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Notation

@ Rings and algebras are associative with 1.

@ Homomorphisms, subrings, subalgebras and embeddings of
these objects preserve 1.

@ A division ring is a nonzero ring such that every nonzero element
is invertible.

@ If k is a commutative ring, free k-algebras k(X) are supposed to
be noncommutative, i.e. | X| > 2.

@ The free group k-algebra on the set X is the group k-algebra
k[G] where G is the free group on the set X, | X| > 2.



A conjecture

Let D be a division ring with center Z.

Conjecture A (L. Makar-Limanov, T. Stafford)

(A) If D is finitely generated (as a division Z-algebra) over Z and
[D : Z] = o0, then D contains a free Z-algebra

o Ifk < Z, (P.Malcolmson and L. Makar-Limanov)
D contains free (group) Z-algebras

D contains free (group) k-algebras

@ k(X) C D= k(X, X !)is afree group k-algebra.



@ Important examples of division rings D satisfying the conjecture
contain free group k-algebras.

Makar-Limanov
@ chark =0, A; = k(z,y | yr — zy = 1) is a noetherian domain,
thus an Ore domain with Ore ring of fractions D;.
e D; contains a free group k-algebra.
@ G a nonabelian torsion-free nilpotent group.
The group k-algebra k[G] is an Ore domain with Ore ring of
fractions k(G).

e k(G) contains a free group k-algebra for any field k,

@ We give sufficient conditions for the existence of free group
algebras in certain division rings.



Some definitions

@ An ordered group is a pair (G, <) where

e G is a group with operation denoted additively.
@ < is a strict total ordering such thatV g1, g2, h € G

g1<g2 = g1+h<ga+handh+g1 <h+g2

@ Z, R, any torsion-free abelian group can be ordered.
@ torsion-free nilpotent groups can be ordered.
@ residually {torsion-free nilpotent} groups can be ordered.



Some definitions

@ Let D be a division ring and (G, <) be an ordered group. A map
v: D — G U{oo} is a valuation if it satisfies

0 v(f) =00« f=0.
e u(fi + f2) > min{v(f1),v(f2)} V f1, f2 € D.
o v(fif2) =v(f1) +v(f2),V f1,f2 € D.

@ Valuations induce descending filtrations.
Forall g, h € G:

Dsy={zeD:v(z)>g}, Dsg={zeD:v(z)>g}, D;=—-"=%
A multiplication can be defined by
Dy x Dy — Dgin, (x4 D>g)(y+ Dsn) = (2y) + D>gin-

The associated graded ring of v on D is

gr, (D) = @ Dy.

geG



Main result for real valued valuations

@ Amap D — gr (D)= @ Dy, v+ &+ Dsy(y) € %}Em;'
geG v(x

Theorem (S.)

Let D be a division ring with prime subring P. Letv: D — R U {o0}
be a nontrivial valuation. Let X be a subset of D satisfying the
following three conditions.
@ The map X — gr, (D), x + & + D~ (), IS injective.
@ Foreachz € X, v(z) > 0.
@ The Py-subalgebra of gr,,(D) generated by the set
{2 4 D~ () yzex iS the free Py-algebra on the set
{l‘ ar D>u(a:)}xEX: where Py := PZO/P>0 C Dy.
Then, for any central subfield k, the k-subalgebra of D generated by
{1 +2z, (1+2) '}.ex is the free group k-algebra on {1 + =} e x.-




Main result for general ordered groups

Let (G, <) be an ordered group.
Letg,h € G, g,h > 0.

@ We say g ~ h if there exist positive integers m and n such that
g < mhand h < ng.
@ Wesay g < hif

ng < h for all positive integers n.

@ For positive elements g, h € R, g ~ h.
Q@ 7Z X1,

(a,b) < (a',b) <= {b<V}or{b="V anda < da'}.

Then (1,0) < (0,1).



Main result for general ordered groups

Theorem (S.)

Let D be a division ring with prime subring P. Let (G, <) be an
ordered group andv: D — G U {cc} be a valuation. Let X be a
subset of D satisfying

@ The map X — gr,, (D), v — x + D~ (), IS injective.
@ v(zx)>0forallz e X.
@ v(x) ~v(a') forall z,a’ € X.
@ The Py-subalgebra of gr, (D) generated by {x + D~z }eex IS
the free Py-algebra on {x + D+, (y) }eex
Then the following hold true.

@ [f there does not exist = € P such thatv(z) > v(z) forallx € X,
then the P-subalgebra of D generated by {1 +z, (1 +z) '},ex
is the free group P-algebra on {1 + x},cx.

@ If there exists z € P such that v(z) > v(x) for some x € X, then
the P-subalgebra of D generated by {1 + zz, (1 + zx) '},ex is
the free group P-algebra on {1 + zx},cx.




A corollary

Corollary (S.)

