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ABSTRACT. We study the stability of the differential process of Rochberg and Weiss associated
to an analytic family of Banach spaces obtained using the complex interpolation method for
families. In the context of Kéthe function spaces we complete earlier results of Kalton (who
showed that there is global bounded stability for pairs of Kothe spaces) by showing that there
is global (bounded) stability for families of up to three Kothe spaces distributed in arcs on the
unit sphere while there is no (bounded) stability for families of four or more Kéthe spaces. In
the context of arbitrary pairs of Banach spaces we present some local stability results and some
global isometric stability results.
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1. INTRODUCTION

Stability problems associated to interpolation processes have been a central topic in the theory
since its inception. Stability issues about the differential process associated to an analytic family
of Banach spaces have also been considered since the seminal work of Rochberg and Weiss [34]. In
this paper we will start with an interpolation family (X,,),cov on the border of an open subset
U of C conformally equivalent to the open unit disc D, and we will study different stability
problems connected to the analytic family of Banach spaces (X,).cy obtained by the complex
interpolation methods of [12] and [22].

Analytic families of Banach spaces are relevant to other topics in Banach space theory such
as the construction of uniformly convex hereditarily indecomposable spaces [19], the study of
f-Hilbertian spaces [30] introduced by Pisier, or problems about the uniform structure of Banach
spaces. Recall that the question of whether the unit sphere of a uniformly convex space is
uniformly homeomorphic to the unit sphere of a Hilbert space can be positively answered for
Kothe spaces using interpolation methods: if Xy and X; are uniformly convex spaces, then the
unit spheres of Xy and X, are uniformly homeomorphic for 0 < 6, < 1 by a result of Daher
[16]; this fact, together with an extrapolation theorem of Pisier [30], implies that the unit sphere
of a uniformly convex Kothe space is uniformly homeomorphic to the unit sphere of the Hilbert
space (see also [11]). Thus, an extrapolation theorem for arbitrary uniformly convex spaces would
provide a positive answer to the problem.

Starting with (X, ),eor, a complex interpolation method constructs a Banach space F of
analytic functions on U with values in a Banach space ¥ and, for each z € U, defines a Banach
space X, = {f(z) : f € F}, endowed with the quotient norm in F/kerd,, where ¢, : F — X
denotes the continuous evaluation map at z € U, and we get the analytic family (X,).cy. An
important case is the complex method described in [4], in which U is the unit strip S = {z € C:
0 < Rez < 1} and the starting family is just an interpolation pair (X, X;) of Banach spaces. In
this case X, = XRe.; so it is usual to consider only the scale (Xg)o<p<1-

An analytic family (X, ).cpy of Banach spaces obtained by interpolation generates a differential
process (£),).cu, where €2, is a certain non-linear map defined on X, —see formula (3)— which
is called the derivation at z. In the context of Kothe spaces, derivations are centralizers in the
sense of [21, 22], and therefore can be used in a standard way to generate twisted sums

(1) 0 — X, —— do. X, > X, 0.

Rochberg’s approach [33], however, contemplates the formation of the so-called derived spaces
dX, = {(f'(2), f(2)) : f € F} endowed with the obvious quotient norm, and show that both
constructions are isomorphic; i.e., dX, ~ dg_ X..

The stability of the differential process associated to an analytic family (X, ).cpy can be studied
at several levels. At the basic level, one considers the stability of isomorphic properties of the
spaces X, either under small perturbations in the parameter z (local stability) or for the whole
range of the parameter (global stability). Results of this kind have been obtained by many
authors. Let us mention one obtained by Kalton and Ostrovskii [25]: If dx (A, B) denotes the
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Kadets distance between two Banach spaces A and B, a property P is said to be open if for every
X having P there exists Cx > 0 such that Y has P when dx(X,Y) < Cx, while P is said to be
stable if there exists C' > 0 such that if X has P and dg(X,Y) < C then Y has P. Examples
of open and stable properties can be found in [1] and [25, Section 5]. Kalton and Ostrovskii
showed [25, Theorem 4.5] that dx (X, Xs) < 2h(t, s), where h is the pseudo-hyperbolic distance
on U (see Definition 3.8). Thus, at its basic level, the differential process has local stability with
respect to open properties and global stability with respect to stable properties.

At the first level we consider stability problems for the family (d.X,).cp of derived spaces. We
will also consider stability problems at level n, i.e., for the families of higher order Rochberg’s
derived spaces [33] d"X, = {(&/™(z),...,f(z)) : f € F}, which can also be interpreted as
twisted sums [5]. As a typical result, we will show a generalized form for the Kalton-Ostrovskii
result mentioned before: di(d"X,,d"X,) < 4(n + 1)h(z,n), which implies local/global stability
for open/stable properties of d".X,; see Theorem 3.11.

The interpretation of the derived spaces dX, as twisted sums generated by €2, allows one to
study the stability of dX, in terms of the stability of €2, (see Definition 4.1), which is what we will
mainly do in the paper. Recall that an exact sequence like (1) splits when X, is complemented
in dX,; which happens if and only if €2, can be written as the sum of a bounded homogeneous
map plus a linear map, and in this case we say that €2, is trivial. Thus, two derivations €2, and
Q2 are equivalent when Q, — 2, is trivial. Kalton’s approach to complex interpolation instead
relies on the notion of bounded equivalence: two derivations 2, and (2, are said to be boundedly
equivalent when 2, — 2, is bounded.

Probably the first stability results at level one have been those obtained by Cwikel, Jawerth,
Milman and Rochberg [14] for the minimal (6, 1)-interpolation method applied to an interpolation
pair (Xo, X1). They reinterpret the results of Zafran [36] to show that whenever €2y is bounded
for some 0 < 6 < 1, then all €2, are bounded and Xy = X; up to a renorming. Kalton obtains in
[22] a similar stability result in the context of complex interpolation for pairs of Kéthe function
spaces: )y is bounded for some 6 € S if and only if 2, is bounded for all z € S and, in this case,
Xo = X; up to an equivalent renorming. See Theorem 3.4 for the precise statement.

Kalton’s result leaves several questions unanswered, and a good part of this paper is devoted
to solving them. We complete Kalton’s result by showing: i) for complex interpolation of pairs
(X0, X1) of superreflexive Kothe spaces, g is trivial if and only if there is a weight w so that
Xo = Xi1(w) up to an equivalent renorming, solving the stability problem for splitting for pairs
of Kéthe spaces; see Theorem 4.4. ii) The stability results for pairs remain valid for families of
up to three Kothe spaces distributed in three arcs of the unit circle T, see Theorem 4.15, but
fail for families of four Kéthe spaces (Corollary 4.21), marking the limit of validity for Kalton’s
theorems. We also give other examples in which stability fails. Related with the results we have
just mentioned, Qiu [31] showed that, at the basic level, complex interpolation for families is
stable under rearrangements of two spaces, but it is not stable under rearrangements of three
spaces. But note that Qiu’s results only consider finite-dimensional spaces, while the non-stability
we study concerns isomorphic properties.
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Regarding Kéthe spaces, Theorem 4.22 presents the 1-level interpretation of the classical re-
iteration result for families of Coifman, Cwikel, Rochberg, Sagher and Weiss [12, Theorem 5.1].
This result explains, to some extent, the lack of stability in the previous counterexamples and can
be used to obtain other natural counterexamples. In the construction of some counterexamples,
we use an analogue of Rochberg’s concept of flat analytic family [32]. Let || - || be a norm on C"
and let (T,).ep be a family of bijective linear maps on C™ depending analytically of z in . Define
|z|l. = || T, x||. Then (C™, |- ||.).cp is called a flat analytic family on D. Proposition 4.17 shows
the existence of a flat analytic family of Kéthe sequence spaces with norms ||z|. = [[e7P®)z]|,
(z € D) generated by an analytic family D(z) of diagonal operators for which the derivation map
(), is linear and does not depend on z.

The existence of local or global stability for the differential process associated to complex
interpolation for a couple of arbitrary Banach spaces remains still an open problem: Assume
(X0, X1) is a pair of Banach spaces such that Qg is bounded for some 0 < 6 < 1. Does it follow
that Xo = X1 up to equivalence of norms?

In Section 5 we present some isometric stability results valid for couples of Banach spaces.
A key role in our analysis is played by the properties of the extremal functions and by some
differential estimates for the norm in an interpolation scale. In [14, Theorem 5.2] Cwikel et al.

obtained the estimate 4

@Ha
for the minimal (6, 1)-method applied to a pair (Xg, X7) when X is continuously embedded in
Xi. Our version of this estimate for the complex method (Lemma 5.5) is
©
—||a
dr" "

from which we derive a number of stability results for pairs. For interpolation pairs (Xg, X)

0.1~ llallo,1 + [|%allo,1

< 1R2%allo-
t=0=+

satisfying a coherence condition, including regular interpolation pairs of reflexive spaces which
have a common Schauder basis or are rearrangement invariant Kothe spaces, we show in Theorem
5.6 that if supg, g, || : Xy = Xi|| < oo for some 0 < 6y < 0; < 1, then Xy = X; up to an
equivalent norm.

In many cases derivations are uniquely defined, so it makes sense to study exact stability
(instead of up to a bounded plus linear perturbation) problems. We show that exact stability
is related to isometric characterizations of Xy and X;. In particular, Theorem 5.11 provides a
complete and explicit characterization of pairs (Xg, X;) of spaces for which g is linear.

2. PRELIMINARY RESULTS

For background on the theory of twisted sums and diagrams we refer to [2, 10]. A twisted sum
of two Banach spaces Y, Z is a quasi-Banach space X which has a closed subspace isomorphic
to Y such that the quotient X /Y is isomorphic to Z. An exact sequence 0 - Y — X — Z — 0
of Banach spaces and continuous operators is a diagram in which the kernel of each arrow
coincides with the image of the preceding one. Thus, the open mapping theorem yields that the



STABILITY OF THE DIFFERENTIAL PROCESS 5

middle space X is a twisted sum of Y and Z. The simplest exact sequence is obtained taking
X =Y & Z with embedding y — (y,0) and quotient map (y,z) — 2. Two exact sequences
0—-Y—>Xi—>Z2—=>0and 0—Y — Xy — Z — 0 are said to be equivalent if there exists an
operator T": X; — X, such that the following diagram commutes:

0 Y — Xy — Z —— 0
I
0 — Y — X, — 7 0,

The classical 3-lemma [10, p. 3] shows that 7" must be an isomorphism. An exact sequence is
said to be trivial if it is equivalent to 0 - Y — Y & Z — Z — 0. In this case we also say that
the exact sequence splits. This is equivalent to the subspace Y being complemented in X.

