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Introduction to the Pompeiu problem

Pompeiu property

Let P C R? be a bounded set with nonempty interior. P has the
Pompeiu property if, for f € C(R%),

/ f(x)dx = 0.
o(P)

over all rigid motions o € M (d) implies that f = 0.
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Introduction to the Pompeiu problem

Pompeiu property

Let P C R? be a bounded set with nonempty interior. P has the
Pompeiu property if, for f € C(R%),

/ f(z)dx =0.
o(P)

over all rigid motions o € M (d) implies that f = 0.

The group M (d) of rigid motions in R? is the group generated by
all translations and rotations.
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Introduction to the Pompeiu problem

Pompeiu property

Let P ¢ R% be a bounded set with nonempty interior. P has the
Pompeiu property if, for f € C(R%),

=
a(P)

over all rigid motions o € M (d) implies that f = 0.

Equivalently, P has the Pompeiu property if the values

/ fa

over all rigid motions o € M(d ) uniquely determine f € C(R?).
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Introduction to the Pompeiu problem

An interval does not have the Pompeiu property:

c+L 2
/ sin (—Waz) dz =0
. L
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Introduction to the Pompeiu problem

A ball does not have the Pompeiu property. If R is the radius of the
ball and a is such that J;/5(aRR) = 0, then

/ sin(axi)dz = 0.
z—cll<R
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Introduction to the Pompeiu problem

A ball does not have the Pompeiu property. If R is the radius of the
ball and a is such that J;/5(aRR) = 0, then

/ sin(azy) dz = 0.
z—cl|<R

. 7 N 2
2milE D) g — Jas2(2mR|IE])).
e (ey)” Jamterrie
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Introduction to the Pompeiu problem

Let P C R? be a convex body. P has the Pompeiu property if, for
f e C(R?),

f(z)dx = 0.
Jo(P)

over all rigid motions o € M (d) implies that f = 0.

Pompeiu problem

Is the ball the only convex body that does not have the Pompeiu
property?
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Pompeiu problem

Is the ball the only convex body that does not have the Pompeiu
property?
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Introduction to the Pompeiu problem

Pompeiu problem
Is the ball the only convex body that does not have the Pompeiu
property?

Many conditions are known that imply the Pompeiu property:

@ Brown, Schreiber, Taylor (1973): In the planar case, if the
boundary of P has a “corner”, then it has the Pompeiu property.

e Williams (1976): If P does *not* have the Pompeiu property
and has a portion of a real analytic surface on its boundary, then
any analytic extension of this surface also lies in the boundary.

Fabricio C. Machado The Pompeiu property for polytopes



Introduction to the Pompeiu problem

Pompeiu problem

Is the ball the only convex body that does not have the Pompeiu
property?

Many conditions are known that imply the Pompeiu property:

@ Brown, Schreiber, Taylor (1973): In the planar case, if the
boundary of P has a “corner”, then it has the Pompeiu property.

e Williams (1976): If P does *not* have the Pompeiu property
and has a portion of a real analytic surface on its boundary, then
any analytic extension of this surface also lies in the boundary.

Which in particular implies that polytopes have the Pompeiu property.
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Introduction to the Pompeiu problem

Our main contribution
Using an explicit form for the Fourier-Laplace transform of a poly-
tope (Brion's theorem), we give a simple proof that polytopes have
the Pompeiu property.
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Our main contribution
Using an explicit form for the Fourier-Laplace transform of a poly-
tope (Brion's theorem), we give a simple proof that polytopes have
the Pompeiu property.
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Introduction to the Pompeiu problem

An equivalent condition

Brown, Schreiber, Taylor (1973)

A convex body P C R has the Pompeiu property if and only if the
Fourier-Laplace transform of P, namely 1p(z), does not vanish iden-
tically on any of the complex varieties Sc(«), for any o € C\ {0}.
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Introduction to the Pompeiu problem

An equivalent condition

Brown, Schreiber, Taylor (1973)

A convex body P C R? has the Pompeiu property if and only if the
Fourier-Laplace transform of P, namely 1p(z), does not vanish iden-
tically on any of the complex varieties Sc(«), for any a € C\ {0}.

