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ON STRONGLY ASYMPTOTIC ℓp SPACES AND MINIMALITY
S. J. DILWORTH, V. FERENCZI, DENKA KUTZAROVA, AND E. ODELL
Abstract. Let 1 ≤ p ≤ ∞ and let X be a Banach space with a strongly
asymptotic ℓp basis (ei ). If X is minimal and 1 ≤ p < 2, then X is isomorphic
to a subspace of ℓp . If X is minimal and 2 ≤ p < ∞, or if X is complementably
minimal and 1 ≤ p ≤ ∞, then (ei ) is equivalent to the unit vector basis of ℓp
(or c0 if p = ∞).

1. Introduction
The notion of minimality was introduced by H. Rosenthal. An infinite-dimensional
Banach space X is minimal if every infinite-dimensional subspace has a further subspace isomorphic to X.
Let 1 ≤ p ≤ ∞. A Banach space X with a basis (ei ) is asymptotic ℓp [MT] if
there exist C < ∞ and an increasing function f : N → N such that, for all n ∈ N,
every normalized block basis (xi )ni=1 of (ei )∞
i=f (n) is C-equivalent to the unit vector
basis of ℓnp . In this case (ei ) is called an asymptotic ℓp basis for X.
The only known examples of minimal spaces were ℓp (1 ≤ p < ∞) and c0 and
their subspaces until the original Tsirelson space T ∗ [CJT], which is asymptotic
ℓ∞ , was shown to be minimal [CJT]. Tsirelson’s space T is asymptotic ℓ1 and does
not contain a minimal subspace [CO].
The next minimal space was constructed by Schlumprecht [S], and in [CKKM]
a superreflexive version of S was given. Both versions are actually complementably
minimal, i.e. every infinite-dimensional subspace has a complemented subspace
isomorphic to the whole space. Gowers [G] included minimality in his partial classification of Banach spaces, which motivated a series of results relating minimality
to subsymmetry [P], or to the number of nonisomorphic (resp. incomparable) subspaces of a Banach space [FR2], [F] (resp. [R2]).
We shall call a Banach space X with a basis (ei ) strongly asymptotic ℓp if there
exist C < ∞ and an increasing function f : N → N such that, for all n ∈ N,
every normalized sequence (xi )ni=1 of disjointly supported vectors from [(ei )∞
i=f (n) ]
is C-equivalent to the unit vector basis of ℓnp .
In [CO] it was proved that the standard bases of T and its strongly asymptotic
version (sometimes called modified Tsirelson’s space) are equivalent. A new class
of strongly asymptotic ℓp spaces was introduced in [ADKM]. Sufficient conditions
for selecting strongly asymptotic ℓp subspaces of a given Banach space were given
in [FFKR] and [T].
Our main results are proved in §3 (Theorem 9) and §4 (Theorem 14). We summarize these results in slightly weaker form in
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Theorem 1. Let 1 ≤ p ≤ ∞ and let X be a Banach space with a strongly asymptotic
ℓp basis (ei ):
• if X is minimal and 1 ≤ p < 2, then X is isomorphic to a subspace of ℓp ;
• if X is minimal and 2 ≤ p < ∞, or if X is complementably minimal and
1 ≤ p ≤ ∞, then (ei ) is equivalent to the unit vector basis of ℓp (or c0 if
p = ∞).
For 1 ≤ p < 2, we also give examples of strongly asymptotic ℓp basic sequences
in ℓp spanning minimal spaces that are not isomorphic to ℓp (Theorem 12).
Recall again that T ∗ is a minimal space which is strongly asymptotic ℓ∞ .
Question 2. Does there exist a minimal asymptotic ℓp space that does not embed
into ℓp for 1 ≤ p < ∞?
A broader definition of “asymptotic ℓp space” which is independent of a basis
is given in [MMT]. The definition is that for some C < ∞ and for all n ∈ N, if
(ei )n1 ∈ {X}n, where {X}n is the nth asymptotic class selected via the filter of
finite-codimensional subspaces, then (ei )n1 is C-equivalent to the unit vector basis
of ℓnp . This notion does not seem to lend itself to a strongly asymptotic version.
But these spaces contain asymptotic ℓp basic sequences.
We use standard Banach space theory notation and terminology as in [LT1]. All
subspaces (of a Banach space X) are assumed to be closed and infinite-dimensional
unless stated otherwise. Let (ei ) be a basis for X. We say that a sequence (xk ) of
nonzero vectors is a block basis if there exist integers 0 = n0 < n1 < . . . and scalars
(ai ) such that
nk
X
ai e i
(k ≥ 1).
xk =
i=nk−1 +1