Kalton [21, 22] developed a deep theory connecting derivations and twisted sums for Kothe
function spaces that we briefly describe now because it is essential to understand our work. We
even present Kalton’s definition of Kothe function space since it is slightly different from the
standard one [27]. According to [22, p.482], given a o-finite measure p on a Polish space, and
denoting Ly = Lo(p) the space of all complex-valued p-measurable functions endowed with the
topology of convergence in measure, an admissible norm is a map || - ||x : Lo — [0, 00| such
that X = {f € Lo : ||f]|x < oo} is a vector subspace of Lo(u), || - ||x is a norm on X with
{z € X : ||z||lx < 1} closed in Ly, and there exist strictly positive functions h,k € Ly such
that ||hf|i < ||fllx < ||kf]|e for every f € Ly. In this case X is a Banach space continuously
embedded in Ly, and it is called an admissible space. A Kothe function space is a sublattice of
Lo(p) endowed with an admissible lattice norm (| f| < |g| implies || f]| < ||g]])-

Let X be a Kothe function space. A centralizer on X is a homogeneous map € : X — Lo(u)
for which there is a constant C' such that, given f € Lo () and x € X, Q(fz) — fQ(z) € X and
1Q(fx) — fQz)]|x < Cflleollz]|x- A centralizer 2 on X induces an exact sequence

0 sy X —L o X@o X 215 X 0,
where X @q X = {(f,z) € Ly x X : f — Qz € X}, endowed with the quasi-norm ||(f,z)|q =
| f — Q|| x + ||z||x, with inclusion j(y) = (y,0) and quotient map ¢(f,z) = x.
We say that a centralizer 2 is trivial if the exact sequence induced by €2 splits. Recall that an
homogeneous map F': X — X is called bounded if there is C' > 0 such that ||F(z)|| < C||z|| for
every x € X. The following characterization of triviality is essentially known:

Proposition 2.1. A centralizer Q : X — Lo(p) is trivial if and only if there ezists a linear map
L: X — Lo(p) such that Q — L is a bounded map from X to X.

Proof. If a map L as above exists then the map (f,x) — (f— Lx,0) is a linear bounded projection
on X @q X with range j(X). Indeed, f — Lz = f — Qx4+ Qr — Lo € X and ||f — Lz||x <
1(£, )l + 1@ — L)zl x.

Conversely, if € is trivial then there is a bounded linear map S : X — X &g X such that ¢S
is the identity on X [10, Lemma 1.1.a]. Then Sz = (Lx,z) for some linear map L : X — Lo(p).
Since ||(Lz, 7)o = ||Lx — Q|| x + [[z]|x < [|S]| - ||z|lx, L satisfies the required conditions. [
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3. KALTON SPACES OF ANALYTIC FUNCTIONS

Here we present the abstract version of the complex interpolation method introduced in [24]
and other previous papers of Kalton [21, 22, 25]. Along the section U will be an open subset
of C conformally equivalent to the unit disc D. The boundary of U is denoted U, and we will
write T = JD.

Definition 3.1. A Kalton space is a Banach space F = (F(U, %), || - ||5) of analytic functions on
U with values in a complex Banach space ¥ satisfying the following conditions:

(a) For each z € U, the evaluation map §, : F — ¥ is bounded.
(b) If ¢ : U — D is a conformal equivalence and f : U — ¥ is an analytic map, then f € F
if and only if ¢ - f € F, and in this case || - fll5 = ||f|l7-

Given a Kalton space F(U, %), for each z € U we define
X, ={zeX:x= f(z) for some f € F}

which endowed with the norm ||z||, = inf{||f||s : z = f(2)} is isometric to F/ ker d,.

The family (X, ).cy is called an analytic family of Banach spaces on U, and a function f, ., € F
such that f, .(2) = z and ||f..||5 < c||z||. is called a c-extremal (for x at z).

There are many ways of generating Kalton spaces, and here is where complex interpolation
enters the game. We shall mainly consider two cases: U = S, more suitable to handle interpolation
pairs [4], and U = D, more suitable for interpolating families [12].

Next we describe the complex interpolation method for pairs as a reference, and later we will
introduce other versions of the complex interpolation method when we need them.

Complex interpolation for pairs. An interpolation pair (Xo, X1) is a pair of Banach spaces,
both of them linear and continuously contained in a bigger Hausdorff topological vector space X
which can be assumed to be ¥ = X, + X; endowed with the norm ||z|| = inf{||zo|lo + ||z1||1 :
r =x¢+x z; € Xjfor j =0,1}. The pair will be called regular if, additionally, A = X, N X,
is dense in both Xy and X;. The space A endowed with the norm ||z||a = max{||x| x,, [|Z]x, }
is a Banach space, and the inclusions A — X; — X are contractions.

The Calderén space © = C(S, Xy + X;) is formed by those bounded continuous functions
F :S — Xy + X; which are analytic on S and such that the maps t — F(k + ti) € X}, are
continuous and bounded, £ = 0,1. Endowed with the norm ||Flle = sup{||F(k + ti)||x, : t €
R, k=0,1} < oo, € is a Kalton space.

Since X, = Xge. for z € S, it is usual to consider only the scale (Xp)o<p<i. Some times, for
convenience, we will write (Xy, X1)g instead of Xp.

3.1. Derivations, centralizers and twisted sums. Given a Kalton space F(U, ) and z € U,
the evaluation map 0, : f € F — f/(z) € ¥ of the derivative at z is bounded for all z € U (see
Lemma 3.5 for a precise estimate of its norm). We also need the following well-known fact, for
which we present a proof for the sake of later use.
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Proposition 3.2. For each z € U, the map 0., is continuous and surjective from kerd, to X,.

Proof. Let ¢ : U — D be a conformal equivalence such that ¢(z) = 0. Each g € kerd, can be
written as g = ¢ - f for some f € F, and ¢'(z) = ¢'(2)f(2) € X, thus ¢, (kerd,) C X, and the
continuity into X, follows from the closed graph theorem. Moreover, given z € X, and f € &F
with f(z) =z, g = p(2) "t f € kerd, and ¢'(2) = z, hence ¢’ (kerd,) = X.. O

For each z € U we consider the space dX, = {(f'(2), f(2)) : f € F}. The map A, : F — dX,
given by A.(f) = (f'(2), f(2)) is bounded and thus dX, can be endowed with the quotient norm
|(a,b)|| = inf{||f|ls : f €F, f'(2) =a, f(z) =0b}. The space dX, admits an exact sequence
0— X, = dX, - X, — 0 with inclusion j.(x) = (z,0) (thanks to Proposition 3.2) and quotient
map ¢.(y,z) = x. All this yields a commutative diagram:

dz

0 —— kerd, —— F > X, > 0
) g [~
0 — X, —— dX, > X, > ()
Jz qz

Thus we have a method to obtain twisted sums of the spaces X, associated to a Kalton space.
The twisted sum space can be described using the so-called derivation map given by

(3) Q. =68,

where B, : X, — F is a homogeneous bounded selection for the evaluation map ¢, : F — X, and
the family of maps (£2,).cy is the differential process associated to F.
We consider the space

do. X, ={(y,x) e ¥ x X,y —Qua e X,}
endowed with the quasi-norm

1y, )l = lly = Qe + |l

so that one has an exact sequence 0 — X, — do. X, — X, — 0 with inclusion z — (z,0) and
quotient map (y,x) — x. It is not hard to check [6] that this exact sequence is equivalent to
the lower row of (2). Note that different choices of selection B, lead to different derivations (2.,
but the difference between two of these derivations is always a bounded map, so both choices
produce isomorphic derived spaces and equivalent twisted sums.

The derivation map €2, is said to be trivial if the associated exact sequence splits. With the
proof of Proposition 2.1 we obtain the following result:

Proposition 3.3. The derivation map €2, is trivial if and only if there is a linear map L : X, — X
such that Q, — L is a bounded map from X, to X,.

A centralizer 2 on a K&the space of functions X is called real if Q(z) is real whenever z € X
is real. Kalton’s theorem stated below establishes that all real centralizers essentially arise from
complex interpolation of an interpolation pair of Kéthe spaces.
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Theorem 3.4. [21, 22]

(1) Given an interpolation pair (Xo, X1) of complex Kéthe function spaces and 0 < 6 < 1,
the derivation Qg is a real centralizer on Xp.

(2) For every real centralizer Q0 on a separable superreflexive Kdthe function space X there
is a number € > 0 and an interpolation pair (X, X1) of Kdthe function spaces so that
X = Xy for some 0 < 0 <1 and e — Qg : X9 — Xy is a bounded map.

(3) The derivation Qy is bounded as a map X9 — Xy for some 0 if and only if Xo = Xy, up
to an equivalent renorming. In this case y is bounded for all 6.

3.2. Distances and isomorphisms. It is not difficult to translate results (at levels 0 and 1)
from the open unit disk D to the open unit strip S, and conversely. Indeed, if p : S — D is
a conformal map and (X, ).ep is an interpolation family on D, then Y, = X,y provides an
interpolation family (Y} ).es on S. The corresponding derivation maps are related as follows:

z

0 = ¢ (2)0 ).

Given s € U, we denote by ¢s : U — D a conformal equivalence taking s to 0. In the case
U =S an example is given by

(4) o(2) = sin (w(z — s)/2)

sin (7(z + 5)/2)

for which ¢/ (s) = w/(2sinws). The conformal equivalence ¢ is unique up to a multiplicative
constant: any other conformal equivalence 1), taking s to 0 can be written as ¢y = f o ¢, where
f(z) =¢e?z [3, Lemma 13.14].