Sc(a)={zeC¥:22+...+22=0% ]
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Introduction to the Pompeiu problem

An equivalent condition

Brown, Schreiber, Taylor (1973)

A convex body P C R has the Pompeiu property if and only if the
Fourier-Laplace transform of P, namely 1p(z), does not vanish iden-
tically on any of the complex varieties Sc(«), for any a € C\ {0}.

Sc(a) ={z€C%: 22+ .-+ 22 =0a?} J

Null set of P:
N(P)={zeC¥:1p(z) =0}
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Introduction to the Pompeiu problem

An equivalent condition

Brown, Schreiber, Taylor (1973)

A convex body P C R? has the Pompeiu property if and only if the
Fourier-Laplace transform of P, namely 1p(z), does not vanish iden-
tically on any of the complex varieties Sc(«), for any o € C\ {0}.

Sc(a) ={z€C¥: 22+ ..+ 22 =0a?} J

Null set of P:
N(P)={zeC¥:1p(2) =0} J

P does not have Pompeiu property <= 3Ja # 0: Sc(a) C N(P) |

v
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Introduction to the Pompeiu problem

Example

Let P C R? be an hexagon,
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Introduction to the Pompeiu problem

Example

In blue is N(P)NR? and in red is a circle.

/ \
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Example

In blue is N(P)NR? and in red is a circle.
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Example

In blue is N(P)NR? and in red is a circle.
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Introduction to the Pompeiu problem

Our main contribution
Using an explicit form for the Fourier-Laplace transform of a poly-
tope (Brion's theorem), we give a simple proof that polytopes have
the Pompeiu property.

Theorem (M., Robins)

Let P c R? be a d-dimensional polytope, H C R? be a 2-
dimensional real subspace that is not orthogonal to any edge from
P, and fix an orthonormal basis {e, f} C R? for H. Then

{a(cost)e + a(sint) f € c?:te [—m, 7]} ¢ N(P)

for any a € C\ {0}.
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The Fourier transform of a polytope

© The Fourier transform of a polytope
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The Fourier transform of a polytope

Let P C R? be a d-dimensional polytope. For each v € V(P),
let K, be the tangent cone of P at v and K, 1,..., Ky, be a
triangulation of K, into simplicial cones with no new edges. For
each 1 < j < M,, let wy,,... ,w}”d be the edges of K, ;.
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The Fourier transform of a polytope

Let P C R? be a d-dimensional polytope. For each v € V(P),
let K, be the tangent cone of P at v and K, 1,..., K, np, be a
triangulation of K, into simplicial cones with no new edges. For
each 1 < j < M,, let wy,,. .. W3 g be the edges of K, ;.

Q5
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The Fourier transform of a polytope

Let P C R? be a d-dimensional polytope. For each v € V(P),
let K, be the tangent cone of P at v and K, 1,..., K, be a
triangulation of K, into simplicial cones with no new edges. For
each 1 < j < M, let w}il, .. ,w;?’d be the edges of K, ;.

<7
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The Fourier transform of a polytope

Let P C R? be a d-dimensional polytope. For each v € V(P),
let K, be the tangent cone of P at v and K, 1,..., K, be a
triangulation of K, into simplicial cones with no new edges. For
each 1 < j < M, let w}il, .. ,w;?’d be the edges of K, ;.

A
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The Fourier transform of a polytope

Let P C R? be a d-dimensional polytope. For each v € V(P),
let K, be the tangent cone of P at v and K, 1,..., K, be a
triangulation of K, into simplicial cones with no new edges. For
each 1 < j < M, let w;{l, . ,w}id be the edges of K, ;.