The closed linear span of a block basis is called a block subspace.
A minimal space is C-minimal if every subspace of X contains a C-isomorphic
copy of X, i.e. there exist W ⊆ X and an isomorphism T : X → W with
kT kkT −1k ≤ C. P. Casazza proved that a minimal space must be C-minimal
for some C < ∞ [C].
The second author and C. Rosendal [FR2] defined a space X with a basis (ei )
to be block minimal (resp. C-block minimal) if every block subspace of X has a
further block subspace isomorphic (resp. C-isomorphic) to X; also X is defined to
be equivalence block minimal (resp C-equivalence block minimal) if every block basis
has a further block basis equivalent (resp. C-equivalent) to (ei ). They proved that
every block minimal (resp. equivalence block minimal) space is C-block minimal
(resp. C-equivalence block minimal) for some C < ∞; they deduced that a basis
which is asymptotic ℓp for 1 ≤ p ≤ ∞ (in the broader sense associated to the filter
of tail subspaces) and equivalence block minimal must be equivalent to the unit
vector basis of ℓp or c0 .
We remark that T ∗ is minimal but does not contain any block minimal block
subspace. Indeed, recall [CS] that any block basis of T ∗ is equivalent to a subsequence of the standard basis (t∗n ) and that the subspaces [(t∗nk )] and [(t∗mk )] are
isomorphic if and only if (t∗nk ) and (t∗mk ) are equivalent. Thus, if T ∗ had a block
minimal block subspace [(x∗i )], then [(x∗i )] would be equivalence block minimal and
therefore C-equivalence block minimal for some C < ∞. That, combined with (x∗i )
being an asymptotic ℓ∞ basis, would imply that (x∗i ) is equivalent to the unit vector
basis of c0 , which is a contradiction since T ∗ does not contain c0 .
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2. Asymptotic ℓp subspaces of Lp
Our reference for results concerning Lp will mostly be the survey article by
D. Alspach and the fourth author [AO]. For the definition and properties of the
Haar basis (hi ) we take [LT2, Section 2.c] as our reference.
We note that every strongly asymptotic ℓp sequence (ei ) is unconditional. Indeed,
if x and y are disjointly supported vectors belonging to [(ei )i≥f (2) ], then
kx ± yk ≈ (kxkp + kykp )1/p ,
which implies unconditionality.
Let X be a Banach space with a basis (ei ). A blocking of (ei ) is a finitedimensional decomposition (FDD) for X corresponding
P∞ to a partition {Fn : n ∈
N} of N into successive finite subsets, i.e. X =
n=1 [ei : i ∈ Fn ]. Let Tω =
{(n1 , . . . , nk ) ∈ Nk : k ∈ N} be the countably branching tree ordered by (n1 , . . . , nk ) ≤
(m1 , . . . , ml ) if k ≤ l and ni = mi for i ≤ k. We say that T ∈ Tω (X) if
T = {x(n1 ,...,nk ) : (n1 , . . . , nk ) ∈ Tω } ⊂ SX . T is a block tree with respect to
the basis (ei ) if in addition (x(n) )n∈N and (x(n1 ,...,nk ,n) )n∈N are all block bases of
(ei ) for all (n1 , . . . , nk ) ∈ Tω .
Proposition 3. Let 1 < p < ∞ and let X be a subspace of Lp [0, 1] with an
asymptotic ℓp basis (ei ). Then X embeds into ℓp . If p ≥ 2 and (ei ) is strongly
asymptotic ℓp , then (ei ) is actually equivalent to the unit vector basis of ℓp .
Proof. We may of course assume that p 6= 2. Then the space X does not contain a
subspace isomorphic to ℓ2 , otherwise some block basis of (ei ) would be equivalent
to the unit vector basis of ℓ2 , contradicting the fact that (ei ) is asymptotic ℓp . If
p > 2 this implies by [AO, Theorem 30] that X embeds into ℓp (in fact, X 1 + εembeds into ℓp for all ε > 0 [KW]). Assume now that 1 < p < 2. By a theorem
of W. B. Johnson [AO, Theorem 30] it suffices to prove that for some C < ∞
every normalized block basis (xi ) of (ei ) admits a subsequence C-equivalent to the
unit vector basis of ℓp . Passing to a subsequence we may assume that (xi ) is a
perturbation of a block basis of the Haar basis and hence is C(p)-unconditional for
some constant C(p) depending only on p [LT2, Theorem 2.c.5]. By [AO, Lemma 28]
it suffices to show that there exist δ(K) > 0, where K is the asymptotic ℓp -constant
of (ei ), (yi ) ⊆ (xi ) and disjoint measurable sets Ei in [0, 1] with kyi|Ei k ≥ δ(K) for
all i.
By a theorem of Dor [D] there exists δ(K) > 0 such that if (xi )i∈A is K-equivalent
|A|
to the unit vector basis of ℓp then there exist disjoint measurable sets (Fi )i∈A in
[0, 1] with kxi|Fi k > δ(K) for i ∈ A. Since (ei ) is K-asymptotic ℓp we can thus,
for all n and ε > 0, choose i > n and a measurable set Fi with λ(Fi ) < ε (where
λ denotes Lebesgue measure) and kxi|Fi k > δ(K). We then proceed inductively.
Let y1 = x1 and F11 = [0, 1]. Assume that (y1 , . . . , yn ) have been chosen along with
disjoint sets F1n , . . . , Fnn so that kyi|Fin k > δ(K). Applying the above for a suitable
n+1
ε, using the uniform integrability of (|yi |p )ni=1 , we can choose yn+1 and Fn+1
so that
n+1
kyn+1|F n+1 k > δ(K), (yi )1
is a subsequence of (xi ), and kyi|F n+1 k > δ(K) for
n+1