Given F(U, X)) and z € U, we denote by 7 : F — ¥ the evaluation of the n-th derivative at z.
We will need the following estimates:

(z€8)

Lemma 3.5. Let F(U,X) be a Kalton space, s € U and n € N. Then
(1) ||o7 : F — X|| < nl/dist(s,0U)".
(2) ||0% : ker 6 — X|| = inf{||0Lx|| : « € ker 0, dist(x, kerdl) = 1} = |¢(s)].

Proof. Given a positively oriented closed rectifiable curve I' in U for which z belongs to the inside
of T', the Cauchy integral formula [26, Appendix A3] establishes that, for each n € Ny,

fM(z) = %A%dw

We take a number r with 0 < r < dist(s,0U) and denote by I' the boundary of the open disc
D(s, 7). By the Cauchy integral formula

Aoy

1
2r Jpo ornt

[FARIOIE=

n!
jw| < T—anH%

and since we can take r arbitrarily close to dist(s,dU), we get estimate (1).
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(2) Clearly ||0% : ker 65 — X|| > inf{||0.z|| : x € ker d5, dist(z, ker 0,) = 1}, and given g € ker
the function f(z) = ¢.(s) - ps(2)"tg(2) is in F and satisfies f(s) = ¢'(s) and || f]| = |£.(s)|]lg]|-
Therefore [|0¢gl[s = [ /(s)lls < |i(s)]llgll, and we get [|6 : ker 6, — X[ < | (s)]-

Also, given € Bx, and € > 0, we can take f € F with [|f]| < (1 +¢) and f(s) = z. Then
9(2) = ©L(s)Lps(2) - f(2) defines g € ker §, with ||g|| < (1 +¢)/|¢.(s)] and ¢'(s) = x. Hence

5;(Bkerés) ) |¢;(8)|(]‘ + 5)_1BXS7
and we get inf{||d.z| : © € ker d;, dist(z, ker 6.) = 1} > |©.(s)| finishing the proof. O

Part (2) of Lemma 3.5 says that J7, : ker 6; — X, is a multiple of a quotient map: the induced
injective map ker 0,/ (ker 0, Nker ds) — X is |} (s)| times an isometry.

Lemma 3.6. For each f € F and s € U, we have Q5(f(s)) — f'(s) € X with
12:(f(s)) = F'()lls < 20105 : ker 6, — X[ 1] < 2| 1] /dist(s, OU).

Proof. From Q,(f(s)) — f'(s) = 0, (Bs(f(s)) — f) with Bs(f(s)) — f € kerd,, we get the first
part. For the rest, note that the operator ¢’ : ker §; — X is bounded by Lemma 3.5. 0
Proposition 3.7. Let s,t € U.

(1) The spaces ker ds and F are isometric. Consequently, ker 5 and ker §; are isometric.

(2) For every n € N, No<p<n ker 8% and F are isometric.

Proof. The operator ds : F — kerds given by ds(f)(2) = f(2)ps(2) is clearly well-defined and
injective, and it is surjective because each g € ker d, can be written as g = - f with f € F.
To prove (2), just note that (d,)"*' : F — [y<p<, ker 0¥ is also an isometry. O

Let s,t € U. The map @, - f € kerds — ¢, - f € kerd, is a bijective isometry, but we need a
more precise description. Note that the map ¢, : U — DD defined by

o) = 0s(2) — @s(t)
#ld) =1 — ps(Dps(2)

is a conformal equivalence satisfying ¢, ;(t) = 0. Moreover, denoting oo = p4(t) € D, one has

(ze€U)

A—«
H‘PS - SOSJHOO = Sup |908(Z) - ‘PS,t(z)| = sup |\ — —
zeU €D 1—al\
w— a — aw?
= sup|w — — | = sup —
weT 1—oaw weT 1 —aw
aw — aw
= sup |——| < 2|a|,
weT Ww—«

since |aw — aw| < |aw — aal + |aa — aw| = 2|al|w — @.

Definition 3.8. ([25]) The pseudo-hyperbolic distance h(-,-) on U is defined by h(s,t) = |¢s(t)].
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Given two closed subspaces M, N of a Banach space Z, and denoting By, the unit ball of M,
the gap g(M, N) between M and N is defined as follows:
g(M,N) = max { sup dist(z, By), sup dist(y, Ba)}.
TEB)\s yEBN
The Kadets distance dg(X,Y") between two Banach spaces X and Y is the infimum of the gap

g(1(X), 7(Y)) taken over all the isometric embeddings of 4, j of X, Y into a common superspace.
We have:

Proposition 3.9. [25, Theorem 4.1] Let E and F be closed subspaces of a Banach space Z.
Then di(Z/E, Z|F) < 2g(E, F).

Proposition 3.10. For each n € NU{0}, g (Nocpen ker 6%, Moyen, kerd7)) < 2(n+1)h(s, 1).

Proof. We proceed inductively on n. For n = 0, we take a norm-one ¢, - f € kerd,. Since
@s¢ - f € ker 0, is norm-one and [[¢s - f — i fllg = ||os — @5l < 2h(s, 1), and we can proceed
similarly for each norm-one ¢, - f € ker d;, we get g (ker ds, ker ;) < 2h(s, ).

Moreover if the estimate holds for n — 1 then it also holds for n because

"t — Tt = gt — @b + a"b — 0" = a"(a — b) + (a™ — D). O
Since F/ (Ny<p<, ker 6% = d" X, Propositions 3.9 and 3.10 provide the following result:
Theorem 3.11. Given s,t € U and n € NU {0}, dg(d"Xs,d"X;) < 4(n + 1)h(s, ).

Corollary 3.12. Let P be an open (resp. stable) property. Assume that there is s € U so that
d"X, has P. Then d"X; has P for allt € U (resp. for all t in an open disc centered in s).

3.3. Bounded stability. Let F(U, X) be a Kalton space and let z € U. Then the exact sequence
0 — X, —» dX, — X, — 0 associated to €2, : X, — X splits if and only if there exists a linear
map L : X, — ¥ such that 2 — L takes X, to X, and it is bounded (Proposition 3.3). Kalton’s
work justifies the importance of the case (2, bounded in interpolation affairs. Let us accordingly
introduce a few related notions.

Definition 3.13. The deriwation €2, s bounded when it takes values in X, and it is bounded as
a map from X, to X,. In this case we will say that the induced exact sequence boundedly splits.

Bounded splitting admits the following characterizations.

Theorem 3.14. Let F(U,X) be a Kalton space and let s € U. The following assertions are
equivalent:

(1) 6 : ker 6. — X is surjective.

(2) F = kerd, + kerd?,.

(3) There exists M > 0 such that each f € F can be written as f = g+ h with g € ker ds,

h € ker ¢, and max{||g||7, ||hll5s} < M| f|l7.
(4) 6,(F) C X,
(5) 6L F — X, is bounded.
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(6) Q4(X;) C X,

(7) Qs : X5 — X, is bounded.
Proof. Clearly (1) <= (2) <= (3), (4) <= (5) and (6) < (7). Moreover (4) < (6) and (5) < (7)
follow from Lemma 3.6. We will prove (1) = (3) = (5) and (4) = (2).

(1) = (3): Let f € F with ||f|] = 1. Since ;s : kerd, — X, is surjective, it is open. So
there exists r > 0 such that we can find h € kerd, with ||| < 7| f(s)||s and h(s) = f(s). Since
£ (s)|ls < || fl, taking g = f — h € ker 05, we obtain (3) with M = r + 1.

(3) = (5): Let f € F. Then f = g+ h with g € kerd,, h € kerd, and ||g||5 < M]|| f||5, hence

19s(N)s = N05(a)lls <1105 = kerbs = X[ - llglls < M6 - ker 6 = X[ - || f|s-

(4) = (2): We know that the operator ¢/ : kerd, — X is surjective. So taking a linear
selection ¢ : Xy — ker d; for d, for each f € F, ((f'(s)) € kerds and f — £(f'(s)) € kerd.. O

Condition (6) shows that the requirements in Definition 3.13 are redundant. Condition (2) in
Theorem 3.14 provides a neat description of how the twisted sum space dg, X splits when €
is bounded. Indeed, since do,Xs = F/(ker d; Nkerd’) and the subspace X embeds in dg, X, as
ker 0/ (ker 65 N ker ¢7), condition (2) gives

F _ kerd, +kerd, ker o ker ¢,
ker 6, Nker &,  kerd, Nkerd,  kerd, Nkerd, — kerd, Nkerd,

4. STABILITY OF SPLITTING FOR KOTHE FUNCTION SPACES

We will consider the following notions of stability:

Definition 4.1. We say that a differential process (2. ).cv:

(1) has local stability if whenever Q,, is trivial then there is € > 0 such that §2, is trivial for
|Z — Z()l < E.

(2) has local bounded stability if whenever €., is bounded then there is ¢ > 0 such that €,
is bounded for |z — zy| < €.

(3) has global stability if whenever Q,, is trivial then S, is trivial for all z € U.

(4) has global bounded stability if whenever Q. is bounded then 0, is bounded for all z € U.

Theorem 3.4 shows that when an analytic family is generated by an interpolation pair (Xy, X1)
of Kothe spaces then the differential process is “rigid”, in the sense that whenever 2., is bounded
at some point zy then Xy = X, up to some equivalent renorming. Here we will prove that:

e The differential process associated to families of up to three Kéthe spaces distributed in
arcs enjoys global (bounded) stability; in fact, it is “rigid” in the case of bounded stability
and “rigid” up to weighted versions in the case of stability. See Section 4.3.

e The differential process associated to families of four spaces can fail local bounded stability
(Proposition 4.17) or local stability (Proposition 4.19).
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4.1. Stability for pairs of Kéthe spaces. After Kalton’s bounded stability theorem (Theorem
3.4), it is a reasonable guess that “nontrivial scales” of Kothe spaces correspond to “nontrivial
centralizers”. The difficulty is that the non-triviality notion involves uncontrolled linear maps, as
we can see in Proposition 3.3. Thus, while Kalton shows [22] that the centralizer €2y associated to
the scale (Xo, X1)g of K6the function spaces is bounded if and only if Xy = X; up to equivalence
of norms, the following question remained open: Does the triviality of Qg imply that X and X;
are equal, or at least isomorphic?

