-

Proor. We write A = (a;)j<m, B = (b;) j<n both normalized pairwise disjointly supported, and suppose
that v € Emb§(A, B). Let g : A — B linearly defined by g(a;) := 2o (v(a;))|>6 bi(v(a;))by, where b
is the sequence of functionals dual to by. The fact that v is an §-isometric lattice embedding implies
that (g(a;j))j<m is pairwise disjointly supported, positive and ||g(a;) — v(a;)|| < 6 for all j < m. Hence,
llg(aj)|| —1] < 26 for all j < m. Let £ : A — B linearly defined by £(a;) := g(a;)/||g(a;)||. It is clear that

€ is a lattice isometric embedding. also, ||{(a;) — v(a;)|| < 36; hence, ||y — &|| < 36 dim A. O
This lemma should be compared with the fact that without lattice constraints one has Embs (¢, %) C
Emb (¢4, £5.)s-

Proposition 6.6. The M-space X admits a separable sublattice G, that is a Fraissé Banach lattice with
modulus of stability w(k,0) < 3-5-k, and such that for every finite dimensional sublattice X of Go, 6 >0
and € > 0 the canonical action Iso| (Go) ~ Embi (X, G,) is 3- 6 - dim X + e-transitive.
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ProOF. We will find a separable sublattice G, of X and some countable dense set D C J,, EmbL(ﬁgo, Go)
such that

a) for every v,n7 € D NEmb(£%, G,) there is some T € Iso (G,) such that n =T o+.

b) DN (U, Emb®(¢%,G,)) is dense in |J,, Emb® (4%, G,).

c) for every v,n € D NEmb®(¢%,G,) there is some T € Iso.(G,) such that n =T o .

This, together with Lemma gives the Fraissé property of G, with the corresponding modulus. Let Yj
be a separable sublattice of X and let Dy C |, Emb® (£, Yy) be countable and dense in |J,, Emb™(¢2, Yp)
such that Cy N (Y,, Emb®(¢%,Yp)) is dense in {J,, Emb®(¢%,Yp).

By the lattice and disjoint ultrahomogeneity of X, given ~v,n € Dy, v, € Emb* (0%, Yp) it is possible
to select a global disjoint isometry T’ ;, on X such that n =T, v, in a way that if ,n are positive, then
T, is also positive. Let Gy be the countable subgroup of Iso(X) generated by the disjoint isometries
{Ty0 : v,n € Do N (Upeny EmbL (42, Yp)}, and let Y7 be the separable sublattice generated by the spaces
TYy with T' € Gy. In this way, we can find C-increasing sequences (Yj)k, (Dg)r and (Gg)r where each
Y}, is a separable Banach sublattices of X, Dy, is a countable dense subset of |, Eme‘(ﬂ’;o, Y%) such that
Dy, is also dense in (J,, Emb®(£%,Y)), and G is a countable subgroup of Iso; (X) such that for every
v,m € DN EmbL(ﬁgo, Y)) there is T' € Gy such that n = T o+, that is positive if v, n are so, and such
that Yj11 is the sublattice generated by Upeg, TV Let Y := U, Y, and let v,n € Dy N Emb=(¢2,Y}).
Choose T' € G, such that n = T o v, and such that it is positive if v, are so. Since TY; C Y4 for all
I >k, we have that T [ Y : Y — Y is an isometric embedding; since Gy is a subgroup, similarly we
have that 77! : Y — Y, so T is a surjective isometry on Y. Then the closure G° of Y is the desired
sublattice. OJ

REMARK 6.7. G° is of steady approximate lattice and disjoint preserving disposition with modulus < 3-k-9;
that is, for every X C Y both in Aget(G,), § > 0, ¢ > 0, and v € Embj(X,G,) there is some
n € Emb®(Y, G,) such that ||n [ X —+| < 3-dim X -0 +¢, and 7 is can be chosen to be positive when X,
Y are lattices and + is positive as well.

Of course since the above construction depends on choices of subspaces and embeddings, the lattice G°
is not unique, but lattice isometrically G° is unique. Concerning its proof, is worth noticing that the proof
for the uniqueness principle for (AuH) Banach spaces (Theorem does not seem to work directly;
the reason is that, in general, given two finite dimensional sublattices A and B of a Banach lattice X,
the lattice generated by A and B may not be finite dimensional. On the other hand, the approach in
Theorem [2.18] with the obvious modifications, shows the next uniqueness statement. We leave the details
to the reader.