i

n+1
i ≤ n, where Fin+1 = Fin \ Fn+1
. The claim now follows by setting Ei = ∩n≥i Fin .
Finally, assume that p > 2 and that (ei ) is strongly asymptotic ℓp with constant
C < ∞ and an associated function f . As we noted, (ei ) is unconditional. By [DS]
(see also [JMST] or [LT2, Corollary 2.e.19] for a more general lattice version) a
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normalized unconditional sequence (xi ) in Lp is either equivalent to the unit vector
basis of lp , or it has, for all n ∈ N, n disjoint normalized blocks which form a
sequence 2-equivalent to the unit vector basis of l2n .
Let k ∈ N be such that the unit vector bases of l2k and lpk are not 2C-equivalent.
Since (ei ) is strongly asymptotic ℓp , there cannot exist a normalized length k sequence of disjoint blocks on (ei )i≥f (k) which is 2-equivalent to the basis of l2k . So
(ei )i≥f (k) , and therefore (ei ), is equivalent to the unit vector basis of lp .

Note that it remains open whether we may remove “strongly” from the last part
of Proposition 3.
Question 4. Does there exist an unconditional asymptotic ℓp basic sequence in
Lp , p > 2, which is not equivalent to the unit vector basis of ℓp ?
Proposition 5. Let X be a subspace of L1 [0, 1]. If X has an unconditional asymptotic ℓ1 basis then X embeds into ℓ1 .
Proof. Let (ei ) be an unconditional asymptotic ℓ1 basis for X. Then (ei ) is necessarily boundedly complete, so by [AO, Proposition 31] it suffices to prove that
for some C < ∞ if T ∈ Tω (X) is a block tree with respect to (ei ) then some
branch of T is C-equivalent to the unit vector basis of ℓ1 . The proof of this is
much like the previous proof in the case 1 < p < 2. We need only show that there
exists δ = δ(K) > 0 so that for all such T we can find a branch (yi ) and disjoint
measurable sets (Ei ) with kyi|Ei k > δ for all i. Again we use Dor’s theorem. If
(yi )n1 have been chosen as an initial segment in T along with disjoint sets (Fin )ni=1
satisfying kyi|Fin k > δ for i ≤ n then we can select yn+1 from among the succesn+1
n+1
sors of yn and Fn+1
with kyn+1|F n+1 k > δ and λ(Fn+1
) as small as we please. In
n+1
particular we may insure that kyi|F n \F n+1 k > δ for i ≤ n. Then as earlier we let
i
n+1

Ei = ∩n≥i Fin .
Remarks 6. (1) We do not know if Proposition 5 holds if we merely assume
that (ei ) is asymptotic ℓ1 . Then (ei ) would still be boundedly complete but we
need unconditionality to conclude that the branch (yi ) with kyi|Ei k > δ is C(K)equivalent to the unit vector basis of ℓ1 using [AO, Lemma 28].
However, we can drop “unconditionality” in any of the following three cases:
(a) (ei ) is a block basis of (hi ) or more generally for all n ∈ N
lim sup{kPn xk : x ∈ B[ei ]∞
} = 0,
i=m

m→∞

where Pn is the basis projection of L1 [0, 1] onto the span of the first n Haar
functions;
(b) for some K < 2 every normalized block basis of (ei ) admits a subsequence
K-equivalent to the unit vector basis of ℓ1 .
(c) (ei ) is K-asymptotic ℓ1 with K < 2.
Indeed, the branch (yi ) obtained in the proof can be chosen so that
X
X
X
X
aj yj|Ei k.
kai yi|Ei +
ai yi|∪j Ej k &
ai y i k ≥ k
k
i

i

i

j>i

Now under (a) we can also choose (yi ) so that, for all i, (yj|Ei )j≥i is 2-basic and so
X
1
1
aj yj|Ei k ≥ |ai |kyi|Ei k ≥ |ai |δ.
kai yi|Ei +
2
2
j>i
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Next we shall show that case (b) yields that we can choose the branch (yi ) and sets
(Ei ) so that kyi|Ei k > δ > 1/2 if 1/2 < δ < 1/K. Since
X
X
X
X
|aj |kyj|Ei k)
(|ai |δ −
aj yj|Ei k ≥
kai yi|Ei +
i

j>i

i

j>i

≥δ

X

|ai | −

X

i

≥ (δ − (1 − δ))

|ai |kyi|[0,1]\Ei k

i

X
i

|ai | = (2δ − 1)