A
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The Fourier transform of a polytope

Brion's theorem

A Z My —2mifv,2) det K, ;

].P(Z) = — . : '
veV(P) j=1 (27i) <wj,1’ z)... <wj7d’ 2)
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The Fourier transform of a polytope

Brion's theorem

Mo _omi(v,z) d :
5 e et K
1 U,] .
P(2) Z @mi)? (wfy,z)... (why, 2)

d=1
P=[-3:3) Ko =[-4,00) Ki=(-00,3]  —=——
2] 2
" e—2mi(-3)2 ] g2midz sin(7z)
Z _ pr—
r (2mi)! 2 (2mi)t (—2) w2
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The Fourier transform of a polytope

Brion's theorem

Mo _omi(v,z) d :
5 e et K
1 U,] .
P(2) Z @mi)? (wfy,z)... (why, 2)

d=1
P=[-3 3l Ko=[-5,00. Ki=(-00,3]  —=—
2] 2
(o) o= 2mi(—1).2 e—2mitzs sin(7z)
Z _ pr—
2 @m)t =z (2mi)! (—2) =
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The Fourier transform of a polytope

Brion's theorem

Mo _omi(v,z) d :
5 e et K
1 U,] .
P(2) Z @mi)? (wfy,z)... (why, 2)

d=1
P =[-3,3], Ko =[~3,00), K1 = (—00, 3] T 1
2] 2
—27i(—1).z —2mig. i
o . 1 e~ 2mizz 1 sin(7z)
Z _ pr—
2 @m)t =z (2mi)! (—2) T
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The Fourier transform of a polytope

Brion's theorem

—27rz (v,2) det Kv j

Z Z (27i) w-jl,z>...(’w;?7d,z>'

veV(P) j=1

d=2

P = conv{(0,0), (a,0),(0,b)}

W) =(10), wi=(-1,0, wf=(0,-1) N
wg = (07 1)7 wg = (—a, b)? wg = (CL, _b)

i ( ) 1 2 1 N be—27‘riaz1 N ae—27rib22
z)=[-—
P 27 z1z2 (az1 —bze)z1  (—az; + bza)z
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The Fourier transform of a polytope

Brion's theorem

—27rz (v,2) det Kv j

Z Z (2mi)? w-jl,z>...(’w;?7d,z>'

veV(P) j=1

i ( ) 1 2 1 N be—Qﬂ'iazl N ae—27rib22
Z)=| —
P 211 Z122 (cLZl — bZQ)Zl (—azl TF bZQ)ZQ
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Bessel functions

© Bessel functions
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Bessel functions

Bessel function of order n, J,,(2):

271- . . .
Jn(z) — / ezz s1ntef'mt dt
0
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Bessel functions

Bessel function of order n, J,(z):

1 2T .
Jn,(z) _ % /0 ezz smtefmt dt

Fourier series expansion for e**s™m¢:

zz sint __ § : J znt

nEL
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Bessel functions

Fourier series expansion for e*sint:

LZ sin t Z J LrLt

nez
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Bessel functions

Fourier series expansion for e**s¢:

77 sint __ 2 J m,t

neEZ

Hypergeometric series

=
(\2

[
/—\
v
3
M8

— (n + k‘ (n + k)lk! (Z)zk
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Bessel functions

Hypergeometric series

anZ (C1FE a2k
20 = () armm()

k=0
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Bessel functions

Hypergeometric series

S (1) e 2%
T =(3) ZM(Q)%

n
k=0
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Bessel functions

Hypergeometric series

2\ — 1)k sz\2k
T =(3) ZM(Q)%

k=0
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@ Overview of the proof
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Overview of the proof

Brown, Schreiber, Taylor (1973)
P does not have Pompeiu property <= Ja #0: Sc(a) C N(P) ’
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Overview of the proof

Brown, Schreiber, Taylor (1973)
P does not have Pompeiu property <= Ja #0: Sc(a) C N(P)