We shall now prove global stability for pairs of Kéthe spaces. The following sentence in [8,
p. 364] clearly suggests that it was known to Kalton, at least in the domain of Kdthe sequence
spaces: If (Zy, Z1) are two super-reflexive sequence spaces and Zy = (Zoy, Z1)g for 0 < 6 < 1
18 the usual interpolation space by the Calderon method, one can define a derivative dZy which
18 a twisted sum Zy Bq Ly which splits if and only if Z1 = wZy for some sequence of weights
w = (w(n)) where w(n) > 0 for all n. These remarks follow easily from the methods of [22].

Next we recall Kalton’s formula [22, (3.2)] for the centralizer {2y corresponding to a couple of
Kothe function spaces (Xo, X1) and 0 < 6 < 1. It is well known [7] that Xy coincides with the
space Xé_eXf, with

lzllo = inf{[lyllo™ 12111 : y € Xo, 2 € X1, |z] = |y["7"|2]"}.

We fix ¢ > 1. For each x € X, we write |z| = |ag(x)|*~?|ay(x)|® with ||ag(x)]]o, [|a1(x)||1 < ¢z,
where ag and a; are chosen homogeneously.
Then By(z)(z) = (sgnz)|ag(z)|*7#|ai(z)|* gives an extremal for = at 6, and we obtain

a1 ()|
|ao(z)|

Given a Kothe function space X of p-measurable functions, a weight w is a positive function
in Lo(). We denote by X (w) the space of all measurable scalar functions f such that wf € X,
endowed with the norm ||z, = ||wz|x. From the approach in [9] we get the following general
version of a well-known result for L,-spaces [4, Theorem 5.4.1]:

(5) Qy(x) = 6y By(x) = z log

Proposition 4.2. Let X be a Kothe function space with the Radon-Nikodym property, and let
wo, wy be two weights. Then (X (wo), X (w1))s = X (wy~w?) for 0 < 6 < 1, with associated linear
centralizer Qg(z) = log(wy /wy) - x for x € X.

Proof. By [24, Theorem 4.6], the space (X (wg), X (w;))g is isometric to the space X (wp)'~? X (w, )’
endowed with the norm

Izl = int{llall, b1, : a € X (wo),b € X(w), |z| =|a]"™" [b|"}
= inf{|lwoally *[lwib]% : a € X(wp), b € X (wi), x| = [a]" |b|}.
Standard lattice estimates such as [28, Proposition 1.d.2] imply that
lallo > inf{lud " wlt ]y s ] = [l b} = 2l gt outy

and the reverse inequality can be obtained by using woa = wib = wy *wiz.
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To obtain Qg on Xj, observe that By(x)(2) = (w; /wp)’ *z is a bounded homogeneous selector
for the evaluation map dg. Indeed, By(z)(0) = x while ||Bpz|| = ||z| x, as it follows from

1B (2)(0 + it)lluy = 1Bo(2) (1 + it)l|uy = llwg "wizllx = [l]lx,. -

Complex interpolation between two Hilbert spaces always yields Hilbert spaces [24]. Let us
show that the induced derivation is trivial.

Corollary 4.3. Let (Hy, Hy) be an interpolation pair of Hilbert spaces. Then for every 0 < 6 < 1
the derivation Qg is trivial.

Proof. 1t follows from Proposition 4.2, since [17, Lemma 2.2] shows that (Hy, H) is equivalent
to an interpolation pair (¢5(1), l2(1,w)), where I is a set and w : I — R is a positive weight. O

Next we solve the stability problem for the splitting in the case of a pair of Kothe spaces,
completing Theorem 3.4.

Theorem 4.4. Let (X, X1) be an interpolation pair of superreflexive Kithe function spaces and
let 0 < 0 < 1. Then Qg is trivial if and only if there is a weight w so that X; = Xo(w) up to
equivalence of norms.

Proof. Recall that X, X are spaces of y-measurable functions. The proof goes in two steps:

STEP 1. If Qg is trivial then there are weighted versions Y; of X; so that if Uy is the associated
derivation, then there is a real function f € Lo(u) so that, denoting also by f the multiplication
map by f, Wy(x) — fo € Xy and Vg — f is a bounded map on a dense subspace of Xg.

Since we are dealing with interpolation of Kothe function spaces, there is a positive function
k > 0 such that [|z[|x, < ||k2[/o for j = 0,1. Consider the couple (Y, Y1), where Y; = X;(1/k),
j = 0,1. We denote the derivation induced at 6 by this couple by Wy. Then Yy = Xy(1/k) and
Wy is trivial. The advantage of working with Yj is that it contains the characteristic functions of
measurable sets.

Since Wy is a centralizer, there is a constant ¢ > 0 such that for every a € Lo (i) and every
z € X we have |[|[Ug(ax) —a¥y(2)|lx, < c|lallellz]ly,, and since it is trivial, there is a linear map
L so that Wy — L takes values in Yy and is bounded there. The techniques in [9] (Lemmas 3.10
and 3.13) show that after some averaging it is possible to get a linear map A such that ¥y — A
takes values in Yjp, is bounded there and A(ux) = uAz for every unit u (every function with
|u| = 1). Since characteristic functions can be written as the mean of two units one gets that if
s =Y .Aila, is a simple function then A(sz) = sA(z). Now, simple functions are dense in L,
so given a € L, pick a simple s so that ||a — s|| < e. Since

Aax) = A((a — s)z) + A(sz) and aA(z) = (a — s)A(x) + sA(z),
it follows that for some constant K
[A(az) — aA(z)| = [[A((a — s)z) — (a = s)A(2)[| < Klla — s[l[|z| < Ke|z|

which shows that A actually verifies A(ax) = aA(z) for every a € L. It is then a standard fact
that A must have the form A(x) = gz on the subspace Y, of bounded elements of Yj.
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Since Yj is superreflexive, it is o-order continuous by Theorem 1.a.5 and Proposition 1.a.7 in
[28]. So Yy is dense in Yj.

Now, there is also h > 0 such that ||hz|z, < |z]y;,, j = 0,1. The centralizer ¥y is bounded as
a map from Yj into Yy + Y7, so it is bounded from Yy into L;(hdu). The same is true of Wy — A,
so A is bounded from Yj into L (hdp).

Let # € Yp, and take a sequence (z,) C Y such that z, — x. Then, by the previous
considerations, taking limits in L (hdpu),

A(z) = lim A(z,,) = lim gz, = gx.

So A(z) = gx for every x € Yj.
Write g = g1 +igo, with g1, g2 real functions. Formula (5) shows that the centralizer Wy is real.
So, for every x € Yy real we have
[Wo(x) — grzlly, < [Wo(z) — gzlly, < Clizlly,

for some constant independent of x.
For x € Yy write x = xy + ixo, with x1, 9 real. Then, for some constant C’ independent of x

[Wo(z) — grzlly, < [[Wo(z) — Wo(x1) — Vo(iza)|y,

[ Wo(z1) — qrz1lly, + [|Vo(22) — graally,
C'(lzllyy + ll72lly,)

20" ||z ly,

VARPVAN

where we have used the quasilinearity of ¥ and the lattice properties of Yy. We take f = ¢;.
STEP 2. The spaces Yy, Y, are weighted versions of each other.

Pick wy = e’/ and w; = e?~Yf. By the previous proposition,
(Ya(wo), Yo(wi))e = Yo(wy *wl) = Yy

with associated centralizer Q(z) = log(wg/wy)x = fx = Y(x). Thus ¥y — Q is bounded and, by
part (3) of Theorem 3.4, we get Yy = Xp(wp) and Y7 = Xp(wy), up to a renorming. O

Theorem 4.4 implies that the map €y, when trivial, is a bounded perturbation of a multipli-
cation map. This is a consequence of the symmetry properties of the Kéthe space. Now we can
complete Corollary 4.3 with the following result stating that twisted Hilbert spaces induced by
interpolation of Kothe spaces are trivial only in the obvious cases.

Proposition 4.5. A twisted Hilbert space induced by interpolation at 0 = 1/2 between a super-
reflexive Kdthe space X and its dual is trivial if and only if for some weight w we have X = Lo(w)
with equivalence of norms.

Proof. If the twisted space is trivial then since X/ = Lo (see, e.g., [9]), and since spaces on the
whole scale are weighted versions of each other, X and X* are equal to Ly(w) and Lo(w™!) with
equivalence of norms, respectively, for some weight. |
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4.2. Complex interpolation for families. Here we describe the interpolation method given
in [12] with a few modifications introduced in [13] which we will need in the remaining of this
section.

We consider an interpolation family (X, ).er such that each X, is continuously embedded in
a Banach space Y, the containing space, and there exists a subspace A of N,er Xy, the inter-
section space, such that for every x € A the function w +— ||z||, is measurable and satisfies
Jplog™ ||z|l,dt < oco. We also suppose that there is a measurable function k : T — [0, 00)
satisfying [ log" k(w)dt < oo and ||z]|s < k(w)]||., for every z € A and every w € T.

We denote by G, the space of all analytic functions on D of the form g = Z;‘:l Yjx;, with ¥ in
the Smirnov class Nt (see [18, Section 2.5]) and z; € A, such that ||g|| = esssup,,cr ||g(w)|lo < oo
Moreover G is the completion of Gy.

For each 2z, € D we define two spaces. The first one is X{,}, the completion of A with respect
to the norm |[|z||(-,} = inf{||g|| : g € Go, 9(20) = 2}, and the second one is X..; = {f(20) : f € G}
endowed with the natural quotient norm.

By [13, Proposition 1.5] Xy, 3 = X, isometrically for every zy € D when G = G(D,X) is a
Kalton space.

Given z € D, the Poisson kernel P,(w) on T (see [12, Section 1]) provides the harmonic measure
di,(w) = P,(w)dw on T, and each function a on T which is integrable with respect to du, can
be extended to an harmonic function on D by the formula

(6) alz) = /T () Pu(w)doo.

The harmonic conjugate & of a with &(0) = 0 is given by a(z) = [ a(w)P,(w)dw, where P,(w)
is the conjugate Poisson kernel. Next we state the reiteration theorem for later use.