Theorem 6.8. Suppose that X and Y are two separable Fraissé Banach lattices. The following are

equivalent.
1) Age®(X) = Age®(Y).
2) X and 'Y are lattice isometric. O

Corollary 6.9. There is a renorming of C|0, 1] that is a Fraissé Banach lattice.

PROOF. According to [CaSal Theorem 3.4], every separable almost transitive infinite dimensional M-space

is isomorphic to C0, 1] (a consequence of Miljutin’s Theorem). O

It is worth noting that G, although isomorphic to C0, 1], cannot be isometric to a C'(K) space itself.
Indeed separable C'(K) spaces are not almost transitive unless in the trivial case:
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REMARK 6.10. If K is a metrizable compact space with |K| > 2, then the group of isometries on C'(K)

is never almost transitive.

PRrOOF. Fix a compact metric space (K, 1g). First note that isometries on C(K) act by multiplication
of a unimodular continuous function with f +— f(o) for some homeomorphism of o, so the orbit of 1 is
the set of unimodular functions. So if a € K, the function z — f(z) = di(x,a)/||d(x,a)||s is @ norm 1

function which is at distance 1 for the orbit of 1. O
We finish this part by exposing new extremely amenable groups.

Theorem 6.11. The groups Iso | (G,) and Isos(G,) are extremely amenable.
We have the following correspondence.

Theorem 6.12 (KPT correspondence for Banach lattices). Let £ be a separable (AuH) Banach lattice.

Then the following are equivalent

1) Isoo(€) is extremely amenable;

2) Age®(&) has the (ARP).
Its proof is exactly the obvious modification of that for Banach spaces in Theorem [5.10

Theorem 6.13. The class Age,(X) of finite dimensional sublattices with lattice or disjoint preserving
isometric embeddings has the (ARP).

In its proof we will use the Dual Ramsey theorem by Graham and Rothschild. Recall that given two
finite linear orderings R = (R, <pg) and S = (5, <g), a mapping o : S — R is a rigid surjection when o is
a surjection such that for every 7o <g 71 one has that ming o ~!(rg) <g minc,o~*(r1). Let Epi(S,R)
be the collection of rigid surjections from S onto R.

Theorem 6.14 (Dual Ramsey Theorem [GrRo]). For every finite linearly ordered sets R and S, and
every r there is some linearly ordered set T such that every r-coloring of Epi(T,R) has a monochromatic
set of the form Epi(S,R) oo for some o € Epi(T,S).

Note that a linear mapping v : £4 — (7 is a disjoint preserving embedding if and only if its dual
operator v* : £} — (¢ satisfies that

{uktre<a C{EY"(uj) }jan C [-1,1] - {ug r<a-

In other words, if A denotes the matrix representing ~ in the unit bases of R? and R", then the row
vectors of A must be of the form apuy for some |ag| < 1, and for each k < d there must be a row vector
with ar = +1. Let Quot (¢}, £9) be the collection of such surjections o. Similarly, ~ is a lattice embedding

when
{urtrea € {7 (uj)}j<n C[0,1] - {uk}r<a-

Let Quo®( ?,Ecll) be the collection of such surjections . Given a 1-1 mapping f : d — m and 0 :=
(Ok)k<a € {—1,1}%, let 779 € Emb> (¢4, 7)) be linearly defined by nye(uy) == Oxus(k). Observe that for

ooy oo

every o € QuoL(ﬁd (%) there are f and 6 such that o onsg = Idss , and if in addition o is positive,

o ehiage ]

0 = (1) and consequently vy 1) € Emb® (¢4, ¢m). We choose one of those embedding and we denote its

[o ohigee]

parameters by (fy,0s).
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PROOF OF THEOREM [6.13l We prove the (ARP) of finite dimensional M-spaces with respect to disjoint
preserving in its dual form; that is, for every d,m,r € N and every € > 0 there is some n such that
every r-coloring of Quo~ (£}, £¢) has an e-monochromatic set of the form Quot(¢}*,({) o o for some o €
Quo™ (£7, £7); the corresponding (ARP) for lattice embeddings is proved similarly, and we leave the details
to the reader.