‘circle’

2(t) = (21,...,2q) € CY,
z1 = acost, zyg=asint, z3=---=29=0, te€(—mmn]

Fabricio C. Machado The Pompeiu property for polytopes



Overview of the proof

Brown, Schreiber, Taylor (1973)
P does not have Pompeiu property <= Ja #0: Sc(a) C N(P)

‘circle’

2(t) = (21,...,2q) € CY,
z1 = acost, zyg=asint, z3=---=29=0, te€(—mmn]

Assume by contradiction that

1p(2(t)) =0 for all t € (=, x].
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Overview of the proof

A M, 6727ri<v,z(t)> det Kv,j

0=1pt)= Y @ri)T (wly, 20) - (w0l > 2(0)

veV(P) j=1
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Overview of the proof

My —2mi(v, 2(t)) det K, ;
@) (wly, 2(0) .- (Wl 2(0)

0=1p(z(t) = >

veV(P) j=1

Substituting cost = (et + e7%)/2 and sint = (e — e~%)/(2i),
wY,, z(t)) is a trigonometric polynomial c_ie™* 4 ¢o + c1e®
7,0
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Overview of the proof

My —2mi(v, 2(t)) det K, ;
@) (wly, 2(0) .- (Wl 2(0)

0=1p(z(t) = >

veV(P) j=1

Substituting cost = (et + e7%)/2 and sint = (e — e~%)/(2i),
(w¥;, 2(t)) is a trigonometric polynomial c_je~" + co + cre”

N i —2mi(v, z
0= ZveV(P) (Zk:_N E jE kt)e 2mi(v, z(t))
Cu,N 7’é 0
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Overview of the proof
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Overview of the proof

v = (74 COS Gy, Ty SIN Py, V3, . . ., Vg)
z(t) = (acost,asint,0,...,0)
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Overview of the proof

v = (74 COS Gy, Ty SIN Py, V3, . . ., Vg)
z(t) = (acost,asint,0,...,0)

6—271'1'(11, z(t))

Fabricio C. Machado The Pompeiu property for polytopes



Overview of the proof

v = (74 COS Gy, Ty SIN Py, V3, . . ., Vg)
z(t) = (acost,asint,0,...,0)

6—27ri(v,z(t)> _ e—27‘ria7"v cos(t—pu) _
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Overview of the proof

v = (74 COS Gy, Ty SIN Py, V3, . . ., Vg)
z(t) = (acost,asint,0,...,0)

6—27ri(v,z(t)> _ e—27‘ria7"v cos(t—pu) _ eQm’arv sin(t—¢y—m/2)
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Overview of the proof

eizsint — ZneZ Jn(z)eint J

v = (T4 COS Gy, Ty SIN Py, V3, . . ., Vg)
z(t) = (acost,asint,0,...,0)

e—?m’(v,z(t)) _ e—27‘ria7"v cos(t—pv) _ eQm’arv sin(t—¢y—m/2)

= Z Jn(27rarv)emte*m(¢”+”/2)
ne”
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Overview of the proof

eizsint — ZneZ Jn(z)eint J

v = (T4 COS Gy, Ty SIN Py, V3, . . ., Vg)
z(t) = (acost,asint,0,...,0)

e—?m’(v,z(t)) _ e—27‘ria7"v cos(t—pv) _ eQm’arv sin(t—¢y—m/2)

= Z Jn(27rarv)emtefm(¢”+”/2)
neZ

Fabricio C. Machado The Pompeiu property for polytopes




Overview of the proof

N

0= Z ( Cvkeikt)e—m@,z(t))
veV(P) k=—N

N
= ikt a . /mt ,_i”(¢u+7r/2)
Z ) <k=ZN ke ) (Z Jn(2mar,)e™e )

veV (P neZ
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Overview of the proof