Theorem 4.6. [12, Theorem 5.1] Let (Xo, X1) be an interpolation pair of Banach spaces, let
a: T —[0,1] be a measurable function, and let X, = (Xo, X1)aw) for w € T. Then {X,}uer is
an interpolation family and X = (Xo, X1)a(z) for each z € D, a(z) given by (6), with equality
of norms. Moreover, if both inf,er a(w) and sup,erp a(w) are attained, then Xp.y = Xpy.

Complex interpolation for admissible families of Kothe spaces. In [22] Kalton considers a
variation of the complex interpolation method in [12] for families of K6the function spaces of
p-measurable functions, where p is a o-finite Borel measure on a Polish space. For U = D, he
defines the notion of admissible family of Kothe function spaces { X, }wer, for which there exist
two strictly positive h,k € Lo(p) such that given x € Lo(u), we have ||zhly < ||z]le < |2k
for every w € T. The family is strongly admissible if, additionally, there exists a countable
dimensional subspace V of Ly(x) such that VN By, is Lo(p)-dense in By, for a. e. w € T. These
conditions hold in most reasonable situations; for example, if the family is finite and the spaces
are separable then the family is strongly admissible. We refer to [22] for the details.

Given an admissible family { X, },er of Kéthe spaces, the role of Kalton space (Definition 3.1)
is played by the space N7 (D) of functions f : D — Ly(p) such that
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e for p-almost every s, the function Fy : D — C defined by Fi(z) = f(z)(s) belongs to the
Smirnov class N* for every z € D;
o || fll = esssupyer || f(w)|lw < oo, where f(w) is the radial limit of f(z) in the Lo(u)-
topology (which exists by Fubini’s theorem).
The definition of N(D) in [22] does not include the condition || f|| = esssup e || f(w)]w < o0,
but we will need it. This amendment is harmless since [22, Proposition 2.4] asserts the existence
of extremals in our space, which means that the new space N7 (D) yields the same spaces X,.

Remark 1. By [22, Lemma 2.2], each f € N'T(D) belongs to the Hardy space H'(L(hdyu)), hence
NT(D) consists of analytic functions f : D — Ly (hdu), the norms of the evaluation maps are at
most 1, and the operation of multiplying by a conformal map is isometric on N'* (D). Moreover
the arguments in [12] allow us to show that N (D) is closed in H'(L;(hdu)). Thus N (D)
satisfies the conditions in Definition 3.1 with ¥ = L, (hdpu).

We also need to recall the following notions from [22].

Definition 4.7. A semi-ideal is a cone T C L such that g€ Z and 0 < f < g imply f € Z. A
strict semi-ideal is a semi-ideal which contains a strictly positive element.

Given a Kothe function space X, we consider the semi-ideal Zx of all f € L] such that
sup,ep, J flog™ |z|dp < oo and there is # € By such that [ f [log|z|| dp < oo,

The indicator of X is the map ®x : Iy — R given by ®x(f) = sup [ flog |z|dp.

rEBx
We will need the following result:

Theorem 4.8. [22, Theorem 4.7] Given a strongly admissible family { X, }wer, there is a strict
semi-ideal T such that for each zg € D and f € I, we have T C Ix, , the map t — ®x , (f) is
bounded and measurable, and

1
Y

D (f) / "By (F) Pt

The core of Kalton’s method is that centralizers on a separable Kothe space X actually live
on Li(p). Precisely, given a centralizer Q2 on X, then L; = X X* by Lozanovskii’s factorization
[29]. Note that both X and X* are spaces of functions. Thus for each f € Ly, there exist x € X
and z* € X* such that f = zz* and ||z||||z*|] < 2||f]|, so one can set

QY(f) = Q(z)z*.
This is a centralizer on L; and there is a constant C' > 0 so that, whenever f = yy* with
ye X,y e X,
12M() = QW) e < Cllylllly*l-

See [21, Theorem 5.1] for details. When X = L, (1 < p < 00), QU(f) = u|f|9Q(| f|/P), where
u|f| is the polar decomposition of f and p~! +¢~1 = 1.
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Given a centralizer 2 on a Kothe space X, Kalton considers the strict ideal Zo C Ly of those
elements f € Ly for which Q(f) € L, and defines on Zg the functional

o) = [ Q)i
The crucial properties of this functional are established in the next result:

Theorem 4.9. [22, Proposition 7.4]

(1) Let (Xo, X1) be an interpolation couple of Kdthe spaces and let g be the derivation map
associated with Xg. Then on a suitable semi-ideal one has ®% = &y, — Py, .

(2) Let {X,}wer be a strongly admissible family. If Q is the centralizer associated to X, for
2z =0, then on a suitable strict semi-ideal T C L one has that for every f € T

() =5 [ e en (i

:% B

4.3. Stability for families of three Kothe spaces. Here we prove the global stability of both
splitting and bounded splitting for interpolation families consisting of three spaces distributed
on arcs of T. The starting point is the generalization of the formula Xy = X&‘GXIQ for families
presented in [22, Theorem 3.3] that Kalton credits to Herndndez [20]. Note that the statement
in [22, Theorem 3.3] suppose that the family is strongly admissible, but the proof is valid for
admissible families.

Definition 4.10. Given Kdthe spaces X(1),..., X (n) and positive numbers ay, ..., a, we define

n n

[IxG)» ={feLo: A <]]IHI". f € X()}

J=1

endowed with the norm || f|lrp = inf{[[;_, Hfj”?g(j)}? where the infimum is taken over all choices
of f; € X(j) so that |f| < [I_, |51

The following result provides the associated derivation map. For the sake of clarity we have
included a streamlined proof of the factorization theorem.

Proposition 4.11. Let {A;,..., A} be a partition of T into arcs, and let {X,}wer be the
admissible family given by X, = X(j) forw € A;, j =1,...,n. If 1., is the harmonic measure

on T with respect to z, then X, = [] X (j)"=04).
j=1
In particular, if X is an admissible Kéthe function space, w; are weights and we take X (j) =
X(w;), then the family {X,}wer as above is admissible and X,, = X(]] wsz(Aj)) for zg € D,

with associated derivation () = —(Zw}(ZO) log wj>:1:, where 1; is an analytic function on
J

D such that Ret; = xa; on T and Rev;(z0) = iz, (A;).
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Proof. Pick f € X,,. In order to apply [22, Lemma 3.2 and Theorem 3.3], recall that if £ denotes
the Kothe function space on D x T with norm ||¢||¢ = esssup ||¢(-,w)||x, then there is ¢ € & so

that [|¢[le = || f]|x., and

1£(5)] = exp ( [ Pateios qs(s,w)dw) |

By Jensen’s inequality

n 1 NZ()(AJ')
< P.,(w)d .
N g (Mzo(AJ) Fal) w)
Set fi(s) = uzo fA (w)dw so that
1
Il = ‘ s / P < o [l Palelds < ol

Then f; € X(j) and [f] < ]I IfJ\“ZO ' and thus || £l < TTIAI5G < 191 So LAl < 11 £llx,
Assume now that |f] < ][ |fj|“Z0 ) and let ¢ be given by ¢(s,w) =[] |fj(s)|”j(w) , where ¢; is
a harmonic function which coincides with x4, on T, j = 1,...,n. Then ¢;(2) = p1-,(A;), and

5O < TIHEP = exp (los [T 1A()17)
= o (Stoe ) =ew (5 [1og 5617 2ol

= e (Z | teelso <w>dw>

— exp (Z /A _1og1;[y Fr(s)|P«) PZO(w)dw)

= e ( [1oa[TIHO Paids) =exp ( [1ogo(s,) Py @)s)

Mzo(A
Therefore, ||f]lx.. < [¢]| = max | fjxg). If we multiply each f; by % then we
still have that |f(s)] < []|fj(s )[04 and [ fllx., < TIIf ’;;&( 4)Since the functions f; are

arbitrary, we get || f|lx., <[/l

For the second part, let h; and k; be functions that show that X is admissible. We set
h = hyminw; and k = k; maxw;. Then h and k are such that ||zh|; < ||z|, < ||zk|/~ for every
v € X and z € T. Also [|zw;hi| < ||z]|xw,;) < |7wjki]|so. Since it is clear that Bx(w,) is closed
in Ly, each space X (w;) is admissible.



STABILITY OF THE DIFFERENTIAL PROCESS 19

Since X, = [[ X (j)*=04), for every x € X, one has

fello = it {TLheallies™ « ot < [T bl
it { T s 532 s faf < T a4}
inf{” [T (wjayy=e@ix 2] < T |xj!uZU(Aj)}
> it {J TTwy ™ allx ol < [T fos o}

- HIHX(HU);LZO(Aj))’

v

where the first inequality follows from ||2%'~%| < ||z||°||y||*~? and an induction argument, and

the second one from |z| < [] ]a:j]“%(Aj). Moreover, taking f; = [], wZZO(Ak)wj_lx, we get the
reverse inequality. Now let

o ,UZ()(Ak:) x

F(z)= || w, —
k Hj wy
Then F € NT(H), F(z) = z, and for w € A; one has
20 (Ar) X
P, = | [Tut 2| =l
i llx

Therefore F'is a 1-extremal function for z. Moreover

Qo (z) =F'(2) = — wazO(Aj)xnw,;W(zo) Z@/J;(zo) logw; = —(Zw;(zo) logwj>x,
k J J

and the proof is done. 0

We now pass to the study of the (bounded) stability. We first observe that the extension to D
of a conformal transformation on D taking 2y to 0 takes an arc of T onto an arc of T. So we can
assume without loss of generality that zy = 0, and so we will do throughout this section.

Lemma 4.12. Let Ay = [0y, 61), A1 = [01,02) and Ay = [03,00) be a partition of [0,2m). For
J=0,1,2, set o = %fA]_ Py(e™)dt and 8; = &= fA]_ e~dt. Then the vectors a = (ag, ay,as),
b = (Re(By), Re(B1), Re(B2)) and ¢ = (Im(Bo), Im(B1), Im(Bs)) are linearly independent in R3.
Consequently, we can find a; € C such that Y aja; =0 and ) a;f; = —1.