X

|ai |,

i

we obtain that (yi ) is equivalent to the unit vector basis of ℓ1 .
Suppose that (xi ) is a normalized block basis of (ei ) and (b) holds. Passing to
a subsequence we may assume that (xi ) is K-equivalent to the unit vector basis
of ℓ1 . Moreover by Rosenthal’s “subsequence splitting lemma” (see e.g. [GD] or
[JMST, p. 135] for a general lattice version) we may assume that (xi ) = (ui + zi )
where (zi ) = (xi|Ei ) is disjointly supported, limi kzi k = b, and (|ui |) is uniformly
integrable. It suffices to prove that b ≥ 1/K. For then the proof of Proposition 5
Given ε > 0 we canP
form an absolute
convex
will yield theP
kyi|Ei k > δ claim.
P
P
|a
|kz
combination i ai xi with k i ai ui k < ε, and thus k i ai zi k =
i
ik ≥
i
1/K − ε. Since these can be found arbitrarily far out we deduce that b ≥ 1/K.
Finally assume (c) holds. Let (xi ) again be a normalized block basis of (ei ).
We may assume, passing to a subsequence, as in case (b) that (xi ) = (ui + zi ),
(zi ) = (xi|Ei ) is disjointly supported, limi kzi k = b, (|ui |) is uniformly integrable,
and moreover ui = u + vi where (vi ) is a weakly null perturbation of a block
basis of the Haar basis for L1 [0, 1]. We assume kvi k → a ∈ [0, 2] and first assume
a 6= 0. Passing again to a subsequence we may assume (vi ) has a spreading model
(ṽi ) which is unconditional, subsymmetric, and (e.g. by Dor’s
Pntheorem [D]) is not
equivalent to the unit vector basis of ℓ1 . Thus limn (1/n)k i=1 ṽi k = 0 (see e.g.
[BL]). In particular,
we can thus P
find (even if a = 0) for all ε > 0 an absolute convex
P
combination i∈Eε aεi xi with k Eε aεi ui k < ε and f (|Eε |) ≤ min Eε , where f is
the function associated to the asymptotic ℓ1 sequence (ei ). As in case (b) we deduce
that b ≥ 1/K and finish the proof as in case (b).
(2) Note that if (ei ) is a K-asymptotic ℓ1 basis for X ⊂ L1 [0, 1] then X has
the strong Schur property. To see this, let δ > 0 and let (xi ) be a sequence in
BX satisfying kxi − xj k ≥ δ. Since (ei ) is boundedly complete, we may assume
(by passing to a subsequence) that xi = y + zi , where y, zi ∈ X and (zi ) is a
perturbation of a block basis of (ei ). We may assume that kzi k → a ≥ δ/2 and
that (zi /kzi k) is K ′ -asymptotic ℓ1 where K ′ > K is arbitrary. As in (1) we may
also assume, by passing to a subsequence, that there exist disjoint sets (Ei ) with
limi k(zi /kzi k)|Ei k = b ≥ 1/K ′ and so limi kzi|Ei k = ab ≥ δ/(2K ′ ). By Rosenthal’s
lemma [R] some subsequence of (zi ) is (4K ′ /δ)-equivalent to the unit vector basis
of ℓ1 . Hence a subsequence of (xi ) is (4K ′ (B + 2)/δ)-equivalent to the unit vector
basis of ℓ1 , where B is the basis constant of (ei ).
In [BR] some 1-strong Schur subspaces of L1 [0, 1] which do not embed into ℓ1
are constructed.
(3) Let (Ei ) be an FDD for a Banach space X. We say that (Ei ) is an asymptotic
ℓp (resp. strongly asymptotic ℓp ) FDD if there exist C < ∞ and an increasing
function f : N → N such that, for all n ∈ N, every normalized block basis (resp.
sequence of disjointly supported vectors) (xi )ni=1 of [(Ei )∞
i=f (n) ] is C-equivalent to
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the unit vector basis of ℓnp . The proof of Proposition 3 carries over to show that if
X is a subspace of Lp (1 < p < ∞) with an asymptotic ℓp FDD then X embeds
into ℓp . Similarly, Proposition 5 remains valid if “basis” is replaced by “FDD”.
3. Strongly asymptotic ℓp spaces and primary minimality
A key ingredient of the proof of Theorem 9 is a uniformity lemma about embedding into subspaces generated by tail subsequences of a basis (ei )i∈N (i.e. subsequences of the form (ei )i≥k , for k ∈ N).
We recall that a Banach space X is said to be primary if whenever X = Y ⊕ Z,
then either X is isomorphic to Y or X is isomorphic to Z.
Definition 7. A Schauder basis (en )n∈N is said to be primarily minimal if whenever
(I, J) is a partition of N, then either [en ]n∈N embeds into [en ]n∈I or [en ]n∈N embeds
into [en ]n∈J . A Banach space X is primarily minimal if whenever X = Y ⊕ Z, then
either X embeds into Y or X embeds into Z.
Obviously any unconditional basis of a primarily minimal space must be primarily minimal. Also the class of primarily minimal spaces contains the class of
primary spaces as well as the class of minimal spaces.
Proposition 8. Let X be a Banach space with a primarily minimal basis (en )n∈N .
Then there exists C < ∞ such that X C-embeds into all of its tail subspaces.
Proof. Let 2ω be equipped with its usual topology, i.e. basic open sets are of the
form N (u) = {α = (αk )k∈N ∈ 2ω : ∀k ≤ m, αk = uk }, where u = (uk )k≤m is a
sequence of 0’s and 1’s of length m.
Let A be the set of α’s in 2ω such that X embeds into [ei ]αi =1 , and let A′ be the
set of α’s in 2ω such that X embeds into [ei ]αi =0 . We also let, for n ∈ N, An (resp.
A′n ) be the set of α’s such that X n-embeds into [ei ]αi =1 (resp. [ei ]αi =0 ).
Now (en ) being primarily minimal means that 2ω = A ∪ A′ = (∪n∈N An ) ∪
(∪n∈N A′n ). By the Baire Category Theorem we deduce that the closure of AN
or A′N has nonempty interior for some N ∈ N, and hence AN or A′N is dense
in some basic neighborhood. We note that the map f : 2ω → 2ω defined by
f ((αi )i∈N ) = (1 − αi )i∈N is a homeomorphism such that f (AN ) = A′N . It follows
that AN is dense in some basic neighborhood. Let u = (ui )i≤m be such that AN is
dense in N (u).
Let E = {i : ui = 1, i ≤ m}. It follows that X N -embeds into [(ei )i∈E ∪ (ei )i>k ]
for all k ∈ N. Using the uniform equivalence between (ei )i∈E and (ei )i∈F for all
|F | = |E|, we see that there exists C such that X C-embeds into [(ei )i>k ] for all
k.