Fix d,m,r € N and € > 0. Let e := [1/¢], and let A := {s({/e)ur : s€ {—-1,1},0<1<t, k <d}
ordered by < such that if [ < I, then s(l/e)uy < '(I'/e)u Let also A := A x E, where E = {(f,0) :
f:d— misl-1and @ € {—1,1}¢}. We linearly order E arbitrarily and then A by the corresponding
lexicographic ordering. Let n, ordered canonically, be the result of applying the dual Ramsey Theorem for
the parameters A, A and number of colors r. We claim that n works. For suppose that ¢ : QuoL( nod) —
7. Let ® : Epi(n, A) — Quo™ (£}, ¢¢) be linearly defined for f € Epi(n, A) and j < n by ®(f)(u;) := s-a-uy
if f(5) = (a,s,k) € Ax{—1,1} x d. Let ¢ := co ®. By the “Ramsey property” of the number n, there
is some g € Epi(n,A) such that Epi(A,A) o g is ¢-monochromatic with constant value 7 < r. Let
o € Quot (7,47 be linearly defined for j < n by o(u;) := s -a - vyro(ux), if g(4) = ((a,s,k), (f,6)) € A.
We see that Quo(/7*, ¢4) o o C (¢7'(7)). by establishing the following.

Claim 6.14.1. For every 7 € Quo(/7*,£{) there is some rigid surjection h € Epi(A, A) such that |7 00 —
®(hog)| <e.

Proof of Claim: Fix such 7, and A := (s(l/e)ug, (f,0)) € A. If 7(1- uspy) = 0, then we declare h(A) = 0.
Suppose that 7(1 - ug)) # 0. There are two cases to consider:

a) (f,0) = (fr,0-). Welet h(X\) = s(l/e)ug.

b) (f,0) # (f-,0;). Write 7(y9(s(l/e)ux)) = bu; # 0, for some b € [-1,1] and i < d. Let 0 <1 < e and

c € {—1,1} be such that |b — cl/e| < e and be such that j/e < |b|, and we set h(\) := c(l/e)u;

We show that h is a rigid surjection by proving that miny h=*(0) = (0, min E), and miny h=1(s(I/e)ug) =
(s(l/e)ug, (fr,0-)). The fact that miny h~1(0) = (0,min E) is trivial; as for the other equality, set
A= (s(l/e)uk, (fr,0-)). First of all, [ # 0, and 7(s(l/e)uy, () = aT(Vy, 0, (uk)) = aug, where a = t0x(l/e)
with 6, being the k'"-coordinate of 6,. So, in particular, 7(lu f£.(k)) 7 0, and consequently, by definition,
h(s(l/e)ug, (fr,0;)) = s(l/e)ug. On the other hand, if h(N') = s(l/e)ur with X # X = (' (I'/e)up:, (f,0)),
then necessarily s'(I'/e)uy # s(l/e)ug, and consequently we are in case b) of the definition of h, so
e < |m(vp o (8" (') e)upn)|| < [I8"(I'/e)urr|| = I /e, because T is a contraction and ;¢ is an embedding.
Hence, by the ordering on A, s(l/e)uy < s'(I'/e)up and consequently, A < \'.

Finally, let us see that ||t oo — ®(hog)|| < ¢, that is, ||[7(o(uj)) — P(h o g)(u;)|| < € for every j < n,
because we consider operators from £} onto ¢¢. So, fix j < n, and set A = (s(I/e)ug, (f,0)) = g(4).
By definition, o(u;) = v9(s(l/e)uy), while ®(h o g)(u;) = h(X). Suppose first that 7(o(u;)) = 0; then
by definition of h, h(A) = 0, hence 7(c(u;)) = ®(h o g)(u;) = 0. Suppose now that 7(o(u;)) # 0.
Now suppose that (f,0) = (fr,0,). It follows that 7(o(u;)) = 7o vyre(s(l/e)ur) = s(l/e)uy, while
®(hog)(u;) = h(N) = s(l/e)ur, = T(o(u;)). Finally, suppose that (f,8) # (fr,6-). By the choice of h(}),
Im(o(u;)) = AN < e. O

g

REFERENCES

[Als] D. Alspach, Small into isomorphisms on L, spaces, Illinois Journal of Mathematics, 27 (1983), 300-314.
[AvCSCaGoMo] A. Aviles, F. Cabello-Sanchez, J. Castillo, M. Gonzalez, Y. Moreno, On ultrapowers of Banach spaces of
type Loo, Fund. Math. 222 (2013), 195-212.