Proof. We begin by noticing that > «a; = 1 and > 3; = 0. So a cannot be written as a linear
combination of b and ¢. Also, the only way for {a,b,c} to be linearly dependent is if b is a
multiple of ¢. We have

_—Zﬁ = —sin b1 — 0 sin O + b —|—z's1n60 ! Cos b+ 0 and
2 0 2 2 2 2
—1 L b—06, . 0460, . O0,—06, 01 + 65
—f1 = —sin sin + ¢sin cos

2 2 2 2 2
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So, if we consider the matrix with lines b and ¢, up to a factor of Z the determinant of the first
two columns is

01 — 0o sin 01 + 0y sin 01 — 0o o8 01 + 65
2 2 2 2
Oy — 0, Op+6; . O,—0; . O,+0;

sin COS sin sin

— sin

2 2 2 2
sin % — b1 sin 02— 0, (COS b+ 6 sin b2+ 01 — sin 01+ % coS Ot 02)
2 2 2 2 2 2
=01 . Oy—0; . 0y — 0
= sin———sin ———sin—
which is zero if and only if two of the #’s are equal, which is not the case. O

The expressions for o; and ; are provided by Theorems 4.8 and 4.9.

It follows from Kalton’s Theorem 3.4 that given two interpolation couples (X, X1) and (Y, Y1)
such that (X, X1)s = (Yo, Y1)s (up to renorming) and €y = Ty (up to a bounded map) for some
0 <6 <1, then Xy =Y, and X; = Y] (up to renorming). Next we give the version for three
spaces on arcs of that result. The proof is essentially an adaptation of the proof of the uniqueness
part of Theorem 7.6 of [22].

Theorem 4.13. Let {X, : w € T} and {Y,, : w € T} be two strongly admissible families with
X, =X(y) and Y, =Y(j) forw € Aj, j =0,1,2, where {Ag, A1, Ao} is a partition of T into
arcs. Let Qg and Wy be the corresponding derivations at zo = 0. If Xo =Yy (up to renorming)
and Qo — Uy is bounded then X (j) =Y (j) (up to renorming) for j =0,1,2. Moreover, Q, — V¥,
15 bounded for every z € .

Proof. Since €y and ¥, are equivalent, so are Qg] and \Ifg] by definition, and then

d(®% dY) = sup }QDQO(f) — CD%(f)| < 0.
IfII<1,f€T

We can use now Theorems 4.8, 4.9 and Lemma 4.12 to get equations that determine ®x ;) in
terms of ®y,, Re(®?) and Im(P™); and the same for Py ;) in terms of Dy, = D,, Re(d0),
and Im(®Y°). More specifically, on a suitable strict semi-ideal one has:

agPx) + 1Pxa) + aaPxp = Px,
Re(Bo)®x(0) + Re(B1)Px(1) + Re(B1)Px@y = Re(d™)
Im(Bo)®x0) + Im(B1)Pxqy + Im(B1)Pxz = Im(P™)
Ozoq)y( 0) + Oél@y( 1)+ Ozgq)y( 2) = Dy,
Re(Bo)®y (o) + Re(B1)Py 1) + Re(B1)Pya) = Re(®")

Im(Bo) @y ) + Im(B1)Py +[m(51)q’y = Im(®Y)
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Lemma 4.12 establishes that there is a unique solution for the numerical system
QT + o1y + ez = a
Re(Bo)x + Re(B1)y + Re(f1)z b
Im(Bo)x + Im(Br)y + Im(B1)z = ¢

and two uniformly bounded sets of data (a(x),b(z),c(x)) and (a'(x),¥(x), (x)) with bounded
difference will produce two solutions ®x ;) and ®y ;) with bounded difference. So we can use [22,
Proposition 4.5] to conclude that X (j) = Y () (up to renorming) for j = 0,1, 2. O

Now, after a preparatory lemma, we consider the stability results for three Kéthe spaces.

Lemma 4.14. Let X be a Kdithe function space, let {Ag, A1, Ao} be a partition of T into arcs,
and let f € Lo(p). Then there are weights w; such that taking Y, = X(w;) for w € A; and
1 =0,1,2, the admissible family {Y,, : w € T} yields Yy = X with derivation map Qo(z) = f - x,
a (linear) multiplication map.

Proof. Write f = fi+if,. By Lemma 4.12 there are real numbers ag, a1, as such that ) ajo; =0
and ) a;0; = —1, and there are real numbers by, by, by such that > b;a; = 0 and > b;5;, = —i.
Set w; = %1102 Then Yy = X (wi’w*ws?) = X and Qo = — 3 B;(a;jf1 + bjfa) = f. O

Theorem 4.15. Let {X,, : w € T} be the strongly admissible family with X, = X (j) for w € A;
and j = 0,1,2, where { Ao, A1, Ao} is a partition of T into arcs. If the derivation map Qq is trivial
then there are weights w; such that X (j) = Xo(w;) with equivalence of norms. In particular, €2,
15 trivial for every z € D.

Proof. 1f Qg is trivial then arguing as in Theorem 4.4 (up to passing to weighted versions of the
spaces) we get f € Lo(p) so that A(z) = f-x is a linear map, and o — A takes X, into X and it
is bounded on X,. We take X = X, in Lemma 4.14 so that we obtain a new family {Y,, : w € T}
which is strongly admissible, since X, is so, and whose induced centralizer at 0 is A. By Theorem
4.13, we obtain that X (j) = X,(w;) with equivalence of norms for some suitable weights.

To see that 2, is trivial for every z € D, observe that the Kalton spaces N*({X,}) and
NT({Y,}) associated to the families {X,} and {Y,} coincide, with equivalence of norms. In
particular, X, =Y, for all z € D, with equivalence of norms.

Let A, be the trivial centralizer induced by {Y,} at z. Given z € V', we fix (1 + €)-extremals
F, e NT({X,}) and G, € N*({Y,}) so that Q,(z) = §_F, and A,(z) = §_.G,. Thus there are
some constants C, C’ such that, for all x € V, one has

192.(2) = A(2)lx. = [6.(F — Go)llx.

107 - ker 0, — X ||| F — Gallar+
C1Fella+gxay) + 1Gallae+qvn)
C(1+e)(llzflx. + [z
|z x. -

Since A, is trivial and V' is dense in X, the derivation 2, is trivial. O

v.)

IA AN IAIA
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Observe that our reasoning does not work for general families of three spaces not distributed
in arcs. This should be compared with the results of [31], previously obtained in [15].

4.4. (Bounded) stability fails for families of four K6the spaces. Here we show that the
statement of Theorem 3.4 is no longer true for arbitrary families of Kothe spaces.

Let cog denote the space of finitely non-zero sequences of scalars. A sequence of functions
(¢n) which are continuous on D and analytic on I induces a family of diagonal linear maps
D(2) : coo — coo (2 € D) given by D(2)(z,) = (¢n(2)z,). We define a family of Banach spaces
{X,:s €T} by taking as X, the completion of coy with respect to the norm ||z||, = ||e=P®x||,.
Moreover, for z € c¢o, we define ||z||xs = inf{||x1]|.,, + -+ + ||zn]|2, }, where the infimum is taken
over allm € N, z; € T, and z; € ¢o9 such that z =21 +--- + x,,.

We claim that ||.||s. is a norm on co. Indeed, the only difficulty is to show that ||z||s = 0 implies
x=0. Let 2 = (a’) € cpo with a* # 0. Note that e=P*) is the multiplication operator associated
to the sequence (e~#"(*)). If |4 (2)| < M, then |e #+()| = e~ Felex() > ¢=M_ Therefore

Do llzillsy =D e P aglly > e [at

and we conclude that ||z||x > 0.

Y

Let 3 be the completion of ¢y with respect to ||.||s. Then for each w € T we have X, C ¥ with
inclusion having norm at most 1. Note also that the projection P, onto the first n coordinates
is a norm-one operator on X, for each w € T, and also on X..

Proposition 4.16. The above defined family (X,,).er s an interpolation family with containing
space Y and intersection space A = cog. Moreover, for every zy in D one has:

(1) X0y = Xpo]- Thus we can denote X, = X3 = Xiz)-
(2) The space X, is the completion of coo with respect to the norm ||z||., = ||e
(3) Q,yx = D'(20)x for x € coo.

Proof. (1) Let € coo. Clearly |||, < [|2]l{z}- Let f € F (see Section 3) be such that
f(20) = z. Take n such that P,(z) = z and define g(2) = P,(f(2)). Then g(2) = >_7_, ¥;(2)e;,
where (e;) is the canonical basis of ¢5. Since 9;(z)e; = (P; — Pj_1)f(2) and f is analytic when
viewed as a X-valued function, we get that ¢, is analytic. If z € D, then

[ leslls = (P = P-) f(2)lls < 2[f(2)lls < 2[ 7

Hence v¢; € H®, the space of bounded analytic functions on D, which is contained in the Smirnov
class NT. Also, for almost every z € T we have ||g(2)|lx. = |P.(f)lx. < If)lx. < [|fll#
Thus g € G and [gllg < ||fllg- Since g(z0) = Pu(F(z0)) = 2, we get allgapy = 7]}

To prove (2), let z € cop and let g(z) = eP*)~PE0)y € G. Then g(2) = =, and for z € T we
have [|g(2)||x. = [le"P#)z|y. Thus ||z||., < |le”P)z||,. Take f € G such that f(z,) = x. Given
a non-zero y € cgo, define h(z) = (e7PE) f(2),y).

It follows that h € H*. Indeed, f may be written as a finite sum »_ f;x;, with f; € Nt and
T; € coo. Since e P*) is bounded, we have that e P*) f;(z) € N*. This implies that h € N+,
and since it is bounded on T, h € H*> [18, Theorem 2.11]. Moreover, ||h||g=~ < || f|lg|lyll2. Hence

_D(ZO)x‘|2_
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|h(z0)] = [(e Pz, y)| < || fllgllyllo- Since || f|lg can be taken arbitrarily close to ||z]|., and y is
arbitrary, |le P x|y < [|2]|.,.
(3) We have shown that the following function g is an extremal function for z = (a?) at z:

g(z) = eP()=D(z0) . — (6<;J1(Z)—<p1(zo)a17 er2()mp2(20) 42 ).
Then ¢'(z) = (¢, (z)e#H=enl0)qm) ‘hence gz = ¢'(20) = (¢}, (20)a™) = D' (). O
By Proposition 4.16, there is no local bounded stability for arbitrary families of Kéthe spaces:

Proposition 4.17. Let D(z,) = (w,z,) be an unbounded diagonal operator on cy.