Theorem 9. Let X have a primarily minimal, strongly asymptotic ℓp basis (ei )
for some 1 ≤ p < ∞. If 1 ≤ p < 2 then X embeds into ℓp , and if p ≥ 2 then (ei ) is
equivalent to the unit vector basis of ℓp .
Proof. We may assume that X has a 1-unconditional basis (ei ) with a strongly
asymptotic ℓp constant C.
By Proposition 8 there exists K < ∞ such that X K-embeds into each of its tail
subspaces associated to (en )n∈N . By a result of Johnson [J], for each n there exists
N (n) such that for any n-dimensional subspace F of any Banach space E with
a 1-unconditional basis there exist N (n) normalized disjointly supported vectors
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N (n)

(wi )i=1 (with respect to the basis) such that F is 2-isomorphic to a subspace of
N (n)
[(wi )i=1 ]. Let F be an arbitrary finite-dimensional subspace of X and let n be its
dimension. Consider Y = [(ei )i≥f (N (n)) ]. Then Y contains a K-isomorphic copy
of X, and thus also of F . By the above result, there exist N = N (n) normalized
disjointly supported vectors (wi )N
i=1 of [(ei )i≥f (N ) ] such that F is 2K-isomorphic
N
to a subspace of W := [(wi )N
i=1 ]. Therefore, W is C-isomorphic to ℓp . Thus,
N
F is 2CK-isomorphic to a subspace of ℓp . It follows that X is crudely finitely
representable in ℓp and hence embeds isomorphically into Lp [0, 1] [LP]. The result
now follows from Proposition 3 and Proposition 5.

Remark 10. For
actually obtain that (ei ) may be blocked into a
P∞1 ≤ p < 2,Pwe
∞
decomposition i=1 ⊕Fi ∼
= ( i=1 ⊕Fi )p , where the Fi ’s embed uniformly into ℓp .
Indeed, any unconditional basis for a subspace X of ℓp , 1 ≤ p < ∞, may be blocked
into such an FDD. For p > 1 this is due to W. B. Johnson and M. Zippin [JZ],
and unconditionality is not required. For p = 1, this follows for example from [AO,
Proposition 31].
As we mentioned in the Introduction, we do not know if a positive result similar
to Theorem 1 is true for the more general class of asymptotic ℓp spaces, 1 ≤ p < ∞.
For example, we do not know what the case is with the Argyros-Deliyanni mixed
Tsirelson space Xu [AD]. Two main ingredients were used in [CJT] to prove the
minimality of T ∗ , namely the universality of ℓn∞ ’s for all finite dimensional spaces
and an appropriate blocking principle. For Xu there is no corresponding blocking
principle. On the other hand, it was proved in [ADKM] that all of its subspaces
contain uniformly ℓn∞ ’s, which makes it impossible to use a local argument as in
the case of strongly asymptotic ℓp spaces.
Note that there is no version of Theorem 9 for spaces with a primarily minimal
FDD (which is defined by replacing
P∞ the basis (ei ) by an FDD (Ei ) throughout
Definition 7). Indeed, let X = ( n=1 ⊕ℓn∞ )p , where 1 ≤ p < ∞. Then the natural
FDD for X is easily seen to be a primarily minimal strongly asymptotic ℓp FDD,
but obviously X does not embed into ℓp . However, we have the following result for
minimal spaces.
Proposition 11. Suppose that X is minimal and that (Ei ) is a strongly asymptotic
ℓp FDD for X, where 1 ≤ p < ∞. Then X embeds into ℓp .
Proof. It suffices to show that ℓp embeds into X. Choose ei ∈ Ei for i ≥ 1 with
kei || = 1. Then (ei ) is a strongly asymptotic ℓp sequence spannning a minimal
subspace Y of X, so Y embeds into ℓp by Theorem 9, and hence ℓp embeds into
X.