54 V. FERENCZI, J. LOPEZ-ABAD, B. MBOMBO, AND S. TODORCEVIC

[Ba] S. Banach, Théorie des opérations linéaires, Warsaw, 1932.

[BaLALuMbol] D. Bartosova, J. Lopez-Abad, M. Lupini and B. Mbombo, The Ramsey property for Banach spaces and
Choquet simplices, and applications. C. R. Math. Acad. Sci. Paris 355 (2017), no. 12, 1242-1246.

[BaLALuMbo2] D. BartoSovd, J. Lopez-Abad, M. Lupini, B. Mbombo, The Ramsey property for Banach spaces, Choquet
simplices, and their noncommutative analogs, arXiv:1708.01317.

[BYBeHeUs] I. Ben Yaacov, A. Berenstein, C. W. Henson, and A. Usvyatsov, Model theory for metric structures, Model
theory with applications to algebra and analysis. Vol. 2, London Mathematical Society Lecture Note Series, vol. 350,
Cambridge University Press, 2008, pp. 315-427.

[BY] L. Ben Yaacov, Fraissé limits of metric structures. J. Symb. Log. 80 (2015), no. 1, 100-115.

[BY1] I. Ben Yaacov, Private communication. (2018)

[Bi] P. Billingsley, Convergence of probability measures. Second edition. Wiley Series in Probability and Statistics: Proba-
bility and Statistics. A Wiley-Interscience Publication. John Wiley & Sons, Inc., New York, 1999.

[CaSa] F. Cabello-Sanchez, Transitivity of M-spaces and Wood’s conjecture, Math. Proceedings of the Cambridge Philosoph-
ical Society, 124 (1998), 513-520.

[CaGaKu] F. Cabello Sanchez, J. Garbuliniska-Wegrzyn and W. Kubi$, Quasi-Banach spaces of almost universal disposition,
Journal of Functional Analysis 267 (2014) 744-771.

[Cu] R. Cuppens, Decomposition of multivariate probabilities. Probability and Mathematical Statistics, Vol. 29. Academic
Press, 1975.

[FleJa] R. J. Fleming and J. E. Jamison, isometries on Banach spaces: function spaces. Chapman & Hall/CRC Monographs
and Surveys in Pure and Applied Mathematics, 129. Chapman & Hall/CRC, Boca Raton, FL, 2003.

[Fra] R. Fraissé, Sur l'extension auz relations de quelques propriétés des ordres, Ann. Sci. Ecole Norm. Sup. 71 (1954),
363-388.

[GiPe] T. Giordano and V. Pestov, Some extremely amenable groups related to operator algebras and ergodic theory. J. Inst.
Math. Jussieu 6 (2007), no. 2, 279-315.

[GrRo] R. L. Graham and B. L. Rothschild, Ramsey’s theorem for n-parameter sets, Transactions of the American Mathe-
matical Society 159 (1971) 257-292.

[GrJaKa] P. Greim, J. E. Jamison and A. Kaminska, Almost transitivity of some function spaces. Math. Proc. Cambridge
Philos. Soc. 116 (1994), no. 3, 475-488.

[GrMi] M. Gromov, and V. D. Milman. A topological application of the isoperimetric inequality. Amer. J. Math. 105 (1983),
no. 4, 843-854.

[Gu] V. I. Gurarii, Spaces of universal placement, isotropic spaces and a problem of Mazur on rotations of Banach spaces.
(Russian) Sibirsk. Mat. Z. 7 (1966) 1002-1013.

[Ha] P. R. Halmos, Measure Theory. D. Van Nostrand Company, Inc., New York, N. Y., 1950.

[Har] C. Hardin, Isometries on subspaces of Lp. Indiana Univ. Math. J. 30 (1981), no. 3, 449-465.

[He] C. W. Henson, Nonstandard hulls of Banach spaces. Israel J. Math. 25 (1976), no. 1-2, 108-144.

[Ho] W. Hodges, Model theory. Encyclopedia of Mathematics and its Applications, 42. Cambridge University Press, Cam-
bridge, 1993.

[Ja] G. J. O. Jameson, Counting zeros of generalized polynomials: Descartes’ rule of signs and Laguerre’s extensions. Math.
Gazette 90, no. 518 (2006), 223-234.