(1) The choice D(z) = zD wyields an analytic family for which 2, = D for every z € D.
(2) The choice D(z) = 22D vyields an analytic family such that Q0. = 22D for every z € D.
Therefore Qg = 0 while ), is unbounded for z # 0.

We pass now to show that there is no local stability for families of Kothe spaces.

Proposition 4.18. Letp : T — [1,00) be a measurable function and let oo : D — C be an analytic
function on D satisfying Re (a(z)™') = p(z)~' on T, and such that inf Re(w) and sup Re(w) are
attained on T. We consider the interpolation family (pe)wer. Given zy € D with a(z) € R,
the interpolation space at zg is Lp(z,) with derivation

o' () ||
Q, (x,) = ——F—= | zplog———— | .
’ a(z) p(=0)
Proof. The containing space for the family is /.., and the intersection space may be taken as cqg.

We first check that
a(zg) l’n
1) = (1l 22

|xn|

is a l-extremal for v = (x,) € coo With ||z||po) = 1. The function f is analytic, f(zp) = =, and
f € G because for every z € D

z Re(2G0) ),y olz .
IF I = S P EPE = §7 260 = 37 |, P = 1.

Therefore, ||z]., < ||#]pe0). Hence [|z]., = ||#]p0) by Theorem 4.6. Moreover for non-zero
x = (x,) € lp(z,) one has

X
Q) = M2lleyp o <—
||x||€p(z0)
a(zg)

a(z0)
Y x a2 €
||x||fp(20> n ( ’ TL| ) ( U) 01/(2'0) logl

’[L’n’ Hxl‘fp(zo) a(z0)2 Hx“ﬁp(zm

= _a’(zo) x log—|mn|
a(ZO) Hx”fp(zo) ,

and the proof is complete. [l
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An exact sequence is singular when the quotient map ¢ is strictly singular; i. e. no restriction
of ¢ to an infinite-dimensional subspace is an isomorphism. A derivation is said to be singular if
the induced exact sequence is singular [6]. Obviously, singular derivations are not trivial.

Proposition 4.19. The family ({y))zer with p(z)~" = Re ((2* +2)7') yields Qo = 0 and Q,
singular for 0 # z € D.

Proof. Since p(z)~* € [1/3,1] it turns out that p(z) € [1,3]. We thus set a(z) = 22 +2 on D. In
that case we get a(z) € R if and only if z = ¢ or z = it, t € R. By the previous lemma, Q = 0,
and for z =t and z = it, t # 0, ). is a nonzero multiple of the Kalton-Peck map on /£, and
therefore it is singular. Moreover, the choice a,,(z) = 2% + 2 — ilm(a(z)) yields that €., is a
nonzero multiple of the Kalton-Peck map for any zy € D, z9 # 0. O

The moral of all this. We can present two explanations for the fact that families of two or
three Kothe spaces have global (bounded) stability and are even rigid in different senses while
families of four spaces do not. The first one emerges from the proof of Theorem 4.13: any point
in the interior of the convex hull of three points admits a unique representation as a convex
combination of them, but this is false for four points. The second one arises from the reiteration
theorem for families [12]. Using that result to set the initial configuration one gets:

Theorem 4.20. Let a and (Xo, X1)a@w) for w € T be as in Theorem 4.6, let o, denote the
derivation corresponding to (Xo, X1)s for 0 < s < 1, and let zg € D. Then the derivation
corresponding to the family (Xo, X1)a(z) at 20 is ®., = w'(20)Qa(zy), where w = o +i& and & is
the harmonic conjugate of o with &(zy) = 0.

Proof. Fix z € D and = € Xy N Xj, and take a c-extremal f for x at a(z) in the Calderén space
C(Xo, X1). By [4, Lemma 4.2.3] we may assume that f is a linear combination of functions with
values in Xy N X;. Included in the proof of [12, Theorem 5.1] is the fact that ¢ = fow is an
extremal for z at z with respect to the family (Xo, X1)a(z), and ||g|| < || f||. Therefore ®.(z) =
(fow)(2) = w'(2)Qu (x). Finally Q,.) may be chosen as 2,,) by vertical symmetry. O

Theorem 4.20 can be seen as the 1-level version of Theorem 4.6. It shows that the derivation
maps of ((Xo, X 1)a(w))we1r are always multiples of the derivation maps of the initial pair.

Corollary 4.21. Let (X, X;) be an interpolation pair, let Qy be the derivation at 6 € (0,1), let
By ={e?:0€0,5]U[r, %]} and let « = xp, : T — [0,1]. Consider the interpolation family
{(Xo, X1)aw) : w € T}. Then for z =t or z =it, t € (=1,1), we get X, = (XO,Xl)% with
derivations o = 0 and ®, equal to a multiple of Qy with 0 = a(z) for 0 # z € D.

A case similar to that in Proposition 4.19 can be obtained with two spaces distributed on four
arcs on T as above: just consider Xy = ¢, and X; = ¢;, which produces X, = ¢, for every z = t,
z=1it, t € (—1,1) and &g = 0 while ®, is a non-zero multiple of the Kalton-Peck map on X, for
values of z € D arbitrarily close to 0. Thus, the differential process lacks local stability.

The next result explains, to some extent, the exceptional character of the previous examples.
It is a direct consequence of Theorem 4.20.
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Theorem 4.22. Let (Xo, X1) be an interpolation pair of Kéthe function spaces, and let us con-
sider the notation of Theorem 4.20.

(1) If the derivation ®,, is bounded for some zy € D such that 0 < a(zp) < 1 and w'(zy) # 0,
then Xo = X1 with equivalence of norms and ®, is bounded for each z € D.

(2) If the derivation @, is trivial for some zy € D such that 0 < a(zp) < 1 and w'(zy) # 0,
then X 1s a weighted version of X1 and ®, is trivial for each z € D.

5. STABILITY OF SPLITTING FOR PAIRS OF BANACH SPACES

For general Banach spaces, the problem of existence of local or global stability remains open.
Here we give some positive results for pairs of sequence spaces with a common basis and pairs of
Kothe function spaces. In the latter case, they provide more information than the results given
before, which have an isomorphic nature, while Theorem 5.11, under the additional hypotheses
it imposes, yields isometric uniqueness and stability.

In this section we will use an alternative description of the complex interpolation method for
pairs which is given in [16]. Let X = (X, X1) be an interpolation pair of Banach spaces and, for
z €S, let P? be the Poisson kernel on S at 2.

For 0 < § < 1and 1 < p < oo, we consider the spaces F5(X) and F°(X) of all functions
F : S — ¥ which are analytic on S, such that F(j 4 it) € Xj for j = 0,1 and ¢t € R, the maps
f] t eR— F(j + zt) € X; (j =0,1) are Bochner measurable, F has a Poisson representation

= [ F( (w)dw for z €S, and

1Py, = [ LA FE 0+ [ IR PO+ it < o

for 1 <p < oo, or HFHgoo(y) = max;—o1 || fj|| Lo ®,x;) < 00 for p = oo.

It is not difficult to check that F°°(X) endowed with the norm || - || %) is a Kalton space of
analytic functions on S. Moreover, the associated spaces Xy coincide (with equality of norms)
with the spaces obtained in Section 3 using the Calderén space C [16].

Given 0 < 8 < 1 and t € R, the invariance under vertical translations of S implies that given
f in the Calderén space € such that f(6) = z, the function g(z) = f(z —it) is in € and satisfies
I £lle = llglle and g(@ + it) = z; and the same is true for F°(X). Thus Xy = Xy, isometrically,
and it is enough to study the scale (Xg),_y1-

Recall that an interpolation pair (Xg, X;) is regular if A is dense in both Xy and X;. We need
the following properties of the map 6 — || - ||

Lemma 5.1. Let (Xo, X1) be a regular interpolation pair and let 0 < 6y < 6; < 1. For every
xr € Xg, N Xp,, the map 0 — ||z|lg € R is log-convex on (6y,61); it is therefore continuous with
right and left derivatives on any point of (6o, 61).

Proof. For each 6 € [0y, 01] one has ||z]|p < [|z[|s, " [|[l§, when 8 = (1—1)8 +t6;: the case 6, = 0,
0, = 1is well-known, and the general case is a consequence of the reiteration theorem for complex
interpolation [4, Theorem 4.6.1]. From this it follows that the map 6 — log||z||s is convex on
[0p,01], and therefore continuous with right and left derivatives at every point of (6y,6;). O
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5.1. Local bounded stability for coherent pairs. We begin by introducing the special in-
terpolation pairs we study in this section.

Definition 5.2. We say that an interpolation pair (X, X1) is coherent if there exists an in-
creasing sequence (E,) of finite-dimensional subspaces of A = Xo N Xy such that Ag = UpenEnp
is dense in A, and for every x € E,, we can select a 1-extremal fy9 so that the corresponding
derivation map y takes E, into E,.

Note that the restriction of a derivation map to a finite-dimensional subspace is always
bounded. The following result provides examples of coherent pairs.
Proposition 5.3. Let (Xo, X1) be a regular interpolation pair of reflexive spaces. Suppose that

(1) Xy and Xy have a common monotone basis (e,), or
(2) Xo and X, are rearrangement invariant spaces on [0, 1].

Then (Xg, X1) is coherent.

Proof. Given 0 < § < 1 and = € Xj, there exists a l-extremal g, ¢ by [16, Proposition 3].