We now present examples of minimal strongly asymptotic ℓp spaces that are not
isomorphic to ℓp , for 1 ≤ p < 2. Note that if (ei ) is a strongly asymptotic ℓp basis
(1 ≤ p ≤ ∞), then (e∗i ) is a strongly asymptotic ℓq (1/p + 1/q = 1) basic sequence
with the same f : N → N. This follows easily from the unconditionality of (ei ) and
a standard Hölder’s inequality calculation.
Theorem 12. Let 1 ≤ p < 2. There exists a minimal Banach space X with a
strongly asymptotic ℓp basis (ei ) satisfying the following:
(i) X is not isomorphic to ℓp ;
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(ii) If p > 1 then X ∗ does not embed into Lq (1/p + 1/q = 1).
Proof. We shall use the following two facts (the first follows from [KP], and the
second follows from the existence, due to Paul Lévy, of s-stable random variables
for 1 < s < 2): firstly, if s ∈
/ {2, p} and M > 0 then there exists N such that
ℓp does not contain an M -complemented M -isomorphic copy of ℓN
s ; secondly, if
p < s < 2 then ℓp contains almost isometric copies (i.e. (1 + ε)-isomorphic copies
for all ε > 0) of ℓns for all n. For each n, let sn be defined by the equation
1/sn := 1/p − (1/p − 1/2)/(2n). Note that p < sn < 2 and that sn → p rapidly
enough to ensure that the standard bases of ℓnsn and ℓnp are 2-equivalent (as is easily
checked). By the first fact applied to M = n and s = sn , there exists N (n) such
N (n)
that XnP:= ℓsn is not n-isomorphic to an n-complemented subspace of ℓp . Let
∞
X := ( n=1 ⊕Xn )p and let (ei ) be the basis of X obtained by concatenation of
the standard bases of X1 , X2 , . . . in that order.
By the second fact each Xn is almost isometric to a subspace of ℓp , so X is
also almost isometric to a subspace of ℓp . Since Xn is 1-complemented in X but
is not n-isomorphic to an n-complemented subspace of ℓp , it follows that X is not
isomorphic to ℓp , which proves (i). Property (ii) will follow from (i) and the fact
that (ei ) is a strongly asymptotic ℓp basis: then X ∗ is a strongly asymptotic ℓq space
which is not isomorphic to ℓq , and therefore does not embed into Lq by Proposition
3.
Finally, we verify that (ei ) is a strongly asymptotic ℓp basis. Suppose that n ≥ 1
and that the vectors x1 , . . . , xn are disjointly supported vectors (with respect to
P∞ j
P∞
(ei )) which belong to the tail space ( j=n ⊕Xj )p . Write xi =
j=n xi , where
xji ∈ Xj . Then
k

n
X

n
∞
X
X
xji kp
k
xi k =
p

i=1

=

j=n
∞
X

i=1
n
X

(

kxji ksj )p/sj

j=n i=1

(by the disjointness of xj1 , . . . , xjn )
≈

∞ X
n
X

kxji kp

j=n i=1

(by the 2-equivalence of the standard bases of ℓnp and ℓnsj for all j ≥ n)
=

n X
∞
X

=

n
X

kxji kp

i=1 j=n

kxi kp .

i=1

.


4. Strongly asymptotic ℓp -spaces and complementation

Let us define a basis (en )n∈N to be primarily complementably minimal if for any
partition (I, J) of N, [en ]n∈N is isomorphic to a complemented subspace of [en ]n∈I or
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of [en ]n∈J . A space X is primarily complementably minimal if whenever X = Y ⊕Z,
then either X embeds complementably into Y or X embeds complementably into
Z.
Every Banach space which is primary, or which is complementably minimal, is
primarily complementably minimal. We now prove a theorem which yields the
complementably minimal part of Theorem 1.
Recall that an unconditional basis (xn )n∈N of a Banach space is sufficiently
lattice-euclidean if it has, for some C ≥ 1 and every n ∈ N, a C-complemented,
C-isomorphic copy of ℓn2 whose basis is disjointly supported on (xn )n∈N . See [CK]
for a general definition in the lattice setting. Note that strongly asymptotic ℓp bases
for p 6= 2 are not sufficiently lattice-euclidean.
Proposition 13. Let X be a Banach space with an unconditional, primarily complementably minimal basis (en )n∈N . Then there exists K < ∞ such that X Kembeds as a K-complemented subspace of its tail subspaces.
We skip the proof since it is exactly the same as the proof of Proposition 8,
mutatis mutandis. Note that unconditionality is required to preserve complemented
embeddings with uniform constants in the end of the argument.
Theorem 14. Let X be a primarily complementably minimal Banach space with
a strongly asymptotic ℓp basis (en ), 1 ≤ p ≤ ∞. Then (en ) is equivalent to the unit
vector basis of ℓp (or c0 if p = ∞).
Proof. We may assume that p 6= 2 and we may also assume that (en ) is 1-unconditional.
By Proposition 13, there exists K < ∞ such that X is K-isomorphic to some Kcomplemented subspace of any tail subspace Y of X. Since p 6= 2, X is not sufficiently lattice euclidean; note also that the canonical basis of Y is 1-unconditional.
Therefore we deduce from [CK, Theorem 3.6] that (en ) is c-equivalent to a sequence of disjointly supported vectors in Y N , for some c and N depending only
on X and K. Here Y N is equipped with the norm k(yi )N
i=1 k = max1≤i≤N kyi k
and with the canonical basis obtained from the basis (bi ) of Y with the ordering
(b1 , 0, . . . , 0), (0, b1 , 0 . . . , 0), . . . , (0, . . . , 0, b1 ), (b2 , 0, . . . , 0), etc. It is easy to check
that Y N is also strongly asymptotic ℓp with constant C and function f depending
only on N and on the strongly asymptotic ℓp constant and function of (en ).
Let k ∈ N be arbitrary and let Y be a tail subspace of X such that Y N is
supported after the f (k)-th vector of the basis of X N . The sequence (ei )i≤k is
therefore c-equivalent to a sequence which is disjointly supported after f (k), so is
cC-equivalent to the unit vector basis of lpk .