[Kak] S. Kakutani. Concrete representation of abstract (L)-spaces and the mean ergodic theorem. Ann. of Math. (2) 42,
(1941). 523-537.

[Kad] M. I. Kadets, Remark on the gap between subspaces. Funkcional. Anal. i Prilozen. 9 (1975), no. 2, 73-74.

[KaOs] N. J. Kalton and M. I. Ostrovskii, Distances between Banach spaces. Forum Math. 11 (1999), no. 1, 17-48.

[KePeTo] A. S. Kechris, V. G. Pestov, and S. Todorcevic, Fraissé limits, Ramsey theory, and topological dynamics of auto-
morphism groups. Geom. Funct. Anal. 15 (2005), no. 1, 106-189.

[KeSo] A. S. Kechris and M. Soki¢, Dynamical properties of the automorphism groups of the random poset and random
distributive lattice. Fund. Math. 218 (2012), no. 1, 69-94.

[KeSoTo] A. S. Kechris, M. Sokié¢ and S. Todorcevic, Ramsey properties of finite measure algebras and topological dynamics
of the group of measure preserving automorphisms: some results and an open problem. Foundations of mathematics,
69-85, Contemp. Math., 690, Amer. Math. Soc., Providence, RI, 2017.

[KoKo] A. Koldobsky and H. Konig, Aspects of the isometric theory of Banach spaces. Handbook of the geometry of Banach
spaces, Vol. I, 899-939, North-Holland, Amsterdam, 2001.


http://arxiv.org/abs/1708.01317

AMALGAMATION AND RAMSEY PROPERTIES OF L, SPACES 55

[KuSo] W. Kubi$ and S. Solecki, A proof of uniqueness of the Gurarii space. Israel J. Math. 195 (2013), no. 1, 449-456.

[Ku] W. Kubi§, Metric-enriched categories and approximate Fraissé limits [arXiv:1210.6506]

[La] E. Laguerre, Sur la théorie des equations numériques. Journal de Mathématiques pures et appliquées, 3e série, t. IX;
(1883).

[Le] M. Ledoux. The concentration of measure phenomenon. Mathematical Surveys and Monographs, 89. American Mathe-
matical Society, Providence, RI, 2001.

[LiTza] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces. 1: Sequence spaces. 2. Function spaces. Repr. of the 1977
and 1979 ed. Classics in Mathematics. Berlin: Springer-Verlag. xx, 432 p. (1996).

[Lup] M. Lupini, Fraissé limits in functional analysis. Adv. Math. 338 (2018), 93-174.

[Lul] W. Lusky, The Gurarij spaces are unique, Arch. Math. (Basel) 27 (1976) 627635

[Lu2] W. Lusky, Some Consequences of Rudin’s Paper "L,-Isometries and Equimeasurability”, Indiana University Mathe-
matics Journal 27 (1978), 859-866.

[LuSch] L. Lyusternik and S. Shnirel’man. Topological Methods in Variational Problems (in Russian). Issledowatelskii Institut
Matematiki i Mechaniki pri O. M. G. U., Moscow, 1930.

[MaPi] B. Maurey and G. Pisier, Caractérisation d’une classe d’espaces de Banach par des propriétés de séries aléatoires
vectorielles. C. R. Acad. Sci. Paris Sér. A-B 277 (1973), A687-A690.

[MaRo] J. Matousek and V. Rédl. On Ramsey sets in spheres. J. Combin. Theory Ser. A 70 (1995), no. 1, 30-44.

[Ma] J. Matousek, Using the Borsuk-Ulam theorem. Lectures on topological methods in combinatorics and geometry. Written
in cooperation with Anders Bjorner and Giinter M. Ziegler. Universitext. Springer-Verlag, Berlin, 2003.

[MeTsa] J. Melleray and T. Tsankov, Eztremely amenable groups via continuous logic arXiv:1404.4590v1. (2014).

[MiSch] V. D. Milman and G. Schechtman, Asymptotic theory of finite-dimensional normed spaces. Lecture Notes in Math-
ematics, 1200. Springer-Verlag, Berlin, 1986

[OdRoSchl] E. Odell, H. P. Rosenthal and Th. Schlumprecht. On weakly null FDDs in Banach spaces. Israel J. Math. 84
(1993), no. 3, 333-351.

[OiTr] T. Oikhberg and P. Tradacete, Almost band preservers. Positivity 21 (2017), 4, 1393-1423.