Let D be a division ring. Let (G, <) be an ordered group and

v: D — G U {oo} be a surjective valuation.

If G contains a noncommutative free monoid, then D contains a free
group k-algebra for any central subfieldk of D.

We single out three types of ordered groups (G, <).
Type 1: For all convex jumps (H,N), [G,H] C N.
Type 2: Every convex subgroup of G is normal in G, but G not of Type 1.
Type 3: There exists a convex subgroup of G which is not normal.



Applications

@ L a Lie algebra over a field k.
@ U(L) universal enveloping algebra of L.
@ There is a construction of a division ring ©(L) that contains U (L)

and is generated by it (Cohn, Lichtman, Huishi Li)
@ If U(L) is an Ore domain, then ©(L) is the Ore ring of fractions
of U(L).

Theorem (S.)

Letk be a field of characteristic zero. Let L be a nonabelian Lie
k-algebra with universal enveloping algebra U (L). If one of the
following conditions is satisfied

@ L aresidually nilpotent Lie k-algebra;
@ U(L) is an Ore domain and with Ore ring of fractions ©(L).
Then ©(L) contains a free group k-algebra.

The case U(L) Ore was first proved by A. I. Lichtman.



Algebras with involutions

@ Letk be a field.
@ A k-involution on a k-algebra R is a k-linear map R — R, = — x*,
(zy)" =y z*, (¢")*=o forallz,y e R
@ A k-involution on a Lie k-algebra L is a k-linear map L — L,
T — x¥,
[z, y]" = y",2"], (z")*=2 forallz,y€ L
The map L — L, x — —z, is a k-involution for any L.

@ Any k-involution on L can be extended to a k-involution of its
universal enveloping algebra U(L).

@ Aninvolution on a group Gisamap G — G, x +— =¥,
(ry)" =y 2", (2")" =2 forallz,yec G

The map G — G, g — g}, is an involution for any G.

@ Any involution on G can be extended to a k-involution on the
group ring k[G].



Involutional version of conjecture (A)

Let D be a division k-algebra equipped with a k-involution.

(A) If D is finitely generated (as a division ring) over its center Z and
[D : Z] = o, does D contains a free Z-algebra generated by
symmetric elements, i.e. z* = x?

@ Results where the answer is affirmative have been given by
{Ferreira, Goncalves} + Fornaroli or S.

@ Any k-involution on L can be extended to a k-involution of ©(L).
(Cimpric)
@ Let G be an orderable group.
The group ring k[G] can be embedded in a division rin?l k(G).
(Malcev, Neumann)

Any involution on G can be extended to a k-involution k(G)
(Ferreira-Goncalves-S.)



Division rings with involution

Theorem (S.)

Letk be a field of characteristic zero and L be a nonabelian Lie
k-algebra endowed with a k-involution «: L — L. Suppose that one of
the following conditions is satisfied.

@ L is residually nilpotent;

@ The universal enveloping algebra U (L) is an Ore domain and
either

o there exists x € L such that [x*, x| # 0 and the Lie k-subalgebra of
L generated by {z,z*} is of dimension at least three, or

e [z*,x] =0 forevery x € L, but there exist x,y € L with [y, z] # 0
and the k-subspace of L spanned by {x,z",y,y"} is not equal to
the Lie k-subalgebra of L generated by {z,z*,y,y*}.

Then ©(L) contains a (noncommutative) free group k-algebra whose

free generators are symmetric with respect to the extension of x to
D(L).




About the proofs
Argument by Lichtman

® H:= <‘T7y: [yv [%x]] = [3?, [y’x]] = 0>'

@ Obtain suitable free (group) algebras in ©(H).

@ Obtain suitable free (group) algebras in ©(L) for L a residually
nilpotent Lie k-algebra.

@ Suppose L is generated by two elements «a, b. Construct a
filtration as

F,L=ka+kb, F, L= Y [E, L, [Fn,L,...]]

=(n+1) T
nitFne>—(nt1)

@ gr(L)= & L, is aresidually nilpotent Lie k-algebra
n<—1

@ Itinduces a filtration in U (L) such that gr(U(L)) = U(gr(L)).
So it comes from a valuation.

@ This valuation can be extended to ©(L)

@ gr(D(L)) = H 'U(gr(L)), where H is the set of homogeneous
elements of U(gr(L)).



Division rings with involution

Theorem (S.)

Letk be a field of characteristic zero and G be a nonabelian
residually torsion-free nilpotent group endowed with an involution

x: G — G. Thenk(G) contains a free group k-algebra whose free
generators are symmetric with respect to the extension of x to k(G).

Proof.
0 H:= (u,v: (v, (v,u)) = (u, (v,u)) =1)
@ There is a valuation of k[H] such that gr,(k[H]) = U(H).
o gr, (k(H)) = D(H)

@ There is a way to obtain free group algebras in k(G) from k(H)
(Ferreira-Gongalves-S.)



Thank you!