Remark 15. We applied [CK, Theorem 3.6] with En = N for all n. There is an
inaccuracy in the statement of the theorem: the sets En do not need to be assumed
disjoint. Theorem 3.6 is based on [CK, Lemma 3.3], and we want to point out an
imprecision in the proof of Lemma 3.3. The inequality on p.150, line 11, goes the
opposite way. In the special case in which we apply Theorem 3.6, however, we have
hn = |Sen ||T ∗ en | and the proof is clear. Actually, as Nigel Kalton has informed us,
Lemma 3.3 is true as stated, but one needs a small adjustment in the general case.
More precisely, one should define the functions fn and gn in a slightly different way.
If 0 ≤ hn ≤ |Sen ||T ∗ en |, we have that hn can be expessed in the form hn = fn gn ,
where |fn | ≤ |Sen | and |gn | ≤ |T ∗ en |. Then the proof is correct as it stands.
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5. Some consequences about the number of nonisomorphic subspaces
of a Banach space
The question of the number of mutually nonisomorphic subspaces of a Banach
space which is not isomorphic to ℓ2 was first investigated by the second author and
Rosendal [FR1], [FR2], [R2] (but some ideas originated from an earlier paper of N.
J. Kalton [K2]). A separable Banach space X is said to be ergodic if the relation
E0 of eventual agreement between sequences of 0’s and 1’s is Borel reducible to
isomorphism between subspaces of X; this means that there exists a Borel map f
mapping elements of 2ω to subspaces of X such that αE0 β if and only if f (α) ≃
f (β). We refer to [FR2] or [R2] for detailed definitions. We just note here that
an ergodic Banach space X must contain 2ω mutually nonisomorphic subspaces,
and furthermore, that it admits no Borel classification of isomorphism classes by
real numbers, i.e. no Borel map f mapping subspaces of X to reals, with Y ≃ Z
if and only if f (Y ) = f (Z). A natural conjecture is to ask if any Banach space
nonisomorphic to ℓ2 must be ergodic.
Theorem 16. Let 1 ≤ p ≤ ∞ and let X be a Banach space with a strongly
asymptotic ℓp basis (ei ). Then (ei ) is equivalent to the unit vector basis of ℓp (or c0
if p = ∞), or E0 is Borel reducible to isomorphism between subspaces of X spanned
by subsequences of the basis (and in particular there are continuum many mutually
nonisomorphic complemented subspaces of X).
Proof. The basis (en ) is unconditional. If E0 is not Borel reducible to isomorphism
between subspaces of X spanned by subsequences of the basis, then by [FR1], [R2],
there exists K < ∞ such that the set {α : [en ]αn =1 ≃K X} is comeager in 2ω . In
particular the set AK of α’s such that X K-embeds K-complementably in [en ]αn =1
is comeager, thus dense, and the proof of Proposition 13 applies to deduce that
for some K ′ < ∞, X is K ′ -isomorphic to some K ′ -complemented subspace of any
tail subspace of X. Then the proof of Theorem 14, if p 6= 2, or Theorem 9, if
2 ≤ p < ∞, applies.

A consequence of this result is that the versions Tp of Tsirelson’s space are ergodic
for 1 < p < ∞. For T , a stronger result was already proved by Rosendal [R1]. Another consequence is that the mixed Tsirelson spaces and their p-convexifications
for 1 < p < ∞ [ADKM] are also ergodic. For a space X with a strongly asymptotic
P ℓp FDD
P (Fi ), we deduce from Theorem 16 that X is ergodic, or that
X =
⊕Fi ≃ ( ⊕Fi )p in which case X ≃ lp (X) by [FG2] Corollary 2.12 (with
the usual modifications when p = ∞).
Corollary 17. Let 1 ≤ p ≤ ∞ and let X be a Banach space with a strongly
asymptotic ℓp basis. Then X is isomorphic to ℓ2 or X contains ω1 nonisomorphic
subspaces.
Proof. Assume X contains no more than countably many mutually nonisomorphic
subspaces. By the above, X is isomorphic to ℓp (or c0 if p = ∞). It is known that
for p 6= 2, ℓp contains at least ω1 nonisomorphic subspaces [LT1, FG1] (in fact, c0
and ℓp , 1 ≤ p < 2, are ergodic). So X is isomorphic to ℓ2 .