(1) Take E,, = [e1,..., e, and denote by P, the natural norm-one projection from ¥ onto E,.
For x € E,, if g, is a l-extremal then f,¢(2) = P, (gz0(2)) defines a l-extremal that satisfies
the remaining conditions because all norms are equivalent on E,, and for y € F,

Q(y) = f,6(0) = (Pugye) (0) = Pu (g,6(0)) -

(2) The proof is similar: For each n € N we take as FE, the subspace generated by the
characteristic functions of the intervals ((k: —-1)/2" k/ 2”), k=1,...,2" The arguments in the
proof of [28, Theorem 2.a.4] show that

2n 1
Pnf = Z 2n (/ an,kdt) Xn,k
k=1 0

define a norm-one projection from ¥ onto FE,. O

The proof of the following result is a part of the proof of the main Theorem of [16]. We include
some details for the convenience of the reader.

Lemma 5.4. Given (Xg, X1) a reqular interpolation pair with X, reflexive, z € A, 6 € (0,1)
and a 1-extremal f,g one has ||fr0(2)|. = ||z|lo for every z € S.

*

Proof. 1t is enough to prove the result when [|z]lg = || fi0ll5e) = 1. We select z* € (Xp)*
(X*)g such that ||z*|| = (z,2*) = 1. As in Daher’s proof, we select f* € F2(X*) with f*(0) =
and || /|52 = 1.

Using [4, Lemma 4.2.3] we can show that g(z) = (f.e(2), f*(2)) defines an analytic function.
Since |g(z)| < 1 for every z € S and ¢(f) = 1, the maximum principle for analytic functions
implies that g(z) = 1 for every z € S. In particular || f,¢(2)||. > 1, hence || f.0(2)|. = 1. O

T
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Lemma 5.5. Let (Xg, X1) be a regular interpolation pair with X, reflexive, let x € A and let
0 <6y <0 <0, <1. Suppose that there is a 1-extremal f,o which is derivable at z = 0 as a
function with values in both spaces Xy, (i = 0,1), and consider the derivation Qq(z) = f, 4(0).
Then the right and left derivatives of t — ||z||; at § are bounded in modulus by ||Qg(z)|,-

Proof. By Lemma 5.4 ||z|lg = || fz.0(6 + €)||g+e. Hence

1 ) 1
lim —|[|zlg+e — l|zlls] < limsup = (|| fo0(0 + &) — z[lore)
e—0t & es0t+ €

< limsup (”Qg(l‘)”g+s + ||§(fr,9<0 +e)—x)— Qe(x>||9+6)

e—0t

. 1
< timnsup (192} ove + 105 |2 (7064 2) = ) = )

e—0t

).

Note that Qy(x) belongs to Xy, N Xy, by hypothesis. So, by Lemma 5.1, we have that ||Qg(z)]/g4c
tends to [|Qe(z)lo. Since L(fo0(0 +¢) — x) tends to Qp(z) in Xy, i = 0,1, we get:

dllx
) \ ol _,.

< (122 ()l -

O

Next we give some conditions on an interpolation pair (Xy, X;) implying Xy = X; up to an
equivalent renorming.

Theorem 5.6 (Local bounded stability). Let (X, X1) be a coherent interpolation pair of reflexive
spaces and let 0 < 0y < 0 < 1. Suppose that supg, ,p, || : Xy = Xi|| < 00. Then Xy = X1,
up to an equivalent renorming.

Proof. Fix x € Ag = UpenFE,. For 6y < s < 0, one has

df|]l;
dt

< 19 (2)]l, < Ml

t=st

If we set g(s) = eM*||x||, then

dg Y )
%9 — M5 ( M|z, >0,
(dt)w ‘ ( ! +( = IRE

Since g is continuous, it is nondecreasing on (6y, 0;). Therefore, whenever [0 —¢,6 +¢| C (6, 61)
one has g(6 +¢) > g(6 — ) which implies

M(0+e) ,M(6—<

[zlloe = € Nlzllo-s = el llo-.

Working with e™||z||s instead we obtain ||z][g4. < e*M¢||z]|g_-.

By density we get Xp,. = Xy_., thus Xy = X with equivalence of norms for |0 — s| < ¢, and
a result of Stafney [35, Theorem 1.7] implies that X, = X; with equivalence of norms. O
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5.2. Isometric rigidity of linear derivations for optimal interpolation pairs. As we
remarked in the Introduction, [14, Theorem 5.2] proves the estimate

d
Jgl1@lle. ~ llzlloa + (192 lo.1.

for the real (0, 1)-method of interpolation. From this fact, an analogue of Theorem 5.6 is derived
[14, Theorem 5.16]: If the maps 2y are uniformly bounded for all |§ — 0y| < € then Xy = Xj.
Moreover, [14, Theorem 5.17] shows that the (6, ¢)-method has a stronger stability property: if
Q2 is bounded for some 0 < § < 1 then Xy = X;. A similar result for the complex interpolation
method is still unknown in general, but we will give here some partial positive results.

From now on, we sometimes denote By(x)(z) = fr0(2) (z € S) for convenience.

Definition 5.7. An interpolation pair (Xo, X1) will be called optimal if, for every 0 < 6 < 1
and each x € Xy, there exists a unique 1-extremal f,g.

Daher [16, Proposition 3] showed that a regular interpolation pair of reflexive spaces is optimal
when one of the spaces is strictly convex. He also essentially observed the following result:

Lemma 5.8. Let (X, Xy) be an optimal interpolation pair with Xy reflexive. For all x € A and
t,z € S we have

(1) 1Bi(z)(2)[]= = [|=]s,
(2) Bi(x) = B, (Bi(z)(2)),
(3) Bi(x)'(2) = Q. (Bi()(2)).

Proof. (1) was proved in Lemma 5.4, (2) follows from the uniqueness of the extremals, since both
functions have the same norm and take the value B;(z)(z) at z, and (3) follows from (2) and

Bi(z)'(z) = Q.(x). O

Lemma 5.9. Let (Xo, Xy) be an optimal interpolation pair. For all0 < 6 < 1 andt € R one
has Qe-f—it = Qg.

Proof. Observe that By(z)(z — it) = Bpii(2)(2) since both are extremals for x at z = 6 + it.
Hence Qg i1(x) = Byri(z)' (0 4 it) = By(z)'(2) = Qy(x). O

We are ready to obtain some stability results when €2y is linear and bounded. We start with
the simplest case {2y = 0. Note that the following result is new even for Kéthe function spaces.

Proposition 5.10. Let (Xo, X1) be an optimal interpolation pair with Xy reflexive. Then 2y = 0
for some 0 < 0 < 1 if and only if Xo = X isometrically.

Proof. The if part is well-known and it easily follows from By(z)(z) = « for x € A. As for the
converse, consider the function F': R — ¥ defined by F(t) = By(z)(8 + it).

This function is constant since F'(t) = Qg1 (Bp(z)(0 +it)) = 0. Thus the analytic function
By(x) is constant on the vertical line through 6, hence constant on S. In particular ||z||y =
1Bo(x)(0)llo = | Bo()(2)]|- = [|[| for each z. O
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Recall that an operator 1" acting on a Banach space X is said to be hermitian when e is an

isometry on X for all t € R (see [23]).

Theorem 5.11. Let (Xo, X1) be a coherent and optimal interpolation pair of Banach spaces.
Suppose that Qg : X9 — X is linear for some 0 < 0 < 1. Then

(1) Q. (z) = Qg(x) for all z € S and all x € Ay.

(2) For every 0 < s < 1, the map x € Ay — e*¥x induces an isometry between Xy and X,
which gives ||z||s = |le”*%zo.

(3) Q. is an hermitian operator on X, for all z € S.

Proof. (1) Since By(z)'(0 + it) = Qorit (Ba(z)(0 +it)) = Qg (Bo(x)(8 +it)) for all ¢ € R, the
function t — By(x)(6 + it) satisfies the differential equation

(8) F1(t) = iQ(f(1))-

Equivalently, By(z) satisfies the equation f'(z) = Qp(f(2)) for z € Sy = {z € S : Re(z) = 6}.
Since By(z) : S — X is the unique l-extremal and x € Ay, it is analytic as a map into A. When
Qy is linear, Qp o By(x) : S — ¥ is analytic and takes values in A for z € Ay, and the derivative
By(x) 'S — X is of course analytic. Since both functions coincide on Sy, they coincide on S;
thus By(x) solves the equation f'(z) = Q(f(2)) on S and we get

Qo(z) = Qo (Bu(2)(2)) = Qo (Ba(B:(2)(0))(2))
= By (B.(2)(0)) (z) = B:(2)'(2) = Q. ().

To prove (2) we need to make sense of the function G(t) = e~%% By(z)(0 + it) for z € A,.
Pick n € N such that z € E,,. Since Qy(E,) C E,, the iterations Q’g are operators on FE,, so
that G is well defined. Now, since 2y : Xy — X is linear and bounded,

G'(t) = e ™ %iBy(x) (0 + it) — e " iQy (B () (0 + it))
— (mg (By(2)(0 + it)) — i€% (By(2)(0 + it)) ) —0.

So the function G(t) is constant and equal to G(0) = z; thus By(x)(0 + it) = ¢z, This
means that for any z in the vertical line through 6, By(z)(z) = e*=%z. Since both functions
are analytic on S, it turns out that By(x)(z) = =%z for all z € S and x € Ay. Since the
functions are equal on S, they have the same radial limits a. e. on the border.

So By(x)(z) = e %y for a. e. z on the border of S. Thus 1 = || By(x)(it)||o = ||e®~ x|,
for a. e. t € R. By continuity, ||e®~?%z|, = |lz||s for every ¢t € R. Clearly the same reasoning
works for 1 + 4t instead of it.

Thus ||z]lg = || Be(z)(s)||s = ||e®~ D% x]|, for each s € [0,1] and = € Ay. Taking y = ¥z, we
get ||z]|o = [|e**Qpx]|, for every s € [0, 1] and every x € Ay, which is dense in both X, and X.
Hence the map x — e~ *%x extends to an isometry between X, and Xg, and ||z||, = |e™*%x]|o.

(3) Since [|z]|. = || B:(2)(z + it) | -+s¢ = [|B:(2)(z +it)|. = "], and the norm || By(x)(2)]]-
is constant and equal to ||z||s for z in the vertical line through 0, we get that {¢},cg is a group
of linear isometries on X,. ]
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We can compare this result to Theorem 4.4, in which the €y trivial implies that X; is a
weighted version X, and (2 is the operator acting as multiplication by —log w.
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