0= Z ( S cvvke"‘kt) e~ 2mi(v, 2(t))
veV(P) k=—N
N

N Z < vakeikt)(ZJn(27rarv)ei"te—in(¢u+7r/2))

veV(P) k=—N neZ
N

- Z( Y Y apeniRi@tT/2) Jn_k@mm)emt

n€Z ~veV(P)k=—N
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Overview of the proof

Z <Z Cvkezk;t) —2mi(v, 2(t))

veV (P
_ Z < Z Cv7kez'k;t)(ZJn(QWarv)einte—in(%-i—Tr/Q))
veV(P) k=—N nez

N
_ Z( Y Y apeniRi@tT/2) Jn_k(gmrv))emt

nezZ “veV(P)k=—N

N
0= Z e indu Z Gy 5 Jn_k(2ﬂarv)ik6ik¢”, Vn € Z
veV (P) k=—N
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Overview of the proof

By translating P in the direction of u, we may assume that

U = arg max 1y,
veV

and that u is the only vertex that attains this maximum.
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Overview of the proof

By translating P in the direction of u, we may assume that

U = arg max 1y,
veV

and that u is the only vertex that attains this maximum.

y (n—N)!Q”*NJ @ ) lif k=N and u=u,
im —————J,_.2mar,) = _
nvoo (2mary )N " 0if k< N or (k=N and u # v)
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Overview of the proof

By translating P in the direction of u, we may assume that

U = arg max 1y,
veV

and that u is the only vertex that attains this maximum.

I (n—N)!Q”*NJ @ ) lif k=N and u=wv,
im ~———C——J, k(2mar,) =
n—oo (2mar, )N "E 0ifk<Nor (k=N and u # v)
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Overview of the proof

. (n—N)l2n=N l1ifk= N and u =,
lim ~——————Jp (2mary,) = _ B
n—oo (2mary) 0if k<N or (k=N and u # v)
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Overview of the proof

1if k=N and u = v,
0if k<N or (k=N and u # v)

. (n—N)l2nN
lim ~——————
n—oo  (2mamr, )"V

Jn—k(2mar,) = {

N

0= Z e indv Z G b Jn_k(Zﬂ'arv)ikeik%
veV (P) k=—N

Fabricio C. Machado The Pompeiu property for polytopes



Overview of the proof

. (n—N)12n N 1if k=N and u =,
lim —an—k(Qﬂ'arv) = .
n—oo (2mary)" 0if k<N or (k=N and u # v)
Z g~ P Z Cok In—k(2maury)i k giky
veV(P) (n N2V
. wn n—
s S
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Overview of the proof

(n — N)I2n=N lif k=N and u=v,
o Jn—k(2mar,) = _
n—oo (2mary,)" Oif k< Nor (k=N and u#v)

N
0= Z e~ indv Z Co Jn_k(Qwarv)ikeik%

veV(P) k=—N )
g ing, (=N
PLUS X rar,)n

|2n7N

— cu,NiNeiN‘ﬁu =0 = c,n=0 J
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Overview of the proof

. (n—N)12n N lif k=N and u=v,

lim ~——————Jp_(2mar,) = _
n—oo (2mary,)" Oif k< Nor (k=N and u#v)

. N .
0= Z e~ indv Z Co Jn_k(Qwarv)ikeZk%
veV(P) k=—N (N

: ingy, (n=N)12"~
nh—{go N (2mary,)"—N

= CuN iV et — ) — cu,N =0 a contradiction. DJ
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Overview of the proof

Summary

@ Brion's theorem shows the Fourier-Laplace transform of a
polytope as a rational-exponential function.

@ The null set of a polytope P does not contain a 'circle’ on any
plane not orthogonal to some edge of P.

@ To show this we assume otherwise and find a contradiction
between the Fourier coefficients of 1p(z(t)) of high order and
the asymptotic behaviour of Bessel functions.

@ This implies that every polytope has the Pompeiu property.
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Thank you for your attention!
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