Corollary 18. Let 1 ≤ p ≤ ∞. Let X be a Banach space with a strongly asymptotic
ℓp FDD. Then X is isomorphic to ℓ2 or X contains ω nonisomorphic subspaces.
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Proof. By the above we may assume that X ≃ ℓ2 (X). If X has finite cotype and
X is not isomorphic to ℓ2 , then by [A], ℓ2 (X) and therefore X contains at least
ω nonisomorphic subspaces. If X does not have finite cotype,
ℓn∞ ’s
Pit contains
n
uniformly and therefore X contains copies of the space Yp = ( n∈N ℓp )2 for any
Pk
Pk
′
p ∈ [1, ∞]. For p > 2 it is easy to check that i=1 kyi k ≤ k 1/p k i=1 yi k for
any disjointly supported y1 , . . . , yk on the canonical basis of Yp (see e.g. [FG1,
Lemma 2.4]). Therefore by [K1, Lemma 9.3] Yp satisfies a lower r-estimate for any
r > p and therefore has cotype r [LT2] p.88. On the other hand Yp contains ℓnp ’s
uniformly and therefore does not have cotype q for q < p. Therefore the spaces Yp ,
p > 2, are mutually nonisomorphic.
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B. Beauzamy and J.-T. Lapresté, Modèles étalés des espaces de Banach, Travaux en
Cours, Herman, Paris, 1984.
[BR]
J. Bourgain and H. Rosenthal, Martingales valued in certain subspaces of L1 , Israel J.
Math. 37 (1980), 54–75.
[C]
P. G. Casazza, Some questions arising from the homogeneous Banach space problem,
Banach spaces (Mérida, 1992), 35–52, Contemp. Math., 144, Amer. Math. Soc., Providence, RI, 1993.
[CJT]
P. G. Casazza, W. B. Johnson and L. Tzafriri, On Tsirelson’s space, Israel J. Math. 47
(1984), 81–98.
[CK]
P. G. Casazza and N.J. Kalton, Uniqueness of unconditional bases in Banach spaces,
Israel J. Math. 103 (1998), 141–175.
[CKKM] P. G. Casazza, N. J. Kalton, D. Kutzarova and M. Mastylo, Complex interpolation and
complementably minimal spaces, Lecture Notes in Pure and Appl. Math. 175, Dekker,
New York, 1996, 135–143.
[CO]
P. G. Casazza and E. Odell, Tsirelson’s space and minimal subspaces, Longhorn Notes,
University of Texas, Texas Functional Analysis Seminar (1982-3), 61–72.
[CS]
P. G. Casazza and T.J. Shura, Tsirelson’s space, Lecture Notes in Math., vol.1363,
Springer-Verlag, Berlin and New York, 1989.
[D]
L.E. Dor, On projections in L1 , Ann. of Math. (2) 102 (3) (1975), 463–474.
[DS]
L.E. Dor and T. Starbird, Projections of Lp onto subspaces spanned by independent
random variables, Compositio Math 39(2) (1979), 141–175.
[F]
V. Ferenczi, Minimal subspaces and isomorphically homogeneous sequences in a Banach
space, Israel J. of Math., to appear.
[FG1]
V. Ferenczi and E. M. Galego, Some equivalence relations which are Borel reducible to
isomorphism between separable Banach spaces, Israel J. Math., to appear.
[FG2]
V. Ferenczi and E. M. Galego, Some results about the Schroeder-Bernstein Property for
separable Banach spaces, Canadian Journal of Mathematics, to appear.
[FR1]
V. Ferenczi and C. Rosendal, On the number of nonisomorphic subspaces of a Banach
space, Studia Math. 168 (2005), no. 3, 203–216.
[FR2]
V. Ferenczi and C. Rosendal, Ergodic Banach spaces, Adv. in Math. 195 (2005), no. 1,
259–282.
[FFKR] T. Figiel, R. Frankiewicz, R. Komorowski and C. Ryll-Nardzewski, Selecting basic sequences in φ-stable Banach spaces, Studia Math. 159 (2003), 499–515.
[G]
W. T. Gowers, An infinite Ramsey theorem and some Banach-space dichotomies, Ann.
of Math. 156 (2002), 797–833.

12

S. J. DILWORTH, V. FERENCZI, DENKA KUTZAROVA, AND E. ODELL

[GD]
[J]
[JMST]
[JZ]
[KP]
[K1]
[K2]

[KW]
[LP]
[LT1]
[LT2]
[MMT]
[MT]
[P]
[R1]
[R2]
[R]
[S]
[T]

Sylvie Guerre-Delabrière, Classical sequences in Banach spaces. With a foreword by
Haskell P. Rosenthal, Marcel-Dekker Inc., New York, 1992.
W. B. Johnson, A reflexive Banach space which is not sufficiently Euclidean, Studia
Math. 55 (1976), 201–205.
W.B. Johnson, B. Maurey, G. Schechtman and L. Tzafriri, Symmetric structures in
Banach spaces, Mem. Amer. Math. Soc. 19(217) (1979), v+298.
P
W. B. Johnson and M. Zippin, Subspaces and quotient spaces of ( Gn )ℓp and
P
( Gn )c0 , Israel J. Math. 17 (1974), 50–55.
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