[PelRol] A. Pelczynski and S. Rolewicz, Best Norms with Respect to Isometry Groups in Normed Linear Spaces, Short
communication on International Math. Congress in Stockholm, 104 (1962).

[Pel] V. Pestov, Ramsey-Milman phenomenon, Urysohn metric spaces, and extremely amenable groups. Israel J. Math. 127
(2002), 317-357.

[Pe2] V. Pestov, Dynamics of infinite-dimensional groups. The Ramsey-Dvoretzky-Milman phenomenon. Revised edition of
Dynamics of infinite-dimensional groups and Ramsey-type phenomena [Inst. Mat. Pura. Apl. (IMPA), Rio de Janeiro,
2005; MR2164572]. University Lecture Series, 40. American Mathematical Society, Providence, RI, 2006.

[Plo] A. I Plotkin, Continuation of L?-isometries, Journal of Soviet Mathematics 2 (1974), 143-165.

[Plol] A. I Plotkin, An algebra that is generated by translation operators, and LP-norms. (Russian) Functional analysis, No.
6: Theory of operators in linear spaces (Russian), pp. 112-121. Ul’janovsk. Gos. Ped. Inst., Ul’yanovsk, 1976.

[Ran] B. Randrianantoanina, On isometric stability of complemented subspaces of L. Israel J. Math. 113 (1999), 45-60.

[Rol] S. Rolewicz, Metric linear spaces, Reidel, Dordrecht, 1985.

[Ros] H. P. Rosenthal, On the subspaces of L, (p > 2) spanned by sequences of independent random variables. Israel J. Math.,
8 273-303, 1970.

[Ru] W. Rudin, LP-isometries and equimeasurability, Indiana University Mathematics Journal 25 (1976), 215-228.

[Sch] G. Schechtman, Almost isometric L, subspaces of Ly(0,1), Journal of the London Mathematical Society (2) 20 (1979),
516-528.

[We] A. Weston, On the uniform classification of Lp(p) spaces. Miniconference on Probability and Analysis, 231-237, Centre
for Mathematics and its Applications, Mathematical Sciences Institute, The Australian National University, Canberra
AUS, 1992.


http://arxiv.org/abs/1210.6506
http://arxiv.org/abs/1404.4590

56 V. FERENCZI, J. LOPEZ-ABAD, B. MBOMBO, AND S. TODORCEVIC

DEPARTAMENTO DE MATEMATICA, INSTITUTO DE MATEMATICA E ESTATISTICA, UNIVERSIDADE DE SA0 PAULO, RUA DO
MATAO, 1010, 05508-090 SAO PAauLo, SP, BRAZIL

FE-mail address: ferenczi@ime.usp.br

DEPARTAMENTO DE MATEMATICAS FUNDAMENTALES, FACULTAD DE CIENCIAS, UNED, 28040 MADRID, SPAIN

FE-mail address: abad@mat .uned.es

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF OTTAWA, OTTAWA, ON, K1N 6N5, CANADA

E-mail address: bmbombod@uottawa.ca

INSTITUT DE MATHEMATIQUES DE JUSSIEU, UMR 7586, 2 PLACE JUSSIEU - CASE 247, 75222 PARIS CEDEX 05, FRANCE,
AND DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, TORONTO, CANADA, M5S 2E4

FE-mail address: stevo@math.toronto.edu



	1. Introduction
	2.  Fraïssé Banach spaces
	2.1. Classes of finite dimensional spaces
	2.2. Characterization of homogeneities

	3. Lattice and pn-homogeneity
	3.1. Stable approximate {pn}n-homogeneity of Lp(0,1)

	4. The Fraïssé property of Lp(0,1): Approximate equimeasurability in Lp spaces
	4.1. The proof of Theorem 4.1
	4.2. The approximate equimeasurability principle
	4.2.1. Inversion formulas for F=R and p2N+1
	4.2.2. Metrics on M(Fn)
	4.2.3. Approximate full support


	5. Approximate Ramsey properties of Lp spaces
	5.1. Approximate Ramsey properties of classes of finite dimensional spaces
	5.1.1. Multidimensional Borsuk-Ulam

	5.2. The (ARP)  of the family {pn}n
	5.2.1. The proof of the (ARP)  for approximate equisurjections


	6. Gurarij M-space
	References

